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Abstract

The cyclic Nielsen realization problem for a closed, oriented manifold asks whether any mapping
class of finite order can be represented by a homeomorphism of the same order. In this article, we resolve
the smooth, metric, and complex cyclic Nielsen realization problem for certain “irreducible” mapping
classes on the family of smooth 4-manifolds underlying del Pezzo surfaces. Both positive and negative
examples of realizability are provided in various settings. Our techniques are varied, synthesizing results
from reflection group theory and 4-manifold topology.
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1 Introduction
For 0 < n < 8, consider the closed, oriented, smooth 4-manifold
M,, := CP?*#nCP?

and let Mod(M,,) := mo(Homeo™ (M,,)) denote its topological mapping class group. The manifold M,,
admits both the structures of a complex surface (including del Pezzo surfaces) and Einstein manifolds (in-
cluding (conformally) Kéhler—Einstein metrics). These structures provide a rich source of homeomorphisms
and mapping classes of M,, through their automorphisms.

One approach to studying the elements of Mod(M,,) is through the (topological) Nielsen realization
problem, which asks whether every finite subgroup G' < Mod(M,,) has alift G < Homeo™ (M,,) isomorphic
to G under the natural quotient map ¢ : Homeo™ (M,,) — Mod(M,). In the classical case of closed,
oriented surfaces X4, g > 2, KerckhofI’s solution [Ker83] of the Nielsen realization problem shows that finite
subgroups of Mod (X, ) are exactly those that arise as automorphisms of complex structures (and equivalently,



isometries of hyperbolic structures) on X,. In the case of cyclic subgroups G < Mod(3,), the Nielsen
realization problem was resolved earlier by Nielsen [Nie43] and Fenchel [Fen48].

In analogy with the case of surfaces, we study certain finite cyclic subgroups (f) = Z/mZ < Mod(M,,)
and compare which of these subgroups are realizable by finite groups of diffeomorphisms or automorphisms
of a complex or metric structure. In other words, we compare the solutions to the following refinements of
the Nielsen realization problem arising from each type of geometric structure on M,, for certain elements
f € Mod(M,,) of order m < oc:

e (Complex Nielsen) Does there exist a complex structure J on M,, and a complex automorphism ¢ €
Aut(M,, J) of order m such that [p] = f?

e (Metric Nielsen) Does there exist an Einstein metric g on M,, and an isometry ¢ € Isom(M,, g) of
order m such that [p] = f?

e (Smooth Nielsen) Does there exist a diffeomorphism ¢ € Diff " (M,,) of order m such that [¢] = f?

If yes, we say that such a mapping class f is realizable by a complex (resp. metric, smooth) automorphism
of M,,.

1.1 Statement of results

In this paper we study certain finite-order irreducible elements f € Mod™(M,,), an index-2 subgroup of
Mod(M,,) (see Section 2.1). An element f € Mod(M,,) is called irreducible if f does not preserve any
decomposition Hy(M,7Z) ® Hg(#k(CIP’Q, Z) = Hy(M,,, 7) where M is a del Pezzo manifold and k& > 0; see
Definition 2.2 for a more precise statement. The realizability of irreducible elements can be used to deduce
the realizability of some reducible elements (cf. Corollary 1.6).

The failure of complex Nielsen realization for certain finite-order, irreducible f € Mod(M,,) was already
known by work of Dolgachev—Iskovskikh [DI0O9], and in this paper we find many such classes that are not
smoothly realizable (see Section 5). However, the following theorem shows that in many cases, the three
types of Nielsen realization problems considered above have equivalent solutions.

Below, we say that (M, J) is a del Pezzo surface if J is a complex structure on M, that is biholomorphic
to a non-singular surface with ample anticanonical bundle. A metric g is an Einstein metric if its Ricci
curvature tensor is proportional to g. See Section 4 for the precise definition of Einstein metrics of positive,
symplectic type.

Theorem 1.1 (Equivalence of Nielsen Realizations). Let 3 < n < 7 and let f € Mod™(M,,) be irreducible
and of order m < oo. Suppose further that Ha(M,, Z)<f ) 2 7. The following are equivalent:

(a) (Metric) There exists an Einstein metric g (of positive symplectic type) on M, and an isometry ¢ €
Isom(M,, g) of order m such that [p] = f.

(b) (Complex) There exists a complex structure J so that (M, J) is a del Pezzo surface and a complex
automorphism ¢ € Aut(M,, J) of order m such that [p] = f.

(c¢) (Kdhler-Einstein) There exists an Kdhler-Einstein pair (M, g, J ) and an automorphism ¢ € Aut(M,, g, J)
of order m such that [p] = f.

(d) (Smooth) There exists a diffeomorphism ¢ € Diff*(M,,) of order m such that [¢] = f.



Remark 1.2 (On the condition Ho(M,, 7)) = 7). Lemma 2.7 shows that if f € Mod™(M,,) (with
3 < n < 8)is irreducible of finite order then Hy(M,,, Z)'f) = Z or f fixes a nontrivial class v € Hy(M,,,Z)
of self-intersection 0. The study of classes f satisfying the first condition is closely related to that of auto-
morphisms of del Pezzo surfaces; Lemma 3.2 and [DI09, Theorem 3.8] or [Blal1, Proposition 4.1] together
imply that if f is realizable by a complex automorphism ¢ € Aut(M,,, J) then (M, J) is in fact a del Pezzo
surface.

Moreover, this condition on Hy(M,,, Z)<f ) cannot be removed in general; see Proposition 4.4 for an
explicit example of an irreducible class f € Mod™ (M7) with Hy (M7, Z)'f) 2 7 that satisfies (d) but not
(a), (b) or (¢).

With the connection to del Pezzo surfaces in mind, we choose to focus on irreducible classes f with
Hy(M,, 7)) = 7, in Theorem 1.1.

The proof of Theorem 1.1 is partly synthetic and partly enumerative. A simple synthetic proof of
equivalence between metric, complex, and Kéhler—Einstein Nielsen realization for the mapping classes of
M, considered in Theorem 1.1 is given in Lemma 4.2. Proving that complex and smooth Nielsen real-
ization are equivalent requires more work. Using the Coxeter theory of a distinguished finite subgroup
W,, < Mod™ (M,,) called the Weyl group (Definition 2.4), we reduce the problem to obstructing the smooth
realizability of finitely many conjugacy classes of W,,. We then study each such conjugacy class carefully in
Section 5.

While the existence of finite, non-cyclic subgroups of Mod(M,,) that do not lift to Diff * (M,,) was known
for n = 2,3 by work of the first-named author [Lee24, Corollary 1.4, Theorem 1.6], Theorem 1.1 differs
from these previous results as it shows that there exist individual, finite-order elements of Mod(M,,) that are
not smoothly realizable. As such, the proof of the equivalence of (b) and (d) of Theorem 1.1 requires more
refined obstructive tools, such as an analysis (Section 5.4) of the topology of possible finite quotients of M,,.

Note that there are other del Pezzo manifolds not covered by Theorem 1.1, such as M, forn = 0, 1, 2 and
CP! x CP'. Nielsen realization for irreducible mapping classes in these cases is straightforward to verify —
see Section 4.1. We also give partial positive Nielsen realization results in the last remaining case of n = 8§,
e.g. Theorem 1.4. The following question remains open.

Question 1.3. Are the metric, complex, Kdhler—Einstein, and smooth Nielsen realization problems equiva-
lent for finite, cyclic subgroups G = (f) < Mod(Mg) generated by irreducible classes f?

In addition to Theorem 1.1, we provide explicit examples of realizable and non-realizable irreducible
elements of Mod(M,,) by a more refined study of the Coxeter theory of the Weyl group W,,. For example,
the Coxeter elements form a distinguished conjugacy class of W, of order h,,, the Coxeter number of W,
(see Definition 6.1). In the following theorem, we show that Coxeter elements also form a distinguished
conjugacy class of Mod ™ (M,,) among classes of order h,, for all 3 < n < 8.

Theorem 1.4 (Coxeter Nielsen Realization). Let 3 < n < 7 and let f € Mod™ (M,,) be an irreducible
mapping class of order hy. Then f is conjugate to a Coxeter element and is realizable as a automorphism
of order h,, on a del Pezzo surface (M, J). Forn = 8, suppose f € Mod™ (My) is irreducible of order hs.

o If f € Aut(Ha(Ms,Z), Qi) has trace 0 then g is conjugate to a Coxeter element, and is realizable
by a complex automorphism of order hg on a del Pezzo surface (Mg, J).

o If f € Aut(H2(Ms,Z), Q) has nonzero trace then g is not realizable by any finite-order diffeomor-
phism of Msg.

Coxeter elements account for large numbers of realizable elements in W,,, as recorded below:



n 3 4 5 6 7 8

realizable, irreducible
elements of order h,,

2 24 240 4320 161280 | 23224320

Coxeter elements also characterize irreducible mapping classes of odd, prime order.

Theorem 1.5. Let 3 < n < 8 and let f € Mod ™ (M,,) be an irreducible mapping class of odd, prime order.
Then f is conjugate in Mod™ (M,,) to a power of a Coxeter element of W,, < Mod™ (M,,).

Theorem 1.5 follows from Theorem 6.5, which gives a more refined characterization of irreducible el-
ements of odd, prime order. The coarser fact that any irreducible g € Mod™ (M,,) of odd, prime order is
realizable by a complex automorphism can also be deduced from the enumerative proof of Corollary 3.6,
which follows from the work of Dolgachev-Iskovskikh [DI09] and Carter [Car72].

Theorem 1.5 sheds light on the automorphisms realizing the prime order irreducible classes via the
birational maps of CP? that lift to Coxeter elements. These maps take the form (x, ) — (a,b) + (y,y/x) in
affine coordinates, for certain choices of (a,b) € C2, so they can be studied explicitly; see [McMO7, Section
11] for more details.

Finally, we consider the complex realizability of classes f € Mod(M,,) (both irreducible and reducible)
of odd, prime order. Note that Theorems 1.4 and 1.5 together handle the realizability of irreducible elements
of odd, prime order. In the following corollary, we give an inductive argument to deduce complex realizability
of reducible classes using the irreducible case as a base case.

Corollary 1.6. Let 0 < n < 8 If f € Mod(M,,) has odd prime order p then f is realizable by a complex
automorphism of (M,,, J) for some complex structure J turning M,, into an n-fold blowup of CP2

Our proof of Corollary 1.6 relies on the enumerative result of Theorem 1.5, and it would be interesting
to find moduli-theoretic (or other non-enumerative) proofs of Theorem 1.1 or Corollary 1.6 in full general-
ity. This seems possible in some special cases. For example, McMullen’s work [McMO07] on dynamics of
automorphisms of M,, (which mainly focuses on the dynamics of M,, for n > 10) can be applied to show
that irreducible elements of odd, prime order are realizable by complex automorphisms. See Remark 3.7 for
more details.

1.2 Related work

The classical Nielsen realization problem for surfaces 3, was solved by Kerckhoff [Ker83] for all finite sub-
groups G < Mod (X, ); the special case of finite cyclic subgroups G was solved earlier by Nielsen [Nie43] and
Fenchel [Fen48]. In higher dimensions, Raymond-Scott [RS77] showed that the Nielsen realization prob-
lem fails in every dimension d > 3 in certain nilmanifolds. In dimension 4, recent work of Farb—Looijenga
[FL24] and the first-named author [Lee24, Lee23] address variants of the Nielsen realization problem for
K3 surfaces and del Pezzo surfaces respectively. Baraglia—Konno [BK23] and Konno [Kon24] have used
essentially orthogonal techniques, e.g. Seiberg—Witten invariants, to prove non-realization results, the latter
of which extends some of the results in [FL24] to spin 4-manifolds with nonzero signature. Arabadji—-Baykur
[AB25] and Konno—Miyazawa—Taniguchi [KMT24] have since also obtained non-realization results for non-
spin 4-manifolds.

The Nielsen realization problem for del Pezzo surfaces is intricately linked to the study of finite subgroups
of the plane Cremona group. The general case is studied completely in work of Dolgachev—Iskovskikh
[DI09]; also see work of Blanc [Blal1] on the classification of finite-order conjugacy classes of the Cremona
group. Our current work relies crucially on the classification of minimal rational G-surfaces for finite cyclic
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groups G in [DIO9]. Many special cases were studied previously as well; for example, see Bayle—Beauville
[BB0O0] and Beauville-Blanc [BB04] for the case of G = Z/pZ with p prime.

Birational automorphisms of CP? have also been used to generate interesting examples of diffeomor-
phisms of rational surfaces outside the finite-group setting. For example, McMullen [McMO7] used the ac-
tion of W, on the moduli space of marked blowups of CP? without nodal roots to realize Coxeter elements of
W,, < Mod(M,,) by dynamically-interesting complex automorphisms. Many other people have also studied
the dynamics of automorphisms coming from the Cremona group, such as Bedford—Kim [BK06, BK09] who
also found rational surface automorphisms of positive entropy, and Cantat-Lamy [CL13] who constructed
normal subgroups of the Cremona group via its action on the Picard—Manin space.

Finally, we point out that some tools (Lemma 2.7) developed in this paper can be used to simplify some
proofs of [Lee23] by the first-named author, by eliminating much of the casework by arguments in the style
of Bayle-Beauville [BB0O]. See Remark 2.8 and Theorem 6.6 for more details.

1.3 Outline

In Section 2, we give some background on the topological mapping class group of del Pezzo manifolds and
explicate its relationship to Coxeter theory. In Section 3, we provide connections of our problem to algebraic
geometry via minimal GG-surfaces. Most notably, we give various homological critera that irreducible map-
ping classes must satisfy, and prove a reduction result regarding the possible conjugacy classes of complex
non-realizable irreducible mapping classes (Corollary 3.6). In Section 4, we resolve the first three equiva-
lences of Theorem 1.1. In Section 5, we leverage a variety of techniques (branched covers of 4-manifolds,
(G-signature theorem, etc.) to prove smooth non-realizability in all possible cases outlined in Corollary 3.6.
This completes the proof of Theorem 1.1 which is given in Section 5.5. In Section 6, we analyze explicit
examples of (non-)realizability of distinguished finite-order classes from the view of Coxeter theory, and as
a consequence prove Theorems 1.4 and 1.5. Using these two theorems, we deduce a proof of Corollary 1.6
as well.
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2 Coxeter theory of Mod()M,,)

This section recalls known facts about the topological mapping class group, Mod(M,,), of the del Pezzo
manifold M,. We introduce the key property of irreducibility for certain mapping classes studied in this
paper, and give it a Coxeter theoretic interpretation that is crucial in the enumeration proofs of Section 3.



2.1 Topological mapping class groups of del Pezzo manifolds

Del Pezzo surfaces are smooth complex algebraic surfaces with ample anti-canonical bundles. The diffeo-
morphism type of every del Pezzo surface is either CP?, CP' x CP!, or M,, = CP?#nCP2 for 1 < n < 8.
We refer to these smooth manifolds as del Pezzo manifolds. By the Mayer—Vietoris sequence,

z ifk=0,4,
Hy(M,,Z) = {0 ifk=1,3,
7 itk = 2.

The intersection form @) s, on Ha(M,,,Z) takes the form (1) & n(—1) with respect to the natural Z-basis
{H,E\,...,E,}of Hy(My,;Z), where H denotes the hyperplane class and F1, . .., E,, denote the n excep-
tional divisors. Let Z'™ denote the lattice Z" ! equipped with the signature (1, n)-form (1) @ n(—1).

By theorems of Freedman [Fre82], Perron [Per86], Quinn [Qui86], Cochran—Habegger [CH90], and
Gabai—Gay—Hartman—Krushkal-Powell [GGH 23], there is an isomorphism

Mod(M,,) := mo(Homeo™t (M,)) — Aut(Hs(M,,Z), Q) = O(1,n)(Z). (2.1.1)

Remark 2.1. Surjectivity of (2.1.1) is due to Freedman [Fre82]. Injectivity follows from work of Perron
[Per86], Quinn [Qui86], Cochran-Habegger [CH90], and Gabai—-Gay—Hartman—Krushkal-Powell [GGH23].
See [GGH™23, Section 1.3] for a more detailed history of this theorem.

We identify Mod(M,,) with O(1,n)(Z) using the isomorphism (2.1.1). Let Mod™(M,,) denote the
subgroup
07 (1,n)(Z) < O(1,n)(Z),

that preserves each of the two sheets of the hyperboloid {v € Ha(M,,,R) : Q s, (v,v) = 1}. Each connected
component (equipped with the form —@)yy,,) of the hyperboloid is isometric to hyperbolic space H". Recall
the notion of irreducibility for a mapping class.

Definition 2.2 ([Lee23, Definition 1.1]). A mapping class g € Mod(M,,) is called reducible if there exists
a del Pezzo manifold M and some k£ > 0 such that there is an isometry

¢+ (Ho(M, Z) & Ha(#KCP2,2), Qus & Q) — (Ha(Mn, Z), Qur,)
with g is contained in the image of the induced inclusion
Lx : Mod(M) x Mod(#kCP?) < Mod(M,,).
Otherwise, g is called irreducible.

There are a few reasons to restrict attention to irreducible mapping classes. Finite order reducible map-
ping classes that are Nielsen realizable are often given by a G-equivariant connect sum of irreducible map-
ping classes or non-minimal rational G-surfaces (see [Lee23, Corollary 1.5] and Corollary 1.6). Another
more algebro-geometric reason is the connection between irreducibility and the classical notion of minimal
rational G-surfaces (see Lemma 3.2).
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Figure 1: Coxeter diagrams for (W (n), S(n)). The subgraph spanned by the vertices so, ..., sp—_1 is the
Coxeter diagram for the Weyl group W,,.

2.2 O*(1,n)(Z) is a Coxeter group for 2 < n < 9.

For each vector v € Z™ with Qy,, (v, v) = £1, £2, the reflection Ref,, € O(1,n)(Z) about v is the map

Wall [Wal64b] determined explicit generators for O™ (1,7n)(Z) for 2 < n < 9 in terms of reflections.
Theorem 2.3 (Wall 1964, [Wal64b, Theorems 1.5, 1.6]). The groups O (1,n)(Z) have generators:

O+(1,2)(Z) = <RefH—E1—E27 RefEl_EQ, RefE2>,

O+(1,n)(Z) = <RefH_E1_E2_E3, RefEl—E2; RefEQ_Eg, ey RefEn,l—E RefEn> l'f3 S n S 9.

n’

For an analysis of (a finite-index subgroup of) O™ (1, 7n)(Z) as a hyperbolic reflection group, see Vinberg
[Vin72]. Consider the Coxeter system (W (n), S(n)) specified in Figure 1. There is a surjective homomor-
phism p : W(n) — O%(1,n)(Z) given on the generators by

Refy_g _E ifn =2,
p(s0) = { T

RefoE‘lengg if3§n§9,

Refp, _ ifl<k<n-—1,

RefEn if k =n.

Let ®, : O7(1,n)(Z) — O(Z'™ ® R) denote the natural action of O"(1,n)(Z) on Z'"™ @ R and let
U, : W(n) — GL(V,) be the geometric representation of W (n) (cf. [Hum90, Section 5.3]). There
is an isometry (V,,, B,) — Z“™ @ R (where B, is the bilinear form defined in [Hum90, Section 5.3])
such that under this identification, the geometric representation ¥,, coincides with the composition ®,, o p
([Lee24, Section 2.4]). Because ¥, is injective ([Hum90, Corollary 5.4]), the homomorphism p is in fact an
isomorphism. Hence O™ (1,7n)(Z) is a Coxeter group.

2.3 Weyl group

The Weyl group W,, < Mod(M,,) is a distinguished Coxeter subgroup of Mod ™ (M,,).

Definition 2.4. The Weyl group W,, < Mod(M,,) is the stabilizer of the (Poincaré dual of the) canonical
class

n
K, = —3H + Y Ey € Hy(M,, 7).
k=1

7



For 3 < n < 8, the group W), is a finite group and is generated by the simple reflections ([Dol12,
Corollary 8.2.15])

Wy, = (Refy_g,—g,—B;» Refg,—g,, Refg,—p,, ..., Refr, ,_E,) (2.3.1)
and W, naturally acts on the lattice
E,:={v€Z": Qum, (v, Knm,) =0} =Z{H — Ey — By — E3, E\ — Es, ..., E,_1 — E,,}.
There are isomorphisms

Wy =1, Wa = 7/27, W3 = W(Az) x W(A),

Wy =2 W(Ay), W5 = W(Ds), W; 2 W(E;), 6 <i <8,
where W (T") denotes the Coxeter group with Coxeter diagram I'. This can be seen by drawing the Coxeter
diagrams for the simple reflections as in Figure 1, and using the classification of finite reflection groups.

2.4 Irreducibility, parabolic subgroups, and cuspidal conjugacy classes

We now introduce some tools from Coxeter theory to characterize the irreducible elements of Mod ™t (M,,).
Let W := W(S) be a Coxeter group with generating set S. For any I C S, consider the parabolic subgroup

Wri=(s:sel)CW(S).

The group W7 is again a Coxeter group with generating set / [Hum90, Theorem 5.5].
Coxeter groups admit special conjugacy classes called cuspidal classes that are useful in the classification
of irreducible mapping classes.

Definition 2.5. A conjugacy class C of a Coxeter group W is called a cuspidal class if C N W = () for all
proper subsets I C S. For a finite Coxeter group equipped with the geometric representation, the stabilizer
of a nonzero vector is a conjugate of a proper parabolic subgroup [Hum90, Theorem 5.13, Exercise 5.13],
hence an element generates a cuspidal conjugacy class if and only if it does not fix a nonzero vector; cf.
[GPOO, Lemma 3.1.10].

From now on, we specialize to the Coxeter theory of W := Mod™ (M,,) for 3 < n < 8 and its parabolic
subgroups. The group W has as simple roots

An = {H—E1 —E2—E3, E1 —EQ, E2 —E3, En,1 —En, En}

By (2.3.1), the Weyl group W), is a (finite) parabolic subgroup of W. The Weyl group will be one of two
important parabolic subgroups of W = Mod™ (M,,) appearing in this paper:

Wn =Wa, (B} Py = Wa, (B1-E».En)-

The Coxeter diagram of P, coincides with that of W (D,,_1), and so P,, = W(D,,—1). As shown below,
many parabolic subgroups W; of Mod™ (M,,) are finite.
The following lemma provides a necessary condition for irreducibility.

Lemma 2.6 (Proof of [Lee23, Lemma 2.6(2)]). Letw € W. Let I C A,, — {a} where o # Ey — Es, E,,.
If w is conjugate in W to an element of the parabolic subgroup Wi then w is reducible.



Proof. It a # E1 — E5, E, then a € A, is one of:
H—El—EQ—Eg or Eg—EngongEgn—l.

For each choice of « above, the proof of [Lee23, Lemma 2.6(2)] explicitly finds a del Pezzo surface M, an
integer k£ > 0, and an isometric decomposition

(Ha(My; Z), Qur,) = (H2(M;Z) © Hay(#KCP* Z), Qur © Q .y 555)
which is preserved by Wz, (4} Hence every element of 17 is reducible. U

Parabolic subgroups arise naturally as the stabilizers of points under the action of Coxeter groups on
their Tits cones. Let R, := —Q, denote the signature (n, 1) form on Ha(M,,R). Vinberg’s algorithm
applied to W [Vin72, Proposition 4, Table 4], gives a (closed) fundamental domain of the action of W on
H" C Hy(M,,R) as the polyhedron

D := ﬂ {veH": R,(v,a) <0}
CMEAn

where A,, denotes the set of simple roots of V. (To be precise, the fundamental domain D above is g(P),
where g = Refp, o--- o Refp, € W and P is the fundamental domain found by Vinberg.) The represen-
tation W — O(Ha(My;R), Ry,) is isomorphic to the geometric representation of W (cf. Section 2.2). By
unimodularity of R,,, the pairing R,, induces an isomorphism Hy(M,,,R) — Hs(M,,R)* of representa-
tions of W where Ha(M,,,R)* denotes the contragredient representation of the geometric representation.
Let U C Hs(M,,R) be the Tits cone of W, where Ho(M,,, R) is identified with Hy(M,,, R)* via R,,. Then
D is contained in —U. Moreover, H" C —U as well because because the W -translates of D C H" cover
H". The W -stabilizer of any point p € D is equal to the W-stabilizer of the corresponding point —p € U.
Define the subset Dy C D forany I C A,

Dy := (ﬂ{v eH": R,(v, ) :O}) N (ﬂ{v eH": Ry(v,a) < 0})

acl agl

so that the subsets D exhaust D. By [Hum90, Theorem 5.13], the stabilizer of any point in D in W is the
parabolic subgroup W;. Note that for any pair of subsets I/ C J C A,,, there is an inclusion of closed faces
D C Dy and an inclusion of stabilizers W; C W;. Moreover, D7y = D; N D, and hence for any p € D,
there exists a largest subset I C A,, such that p is contained in the face Dy.

The following lemma is the key technical tool used to characterize irreducible elements of Mod™ (M,,)
in terms of conjugacy classes of W, and P,.

Lemma 2.7. Let 3 < n < 8 Letw € Mod+(Mn) have finite order and consider its fixed subspace
Hy(M,,Z)). If w is irreducible then up to conjugacy in Mod™ (M,,), either

(a) Ho(M,, Z)<w> = Z{ Ky, } (or equivalently, w generates a cuspidal conjugacy class of Wy,), or
(b) Ho(M,,7Z) (w) — Z{Kyy,, H — Ev} (or equivalently, w generates a cuspidal conjugacy class of P,,).

Proof. Letw € Mod™ (M, be irreducible and have finite order. Because w has finite order, w fixes at least
one point H". After possibly conjugating w by an element of 1/, we may assume that w fixes at least one
pointp € D C H"™.



Let I C A, be any subset so that w fixes some point in D;. Because all points of Dy have equal stabilizer
Wi, equivalently we may take I C A, so that w fixes all points of D and hence Dj.
Suppose that A, — {Ey — Ez} C I'sothat Df € Da, (g, —g,). Compute that the space

M {ve Hao(M;R) : Ry(v,0) = 0} | N {v € Ho(Mu;R) : Ry(v, By — Ey) < 0}
a#E1—Fs

consists of nonnegative scalar multiples of H — E so that
Dp,—(Br-Es} = Reof{H — Erf NH" = 0.

Therefore D; = (), and so we may assume that A, — { E; — F»} is not contained in I. In particular, I # A,
and there exists some o € A, so that [ is contained in A,, — {a}. If « # F,, and a # E1 — E then w is
reducible by Lemma 2.6. All together, this implies that

{H—-—F,—FEy—FEs, EFs—FEs, ..., B, — E,} C I
In other words, if w is contained in W} then
I=A,—-{E,} or A,—{E,, Ei— Es}.
In either case, w is contained in W,,, fixes

Dp,—gy={p=-09- n) "2 K, },
and the action of w on Ha(M,,; R) preserves the decomposition

Hy(M,,R) = R{Ky, } & R{Kn, }.
The vector space R{ K7, }* has a basis

{H—-E|—FEy—FE3, E1—FEs, ..., E,1 — E,},

so the action of W,, on R{ K, }* is isomorphic to the geometric representation of 1,,.
If w does not fix any nonzero elements of R{ K} then (a) holds, as

HQ(Mm Z)<w> = Z{KMn}

and w represents a cuspidal conjugacy class of W,, by [GP0O, Lemma 3.1.10].

Suppose now that w fixes a nonzero y € R{Ky;, }*. Because W, is finite, the Tits cone of W, is the
whole space R{ K, }*+ (where the geometric representation R{ K s, }* is identified with the contragredient
representation (R{ Ky, })* via R,,, whose restriction to R{ Ky, }* is positive-definite) [Hum90, Exercise
5.13]. The stabilizer of any nonzero point in the Tits cone of W, is conjugate to a proper parabolic subgroup
of W,, [Hum90, Theorem 5.13], and so w is contained in a proper parabolic subgroup (W,,) s of W,,, up to
conjugacy in W,,. Because (W,,) ; = W is a proper parabolic subgroup of W containing w, we see that w
is contained in P, up to conjugacy in W,.

Because each root § € A,, — {E,,, E1 — Ex} satisfies R,,(H — E1, ) = 0,

R{Ky;,, H — E\} C Hy(M,,R)™
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and the action of w on Hy(M,,, R) preserves the decomposition
Hy(M,,R) = R{Ky,, H— E} ®R{Ky,, H— FE}*.
The vector space R{ K, H — F;}* has a basis
{Es—Es, ..., Ey,_1—FE,, H—E, — Ey — E3},

so the action of P, on R{K, H — E;}* coincides with the geometric representation of the Coxeter group
P,. Because P, is finite, the Tits cone of P, is the whole space R{K, H — E;}* (again, where the geo-
metric representation R{ K, , H — F; }* is identified with the contragredient representation via R,,, whose
restriction to R{K,, H — El}L is positive-definite) [Hum90, Exercise 5.13]. The stabilizer of a nonzero
point of R{ K, H — F;}" is conjugate to a proper parabolic subgroup of P,, [Hum90, Theorem 5.13]. Any
proper parabolic subgroup of P, is also a proper parabolic subgroup of W, and so w does not fix any nonzero
point of R{K, H — E1}*+.

Therefore (b) holds, as

Hy(M,,2)") = Z{Ky,, H — E1}

and w represents a cuspidal conjugacy class of P, by [GP00, Lemma 3.1.10]. 0

Remark 2.8. Lemma 2.7 should be seen as an analog of [DI09, Theorem 3.8] (cf. Section 3.1). We point
out that its proof only uses the hyperbolic reflection group structure of Mod™ (M,,) for small n and avoids
the Mori theory used in the algebro-geometric arguments of [DI09, Theorem 3.8], [BB0O, Lemma 1.2], or
[Blall, Proposition 4.1]. We use Lemma 2.7 to simplify the enumeration of irreducible mapping classes
similarly as how Mori theory is used in classification of minimal rational G-surfaces. In terms of the action
of w on Ha(M,, Z), the two possibilities in Lemma 2.7 correspond to the del Pezzo surface and conic bundle
cases of [DI09, Theorem 3.8], respectively.

The following lemma is a partial converse to Lemma 2.7.
Lemma 2.9. Ler 3 < n < 8 and let w € Mod ™ (M,,). If Ho(M,, 7)) = Z{Ky;, } then w is irreducible.
Proof. Suppose w is reducible and that w(Kyy,) = Ky, . Then there are elements vy, .., v, € Hao(My,Z)
with Qar, (vi,vj) = —0;; forall 1 < ¢, < r, such that w(Z{v1,..,v,}) = Z{vy,..,v,}. Foreachi € Z,
there exists 1 < j < r so that w*(v1) = +v; because w restricts to an isometry of Z{vy, .., v, }.

Let k be the smallest positive integer for which w*(v1) = v; and let v = Z;?;é w’ (v1) so that w(v) = v.

If v = Othenw’ (vy) = —v; forsome 0 < j < k—1 by linear independence of the set {v;}, so vy is contained
inE, = Z{Ky;, }* because

Qnt, (v, Kig,) = Qur, (W (01), w? (Kag,,)) = —Qu,, (vi, Kag,) = 0.

However, Qxs, (v1,v1) = —1 and E,, is an even lattice by [Dol12, Lemma 8.2.6]. Therefore v # 0.
Moreover, v is not contained in Z{ Ky, } because Q s, (v,v) < 0 but Q s, (Knr,,, Knr,) =9 —n > 0.
Therefore, Ho (M, 7)) # Z{K, }. O

On the other hand, the converse to Lemma 2.7 does not always hold.

Lemma 2.10. If n = 4,6, an element w € Mod™t (M,,) is irreducible if and only if up to conjugacy in
Mod ™t (M,,), the fixed subspace satisfies Hy(M,,, 7)) = Z{Ky; } and w generates a cuspidal conjugacy
class of W,

Proof. By Lemmas 2.7 and 2.9, it suffices to show that if n = 4, 6 and if Hy(M,,, Z)") = Z{Ky, , H— F }
then w is reducible. To see this, it suffices to find some v € Hy(M,,, Z)™) with Q. (v,v) = 1. Forn = 6,
letv =Ky, + (H — Ey). Forn =4,letv= Ky, + (H — Ey). O
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2.5 Cuspidal conjugacy classes of P,

In this section we examine the cuspidal conjugacy classes of P,, = W (D,,_1) following the notation of Carter
[Car72, Section 7]. The group W (D,,_1) acts on a set {e1, —e1,...,€n_1,—€n_1}, Where {e1,...,ep_1}
is an orthonormal basis of the geometric representation of W (D,,_1). Denote by ¢ : W (D,,—1) — Sp—1
the natural quotient given by recording the permutation on the orthonormal basis and ignoring negations.
For an element ¢ € W (D,,—1), let (k1,...,k,) be a cycle of ¢(g) € Sp—1. Then g € W(D,,_1) acts on
€kyy- -+, €k, DY

€k, iek2 = = iekT — iekl.

Definition 2.11. The cycle (ki,...,k,) is called positive if g"(ex,) = ek, and negative if g"(ex,) =
—eg,. The lengths of the cycles of g and their signs define the signed cycle-type of g. A positive k-

cycle is denoted [k] and a negative k-cycle is denoted [k]. A product of disjoint signed cycles is denoted
ks .. kmlilo . .. D).

The following lemma parametrizes cuspidal conjugacy classes of W (D,,_1) by signed cycle types.

Lemma 2.12 (cf. [GPOO, Proposition 3.4.11]). There is a bijection between the set of unordered, even
partitions o« = (a1, ..., a,) of n — 1 (i.e. partitions with r even) and the set of cuspidal conjugacy classes
of W(D,,—1) given by

(a1, ..., qp) — conjugacy class of w,,,

where w, € W (D,,_1) is some element with signed cycle-type &1 . . . &;|. The order of wy islemi<j<,(2a;).

Proof. The bijection is established in [GP00, Lemma 3.4.10, and Proof of Theorem 3.2.7 for D,,]. It remains
to compute the order of w_, . According to [GP0O, Section 3.4.3], the characteristic polynomial of w_ with
respect to the geometric representation of W (D,,_1) is given by

T

det(tlgn—1 —wy) = [J(t% + 1),
j=1

Any eigenvalue of w, in the geometric representation of W (D,,_1) is a (2a;)th root of unity for some
1 < j < r, and any primitive (2c;)th root of unity is an eigenvalue of w, . Therefore, w, has order
lcmlgjgr{QOzj}. ]

3 Complex Nielsen realization via enumeration

In this section, we record known facts about complex automorphisms of rational surfaces. The goal is to
deduce Corollary 3.6, which enumerates the irreducible mapping classes of M,, that are not realizable by
complex automorphisms of a del Pezzo surface.

3.1 Irreducibility and minimality

A result of Friedman—Qin [FQ95, Corollary 0.2] implies that any complex structure on the smooth manifold
M, is that of a rational surface, so the study of complex Nielsen realization problem for M,, reduces to that
of complex automorphisms of rational surfaces.

Consider the following classical notion from the study of birational automorphisms of CPP? of finite order.
For reference, see [DI09, Section 3].
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Definition 3.1. Let GG be a finite group. A rational G-surface is a pair (.S, p) where S is a rational surface
and p : G — Aut(S) is an injective homomorphism.

A minimal rational G-surface is a rational G-surface (S, p) such that any birational morphism of G-
surfaces (S, p) — (57, p’) is an isomorphism.

Lemma 3.2. Let n < 8 and let w € W,, < Mod™(M,,) be irreducible and let G = (w). Suppose w
is realizable by a complex automorphism ¢ of some complex structure (My,,J). Then (M, J,{(p)) is a
minimal rational G-surface.

Proof. Let ¢ € Aut(M,,J) such that [p] = w for some complex structure .J on M,, turning (M, J) into
a rational G-surface (not necessarily an iterated blowup of CP?).

In order to prove the claim, we need to show that if there exists a birational morphism b : M,, — S’ such
that b o p = 1) o b for some ¢ € Aut(S’), then b is an isomorphism. If b is not an isomorphism then b is an
iterated blowup by [Bea96, Theorem II.11]. There is an identification

Hy(M,,7) = Hy(S',Z) ® Ze, . .. em} (.1.1)

where e, . . ., e,, are the exceptional divisors of the iterated blowup b : M,, — S’. Even though the divisors
E}, are not necessarily pairwise disjoint, their Z-span is isometric to

(Z{elv R 7em}7 QMn|Z{e1,...,em}) = (Zm7 m<_1>)

Now note that  preserves the decomposition (3.1.1) and the lattice (H2(S’,Z), Qg/) is isometric to Z1" =™
or to (Ho(CP! x CP', Z), Qcpt «cpt ) by [GS99, Theorem 1.2.21] because the rank of Hy(S’,Z) is 1 +n —
m < 8 and (H2(S',Z), Qg ) has signature 1 — (n — m). In other words, w is reducible if m > 0. Hence if
w is irreducible then b is an isomorphism, and (M,,, J, (w)) is a minimal G-surface. O

Remark 3.3. The minimal rational G-surfaces (for G cyclic) are classified by Dolgachev—Iskovskikh [DI09]
and Blanc [Blal1]. However, it is not clear how to extract a classification of all irreducible mapping classes
in Mod(M,,) from the classification without enumerating all conjugacy classes of W), using Carter graphs
(see Section 3.2) or via computer software.

According to [DI09, Theorem 3.8] (cf. [Blall, Proposition 4.1]), Mori theory shows that if (.S, p) is a
minimal rational G-surface then one of two possibilities occur:

(a) The surface S is a del Pezzo surface and Hy (S, Z)¢ = Z.

(b) The surface S admits the structure of a conic bundle and Ho(S,Z)% = Z2. Here, a conic bundle
structure on a rational G-surface (S, p) is a G-equivariant morphism ¢ : S — CP! such that the fibers
are isomorphic to a reduced conic in CP?.

Therefore the study of diffeomorphisms of M,, arising from complex automorphisms reduces to studying the
complex automorphisms of del Pezzo surfaces and conic bundles.
3.2 Carter graphs and complex non-realizability

The goal of this section is to enumerate the Carter graphs associated to irreducible mapping classes that are
not realizable by complex automorphisms of del Pezzo surfaces. To do so, we compare the list of automor-
phisms of del Pezzo surfaces to the list of Carter graphs [Car72] parameterizing the conjugacy classes of
W,,. We recall the construction of these graphs below.
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By [Car72, p. 5, p. 45], every element w € W), can be written as a product of two involutions w =
wyiws so that the (—1)-eigenspaces V_1(w;) of w;, i = 1,2, acting on E,, ® R have trivial intersection
V_1(w1) N'V_1(wg) = 0. Moreover, each such involution can be written as a product of reflections

wy = Refy, - - - Ref,, and we = Ref - Ref

agyy " Ak4+m

where {a1,...,ax} and {agy1, ..., e, } are two sets of mutually orthogonal roots with respect to the
bilinear form (), restricted to E,, by [Car72, Lemma 5].

Definition 3.4. Define a graph I' = (V, E) (with respect to the above factorization of w) where the set of
vertices V' correspond to the set of roots {1, . .., &gy }, and two distinct vertices c; and «; are joined by
k-many edges e € F, where
N 2QMn (Oéi, Oéj) ) 2QMn (Oéj, Ozi)

Qur, (i, 00)  Qur, (0, 05)
Such a graph I' is called a Carter graph. We follow the notation convention of [Car72, Sections 4 and 5] for
labelling Carter graphs and the convention of [Car72, Sections 7 and 8] assigning to each conjugacy class a
single associated Carter graph associated to some factorization of a representative element.

k

Dolgachev-Iskovskikh [DI09, Table 9] analyze the conjugacy classes of W,, generated by elements
w € W), that are contained in the image of the natural map Aut(M,,, J) — Mod(M,,) for some del Pezzo
surface (M, J). Conversely, the image of Aut(M,,, J) — Mod(M,,) is contained in W), (up to conjugacy
in Mod(M,,) for any del Pezzo surface (M, J). To see this, note that any del Pezzo surface (M,,, J) admits
a birational morphism 7 : (M, J) — CP? which is an n-fold iterated blowup and specifies n-many excep-
tional divisors (cf. [Doll2, p. 355] or [DI09, Section 6.1]). Up to the action of Mod(M,,), the homology
classes of the exceptional divisors are given by E1, ..., E, € Ha(M,,Z), and the class representing a line
in CPP? disjoint from each E; is given by H € Hy(M,,Z). Let ¢1(M,,J) € H*(M,,Z) denote the first
Chern class of (M, J). Its Poincaré dual is sent to K57, by some element of Mod(M/,,). Any automorphism
of (M,, J) fixes c1(My, J), hence its image in Mod(M,,) is conjugate into the stabilizer W, of Ky, .

Using the language of Carter graphs to enumerate the conjugacy classes of IW,,, the following proposition
addresses the complex Nielsen realization problem for irreducible elements of Mod ™ (M,,) for n = 3, 4, 6.

Proposition 3.5. Let n = 3,4,6 and let w € W, be irreducible. The class w is realizable by a complex
automorphism ¢ € Aut(M,,, J) of some del Pezzo surface (My, J).

Proof. If n = 3 then there is a unique complex structure J turning (M3, J) into a del Pezzo surface (up to
isomorphism) and the natural map Aut(Ms, J) — Wi is surjective and admits a section by [Dol12, Theorem
8.4.2]. Therefore, any w € W3 is realizable by a complex automorphism of a del Pezzo surface (M3, J).
Suppose that n = 4 or 6. By Lemma 2.10, w generates a cuspidal conjugacy class of W,,. [GP00, Exam-
ple 3.1.16, and Table B.4, p.407] lists the cuspidal conjugacy classes of W,, by their Carter graphs. Note that
each conjugacy class of W listed in [GPOO, Table B.4, p.407] appears in [DI09, Table 9], which enumerates
conjugacy classes of W, that are realizable by an automorphism of a del Pezzo surface diffeomorphic to M,,.
There is only one cuspidal class in Wy, represented by Coxeter elements (cf. Section 6.1). One can write
down explicit birational transformations of CIP? that lift to automorphisms of a complex structure (My, J)
realizing the Coxeter elements; see [McMO7, Theorem 11.1]. Since the fixed space in Hy(My, Z) of a Coxeter
element is Z{ K4}, Lemma 3.2 and [DI09, Theorem 3.8] imply that (M4, J) is a del Pezzo surface. O

The following corollary considers the complex realizability of the irreducible conjugacy classes of W,,.
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Corollary 3.6 (cf. [DI09, Table 9], [Car72, Tables 5,9, 10]). Let 3 < n < 7 and let w € W), be irreducible.
Suppose that Ha(M,,, Z)<w> = 7. Let 'y, denote the Carter graph of the conjugacy class of w. If w is not
realizable by a complex automorphism of any del Pezzo surface (M, J) then

(a) n ="5and T, is of type Ds(ay) or Dy + Ds, or
(b) n="Tand Ty is of type A7, Dy + 3A1, Dg + A1, or E7(as).

Proof. Suppose that w € W, is irreducible with Ha(M,,, Z)<w> 2 Z and that w is not realizable by a com-
plex automorphism of a del Pezzo surface (M,,, .J). Lemma 2.7 shows that up to conjugacy in Mod™* (M,,),
the class w generates a cuspidal conjugacy class in W,,. If n = 3, 4 or 6 then Proposition 3.5 shows that all ir-
reducible classes in Mod ™ (M,,) are realizable as automorphisms of a del Pezzo surface (M,,, J). Therefore,
we need only consider cuspidal conjugacy classes in W5 and W7, which are enumerated in [Car72, Table 5]
(restricted to signed cycle-types described in Lemma 2.12) and [GP0O, Table B5] respectively.

In the case of n = 5, there are three cuspidal conjugacy classes of W,,, with Carter graphs D5, Ds(a1),
and Do+ D3. The Carter graph D5 corresponds to the conjugacy class of Coxeter elements of W5 = W (D5)
(cf. Section 6.1). See [McMO7, Theorem 11.1] for explicit birational transformations of CP? that lift to
automorphisms of a complex structure (M3, J) realizing the Coxeter elements of Wj. Since the fixed space
in Hy(Ms5,Z) of a Coxeter element is Z{ K5}, Lemma 3.2 and [DI09, Theorem 3.8] imply that (M5, J) is a
del Pezzo surface. Because w is not realizable by a complex automorphism of a del Pezzo surface (M5, J),
the Carter graph I, is not of type D5 and must be of type D5(a1) or Dy + Ds.

In the case of n = 7, any class appearing in [DI09, Table 9] (cf. [Blall, Table 1]) is realizable by an
automorphism of a del Pezzo surface (M,,, J). The conjugacy classes listed in the statement of the corollary
are exactly the cuspidal conjugacy classes of W7 (from [GP0O, Table B5]) that do not appear in [DI09, Table
9]. O

Remark 3.7. In some special cases, there are viable, non-enumerative approaches to complex realization.
For example, McMullen [McMO07, Theorem 7.2] studies the action of the Weyl group W,, on P(Z!" © C)
and shows that if w € W, fixes a point in P(Z!" ® C) that pairs nontrivially with every root o € [E,, then
w is realizable by a complex automorphism of some blowup Bl,, . ;. CP? diffeomorphic to M,,. While
McMullen applies this to Coxeter elements of W, for all n # 9, a similar linear algebra check shows that his
work also implies that irreducible elements of Mod™ (M,,) with n < 8 of odd, prime order are realizable by
complex automorphisms. However, the realizability of these elements turns out to be subsumed by [McMO7];
see Theorem 1.5. Regardless, it would be interesting if McMullen’s work [McMO7] or other moduli-theoretic
tools could be used to give non-enumerative proofs of Nielsen realization for finite subgroups of Mod(M,,)
in general.

4 Comparing metric and complex Nielsen realization

In this section we study the metric Nielsen realization problem on M,, and compare it to the complex Nielsen
realization problem. The natural distinguished class of metrics on the del Pezzo surfaces M are Einstein
metrics, and for M = CP! x CP! or Bly, ...p, CP? where n = 0 or 3 < n < 8, Kihler—Einstein metrics.

Definition 4.1. A metric g on M is an Einstein metric for a constant \ if its Ricci curvature tensor satisfies
Ric(g) = Ag. Itis Kihler—Einstein if g is additionally a Kdhler metric on (M, J) for some complex structure
J.
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By work of Tian [Tia90, Main Theorem], the del Pezzo surfaces CP?, CP! x CP', and Bly, ....pn CP?
with 3 < n < 8 are precisely the compact complex surfaces that admit Kéhler—Einstein metrics with A >
0. There also exist conformally Kédhler, Hermitian—Einstein metrics (the Page and Chen—LeBrun—Weber
metrics) on the del Pezzo surfaces Bl,, CP? and Bl,, p, CP? respectively (see [Pag78] and [CLWOS]; cf.
[LeB97, Proposition 2]).

Let M be a smooth manifold underlying any del Pezzo surface with a Riemannian metric h. Let ”;'-[?|r (M, h)
denote the space of cohomology classes of self-dual, harmonic 2-forms on (M, k). Then dimg (H2 (M, h)) =
1 by Hodge theory because b% (M) = 1. Any isometry ¢ € Isom(M, h) preserves H% (M, h). Following
LeBrun [LeB15], we say that the conformal class [h] of such a Riemannian metric h is of positive symplectic
type if W (w,w) > 0 everywhere for w a self-dual harmonic form for » and W the self-dual Weyl tensor
of h. In this case, w is a symplectic form on M because w is nowhere zero and is self-dual. We say that the
metric h is of positive symplectic type if its conformal class [h] is of positive symplectic type.

According to LeBrun [LeB15, Theorem A], any Einstein metric of positive symplectic type on a del
Pezzo manifold is isometric to a Kihler—Einstein metric with A > 0, (a constant multiple of) the Page metric,
or (a constant multiple of) the Chen—LeBrun—Weber metric, and conversely any such metric is of positive
symplectic type.

4.1 The blowups at more than 2 points

In this section we deduce the equivalence of the metric and complex Nielsen realization problems from results
of LeBrun and Bando—Mabuchi.

Lemma 4.2 (Bando-Mabuchi [BM87], LeBrun [LeB15]). Let 3 < n < 8 and let G C Diff+(Mn) be a
finite subgroup. The following are equivalent:

(a) There exists an Einstein metric g of positive symplectic type on M,, so that G C Isom(M,,, g) and the
induced action of G on H% (M, g) C Ho(M,,R) preserves the orientation of this line.

(b) There exists a complex structure J on My, so that (M,,, J) is a del Pezzo surface and G C Aut(M,, J).

(c) There exists a Kihler-Einstein pair (g,J) on M, so G C Aut(M,,g,J) on a del Pezzo surface
(M, J).

Proof. ((c) = (a)) If G C Aut(M,g,J), then G C Isom(M,g). By [LeB15, Theorem A], the Einstein
metric g is in fact of positive symplectic type. Moreover, GG preserves both g and J, meaning it preserves the
Kihler form w. Because w is self-dual and harmonic, GG preserves the orientation of the line Hi(Mn, g)-

((c) = (b)) This is clear from the definitions: if G C Aut(M, g, J), then G C Aut(M, J).

((b) = (¢)) Let G C Aut(M, J) for J a complex structure making (M, J) a del Pezzo surface. By the
existence result of [Tia90] and [BM87, Theorem C], there exists an G-invariant Einstein metric ¢ that makes
(M, g, J) a Kahler-Einstein del Pezzo surface.

((a) = (c)) Let ¢ € G C Isom(M,,, g) for g an Einstein metric of positive symplectic type, so that ¢
preserves the orientation of the line Hi(Mn, g). By [LeB15, Theorem Al], there exists a complex structure
J on M, so that (M,, g, J) is a Kéhler—Einstein pair with A > 0. Let w(u,v) = g(Ju, v) be the associated
symplectic form, where w is self-dual and harmonic with respect to g. Since ¢ preserves ’Hi(Mm g) along
with its orientation and since ¢ has finite order, we have ¢*w = w by the uniqueness of harmonic represen-
tatives of cohomology classes. Therefore, ¢ is contained in Isom(M,,, g) N Symp(M,,, w). The 2-out-of-3
rule then implies ¢ € Aut(M,, J). O
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Remark 4.3 (On high degree del Pezzo surfaces). One can directly calculate that the full mapping class group
Mod(M) is Einstein metric realizable for M = CP? and CP! x CP!; the smooth representatives coming
from complex conjugation and complex automorphisms in [Lee24] preserve the Fubini—Study metric.

Although M; and M5 do not admit Kihler—Einstein metrics, they admit distinguished conformally-
Kaihler, Einstein metrics called the Page metric and Chen—LeBrun—Weber metric respectively. These metrics
are the unique Hermitian—Einstein metrics on M7 and M» [LeB12, Theorem A] and the unique Einstein met-
rics of positive symplectic type [LeB15, Theorem A], similarly to the Kahler—Einstein metrics. It would be
interesting to analyze the metric realizability of finite-order elements of Mod (M) or Mod(M3), e.g. the
class —I € Mod(M,,) for n = 1,2, which is smoothly represented by complex conjugation.

4.2 Metric non-realizability by a complex automorphism

The results of Tian and LeBrun on Einstein metrics with A > 0 do not apply to a general rational surface
that is not a del Pezzo surface. The following proposition makes use of other complex structures on M, to
produce a mapping class that is realizable by a complex automorphism but not by an isometry of an Einstein
metric of positive symplectic type.

Proposition 4.4. There exists an irreducible mapping class f € Mod(M,,) of finite order that is realizable
by a complex automorphism ¢ € Aut(My, J) but is not realizable by an isometry of any Einstein metric of
positive symplectic type on My.

Proof. By [Lee23, Proposition 3.14], there is an irreducible, order-2 mapping class f € Mod™ (M7) that is
realizable by a de Jonquiéres involution ¢ € Aut(M7, J) of algebraic degree 4 for some complex structure
J on M7. By [Lee23, Lemma 3.7], Hy(M7; Q) decomposes as a sum of the eigenspaces

Ho(M7;Q) =V, @ V-

with dimg (V) = 2 and dimg(V_) = 6, where V. and V_ denote the 1-eigenspace and (—1)-eigenspace
of ¢ respectively. Since f fixes the canonical class Ky, the trace of f on By = Z{K.}tis1 —6 =
—5. Finally, the classification of automorphisms on degree-2 del Pezzo surfaces [DI09, Table 5] shows
that no such automorphism of order 2 has trace —5 on E;. In other words, f is not realizable by complex
automorphisms of del Pezzo surfaces.

Suppose that f is represented by an order-2 isometry 1) € Isom (M7, h) for some Einstein metric h of
positive symplectic type. Since ¢ is an isometry, it preserves the line H3 (M7) C H?(Mz,R) of self-dual
harmonic 2-forms of (M7, h). Because PD (K, ) is fixed by f and has positive square, the (—1)-eigenspace
PD(V_) is a negative definite subspace of H?(My,R). Therefore, f preserves the orientation of the line
H; (M)

Lemma 4.2 now implies that 1) is an automorphism of some del Pezzo surface (M7, J), which yields a
contradiction. The order-2 mapping class f is not realizable by any isometry of an Einstein metric of positive
symplectic type. O

Remark 4.5. Compare with [FL24, Theorem 1.4], which finds a subgroup G < Mod (M) isomorphic to the
alternating group A4 that can be realizable by Ricci-flat isometries but not by complex automorphisms.

S Comparing complex and smooth Nielsen realization

The goal of this section is to show that the conjugacy classes of W), listed in Corollary 3.6 are not realizable by
diffeomorphisms of the same order. The casework of this section forms the bulk of the proof of Theorem 1.1.
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The main tools come from the theory of finite group actions on 4-manifolds, e.g. the G-signature theorem,
Edmonds’ theorem, the Riemann—Hurwitz formula.

5.1 Realization obstruction lemma

This section presents a lemma that provides a homological criterion for obstructing smooth Nielsen realiza-
tion for 4-manifolds. We begin by defining relevant terminology, following Gordon [Gor86]. Let M be a
closed, oriented, smooth 4-manifold and let G = () C Diff ¥ (M) be a finite subgroup of order m. Because
s« preserves the intersection form @y on Ha(M,Z), it also preserves the induced Hermitian form

P . HQ(M,(C) X H2(M,C) — C

(act, Bez) = (aB)Qu (e, c2),

forany o, 5 € C and ¢y, co € Ho(M,Z). There is a G-invariant orthogonal direct sum decomposition
Hy(M,C)=HtoH o H°

where @ is positive- and negative-definite on H+ and H ~ respectively, and zero on H.

Definition 5.1 ([Gor86, p. 162]). The ¢-signature is defined to be

sign(p, M) = Tr(ps«|g+) — Tr(pw|g-)

Let Fix(y) denote the pointwise fixed set of ¢ acting on M. The set Fix(y) consists of a finite union of
isolated points and disjoint, closed, connected 2-manifolds, and Fix(y) is orientable if m > 2 [FL24, Proof
of Lemma 3.5(3)]. For each isolated fixed point p € Fix(¢y), there exists a normal neighborhood around p in
M that is G-equivariantly diffeomorphic to (61, D?) x (62, D?), where ¢ acts on D? by a rotation by 6, € 227,
for k = 1,2. Similarly, for each connected surface F' C Fix(¢p), there exists a normal neighborhood of F
in M that is G-equivariantly diffeomorphic to (¢, E), where E is a D?-bundle over F, and ¢ acts on each
fiber of E — F as a rotation by ¢ € %Z.

If F is orientable, let e(F') := Qs ([F], [F]). Otherwise, see [Gor86] for the definition.

Theorem 5.2 (G-signature theorem [Gor86, Theorem 2]; cf. [HZ74,4.1(2), Theorem 9.1.1]). With the above

notation,
sign(p, M) = — Zcot <021> cot <922) 4 Z e(F) csc2 <7§>
P

F

We point out one special case which is used in the proof of Theorem 5.2.
Corollary 5.3 ([Gor86, Lemma 7]). If @ does not have any fixed points in M then
sign(p, M) = 0.
We now state Edmonds’ theorem on fixed sets of prime cyclic actions on simply-connected 4-manifolds.

Proposition 5.4 (Edmonds [Edm89, Proposition 2.4]). Let M be a closed, oriented, simply-connected 4—
manifold, and let G = () C Homeo™t (M) be a finite cyclic group of prime order p. Suppose that Fix(p) #
(). Lett, c and r denote the number of trivial, cyclotomic and regular summands of H*(M,Z) as a Z[G)-
module. Then

bo(Fix(p), Fp) + b2 (Fix(y), Fp) =142
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and

by (FIX(QO), Fp) =6
where b;(Fix(p), Fp) = dimg, (H'(Fix(y),Fp,)) denotes the i-th Betti number with F,-coefficients.

Finally, consider the Lefschetz number A(f) of a mapping class f € Mod(M ), which for a simply-
connected 4-manifold M is

A(f) =24 Te(f : Hy(M,Z) — Hy(M,Z)).

In the case of finite-order diffeomorphisms ¢ of 4-manifolds, a version of the Lefschetz fixed point theorem
computes the Euler characteristic x(Fix(¢)) of Fix(¢p).

Theorem 5.5 (cf. Kwasik—Schultz [KS89, Theorem 1], [EdmOS5, Section 5.1]). Let M* be a closed, smooth
4-manifold and let p € Diff™ (M) have finite order. Then the Euler characteristic x(Fix()) of Fix(y) is
equal to the Lefschetz number A([p]) of [¢].

Now we can state a lemma that obstructs smooth realization for a finite order mapping class using ho-
mological data.

Lemma 5.6. Let M be a closed, oriented, smooth, simply-connected 4-manifold and let f € Mod(M) be
an element of order m. Suppose that for some prime p that divides m, the Z[(f™/?)]-module Hy(M, Z) has
no cyclotomic summands. Suppose further that f satisfies one of the following conditions:

(a) A(f)=0andsign(f, M) #0, or
(b) A(f) <O.
Then there does not exist any diffeomorphism ¢ € Diff ™ (M) of finite order such that [¢] = f.

Proof. Assume for the sake of contradiction that there exists a diffeomorphism ¢ € Diff ™ (M) of order k
satisfying @] = f. Then m and p divide k, and ¢"*/P is a diffeomorphism of order p representing f*/7.

We claim that Ho (M, Z) has no cyclotomic summands as a Z[({¢*/?)]-module. Because (f*/?)P = 1, the
class £/ has order 1 or order p. If f*/P = 1 then Hy(M, Z) has no cyclotomic summands as a Z[{¢"/P)]-
module. If f*/? has order p then (f*/P) = (f™/P), the unique subgroup of order p in (f). Because Ho (M, Z)
has no cyclotomic summands as a Z[(f™/?)]-module, it also has no cyclotomic summands as a Z[{¢"/P)]-
module.

Condition (a) implies that Fix(y) # () by Corollary 5.3, and Condition (b) implies that Fix(y) # () by
Theorem 5.5. In either case, Proposition 5.4 shows that

by (Fix("7), F,) = 0.

By the classification of surfaces, the 2-dimensional components of Fix(*/?) are spheres. Thus Fix(*/?)
is a disjoint union of spheres and points.

Theorem 5.5 further implies that y (Fix(¢)) = A(f) < 0. However, Fix(p) C Fix(©F/?) is a disjoint,
nonempty union of spheres and points, which contradicts the inequality x(Fix(¢)) < 0. Therefore no such
diffeomorphism ¢ exists. O

Remark 5.7. The proof of Lemma 5.6 also obstructs the Nielsen realization problem for locally linear actions
on M as a topological manifold: see [Bre72, Chapter 4], [Che10] for the defintion of a locally linear map. A
generalization of an argument of Wall implies that the G—signature theorem holds for locally linear actions
on topological 4-manifolds [Wil87, Remark on p.709].
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The following lemma records the signature of irreducible mapping classes on M,,.

Lemma 5.8. Let ¢ € Diff " (M,,) be a diffeomorphism of finite order such that [p] is an element of W,, C
Mod(M,,) . Then

sign(p, Mp) =1 — Tr(p«g,)-

Proof. Because ¢, (K, ) = Ky, , the automorphism ¢, preserves the orthogonal direct sum decomposi-
tion
Hy(M,,C) =C{Kpn,} & (E, ®C).

Note that ® is positive-definite on the first summand because Q s, (Kar,, Kar,,) > 0. Analogously, ® is
negative definite on E,, ® C because (), is negative-definite on E,,. L]

5.2 Nonrealizability in )/;

According to the proof of [Dol12, Proposition 8.6.7], there is an isomorphism W5 = W (Ds) via the quotient
Ws — Sy given by the action of W5 on the set of unordered pairs

{{H-FEy,2H—E| — FEy— E3— E; — Es + B} : 1 < k <5}.

Throughout this section, we use the signed cycle-type notation (cf. Definition 2.11) to study the conjugacy
classes of Wis.

Lemma 5.9. Let f € W5 have Carter graph Do+ D3. Then G = (f?) = 7,/27 and there is an isomorphism
of Z|G]-modules
Hy(Ms,7Z) = 792 @ 7[G]*2.

Proof. According to [Car72, Table 5], the signed cycle-type of f is [2111] and so the signed cycle-type of
f?is [11111]. This signed cycle-type is achieved by the automorphism Ref g, g, o Refy g, g, g, s0 up
to conjugacy in Wi,

f? =Refp,_p, oRefy_p,—p,—ps -

So up to conjugacy in W5, f? acts by the identity on the first summand and by swapping the generators in
each of the latter two summands below:

HQ(M5,Z) = Z{H —Fy, H — E5} D Z{H — FEy — E5, Eg} D Z{El, EQ} OJ
The following two propositions conclude the nonrealizability proofs for M5.

Proposition 5.10. Let f € W5 have Carter graph Ds + D3. Then f is not realizable by any diffeomorphism
¢ € Diff " (Ms) of finite order.

Proof. According to [Car72, Table 3], the characteristic polynomial x ¢(t) of f|g; is
Xp(t) = (2 + 1)(t+1)3
Therefore Tr(f|g,) = —3, and
A(f)=1+(1-3)+1=0, sign(f, Ms) =1—Tr(f|g,) =4

by Lemma 5.8. By Lemma 5.9, Hy(Ms5, Z) does not have any cyclotomic summands as a Z[{ f?)]-module.
Because A(f) = 0 and sign(f, M5) # 0, applying Lemma 5.6 with p = 2 shows that there does not exist
any finite-order diffeomorphism ¢ realizing f. O
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Proposition 5.11. Let f € W5 have Carter graph Ds(ay). Then f is not realizable by any diffeomorphism
¢ € Diff " (Ms5) of finite order.

Proof. The signed cycle-type of f is [32] according to [Car72, Table 5], and so the signed cycle-type of f3
is [2111]. Therefore f3 has Carter graph Dy + D3 and f2 is not realizable by any diffeomorphism of finite
order by Proposition 5.10. U

5.3 Nonrealizability of D, + 3A;, Dg + A;, and E7(a3) on M;

In this section we address the nonrealizability of three conjugacy classes of W7 C Mod(M7). The first
proposition handles the conjugacy class of type Dy + 3A;.

Proposition 5.12. Let f € Wy have Carter graph Dy+3A1. Then f is not realizable by any diffeomorphism
o € Diff " (My) of finite order.

Proof. Consider the following element of Wy:
w = (RefH—El—EQ—E3 o RefEQ_EB 9] RefE4_E5 o RefE6_E7)o(RefH_E1_E4_E5 o RefH—El—Eg—E7 o RefEl_E3).

With respect to the Z-basis {H, E1, ..., E7} of Hy(My,7Z), the matrix forms of w and w? are

4 1 1 3 1 1 1 1 5 0 2 2 2 2 2 2
-3 -1 -1 =2 -1 -1 -1 -1 -2 0 -1 0 -1 -1 -1 -1
-1 0 -1 -1 0 0 0 0 -2 0 0 -1 -1 -1 -1 -1
-1 -1 0 -1 0 0 0 0 2 |10 1 0 0 O 0 0 O
W=19 0 0 -1 -1 0 0 o]/ W =190 -1 -1 0 -1 -1 —1|
-1 0 0 -1 0 -1 0 0 -2 0 -1 -1 -1 0 -1 -1
-1 0 0 -1 0 0 -1 0 -2 0 -1 -1 -1 -1 0 -1
-1 0 0 -1 0 0 0 -1 -2 0 -1 -1 -1 -1 -1 0

According to [Car72, Table 3], the characteristic polynomial x ¢(t) of f|g, is
Xp(t) = (¢ =t +1)(t + 1),

and one can compute that the characteristic polynomial x.,(t) of w|g, equals x¢(t). By [GP0O, Lemma
3.1.10], w generates a cuspidal conjugacy class of W7. According to [GP0O, Table B.5], there are four
cuspidal conjugacy classes of W7 of order 6, with Carter graphs

E7(as), Des(az)+ A1, As+ Az, Ds+3A;.

According to [Car72, Table 3], the characteristic polynomials of E7(a4), Dg(a2) + A, and A5 + As acting
on [E; are

2 —t+120t+1), E+1%(t+1), ECH++3+2+t+1)E+t+1).

respectively. Therefore, w and f must determine the same conjugacy class of Wy, namely that of type
Dy + 3A;. Therefore after possibly conjugating f by an element of W7, we may assume that f = w.
Let f3 := f2. Considering the matrix form of f3 shows that f3 preserves the following subgroup

Z{E\, E3,2H — Fy — E4 — E5 — Eg — E7} < Ho(M7,Z),
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and that this subgroup is isomorphic to the regular representation of ( f3) = 7 /37Z. Moreover, the restriction
of Qur, to Z{E1, E3, 2H — Ey — Ey — E5 — Eg — E7} is unimodular, and hence there is an orthogonal
direct sum decomposition

Ho(M7,72) =2 7Z{F\, Es, 2H — Ey— Ey— E5 — Eg— E7 } ®Z{FE1, F3, 2H — Ey — Eq4— F5 — Eg —E7}L.
Compute that the characteristic polynomial x f,(t) of f3|g, is
X () = ( +t+1)(t = 1)°.

By eigenvalue considerations, fs3 acts trivially on Z{ £y, F3, 2H — F5 — Ey — E5 — Eg — E7}L. Therefore,
there is an isomorphism of Z[{ f3)]-modules

Hy(M7,Z) = Z[(fs)] © Z°,

where Z denotes the trivial ( f3)-representation. In other words, Ha (M7, Z) has no cyclotomic summands as
a Z[( f3)]-module.

Finally, note that Tr(f|g,) = —4, and so the Lefschetz number A(f) = 2+ (1 — 4) = —1 is negative.
Applying Lemma 5.6 to f with p = 3 shows that there does not exist any diffeomorphism ¢ € Diff* (M)
of finite order with [¢] = f. O

The next goal of this section is to show that certain conjugacy classes of order 10 are not realizable by
diffeomorphisms of finite order.

Lemma 5.13. Let f € Wy. Suppose that the characteristic polynomial x ¢ (t) of f|g, is
xr(t) = (£ +1)(t+1)%
If there exists ¢ € Diff T (My) of order 10 such that [p] = f then Fix(p) = {p} for some p € M.

Proof. The characteristic polynomial of f := f° acting on E7 is f(t) = (t+ 1)7. Let g, co, and ro denote
the number of trivial, cyclotomic, and regular summands of Hy(My7,7Z) as a Z[( f2)]-module respectively.
By eigenvalue considerations, t3 + ro = 1, and so ¢z 4+ r2 = 7. In particular, ¢t < 1 and c2 > 6.

Suppose that there exists a diffeomorphism ¢ € Diff*(My7) of order 10 with [¢] = f. Because
Tr(f|IE7) = -2,

Af)=1+(1-2)+1=1.

By Theorem 5.5, x(Fix(p)) = 1 and Fix(p) # 0.

Let (5 := ° and note that Fix(p2) # (). Apply Proposition 5.4 to see that

bg(FiX(gOg),IFQ) -+ bg(FiX((pg),IFQ) <3, b (FiX(gOQ),FQ) > 6,

which implies that the 2-dimensional part of Fix () is a connected surface ¥ # S2.

Let f5 := f2 be the mapping class of 5 := ?. The 2—-dimensional components of Fix((5) are
orientable because (5 has odd order, so the number c¢5 of cyclotomic summands in Ho(M7,7Z) as a Z[{f5)]-
module is even, by Proposition 5.4. The cyclotomic representation of Z/5Z has rank 4, and has no real
eigenvalues, while f5 has a 1-eigenvector K. in Ha(M7,Z), and so ¢5 < 1. Altogether, we must have
b1 (Fix(ps), F5) = ¢5 = 0 by Proposition 5.4, and hence Fix(5) does not contain .

Since

Fix(yp) C Fix(p2) N Fix(gs),

Fix(¢) must consist of finitely many points. Because x (Fix(¢)) = 1, we conclude that # Fix(¢) = 1. O
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Using Lemma 5.13, the next proposition handles nonrealization for the conjugacy class of type Dg + A;.

Proposition 5.14. Let f € Wy. Suppose that the characteristic polynomial x ¢(t) of f|g, is
xr(t) = (£ +1)(t+1)%

Then f is not realizable by any diffeomorphism o € Diff *(Mz) of order 10. In particular, if f € W has
Carter graph Dg + Aj then f is not realizable by any diffeomorphism of order 10.

Proof. Suppose for the sake of contradiction that there exists ¢ € Diff ™ (My) of order 10 with [p] = f.
Lemma 5.13 shows that Fix(¢) = {p}. Let G = (p) = Z/107Z and suppose that a tubular neighborhood of
p is G-equivariantly diffeomorphic to (f1,D?) x (62, D?). There exist a,b € Z with 1 < a,b < 9 and

2am B 2bmw
B 710

For any such choice of a, b, one can numerically compute that

am b .
cot <E) cot <10> # —3 = —sign(p, M7),

where the last equality follows from Lemma 5.8 because Tr(¢«|r,) = —2. This contradicts Theorem 5.2.
Now suppose that f has Carter graph Dg + A;. By [Car72, Table 3], the characteristic polynomial x ¢ (%)
of flr, is xf(t) = (t> + 1)(¢ + 1), so the final claim follows. O

Finally, the following proposition handles nonrealizability for the conjugacy class of type E7(as).

Proposition 5.15. Let f € W7 have Carter graph Er(a3). Then f has order 30 and f is not realizable by
any diffeomorphism o € Diff *(Mz) of order 30.

Proof. By [Car72, Table 3] and by eigenvalue considerations, the characteristic polynomials x(¢) and
Xs3(t) of flg, and f3|g, respectively are

xp(t) =+ D)2 —t+1), xpa(t) = (£ +1)(t + 1)

By Proposition 5.14, f3 is not realizable by any diffeomorphism of order 10. O

5.4 Type A;on M,

In this section we address the nonrealizability of the conjugacy class of W7 of type A7. Throughout, let
f € Wy have Carter graph A7 so that f has order 8 and suppose for the sake of contradiction that there exists
a diffeomorphism ¢ € Diff " (My) of order 8 with [¢] = f. Let

for=fY fi=fh =t pai=t

so that each fj, has order k for k = 2, 4 and each ¢y, has order k and [¢y] = fi for each k = 2, 4.
The following lemma concerns the fixed sets of all powers of .

Lemma 5.16. Foranyk # 0 € 7./87Z, the diffeomorphism ©* satisfies x (Fix(¢")) = 2 and sign(¢*, M7) =
2.
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Proof. According to [Car72, Table 3], the characteristic polynomial x ¢(t) of f|g, is
i) =t + O+ P+ B2 41, (5.4.1)

so Tr(f|g,) = —1. By eigenvalue considerations, compute also that Tr(f*|g.) = —1forany k # 0 € Z/8Z.
By Theorem 5.5 and Lemma 5.8,

VFix(eM) = 1+ (1-1)+1=2,  sign(e¥, My) =1 - (—1) = 2. 0

In this lemma we constrain the possible fixed set of (9. The rest of this subsection is devoted to contra-
dicting each of the following cases separately.

Lemma 5.17. The fixed set Fix(y2) is diffeomorphic to one of:
X U{p,p2}, XUS% or RP?URP?
where X is a connected surface with x(X) = 0.

Proof. Consider the element of W7
w = RefQH—E1—E2—E;;—E4—E5—E6 o(RefEl_E2 9] RefEQ_E3 o Reng_E4 o RefE4_E5 o Reng,—E(; 9] RefEb._E7).

The matrix forms of w and w* with respect to the Z-basis {H, E1, ..., E7} of Hy(My;7Z) are

5 2 2 2 2 2 0 2 5 2 2 0 2 2 2 2
2 -1 -1 -1 -1 -1 0 0 2 21 —10 -1 0 -1 -1
20 -1 -1 -1 -1 0 -1 29 21 -1 0 -1 -1 0 -1
2 -1 0 -1 -1 -1 0 -1 4 O 0 0 1 0 0 0 0

W=1_9 1 1 0 -1 -10 -1/ W =19 1 10 -1 -1 -1 0
2 -1 -1 -1 0 -1 0 -1 20 -10 -1 -1 -1 -1
2 -1 -1 -1 -1 0 0 -1 2 -1 0 0 -1 -1 -1 -1
0O 0 0 0 0 0 1 0 2 21 10 0 -1 -1 -1

The characteristic polynomial of w|g, is equal to the characteristic polynomial x ¢(t) of f|g, givenin (5.4.1),
and so w generates an order-8 cuspidal conjugacy class of W7 by [GP00O, Lemma 3.1.10]. The group W7
has a unique cuspidal conjugacy class of order 8 by [GP00, Appendix, Table B.5], so we may assume that

f=w.
Consider the Z-basis of Hy(M7,Z)

E3, H—FEy—FE5, By — FEy, Bg— F7, 2H — Ey — By — E5 — Eg — B7, B, Fo — Eg, H — E5 — Fg — Ex.

One can check that fo = w? preserves this basis, showing that there is an isomorphism of Z[(f2)]-modules
Ho(M7;Z) = 792 @ Z[{f2)]®% © OC®2. Here, the summands denote the trivial, regular, and cyclotomic
representations of (fo) = 7 /27 respectively.

By Lemma 5.16, Fix(p2) # (). By Proposition 5.4,

b1 (FiX(gOQ), Fg) =2, bQ(FiX((pQ), FQ) + bQ(FiX((pQ), ]FQ) =4.
Noting that Fix(p2) is a finite, disjoint union of surfaces and points concludes the proof. O

The next two lemmas rule out the first two possibilities of Lemma 5.17.

Lemma 5.18. Fix(p2) 2 X U S? where X is a connected surface with x(X) = 0.
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Proof. Suppose that Fix(ps) = X LU S2. By [Edm89, Corollary 2.6], [S?] # 0 € Hy(Mz,Z) and if X is
orientable then [X] # 0 € Hy(M7,7Z). Because X % S? and ¢ preserves Fix(s), the diffeomorphism ¢
must also preserve S? C Fix(ps) and X C Fix(¢2).

Computing with the matrix form of f (as in the proof of Lemma 5.17) shows that the 1- and (—1)-
eigenspaces of f acting on Ha(M7, Q) are spanned by K, and o :== H — Ey — E3 — Ej5 respectively.

(a) Suppose that X is orientable so that [X] # 0 € Hy(My,7Z). By the G-signature theorem (Theo-
rem 5.2), Lemma 5.16, and because [S?], [X] are disjoint and contained in Z{ Ky, } or Z{a},

2 = sign(pa, M7) = Qur; ([S%), [8%)) + Qusy ([X], [X]) = 2(a® — 1?).
for some nonzero a, b € Z. There are no such integers a, b.
(b) Suppose that X is nonorientable so that Fix(p|x) is a finite set of points (since an order-8 diffeomor-

phism cannot fix X). Then Fix(p) = S? or Fix(¢) = {p1,p2} € X LU S? by Lemma 5.16.
Suppose that Fix(¢) = S2. By Lemma 5.16 and the G-signature theorem applied to {¢),

2 = ese? (7;’“) Qur (15, 15]) > Qurs (157, [57])

for some odd k € Z. Since [S?] is a 1-eigenvector for [¢], it is contained in Z{K,}, and so
csc? (Z£) = 1,ie. k =4 (mod 8). This contradicts the fact that k is odd, and so Fix(y) = {p1, p2}.

Suppose that D¢ acts on T, Fix(¢2) as an order-m map for some m dividing 8 for both i = 1,2. Then
either Dy or D4 acts on T}, Fix(¢2) by the rotation-by-7 map for both i = 1, 2. In other words, each
p; has a tubular neighborhood that is ()- or (¢4)-equivariantly diffeomorphic to (7, D?) x (6;,D?)
for some 0; € 7 7Z. Now compute that

2 . 2 .
— ;cot (g) cot <sz> = — ;O - cot (%) =0# sign(gok,M7) =2

for any k € Z that is not divisible by 8, by Lemma 5.16. This contradicts the G-signature theorem
(Theorem 5.2) applied to () or (p4).

If Dy acts on T}, Fix(y) by order m; for i = 1,2 with m; # my then p; and po are contained in
different components of Fix(y2), since ¢ acts on the component of Fix(¢3) containing p; as an order-
m; diffeomorphism. On the other hand, no finite-order diffeomorphism of S fixes has a unique fixed
point, yielding a contradiction. O

Lemma 5.19. Fix(ys) % RP? L RP2.

Proof. Suppose that Fix(yp2) = RP? LI RP2. Then ¢ must preserve each component of Fix((5) because
Fix(p) # (). Because Fix(¢4) must be orientable, Fix(yp4) = {p1, p2} by Lemma 5.16.

Let G = (p4) = Z/47. Bach py, has a tubular neighborhood G-equivariantly diffeomorphic to (6 (k), D?) x
(62(k),D?) for some 8y (k), 62(k) € 5Z. Because each py, is contained in a surface in Fix(y;), we may as-
sume that 01 (k) = m. Then compute that

_icot <01;k>> cot (02;k)> = — Zzzcot (g) cot (GQ;k)) = 0 # sign(p4, M7) =2,

k=1

where the last equality follows from Lemma 5.16. This contradicts Theorem 5.2. O
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The following lemma handles the last case of Lemma 5.17.
Lemma 5.20. Fix(p2) 2 X U {p1,p2} for any connected surface X with x(X) = 0.
Assuming Lemma 5.20, we can prove the main proposition of this section.

Proposition 5.21. Let f € Wy have Carter graph As. Then f has order 8 and f is not realizable by any
diffeomorphism o € Diff T (Mz) of order 8.

O

Proof. The existence of such a diffeomorphism contradicts Lemmas 5.17, 5.20, 5.18, and 5.19.

The rest of this subsection proves Lemma 5.20. Suppose for the sake of contradiction that Fix(yg) =
X U {p1, p2} for some connected surface with x(X) = 0.

Lemma 5.22. The diffeomorphism o satisfies the following properties:
(a) ¢(pr) = prfork =1,2;
(b) the group () /{¢°) acts freely on X, where e is the order of p|x € Diff (X);
(c) Fix(pa) = X U{p1,p2} with X = T* and Qur, ([X], [X]) = 2.

Proof. Note that ¢ acts on Fix(p9) and Fix(¢) C Fix(p2). Therefore {p1,p2} C Fix(p) or Fix(¢) =
Fix(ix).

Suppose that Fix(¢) = Fix(¢|x). By Lemma 5.16, x(Fix(p|x)) = 2 and so ¢ fixes two points in X.
Also because p1, p2 are contained in Fix(¢4) and Fix(p4|x) # 0, Lemma 5.16 shows that X C Fix(py4).
Because (4 has order greater than 2, X is orientable; because ( fixes isolated points in X, | x is orientation-
preserving of order 2. The Riemann—Hurwitz formula implies that such a diffeomorphism of X = T2 does
not exist, which is a contradiction. Therefore, {p1, p2} C Fix(¢). This also implies that for any k € Z/8Z,
Fix(¢*|x) = X or Fix(¢*|x) = ) by Lemma 5.16. In other words, () /{¢¢) acts freely on X.

Suppose that Fix(¢4) = {p1,p2}. By Lemma 5.16 and the G-signature theorem (Theorem 5.2) applied
to () and (p4) respectively, there exist 0;(j) = 2”% for i, 7 = 1,2 and odd integers a; j; € Z so that

9 = cot (%”) cot <92§1)> + cot <91§2)> cot (92§2)> — cot(61 (1)) cot(82(1)) + cot (61 (2)) cot(82(2)).

Because cot(6;(j)) = +1 for all 4,5 = 1,2, the second equation shows without loss of generality that
02(j) = 01(j) + 5 for both j = 1,2. For any choice of odd a;,; € Z,

cot <91§j)> cot (02;')) = cot (%) cot <7T(a1é+2)> =1 or -—3+2V2

Therefore, {p1,p2} € Fix(¢4); by (b), Fix(¢4) = X U {p1,p2}. Because 4 has order 4, the surface
X is orientable. Finally, apply G-signature theorem (Theorem 5.2) to the (p9)-action on M7 to see that

Qur, ([X], [X]) = 2. O

Let By, By & B* C M-, be (p)-equivariant open neighborhoods of p;, p2 € My so that X is contained
in M7 — (B1 U By) and (y) acts freely on M7 — (B1 U By U X ). Then [Mor01, Section 4.3.1] shows that

M := (M7 — (B1 U By)) /{p)
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is a 4-manifold with boundary OM = L(8,a;)LIL(8, az) forsome a;, ay € 7Z, adisjoint union of lens spaces.
By [GS99, Exercise 5.3.9(b), Example 4.6.2], there exists a 2-handlebody P(8,ay) with OP(m,a) =
L(8, ay) for each k = 1,2. By [GS99, Corollary 5.3.12],

idet(QP(&ak)) = |H1(8P(8aak)’z)| =38.
Let P := P(8,a;) U P(8,az) and let A be the closed 4-manifold
A= M Uy P.

Let ¢ : My — M2 := Mz/(p) denote the quotient map. Consider the composition ¢ : ¢~ (M) —
M — A. In the following three lemmas we analyze the topology of A in comparison to the topology of M.

Lemma 5.23. x(A) = 3 + bo(P).

Proof. Note that y (Fix(p2)) = 2 and that () acts freely on M7 — Fix(p2). Moreover, x(g(X)) = 0, and
so by multiplicativity of Euler characteristic and by inclusion-exclusion,

~ X(M7) — x(Fix(¢2))
xX(M) = 1o + x(q(X))

Because P is a disjoint union of two 2-handlebodies, x(P) = 2 + bo(P). By inclusion-exclusion,
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X(A) = x(M) + x(P) = 3+ bo(P). N
Lemma 5.24. There are isomorphisms
m(M) =Z/eZ,  m(M7)=m(Bi/(p) = m(Bz/{p)) = 1.

Proof. Suppose that ¢ is a finite-order homeomorphism of a simply-connected manifold Y with Fix(¢)) # ().
According to Armstrong [Arm82, Example 4], the quotient Y/ (1)) is simply-connected, which applied to the
action of ¢ on My and By, shows that 71 (M) = 1 and 7 (By/(p)) = 1 for k = 1,2. On the other
hand, Fix(¢°|,-1(a)) = X, and so ¢~ (M) /{¢®) is simply-connected. The group () /(¢¢) acts freely on
q (M) /{¢®°) and the quotient is M. Therefore, w1 (M) = Z/eZ. O

Lemma 5.25. The image q(X) is a submanifold of A and

Qalg(X)], la(X)]) = 16e2.

Proof. First consider the intermediate quotient
¢+ (Mr = (BiUBy)) = M= (M7 — (B1 U By))/(¢°)

The group (¢°) of order % acting on M7 — (B; U Bs) fixes X pointwise and acts freely on the complement of
X. By [Mor01, Section 4.3.1], M’ is a smooth 4-manifold with boundary, ¢’(X) is a submanifold of M’, and
if vpz, (X) is the normal bundle of X in My then vy, (X)®%/¢ is the normal bundle v/ (¢/(X)) of ¢/(X) in
M, viewing both oriented R?-bundles over X as C-line bundles over X.

The group H := (p)/{p°) acts on M’ and acts freely on ¢'(X) so it induces a free action on the normal
bundle v (¢'(X)). Let¢” : M’ — M denote the quotient by H so that ¢” o' = q. There is an isomorphism
of C-line bundles

(@) vur(a(X)) = var (¢'(X))
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induced by the derivative Dq”. Taking Chern classes and noting that ¢” is a map of degree e, compute

eer(var(a(X))) = er((¢") var(@(X))) = er(var (¢'(X))) = e1(var, (X)=¥/¢) = Scl(VMAX)) €z,

where we have identified H?(X) = H?(q(X)) = Z. Because the first Chern class is the Euler class for
C-line bundles and because Q. ([ X], [X]) = 2 by Lemma 5.22(c),

16 8 8
2 = 2@ (X [X]) = Salnmn (X)) = alu (X)) = Qulg(X)] [a(X)]). O
Lemma 5.25 will be used in an application of the following algebraic lemma.

Lemma 5.26. Let (L, Q)) be a unimodular (nondegenerate, bilinear, symmetric, integral) lattice. Let Ly < L
be a subgroup of finite index and consider the restriction Q|r,. Then det(Q|r,) = %[L : L)

Proof. Identify L = Z' and consider the matrix M € Mat,,, . (Z) sending a Z-basis e1, ..., e, of Ltoa
Z-basis fi,..., fm € L of Ly. If A is the matrix form of the form () with respect to the Z-basis e1, ..., em

then M7 AM is the matrix form of the restriction Q|z, with respect to the Z-basis f1,..., fm. Taking
determinants, compute that det(Q|,) = 4 det(M)? because det(A) = +1 by unimodularity of (L, Q).
Finally, taking the Smith normal form of the matrix M shows that |det(M)| = [L : Lg]. O

With the computation of Lemmas 5.23 and 5.25 in hand, we analyze the topology of A conclude the
proof of Lemma 5.20.

Proof of Lemma 5.20. Consider the Mayer—Vietoris sequence for the union M3 = M U ((B1 U B2)/{y)),
Hy(OM) — Hi(M) & Hy((B1 U B)/{¢)) — Hi(M;).

Because H;(M7) = Hi((B1 U Ba)/(p)) = 0 by Lemma 5.24, i, : H;(0M) — Hy(M) is surjective.
The following sequence is exact by the Mayer—Vietoris sequence for A = M U P:

Hy(0M) — Hy(M) & Hy(P) 55 Hy(A) — Hy(OM) — Hy(M) & Hy(P) — Hi(A) — 0.

Since H1(P) = 0 and H1(OM) — Hi(M) is surjective, H1(A) = 0. An application of the universal
coefficient theorem shows that H2(A) is torsion-free, and hence Ho(A) = Z'*+%2(P) by Lemma 5.23.

Because Ho(OM ) = 0 and Hq(OM) is finite, the map F' is injective and has finite-index image in Hy(A).
Let F’ denote the injection

F
F': Z4{[a(X)]} & Ha(P) — Ha(M) & Hy(P) — Ha(A),
which also has finite-index image by rank reasons. By Lemmas 5.26 and 5.25,

[H2(A) - im(F)]* = |det (Qlzgxpemp) = 1Qa([a(X)], [a(X)])-det(Qp(s a)) BQp(s0))| = (3267 1)

Because im(F') < im(F), the index [H2(A) : im(F)] must divide [Ha(A) : im(F')] = 32¢~1.
By Lemma 5.24, H1(M) = Z/eZ. By exactness of the Mayer—Vietoris sequence,

[Ho(A) : im(F)] = |ker(iy : Hy(OM) — Hy(M))] = 64e",

which does not divide 32¢ !, yielding a contradiction. O
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5.5 Proof of Theorem 1.1

With the results of this section in hand, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The equivalence of (a), (b), and (c) is established in Lemma 4.2. Complex auto-
morphisms are smooth, so (b) implies (d). It remains to prove that (d) implies (b), which we do below by
contrapositive.

First, suppose that f is contained in W,, C Mod ™ (M,,) and that f is not realizable by complex automor-
phisms of any del Pezzo surface (M,,, J). Then Corollary 3.6 shows that either n = 5 and f has Carter graph
Ds(ay) or Dy + D3, orn =7 and f has Carter graph A7, Dy + 344, Dg + Ay, or Er(a3). In each case, f
is not smoothly realizable by Propositions 5.10, 5.11, 5.21, 5.14, 5.12, and 5.15 respectively. Therefore, the
direction (d) implies (b) holds if f is contained in W,.

Suppose that f is not contained in W,, € Mod ™ (M,,) and that f is smoothly realizable by a diffeo-
morphism ¢ € Diff *(M,,) of order m. Apply Lemma 2.7 to see that there exists h € Mod™ (M,,) so that
hfh~! is contained in W,,. There exists ¢ € Diff T (M,,) with [¢)] = h by [Wal64a, Theorem 2], and hence
hfh~! is smoothly realizable by v o ¢ o 1)~!. By the previous paragraph, there exists a complex structure
(M, J) of a del Pezzo surface and an automorphism ® € Aut(M,,, .J) of order m realizing hfh . Finally,
¥~ o ® 04 is an automorphism of Aut(M,,,*J) realizing f. O

6 Coxeter elements and complex Nielsen realization

In this section we study complex realizability and irreducibility of the Coxeter elements and, more generally,
other elements of order equal to the Coxeter number of W,.

6.1 Coxeter elements, irreducibility, and realizability

Because W,, is a Coxeter group, it admits a distinguished conjugacy class of Coxeter elements. In this
subsection we characterize the (conjugates of the) Coxeter elements of Mod™ (M,,) for 3 < n < 8 via
irreducibility and realizability.

Definition 6.1. A Coxeter element w € W, is any product of the simple reflections, taken one at a time in
any order. All Coxeter elements are conjugate in W, [Hum90, Proposition 3.16], and the Coxeter number of
W, is defined to be the order of any Coxeter element. We denote the Coxeter number of W, by h,,.

According to [Hum90, Sections 3.16, 8.4] the Coxeter numbers of W,, are h,, = 6,5,8,12,18, 30 for
n = 3,4,5,6,7,8 respectively, and h,, = oo for n > 8. According to [McMO07, (2.4)], the characteristic
polynomial y,,(t) of a Coxeter element w € W), acting on the geometric representation E,, of W), is

2t - D+ (B +12 -1
Xw(t) = ( t)t( i ), (6.1.1)

The following theorem distinguishes the Coxeter elements of W,, among all elements of order h,, via
irreducibility for 3 < n < 7.

Theorem 6.2. Let 3 < n < 7. An element w € M0d+(Mn) is an irreducible class of order h,, if and only
if w is conjugate in Mod ™ (M,,) to a Coxeter element of W,,.
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Proof. Suppose that w is conjugate in Mod ™ (M,,) to a Coxeter element of W,,. The 1-eigenspace of w on
Hy(M,,,Z) is Z{K,,} by [Hum90, Lemma 3.16], so w is irreducible by Lemma 2.9.

Suppose that w € Mod™(M,,) is irreducible and has order h,. By Lemma 2.7, w is conjugate in
Mod™ (M,,) into the stabilizer Stab(Kyy, ) = W, of Kyy,,.

For the n = 3 case: W3 = S3 x Z/2Z. A Coxeter element is the product of the permutation (1,2, 3)
and a generator of the 7 /2 factor. There is only one conjugacy class of order 3 in S3. Hence, there is only
one conjugacy class of order 6 elements in W3.

For the n = 4 case: W, = Si. There is only one conjugacy class of order 5 elements in Wj.

For the n = 5 case: by Lemma 2.7, we only need to consider cuspidal classes in W5 = W (Dj5) and
P5 = W (Dy), which are in bijection with even partitions of 5 and 4 respectively, by Lemma 2.12. The even
partitions of 4 with signed cycle-type are [1, 1,1, 1], [2, 2], [1, 3]. The even partitions of 5 are in correspon-
dence with the signed cycle-types [2, 1, 1, 1], [1, 4], [2, 3]. Lemma 2.12 implies that the only class with order
hs = 8is [1, 4], the conjugacy class of the Coxeter elements.

For the n = 6 case: we only need to check the cuspidal conjugacy classes of W = W (Eg) by Lemma
2.10. These are listed in [GP0OO, Appendix, Table B.4], and there is only one cuspidal class of order hg = 12,
given by the Coxeter elements.

For the n = 7 case: there is only one cuspidal class of order h; = 18 elements in W7 = W (Ey)
by [GP0O, Appendix, Table B.5], given by the Coxeter elements. Any irreducible element in W7 with 2-
dimensional 1-eigenspace conjugates to a cuspidal representative in P = W (Dg) C W7 by Lemma 2.7.
These classes are in bijection with even partitions of 6, whose associated signed cycles are

[1,5],2,4],13,3],[2,2,1,1], (3, L, 1,1}, [1, 1,1, 1, 1, 1],

with orders 10, 8, 6, 4, 6, 2, respectively by Lemma 2.12, none of which are 18. O

The next result classifies the irreducible classes of Mod ™ (Mg) of order hg. Before we state the result,
first consider the element € Mod™ (Msg) of order hg = 30 and its power 73 := 10 of order 3, defined with
respect to the usual basis (H, E1, ..., Eg) of Hy(M7,Z).

3 1 1000 1 1 2 2 00 1 0 1 00 1
1 -1 0 000 0 0 -1 0100 00 00 0
10 -1000 0 0 -1 001 000 00 0
2 -1 1000 -1 -1 1 100 0 0 100 -1
r=|-1 0 0000 0 -1 -1], rs=r%=[0 00 0 1 0 00 o0 (6.1.2)
10 0 000 -1 0 -1 000000 10 0
0 0 0 100 0 0 0 100 10 0 00 -1
O 0 00100 0 0 000000 01 0
0 0 0001 0 0 0 100 -10 -100 0

Theorem 6.3. An element w € Mod™ (M) is irreducible of order hg = 30 if and only if w is conjugate in
Mod(Mg) to a Coxeter element of Wg ortor € Wg.

Proof. Let ¢ € Wy denote a Coxeter element of Wg. By (6.1.1), the characteristic polynomial x.(t) of ¢|g,
is the cyclotomic polynomial

Xe(®) =3 +t7 — 85—t — 3t 41,
so Hy(Mg, Z)'¢) = Z{K ), }. Note that r fixes K, and the characteristic polynomial x,(t) of 7|g, is

Xr(t) =+ 1D —t+ D) -2+ 12—t + 1), (6.1.3)
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and so Hy (Mg, Z)\") = Z{K s, } and r has order 30.

Suppose that w € Mod™ (Mg) is conjugate in Mod(Msg) to c or to 7. Then the 1-eigenspaces of ¢ and
are Z{ K, }, so Lemma 2.9 implies that w is irreducible.

Suppose w € Mod™ (Msg) is irreducible of order 30. By Lemma 2.7, w is conjugate to a cuspidal class
of Wy or a cuspidal class of Pg. By Lemma 2.12, the cuspidal classes of Py = W (D7) C Wy have one of
the following signed cycle-types

[1’6}7 [275]7 [372‘:]7 [272727 I]? [3727 ]" i}? [1717171]’ [2’ ]"]‘7]‘7]‘7]‘]7

and have orders 12, 20, 24, 4,12, 8 or 4. Because w has order 30, it is not conjugate in Mod(Ms) to a cuspidal
class of Fs.

There are two cuspidal conjugacy classes of order 30 in Wg = W (Eg) by [GP00, Appendix, Table B.6].
By eigenvalue considerations, ¢ and r are not conjugate in Mod(Ms). Moreover, the classes ¢ and  generate
cuspidal conjugacy classes in Wg by [GP0O, Lemma 3.1.10]. Therefore, w is conjugate in Mod(Ms) to one
of these two cuspidal classes, c or r. O

The following proposition distinguishes the Coxeter elements of Wg from the class » € Wjy by their
smooth realizability.

Proposition 6.4. There is no finite order diffeomorphism o € Dift* (Mg) with [¢] = r.
Proof. Consider the isomorphism of groups
Hy(Mg,7) = 7Z{H — E3, H — Fg, E\, B2, Fy, E7} @ Z{FE3, H — Eg — Eg, H — E5 — Ex}.

Using the matrix form of 73, we can compute that (r3) acts trivially on the first summand and that (rs) acts
by the regular representation on the second summand.

Let 76 := r° so that r3 = 72. Note that Ha(Mg,Z) has no cyclotomic summands as a Z[{r3)]-
module. Furthermore, by eigenvalue considerations (using the characteristic polynomial x,(¢) of r|g, given

in (6.1.3)), the characteristic polynomial X (¢) of r¢|g, is
Yors(8) = (E+ DS — £+ 1),

The Lefschetz number of 76 is A(r) = —2 < 0 and by Lemma 5.6, there is no diffeomorphism of finite order
that represents rg. Therefore, there does not exist any diffeomorphism ¢ of finite order with [p] = 7. 0

With the above understanding of irreducible, order-30 elements of Mod(Mg), we are ready to prove
Theorem 1.4.

Proof of Theorem 1.4. For n = 3, note that the group W3 < Mod™ (Ms3) is the image of Aut(Ms,J) under

the map Diff"(M3) — Mod(M3) admitting a section W3 — Aut(Ms, J) by [Dol12, Theorem 8.4.2],

where J is the unique complex structure on M3 so that (Ms, J) is del Pezzo surface, up to isomorphism. In

particular, any Coxeter element w € Wi is realizable by an automorphism of a del Pezzo surface (M3, J).
For 4 < n < 8, consider the standard Coxeter element w € W,, (cf. [McMO7, Section 8])

w = RefE1,E2 ORefEQ,E3 O---0 RefEn—1*En ORefH*Eleszg .

McMullen [McMO07, Theorem 11.1] shows that for certain choices of (a,b) € C2, the birational map f :
CP? --» CP? given in affine coordinates by

(z,y) = (a,b) + (y,y/x) (6.1.4)
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induces a complex automorphism ¢ € Aut(M,,, J) for some complex structure (M,,, J) = Bl,, . CP?
such that [p] = w.

Suppose that f € Mod™ (MM,,) is an irreducible class of order h,,, and if n = 8 assume further that
g has trace 0. By Theorems 6.2 and 6.3, there exists h € Mod™ (M,,) so that f = h~lwh. There exists
Y € Diff T (M,,) with h = [+)] by [Wal64a, Theorem 2] and 1)~ o001} is an order-h,, complex automorphism
of (M,,,+*J) such that [)~! o ¢ 0 )] = f. Because f is irreducible, Lemma 3.2 and [DI09, Theorem 3.8]
shows that (M,,,¢*J) is a del Pezzo surface.

If n = 8 and f has nonzero trace then Theorem 6.3 shows that there exists h € Mod ™ (M,,) so that
f = h~'rh where r € Wy is as defined in (6.1.2). There exists 1y € Diff T (M,,) with h = [] by [Wal64a,
Theorem 2], so f is realizable by a finite-order diffeomorphism if and only if r is. However, Proposition 6.4
shows that r is not realizable by any finite-order diffeomorphism. O

6.2 Irreducibles of prime order

The following result gives a more refined characterization of the prime order irreducible mapping classes on
del Pezzo manifolds than Corollary 3.6.

Theorem 6.5. Ifn = 3,5, or 7 then there does not exist an irreducible element of odd, prime order in W,,.
There is one conjugacy class of irreducible elements of odd, prime order in Wy, represented by the Coxeter
elements. There is one conjugacy class of odd, prime order irreducible elements in W, represented by the
fourth power of a Coxeter element. There are two conjugacy classes of odd, prime order irreducible elements
in Wg, both represented by powers of a Coxeter element.

Proof. For 3 <n < 8§, by Lemma 2.7 and Lemma 2.12, it suffices to consider cuspidal conjugacy classes in
W, since all cuspidal conjugacy classes of P,, have even order.

For n = 3, we have W3 = W (A3) x W(A;). There is only one cuspidal conjugacy class in W (A4,,),
given by the Coxeter elements, and by [GP0O, Exercise 3.10] there is only one cuspidal conjugacy class in
W3, represented by the Coxeter elements of W3. Such elements have order 6.

For n = 4, there is only one cuspidal conjugacy class in W4 = W (Ay), represented by Coxeter elements,
which have order 5.

There are no odd-order cuspidal classes in W5 = W (Ds) and Wy = W (E~), by Lemma 2.12 and [GPOO,
Appendix, Table B.5] respectively.

According to [GP0O, Appendix, Tables B.4, B.6], there are two odd-order cuspidal classes (of orders 9
and 3) in W and there are four odd-order cuspidal classes (of orders 15, 5, 9, and 3) in Wy.

Let n = 6 or 8. The characteristic polynomial y,,(¢) of a Coxeter element w € W), acting on E,, is

X6(t) = @3(t)P12(t), xs(t) = ®30(t)

by (6.1.1), where ®,,(t) denotes the mth cyclotomic polynomial. Note that ("»/? # 1 for any odd prime
p dividing h,, and for any root ¢ of x,(t). So for any such prime p, the 1-eigenspace of w"n/P acting on
Hy(M,,Z) is Z{Kys, }, and w"»/P generates the unique order-p cuspidal class of W,, by [GP00, Lemma
3.1.10]. O]

Below, we observe that Coxeter elements also characterize irreducible involutions f € Mod ™ (M,,) with
the additional assumption that Ha (M, Z)<f ) = 7. In this case, we recover a partial version of [Lee23,
Theorem 1.3]. The proof below differs from the enumerative proof of [Lee23] in light of Lemma 2.7. The
proof idea is similar to that of [BB0O, Theorem 1.4] but replaces a key Mori theory input with Lemma 2.7.
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Theorem 6.6 (cf. [Lee23, Theorem 1.3]). Let 3 < n < 8 and consider f € Mod™ (M,,) of order 2. Then f
hn

is irreducible and satisfies Ho(M,,, Z)\f) 22 7, if and only if f is conjugate in Mod(M,,) to the power w 2"
of a Coxeter element w € Wy, < Mod(M,,) andn =T or 8.

hn
Proof. Letw € W,, denote a Coxeter element. First, we show that thn isirreducible and that Hy(M,,, Z) (w?2) o
Z if n = 7 or 8. To this end, consider —I,, € Mod(M,,), the class acting by negation on Hy(M,,,7Z). If
n = Tor 8 then Qnr, (K, , Kar,) = 2 or 1 respectively, and so the reflection Ref,, is well-defined. Then
—1I, o Ref Ky, 18 contained in W,, and acts by negation on E,,. Because an element of W,, acts by negation

on E,,, [Hum90, Corollary 3.19] says that the power thn acts by negation on [E,, and w% = —I,oRefg My

hy
Finally, note that Ho(M,,,Z)" *) = Z{K);,}. By Lemma 2.9, w'# s irreducible. Any Mod(M,,)-
conjugate of w' is also irreducible.

To prove the converse, suppose that f € Mod™ (M,,) is irreducible and satisfies Hy(M,,,Z)\) = Z.
By Lemma 2.7, f is conjugate in Mod™ (M,,) to an element of W,,. After possibly replacing f with a
Mod™ (M, )-conjugate of f, this implies that f acts on [E,, with no non-zero fixed points, and so the charac-
teristic polynomial x ¢(t) of f|g, is xf(t) = (¢t + 1)". Since f|g, has finite order, it is diagonalizable over
C, i.e. by eigenvalue considerations, f is conjugate in GL(E,, ® C) to —I,|g, , the negation map restricted
to E,,. In other words, f|g, = —In|g,.and f = thn by [Hum90, Corollary 3.19] again. Moreover, —I, o f
fixes E,, pointwise while negating Ky, , i.e. —I, o f = Ref, forsome o € Z{ Ky, } and Qpr, (o, ) = £1
or £2. Since Q s, (K, , Knr,,) = 9 — n, we conclude that n = 7or 8 and o = Ky, . O

Remark 6.7. [Lee23, Theorem 1.3] further shows that for 1 < n < 8, any irreducible involution f €
Mod™ (M,,) with Hy(M,,7Z)'f) = 7, is realizable by a Geiser or Bertini involution on a del Pezzo surface
(M, J). We emphasize that in fact, any automorphism ¢ € Aut(M,,, J) (of any complex structure J on
M) realizing such an involution f is a Geiser or Bertini involution and (M,,, J) is a del Pezzo surface. To see
this, note that the tuple (M,,, .J, ) forms a minimal (f)-surface by Lemma 3.2. Because Ho (M, Z)'/) = Z,
work of Bayle-Beauville [BB0O, Theorem 1.4] then shows that (M,,, J) is a del Pezzo surface and that ¢ is
a Geiser involution with n = 7 or ¢ is a Bertini involution with n = 8.

Remark 6.8. There exists an irreducible class f € Mod™ (M) of order 2 that is not conjugate in Mod (M7)
to a power of a Coxeter element of W7. For example, the de Jonquiéres involution ~y (also considered in
Proposition 4.4) defines an irreducible class [y] € W7, but [y] is not conjugate to a Geiser involution in
Mod(M7) (cf. [Lee23, Proposition 3.14]). By Theorem 6.6, [v] is not conjugate to a power of a Coxeter
element in Mod(M7).

Combining the above results concerning irreducible elements of prime order completes the proof of
Theorem 1.5.

Proof of Theorem 1.5. Let f € Mod™(M,,) be irreducible with odd, prime order. By Lemmas 2.7 and
2.12, f is conjugate in Mod ™ (M,,) to a cuspidal conjugacy class of W,,. The theorem now follows from
Theorem 6.5. O

With Theorem 1.5 in hand, we conclude with a proof of Corollary 1.6.

Proof of Corollary 1.6. For any 0 < n < 8, the class —I,, € Mod(M,,) acting by negation on Hy (M, Z)
is contained in the center of Mod(M,,), and

Mod(M,) = (Mod™ (M,), —I,,).
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Because f has odd order, f must be contained in Mod ™ (M,,).

First, suppose that f is irreducible. If 3 < n < 8then f is conjugate in Mod(M,,) to a power of a Coxeter
element of W,, C Mod(M,,) by Theorem 1.5. By Theorem 1.4, f is realizable by a complex automorphism
of a del Pezzo surface (M,,,.J). On the other hand, Mod(My) = Z /27 and Mod (M) = (Z/27)?, and so
there does not exist any irreducible elements f € Mod(M,,) of order p if n = 0 or n = 1. Finally, [Lee23,
Lemma 2.6(2)] shows that irreducible elements of Mod ™ (M3) are conjugate in Mod(M>) to an element of
Wo =2 7,/27. Therefore, there does not exist any irreducible elements f € Mod™ (M,,) of order p if n = 2.

Suppose that f € Mod™(M,,) is reducible and write

f = (f1, f2) € Aut(Ha(M),Qur) x Aut(Ha(#KCP), Q. o)

for some k£ > 0 and some del Pezzo manifold M, for which f; is irreducible.
In what follows, we will choose an order-p diffeomorphism ¢; € Diff " (M) with [p1] = fi so that

Fix(¢1) # 0.

e Suppose that f; = Id. Then Hy(M,Z) contains no (—1)-classes, and so M =2 CP? or M = CP! x
CP'. If M =2 CP? then let ¢; = diag((,1,1) € PGL3(C). If M = CP! x CP' then let ¢; =
(diag(¢p, 1),1d) € PGL2(C) x PGL2(C). In either case, the set Fix(¢1) is nonempty.

e Suppose that f; # Id, and hence f; has order p. Then because f; is irreducible, M 2 M, for
0 < m < 2by the same argument as above. Moreover, M 3¢ CP! x CP! because Mod(CP! x CP') =
(Z/27,)?, which does not contain any elements of odd order. We now conclude that M 22 M,, for
some 3 < m < 8.

Because f is contained in Mod ™ (M, ), the irreducible component f; must be contained in Mod ™ (M,,,).
By Lemma 2.7, either

Hy(M,y,, 2 = Z{Ky;, Y, or  Ho(My,Z)YV = Z{Ky,,, H— E1}

up to conjugacy in Mod ™ (M,,,). In the latter case, fi is conjugate to an element of P,,, C Mod™ (M,,)
generating a cuspidal conjugacy class, which has even order by Lemma 2.12. Therefore, Hy(M,,, Z) (f) =
Z{K s, } because f has odd, prime order p, and the signature of the lattice (Hy(M,,,Z), Qs )
is 1.
Let ¢ be an order-p automorphism of a del Pezzo surface (M, J) with [p1] = f1, which exists by
Theorem 1.5 and Theorem 1.4. By the G-signature theorem for G = Z/pZ (e.g. see [FL24, Theorem
3.1D),

p—o(Mp)=> def,+ ) defe.

z C

Because o (M,,) =1 —m < 0, the set Fix(1) is nonempty.

Let B = {ey,...,e;} denote a standard orthonormal Z-basis of Hy(#kCP?) on which f, acts. Let [ be
the number of fo-orbits of B of size p. After permuting the elements of B, we may assume that these orbits
are of the form

{€i+m’21§i§p,0§j§l}.

Pick points q1, .. .,q € M — Fix(¢;) with pairwise disjoint orbits (under the action of 1) in M. Then
(o1 induces an order-p complex automorphism ¢; of

, Pyp— .
M= Bl g yieza<j<np M
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such that Fix(p1) # 0.

Suppose that k£ > Ip so that there exist elements of B fixed by fo. Note that any order-p automorphism
® of any complex surface X with a fixed point ¢ € Fix(®) induces an order-p automorphism ® on Bl, X.
Moreover, ® acts on the exceptional divisor E over g by an automorphism of finite order, and hence Fix(fi)) #*
() and contains two points of E. Hence we form an (k — Ip)-iterated blow up X of M’ with an order-p
automorphism ® of X preserving each of the (k — Ip)-many new exceptional divisors. The Z-span of these
new exceptional divisors in Hy(X;Z) forms a lattice L isomorphic to (Z¥~ (k — Ip)(—1)) which is fixed
by .

Finally, identify the exceptional divisor E;,; over ¢} (g;) € M’ with the class e;1,; € B and isomet-

rically identify L with Z{ejp41, ..., e }. By construction, the action of ® on Ho(X;Z) agrees with that of
f. O
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