
SPECTRAL THEORY AND THE MIN-MAX THEOREM

ADEN CHEN

Abstract. The min-max theorem offers a variational characterization of the discrete eigen-
values that lie below the essential spectrum of a self-adjoint operator. In this paper, we
develop the necessary tools to state and ultimately prove this theorem.
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Introduction

This paper offers a brief introduction to spectral theory, covering key concepts such
as the spectrum, resolvent, functional calculus, and spectral projections, and ultimately
proving the min-max theorem.

Section 1 reviews the concept of Hilbert spaces and their structures. Section 2 introduces
the adjoint, unitarity, and closure, and presents the multiplication operator. We then define
the spectrum and resolvent set in Section 3, discussing their properties and calculating the
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spectra of different sets of operators. These foundations are essential for Section 4, where
we prove the spectral theorem and, along the way, construct a functional calculus. This
leads to the definition of spectral projectors and a discussion on the discrete and essential
spectra in Section 5. Finally, in Section 6, we prove the min-max theorem.

We assume the reader is familiar with analysis in R𝑛.

1. Hilbert Spaces

Recall that a Hilbert space is an inner product space that is complete with respect to
the metric induced by its inner product. We assume that the inner product is linear in the
first variable and conjugate linear in the second. In what follows, we use the symbol H to
denote a separable complex Hilbert space, that is, a complex Hilbert space that admits a
countable dense subset.

One fundamental property of Hilbert spaces is that every closed subspace admits a
complement. That is,

Theorem 1.1. Let 𝑀 be a closed subspace of a Hilbert space H. Then 𝐻 = 𝑀 ⊕ 𝑀⊥.

Proof. See [4, pp. 137–138, Remark 5]. □

In fact, this property characterizes Hilbert spaces: a Banach space 𝑋 is isomorphic to a
Hilbert space if and only if every closed subspace of 𝑋 is complemented [4, p. 39].

We start with two consequences of this theorem concerning orthogonal complements
and density of subspaces. They will be important when dealing with unbounded linear
operators, frequently defined only on a dense linear subspace for reasons that will become
clear.

Proposition 1.2. Let 𝑀 ⊂ H. Then span 𝑀 is dense in H if and only if 𝑀⊥ = {0}.

Proof. Let 𝑥 ∈ 𝑀⊥ with span 𝑀 dense in H. Thus there exists a sequence (𝑥𝑛) in span 𝑀

converging to 𝑥. By continuity of the inner product, 0 = ⟨𝑥𝑛, 𝑥⟩ → ⟨𝑥, 𝑥⟩ and we have
𝑥 = 0. Conversely, if 𝑀⊥ = {0}, then a fortiori (span 𝑀)⊥ = {0}. Since span 𝑀 is a
subspace of H, Theorem 1.1 yields 𝐻 = span 𝑀 . □

Proposition 1.3. Let 𝑊 ⊂ H be a linear subspace. Then (𝑊⊥)⊥ = 𝑊 .

Proof. By unwrapping the definition, we have 𝑊 ⊂ (𝑊⊥)⊥. Since (𝑊⊥)⊥ is closed, the
inclusion can be extended to 𝑊 ⊂ (𝑊⊥)⊥ by continuity of the inner product. To prove the
opposite inclusion, let 𝑥 ∈ (𝑊⊥)⊥ be arbitrary and suppose 𝑥 ∉ 𝑊 . By the Hahn-Banach
theorem1, there exists a continuous linear functional 𝑓 on H that strictly separates 𝑥 and
𝑊 . That is, 𝑓 (𝑤) = 0 for all 𝑤 ∈ 𝑊 and 𝑓 (𝑥) ≠ 0. Let 𝑣 𝑓 ∈ H be the Riesz representation
of 𝑓 (see Theorem 2.1) and we have〈

𝑣 𝑓 , 𝑤
〉
= 0, ∀𝑤 ∈ 𝑊.

So 𝑣 𝑓 ∈ 𝑊⊥. But from 𝑥 ∈ (𝑊⊥)⊥ we know
〈
𝑣 𝑓 , 𝑥

〉
= 0, contradicting 𝑓 (𝑥) ≠ 0. □

Recall, next, the direct sum of Hilbert spaces:

1See, e.g., [4, Chapter 1] or REU paper [9].
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Definition 1.4. For the sequence of Hilbert spaces {H 𝑗 } 𝑗∈N, we define their direct
sum as

∞⊕
𝑗=1

H 𝑗 :=
{
(𝑢1, 𝑢2, · · · ) : 𝑢 𝑗 ∈ H 𝑗 ,

∑︁

𝑢 𝑗



2
H 𝑗

< ∞
}
.

The assumption on norms guarantees convergence of the inner product defined by

⟨(𝑢1, 𝑢2, · · · ), (𝑣1, 𝑣2, · · · )⟩ :=
∞∑︁
𝑗=1

〈
𝑢 𝑗 , 𝑣 𝑗

〉
H 𝑗

.

Note that the direct sum of Hilbert spaces is a Hilbert space.2

2. Operators

We recall the operator norm: ∥𝑇 ∥ := sup𝑢∈H\{0} ∥𝑇𝑢∥/∥𝑢∥, which one can understand
as the “maximum stretch” of the operator 𝑇 . From this view, it is not hard to see that
operators with finite operator norm, bounded operators, are continuous.

In this paper, we will focus primarily on unbounded linear operators, that is, linear
operators whose operator norm are not necessarily finite. Specification of the domain is
important when dealing with unbounded operators. While it is often assumed that bounded
operators are defined everywhere, unbounded operators are frequently defined only on a
subset of a Hilbert space. As we will see, the adjoint does not exist for everywhere defined
operators that are not bounded.

The notation D(𝑇) will be used to denote the domain of the operator 𝑇 . We say 𝑇 is
an operator on H if it is defined everywhere on H, and an operator in H if D(𝑇) ⊂ H.
Extensions of operators will also be frequently considered: An operator 𝑆 is an extension
of 𝑇 if D(𝑇) ⊂ D(𝑆) and 𝑆 |D (𝑇 ) = 𝑇 , that is, the restriction of 𝑆 to the set D(𝑇) coincides
with 𝑇 . We denote this relation as 𝑇 ⊂ 𝑆.

In what follows, we present the notions of the adjoint, closure, and the graph of an
operator. We introduce unitary and self-adjoint operators and the multiplication operator,
and discuss their characterizations and key properties.

2.1. Adjoints. Recall the Riesz representation theorem:

Theorem 2.1 (Riesz Representation Theorem). For each continuous linear functional
𝑓 on H, there exists a unique 𝑣 𝑓 ∈ H, called the Riesz representation of 𝑓 , such that

𝑓 (𝑢) =
〈
𝑣 𝑓 , 𝑢

〉
, ∀𝑢 ∈ H.

Furthermore, ∥ 𝑓 ∥ =


𝑣 𝑓 

.

Proof. See [4, p. 135], or REU paper [1]. □

2See [5, p. 24] for a proof.
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Definition 2.2. Let 𝑇 be a linear operator in H (with dense domain). Then its adjoint
𝑇∗ is defined as follows: The domain D(𝑇∗) consists of vectors 𝑣 ∈ H for which the
map

D(𝑇) ∋ 𝑢 ↦−→ ⟨𝑣, 𝑇𝑢⟩ ∈ C
is bounded. For such 𝑣, the functional extends to all of H by continuity, with the
extension remains being bounded. Thus, by Theorem 2.1, there exists a unique vector
which we denote 𝑇∗𝑣 such that

⟨𝑣, 𝑇𝑢⟩ = ⟨𝑇∗𝑣, 𝑢⟩ , ∀𝑢 ∈ D(𝑇).

Since there are no Riesz representations for unbounded functionals, as maps of the form
𝑢 ↦→ ⟨𝑤, 𝑢⟩ are always bounded by the Cauchy-Schwarz inequality, the adjoint as defined
above is the operator with the largest domain such that

⟨𝑣, 𝑇𝑢⟩ = ⟨𝑇∗𝑣, 𝑢⟩ , ∀𝑢 ∈ D(𝑇), ∀𝑣 ∈ D(𝑇∗).
For bounded operators, this domain is, by Theorem 2.1, the entirety of H.

It is important that the operator 𝑇 is densely defined. If D(𝑇) ≠ H, there exists, by
Proposition 1.2, a nonzero 𝑤 ∈ D(𝑇)⊥. That is, we have ⟨𝑤, 𝑣⟩ = 0 for all 𝑣 ∈ D(𝑇), and
𝑇∗𝑢 is not unique as we can add to it 𝑤. Note also the linearity of the adjoint.

Definition 2.3. A linear operator 𝑇 in H is
• symmetric (or Hermitian) if ⟨𝑢, 𝑇𝑣⟩ = ⟨𝑇𝑢, 𝑣⟩ for all 𝑢, 𝑣 ∈ D(𝑇).
• self-adjoint if 𝑇 = 𝑇∗.

It is not hard to see that an operator 𝑇 being symmetric is equivalent to 𝑇 ⊂ 𝑇∗. Thus,
self-adjoint operators are symmetric. The converse is not generally true, as 𝑇∗ may be a
proper extension of 𝑇 . However, in the case that 𝑇 is defined everywhere on H, we will
see that the Hellinger-Toeplitz theorem (Corollary 2.14) gives the boundedness of 𝑇 , and
Theorem 2.1 then implies D(𝑇∗) = H. Everywhere defined symmetric operators are, thus,
bounded and self-adjoint.

We define also the following partial ordering on the set of self-adjoint operators:

Definition 2.4. For a self-adjoint operator 𝑇 in H and a constant 𝑐 ∈ R, we write 𝑇 ≥ 𝑐

if
⟨𝑢, 𝑇𝑢⟩ ≥ 𝑐 ⟨𝑢, 𝑢⟩ , ∀𝑢 ∈ D(𝑇).

For self-adjoint operators 𝑆 and 𝑇 , we write 𝑆 ≤ 𝑇 if 𝑇 − 𝑆 ≥ 0.

2.2. Unitary Operators.

Definition 2.5. Let H1 and H2 be Hilbert spaces. A linear operator 𝑇 : H1 → H2 is
said to be an isometry if it preserves norm, and unitary if it is a surjective isometry.

Operators 𝑇1 ∈ L(H1) and 𝑇2 ∈ L(H2) are unitarily equivalent if there exists a
unitary map 𝑈 : H1 → H2 such that 𝑇2 = 𝑈𝑇1𝑈

−1.

Note that by the polarization identity, isometries also preserve the inner product. That
is, for an isometry 𝑇 : H1 → H2, there holds

⟨𝑢, 𝑣⟩ = ⟨𝑇𝑢, 𝑇𝑣⟩ , ∀𝑢, 𝑣 ∈ H1.

We state also another characterization of unitary operators:
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Proposition 2.6. A linear operator 𝑈 on a Hilbert space H is unitary if and only if
𝑈∗𝑈 = 𝑈𝑈∗ = 𝐼.

Proof. Since 𝑈 preserves norm, we know ∥𝑈∥ = 1 and 𝑈 is bounded. Theorem 2.1 then
gives D(𝑈∗) = D(𝑈) = H and thus

⟨𝑢, 𝑣⟩ = ⟨𝑈𝑢,𝑈𝑣⟩ = ⟨𝑢,𝑈∗𝑈𝑣⟩ , ∀𝑢, 𝑣 ∈ H.

This leads to 𝑈∗𝑈 = 𝐼. To prove 𝑈𝑈∗ = 𝐼, note that Theorem 2.1 also gives ∥𝑈∗𝑣∥ =

∥𝑢 ↦→ ⟨𝑣,𝑈𝑢⟩∥. The surjectivity of 𝑈 then gives
∥𝑈∗𝑣∥ = sup

∥𝑢∥≡∥𝑈𝑢∥=1
⟨𝑣,𝑈𝑢⟩ = sup

∥𝑢∥=1
⟨𝑣, 𝑢⟩ = ∥𝑣∥, ∀𝑣 ∈ H.

Thus 𝑈∗ is also unitary. Similar as above, we have
⟨𝑢, 𝑣⟩ = ⟨𝑈∗𝑢,𝑈∗𝑣⟩ = ⟨𝑢,𝑈𝑈∗𝑣⟩ , ∀𝑢, 𝑣 ∈ H,

giving 𝑈𝑈∗ = 𝐼.
Conversely, if 𝑈∗𝑈 = 𝑈𝑈∗ = 𝐼, a similar argument proves 𝑈 is an isometry. To see that

𝑈 is surjective, note that for any 𝑢 ∈ H, we have 𝑈 (𝑈∗𝑢) = 𝑢. □

2.3. The Multiplication Operator.

Definition 2.7. Let (𝑋,M, 𝜇) be a 𝜎-finite measure space. For a measurable function
𝑓 : 𝑋 → C, the multiplication operator on 𝐿2 (𝑋, 𝜇) is defined as

𝑀 𝑓 : 𝑣 ↦−→ 𝑓 𝑣, D(𝑀 𝑓 ) := {𝑣 ∈ 𝐿2 (𝑋, 𝜇) : 𝑓 𝑣 ∈ 𝐿2 (𝑋, 𝜇)}.

The multiplication operator will serve as the continuous analogue of diagonal matrices
in linear algebra. We prove a few basic properties of it:

Proposition 2.8. Let 𝑀 𝑓 , 𝑋 , and 𝜇 be as above. Then
(a) 𝑀 𝑓 is bounded if and only if 𝑓 ∈ 𝐿∞ (𝑋, 𝜇), with



𝑀 𝑓



 ≤ ∥ 𝑓 ∥∞,
(b) 𝑀∗

𝑓
= 𝑀

𝑓
. Thus 𝑀 𝑓 is self-adjoint if and only if 𝑓 is real-valued.

Proof.
(a) Let 𝑓 ∈ 𝐿∞ (𝑋, 𝜇). For any 𝑢 ∈ D(𝑀 𝑓 ), we have

∥ 𝑓 𝑢∥ =
∫

| 𝑓 |2 |𝑢 |2 d𝜇 ≤
∫

∥ 𝑓 ∥∞ |𝑢 |2 d𝜇 = ∥ 𝑓 ∥∞∥𝑢∥.

Therefore


𝑀 𝑓



 ≤ ∥ 𝑓 ∥∞. On the other hand, for any 𝑎 < ∥ 𝑓 ∥∞, let 𝐴 := {𝑥 :
| 𝑓 (𝑥) | ≥ 𝑎}. We then have

∥ 𝑓1𝐴∥ ≥ ∥𝑎1𝐴∥ = 𝑎∥1𝐴∥.
Since ∥1𝐴∥ = 𝜇(𝐴) > 0, we may conclude that



𝑀 𝑓



 ≥ 𝑎. It then follows that

𝑀 𝑓



 = ∥ 𝑓 ∥∞. Conversely, if 𝑓 ∉ 𝐿∞ (𝑋, 𝜇), then the same argument shows that
𝑀 𝑓 is not bounded.

(b) We first check that 𝑀 𝑓 is densely defined (so that its adjoint exists): Note that

| 𝑓 | ≤ 1
2
( | 𝑓 |2 + 1) =⇒ | 𝑓 |

| 𝑓 |2 + 1
≤ 1

2
.
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Thus for any 𝑢 ∈ D(𝑀 𝑓 )⊥, we have 𝑓 𝑢

| 𝑓 |2+1
∈ 𝐿2 (𝑋, 𝜇). This gives 𝑢

| 𝑓 |2+1
∈ D(𝑀 𝑓 ),

which implies

0 =

〈
𝑢

| 𝑓 |2 + 1
, 𝑢

〉
=

1
| 𝑓 |2 + 1

∫
|𝑢 |2 d𝜇.

Therefore, 𝑢 = 0 a.e. and 𝑀 𝑓 is densely defined by Proposition 1.2.
Next, notice that for any 𝑢 ∈ D(𝑀 𝑓 ) and any 𝑣 ∈ D(𝑀

𝑓
), we have

⟨ 𝑓 𝑢, 𝑣⟩ =
∫

𝑓 𝑢𝑣 d𝜇 =

∫
𝑢 𝑓 𝑣 d𝜇 =

〈
𝑢, 𝑓 𝑣

〉
.

It follows that 𝑀
𝑓
⊂ 𝑀∗

𝑓
.

To complete the proof, we need only show D(𝑀∗
𝑓
) ⊂ D(𝑀

𝑓
). Let 𝑣 ∈ D(𝑀∗

𝑓
).

For any 𝑢 ∈ D(𝑀 𝑓 ), we know from above that 𝑓 𝑢

| 𝑓 |2+1
∈ 𝐿2 (𝑋, 𝜇). Thus, by

definition of the adjoint,〈
𝑓 𝑢

| 𝑓 |2 + 1
, 𝑣

〉
=

〈
𝑢

| 𝑓 |2 + 1
, 𝑀∗

𝑓 𝑣

〉
,

which gives 〈
𝑢, 𝑓 𝑣

〉
=

〈
𝑢, 𝑀∗

𝑓 𝑣

〉
, ∀𝑢 ∈ D(𝑀 𝑓 ).

It then follows that 𝑓 𝑣 = 𝑀∗
𝑓
𝑣 ∈ 𝐿2 (𝑋, 𝜇), and thus 𝑣 ∈ D(𝑀

𝑓
).

□
2.4. Closed Operators.

Definition 2.9. We say an operator 𝑇 is closed if its graph
G(𝑇) := {(𝑢, 𝑇𝑢) : 𝑢 ∈ D(𝑇)}

is closed as a subspace of H × H. We say 𝑇 is closable if G(𝑇) is the graph of an
operator, and define its closure 𝑇 by G(𝑇) = G(𝑇).

Thus an operator is closable if and only if it admits a closed extension, in which case
the closure is its closed extension with the smallest domain. The property of being closed
can be thought of as a weak form of continuity. Not all closed operators are bounded, but
all bounded operators are closed.

Recall, however, that in the case where an operator is defined everywhere, being closed
is equivalent to being bounded by the following:

Theorem 2.10 (Closed Graph Theorem). Let 𝑇 be an operator with domain H. Then
𝑇 is bounded if and only if it is closed.

Proof. See [4, p. 37]. □

Using the graph of a linear operator, we can reformulate the definition of the adjoint and
easily see that it is always closed:

Proposition 2.11. Let 𝑇 be a linear operator in H. Then the adjoint of 𝑇 is closed and
G(𝑇∗) = 𝐽 (G(𝑇)⊥),

where 𝐽 is defined as 𝐽 (𝑥, 𝑦) ↦→ (𝑦,−𝑥).
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Proof. Note that (𝑢, 𝑤) ∈ G(𝑇∗) if and only if ⟨𝑣, 𝑇𝑢⟩ = ⟨𝑤, 𝑣⟩ for all 𝑣 ∈ D(𝑇). This
happens precisely when

(𝑢, 𝑤) ⊥ (𝑇𝑣,−𝑣) = 𝐽 (𝑣, 𝑇𝑣), ∀𝑣 ∈ D(𝑇).
So (𝑢, 𝑤) ∈ G(𝑇∗) if and only if (𝑢, 𝑤) ∈ 𝐽 (G(𝑇))⊥. Thus

G(𝑇∗) = 𝐽 (G(𝑇))⊥ = 𝐽 (G(𝑇)⊥).
Since orthogonal complements are always closed and 𝐽 preserves closed sets, the adjoint
𝑇∗ is closed. □

Immediately, we have the following:

Corollary 2.12. Self-adjoint operators are closed.

Theorem 2.13. An operator 𝑇 is closable if and only if D(𝑇∗) is dense, in which case

𝑇 = 𝑇∗∗.

Proof. Suppose D(𝑇∗) is dense. Then 𝑇∗∗ exists. Applying Proposition 2.11 twice and
using Proposition 1.3 gives

𝐺 (𝑇∗∗) = 𝐽 (𝐺 (𝑇∗)⊥) = 𝐺 (𝑇).
Thus 𝑇 is closable with 𝑇 = 𝑇∗∗.

Conversely, suppose D(𝑇∗) is not dense. From Proposition 1.2 we know there exists a
nonzero vector 𝑣 ∈ D(𝑇∗)⊥. Thus (𝑣, 0) ⊥ G(𝑇∗) and we have, by Proposition 2.11 and
Proposition 1.3,

(0,−𝑣) ∈ 𝐽 (G(𝑇∗)⊥) = 𝐺 (𝑇).
As 𝑣 ≠ 0, 𝐺 (𝑇) cannot be a graph of an operator. Thus 𝑇 is not closable. □

Combined with the Closed graph theorem (Theorem 2.10) , Theorem 2.13 directly leads
to the Hellinger-Toeplitz Theorem:

Corollary 2.14 (Hellinger-Toeplitz Theorem). A self-adjoint operator with domain
H is bounded.

3. Spectrum and Resolvent

Definition 3.1. Let 𝑇 be a linear operator in H. A regular value of 𝑇 is a complex
number 𝜆 such that the operator

𝑇 − 𝜆 : D(𝑇) −→ H, 𝑢 ↦−→ 𝑇𝑢 − 𝜆𝑢

is surjective and has a bounded inverse.3The resolvent set of 𝑇 , res𝑇 , is the set of all
regular values of 𝑇 .

Thus a regular value is a complex number 𝜆 such that the linear problem
(𝑇 − 𝜆)𝑥 = 𝑣

is always uniquely and continuously solvable.

3Some, for example [7], require only that the inverse is densely defined and bounded.
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Definition 3.2. Let 𝑇 be a densely defined linear operator in H.
• The spectrum of 𝑇 , spec𝑇 , is the complement of the resolvent set in C. That

is,
spec𝑇 := C \ res𝑇.

• A complex number 𝜆 is an eigenvalue of 𝑇 if there exists a corresponding
eigenvector 𝜙 ∈ H \ {0} such that

(𝑇 − 𝜆)𝜙 = 0.
The null space N (𝑇 − 𝜆) is the corresponding eigenspace.

• The set of all eigenvalues is called the point spectrum, denoted specp 𝑇 .

Note that the point spectrum specp 𝑇 is a subset of the spectrum.

3.1. Properties of the Resolvent.

Theorem 3.3. Let 𝑇 be a densely defined operator in H. The resolvent set res𝑇 is
open (thus the spectrum is closed), and the resolvent of 𝑇

𝑅(·;𝑇) : res𝑇 −→ L(H), 𝜆 ↦−→ (𝑇 − 𝜆)−1

is holomorphic, that is, complex differentiable in a neighborhood of each point in the
domain res𝑇 .

Proof. If res𝑇 = ∅, it is closed, so we assume otherwise and pick arbitrary point 𝑧0 ∈ res𝑇 .
Note that on D(𝑇) we have

𝑇 − 𝑧 =

(
𝐼 − (𝑧 − 𝑧0)𝑅(𝑧0;𝑇)

)
(𝑇 − 𝑧0).

When 𝑧 is such that |𝑧 − 𝑧0 | < 1/∥𝑅(𝑧0;𝑇)∥, there holds(
𝐼 − (𝑧 − 𝑧0)𝑅(𝑧0;𝑇)

)−1
=

∞∑︁
𝑗=0

(𝑧 − 𝑧0) 𝑗𝑅(𝑧0;𝑇) 𝑗 ,

with the right side converging absolutely in L(H). Thus we have

𝑅(𝑧;𝑇) = 𝑅(𝑧0;𝑇)
(
𝐼 − (𝑧 − 𝑧0)𝑅(𝑧0;𝑇)

)−1
=

∞∑︁
𝑗=0

(𝑧 − 𝑧0) 𝑗𝑅(𝑧0;𝑇) 𝑗+1.

Hence, 𝑅(·;𝑇) is holomorphic. □

Theorem 3.4. Let 𝑇 be an linear operator in H and 𝑧, 𝑤 ∈ res𝑇 . Then 𝑅(𝑧;𝑇)
commutes with 𝑅(𝑤;𝑇) and

𝑅(𝑧;𝑇) − 𝑅(𝑤;𝑇) = (𝑧 − 𝑤)𝑅(𝑧;𝑇)𝑅(𝑤;𝑇).

Proof. Note that on D(𝑇) we have (𝑇 −𝑤) − (𝑇 − 𝑧) = 𝑧−𝑤. Evaluating at 𝑅(𝑧;𝑇)𝑣, where
𝑣 ∈ D(𝑇) is arbitrary, gives

(𝑇 − 𝑤)𝑅(𝑧;𝑇)𝑣 − 𝑣 = (𝑧 − 𝑤)𝑅(𝑧;𝑇)𝑣.
Apply 𝑅(𝑤;𝑇) on both sides and we have, using the linearity of 𝑅(𝑤;𝑇), that

𝑅(𝑧;𝑇)𝑣 − 𝑅(𝑤;𝑇)𝑣 = (𝑧 − 𝑤)𝑅(𝑤;𝑇)𝑅(𝑧;𝑇)𝑣.
This proves the desired identity. Noting that the same argument proves

𝑅(𝑤;𝑇) − 𝑅(𝑧;𝑇) = (𝑤 − 𝑧)𝑅(𝑤;𝑇)𝑅(𝑧;𝑇),
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we obtain commutativity. □

We discuss, next, the spectra of bounded, unitary, self-adjoint, and multiplication oper-
ators.
3.2. Spectrum of a Bounded Operator.

Theorem 3.5. For a bounded operator 𝑇 , there holds spec𝑇 ⊂
{
𝑧 ∈ C : |𝑧 | ≤ ∥𝑇 ∥

}
.

Proof. For |𝑧 | ≥ ∥𝑇 ∥, the series

𝑆 :=
∞∑︁
𝑗=0

𝑧− 𝑗𝑇 𝑗

converges absolutely in L(H). Note that

𝑇𝑆 =

∞∑︁
𝑗=0

𝑧− 𝑗𝑇 𝑗+1 =

∞∑︁
𝑗=1

𝑧− 𝑗+1𝑇 𝑗 = 𝑧(𝑆 − 𝐼),

which gives (𝑇 − 𝑧)
(
−𝑧−1𝑆

)
= 𝐼. Thus 𝑧 ∈ res𝑇 . □

Informally, when |𝑧 | is larger than ∥𝑇 ∥, the operator 𝑇 becomes “small enough” relative
to the “nice” operator −𝑧𝐼. As a result, the addition of 𝑇 to −𝑧𝐼 will not undermine the
injectivity of the latter.

3.3. Spectrum of a Unitary Operator. If𝑈 is unitary, then𝑈−1 = 𝑈∗ exists, so 0 ∈ res𝑈.
The same argument in the proof of Theorem 3.3 shows that all 𝑧 with

|𝑧 | < 1
∥𝑅(0;𝑈)∥ =

1
∥𝑈∗∥ = 1

is contained in the resolvent. Combining this with Theorem 3.5, we have:

Corollary 3.6. The spectrum of a unitary operator on H is a closed subset of the unit
circle S := {𝑧 ∈ C : |𝑧 | = 1}.

Finally, we note that for unitarily equivalent operators 𝑇 and 𝑆 = 𝑈𝑇𝑈∗, where 𝑈 is
unitary, we have

𝑆 − 𝜆 = 𝑈𝑇𝑈∗ − 𝜆 = 𝑈 (𝑇 − 𝜆)𝑈∗

for arbitrary 𝜆 ∈ C. From here we see that 𝑆 − 𝜆 has bounded inverse if and only if 𝑇 − 𝜆

has bounded inverse, and similarly, 𝑆 − 𝜆 is injective if and only if 𝑇 − 𝜆 is injective. Thus
we have:

Proposition 3.7. Unitarily equivalent operators share the same spectrum and eigenval-
ues.

3.4. Spectrum of a Self-adjoint Operator. We useN (𝑇) andR(𝑇) respectively to denote
the null space and the range of the operator 𝑇 .

Proposition 3.8. Let 𝑇 be a densely defined linear operator and 𝑧 ∈ C. Then

N (𝑇∗ − 𝑧) = R(𝑇 − 𝑧)⊥, N (𝑇∗ − 𝑧)⊥ = R(𝑇 − 𝑧).
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Proof. Note that the second statement can be obtained from the first by taking orthogonal
complements on both sides and using Proposition 1.3. We prove the first equality. Since
D(𝑇) is dense, the condition 𝑓 ∈ N (𝑇∗ − 𝑧) is equivalent to

⟨(𝑇∗ − 𝑧) 𝑓 , 𝑔⟩ = 0, ∀𝑔 ∈ D(𝑇).
That is,

⟨ 𝑓 , (𝑇 − 𝑧)𝑔⟩ = 0, ∀𝑔 ∈ D(𝑇).
This means precisely that 𝑓 ⊥ R(𝑇 − 𝑧). □

Theorem 3.9. Let𝑇 be a self-adjoint operator in H. Then spec𝑇 ⊂ R and eigenvectors
corresponding to distinct eigenvalues are orthogonal.

Proof. Let 𝑧 ∈ C \ R. Then
⟨𝑢, (𝑇 − 𝑧)𝑢⟩ = ⟨𝑢, 𝑇𝑢⟩ − Re 𝑧 ⟨𝑢, 𝑢⟩ − i Im 𝑧 ⟨𝑢, 𝑢⟩ .

Noting that ⟨𝑢, 𝑇𝑢⟩ = ⟨𝑇𝑢, 𝑢⟩ is real, we have
∥𝑢∥∥(𝑇 − 𝑧)𝑢∥ ≥ |Im ⟨𝑢, (𝑇 − 𝑧)𝑢⟩| = |Im 𝑧 ⟨𝑢, 𝑢⟩| = |Im 𝑧 |∥𝑢∥2.

Hence,
∥(𝑇 − 𝑧)𝑢∥ ≥ |Im 𝑧 |∥𝑢∥.

This gives the injectivity of 𝑇 − 𝑧, and thus N (𝑇 − 𝑧) = {0} for any 𝑧 ∈ C \ R. By
Proposition 3.8, we know R(𝑇 − 𝑧) is dense in H.

Now, note that for any converging sequence (𝑇 − 𝑧)𝑢𝑛, the estimate above ensures the
convergence of 𝑢𝑛. Since 𝑇 − 𝜆 is closed by Corollary 2.12, this implies

lim
(
𝑢𝑛, (𝑇 − 𝑧)𝑢𝑛

)
∈ G(𝑇 − 𝑧).

In particular, lim(𝑇 − 𝑧)𝑢𝑛 ∈ R(𝑇 − 𝑧) for any converging sequence (𝑇 − 𝑧)𝑢𝑛. That is,
R(𝑇 − 𝑧) is closed and

R(𝑇 − 𝑧) = R(𝑇 − 𝑧) = H.

So 𝑇 − 𝑧 is surjective, and its inverse is bounded by the same estimate.
Finally, let 𝜙1 and 𝜙2 be eigenvectors corresponding to distinct eigenvalues 𝜆1 and 𝜆2.

We have
𝜆1 ⟨𝜙1, 𝜙2⟩ = ⟨𝑇𝜙1, 𝜙2⟩ = ⟨𝜙1, 𝑇𝜙2⟩ = 𝜆2 ⟨𝜙1, 𝜙2⟩ .

This gives ⟨𝜙1, 𝜙2⟩ = 0. □

3.5. Spectrum of a Multiplication Operator. The following will be useful tool for com-
puting the spectrum:

Proposition 3.10. Let 𝑇 be a self-adjoint operator and 𝑧 ∈ C. If there exists a sequence
𝑢𝑛 ⊂ D(𝑇) with ∥𝑢𝑛∥ = 1 and

lim
𝑛→∞

∥(𝑇 − 𝑧)𝑢𝑛∥ = 0,

then 𝑧 ∈ spec𝑇 .

Such a sequence (𝑢𝑛) is called a Weyl sequence for 𝑧.
Proof. If 𝑇 − 𝑧 is not injective, then 𝑧 ∈ spec𝑇 . We assume otherwise and set 𝑥𝑛 :=
(𝑇 − 𝑧)𝑢𝑛 ≠ 0. Then

∥(𝑇 − 𝑧)𝑢𝑛∥ =
∥(𝑇 − 𝑧)𝑢𝑛∥

∥𝑢𝑛∥
=

∥𝑥𝑛∥

(𝑇 − 𝑧)−1𝑥𝑛


 −→ 0.



SPECTRAL THEORY AND THE MIN-MAX THEOREM 11

Hence, (𝑇 − 𝑧)−1 is not bounded. □

We are now equipped to calculate the spectrum of the multiplication operator:

Proposition 3.11. For the multiplication operator 𝑀 𝑓 on 𝐿2 (𝑋, 𝜇) (see Definition 2.7),
(a) specp 𝑀 𝑓 =

{
𝜆 ∈ C : 𝜇{𝑥 : 𝑓 (𝑥) = 𝜆} > 0

}
,

(b) spec 𝑀 𝑓 = ess ran 𝑓 :=
{
𝜆 ∈ C : 𝜇

{
𝑥 : | 𝑓 (𝑥) − 𝜆 | < 𝜖

}
> 0 for all 𝜖 > 0

}
.

One may think of ess ran 𝑓 , the essential range of the function 𝑓 , as the area on which the
range of 𝑓 is “concentrated.”
Proof.

(a) If 𝜆 is such that 𝜇{𝑥 : 𝑓 (𝑥) = 𝜆} = 0, then the equation
(𝑀 𝑓 − 𝜆)𝜙 = 0, 𝜙 ∈ 𝐿2 (𝑋, 𝜇)

implies 𝜙 = 0 a.e. Thus, N (𝑀 𝑓 − 𝜆) = {0} and 𝜆 ∉ specp 𝑀 𝑓 .
If 𝜇{𝑥 : 𝑓 (𝑥) = 𝜆} > 0, then there exists a subset 𝐴 ⊂ {𝑥 : 𝑓 (𝑥) = 𝜆} with

0 < 𝜇(𝐴) < ∞. From (𝑀 𝑓 − 𝜆)1𝐴 = 0, we know 𝜆 ∈ specp 𝑀 𝑓 .
(b) Let 𝜆 ∉ ess ran 𝑓 . Then for some 𝜖 > 0, there holds | 𝑓 − 𝜆 | > 𝜖 a.e., so 1/( 𝑓 −𝜆) is

defined a.e. and ∥1/( 𝑓 − 𝜆)∥∞ < ∞. Since Proposition 2.8 gives the boundedness
of 𝑀1/( 𝑓 −𝜆) , we have 𝜆 ∈ res 𝑀 𝑓 .

It remains to show that ess ran 𝑓 ⊂ spec 𝑀 𝑓 . For a 𝜆 ∈ ess ran 𝑓 , if 𝜇{𝑥 :
𝑓 (𝑥) = 𝜆} > 0, then we have shown that 𝜆 ∈ specp 𝑀 𝑓 ⊂ spec 𝑀 𝑓 . If, on the other
hand, 𝜇{𝑥 : 𝑓 (𝑥) = 𝜆} = 0, then, as above, 1/( 𝑓 − 𝜆) is defined a.e. and 𝑀1/( 𝑓 −𝜆)
is the inverse of (𝑀 𝑓 − 𝜆). From 𝜆 ∈ ess ran 𝑓 , we have | 𝑓 − 𝜆 | < 𝜖 on a set of
positive measure for all 𝜖 > 0. This gives ∥1/( 𝑓 − 𝜆)∥∞ = ∞, so 𝑀1/( 𝑓 −𝜆) is not
bounded and 𝜆 ∈ spec 𝑀 𝑓 .

□

4. The Spectral Theorem

In this section, we prove the spectral theorem, which states that every self-adjoint
operator is unitarily equivalent to a multiplication operator in some measure space. We
will first develop the spectral theorem for unitary operators and then pass it to self-adjoint
operators using the Cayley transform.

Along the way, we also introduce a functional calculus using the Fourier transform,
which allows us to apply functions defined on the spectrum of an operator to the operator
itself. This will set the stage for the spectral resolution for self-adjoint operators in the next
section.

4.1. Spectral Theory for Unitary Operators. We start with unitary operators, whose
spectra, we recall by Corollary 3.6, lie in the unit circle. We use the Fourier transform to
construct a functional calculus for applying complex-valued functions acting on the unit
circle to unitary operators:

For a smooth function 𝑓 : S → C, we have

𝑓 (𝑧) =
∑︁
𝑛∈Z

𝑓 (𝑛)𝑧𝑛, 𝑧 ∈ S,
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with the right side converging uniformly4 and where

𝑓 (𝑛) :=
1

2𝜋

∫ 2𝜋

0
𝑓 (𝑒i𝜃 )𝑒−i𝑛𝜃 d𝜃, 𝑛 ∈ Z

are the discrete Fourier coefficients. We can thus define 𝑓 (𝑈) using the convergent series

𝑓 (𝑈) :=
∑︁
𝑛∈Z

𝑓 (𝑛)𝑈𝑛.

As 𝐶∞ (S) is dense in 𝐶 (S) by the Weierstrass approximation theorem, we can extend
the map 𝑓 ↦→ 𝑓 (𝑈) constructed above to 𝐶 (S) by means of density. We have the following:

Proposition 4.1. Let 𝑈 be a unitary operator. The map 𝐶∞ (S) ∋ 𝑓 ↦→ 𝑓 (𝑈) ∈ L(H)
defined above extends uniquely to a linear map 𝐶 (S) → L(H) such that for any
𝑓 , 𝑔 ∈ 𝐶 (S) one has the following:

(a) 𝑓 (𝑈)∗ = 𝑓 (𝑈).
(b) 𝑓 (𝑈)𝑔(𝑈) = ( 𝑓 𝑔) (𝑈).
(c) If 𝑓 ≥ 0, then 𝑓 (𝑈) ≥ 0.
(d) ∥ 𝑓 (𝑈)∥ ≤ ∥ 𝑓 ∥∞.

Proof. We first prove the properties for 𝑓 , 𝑔 ∈ 𝐶∞ (S).
(a) From definition, we have 𝑓 (𝑛) = 𝑓̂ (−𝑛) for any 𝑛 ∈ Z. Thus

𝑓 (𝑈)∗ =
∑︁
𝑛∈Z

𝑓 (𝑛)𝑈−𝑛 =
∑︁
𝑛∈Z

𝑓̂ (−𝑛)𝑈−𝑛 = 𝑓 (𝑈).

(b) Note that

( 𝑓 𝑔) (𝑒i𝜃 ) = ©­«
∑︁
𝑗∈Z

𝑓 ( 𝑗)𝑒i 𝑗 𝜃ª®¬
(∑︁
𝑘∈Z

𝑔̂(𝑘)𝑒i𝑘𝜃

)
=

∑︁
𝑛∈Z

𝑐𝑛𝑒
i𝑛𝜃 ,

where 𝑐𝑛 :=
∑

𝑗∈Z 𝑓 ( 𝑗)𝑔̂(𝑛− 𝑗). Using the orthogonality of 𝑒i𝑛𝜃 , we have 𝑓̂ 𝑔(𝑛) =
𝑐𝑛. Thus

𝑓 (𝑈)𝑔(𝑈) =
∑︁
𝑛∈Z

𝑐𝑛 = ( 𝑓 𝑔) (𝑈).

(c) Let 𝑓 ∈ 𝐶∞ (S) with 𝑓 ≥ 0. Consider the function ℎ𝜖 (𝑧) :=
√︁
𝑓 (𝑧) + 𝜖 where

𝜖 > 0. As ℎ𝜖 is smooth, ℎ𝜖 (𝑈) is defined by the above, and since ℎ𝜖 is real-
valued, ℎ𝜖 (𝑈) is self-adjoint by (a). Property (b) gives 𝑓 (𝑈) = ℎ𝜖 (𝑈)2 − 𝜖 , and
thus we have

⟨𝑢, 𝑓 (𝑈)𝑢⟩ = ∥ℎ𝜖 (𝑈)𝑢∥2 − 𝜖 ∥𝑢∥2, ∀𝑢 ∈ H.

Since 𝜖 > 0 is arbitrary, we obtain 𝑓 (𝑈) ≥ 0.
(d) Set 𝑀 := sup| 𝑓 |. We have 𝑀2 − | 𝑓 |2 ≥ 0. Properties (a) and (b) yield〈

𝑢, | 𝑓 |2 (𝑈)𝑢
〉
=

〈
𝑢, ( 𝑓 𝑓 ) (𝑈)𝑢

〉
= ⟨𝑢, 𝑓 (𝑈)∗ 𝑓 (𝑈)𝑢⟩ = ∥ 𝑓 (𝑈)𝑢∥

for all 𝑢 ∈ H. Thus, since
〈
𝑢, (𝑀2 − | 𝑓 |2 (𝑈))𝑢

〉
≥ 0 by (c), we have ∥𝑀𝑢∥2 ≥

∥ 𝑓 (𝑈)𝑢∥2.

4See [10, Chapter 2].
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Now, note that for any uniformly converging sequence 𝑓𝑛 → 𝑓 where { 𝑓𝑛} ⊂ 𝐶∞ (S),
𝑓𝑛 (𝑈) is Cauchy by (d). Thus we can define 𝑓 (𝑈) := lim 𝑓𝑛 (𝑈). We can then check
that 𝑓 (𝑈) is independent of the choices of 𝑓𝑛 and verify the properties by passing to the
limit. □

Recall the Riesz-Markov-Kakutani representation theorem:

Theorem 4.2. Let 𝑋 be a compact metric space. Given a positive linear functional
𝛽 : 𝐶 (𝑋) → C, there exists a unique Borel measure 𝜇 on 𝑋 such that

𝛽( 𝑓 ) =
∫
𝑋

𝑓 d𝜇

for 𝑓 ∈ 𝐶 (𝑋).

Proof. See [3, p. 310] or REU papers [6] and [11]. □

Let 𝑈 be a unitary operator and 𝑓 ∈ 𝐶 (S). Consider functionals of the form 𝑓 ↦→
⟨𝑢, 𝑓 (𝑈)𝑢⟩, where 𝑢 ∈ H. They are linear in 𝑓 and nonnegative by Proposition 4.1 (c).
Thus, by Theorem 4.2, there exists a unique Borel measure on S, the spectral measure
associated with 𝑢, such that

⟨𝑢, 𝑓 (𝑈)𝑢⟩ =
∫
S
𝑓 d𝜇𝑢.

Lemma 4.3. For 𝑈 and 𝑢 as above, the map 𝐶 (S) ∋ 𝑓 ↦−→ 𝑓 (𝑈)𝑢 ∈ H has a unique
continuous extension to an isometry 𝑊𝑢 : 𝐿2 (S, 𝜇𝑢) → H such that

𝑈𝑊𝑢 [ 𝑓 (𝑧)] = 𝑊𝑢 [𝑧 𝑓 (𝑧)] .

Proof. Let 𝑓 , 𝑔 ∈ 𝐶 (S). By Proposition 4.1 we have

⟨𝑊𝑢 𝑓 ,𝑊𝑢𝑔⟩ =
〈
𝑢, ( 𝑓 𝑔) (𝑈)𝑢

〉
=

∫
S
𝑓 𝑔 d𝜇𝑢 = ⟨ 𝑓 , 𝑔⟩𝐿2 (S,𝜇𝑢 ) .

Thus 𝑊𝑢 preserves the inner product for functions in 𝐶 (S). Since 𝐶 (S) is dense in
𝐿2 (S, 𝜇𝑢), the operator above extends uniquely by density to an isometry. Next, note
that from [𝑧 𝑓 (𝑧)] (𝑈) = 𝑈 𝑓 (𝑈), we have 𝑈𝑊𝑢 [ 𝑓 (𝑧)] = 𝑊𝑢 [𝑧 𝑓 (𝑧)] for 𝑓 ∈ 𝐶 (S), which
extends also to 𝐿2 (S, 𝜇𝑢). □

If 𝑊𝑢 happens to be surjective, then 𝑊𝑢 is unitary, and 𝑈 is unitarily equivalent to the
multiplication operator 𝑀𝑧 : 𝑓 (𝑧) ↦→ 𝑧 𝑓 (𝑧). If, however, this is not the case, then we can
simply iterate the construction on the orthogonal complement of R(𝑊𝑢) and repeat the
process until we obtain a surjective map:

Theorem 4.4 (Spectral Theorem for Unitary Operators). Let𝑈 be a unitary operator
in H. Then there exists a subset 𝑁 ⊂ N, finite Borel measures 𝜈𝑛 on S where 𝑛 ∈ 𝑁 ,
and a unitary map

𝑊 : 𝐿2 (𝑌, 𝜈) → H, 𝑌 = S × 𝑁, 𝜈(𝐴 × {𝑛}) = 𝜈𝑛 (𝐴) for 𝐴 ⊂ S,

such that
𝑊−1𝑈𝑊 = 𝑀𝜌,

where 𝜌 : 𝑌 ∋ (𝑦, 𝑛) ↦−→ 𝑦 ∈ S ⊂ C is the identity function on each copy of S.

Proof. We follow [3].
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Let {𝑤 𝑗 } 𝑗∈N be a dense subset of H. Consider the vector 𝑤1. Lemma 4.3 gives a
measure 𝜈1 and an isometry

𝑊1 : 𝐿2 (S, 𝜈1) → 𝐻1.

If 𝐻1 = H, the proof is complete. Otherwise, note that 𝑈 (𝐻1) = 𝐻1 and, by unitarity,
𝑈 (𝐻⊥

1 ) = 𝐻⊥
1 . Thus 𝑈 can be viewed as a unitary operator on 𝐻⊥

1 .
Next, pick the first 𝑗 such that 𝑤 𝑗 ∉ 𝐻1. Let 𝑣2 be the orthogonal projection of 𝑤 𝑗 onto

𝐻⊥
1 . Applying Lemma 4.3 on 𝑣2 gives a measure 𝜈2 and an isometry 𝑊2 with range 𝐻2.

If H = 𝐻1 ⊕ 𝐻2, the proof is again complete. Otherwise, we repeat the procedure to find
𝑤 𝑗 ∉ (𝐻1 ⊕ 𝐻2) and apply Lemma 4.3 to the orthogonal projection of 𝑤1 on (𝐻1 + 𝐻2)⊥.

Repeating this process gives a (possibly finite) sequence 𝐻𝑘 such that H = ⊕𝑘𝐻𝑘 and a
corresponding decomposition 𝐿2 (𝑋, 𝜈) = ⊕𝑘 (S, 𝜈𝑘). Since each 𝑊𝑘 is unitary, we have

𝑊 := ⊕𝑘𝑊𝑘 : 𝐿2 (𝑋, 𝜈) −→ H
is unitary, and 𝑊−1𝑈𝑊 = 𝑀𝜌. □

4.2. Spectral Theory for Self-Adjoint Operators. To pass the spectral theorem to self-
adjoint operators, we use the Cayley transformation:

𝑐 : R ∋ 𝑥 ↦−→ 𝑥 − i
𝑥 + i

∈ S.

The function 𝑐 maps the real line (which contains the spectrum of self-adjoint operators)
to the unit circle (which contains the spectrum of unitary operators).

The operator valued Cayley transform maps self-adjoint operators to unitary operators:

Lemma 4.5. If 𝑇 is self-adjoint, then 𝑈 := (𝑇 − i) (𝑇 + i)−1 ≡ 𝐼 − 2i(𝑇 + i)−1 is unitary.

Proof. By Theorem 3.9, spec𝑇 ⊂ R. So the inverses (𝑇 ± i)−1 exist and are bounded. Note
that (𝑇 + i)∗ = 𝑇 − i and thus on D(𝑇) we have

𝐼 =
[
(𝑇 + i) (𝑇 + i)−1]∗ = [

(𝑇 + i)−1]∗ (𝑇 − i).

Therefore
[
(𝑇 + i)−1]∗ = (𝑇 − i)−1 and𝑈∗ = 𝐼 +2i(𝑇 − i)−1. By Theorem 3.4, (𝑇 − i)−1 and

(𝑇 + i)−1 commute, so𝑈∗𝑈 = 𝑈𝑈∗. To complete the proof, note that again by Theorem 3.4,

𝑈∗𝑈 = 𝐼 + 2i
(
𝑅(i;𝑇) − 𝑅(−i;𝑇) − 2i𝑅(i;𝑇)𝑅(−i;𝑇)

)
= 𝐼 .

□

We now have the tools to prove the spectral theorem for self-adjoint operators:

Theorem 4.6 (Spectral Theorem—Multiplication Operators Form). Let 𝑇 be a
self-adjoint operator in H. Then there exists a subset 𝑁 ⊂ N, finite Borel measures 𝜇𝑛
on R where 𝑛 ∈ N, and a unitary map

Θ : 𝐿2 (𝑋, 𝜇) → H, 𝑋 = R × 𝑁, 𝜇(𝐴 × {𝑛}) = 𝜇𝑛 (𝐴) for 𝐴 ⊂ R,

such that
Θ−1𝑇Θ = 𝑀ℎ

where ℎ : 𝑋 ∋ (𝑥, 𝑛) ↦−→ 𝑥 ∈ R is the identity function on each copy of R.

Proof. We follow [8].
Let𝑈 be the unitary operator associated to𝑇 given by the Cayley transform. Theorem 4.4

gives 𝑁 ⊂ N, finite Borel measures 𝜈𝑛 on S, and a unitary map
𝑊 : 𝐿2 (𝑌, 𝜈) → H, 𝑌 = S × 𝑁, 𝜈(𝐴 × {𝑛}) = 𝜈𝑛 (𝐴) for 𝐴 ⊂ S,
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such that 𝑊−1𝑈𝑊 = 𝑀𝜌 with 𝜌 : (𝑦, 𝑛) ↦→ 𝑦. Since 𝐼 −𝑈 = 2i(𝑇 + i)−1 is injective, the
operator 𝐼−𝑀𝜌 is injective, which gives 1 ∉ specp 𝑀𝜌. By Proposition 3.11, 𝜈(𝜌−1 ({1})) =
0, and thus 𝜈𝑛 ({1}) = 0 for each 𝑛. That is, the measures 𝜈𝑘 have no point mass at 𝑦 = 1.
We can thus use the inverse of the Cayley transformation

𝜂 := 𝑐−1 : S ∋ 𝑦 ↦−→ i
1 + 𝑦

1 − 𝑦
∈ R

to define the pushforward measure
𝜇𝑛 := 𝜂∗𝜈𝑛 ≡ 𝜈𝑛 (𝜂−1 (𝐴)), 𝐴 ⊂ R.

Next, note that the pullback operator
Φ : 𝐿2 (𝑋, 𝜇) → 𝐿2 (𝑌, 𝜈), (Φ 𝑓 ) (𝑥, 𝑛) = 𝑓 (𝜂(𝑥), 𝑛), ∀(𝑥, 𝑛) ∈ 𝑋

is unitary by construction. It follows that Θ := 𝑊Φ : 𝐿2 (𝑋, 𝜇) → H is unitary.
We verify next that Θ−1𝑇Θ = 𝑀ℎ. To keep track of each operator, we plot their domains

and codomains below:

𝐿2 (𝑋, 𝜇) 𝐿2 (𝑌, 𝜈) H
Φ 𝑊

Θ

𝑀ℎ 𝑀𝜌 𝑇𝜂 and 𝜂∗

First we check the domains, proving ΘD(𝑀ℎ) = D(𝑇):
Let 𝑓 ∈ D(𝑀ℎ) ⊂ 𝐿2 (𝑋, 𝜇). Then 𝑔 := (𝑀ℎ + i) 𝑓 ∈ 𝐿2 (𝑋, 𝜇). Note, for any (𝑦, 𝑛) ∈ 𝑌 ,

that
(Φ𝑔) (𝑦, 𝑛) =

(
Φ(ℎ + i)

)
(𝑦, 𝑛) (Φ 𝑓 ) (𝑦, 𝑛)

=

(
ℎ
(
𝜂(𝑦), 𝑛

)
+ i

)
(Φ 𝑓 ) (𝑦, 𝑛) = (𝜂(𝑦) + i) (Φ 𝑓 ) (𝑦, 𝑛).

Since 𝜂(𝑦) + i = i 1+𝑦
1−𝑦 + i = 2i

1−𝑦 , we have (𝐼 − 𝑀𝜌)Φ𝑔 = 2iΦ 𝑓 . Applying 𝑊 on both sides
and using 𝑊𝑀𝜌 = 𝑈𝑊 gives (𝐼 −𝑈)Θ𝑔 = 2iΘ 𝑓 . From definition, 𝐼 −𝑈 = 2i(𝑇 + i)−1, so

Θ 𝑓 = (𝑇 + i)−1Θ𝑔 ∈ D(𝑇). (∗)
It follows that ΘD(𝑀ℎ) = D(𝑇).

Next, let 𝑣 ∈ D(𝑇) and 𝑤 := (𝑇 + i)𝑣. Then

𝑣 = (𝑇 + i)−1𝑤 =
1
2i
(𝐼 −𝑈)𝑤.

From 𝑊−1𝑈𝑊 = 𝑀𝜌, we have 𝐼 −𝑈 = 𝑊𝑀1−𝜌𝑊−1. Thus 𝑊−1𝑣 = 1
2i𝑀1−𝜌𝑊−1𝑤, and we

have
Θ−1𝑣 = Φ−1𝑊−1𝑣 =

1
2i
Φ−1𝑀1−𝜌𝑊

−1𝑤. (†)
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Now note that for 𝑔 ∈ 𝐿2 (𝑌, 𝜈) and any (𝑥, 𝑛) ∈ 𝑋 we have
(Φ−1𝑀1−𝜌𝑔) (𝑥, 𝑛) = (𝑀1−𝜌𝑔)

(
𝑐(𝑥), 𝑛

)
=

(
1 − 𝑐(𝑥)

)
𝑔
(
𝑐(𝑥), 𝑛

)
=

(
1 − 𝑥 − i

𝑥 + i

)
𝑔
(
𝑐(𝑥), 𝑛

)
=

2i
𝑥 + i

(Φ−1𝑔) (𝑥, 𝑛).

That is, Φ−1𝑀1−𝜌 = 2i(𝑀ℎ + i)−1Φ−1. Combined with (†), this gives

Θ−1𝑣 = (𝑀ℎ + i)−1Θ−1𝑤 ∈ R
(
(𝑀ℎ + i)−1) = D(𝑀ℎ).

It follows that D(𝑇) ⊂ ΘD(𝑀ℎ), and thus D(𝑇) = ΘD(𝑀ℎ).
To finish the proof, note that for any 𝑓 ∈ D(𝑀ℎ), by (∗), we haveΘ(𝑀ℎ+i) 𝑓 = (𝑇+i)Θ 𝑓 .

This gives Θ𝑀ℎ = 𝑇Θ. □

With the spectral theorem, we can now construct a functional calculus for self-adjoint
operators. For a bounded Borel function 𝑓 ∈ Bb (R) : R → C, we define

𝑓 (𝑇) := Θ𝑀 𝑓 ◦ℎΘ
−1,

where Θ and ℎ are given in Theorem 4.6. Note that since 𝑓 ◦ ℎ is bounded, the operator
𝑓 (𝑇) is bounded by Proposition 2.8.

The map defined above has the following properties:

Proposition 4.7. Let 𝑇 be a self-adjoint operator.
(a) For any 𝑓 , 𝑔 ∈ Bb (R), we have ( 𝑓 𝑔) (𝑇) = 𝑓 (𝑇)𝑔(𝑇) and 𝑓 (𝑇)∗ = 𝑓 (𝑇).
(b) Let 𝑓𝑛 → 𝑓 pointwise and ∥ 𝑓𝑛∥∞ < 𝑀 for each 𝑛. Then 𝑓𝑛 (𝑇) → 𝑓 (𝑇) in

the strong operator topology, that is, 𝑓𝑛 (𝑇) → 𝑓 (𝑇)𝑣 for all 𝑣 ∈ H.

Proof.
(a) Let 𝑓 , 𝑔 ∈ Bb (R). We have

𝑓 (𝑇)𝑔(𝑇) = Θ𝑀 𝑓 ◦ℎ𝑀𝑔◦ℎΘ
−1 = Θ𝑀( 𝑓 𝑔)◦ℎΘ

−1 = ( 𝑓 𝑔) (𝑇)
and

𝑓 (𝑇)∗ = Θ𝑀
𝑓 ◦ℎΘ

−1 = 𝑓 (𝑇).
(b) The dominated convergence theorem5 gives

lim
𝑛→∞

∥( 𝑓𝑛 ◦ ℎ − 𝑓 ◦ ℎ)𝑣∥ = lim
𝑛→∞

∫
𝑋

| ( 𝑓𝑛 − 𝑓 ) ◦ ℎ|2 |𝑣 |2d𝜇 = 0

for all 𝑣 ∈ 𝐿2 (𝑋, 𝜇). Thus we have 𝑓𝑛 (𝑇)𝑣 → 𝑓 (𝑇)𝑣.
□

We remark that the Spectral Theorem can be used to prove the following result showing
the utility of obtaining the spectrum:

Theorem 4.8. For a self-adjoint operator 𝑇 and 𝑐 ∈ R, we have
(a) 𝑇 ≥ 𝑐 if and only if spec𝑇 ⊂ [𝑐,∞).
(b) 𝑇 is bounded with ∥𝑇 ∥ ≤ 𝑐 if and only if spec𝑇 ⊂ [−𝑐, 𝑐].

Proof. See [8, p. 68]. □

5See [2, p. 55].
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5. Spectral Projectors

5.1. Orthogonal Projectors. We first present a quick review of projection operators:

Definition 5.1. A linear operator 𝑃 on H is called a projection operator if 𝑃 is
idempotent, that is, if 𝑃2 = 𝑃. A self-adjoint projection operator is called a orthogonal
projector.

Let 𝑃 be an orthogonal projector. We have, for any 𝑣, 𝑤 ∈ H, that
⟨𝑣 − 𝑃𝑣, 𝑃𝑤⟩ = ⟨𝑣, 𝑃𝑤⟩ − ⟨𝑣, 𝑃∗𝑃𝑤⟩ = 0.

That is, for any 𝑣 ∈ H, we have (𝐼 − 𝑃)𝑣 ⊥ R(𝑃). A similar argument shows that the
converse is also true. That is, we have that a projection operator 𝑃 is an orthogonal projector
if and only if R(𝐼 − 𝑃) ⊥ R(𝑃).

Note also that projection operators do not increase distance; ∥𝑃∥ ≤ 1.

Lemma 5.2. Let 𝑃1 and 𝑃2 be orthogonal projectors on H with R(𝑃1) ⊥ R(𝑃2).
Then 𝑃1𝑃2 = 𝑃2𝑃1 = 0 and R(𝑃1 + 𝑃2) = R(𝑃1) +R(𝑃2).

Proof. It is clear that R(𝑃1 + 𝑃2) ⊂ R(𝑃1) +R(𝑃2). We prove the opposite inclusion. For
any 𝑣 ∈ H, since 𝑃2𝑣 ⊥ R(𝑃1), we have 𝑃1𝑃2𝑣 = 0. Similarly, 𝑃2𝑃1 ≡ 0. Now, pick any
𝑣 ∈ R(𝑃1) +R(𝑃2). Then 𝑣 = 𝑃1𝑤1 + 𝑃2𝑤2 for some 𝑤1 and 𝑤2 in H. From above,

(𝑃1 + 𝑃2) (𝑃1𝑤1 + 𝑃2𝑤2) = 𝑃2
1𝑤1 + 𝑃2

2𝑤2 = 𝑃1𝑤1 + 𝑃2𝑤2 = 𝑣.

Thus 𝑣 ∈ R(𝑃1 + 𝑃2). □

5.2. Spectral Resolution. Applying indicator functions on Borel sets to self-adjoint oper-
ators gives a family of orthogonal projectors:

Definition. Let 𝐸 ⊂ R be a Borel subset and 𝑇 a self-adjoint operator. The spectral
projector of 𝑇 on 𝐸 is the orthogonal operator 𝑃(𝐸) := 1𝐸 (𝑇).

The mapping 𝐸 ↦→ 𝑃(𝐸) is called the spectral resolution of 𝑇 and can be understood
as a projection-valued measure with support spec𝑇 . Additivity holds since disjoint Borel
sets are mapped to mutually orthogonal projection operators, that is, projection operators
with mutually orthogonal images (recall Lemma 5.2).

One may think of the range of 𝑃(𝐸), where 𝐸 is a Borel subset of R, as the part of the
Hilbert space governed only by 𝐸 , independent of the other parts of the spectrum. As we
will see, the range of the projector 𝑃{𝜆} is always the nullspace of 𝑇 − 𝜆. Thus, when 𝜆 is
an eigenvalue, we have 𝑇𝑢 = 𝜆𝑢 for any 𝑢 in the eigenspace R(𝑃{𝜆}) = N (𝑇 − 𝜆). One
may thus express a self-adjoint operator 𝑇 on an infinite dimensional Hilbert space as

𝑇𝑢 =

∫
spec𝑇

𝜆 d𝑃(d𝜆)𝑢.

This is analogous to the finite dimensional case, where we have

𝑇𝑢 =

𝑁∑︁
𝑛=1

𝜆𝑛𝑃𝑛,

where operators 𝑃𝑛 project onto the eigenspaces associated with 𝜆𝑛.
This can be made rigorous. For our purpose, though, it suffices to view 𝑃(·) as orthogonal

projectors and establish its finite additivity.
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Proposition 5.3. Let 𝑇 be a self-adjoint operator in H, 𝑃 the spectral resolution of 𝑇 ,
and 𝐸, 𝐹 ⊂ R disjoint Borel sets. Then

(a) 𝑃(𝐸) is an orthogonal projector,
(b) 𝑃(∅) = 0 and 𝑃(R) = 𝐼,
(c) 𝑃(𝐸 ∪ 𝐹) = 𝑃(𝐸) + 𝑃(𝐹) has range R

(
𝑃(𝐸 ∪ 𝐹)

)
= R

(
𝑃(𝐸)

)
+R

(
𝑃(𝐹)

)
,

(d) 𝑃(𝑎, 𝑏) = 06if and only if spec𝑇 ∩ (𝑎, 𝑏) = ∅,
(e) R(𝑃{𝜆}) = N

(
𝑇 − 𝜆

)
for any 𝜆 ∈ R.

Proof. We assume H = 𝐿2 (𝑋, 𝜇) and 𝑇 = 𝑀ℎ with 𝑋 , 𝜇, and ℎ as in Theorem 4.6. Thus
we have 𝑃(𝐸) = 𝑀1𝐸◦ℎ. It is easy to check that the same statements hold for any operator
𝑇 unitarily equivalent to 𝑀ℎ.

(a) Since 1𝐸 is idempotent, we have

𝑃(𝐸)2 =
(
𝑀1𝐸◦ℎ

)2
= 𝑀12

𝐸
◦ℎ = 𝑀1𝐸◦ℎ = 𝑃(𝐸).

Similarly, since 1𝐸 is real-valued, by Proposition 2.8 we have 𝑃(𝐸)∗ = 𝑃(𝐸).
(b) Note that 1∅ ◦ ℎ ≡ 0 and 1R ◦ ℎ ≡ 1.
(c) The first statement follows from 1𝐸∪𝐹 = 1𝐸 + 1𝐹 . To show the second statement,

by Lemma 5.2, we need only show R
(
𝑃(𝐸)

)
⊥ R

(
𝑃(𝐹)

)
:

Let 𝑢 ∈ R(𝑃(𝐸)) and 𝑣 ∈ R(𝑃(𝐹)). By (a), we have 𝑢 = (1𝐸 ◦ ℎ)𝑢. Thus,
𝑢(𝑥) = 0 for all a.e. 𝑥 ∉ 𝐸 . Similarly, 𝑣(𝑥) = 0 for all a.e. 𝑥 ∉ 𝐹. Since 𝐸 ∩ 𝐹 = 0,
we have ⟨𝑢, 𝑣⟩ = 0.

(d) The condition 𝑃
(
(𝑎, 𝑏)

)
= 0, that is, 1(𝑎,𝑏) ◦ ℎ = 0 a.e., is equivalent to (𝑎, 𝑏) ∩

ess ran ℎ = ∅, and ess ran ℎ = spec 𝑀ℎ by Proposition 3.11.
(e) Let 𝑢 ∈ 𝐿2 (𝑋, 𝜇). The condition (ℎ − 𝜆)𝑢 = 0 is equivalent to 𝑢 = 0 a.e. when

ℎ − 𝜆 ≠ 0. This happens if and only if 𝑢 = (1{𝜆} ◦ ℎ)𝑢 = 𝑃{𝜆}𝑢, which means
precisely 𝑢 ∈ R(𝑃{𝜆}) since 𝑃{𝜆} is an orthogonal projector.

□

By analyzing spectral projectors associated with different Borel sets, we can isolate the
effect of different parts of the spectrum. Bounds of these Borel sets enable us to create
useful estimates:

Proposition 5.4. Let 𝑇 and 𝑃 be as above, and 𝜆 ∈ R.
(a) Let 𝑃𝜖 := 𝑃(𝜆 − 𝜖, 𝜆 + 𝜖). Then for all 𝑣 ∈ R(𝑃𝜖 ) ⊂ D(𝑇) we have

∥(𝑇 − 𝜆)𝑣∥ ≤ 𝜖 .

(b) Let 𝑣 ∈ 𝑃[𝜆,∞)D(𝑇). Then
⟨𝑣, 𝑇𝑣⟩ ≥ 𝜆∥𝑣∥2.

Proof. Again, we assume H = 𝐿2 (𝑋, 𝜇) and 𝑇 = 𝑀ℎ, with 𝑋 , 𝜇, and ℎ as in Theorem 4.6.
(a) Let 𝑢 ∈ 𝐿2 (𝑋, 𝜇) and 𝑣 := 𝑃𝜖 𝑢 = (1(𝜆−𝜖 ,𝜆+𝜖 ) ◦ ℎ)𝑢. We check first that 𝑣 ∈ D(𝑇):

When 𝑥 ∉ (𝜆 − 𝜖, 𝜆 + 𝜖) we have 𝑣 = 1(𝜆−𝜖 ,𝜆+𝜖 ) ◦ ℎ = 0. Thus, for all 𝑣 ≠ 0,
there holds 𝑥 ∈ (𝜆 − 𝜖, 𝜆 + 𝜖) and then |ℎ| ≤ |𝜆 | + 𝜖 . We then have∫

𝑋

|ℎ𝑣 |2 d𝜇 ≤
∫
{𝑥∈𝑋:𝑣(𝑥 )≠0}

(
|𝜆 | + 𝜖

)2 |𝑣 |2 d𝜇 =
(
|𝜆 | + 𝜖

)2∥𝑣∥2 < ∞.

This gives 𝑣 ∈ D(𝑀ℎ).

6We write 𝑃 (𝑎, 𝑏) = 𝑃 ( (𝑎, 𝑏) ) for clarity.
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Similarly, for all 𝑣 ≠ 0, from 𝑥 ∈ (𝜆 − 𝜖, 𝜆 + 𝜖) we know |ℎ − 𝜆 | ≤ 𝜖 . The
estimate then follows:

∥(𝑀ℎ − 𝜆)𝑣∥2 ≤
∫
{𝑥∈𝑋:𝑣(𝑥 )≠0}

𝜖2 |𝑣 |2 d𝜇 = 𝜖2∥𝑣∥2 ≤ 𝜖2∥𝑢∥2.

(b) Let 𝑢 ∈ D(𝑀ℎ) and 𝑣 := 𝑃[𝜆,∞)𝑢 = (1[𝜆,∞) ◦ ℎ)𝑢. As above, we have 𝑣 =

1[𝜆,∞) ◦ ℎ = 0 for all 𝑥 < 𝜆, and thus ℎ ≥ 𝜆 when 𝑣 ≠ 0. Therefore,

⟨𝑣, 𝑀ℎ𝑣⟩ =
∫
𝑋

ℎ|𝑣 |2 d𝜇 ≥
∫
{𝑥∈𝑋:𝑣(𝑥 )≠0}

𝜆 |𝑣 |2 d𝜇 = 𝜆∥𝑣∥2.

□
5.3. Discrete and Essential Spectrum.

Definition 5.5. Let𝑇 be a self-adjoint operator in H. The discrete spectrum specdisc 𝑇
is the set of 𝜆 ∈ spec𝑇 such that 𝑃(𝜆 − 𝜖, 𝜆 + 𝜖) has infinite rank for all 𝜖 > 0. The
essential spectrum of 𝑇 is defined as

specess 𝑇 := spec𝑇 \ specdisc 𝑇.

Proposition 5.6. Let 𝑇 be a self-adjoint operator in H. A complex number 𝜆 is in the
discrete spectrum of 𝑇 if and only if 𝜆 is an eigenvalue of 𝑇 of finite multiplicity and
an isolated point of spec𝑇 (such eigenvalues are called discrete eigenvalues).

Proof. Let 𝜆 ∈ specdisc 𝑇 . By Proposition 5.3 and definition of the discrete spectrum, there
exists some 𝜖0 > 0 such that 𝑁 := dimR

(
𝑃(𝜆 − 𝜖0, 𝜆 + 𝜖0)

)
is finite and nonzero. Now,

note that the function
(0, 𝜖0) −→ {1, · · · , 𝑁}, 𝜖 ↦−→ 𝑃(𝜆 − 𝜖, 𝜆 + 𝜖).

is nondecreasing (recall the partial ordering of self-adjoint operators; see Definition 2.4).
There, thus, exists a 𝜖1 ∈ (0, 𝜖0) such that 𝑃1 := 𝑃(𝜆 − 𝜖, 𝜆 + 𝜖) is constant for all 𝜖 in the
interval (0, 𝜖1) ⊂ (0, 𝜖0). We then have by Proposition 4.7 (b) that

𝑃(𝜆 − 𝜖, 𝜆 + 𝜖) ≡ 𝑃1 −→ 𝑃{𝜆}
in the strong operator topology as 𝜖 → 0+. This gives 𝑃1 = 𝑃{𝜆}. Thus R(𝑃{𝜆}) =

R(𝑃1) > 0 and 𝜆 ∈ specp 𝑇 . Next, choose a fixed 𝜖2 ∈ (0, 𝜖1) and note that
𝑃{𝜆} = 𝑃1 = 𝑃(𝜆 − 𝜖2, 𝜆 + 𝜖2).

Thus the spectrum is empty in (𝜆 − 𝜖2, 𝜆) ∪ (𝜆, 𝜆 + 𝜖2). That is, 𝜆 is an isolated point of the
spectrum.

Conversely, let 𝜆 be an eigenvalue of finite multiplicity and an isolated point of the
spectrum. Then there exists 𝜖 > 0 such that the spectrum is empty in (𝜆− 𝜖, 𝜆) ∪ (𝜆, 𝜆 + 𝜖).
Thus

dimR
(
𝑃(𝜆 − 𝜖, 𝜆 + 𝜖)

)
= dimR

(
𝑃{𝜆}

)
< ∞.

□
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6. The Min-Max Theorem

The min-max theorem gives a variational characterization to the discrete eigenvalues
below the essential spectrum, relating them to the Rayleigh quotient ⟨𝑢,𝑇𝑢⟩

⟨𝑢,𝑢⟩ , which one
may think of as a measure of how much 𝑇 stretches 𝑢 in the direction of 𝑢 itself. Given the
constraint 𝑢 ∈ 𝑊 , where 𝑊 is a one dimensional subspace, we can then expect the Rayleigh
quotient to be maximized when 𝑢 is in the eigenspace contained in𝑊 that is associated with
the largest eigenvalue, and taking the minimum over all possible constraints 𝑊 gives the
lowest eigenvalue. Larger eigenvalues can then be obtained by increasing the dimension of
𝑊 to filter out smaller ones. This provides the intuition for the following:

Theorem 6.1 (Min-Max Theorem). Let 𝑇 be a self-adjoint operator whose spectrum
is bounded below. Let Λ𝑘 denote the set of subspaces of D(𝑇) of dimension 𝑘 and
define

𝛼𝑘 := inf
𝑊∈Λ𝑘

sup
𝑢∈𝑊\{0}

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩

for 𝑘 ∈ N.
Then the sequence (𝛼𝑘) is non-decreasing, and for each 𝑘 , one and only one of the

following holds:
(a) 𝛼𝑘 is the 𝑘th eigenvalue (arranged in increasing order and counted with mul-

tiplicity) and there are at least 𝑘 eigenvalues below the essential spectrum.
(b) 𝛼𝑘 = inf specess 𝑇 and there are at most 𝑘 − 1 eigenvalues below the essential

spectrum.

Proof. For any 𝑛, we have (think adding and relaxing constraints)

inf
𝑊∈Λ𝑛+1

sup
𝑢∈𝑊\{0}

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩ ≥ inf

𝑊∈Λ𝑛+1
inf

𝑉∈Λ𝑛

𝑉⊂𝑊

sup
𝑢∈𝑉\{0}

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩ ≥ inf

𝑉∈Λ𝑛

sup
𝑢∈𝑉\{0}

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩ .

So the sequence (𝛼𝑛) is non-decreasing.
Next, let Σ := inf specess 𝑇 (set Σ := ∞ if specess 𝑇 is empty). Denote the 𝑘th eigenvalue

(counting multiplicities) in (−∞, Σ) by 𝐸𝑘 and the associated eigenvector 𝜙𝑘 , where 𝑘 ∈
{1, · · · , 𝑁} with 𝑁 ∈ N ∪ {∞}. By Theorem 3.9, we may assume that the set of 𝜙𝑘 form
an orthonormal family. Let 𝑉𝑛 := span{𝜙1, · · · , 𝜙𝑛} ∈ Λ𝑛. For any 𝑢 ∈ 𝑉𝑛, there holds

⟨𝑢, 𝑇𝑢⟩ =
〈

𝑛∑︁
𝑗=1

〈
𝜙 𝑗 , 𝑢

〉
𝜙 𝑗 ,

𝑛∑︁
𝑗=1

〈
𝜙 𝑗 , 𝑢

〉
𝐸 𝑗𝜙 𝑗

〉
=

𝑛∑︁
𝑗=1

𝐸 𝑗

��〈𝜙 𝑗 , 𝑢
〉��2 ≤ 𝐸𝑛

𝑛∑︁
𝑗=1

��〈𝜙 𝑗 , 𝑢
〉��2 = 𝐸𝑛∥𝑢∥2.

Thus, 𝛼𝑛 ≤ 𝐸𝑛.
To prove the opposite inequality, let 𝑊 ∈ Λ𝑛 and 𝑃 the orthogonal projector on the

subspace span{𝐸1, · · · , 𝐸𝑛−1}. From Proposition 5.3, we know that
R

(
𝑃(−∞, 𝐸𝑛)

)
⊂ R(𝑃) ≤ 𝑛 − 1 < dim𝑊.

Thus we can always find a 𝑣 ∈ 𝑊 \ {0} such that 𝑃𝑣 = 0. Since 𝑃 is an orthogonal projector,
we have 𝑣 ∈ R

(
𝑃(−∞, 𝐸𝑛)

)
and thus 𝑣 ∈ R

(
𝑃[𝐸𝑛,∞)

)
. Proposition 5.4 then gives

sup
𝑢∈𝑊\{0}

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩ ≥ ⟨𝑣, 𝑇𝑣⟩

⟨𝑣, 𝑣⟩ ≥ 𝐸𝑛.

Thus we have 𝛼𝑛 = 𝐸𝑛.
Now, if 𝑁 = ∞, the proof is complete. Otherwise, it remains to show 𝛼𝑛 = Σ for all

𝑛 ≥ 𝑁 + 1:
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From Proposition 5.3, we have 𝑃(−∞, Σ) = ∑
𝑃{𝐸 ′

𝑗
}, where 𝐸 𝑗 are distinct eigenvalues

in (−∞, Σ). Since R
(
𝑃{𝐸 ′

𝑗
}
)

are distinct, mutually orthogonal eigenspaces, we have

dimR
(
𝑃(−∞, Σ)

)
=

∑︁
dimR

(
𝑃{𝐸 ′

𝑗 }
)
= 𝑁.

Let 𝑛 ≥ 𝑁 + 1 and 𝑊 ∈ Λ𝑛. Then there exists a 𝑣 ∈ 𝑊 \ {0} such that 𝑣 ⊥ R
(
𝑃(−∞, Σ)

)
and a similar argument as above shows that 𝛼𝑛 ≥ Σ.

To prove the opposite inequality, consider 𝑊 := R
(
𝑃(Σ − 𝜖, Σ + 𝜖)

)
with 𝜖 > 0. Since

Σ = inf specess 𝑇 , this is an infinite dimensional subspace. Let (𝑒 𝑗 ) 𝑗∈N be an orthonormal
basis of 𝑊 and set 𝑊𝑛 := span{𝑒1, · · · , 𝑒𝑛}. We then have, by Proposition 5.4 (a),

⟨𝑢, 𝑇𝑢⟩ − Σ∥𝑢∥2 ≤ |⟨𝑢, (𝑇 − Σ)𝑢⟩| ≤ ∥𝑢∥∥(𝑇 − Σ)𝑢∥ ≤ 𝜖 ∥𝑢∥2

for any 𝑢 ∈ 𝑊𝑛. This gives ⟨𝑢, 𝑇𝑢⟩ ≤ (Σ + 𝜖)∥𝑢∥2 and thus

𝛼𝑛 ≤ sup
𝑢∈𝑊𝑛 ,𝑢≠0

⟨𝑢, 𝑇𝑢⟩
⟨𝑢, 𝑢⟩ ≤ Σ + 𝜖 .

We complete the proof by sending 𝜖 to 0. □
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