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1. This exam has 6 questions. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3′′ × 5′′ note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester Exam Problem Name Points Score

Fall 2014 2 1 robot uprising 12

Winter 2015 2 6 caffeine drip 9

Winter 2016 2 5 Adele 6

Winter 2015 2 7 black hole 9

Fall 2016 3 6 interns 10

Winter 2016 3 7 6

Total 52

Recommended time (based on points): 52 minutes
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1. [12 points] Franklin, your robot, is on the local news. Let R(t) be the number of robots, in
millions, that have joined the robot uprising t minutes after the start of the broadcast. After
watching the news for a little bit, you find that R(t) obeys the differential equation:

dR

dt
= f(R)

for some function f(R). A graph of f(R) is shown below.

R

f(R)

−2 −1 1 2 3

a. [3 points] If R(t) is the solution to the above differential equation with R(0) = 0, what is
lim
t→∞

R(t)? Justify your answer.

b. [6 points] Find the equilibrium solutions to the above differential equation and classify
them as stable or unstable.

c. [3 points] Let R(t) be a solution to the given differential equation, with R(3) = 0.5. Is
the graph of R(t) concave up, concave down, or neither at the point (3, 0.5)? Justify your
answer.
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6. [9 points] An extremely sleepy graduate student is grading Math 116 exams. She has been
drinking coffee all day, but it just is not enough. She hooks up a caffeine drip that delivers
caffeine into her body at a constant rate of 170 mg/hr. The amount of caffeine in her body
decays at a rate proportional to the current amount of caffeine in her body. The half-life of
caffeine in her body is 6 hours.

a. [4 points] Using the blank provided, write a differential equation which models the scenario
described above. Use Q(t) for the amount of caffeine in the graduate student’s body,
measured in mg, t for hours after she hooked up the caffeine drip, and k > 0 for the
constant of proportionality.

dQ

dt
=

b. [5 points] Use the half-life of caffeine to determine the constant of proportionality.

University of Michigan Department of Mathematics Winter, 2015 Math 116 Exam 2 Problem 6 (caffeine drip)
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4. [5 points] Drake is running for president. Suppose F (t) is the fraction of the total population
of the country who supports him t months after he announces he is running. Drake gains
supporters at a steady rate of 2% of the total population of the country per month, but
he also steadily loses 3% of his supporters per month. Write a differential equation that
models F (t).

5. [6 points] Adele is also running for president. Suppose P (t), the total number of supporters
she has in millions t days after she announces, is modeled by the differential equation

dP

dt
= kP (100− P )

with k > 0.

a. [4 points] Find the equilibrium solutions to this differential equation and indicate stabil-
ities for each. Make sure your answer is clear.

b. [2 points] If Adele starts with one million supporters, what is the maximum number of
supporters she can get in the long run? You do not need to show your work.

University of Michigan Department of Mathematics Winter, 2016 Math 116 Exam 2 Problem 5 (Adele)
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7. [9 points] A certain cosmological model predicts the evaporation rate of a black hole to be
inversely proportional to its mass squared. This gives a first order differential equation

dM

dt
= α

1

M2

where M = M(t) is the mass of the black hole in kg, t is time in seconds, and α is the constant
of proportionality.

a. [5 points] Find the general solution using separation of variables.

b. [4 points] How long will it take for a black hole with initial mass 8 × 1022 kg, which is
approximately the mass of the moon, to evaporate if α = −

8

3
× 1017 kg3/sec?
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6. [10 points] After receiving a termination notice, The Intern has begun to read up on the global
job market. A dubious pop-economics book he is reading claims that the rate at which interns
are hired or terminated in a large company is purely a function of the number of interns at
the company. Specifically, it states that

dH

dt
= g′(H),

where H(t) gives the number of interns at a company, in thousands, after t days, and g(H) is
a differentiable function. A graph of g(H) (not g′(H)) is given in the book:

H

g(H)

1 3 5

-2

0

2

a. [2 points] What are the units of g′(H) ?

b. [3 points] Are there any stable equilibrium solutions of the differential equation? If so,
what are they?
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6. (continued). Recall that the number of interns in thousands H(t) satisfies

dH

dt
= g′(H),

where a graph of g(H) (not g′(H)) is given below:

H

g(H)

1 3 5
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2

c. [2 points] If a company starts with 3,500 interns, what will happen to the number of
interns in the long run?

d. [1 point] Estimate the number of interns at which the number of interns is decreasing the
fastest.

e. [2 points] Suppose that a company begins with 5,500 interns. If you used Euler’s method
to estimate how many interns there will be 5 days from now, would you expect an under-
estimate or an overestimate? Justify your answer briefly.

University of Michigan Department of Mathematics Fall, 2016 Math 116 Exam 3 Problem 6 (interns)
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6. [4 points] Determine the exact value of the infinite series in each of the following questions.
No decimal approximations are allowed. You do not need to show your work. Circle your
answer.

a. [2 points]
1

52
−

1

54
+

1

56
−

1

58
+

1

510
−

1

512
+ · · · =

b. [2 points]

∞∑

n=0

(−1)n52n

(2n+ 1)!
=

7. [6 points] Consider the differential equation y′ = 1− 2xy.

a. [4 points] Suppose k is an arbitrary constant. Show that the function

y(x) =
k +

∫
x

2
et

2

dt

ex
2

is a solution to the differential equation.

b. [2 points] Give the value of k so that the graph of the solution to the differential equation
passes through the point (2, 7).
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