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Abstract. (1) We say that a group acts on a graph if it acts on the vertex set, in a way that respects
the edge relations.

(2) A tree is a connected graph without circuit (i.e. any pair of vertices is connected by a unique path).
Group actions on graphs reveal properties about the group itself. We demonstrate this on SL(2,Z),

which acts on the Farey graph (resp. tree) by fractional linear transformation.
By inspecting the action of SL(2,Z) on the Farey graph, we obtain a finite generating set of SL(2,Z)

made up of parabolic elements. Generalizing this, we show that Mod(Sg) is finitely-generated (by Dehn
twists wrt nonseparating simple closed curves).

By inspecting the action on SL(2,Z) on the Farey tree, we obtain a finite generating set of SL(2,Z)
made up of elliptic elements (in fact, writing SL(2,Z) as an amalgamated free product of 2 cyclic groups).
With the additional knowledge that a group acting freely on a tree is free, we prove that
(1) SL(2,Z)[m] is free for m ≥ 3, and
(2) (along the same vein) (Ihara’s theorem) every discrete, torsion-free subgroup of SL(2,Qp) is free.
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The Farey graph ΓFarey is the graph with vertices

Q ∪ {∞} =

{
p

q

∣∣∣∣ p ∈ Z, q ∈ Z≥0
gcd(p, q) = 1

}
,

where {p1q1 ,
p2
q2
} forms an edge iff |p1q2 − p2q1| = 1.

It is connected, and admits a natural SL(2,Z) action (the fractional linear transformation):[
a b
c d

]
· p
q

=
ap+ bq

cp+ dq

which extends to an action on the Farey tree TFarey (the graph which has one vertex coming from every edge
and face of ΓFarey, and edges given by the ’face-edge triangulation’, which turns out to be a tree).

(a) Left: the Farey graph; Right: the Farey tree (b) A constructive proof of connectivity of ΓFarey
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−I ∈ SL(2,Z) acts trivially on both graphs above.

Remark 1 (Nontrivial elements in SL(2,Z)). Precisely one of the following holds for g ∈
[
a b
c d

]
6= ±Id ∈

SL(2,Z):
(1) |Tr(g)| < 2 ("elliptic"): this holds precisely when at least one of a, d = 0, and b = −c = ±1; in which

case, g is periodic - it fixes no points on ΓFarey, while fixing a point on TFarey and rotate other points
about it.

(2) |Tr(g)| = 2 ("parabolic"): this holds precisely when a = d = ±1, and precisely one of c, d is 0; in
which case, it fixes a point in ΓFarey and translates the other points by pivoting about it. Examples:

A few immediate examples that come into mind are as followed:

Figure 2. Left: parabolic elements Ta, Tb; Right: ellpitic elements S (order: 4), R (order: 6)

By linear algebra (or visual inspection), S2 = R3 = −I and TaTbTa = −S = TbTaTb.

Theorem 1. Suppose the group G acts on a connected graph Γ transitively (wrt directed edge). If {u, h(u)}
forms an edge, then G = 〈Gu, h〉.

Proof. Let g ∈ G; we prove by induction wrt d(g(u), u) - the base case (when g(u) = u) clearly holds, since
g ∈ Gu. Suppose g′(u) is connected to g(u) s.t. d(g′(u), u) = d(g(u), u) − 1, then (by edge transitivity)
g = 〈g′, h,Gu〉, and the proof is completed by the inductive hypothesis. �

Corollary 1.1. SL(2,Z) =
〈
Ta, Tb | TaTbTa = TbTaTb, (TaTbTa)4 = Id

〉
.

Proof. The only thing to check is that {Ta, Tb} generates SL(2,Z); since ΓFarey is connected and SL(2,Z) �
ΓFarey transitive wrt edges by design (and wrt directed edge since S flips the edge {1/0, 0/1} (and hence
others by elements in the conjugacy class of S)), the result is obtained by applying Theorem 1 to (G,Γ, u, h) =

(SL(2,Z),ΓFarey, 1/0, TaTb), noting that TaTb · 1/0 = 0/1, Gu =

{
±
[
1 ∗
0 1

]}
= 〈−I, Ta〉, and (TaTbTa)2 =

−I. �

The naming of the generators look strange - but it is indeed natural: the mapping class group of T 2 is
just Mod(T 2) = SL(2,Z), while {Ta, Tb} are just Dehn twists of curves {a, b} on T 2 that form an oriented
basis of H1(T 2) (see A). Further, the action of SL(2,Z) on ΓFarey above is just the special case of the natural
action of mapping class group of a surface S on the complex of nonseparating simple closed curves on it, in
the case S = T 2. Indeed,

Corollary 1.2. Mod(Sg) is finitely-generated by Dehn twists wrt nonseparating simple closed curves (NSCC’s).

Remark 2. Mod(Sg) has infinitely many simple closed curves, giving mutually distinct Dehn twists. A
priori, it is unclear why it has a finite generating set, let alone one completely made up of Dehn twists wrt
nonseparating simple closed curves.

Proof Sketch. We will show that this result holds for a more generally setting, i.e. PMod(Sg,n) (the pure
mapping class group of closed surface of genus g with n punctures, given by the mapping classes that fix
each individual puncture) for g ≥ 1 and n ≥ 0, by double induction wrt (g, n).
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• Base case ((g, n) = (1, 0)): Cor 1.1.
• Induction wrt n: The LES of fibration for Homeo+(S, x)→ Homeo+(S)

εx−→ S yields 1

. . .→ π1(Homeo+(S))→ π1(S)
Push−−−→ π0(Homeo+(S, {x}))︸ ︷︷ ︸

=Mod(S,{x})

Forget−−−−→ π0(Homeo+(S))︸ ︷︷ ︸
=Mod(S)

→ 1,

where
– Push(a) "drags S along a" while leaving curves away from (an open neighborhood of) a un-

changed.
– Forget just forgets what the map does to x.

Consider the case when S = Sg,n, above restricts to

. . .→ π1(Homeo+(Sg,n))→ π1(Sg,n)
Push−−−→ PMod(Sg,n+1)

Forget−−−−→ PMod(Sg,n)→ 1,

where π1(Sg,n) is generated by 2g+n−1 simple closed curves, each of which is given by the product
of a Dehn twist and that of the inverse of a Dehn twist (wrt curves on its left and right respectively).

Figure 3. Push(c) = TcL ◦ T−1cR

• Induction wrt g: Assume that we’ve proven the case for PMod(Sg−1,2), we will prove the case for
Sg, having the following in mind:
(1) For an arbitrary NSCC a, there exists NSCC b s.t. i(a, b) = 1, in which case TaTb(a) = b. In

view of the action of Mod(Sg) on N (Sg), by Theorem 1, we have

Mod(Sg) = 〈Mod(Sg)a, TaTb〉

(2) Now, note that TbT 2
aTb inverts the orientation of a (while fixing it as a set), while acting as

the identity on other curves in the complex. In other words, the subgroup Mod(Sg,
−→a ) which

fixes the orientation of a and keeping the other curves in the complex constant is an index-2
subgroup of Mod(Sg)a with TbT 2

aTb as a nontrivial coset representative, i.e.

Mod(Sg)a =
〈
Mod(Sg,

−→a ), TbT
2
aTb
〉

1If χ(S) < 0, then π1(Homeo+(S)) = {0}, i.e. Push is injective - which can also be seen from the fact that Z(π1(S)) = {0}.
In this case, this portion of the LES is a SES, called the Birman exact sequence.
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(3) Finally, concentrate on a neighborhood of a, we see have the short exact sequence 1→ 〈Ta〉 →
Mod(Sg,

−→a )→ PMod(Sg − a)→ 1, where Sg − a = Sg−1,2. Thus,

Mod(Sg,
−→a ) = 〈PMod(Sg−1,2), Ta〉

Combining above, we have Mod(Sg) = 〈PMod(Sg−1,2, Ta, Tb〉, as required.
�

Remark 3. With finer analysis (esp. on the relations), we can write a minimal presentation of Mod(Sg) with
precisely 2g + 1 generators (see [1]).

Theorem 2. If a group G acts on a tree T with the edge (E;u, v) as its fundamental domain (i.e. pointwise
fundamental domain & action transitive on edge), then G = Gu ∗GE

Gv.

Proof. See [2]. �

Corollary 2.1. SL(2,Z) = 〈S〉 ∗〈−I〉 〈R〉 ∼= Z/4Z ∗Z/2Z Z/6Z.

Proof. We inspect the action of SL(2,Z) on TFarey - let E be the edge connecting i and ζ.
The result follows from Theorem 2 in view of the following:
(1) E is a fundamental domain: one can hand check that ζ does not lie in the orbit of i (and thus

vice versa). Since SL(2,Z) acts transtively on the edges of ΓFarey, the orbit of i covers all the edge
vertices. Now, to show that E tiles TFarey, notice that the orbit of ζ consists of all "the face vertices
of ΓFarey" (by interpolating the orbit of i), and since R is an order-3 rotation on the face of ζ (while
fixing ζ), every single edge in TFarey lies in the orbit of E via an element in the conjugacy class of a
power of R.

(2) SL(2,Z)i = 〈S〉
(3) SL(2,Z)ζ = 〈R〉
(4) SL(2,Z)E = SL(2,Z)i ∩ SL(2,Z)E = 〈−I〉 (∵ no element flips i and ζ)

�

Theorem 3. If a group G acts freely on a tree T (i.e. free on vertex, free on edge), then G is free.

Proof. See [3] (the proof is constructive!). �

Corollary 3.1. The m-th principal congruence subgroup SL(2,Z)[m] := ker(SL(2,Z) � SL(2,Z/mZ)) is
free whenever m ≥ 3.

Proof. One can hand check that SL(2,Z)e intersects trivially with SL(2,Z)[m] = {Id} for e ∈ {i, ζ}, and
thus same holds for SL(2,Z)g·e (as SL(2,Z)[m] is a normal subgroup of SL(2,Z)). The result then follows
from Theorem 3. �

Remark. SL(2,Z)[m] is torsion-free if and only if m ≥ 3.

The principal congruence subgroups in Cor 3.1 are discrete torsion-free subgroups of SL(2,R), which acts
on the upper half plane H2 by fractional linear transformation; this action restricts to that on the Farey
graph (resp. Farey tree), which might be more familiarly presented as followed:

This brings us to a more general result:

Claim. Let G be a discrete torsion-free subgroup of SL(2,R). Then precisely one of the following holds:
(1) G is free.
(2) G ∼= π1(Σg) for some g ≥ 2.

Proof. G acts freely and proper-discontinuously on H2:
• G acts proper-discontinuously on H2: this comes for free as Γ is discrete.
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• G acts freely on H2: it suffices to show that G intersects trivially with any the stabilizer SL(2,R)z for
any point z ∈ H2. Since SL(2,R)z ∼= SO(2,R), it is compact; sinceG is discrete, thusG∩SL(2,R)z
must be finite (further, since this is torsion-free, it must be trivial).

Thus M := H2/G is a surface with universal cover H2 and π1(M) ∼= G. Precisely one of the following holds:
(1) M is non-compact: M deformation retracts to a graph, and thus π1(M) is free.
(2) M is compact: since it can be assigned a hyperbolic metric (inherited from H2), by classification of

oriented-surfaces and Gauss-Bonnet theorem, M = Σg for some g ≥ 2.
�

This aforementioned dichotomy holds nontrivially as H2 can cover both compact and non-compact mani-
folds. We can’t help but wonder: is there an analogous result on the non-Archimidean counterpart of Q (i.e.
when R is replaced by Qp)? Indeed,

Corollary 3.2 (Ihara’s theorem). Every discrete torsion-free subgroup of SL(2,Qp) is free.

Proof. In reference to the action of SL(2,Qp) on "the lattice tree" Tp+1, by Theorem 3, it suffices to prove
that SL(2,Qp)s is trivial; and just as the proof right above, it suffices to prove that it is a compact subgroup
of SL(2,Qp). This holds, since SL(2,Qp)s is conjugate to SL(2,Zp), which is compact (since Zp ⊂ Qp is
compact, as Zp is the unit ball around 0 in the locally compact Qp). �

Notice that the dichotomy degenerated! This comes with no surprise, as above is a result of SL(2,Qp)
acting naturally on an infinite tree, and the quotient of a (infinite) tree by a discrete, torsion-free group stays
an (infinite) tree, which is non-compact - see B.

Appendix A. A Baby Primer of Mapping Class Group and the Curve Complex

Definition A.1. Let S = Sg be a closed surface. The mapping class group of S is given by the orientation-
preserving homeomorphisms up to homotopy:

Mod(S) := Homeo+(S)/Homeo0(S).

Remark 4. (1) The wordings {homeomorphism, homotopy} can be replaced by {diffeomorphism, iso-
topy}. Moreover,

Mod(S) = Homeo+(S)/Homeo0(S) ∼= Homeo+(S)/π0(Homeo(S)) = Diff+(S)/Diff0(S)

(2) Orientation-preserving homeomorphisms preserve algebraic intersection number, and in fact, surjects
onto Aut(H1(Sg), î) = Sp(2g,Z). In the special case of g = 1, since T 2 = K(Z2, 1), the surjection is
an isomorphism, i.e. Mod(T 2) = Sp(2,Z) = SL(2,Z).

(3) The notion above can be generalized to S with punctures - in which case, we are concern of tha
maps which fix the set of punctures.

Definition A.2. The geometric intersection number between 2 isotopy classes of simple closed curves a, b
on a surface S is given by

i(a, b) = min{|α ∩ β| | [α] = a, [β] = b}.
Remark 5. (1) Suppose S is hyperbolic, the minimum is realizable by the respective unique geodesic

representatives.
(2) Denote î as the algebraic intersection number.

• On S = T 2, i(a, b) = |̂i(a, b)|.
• In general, i and î are not comparable:

Figure 4. i(a, b) = 2 whle î(a, b) = 0
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Let us introduce a nontrivial mapping class element:

Definition A.3. Consider an annulus A = S1 × [0, 1], and the twist map T : A → A given by (θ, t) 7→
(θ + 2πt, t). Suppose a is an oriented simple closed curve on a closed oriented surface S, so that there is an
embedding ι : A→ N ⊂ S with ι(−, 0.5) = a. The Dehn twist with respect to a is the mapping class element
Ta of the orientation-preserving homeomorphism

τa : x 7→

{
ι ◦ T ◦ ι−1(x) x ∈ N
x x /∈ N

.

Figure 5. Two views of Tc in local chart

Remark. (1) The definition of Ta is well-defined, and only depends on the isotopy class of a.
(2) For any nonseparating simple closed curve a, Ta is nontrivial; morever, Ta has infinite order (as

i(Tna (b), b) = |n|i(a, b)2).
(3) Suppose a and b are simple closed curves that are not isotopic, then Ta 6= Tb (as ∃c s.t. i(a, c) = 0,

i(b, c) = 1, so that i(Ta(c), c) = 0 6= 1 = i(Tb(c), c)).

Proposition A.1 (Change-in-coordinate principle). We say that a curve is nonseparating if its cut surface
(i.e. the complement of a small open neighborhood around it) is connected. Up to orientation-preserving
homeomorphism,

(1) There is precisely one nonseparating simple closed curve.
(2) There is precisely one ordered pair of nonseparating simple closed curves with geometric intersection

number 1.

Proof. Apply the classification of oriented surfaces (with boundaries) to the respective cut surfaces (surfaces
obtained by removing (an open neighborhood of) the respective curves). �

Definition A.4 ("The Curve Complex"). Let S = Sg,n. The modified2 complex of nonseparating simple
closed curves ("the curve complex") N̂ (S) is given by the graph where

(1) Vertices: isotopy classes of nonseparating simple closed curves
(2) Edges: {a, b} forms an edge when i(a, b) = 1

Remark. (1) When g ≥ 1, n ≥ 0, N̂ (S) is connected (by strong induction wrt i & surgery, see [1]).
(2) Mod(Sg) acts on N̂ (Sg) naturally: [φ].[γ] = [φ(γ)]; the action is transitive wrt directed edge (by the

change-in-coordinate principle).
• For g = 1 (i.e. S = T 2), the action above coincides with the action SL(2,Z) � ΓFarey. In

this case, every nontrivial simple connected closed curve on T 2 is nonseparating, in fact up to
isotopy theya are in bijection with the primitive elements (modulo sign) of π1(T 2) ∼= Z2.

Appendix B. A Baby Primer of SL(2,Qp) and its action on the (p+ 1)-tree of lattices

The following account is by no means complete - it is pretty much taken from [4].
Fix a field K with valuation v. We denote
• its valuation ring O := {λ ∈ K | ‖λ‖v ≥ 0} which in fact a DVR (a local PID that is not a field),
• its uniformizer (unique up to unit multiplication): π ∈ K s.t. v(π) = 0

2this is to respect the original source, where an edge of the ’regular complex’ is given by {a, b} where i(a, b) = 0
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• its residue field: k := O/πO

Example B.0.1. For any prime p ∈ Z+,
(1) (K, v) = (Q, vp) ⇒ (O, π, k) = (Z(p), p,Fp)
(2) (K, v) = (Qp, vp) ⇒ (O, π, k) = (Zp, p,Fp)

Above are the model K’s that one should keep in mind for this section.

Definition B.1 ("The Lattice Tree"). lattice-tree The metric space of homothety classes of lattices is given
by:

(1) lattice: Λ ⊂ K2 that is a rank-2 O-module. Altogether these lattices form T (0) (the vertex set (aka
the 0th-skeleton) of T .

(2) homothety class: Λ1 ∼ Λ2 if Λ1 = λΛ2 for some λ ∈ K.
(3) metric d on T (0): d(s1, s2) = δ(Λ1,Λ2) where Λi representative of si, such that Λ2 ⊂ Λ1 is the unique

one snuggly embedded in Λ1 (i.e. Λ2 ⊂ Λ1, and Λ1/Λ2
∼= O/βO as O-modules for some β ∈ O),

where
• δ(Λ1,Λ2) := v(det(A)), where A ∈ SL(2,R) is s.t. [AΛ1] = [Λ2].

The tree T of interest is defined to be the metric graph of (T (0), d) (i.e. the edges of T are made by vertex
pairs of distance 1 apart); it is indeed a tree (in fact, a p + 1-valent one), thus we sometimes denote it as
Tp+1, see [4].

Remark 6. The action of SL(2,K) on T is induced by the usual linear transformation on K2 (i.e. g ·
[spanO{v1, v2}] = [spanO{gv1, gv2}]). The group action satisfies the following desirable conditions:

(1) isometry on (T (0), d) (and transitive: this is obvious, by viewing lattices as 2× 2 K-matrices)
(2) simplicially (and simplicially transitively for cases K = Q, Qp: this will be shown in an example

below)
(3) no inversion: d([Λ], B.[Λ]) 6= 1, as d([Λ], B.[Λ]) ≡ δ(Λ, B.Λ) = 0 (mod 2)
(4) stabilizer is conjugate to SL(2,O) (which is compact, as O ⊂ K is).
(5) is exactly one of the following:

(a) elliptic (fixes a point in T (0))
(b) hyperbolic (has an invariant line in T )

See [4] for proof; most of it has to do with understanding d (resp. δ).

Remark 7 (The link (set of neighbor vertices) of a vertex, and the SL(2,K)-action on it). For any s ∈ T (0), let
L = Ls := {s′ ∈ T (0) | d(s, s′) = 1}. These are precisely those s′ ∈ T (0), whose uniquely rep Λ′ that snuggly
embeds into Λ is s.t. δ(Λ,Λ′) = 1: the set of such lattices are precisely the O-modules sandwiched between
πΛ and Λ, and this is in bijection with the set of O-submodules of Λ/πΛ ∼= O2/πO2 ∼= (O/πO)2 = k2.

In the special case as in example B.0.1, k = Fp; the O-submodules here correspond to

{spanFp
{(λ, 1)} | λ ∈ Fp} ∪ spanFp

{(1, 0)},

i.e. the "Fp-line"s in F2
p. Thus,

(1) #L = p+ 1, i.e. T is (p+ 1)-valent.
(2) viewing L as P1(k), SL(2,K) acts on it as fractioanl transformation.

Example B.0.2. Consider the case (K, v) = (Q2, ‖·‖2). Fix a basis {e, f} of K2 (e.g. {(1, 0), (0, 1)}).
WLOG, consider a point s = [e, f ] - its stabilizer is SL(2,K)s = SL(2,Z2)(⊃ SL(2,Z)). As stabilizer of s,
SL(2,Z2) permutes its 3 neighbors: a := [2e, f ], b := [e, 2f ], c := [2e, e + f ]. Presented as representation ρ
to the symmetric group of {a, b, c}, we have

(1) ρ(

[
0 −1
1 0

]
) = (ab); (i.p. it fixes the edge {s, c})

(2) ρ(

[
1 0
1 1

]
) = (bc) (i.p. it fixes the edge {s, a})

(3) ρ(

[
1 1
1 0

]
) = (ca) (i.p. it fixes the edge {s, b})

(4) ρ(

[
2 1
1 1

]
) = (cba)
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In particular, it shows that it acts transitively on the links (edges connecting to s), and thus SL(2,Q2) acts
simplicial-transitively on T . Moreover, the (elliptic-parabolic-hyperbolic) trichotomy behavior of SL(2,R) �
H2 is incomparable to that of SL(2,Q2) � T .
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