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Name:

Instructor: Section Number:

1. This exam has 9 questions. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3′′ × 5′′ note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester Exam Problem Name Points Score

Winter 2015 1 1 bucket 14

Winter 2015 3 4 Bessel 9

Fall 2015 1 5 11

Winter 2012 2 9 wire 14

Winter 2014 3 6 8

Fall 2015 3 12 pyramid 9

Winter 2016 2 8 hiking 13

Winter 2015 2 8 10

Fall 2014 2 8 crop circle 11

Total 99

Recommended time (based on points): 97 minutes
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1. [14 points] While you are trying to fill your old bucket with water, it begins to leak. Suppose
the continuous function f(t) is the rate of change of the volume of water in the bucket, in
gallons per minute, t minutes after it begins to leak. A graph of f(t) for 0 ≤ t ≤ 3 is shown
below. The function f(t) is linear for 1 ≤ t ≤ 2. The region R1 has area 5.8, and the region
R2 has area 3. There are 7 gallons of water in the bucket at t = 1.

1 2 3
t

R1

R2

f(t)
(1, 4)

(3,−4)

a. [5 points] Write an expression involving integrals for A(t), the volume of water in the
bucket, in gallons, t minutes after the bucket began to leak where 0 ≤ t ≤ 3. Your
expression may contain the function f .

b. [2 points] How much water was in the bucket when it began to leak? How much water
was in the bucket 3 minutes after it began to leak? Fill in the blanks below.

There were gallons of water in the bucket when it began to leak.

There were gallons of water in the bucket 3 minutes after it began to leak.

c. [3 points] Write an expression involving an integral for the average rate of change of the
amount of water in the bucket during the first three minutes after it began to leak, and
find the value of your expression, including units.

d. [4 points] For t ≥ 3, suppose f(t) is linear with slope 1, but is only defined until the time
when the bucket is empty. For what value of t is the bucket empty? (Remember that f

is continuous as specified above).

University of Michigan Department of Mathematics Winter, 2015 Math 116 Exam 1 Problem 1 (bucket)
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4. [9 points] We can define the Bessel function of order one by its Taylor series about x = 0,

J1(x) =
∞∑

n=0

(−1)nx2n+1

n!(n+ 1)!22n+1
.

a. [3 points] Compute J
(2015)
1 (0). Write your answer in exact form and do not try evaluate

using a calculator.

J
(2015)
1 (0) =

b. [4 points] Find P5(x), the Taylor polynomial of degree 5 that approximates J1(x) near
x = 0.

P5(x) =

c. [2 points] Use the Taylor polynomial from the previous part to compute

lim
x→0

J1(x)−
1
2x

x3
.

lim
x→0

J1(x)−
1
2x

x3
=

University of Michigan Department of Mathematics Winter, 2015 Math 116 Exam 3 Problem 4 (Bessel)
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5. [11 points] The following is the graph of a function g(x).

x
−4 −2 2

−2

Note that g(x) is piecewise linear on [-5,0] and linear on [1,3].

a. [5 points] Estimate

∫ 3

1
e−g(x)dx using MID(2). Write out all the terms of your sum as

well as your final answer.

b. [3 points] If you were estimating

∫ 1

0

dx

g(x) + 2
using LEFT(n), would your estimate be

an overestimate, underestimate, or is there not enough information to tell? Circle your
answer. You do not need to show your work or explain your answer.

Overestimate Underestimate Not Enough Information

c. [3 points] If you were estimating

∫ 1

0

dx

g(x) + 2
using TRAP(n), would your estimate be

an overestimate, underestimate, or is there not enough information to tell? Circle your
answer. You do not need to show your work or explain your answer.

Overestimate Underestimate Not Enough Information

University of Michigan Department of Mathematics Fall, 2015 Math 116 Exam 1 Problem 5
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9. [14 points] A machine produces copper wire, and occasionally there is a flaw at some point
along the wire. The length x of wire produced between two consecutive flaws is a continuous
variable with probability density function

f(x) =

{

c(1 + x)−3 for x ≥ 0

0 otherwise.

Show all your work in order to receive full credit.

a. [5 points] Find the value of c.

b. [2 points] Find the cumulative distribution function P (x) of the density function f(x).
Be sure to indicate the value of P (x) for all values of x.

University of Michigan Department of Mathematics Winter, 2012 Math 116 Exam 2 Problem 9 (wire)
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c. [6 points] Find the mean length of wire between two consecutive flaws.

d. [1 point] A second machine produces the same type of wire, but with a different probability
density function (pdf). Which of the following graphs could be the graph of the pdf for
the second machine? Circle all your answers.

x

y

x

y

x
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University of Michigan Department of Mathematics Winter, 2012 Math 116 Exam 2 Problem 9 (wire)
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6. [8 points]

a. [2 points] Find all values of p for which the integral

∫
∞

−∞

1

(x2 + 4)p
dx converges. You do

not need to show your work. Circle your final answer.

b. [2 points] Find all values of p for which the integral

∫
∞

e

epx

x3
dx converges. You do not

need to show your work. Circle your final answer.

c. [4 points] Find the radius of convergence of the Taylor series

∞∑
n=1

x2n

n2n
.

University of Michigan Department of Mathematics Winter, 2014 Math 116 Exam 3 Problem 6
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12. [9 points] An oil tank has the shape of a pyramid with a square base of side length 4 meters
and height 10 meters. The top of the pyramid lies directly above the center of the base. Be

sure to include units in your answers. Recall that the gravitational constant is g = 9.8
m/s2.

4 m

The tank is filled with oil up to a height of 6 meters.

a. [4 points] Write an expression approximating the mass of a thin horizontal slice of thick-
ness ∆y located y meters below the top of the tank. The density of the oil is 880 kg/m3.
Don’t forget to include units.

b. [5 points] Write a definite integral that represents the total amount of work required to
pump all of the oil to the top of the tank. Do not evaluate the integral. Don’t forget to
include units.

University of Michigan Department of Mathematics Fall, 2015 Math 116 Exam 3 Problem 12 (pyramid)
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8. [13 points] Brianne is hiking, and the temperature of the air in ◦C after she’s traveled x km
is a solution to the differential equation

y′ + y sinx = 0

a. [7 points] Find the general solution of the differential equation.

b. [2 points] If the temperature was 10 ◦C at the beginning of the hike, find T (x), the
temperature of the air in ◦C after she’s traveled x km. Show your work.

c. [4 points] Brianne traveled 7 km on the hike. Using the information given in (b), find
the coldest air temperature she encountered on the hike. Give an exact answer (i.e. no
decimal approximations).

University of Michigan Department of Mathematics Winter, 2016 Math 116 Exam 2 Problem 8 (hiking)
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8. [10 points] Consider the differential equation

dy

dt
= F (y)

where F (y) is graphed below.

1 2 3 4

−4

−2

2

y

F (y)

2.5

a. [4 points] Identify all equilibrium solutions to the equation above.

b. [4 points] Determine the stability of each equilibrium solution of the differential equation.

c. [2 points] Suppose y(t) solves the differential equation above subject to the initial condi-
tion y(0) = 3. Compute lim

t→∞

y(t). Write your answer in the blank provided.

lim
t→∞

y(t) =

University of Michigan Department of Mathematics Winter, 2015 Math 116 Exam 2 Problem 8
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8. [11 points] Franklin, your robot, uses the lasers on his satellites to burn strange shapes in
local corn fields. One of these strange shapes is given by the polar equation r(θ) = 2+2 sin(θ)
where r(θ) is measured in kilometers. All of the corn above the line y = 3

2
has been pecked

away by a flock of wild chickens. The polar curve r(θ) (solid) and the line y = 3

2
(dotted) are

shown below. The portion of the corn field that has been pecked away is shaded below.

r(θ)

a. [6 points] Write an expression involving one or more integrals which gives the area of the
shaded region. Do not evaluate any integrals. Include units.

b. [5 points] Write an expression involving one or more integrals which gives the perimeter
of the shaded region. Do not evaluate any integrals. Include units.

University of Michigan Department of Mathematics Fall, 2014 Math 116 Exam 2 Problem 8 (crop circle)


