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Abstract. We define and study the foliated centralizer : the group

of C∞ centralizer elements of the lift of an Anosov system on a non-

compact manifold which additionally preserve the stable and unstable

foliations. When the Anosov system is the geodesic flow of a closed Rie-

mannian manifold with pinched negative sectional curvatures, we prove

some rigidity properties for the foliated centralizer of the lift of the flow

to the universal cover: it is a finite-dimensional Lie group, which is

moreover discrete (modulo the action of the flow itself) unless the met-

ric is homothetic to some real hyperbolic metric. This result is inspired

by the study of isometries of universal covers that appeared originally

in the work of Eberlein [Eb82], and later in Farb and Weinberger in

[FW09], as well as centralizer rigidity results in dynamics.

1. Introduction

It is a widely explored theme in geometry that symmetries occur mostly

in special circumstances. For instance, a generic Riemannian metric g on

a closed manifold M admits no isometries. For metrics of negative Ricci

curvature an old result of Bochner shows that closed manifolds admit only

finitely many isometries. While it is easy to perturb a locally symmetric

metric of negative sectional curvature on a closed manifold without changing

the isometry group, in this setting it has been known that rigidity occurs

when such a metric admits “too many” isometries in some sense. The idea,

pioneered by Eberlein, is to look for excess symmetries on covers: if the

isometry group of the universal cover of an (M, g) of negative sectional

curvature is not discrete then g is locally symmetric [Eb82]. This result

was later extended with other methods in great generality in [FW09] to any

aspherical Riemannian manifold M with an arbitrary metric.

In this paper we will assume that M is a closed manifold and g is a smooth

Riemannian metric of negative sectional curvature K ≤ −1. Associated to g

is a hyperbolic dynamical system on the unit tangent bundle SM referred to

as the geodesic flow ϕt, which flows a unit tangent vector along its tangent

unit-speed oriented geodesic for time t. In our setting, the geodesic flow
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ϕt is an Anosov flow, meaning that there exists a Dϕt-invariant splitting

TSM = Eu ⊕ Es ⊕ RXg and constants τ > 1, C > 1 so that for t ≥ 0:

C−1et ≤ m(Dϕt|Eu) ≤ ‖Dϕt|Eu‖ ≤ Ceτt,

C−1et ≤ m(Dϕ−t|Es) ≤ ‖Dϕ−t|Es‖ ≤ Ceτt,

and where Xg generates the flow ϕt. The bundles Eu and Es are known to

integrate to unstable and stable foliations W u and W s of SM which project

to the horospherical foliations of M , that is, the level sets of the Busemann

functions on M as a Hadamard space (see Subsection 2.3) .

For r ≥ 0 an integer, the symmetries of a Cr-flow ϕt : X → X are

described by the centralizer group: the group Zr(ϕt) of Cr-diffeomorphisms

of X commuting with the system, i.e.:

Zr(ϕt) = {f ∈ Diffr(X) : f ◦ ϕt = ϕt ◦ f, ∀t ∈ R}.

The elements of Z(ϕt) are known to be rare in a generic sense as well

[BCW09]. Moreover, when the dynamical system has some hyperbolicity

such as the Anosov condition, in many settings it has been shown that a

large centralizer group implies rigidity, generally meaning that the dynami-

cal system is conjugate to an algebraic one. Our main result (Theorem A)

shows that, in the spirit of Eberlein’s result [Eb82], this occurs for the geo-

desic flow of a closed Riemannian manifold of negative sectional curvature,

provided that as explained in the first paragraph one looks at the universal

cover to find excess symmetries.

First however, we have to determine more carefully the notion of a sym-

metry of the geodesic flow on the universal cover SM̃ . The centralizer group

of the geodesic flow on the universal cover, which would be a natural candi-

date, turns out to always be too large, i.e. always infinite-dimensional (see

Proposition 3.1) since it is possible to construct perturbations which are

localized around a wandering orbit. In a non-compact setting, some unifor-

mity of the centralizer elements is desirable since the notion of hyperbolicity

itself depends on the metric structure chosen. Moreover, a uniformly contin-

uous diffeomorphism of SM̃ must preserve the stable and unstable foliations

of the geodesic flow.

In fact, this latter condition – that the centralizer element also preserves

the stable and unstable foliation – will suffice for our theorem, and turns

out to be a natural requirement in the classification up to conjugacy of

Anosov systems in non-compact settings. For instance, recently in the study

of Anosov diffeomorphisms in non-compact settings Groisman and Nitecki

[GN14] have introduced the notion of a foliated conjugacy – a conjugacy

between two diffeomorphisms preserving stable and unstable foliations – and
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constructed many Anosov diffeomorphisms on R2 which can be distinguished

by foliated conjugacy classes.

This leads us to the following definition for the group of symmetries of the

geodesic flow and the stablee and unstable foliations simultaneously. Again,

recall that (M, g) is a negatively curved closed Riemannian manifold and let

SM̃ be the unit tangent bundle of the universal cover of M .

Definition 1.1. The foliated centralizer of the geodesic flow on SM̃ is the

group G < Diff∞(SM̃) of all ψ ∈ Diff∞(SM̃) satisfying:

(a) dψ(Xg) = Xg, where Xg is the geodesic spray,

(b) ψ preserves the horospherical foliations of SM̃ , i.e., ψ(W u,s(v)) =

W u,s(ψ(v)).

As is the case with isometries, we expect the presence of too many sym-

metries for the geodesic flow on the universal cover to determine a rigid

situation. This is the main result we prove. In what follows, the foliated

centralizer G as defined above is endowed with the compact-open topology.

Let Gc = G/〈ϕ̃t〉 be the reduced foliated centralizer, obtained by taking the

quotient of G by the geodesic flow on the universal cover ϕ̃t. We will say

that G is trivial if Gc is discrete. A priori Gc is only a Hausdorff topological

space, but as we will see later (Theorem B) under our assumptions Gc is in

fact always a Lie group.

Theorem A. For n ≥ 3, let (Mn, g) be a closed Riemmanian manifold

with negative strictly 1
4 -pinched sectional curvatures, that is, with sectional

curvatures −4 < K ≤ −1. If the reduced foliated centralizer Gc is non-

trivial, then (M, g) is homothetic to a real hyperbolic manifold.

Remark 1.2. It is well-known that the pinching assumption can be taken to

be pointwise rather than global for the results we introduce in Section 2 to

hold. That is, one may instead assume that for every x ∈ M the ratio of

the sectional curvatures at x is 1
4 -pinched. Using this and replacing the use

of [BFL92] at the end of the proof of the theorem by the analogous result

in [HK90] it is easy to see that the result also holds for negatively curved

surfaces even without the pinching assumption.

The 1
4 -pinching hypothesis is necessary for the theorem to be true – in-

deed, any closed, complex hyperbolic manifold has non-trivial foliated cen-

tralizer. This however opens up the question of whether the theorem can

be true without the 1
4 -pinching hypothesis but replacing the conclusion with

(M, g) is locally symmetric. A major difficulty in proving this generalization

is that the Anosov splitting is in general not C1 if the sectional curvatures

are not 1
4 -pinched, as we discuss in Section 1.2.
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1.1. Hidden Symmetries. Farb and Weinberger [FW05] proved that on

arithmetic manifolds only locally symmetric Riemannian metrics admit in-

finitely many isometries on finite covers which are not lifts of other isome-

tries. Since these isometries can only be detected on covers, they call them

hiddden symmetries. For manifolds of negative sectional curvature, this

result is immediately recovered from Eberlein’s result, since [Isom(M̃) :

π1(M)] =∞ implies that Isom(M̃) is not discrete for M compact.

Theorem A almost allows us to recover an analogous result for the cen-

tralizer groups of finite covers of SM . Recall that ψ ∈ Diff∞(SM) is a

centralizer element of the geodesic flow ϕt of a closed Riemannian manifold

if ψ ◦ ϕt = ϕt ◦ ψ for all t ∈ R or equivalently if dψ(Xg) = Xg, where Xg

is the geodesic spray. Centralizer elements on closed Riemannian manifolds

of negative sectional curvature preserve the horospherical foliations, so their

lifts to the universal cover lie in the foliated centralizer. It is thus natural

to ask:

Question 1.3. For n ≥ 3, let (Mn, g) be a closed Riemmanian manifold

with strictly 1
4 -pinched negative sectional curvature. Suppose there exist in-

finitely many (up to the action of the flow itself) centralizer elements of the

geodesic flow of finite Riemannian covers of (M, g) which are not lifts of

centralizer elements of other covers of SM . Then is (M, g) homothetic to a

real hyperbolic manifold?

Unlike the isometry case, where [Isom(M̃) : π1(M)] = ∞ immediately

implies that Isom(M̃) is not discrete since Isom(M̃)/π1(M) is compact, for

the centralizer it is not obvious that the existence of infinitely many cen-

tralizer elements on finite covers implies that the foliated centralizer is not

trivial.

The differential of an isometry of a Riemannian manifold is a centralizer

element of the associated geodesic flow, so this result would evidently extend

the hidden symmetry theorem for negatively curved 1
4 -pinched metrics to

“hidden symmetries” of the geodesic flow. An interesting open question, in

the negative curvature setting, is whether in fact every centralizer element

of the geodesic flow is the differential of an isometry (up to composition with

the flow itself). In this direction, a positive answer to Question 1.3 would

also show that there can only be finitely many more centralizer elements on

all finite covers of M than there are isometries.

1.2. Rigid Geometric Structures. Lastly, we point out that the foliated

centralizer has in fact been previously studied with rigidity applications in

mind as the group of isometries of the structure determined by the geodesic

spray Xg and the bundles Eu and Es tangent to the horospherical foliations.
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It has long been known that (Xg, E
u, Es) determines a pseudo-Riemannian

metric hKC on SM , referred to as the Cartan-Kanai form (see Subsection

2.3.3). Since hKC is determined by (Xg, E
u, Es), the foliated centraliizer G

is a subgroup of the (global) isometry group of hKC .

When the horospherical foliations are smooth, hKC is a rigid geometric

structure in the sense of Gromov. In its most general formulation, a rigid

geometric structure [Gr88] T on a closed Riemannian manifold V in the sense

of Gromov is a geometric structure, such as a tensor, whose pseudo-groups

of local isometries are finite-dimensional. Typical examples of such T are

affine connections and smooth Riemannian or pseudo-Riemannian metrics.

In a well-known paper, Benoist, Foulon and Labourie [BFL92] use this fact

to show, using Gromov’s theory, that a closed Riemannian manifold with

negative sectional curvature and smooth horospherical foliations must be

locally symmetric.

When M is a closed manifold of negative curvature with Cr horospherical

foliations, the pseudo-Riemannian metric hKC is still well-defined but only

has Cr regularity. However, as is well known, closed Riemannian manifolds

of negative sectional curvature admit only Hölder continuous horospherical

foliations in general, so hKC does not define a rigid geometric structure in

the sense of Gromov, since in low regularity pseudo-Riemannian metrics

can admit infinite dimensional local isometry pseudo-groups. On the other

hand, while requiring C2 regularity of the horospherical foliations would give

that G is a (finite-dimensional) Lie group, this proves too restrictive since

conjecturally this situation can only happen when M is locally symmetric.

A natural class of intermediary C1 regularity of horospherical foliations

occurs when the sectional curvature of M are 1
4 -pinched. In this situation

hKC is still only C1, so it is not immediately obvious that the foliated

centralizer is finite-dimensional. Thus, the natural first step of the proof of

Theorem A is to show that G is a Lie group:

Theorem B. Let (M, g) be a closed Riemannian manifold with C1 horo-

spherical foliations. Then the foliated centralizer G is a finite dimensional

Lie group.

The proof of Theorem B uses the fact that elements of G define affine

transformations with respect to the Kanai connection ∇, an affine connec-

tion associated to hKC , to show that G is locally compact (Section 3). Then

by the classical work of Montgomery and Zippin on Hilbert’s fifth problem

this implies that G is a finite-dimensional Lie group.

Remark 1.4. The use of the classical theory of Montgomery-Zippin to show

certain transformation groups in dynamics are finite dimensional Lie groups
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has recently yielded many rigidity results for centralizers; for instance, simul-

taneously to the writing of this work, Damjanovic-Wilkinson-Xu [DWX23]

have also announced rigidity results which use this to classify the centralizer

of certain partially hyperbolic diffeomorphisms.

1.3. Outline of the Proof. After we conclude that G is a Lie group (Sec-

tion 3) we assume as in the hypothesis of Theorem A that Gc is not discrete.

Then non-discreteness of Gc implies by classic results also of [MZ55] that it

must define a smooth 1-parameter action on Ṽ . We show that the partition

of Ṽ by the orbits of this action must contain an open set of full dimension

by an argument due to Hamenstadt using 1/4-pinching, so that the action of

G admits an open and dense orbit in which the horospherical foliations must

be smooth (Section 4). Finally, using the dynamics of the action of π1(M)

on ∂M̃ , we show that the horospherical foliations must in fact be smooth

everywhere. The result then follows from the main theorem of [BFL92].

1.4. Acknowledgements. I would like to thank Amie Wilkinson for all her

suggestions and continued guidance in the process of research leading up to

this paper, and also for her help in reviewing the text. I also thank Boris

Hasselblatt and Ursula Hamenstadt for their useful replies to my inquiries

and Jonathan DeWitt for his help reviewing the text.

2. Preliminaries

In this section, we review important constructions and give precise defi-

nitions needed for the proofs to follow.

2.1. Topological Transformation Groups. We review some concepts re-

lated to transformation groups and Montgomery-Zippin’s theory that are

fundamental to our results.

2.1.1. Cr-topologies. Let 0 ≤ r ≤ ∞ be an integer. For non-compact man-

ifolds, there are two available choices of topologies on function spaces. For

our purposes, we focus on the weak Cr-topology on Cr(M,N) for M and

N smooth manifolds is defined as follows. For f ∈ Cr(M,N), (ϕ,U) and

(ψ, V ) charts on M and N respectively, K ⊆ M a compact set such that

f(K) ⊆ V , ε > 0 let N r(f ; (ϕ,U), (ψ, V ),K, ε) be given by

{g ∈ Ck(M,N) : g(K) ⊆ V, ‖Dk(ψfϕ−1)(x)−Dk(ψfgϕ−1)(x)‖ < ε},

where Dk represents the k-th partial derivatives of order and k runs over

k = 0, ..., r (when r =∞, k runs over N). The weak Cr-topology, is defined

to have the sets N r(f ; (ϕ,U), (ψ, V ),K, ε) as a basis, which we from now on

we simply refer to as the Cr-topologies. In other words, it is the topology
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of uniform Cr-convergence on compact sets. The weak Cr-topologies are

second countable [Hi76, p. 35].

2.1.2. Montgomery-Zippin’s solution to Hilbert’s Fifth Problem. We recall

some facts about group actions on manifolds. Throughout, let M be a

smooth manifold. A topological (resp. Lie) group of Cr-transformations

is a Hausdorff topological (resp. Lie) group G with a homomorphism into

Diffr(M). Partially giving an answer to Hilbert’s fifth problem, Gleason,

Montgomery-Zippin and Yamabe proved a criterion for when topological

groups admit a compatible (finite-dimensional) smooth manifold structure,

i.e., are Lie groups, in terms of the no small subgroups (NSS) criterion.

We will use the following consequence of their theorem, together with

a result of Bochner-Montgomery [BM45, Thm. 1] showing that a locally

compact subgroup of Diffr(M) has the no small subgroups property. Recall

that we say the action of G is effective if its kernel into Diffr(M) is trivial.

Theorem 2.1. [MZ55, Ya53] Let G be a topological group of Cr-transformations

on a smooth manifold M , with r ≥ 1. If G is effective and locally compact,

then G admits a unique smooth structure which makes it is a Lie group of

Cr-transformations.

Moreover, it follows from [BM45, Thm. 4] that in the situation above the

natural action map G ×M → M is of class Cr. In particular, as we will

need later, the action of 1-parameter subgroups of G corresponds to a Cr

action of R by Cr-diffeomorphisms on M .

2.2. Cr-foliations. We lay out standard definitions and results relating to

smooth foliations, using the same notations as [But17].

For a smooth m-dimensional Cs-manifold M , 1 ≤ k ≤ m − 1 and 0 ≤
r ≤ s, a k-dimensional Cr-foliation is a decomposition of M into disjoint

subsets {Wi}i∈I such that eachWi is a connected Cs-submanifold of M and

for each x ∈ M there is an open neighborhood U of x and a Cr-coordinate

chart ψ : U → Bk × Bk−m ⊆ Rk × Rk−m such that ψ(x) = (0, 0) and for

each i ∈ I and each connected component W of U ∩ Wi there is a unique

p ∈ Bk−m such that ψ(W ) = Bk × {p}.

2.2.1. Foliations with continuously Cr-leaves. A foliationW of a Cs-manifold

M is said to have continuously Cr leaves if there is an atlas of foliation charts

(ψj , Uj)j∈J for W with ψj : Uj → Bk × Bm−k such that the compositions

for p ∈ Bm−k,
ζj,p = ψ−1j ◦ ip : Bk →M,

where ip(x) = (x, p) are Cr and vary continuously on p in Cr(Bk,M).
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For another smooth manifold N , f : M → N is continuously Cr along W
if for each chart (ψj , Uj) the compositions f ◦ ζj,p depend continuously on

p ∈ Bm−k inside of Cr(Bk, N).

Remark 2.2. The continuously Cr along W condition is commonly referred

to in the literature as uniformly Cr alongW, especially in compact settings.

We use the term continuously to emphasize that the leaves and maps do

not have to vary uniformly continuously in Cr-topology in the non-compact

setting.

2.2.2. Connections along foliations. Let r ≥ 0 be an integer. Throughout,

a Cr connection on a Cr+1 vector bundle E over M is a linear map ∇ :

Γr+1(E) → Γr(E ⊗ T ∗M), where Γr+1(E) is the space of Cr+1-sections of

E .

FixM andW a foliation with continuously Cr+1 leaves. Let E ⊆ TM be a

vector bundle over M which is continuously Cr+1 along leaves. Let Γr+1
W (E)

be the space of sections Z : M → E which are continuously Cr+1 along W.

Given X ∈ Γr+1
W (E), we may consider it as a Cr+1 section X : MW → E,

where MW = ti∈IWi (i.e., the topologically disjoint union of the leaves).

Then a Cr connection on E along W is a Cr connection on E considered

as a Cr+1 vector bundle over MW . It is said to be continuously Cr along W
if

∇(Γr+1
W (E)) ⊆ ΓrW(T ∗W ⊗ E),

where we regard ∇ as a map Γr+1
W (E)→ Γ(T ∗W⊗E) by X 7→ (Z 7→ ∇XZ).

2.2.3. Journé’s Theorem. Finally, in dealing with maps which are regular

along a pair of transverse foliations of complementary dimensions, a basic

tool is Journé’s Theorem:

Theorem 2.3. [Jo88] Let Fs and Fu be two transverse foliations of a man-

ifold M with continuously C∞ leaves. If f : M → N is continuously C∞

along the leaves of Fs and Fu then f ∈ C∞(M,N).

2.3. Geodesic Flows in Negative Curvature. From now on, we fix a

closed Riemannian manifold (M, g) with negative sectional curvatures K ≤
−1 (always obtainable by homothety) and M̃ its universal cover. We write

Γ := π1(M), and observe that in what follows all forms are invariant by the

action of Γ by deck transformations on M̃ and its associated tangent bundle,

unless explicitly noted. Throughout, V := SM denotes the unit tangent

bundle of a manifold in general, Ṽ is its universal cover, and the flip map is

denoted by ι, i.e. the diffeomorphism of SM given by (x, v) 7→ (x,−v).

Let V ⊆ TTM̃ be the vertical bundle tangent to vector fields tangent to

the fibers of TM̃ and H ⊆ TTM̃ be the horizontal bundle which is tangent
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to parallel vector fields on TM . The Sasaki metric gSas on TM̃ is defined

by pulling back the metric g ⊕ g using the isomorphism TTM̃ = V ⊕ H ∼=
TM̃ ⊕ TM̃ . We denote the Sasaki norm simply by ‖ · ‖ and we endow

TM̃ and the unit tangent bundle SM̃ with the Sasaki metric and with the

metric space structure coming from the Riemannian distance dSas given by

the Sasaki metric on TM̃ and SM̃ respectively. When g is complete, gSas
is complete and thus so is SM̃ as a metric space.

The ideal boundary ∂M is defined as equivalence classes [γ] of oriented

geodesics γ which are asymptotic to each other as t → ∞, and ∂M is

endowed with the quotient topology of the equivalence relation. The natural

projection map Ṽ → ∂M is given by v 7→ [γv], where γv is the oriented

geodesic through v. The set of preimages of a fixed [γv] under this projection

is denoted W̃ cs(v) ⊆ Ṽ , and as v varies {W̃ cs(v)}
v∈Ṽ defines a foliation of Ṽ

named the center-stable foliation. Moreover, we define the stable foliation

{W̃ s(v)}
v∈Ṽ by defining the sets W̃ s(v) to be the set of w ∈ W̃ cs(v) such

that dSas(ϕ
t(v), ϕt(w)) → 0 as t → ∞. The center-unstable {W̃ cu(v)}

v∈Ṽ
and unstable foliations {W̃ u(v)}

v∈Ṽ are defined as the images of the center-

unstable and unstable foliations respectively. Throughout, for v ∈ SM , we

denote the projection of v to ∂M under v 7→ [γv] by v+ = [γv] and similarly

we write v− = [γι(v)] ∈ ∂M .

Lastly, given v ∈ SM̃ with basepoint p, we define the horosphereBv+(p) :=

π(W̃ s(v)) ⊆ M̃ , where π : SM̃ → M̃ is the standard projection map.

2.3.1. Geodesic Flows. For (M, g) as above, let λ∗ be the canonical 1-form on

the cotangent bundle of the universal cover T ∗M̃ and ω∗ = dλ∗. Denote by

Xg the geodesic spray, i.e., the vector field generating the geodesic flow ϕt on

TM̃ . Pulling back these forms by the bundle isomorphism T ∗M̃ ∼= TM̃ given

by the Riemannian metric g, we obtain forms λ and ω on TM̃ . Moreover,

the isomorphism TTM̃ ∼= T ∗TM̃ induced by the Sasaki metric sends Xg to

the 1-form λ, which is to say that λ(Y ) = 〈Xg, Y 〉Sas, providing an alternate

description of the geodesic spray Xg. Moreover, the 1-form λ is invariant by

the geodesic flow, i.e., LXgλ = 0 or equivalently ϕt∗λ = λ for all t ∈ R.

Recall that for a linear map A between normed linear spaces its co-norm

m(A) is given by:

m(A) := inf
‖v‖=1

‖Av‖.

The geodesic flow generated by Xg is an Anosov flow when restricted to

the unit tangent bundle V := SM , that is, there exists a Dϕt (we denote

the geodesic flow on SM also by ϕt) splitting TV = Eu ⊕ Es ⊕ RXg and
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constants τ > 1, C > 1 so that for t ≥ 0:

(1)
C−1et ≤ m(Dϕt|Eu) ≤ ‖Dϕt|Eu‖ ≤ Ceτt,

C−1et ≤ m(Dϕ−t|Es) ≤ ‖Dϕ−t|Es‖ ≤ Ceτt.

By the standard theory of hyperbolic dynamical systems, it is known that

the unstable and stable bundles Eu, Es are integrable with tangent foliations

W u and W s with continuously C∞ leaves. The leaves W u and W s when

lifted to the universal cover agree with the unstable and stable foliations

described in the last section, hence their common notation. The center

unstable and stable bundles Ecu,cs := Eu,s⊕RXg have associated foliations

W cu and W cs with continuously C∞ leaves with the same properties.

Finally, we recall that the lifted foliations W̃ • for a negatively curved

space have global product structure, namely, for any two leaves of W cu,cs(x)

and W s,u(y), there exists a unique intersection point W cu,cs(x)∩W s,u(y) as

long as y 6= ι(x).

2.3.2. Regularity of the splitting, fiber-bunching, holonomies. For an Anosov

flow the bundles Ecu,cs are in fact Hölder-continuous with Hölder constant

determined by the constant τ in the inequalities (1) . Moreover, it is well

known that for geodesic flows, the constant τ is directly related to the pinch-

ing constant of sectional curvature. Precisely, it is a standard fact regarding

the solutions to the Ricatti equation that when the pointwise sectional cur-

vatures of M are pinched in the interval [−a,−1], then in fact τ =
√
a.

Based on the considerations above, Hasselblatt proved a sharp result on

the regularity of the stable and unstable foliations:

Theorem 2.4. [Hs94] Let (M, g) have sectional curvature pinched in the

interval [−a,−1]. Then the splitting TSM = Eu ⊕ Es ⊕ RXg is of class

C2/
√
a−, where regularity Cr− for r > 0 means regularity Cbrc,r−brc−ε for all

ε > 0.

The next related definition is of a fiber bunched system. Recall that

a cocycle over a flow ϕt : X → X on a smooth manifold X is a map

A : E × R → E where E is a fiber bundle over X such that if π : E → X is

the canonical projection we have π ◦ At = ϕt ◦ π where At := A(·, t).

Definition 2.5 (Fiber Bunching). Let X a smooth closed manifold and let E
be a β-Hölder continuous subbundle of TX. A β-Hölder continuous cocycle

A : E×R→ E over an Anosov flow ϕt : X → X is said to be α-fiber bunched

if α ≤ β and there exists T > 0 such that for all p ∈M and t ≥ T :

‖Atp‖‖A−tp ‖‖Dϕt|Es‖α < 1, ‖Atp‖‖A−tp ‖‖Dϕ−t|Eu‖α < 1.

When the inequalities are satisfied by A = Dϕt|Eu and A = Dϕt|Es the

Anosov flow itself is said to be α-bunched.
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Besides regularity of the Anosov splitting, the other main reason we re-

strict ourselves to fiber-bunched systems is the existence of holonomies. For

a fiber bundle as in Definition 2.5 and for x, y ∈ X sufficiently close let

Ixy : Ex → Ey be the identification obtained by parallel transporting (with

respect to any fixed smooth Riemannian metric on X) Ex ⊆ TxX to TyX

along the unique shortest geodesic from x to y and orthogonally project-

ing so that dependence of Ixy on x, y is also α-Hölder continuous, and let

Ix : Ex → Ex be the identity map. The following proposition is standard in

this setting, see e.g. [But17, Proposition 2.3] :

Proposition 2.6 (Cocycle holonomies). Let A be a cocycle as in Definition

2.5. Then for each x ∈ X, y ∈ W u(x), there is a linear isomorphism

Hu
xy : Ex → Ey with the properties:

(a) For x ∈M and y, z ∈W u(x) we have Hxx = Ix and Hu
yz◦Hu

xy = Hu
xz;

(b) For x ∈M and y ∈W u(x), t ∈ R:

Hu
xy = (Aty)

−1 ◦Hu
ϕt(x)ϕt(y) ◦A

t
x.

(c) There is an r > 0 and a constant C > 0 such that for x ∈ M and

y ∈W u(x) with d(x, y) ≤ r we have:

‖Hu
xy − Ixy‖ ≤ Cd(x, y)α.

Moreover, the family of linear maps H satisfying the above properties is

unique. The analogous holonomies Hs over W s exist, are unique, and satisfy

analogous properties.

For M whose sectional curvatures are pinched in (−4,−1] we may con-

clude by Theorem 2.4 that the horospherical foliations are then C1,α for some

α ∈ (0, 1) and moreover by the above we see that Dϕt|Eu,s is 1-bunched, so

the derivative cocycle restricted to Eu,s admits holonomies as above.

Since for any Anosov flow the foliations W u,W c and W s locally define a

product structure, and by (b) the holonomies are equivariant with respect to

the cocycle Dϕt, the holonomies may be extended equivariantly with respect

to Dϕt to the connected component of W cu
loc(p) := W cu(p) ∩ B, where B is

a small neighborhood containing p. With the additional global product

structure of the foliations for the geodesic flow explained in the previous

section, by flowing back to the box B for our case the cocycle holonomies

may be extended to entire center-unstable leaves. We write Hcu,cs for the

cocycle holonomies over the leaves of W̃ cu,cs.

2.3.3. The Kanai connection. Recall that Ṽ := SM̃ . For this section, we

assume crucially that the horospherical foliations are C1, or what is equiva-

lent, the splitting T Ṽ = Es⊕Eu⊕RXg is C1. In the study of such geodesic
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flows, a key tool for the study of rigidity relating the geometry of the horo-

spherical foliations and the dynamics of the geodesic flow is the the Kanai

connection.

To motivate its definition, consider the symmetric bilinear tensor on SM

known as the Cartan-Kanai form:

hKC(v, w) = ω(v, Iw) + λ⊗ λ(v, w),

where λ is as in Subsection 2.3.1, ω is a symplectic form on TM given

by ω = dλ and I is a (1, 1)-tensor defined by I(vu) = vu for vu ∈ Eu,

I(vs) = −vs for vs ∈ Es and I(Xg) = 0. The tensor hKC is in fact a pseudo-

Riemannian metric and it is of regularity as high as that of the bundles Eu

and Es, which in our case are assumed to be C1.

Since hKC is at least C1, the pseudo-Riemannian metric defines a con-

nection via Koszul’s formula with respect to which it is parallel – this is

the Kanai connection, whose properties we list below. For the following,

observe that the Lie bracket of C1 vector fields, and hence the torsion of

a C0-connection (c.f. Subsection 2.2.2) such as ∇, is well defined in local

coordinates.

Proposition 2.7. [MP10, Theorem 2.6] There exists a continuous connec-

tion ∇, called the Kanai connection, on T Ṽ with the following properties:

(a) hKC as defined in above is parallel with respect to ∇, i.e. ∇hKC = 0

and ∇ has torsion ω ⊗Xg;

(b) ∇ is Γ-invariant, ϕt-invariant, ∇ω = 0, ∇Xg = LXg and ∇Xg = 0;

(c) The Anosov splitting is invariant under ∇, that is, if Xs ∈ Γ(Es),

Xu ∈ Γ(Eu) and Y is any vector field on Ṽ then

∇YXs ∈ Γ(Es), ∇YXu ∈ Γ(Eu);

(d) The restriction of ∇ to the leaves of the foliations W̃ u (resp. W̃ s) of

SM̃ is continuously C∞ along W̃ u (resp. W̃ s), in the sense of Sub-

section 2.2.2. It is moreover flat, complete, and the parallel transport

determined by it coincides with the holonomy transport determined

by the stable and unstable foliations and with H as in Proposition

2.6 by the uniqueness part of that proposition.

Proof. The only non-standard claim not found in [MP10] is the completeness

claim in item (d) which we prove now.

Since ∇ is Γ-invariant, it descends to the quotient V ; by compactness of

V , there exists some constant c > 0 such that for Y − ∈ Es with ‖Y −‖ < c

the ∇-geodesic in the direction of Y − is defined for at least time 1. But in

fact for any Y − ∈ Es, there exists a t > 0 such that ‖Dϕt(Y −)‖ < c. Then

the ∇-geodesic issued from Dϕt(Y −) is well-defined for time at least 1, so
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by invariance of ∇ by the geodesic flow, so is the ∇-geodesic issued from

Y −. These geodesics lift from V to Ṽ . �

Remarks:

(i) Since we will not use the Levi-Civita connection of the Sasaki metric

on Ṽ , we use ∇ simply to denote the Kanai connection.

(ii) The Kanai connection ∇ in fact has Hölder-continuous regularity

under 1
4 -pinching, but this will not be used.

Finally, we use all the constructions above to induce a C1-structure on

∂M and then recall some of its properties.

Consider two leaves of the stable foliation W̃ s(x) and W̃ s(y) lifted to the

universal cover Ṽ and let πsy and πsx be defined as in Subsection 2.3.1. There

is a well-defined map

hcuxy : W̃ s(x) \ W̃ cu(ι(y))→ W̃ s(y) \ W̃ cu(ι(x))

given by z 7→ W̃ cu(z) ∩ W̃ s(y), which we call the (center-unstable) global

holonomy map. Observe that this agrees with (πsy)
−1 ◦ πsx on its domain of

definition and since W̃ cu is C1, hcuxy is C1 so πsx and πsy define a C1-structure

on ∂M with transition map (πsy)
−1 ◦ πsx = hcuxy.

3. Theorem B: Local Compactness of the Foliated Centralizer

We start with a straightforward proposition mentioned in the introduc-

tion proving that the (non-foliated) centralizer of the geodesic flow in the

universal cover is not a Lie group, and hence too large to be a rigid invariant

of hyperbolic metrics.

Proposition 3.1. Let (M̃, g) be a simply connected manifold with sectional

curvatures K < 0. The set of diffeomorphisms in Diff∞(SM̃) commut-

ing with the geodesic flow is infinite dimensional in any of the weak Ck-

topologies.

Proof. Fix some v0 ∈ SM̃ . Let S0 be the C∞ submanifold of codimen-

sion 1 in SM̃ obtained by restricting the bundle SM̃ to the horosphere

B(v0)+(p0) ⊆ M̃ , where p0 is the basepoint of v0. Let S ⊆ S0 be a small

precompact neighborhood of v0 in S0. Observe that S has codimension 1 in

SM̃ and is transverse to Xg, the geodesic spray.

Let Φ : S × R → SM̃ be given by Φ(v, t) = ϕt(v). Then as long as S

is chosen sufficiently small, Φ is a diffeomorphism onto its image since for

v ∈ S its trajectory ϕt(v) will not intersect S ⊆ B(v0)+(p0) again. Moreover,

in Φ-coordinates, Xg is given simply by 0× ∂/∂t.
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Hence, any vector field Z on Φ(S × R) of the form Z = Y × 0 (in Φ-

coordinates), where Y is a compactly supported vector field on S, will com-

mute with Xg = 0×∂/∂t and can be extended to all of SM̃ . The Lie algebra

of such vector fields is evidently infinite-dimensional, so the centralizer of

Xg on SM̃ is not finite-dimensional in any of the weak Ck-topologies. �

Now we move to the proof of Theorem B, regarding the finite dimension-

ality of the group G under the assumptions of Theorem A.

Proof of Theorem B. We start by constructing normal coordinates on the

unstable/stable leaves with respect to which the elements of G have a simple

(affine) representation.

Proposition 3.2. There exists a family of C∞ diffeomorphisms {Hux}x∈Ṽ ,

with Hux : TxW̃
u(x)→ W̃ u(x) such that:

(a) Hux(0) = x and DxHux is the identity map for each x ∈ Ṽ ;

(b) The maps Hux depend continuously C∞ on x along W u and smoothly

on x restricted to a leaf of W u;

(c) For φ ∈ G and any x ∈ Ṽ , we have:

φ|
W̃u(x)

= Huφ(x) ◦ (Dxφ)|Eu(x) ◦ (Hux)−1.

The analogous propositions hold for the foliations W̃ cu, W̃ s, and we denote

the coordinates, respectively as Hcu and Hs.

Proof. By definition any element φ ∈ G preserves the bundles Eu, Es and

since kerλ = Eu⊕Es as well as (by definition) dφ(Xg) = Xg it follows that

φ∗λ = λ. Thus since φ preserves hKC , ω and Xg, the Kanai connection,

being the unique connection with respect to which hKC is parallel with

torsion ω ⊗Xg, is invariant by the action of φ ∈ G.

Recall that by Proposition 2.7 (a), (d), the connection ∇ux obtained by

restricting the Kanai connection to a single unstable leaf W̃ u(x) is smooth,

flat and torsion-free, so in particular it is the Levi-Civita connection of a

smooth flat Riemannian metric on W̃ u(x). By Proposition 2.7 (d) ∇ux is

complete and thus so is the Riemannian metric. Then let Hux : TxW̃
u(x)→

W̃ u(x) be the exponential map of ∇ux, which is a diffeomorphism ∇ux is the

connection of a flat Riemannian metric. Moreover, Hux is smooth on leaves of

W̃ u and continuously C∞ along leaves of W̃ u by Proposition 2.7 (d) again.

Finally, for (c), we observe again that elements of G preserve the Kanai

connection and so φ∗∇ux = ∇uφ(x) from which the statement follows.

The proof for the stable foliation follows using the time-reversing isomor-

phism ι of Ṽ , and the proof for the weak unstable foliation by equivariance

of all the constructions above with respect to the geodesic flow ϕt. Precisely,
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one defines Hcu in the unique ϕt-equivariant way Hcux (y) = ϕt ◦Hux ◦ϕ−t(y)

where t ∈ R is such that ϕ−t(y) ∈ W̃ u(x). Then (a) and (b) are immediate,

whereas (c) follows since elements φ ∈ G by definition commute with ϕt.

�

Remark 3.3. The construction above is similar to a well-known result first

proved by Guysinsky and Katok in [GK98] constructing normal forms for

uniformly contracted bundles. In the non-compact setting, this result does

not apply so we use the geometric structure provided by hKC , an idea which

has also been introduced before in many works.

For ψ ∈ G, pick some arbitrary p ∈ Ṽ , a compact neighborhood K of

p and a bounded open set U such that ψ(K) ⊆ U . Then Up := {φ ∈ G :

φ(K) ⊆ U} is a neighborhood of ψ in the compact open topology. We

will show that the closure of Up is compact, which proves Theorem B by

Theorem 2.1.

The compact-open topology is second countable [Hi76, p. 35], so it suffices

to check sequential compactness of Up. Let φn be a sequence in Up and

observe that by passing to a subsequence we may assume that qn := φn(p)

converges to some q ∈ U . Moreover, we claim that we may pass to a

further subsequence so that Dpφn also converges to some linear isomorphism

A : TpṼ → TqṼ .

To prove the claim, it suffices to show that there is some C > 1 such

that C−1‖v‖ ≤ ‖Dpφn(v)‖ ≤ C‖v‖ for all n and v ∈ TpṼ . This is evidently

true for v = Xg. Further, if ‖Dpφn(vn)‖/‖vn‖ → ∞ and vn ∈ Eu, by

Proposition 3.2, the normal form charts are continuously C∞ along W u,

this would contradict φn(K) ⊆ U , since U is a bounded set. The same

holds for vn ∈ Es. Finally, if ‖Dpφn(vn)‖/‖vn‖ → 0 and vn ∈ Eu, since the

φn preserve ω and Es and Eu are transverse Lagrangian subspaces there

must exist some un ∈ Es such that ‖Dpφn(un)‖/‖un‖ → ∞, reducing to

the previous case. Similarly there cannot exist ‖Dpφn(vn)‖/‖vn‖ → 0 and

vn ∈ Es, so the claim is proved.

Using A and the normal form coordinates Hx defined above we now

construct a map φ0 ∈ G which we show is the C0-limit of {φn}n∈N. Let

ψs : W̃ s(p) → W̃ s(q) and ψcu : W̃ cu(p) → W̃ cu(q) be given by: ψ• :=

H•φ(x) ◦A|E•(x) ◦ (H•x)−1, where • ∈ {cu, s}, so that the maps φn|W •(p) con-

verge uniformly C∞ to ψ•. To extend the above construction to an open set

of Ṽ , we use the product structure of the foliations on the universal cover.

For x ∈ Ṽ there exists a C1 diffeomorphism [·, ·]x : W̃ cu(x) × W̃ s(x) →
Ṽ \ (W̃ cu(ι(x)) ∪ W̃ s(ι(x))) called the Bowen bracket given by (y, z) 7→
[y, z]x := W̃ s(y) ∩ W̃ cu(z). Define the diffeomorphism φ0 : Ṽ \ (W̃ cu(ι(p)) ∪
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W̃ s(ι(p)))→ Ṽ \ (W̃ cu(ι(q)) ∪ W̃ s(ι(q))) by:

φ0([y, z]p) = [ψcu(y), ψs(z)]q,

where in the equation above we use the fact that the Bowen bracket is a dif-

feomorphism W̃ cu(x)× W̃ s(x)→ Ṽ \ (W̃ cu(ι(x))∪ W̃ s(ι(x))). Furthermore,

since the foliations are C1 the dependence of the bracket [·, ·]x on x is also

C1. Using the facts just mentioned along with the fact that elements of G

preseve the bracket (since they preserve the foliations W̃ cu,s) we see that φ0
agrees with the limit of φn, that is: as maps on (y, z) ∈ W̃ cu(p)× W̃ s(p) ∼=
Ṽ \ (W̃ cu(ι(p)) ∪ W̃ s(ι(p))), we have the following uniform C1-convergence

on compact sets

[φn(y), φn(z)]qn → [ψcu(y), ψs(z)]q = φ0([y, z]p).

Now we verify that φ0 is uniformly C∞ along W cu-leaves on the open set

Ṽ \ (W̃ cu(ι(p))∪ W̃ s(ι(p))). Fix some x ∈ Ṽ \ (W̃ cu(ι(p))∪ W̃ s(ι(p))). Then

by the convergence in the previous paragraph, we have that (φn)|W cu(x) →
(φ0)|W cu(x) uniformly on compact sets. On the other hand, since φn ∈ G,

by Lemma 3.2 the restrictions (φn)|W cu(x) are given by:

(φn)|W cu(x) = Hcuφn(x) ◦ (Dxφn)|Eu(x) ◦ (Hcux )−1,

and hence their limit is given by Hcuφ0(x) ◦ A
′ ◦ (Hcux )−1, where A′ is the

limit of (Dxφn)|Eu(x). Therefore (φ0)|W cu(x) = Hcuφ0(x) ◦ A
′ ◦ (Hcux )−1, which

is C∞, and uniformly so along leaves since the right-hand side expression

clearly is. By the same argument, φ0 is uniformly C∞ along W s-leaves.

Hence we conclude by Journé’s Lemma (Lemma 2.3) that φ0 is C∞ on

Ṽ \ (W̃ cu(ι(p)) ∪ W̃ s(ι(p))).

Finally, it remains to extend φ0 to all of Ṽ . To do this, simply repeat the

same entire argument with ι(p) in place of p and then passing to a further

subsequence finally constructs a φ such that φn → φ in the compact-open

topology. �

4. Smoothness of Foliations: Proof of Theorem A

From now on, we assume that Ṽ is the universal cover of the unit tangent

bundle of a manifold satisfying the hypotheses of Theorem A.

By Theorem B, G is a Lie group and we let its Lie algebra be denoted by

g. We identify g with the space of vector fields generating the action of G0,

the connected component of the identity of G. With this identification, for

x ∈ Ṽ we write gx ⊆ TxṼ for the subspace spanned by the vector fields in

g evaluated at x. The orbits G0x are immersed submanifolds partitioning

Ṽ which are tangent to gx. A key observation is that while the vector fields
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in g themselves are not invariant by the action of Γ on Ṽ , the subspaces gx
are.

Observe that x 7→ dim gx is a lower semi-continuous function, since

dim gx = dimG− dim ker(Didθx),

where θx(ψ) := ψ(x) for ψ ∈ G and x ∈ SM̃ , and (ψ, x) 7→ θx(ψ) is C∞ so

that dim ker(Didθx) is upper semi-continuous in x.

Let d0 = max
x∈Ṽ dim gx. Then by lower semi-continuity

U = {x ∈ Ṽ : dim gx = d0}

is an open, non-empty subset of Ṽ . Let gu, gc and gs be the images of g

under the projections to Eu, RXg and Es, respectively and again observe

that x 7→ dim gu,sx are lower semi-continuous functions on U . Let du,s :=

maxx∈U dim gu,sx , that is, the maximum transverse dimension of an orbit of

a leaf of W cu,cs under the action of G0. By lower semi-continuity again, the

sets

Uu,s = {x ∈ U : dim gu,sx = du,s}
are open and by definition non-empty. Observe that Uu,s are both Γ and

ϕt-invariant so that they are dense on Ṽ by topological transitivity of ϕt.

Lemma 4.1. Either du or ds is positive.

Proof. Suppose otherwise for contradiction. This implies that gx ⊆ RXg for

all x ∈ Ṽ , so any vector field in g must fix the orbits of the geodesic flow on

Ṽ . Hence any vector field in g must be of the form fXg, where f ∈ C∞(Ṽ )

and Xg is the geodesic spray. But notice that the vector field fXg ∈ g must

preserve the contact form λ on Ṽ since it preserves Xg and Eu ⊕ Es. On

the other hand:

LfXgλ = d ◦ ifXgλ+ iXgdλ = df,

since iXgdλ = 0 and λ(Xg) = 1. Hence LfXgλ is zero if and only if f is

constant. Therefore, if du and ds are both equal to 0 the action of G0 reduces

to the action of the geodesic flow, which contradicts the hypothesis that the

reduced centralizer Gc = G/〈ϕt〉 is not discrete. �

Suppose without loss of generality that ds > 0. The first key step in

the proof is to show that in fact ds = d, which we prove in the following

proposition. The idea is to to identify ∂M̃ with the space of center unstable

leaves and construct a Γ-invariant foliation of ∂M̃ whose leaves are given

by G0-orbits of center unstable, i.e, W cu-leaves. Then a classic argument

using the north-south dynamics of the action of Γ on ∂M̃ in fact shows that

this foliation must be trivial, that is, ds = d. Since the action of G0 is C∞
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and commutes with the geodesic flow, this yields that W̃ cu itself is a C∞

foliation on an open and dense set of V .

Proposition 4.2. For ds as above, ds = d. In particular, on the set Us the

action of G0 on the space of unstable leaves is locally homogeneous and the

foliation W̃ cu is C∞ on Us.

Proof. Fix some x0 ∈ Us such that its ϕt-orbit in V = Ṽ /Γ is periodic.

Since W̃ cs(x0) is contracted under ϕt, this implies that W̃ cs(x0) ⊆ Us by

Γ and ϕt-invariance of Us. Let x1 ∈ Us be another ϕt-periodic orbit which

moreover satisfies W̃ cs(x1) 6= W̃ cs(x0), which exists since Us is open and

non-empty. Thus gs has constant dimension on W̃ s(xi), i = 0, 1. Moreover,

we have:

Claim 4.3. gs is involutive, i.e. [gs, gs] ⊆ gs.

Proof. For a vector field X on Ṽ we write X = Xu + Xs + Xc for the

decomposition corresponding to T Ṽ = Eu ⊕ Es ⊕ Ec, where Ec = RXg.

Similarly, for a set h of vector fields on Ṽ we write hu, hs and hc the sets of

vector fields obtained via this decomposition. With this notation, to show

that gs is involutive it suffices to show that for X,Y ∈ g we have [Xs, Y s] ∈
gs. For X,Y ∈ g, expanding the Lie bracket with the decompositions for X

and Y we have:

[X,Y ]s = [Xs, Y s]s + [Xc, Y ]s + [X,Y c]s

as the other Lie brackets have no Es-component, since it is a standard

fact for contact Anosov flows that [Es, Eu] is always parallel to Ec, and

obviously we have [Eu, Eu] ⊆ Eu. Since g is tangent to orbits of G0, it must

be involutive so we have [g, g]s ⊆ gs, and thus [X,Y ]s ∈ gs. Since clearly

also [Xs, Y s] = [Xs, Y s]s, to show that [Xs, Y s] ∈ gs it suffices to show that

[Xc, Y ]s and [X,Y c]s are also in gs.

We check that [Xc, Y ]s ∈ gs, the proof for [X,Y c]s being analogous. Since

Ec = RXg, we may write Xc = fXg for some function f ∈ C∞(Ṽ ). But now

recall that by definition since Y ∈ g, it commutes with Xg i.e. [Y,Xg] = 0,

so:

[Xc, Y ] = [fXg, Y ] = f(XgY − Y Xg)− Y (f)Xg = −Y (f)Xg,

so that we see in fact that [Xc, Y ]s = 0.

�

Hence gs integrates to foliations Fi, i = 0, 1 of W̃ s(xi), i = 0, 1. Let

hcu : W̃ s(x0) \ W̃ cu(ι(x1)) → W̃ s(x1) \ W̃ cu(ι(x0)) be the center-unstable

holonomy map namely, hcu(z) = W̃ cu(z)∩W̃ s(x1) for z ∈ W̃ s(x0)\W̃ cu(x1).

The following lemma which uses crucially the pinching hypothesis on the
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metric shows that D := gs is invariant under the holonomy maps. The idea

is that high regularity subbundles of pinched flows must in fact be holonomy

invariant, but extra care has to be taken in a non-compact setting.

Lemma 4.4. The distribution D over W̃ s(x0) is mapped to the distribu-

tion D over W̃ s(x1) by the holonomies hcu. Namely, for all y ∈ W̃ s(x0) \
W̃ cu(x1), Dh

cu(Dy) = Dhcu(y).

Proof. Denote by Hcu the cocycle holonomies of the bundle Es over leaves of

W̃ cu as given by Proposition 2.6, and extended to the center-unstable leaves

by the remark following the Proposition. Note that Dhcu defines a family

isomorphisms of Es over W̃ cu which satisfies the conditions of Proposition

2.6 so by uniqueness in the proposition we see that Dhcu = Hcu, in their

common domain of definition. We will now show invariance of D under Hcu

between the two leaves in question.

To deal with the lack of uniformity of D in our non-compact setting we

have to begin by verifying invariance for points negatively assymptotic to

a periodic orbit in the quotient. Namely, let y ∈ W̃ s(x0) be such that its

negative endpoint y− ∈ ∂M is the endpoint of some ϕt-periodic orbit w ∈ Ṽ ,

i.e., such that w− = y− and w is periodic in V and we moreover assume

that w also lies in Us, which is possible since Us is open and dense. Let

z = W̃ cu(y) ∩ W̃ s(x1), i.e. z = hcux0x1(y).

Claim 4.5. For y, z as above Hcu
y,zDy = Dz.

Proof. Recall that d0 is the dimension of the distribution D on Us. Then

D defines a section of the Grassmanian bundle P → Us with fibers Px
isomorphic to Gr(d0, d) of d0-dimensional subspaces of Es. As is standard,

we endow the fibers Px with the metric:

ρx(V,W ) = sup
v∈V,‖v‖=1

inf
w∈W

‖v − w‖

For this metric, given a linear isomorphism A acting on the underlying

vector space, the induced action of A on the Grassmannian manifold is bi-

Lipschitz with norm bounded by ‖A‖‖A−1‖. The action of Dϕt on T Ṽ

induces a natural action on P. By the pinching hypothesis, we obtain the

following bound for V,W ∈ Px:

ρx(V,W ) ≤ ‖Dxϕ
−t|Es‖‖Dϕ−t(x)ϕ

t|Es‖ ρϕ−tx(Dϕ−tV,Dϕ−tW )

≤ Ce−teτt ρϕtx(Dϕ−tV,Dϕ−tW )

≤ Ce(τ−1)tρϕtx(Dϕ−tV,Dϕ−tW )

for all t > 0, where C is some constant which does not depend on any of

the parameters and where τ =
√
a and a < 4 is such that the sectional

curvatures of M are pinched in [−a,−1].
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For t ∈ R, we write yt = ϕt(y) and zt = ϕt(z). Let t0 ∈ R be such that

zt0 ∈ W̃ u(y). Recall that by Proposition 2.6 (c), Hcu is given by the limit

Hcu
yz = lim

t→∞
Dϕt−t0 ◦ Iy−tz−t+t0

◦Dϕ−t,

Therefore, to conclude the proof it suffices to show that

lim
t→∞

ρz(Dϕ
t−t0 ◦ Iy−tz−t+t0

◦Dϕ−t(Dy),Dz) = 0.

Using Dϕt invariance of D, for t > t0:

ρz(Dϕ
t−t0 ◦ Iy−tz−t+t0

◦Dϕ−t(Dy),Dz)

≤ Ce(τ−1)tρz(Iy−tz−t+t0
◦Dϕ−t(Dy), Dϕ−t+t0Dz)

= Ce(τ−1)tρz(Iy−tz−t+t0
Dy−t ,Dz−t+t0

).

It remains to bound ρz(Iy−tz−t+t0
Dy−t ,Dz−t+t0

). From the construction

of the map Iy−tz−t+t0
(Proposition 2.6 (c)), the family of maps I has C1

dependence on the basepoints since the bundle Es itself is C1. Moreover,

recall that the distribution D is also of class C1 on Us, in fact C∞, but it may

fail to be uniformly so since Us is an open set. However, since both y−t and

z−t+t0 are negatively asymptotic to p−, i.e., they shadow a periodic point

p ∈ Us as t→∞, for sufficiently large t they must lie within some compact

set N ⊆ Us which is a closed tubular neighborhood of the periodic point p.

Therefore D is uniformly C1 on the orbits y−t and z−t+t0 for t sufficiently

large so that that ρz(Iy−tz−t+t0
Dy−t ,Dz−t+t0

) ≤ C ′′d(y−t, z−t+t0), since both

the distribution D and the maps I are uniformly C1 on the basepoints

and hence uniformly Lipschitz. The distance d(y−t, z−t+t0) ≤ C ′′′e−t, since

y ∈ W̃ cu(z) with a rate of e−t, which suffices to conclude the proof, since we

have:
dz(Dϕ

t−t0 ◦ Iy−tz−t+t0
◦Dϕ−t(Dy),Dz)

≤ Ce(τ−1)tdz(Iy−tz−t+t0
Dy−t ,Dz−t+t0

)

≤ Ce(τ−1)tC ′′d(y−t, z−t+t0)

≤ Ce(τ−1)te−t = Ce(τ−2)t → 0,

where we absorb all the constants in the last line into one. �

With the claim above, we now conclude the proof of Lemma 4.4. For this,

it suffices to observe that since Us is open dense and the periodic orbits of an

Anosov flow are also dense, there exists a dense set in W̃ s(x0) of y satisfying

the hypotheses of Lemma 4.5. That is, for y on a dense set of W̃ s(x0) we

have DhcuyzDy = Dz. But the maps Dhcuyz depend C0 on the basepoint y and

so does the distribution D, so that by continuity DhcuyzDy = Dz holds for all

y ∈ W̃ s(x0) \ W̃ cu(x1), as desired. �
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We now finally conclude the proof of Proposition 4.2. Since W̃ cs(x1) 6=
W̃ cs(x0), the natural projections W̃ s(xi) → ∂M , i = 0, 1, form a system

of charts with transition maps hcu, which by Subsection 2.3.2 are C1, and

thus give ∂M a C1 structure. Moreover, since hcu(F0) = F1 there is a well-

defined topological foliation F of ∂M associated to the distribution D (c.f.

Subsection 2.3.3). Since the distribution Dp is Γ-invariant over the Γ-orbits

of the xi, we can consider the leaves of W̃ s over Γ · xi (i = 0, 1) also as

charts on ∂M , so that there is a well-defined action of Γ on ∂M which also

preserves the foliation F . By a well-known argument of Hamenstädt (see

[Ha91, Sec. 4]), any Γ-invariant topological foliation of ∂M is trivial, and

since it has positive dimension we have du = d and D = Es .

Hence for x in the open and dense Us we have that G · W̃ cu(x) contains

an open set in Ṽ around W̃ cu(x); since the action of G preserves the W̃ cu

foliation and acts by C∞ diffeomorphisms, this implies that at x the foliation

W̃ cu is C∞. To see this consider the map ag : G→ Ṽ given by g 7→ g ·x; let

D0 be a small open disk transverse (and of complementary dimension) to a

hypersurface tangent to the kernel of Dag; then D0× W̃ cu(x)→ Ṽ given by

(g, y) 7→ g · y defines a C∞-diffeomorphism onto its image with the product

structure D0 × W̃ cu(x) compatible with the foliation, namely, W̃ cu is a C∞

foliation in a neighborhood of W̃ cu(x). �

The map Ṽ → ∂M̃ given by v 7→ v− induces a homeomorphism of the

space Ṽ /W̃ cu of W̃ cu-leaves to ∂M̃ , and we identify these from now on. The

previous paragraph shows that there exists an open set U ⊆ ∂M̃ on which

W̃ cu is smooth. The subset of ∂M̃ on which is W̃ cu smooth is invariant by

the action of Γ on ∂M̃ and we use this now to conclude the proof. Each

γ ∈ Γ acts on ∂M̃ ≈ Sn with north-south dynamics. Take γ ∈ Γ such that

γ−, the repelling fixed point of γ on ∂M̃ , lies in U . This is possible since

the set of (γ−, γ+) ∈ ∂2M̃ which are endpoints of axes of γ ∈ Γ is dense,

i.e. the closed geodesics are periodic in the space of geodesics. Then γn(U)

converges to ∂M̃ − {γ+}, where γ+, the repelling fixed point of γ on ∂M̃ .

Hence we showed that W̃ cu is C∞ except perhaps at the leaf corresponding

to γ+. To conclude now repeat the argument with any γ′ such that γ′+ 6= γ+.

Therefore we find that the foliation W̃ cu is a C∞ foliation everywhere.

Since ι maps W̃ cu-leaves to W̃ cs-leaves, we similarly conclude that W̃ cs is

C∞. The result now follows from the main theorem of [BFL92], which shows

that C∞ smothness of horospherical foliations implies that the geodesic flow

of (M, g) is C∞ conjugate to that of a manifold with constant negative

sectional curvature. Then the minimal entropy rigidity theorem [BCG92]

shows that M must have constant negative sectional curvature.
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