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T-local abelian groups

Let T be a set of primes. An abelian group B is said to be T-local if it
admits a structure of Zr-module, necessarily unique, where Zr is the
subring of Q of fractions with denominators prime to T. Equivalently,

the multiplication map q: B — B is an isomorphism for all primes g

notin T. We have the following observation.

Let

0——A—A A" —0

be a short exact sequence of abelian groups. If any two of A', A, and
A" are T-local, then so is the third.
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Localization of abelian groups

The localization at T of an abelian group Aisamap ¢: A— Artoa
T-local abelian group A7 which is universal among such maps. This
means that any homomorphism f: A — B, where B is T-local, factors
uniquely through ¢. Thus there is a unique homomorphism f that
makes the following diagram commute.
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We can define ¢ explicitly by setting At = A® Zt and letting

¢(a) =a® 1. Clearly Ais T-local if and only if ¢ is an isomorphism.
Since Z7 is a torsion free abelian group, it is a flat Z-module. We
record the following important consequence.

Localization is an exact functor from abelian groups to Zr-modules.
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We shall focus on cohomology when defining localizations of spaces.
In preparation for this, we describe the homological behavior of
localization of abelian groups.

Theorem
The induced map

Gx: H*(A;ZT) — H*(AT; ZT)

is an isomorphism for all abelian groups A. If B is T-local, then the
homomorphism : 3

H.(B;Z) — H.(B;Z7)
induced by the homomorphism 7, — Zt is an isomorphism and thus

H.(B;Z) is T-local in every degree.
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Proof. For a group G, a commutative ring R, and an R-module M,
H.(G: M) = Tor™®N (R, M) = H,(K(G, 1); M),

so we can prove this using algebra, topology, or a combination.

Any module over a PID R is the colimit of its finitely generated
submodules, and any finitely generated R-module is a finite direct sum
of cyclic R-modules. We apply this with R = Z and R = Zr. In these
cases, the finite cyclic modules can be taken to be of prime power
order, using only primes in T in the case of Zr, and the infinite cyclic
modules are isomorphic to Z or to Zr.
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The localization functor commutes with colimits since it is a left adjoint,
and the homology of a colimit of abelian groups is the colimit of their
homologies. To see this topologically, for example, one can use the
standard simplicial construction of classifying spaces to give a
construction of K(A, 1)’s that commutes with colimits, and one can
then use that homology commutes with colimits.

Finite sums of abelian groups are finite products, and
K(A 1) x KA, 1)~ K(Ax A, 1).

By the Kinneth theorem, the conclusions of the theorem hold for a
finite direct sum if they hold for each of the summands. This reduces
the problem to the case of cyclic R-modules.
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One can check the cyclic case directly, but one can decrease the
needed number of checks by using the Lyndon-Hochschild-Serre
(LHS) spectral sequence. That spectral sequence allows one to
deduce the result for cyclic groups of prime power order inductively
from the result for cyclic groups of prime order.

Thus suppose first that A is cyclic of prime order q. Since Z7 is
T-local, so are both the source and target homology groups. We focus
on the reduced homology groups since K(m, 1)’s are connected and
the zeroth homology group with coefficients in R is always R.

If g =2, K(A,1) = RP> and if g is odd, K(A, 1) is the analogous lens
space S*/A. In both cases, we know the integral homology explicitly
(e.g., by an exercise in Concise, p. 103). The non-zero reduced
homology groups are all cyclic of order q, that is, copies of A. Taking
coefficents in Zt these groups are zero if g ¢ T and Aif g € T, and of
course Ar =0ifg¢ T and Ar = Aif g € T. Thus the conclusions hold
in the finite cyclic case.
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Finally, consider A = Z, so that A7 = Z1. The circle S' is a K(Z, 1).
Our first example of a localized space is S, which not surprisingly
turns out to be K(Zt,1).

A7 can be constructed as the colimit of copies of Z together with the
maps induced by multiplication by the primes not in T. For example, if
we order the primes g; not in T by size and define r, inductively by
ry=qgyand ry, =rp_1qy---qn = qf - .. ga, then Zg is the colimit over n
of the maps r,: Z — Z.

We can realize these maps on 71(S') by using the r," power map

S' — S'. Using the telescope construction (Concise, p. 113) to
convert these multiplication maps into inclusions and passing to
colimits, we obtain a space K(Zr, 1); the van Kampen theorem gives
that the colimit has fundamental group Zt, and the higher homotopy
groups are zero because a map from S” into the colimit has image in a
finite stage of the telescope, which is equivalent to S'.
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The commutation of homology with colimits gives that the only
non-zero reduced integral homology group of K(Zr, 1) is its first, which
is Zt by the Hurewicz theorem.

An alternative proof in this case uses the LHS spectral sequence of the
quotient group Z1/Z. Groups such as this will play an important role in
completion theory and will be discussed later. The spectral sequence
has the form

Es,q = Hp(Z1/Z; Hy(Z; Z7)) = Hp1q(ZT; ZT).

The group Zt/Z is local away from T, hence the terms with p > 0 are
zero, and the spectral sequence collapses to the edge isomorphism

Oy H*(Z,ZT) — H*(ZT;ZT)~
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The induced map

¢*: H(Ar; B) — H*(A; B)

is an isomorphism for all Z-modules B.

On H', by the representability of cohomology and the topological
interpretation of the cohomology of groups, this says that

¢ [K(A7,1),K(B,1)] — [K(A,1),K(B,1)]

is an isomorphism. On passage to fundamental groups, this recovers
the defining universal property of localization. For any groups G and
H, passage to fundamental groups induces a bijection

[K(G,1),K(H,1)] = Hom(G, H).

(This is an exercise in Concise, p. 119). In fact, the classifying space
functor from groups to Eilenberg—Mac Lane spaces (Concise, p. 126)
gives an inverse bijection to .
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Localizations of spaces

We take all spaces to be path connected.

Definition

Amap¢: X — Y is a Zr-equivalence if the induced map
& Ho(X;Z1) — H.(Y;Z7) is an isomorphism.

It is equivalent that the induced map ¢*: H*(Y; B) — H*(X; B) is an
isomorphism for all Zr-modules B.

Definition

A space Z is T-local if¢*: [Y,Z] — [X, Z] is a bijection for all
Zr-equivalences&: X — Y.
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Diagrammatically, this says that for any map f: X — Z, there is a
map f, unique up to homotopy, that makes the following diagram
commute up to homotopy.

Definition
A map ¢: X — X7 from X into a T-local space Xt is a localization at
T if ¢ is a Zt-equivalence.
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This prescribes a universal property. If f: X — Z is any map from X
to a T-local space Z, then there is a map f, unique up to homotopy,
that makes the following diagram commute.

Therefore localizations are unique up to homotopy if they exist.

On the full subcategory of connected spaces in Ho.7 that admit
localizations at T, localization is functorial on the homotopy category.
Foramap f: X — Y, there is a unique map fr: Xt — Y7 in Hos
such that ¢ o f = fr o ¢ in Ho.7, by the universal property.
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When specialized to Eilenberg—Mac Lane spaces K(A, 1), these
definitions lead to alternative topological descriptions of T-local abelian
groups and of the algebraic localizations of abelian groups at 7. The
proofs are exercises in the use of the representability of cohomology.

Proposition
An abelian group B is T-local if and only if the space K(B, 1) is T-local.

Proof. If Bis T-local and £: X — Y is a Zr-equivalence, then
¢ H'(Y;B) — H'(X; B)
is an isomorphism. Since this is the map
£ [Y,K(B,1)] — [X,K(B,1)],

K(B, 1) is T-local.
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Conversely, if K(B, 1) is T-local, then the identity map of K(B, 1) is a
Zt-equivalence to a T-local space and is thus a localization at T.
However, the map ¢: K(B,1) — K(Br, 1) that realizes ¢: B — Br
on fundamental groups is also a Zr-equivalence. Therefore ¢ is also a
localization at T. By the uniqueness of localizations, ¢ must be an
equivalence and thus ¢: B — By must be an isomorphism.

An abelian group B is T-local if and only if the homomorphism
& H*(Y; B) — H*(X; B) induced by any Zr-equivalence {: X — Y
is an isomorphism.

Proof. If B has the cited cohomological property, then K(B, 1) is
T-local by the representability of cohomology, hence B is T-local. The
converse holds by the definition of a Zr-equivalence.
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Proposition

A homomorphism ¢: A — B of abelian groups is an algebraic
localization at T if and only if the map, unique up to homotopy,

¢: K(A,1) — K(B,1)

that realizes ¢ on m is a topological localization at T.

Proof. If ¢: A — B is an algebraic localization at T, then
¢: K(A, 1) — K(B,1) is a Zr-equivalence. Since K(B, 1) is T-local,
this proves that ¢ is a topological localization. Conversely, if
¢: K(A,1) — K(B, 1) is a localization at T and C is any T-local
abelian group, then the isomorphism

¢*: H1(K(Bv 1)7 C) — H1(K(A71)7 C)
translates by representability and passage to fundamental groups into
the isomorphism

¢*: Hom(B, C) — Hom(A, C)

which expresses the universal property of algebraic localization.
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Localization of Eilenberg—Mac Lane spaces K(A, n).

If B is a T-local abelian group, then K(B, n) is a T-local space and
H.(K(B,n);Z) is T-local in each degree. For any abelian group A, the
map ¢: K(A,n) — K(Ar, n), unique up to homotopy, that realizes the

localization ¢: A — At on rp, is a localization at T.

Proof. If £: X — Y is a Zt-equivalence, then
E* : [Y7 K(B7 n)] — [Xa K(Ba n)]

is the isomorphism induced on the nth cohomology group. Thus
K(B, n)is T-local.
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From here we proceed by induction. For n > 2, we may write
QK(A,n) = K(A,n—1). Then ¢ induces a map of path space fibrations

K(A,n—1)—— PK(A,n) —— K(A, n)

| l X

K(AT, n— 1) — PK(AT, n) — K(AT, n).

This induces a map of Serre spectral sequences converging to the
homologies of contractible spaces. The map Q¢ on fibers realizes ¢ on
mnh_1, and we assume inductively that it is a Zr-equivalence. By the
comparison theorem for spectral sequences, it follows that the map ¢
on base spaces is also a Zr-equivalence.

Finally, taking A = B to be T-local, we prove that H,(K(B, n),Z) is
T-local by inductive comparison of the Z and Z homology Serre

spectral sequences of the displayed path space fibrations. Starting
with the case n = 1, we find that

H.(K(B,n),Z) =~ H.(K(B, n),Z7).

J Peter May (University of Chicago) Localization and completion August 3, 2020 19/65



Localizations of simple spaces

Our construction is based on a special case of the dual Whitehead
theorem. Take <7 to be the collection of Zr-modules. Then that result
takes the following form, which generalizes the fact that K(B, n) is a
T-local space if B is a T-local abelian group.

Every Zt-tower is a T-local space. \
Every simple space X admits a localization ¢: X — Xt. \

Proof. Let A, = 7x(X). We may assume without loss of generality that
X is a Postnikov tower lim X, constructed from k-invariants

k": Xn — K(Anps1,n+2). Here Xy = %, and we let (Xp) 7 = *.
Assume inductively that a localization ¢,: X, — (X,) 71 has been
constructed.
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Consider the following diagram, in which
K(Ap+1,n+1) = QK(Apt1,n+2).

kn+2

K(Ans1,n+1) X1 X, K(Ans1,n+2)

|
Qd’i | Pni1 l¢n \qu
\

K((Ans1)1,n+1) — (Xn1) 7 — (Xn) K((Ant1)T.n+2)

e
"k

Since ¢p, is a Zr-equivalence and K((An1)7,n+ 2) is a Zr-local
space there is a map (k"™2)r, unique up to homotopy that makes the
right square commute up to homotopy. The space X, 1 is the fiber
Fk"2, and we define (X,,1)7 to be the fiber F(k"*2)7.

There is a map ¢, 1 that makes the middle square commute and the
left square commute up to homotopy. Then (X,.1)7 is T-local since it
is a Zt-tower. We claim that ¢, 1 induces an isomorphism on
homology with coefficients in Z1 and is thus a localization at T.
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Applying the Serre spectral sequence to the displayed fibrations, we
obtain spectral sequences

Eg,q = HP(X”; HQ(K(AH-H N+ 1)? ZT)) = Hp+q(Xn+1 , ZT)

EZ ¢ = Ho((Xn)7i Ho(K((Ant1) 7, n+ 1) Z7)) = Hprg((Xns1) 13 Z7)

and a map between them. The induced map on the homology of fibers
is an isomorphism. Since ¢, is a localization at T and thus a
Zr-equivalence, the map on E? terms is an isomorphism. It follows
that ¢, is @ Zr-equivalence, as claimed.

Let X7 =lim(Xp)r and ¢ =lim¢p: X — X7. Then ¢ is a
Zt-equivalence and is thus a localization of X at T.
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Completions of abelian groups

We develop completion at T for abelian groups and simple spaces.
There is a choice here. It is usual to focus on a single prime p, and
there is no loss of information in doing so since completion at T turns
out to be the product over p € T of the completions at p, and similarly
for all relevant algebraic invariants. More Concise chose to work with
sets of primes, but you may prefer to concentrate on a single fixed
prime, as in all other sources.

In contrast to localization, completions of abelian groups can sensibly
be defined in different ways, and the most relevant definitions are not
standard fare in basic graduate algebra courses, so I'll try to go slow.
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p-adic completion

It is usual to define the completion of an abelian group A at a given
prime p to be the p-adic completion

Ap = lim(A/p'A),

where the limit is defined with respect to the evident quotient
homomorphisms g,: A/p"*'A — A/p’A. The limit can be displayed in
the short exact sequence

0— Ay — x,A/p'A-S 5, A/Ip'A— 0,

where /* is the difference of the identity map and the map whose rt"
coordinate is the composite of the projection to A/p"*'A and g;. (Since
the g, are epimorphisms, .* is an epimorphism; see Concise p. 147.)
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This definition will not fully serve our purposes since p-adic completion
is neither left nor right exact in general, and exactness properties are
essential to connect up with topology. The Artin-Rees lemma implies

the following result.

When restricted to finitely generated abelian groups, the p-adic
completion functor is exact.

When A = Z, we write Z,, instead of Zp for the ring of p-adic integers;
we abbreviate Z/nZ to Z/n.
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The p-adic completion functor takes values in the category of
Zp-modules. The action is given by the evident natural maps

imZ/p" @ limA/p"A— lim(Z/p" @ A/p"A) = lim A/p"A.

When A is finitely generated, p-adic completion is given by the map
Y: A— A® Z, specified by ¢(a) = a® 1, this again being a
consequence of the Artin-Rees lemma. In this case, the alternative
notion of completion at p that we shall give shortly agrees with p-adic
completion. Since Z, is torsion free, it is a flat Z-module, in line with
the previous lemma.

Even if we restrict to finitely generated abelian groups, we notice one
key point of difference between localization and completion. While a
homomorphism of abelian groups between p-local groups is
necessarily a map of Z,)-modules, a homomorphism of abelian
groups between p-adically complete abelian groups need not be a
map of Zp-modules.
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Derived functors of p-adic completion

To overcome the lack of exactness of p-adic completion in general, we
consider the left derived functors of the p-adic completion functor. Left
derived functors are usually defined only for right exact functors, in
which case the 0 left derived functor agrees with the given functor.

However, the definition still makes sense for functors that are not right
exact. We shall not go into the general theory of derived functors
since, for our present purposes, the abstract theory is less useful than
a concrete description of the specific example at hand.

The left derived functors of p-adic completion are given on an abelian
group A by first taking a free resolution

0—F —F—A—0

of A, then applying p-adic completion, andAfinaIIy taking the homology
of the resulting length two chain complex f;, — Fp.
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Thus the left derived functors of p-adic completion are defined by
Lo(A) = coker (Fy — Fp) and L{(A) = ker (Fp — Fp).

These groups are independent of the choice of resolution, as one
checks by comparing resolutions, and they are functorial in A. The
higher left derived functors are zero. We have a map of exact
sequences

0 F’ F A 0
|
R N \
0 LA Fy F, LoA 0

It induces a natural map

b A— LoA.
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Since kernels and cokernels of maps of Z,-modules are Z,-modules,
since a free abelian group is its own free resolution, and since p-adic
completion is exact when restricted to finitely generated abelian
groups, we have the following observations.

Proposition
The functors Ly and Ly take values in Zp-modules. If A is either a

finitely generated abelian group or a free abelian group, then LyA = Z\p,
L1A=0, and ¢: A— LyA coincides with p-adic completion.

We usually work at a fixed prime, but we write Lg and L‘1’ when we need
to record the dependence of the functors L; on the chosen prime p.
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Definition

Fix a prime p. We say that the completion of A at p is defined if
L1A =0, and we then define the completion of A at p to be the
homomorphism ¢: A — LyA. We say that A is p-complete if
¢: A— LoA is an isomorphism. As we shall see shortly, if A is
p-complete, then L1A = 0.

| \

Example

We have seen that finitely generated and free abelian groups are
completable and their completions at p coincide with their p-adic
completions.

Example

Zp ® ZLp and 7/ p> (see below) are Zp-modules that are not
p-complete.
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The essential exactness property of our derived functors, which is

proven in the same way as the long exact sequences for Tor and Ext,
reads as follows.

Lemma
For a short exact sequence of abelian groups

0 —A—A—-A —0,
there is a six term exact sequence of Zp-modules
0 — LA — LHA— LA — LgA — [(A — LGA” — 0.

This sequence is natural with respect to maps of short exact
sequences.
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Reinterpretation in terms of Hom and Ext

These derived functors give a reasonable replacement for p-adic
completion, but they may seem unfamiliar and difficult to compute.
However, they can be replaced by isomorphic functors that are more
familiar and sometimes more easily computed.

Define Z/p to be the colimit of the groups Z/p" with respect to the
homomorphisms p: Z/p" — Z/p"+" given by multiplication by p.

Verify that 7./ p> = Z[p~ ']/ Z. \

For a prime p and an abelian group A, define E,A to be Ext(Z/p>, A)
and define HpA to be Hom(Z/p>, A).

J Peter May (University of Chicago) Localization and completion August 3, 2020 32/65



EpA = 0 if Ais a divisible or equivalently injective abelian group!

Write Hom(Z/p", A) = A, for brevity. We may identify A, with the
subgroup of elements of A that are annihilated by p’.

Proposition
There is a natural isomorphism

HpA = lim Ay,

where the limit is taken with respect to the maps p: A, 1 — A, and
there is a natural short exact sequence

0—limA — EpA i> /2\p — 0.
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The exact sequence

0—>ZLr>Z—>Z/p’—>O

displays a free resolution of Z/p", and the sum of these is a resolution
of ®,Z/p". Since Hom(Z, A) = A, we may identify Ext(Z/p", A) with
A/p"A. Moreover, we have maps of free resolutions

pr+1

0 Z Z Z/p* ——=0

T

Z Z/p" 0.

The colimit Z/p* fits into a short exact sequence

0 — @ Z/p" - & Z/p" — Z/p> — 0.

J Peter May (University of Chicago) Localization and completion August 3, 2020



Writing 1, for the image of 1inZ/p", .(1;) = 1, — p1,11. The resulting
six term exact sequence of groups Ext(—, A) takes the form

0 — HpA — 5, A -5 x, A — EpA — x,A/p'A - x,A/p'A—0

The first map .* is the difference of the identity map and the map
whose ri" coordinate is p: Ay — A;. Its kernel and cokernel are
lim A, and lim'A,. The second map ¢* is the analogous map whose
kernel and cokernel are A, and 0.

J Peter May (University of Chicago) Localization and completion August 3, 2020 35/65



Any torsion abelian group A with all torsion prime to p satisfies

Hp(Z/p>) is a ring under composition, and by inspection it is
isomorphic to the ring Zp.

Ep(Z/p>) = 0 since it is a quotient of Ext(Z/p>, Z[p~']) = 0.
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The following observation shows that E,A is isomorphic to Ay in the
situations most often encountered in algebraic topology.

If the p-torsion of A is of bounded order, then Hp,A = 0 and
¢: EpA — Ap is an isomorphism.

IfA=®,>1Z/p", then EpA is not a torsion group, the map
£: EpA — Z\p is not an isomorphism, and A is not p-complete.
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Proposition
There are natural isomorphisms

Lo(A) =Ep,A and Ly(A) = HpA
Moreover ¢: A — LyA coincides with the connecting homomorphism
d: A= Hom(Z,A) — Ext(Z/p>, A) = EpA.

associated with the short exact sequence

0 —27Z—2Zp '] — Z/p>®° — 0.
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Let
0—F —F—A—0

be a free resolution of A. From this sequence we obtained the exact
sequence A A
0 — LiA— F'p — Fp — LA — 0.

Since HpF = 0, we also have the exact sequence of Ext groups
0 — HpA — EpF — EpF — Ep,A — 0.

Since EpF = IA—'p for free abelian groups F, we may identify these two
exact sequences. The last statement follows by a comparison of exact
sequences.
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Proposition

Let A be an abelian group and let B be any of A, HpA, and EpA. Then
H,B =0 andé: B— EpB is an isomorphism. Equivalently, L1B = 0
and ¢: B— LyB is an isomorphism. Therefore, if p: A — LyA is an
isomorphism, then L1A = L{L,A = 0.

Proof. Using the six term sequence of groups Ext(—, B) associated to
the short exact sequence 0 — Z — Z[p~'] — Z/p> — 0, we see
that H,B = 0 and §: B — E,B is an isomorphism if and only if

Hom(Z[p~'],B) =0 and Ext(Z[p~'],B) =0. (1)
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Certainly (1) holds if p"B = 0 for any r, so it holds for all A, and A/p"A.
If (1) holds for groups B;, then it holds for their product x;B;. Suppose
given a short exact sequence 0 — B’ — B — B” — 0. If (1) holds
for B, then

Hom(Z[p~'],B') =0

Hom(Z[p~'], B") = Ext(Z[p '], B)
Ext(Z[p~'],B") = 0.

If (1) holds for B”, then it holds for B’ if and only if it holds for B. Now
the short exact sequence defining 2\,9 implies that (1) holds for B = 2\,3,
and the four short exact sequences into which the six term exact
sequence for Hom and Ext breaks up by use of kernels and cokernels
implies that (1) holds for B = E,A and B = HpA.

As promised, this shows that p-complete groups are completable at p.
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The generalization to sets of primes

Definition
Fix a nonempty set of primes T and recall that Z[T~] is obtained by

inverting the primes in T, whereas Z 7 is obtained by inverting the
primes not in T. Define

H7A = Hom(Z[T~"/Z,A) and EtA=Ext(Z[T'/Z, A).

We say that the completion of A at T is defined if H1A = 0, and we
then define the completion of A at T to be the connecting
homomorphism

¢: A= Hom(Z,A) — ETA

that arises from the short exact sequence
0 —-7Z—2Z[T"1—2z[T ")z — 0.

We say that B is T-complete if ¢ is an isomorphism.
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Remark
The short exact sequence above gives rise to an exact sequence

0 — H7A — Hom(Z[T',A) — A — E7A — Ext(Z[T '], A) — 0,

A is completable at T if Hom(Z[T~'], A) = 0 and B is T-complete if
and only if

Hom(Z[T~",B) =0 and Ext(Z[T~'],B) =0. (2)

o
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The inclusion Z[T~'] — Q induces an isomorphism
ZIT"/2 — Q/Zr,

and Q/Zr is isomorphic to the T-torsion subgroup of Q/Z. In turn,
Q/Z is isomorphic to the direct sum over all primes p of the groups
Z/p*>. These statements are well-known in the theory of infinite
abelian groups, and | invite you to check them for yourself. It follows
that the definitions above generalize those given when T is a single
prime. Indeed, we have the chains of isomorphisms
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HrA = Hom(Z[T')/Z,A)
Hom(&pe7Z[p™"]/Z, A)
>~ Xper Hom(Z[p~']/Z, A)
= XpecTHpA

I

and

ErA = Ext'(Z[T']/z,A)
Ext'(©perZlp~'/Z, A)
> xper Ext'(Z[p7']/Z, A)
= XpeTEpA.

12

Analogously, we define A A
AT = XpeTAp'

All of these are modules over the ring Zr = X pc7Zp.
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The results we have proven for a single prime p carry over to sets of
primes.

Proposition

If A is a torsion free or finitely generated 7Z.s-module for any set of
primes S O T, thenHtA = 0 and the canonical map EtA — 2\7 is an
isomorphism; its inverse can be identified with the map

A® Z7 —s E7A induced by the action of Z+ on EtA. In particular, Et
restricts to an exact functor from finitely generated Z+-modules to
Z1-modules.

Proposition

For any abelian group A, the groups Ar, HrA, and ETA are
T-complete.
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Completions of spaces

We take all spaces to be path connected. Recall that Fr = X pe7Fp.
We have the following three basic definitions, which are written in
precise parallel to the definitions in the case of localization.

Definition

Amap&: X — Y is said to be an Fr-equivalence if
& Ho(X; Fp) — H.(X;Fp) is an isomorphism for all primes p € T.

It is equivalent that the induced map ¢*: H*(Y; B) — H*(X; B) is an
isomorphism for all Fr-modules B.

Definition

A space Z is T-complete if ¢*: [Y,Z] — [X, Z] is a bijection for all
Fr-equivalences &: X — Y.
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Diagrammatically, this says that for any map f: X — Z, there is a
map f, unique up to homotopy, that makes the following diagram
commute up to homotopy.

Definition

Amap ¢: X — Xy from X into a T-complete space Xrisa
completion at T if ¢ is an IFr-equivalence.
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This prescribes a universal property. If f: X — Z is any map from X
to a T-complete space Z, then there is a map f, unique up to
homotopy, that makes the following diagram commute.

Therefore completions are unique up to homotopy if they exist.

On the full subcategory of connected spaces in Ho.7 that admit
completions at T, completion is functorial on the homotopy category.
Foramap f: X — Y, there is a unique map fr: Xr — YrinHoo
such that ¢ o f = fr o ¢ in Ho.7, by the universal property.
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The topological definitions just given do not mention any of the
algebraic notions that we discussed Friday.

Let <71 denote the collection of all abelian groups that are completable
at T and let 1 C «/7 denote the collection of all T-complete abelian
groups. The topological definitions lead directly to consideration of #7.

The Fr-equivalences coincide with the maps that induce
isomorphisms on cohomology with coefficients in all groups in A7, and
A is the largest collection of abelian groups for which this is true.

Proof. Let €1 denote the collection of all abelian groups C such that
& H(Y;C) — H*(X; C)

is an isomorphism for all Fr-equivalences £: X — Y. Our claim is
that A1 = €. The collection €7 has the following closure properties.
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©

If two terms of a short exact sequence of abelian groups are in
%T, then so is the third term since a short exact sequence gives
rise to a natural long exact sequence of cohomology groups.

If pe T and p"C = 0, then C € ¢, as we see by (i) and induction
on r; the case r = 1 holds by the definition of an Fr-equivalence.
Any product of groups in €7 is also in €7 since H*(X; x;Cj) is
naturally isomorphic to x;H*(X; C;).

By (i), the limit of a sequence of epimorphisms f;: Cj 1 — C;
between groups in €7 is a group in €t since we have a natural
short exact sequence

0 —IlimCi — x;Ci — x;C; — 0;

the lim one error term is 0 on the right because the f; are
epimorphisms.

All groups At are in €7, as we see by (ii), (iii), and (iv).

ErAis in €7 if Ais completable at T, as we see by (i), the defining
exact sequence for Ly and Ly, and the isomorphism L1A = ETA.
Aisin ¢t if Ais T-complete since A is then completable and
isomorphic to ETA.
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This proves that 1 c ¢t. For the opposite inclusion, we observe first
that the unique map from K(Z[T~'],1) to a point is an Fr-equivalence.

Indeed, K(Z[T~'],1) is a localization of S' = K(Z, 1) away from T. Its
only non-zero reduced homology group is

A(K(zZ[T",1);z) = z[T .

Since multiplication by p € T is an isomorphism on this group, the
universal coefficient theorem implies that H.(Z[T~'],Fp) =0forpe T.

For C € €7, we conclude that H*(Z[T~'], C) = 0. By the universal
coefficient theorem again,

Hom(Z[T~",C) = H'(Z[T~'],C) =0

and
Ext(Z[T~"],C) = H?(Z[T~"],C) = 0.

This means that C is T-complete.
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A remark on profinite p-complete groups

We understand a profinite abelian group B to be the limit of a (filtered)
diagram {By} of finite abelian groups. Say that a profinite group

B = lim By is T-profinite if the By are T-torsion groups. The previous
proof implies the following observation.

All T -profinite abelian groups are in #r. \

Returning to topology, we can now relate 47 to Eilenberg-Mac Lane
spaces.
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If B is T-complete, then K(B, n) is T-complete for alln > 1.

Proof. If £: X — Y is an Fr-equivalence, then
& H*(Y; B) — H*(X; B)
is an isomorphism and thus
& Y,K(B,n)] — [X,K(B, n)]

is an isomorphism by the representability of cohomology.

By analogy with our topological description of T-local abelian groups,
we have an alternative topological description of the collection #t of
T-complete abelian groups. Just as for localization, we cannot prove
this without first doing a little homological calculation, but we defer that
for the moment.
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Proposition

An abelian group B is T-complete if and only if the space K(B,1) is
T-complete.

Proof. We have proven that if Bis T-complete, then K(B, 1) is
T-complete. Conversely, suppose that K(B, 1) is T-complete. Then
the identity map of K(B, 1) is a completion at T. Moreover,

£:0=[+K(B,1)] — [K(Z[T,1),K(B,1)]

is an isomorphism since K(Z[T~'],1) — « is an Fy-cohomology
isomorphism, as we observed in a previous proof. Using the
representability of cohomology, this gives that

Hom(Z[T~"],B) = H'(z[T~'],B) = 0.

This implies that HyB = 0, so that B is completable at T.
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We defer the proof of the following result.

The map ¢: K(B,1) — K(E7B, 1) that realizes ¢: B— E7B on
fundamental groups is an Fr-equivalence.

Here K(E7B, 1) is T-complete since ErB is T-complete. Thus ¢ is
also a completion of K(B, 1) at T. By the uniqueness of completion, ¢
must be an equivalence and thus ¢: B — E7B must be an
isomorphism.

We generalize the lemma to the following result.
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Theorem
For each abelian group A and each n > 1, there is a completion
¢: K(A,n) — K(A, n)}. The only non-zero homotopy groups of
K(A, n)% are

mn(K(A,n)}) =ETA

and
Tni1(K(A, n)/T\') = HrA,

and ¢..: mp(K(A, n)) — mp(K(A, n)}) coincides with ¢: A — ErA.

Proof. First qonsider a free abelian group F. Here we have HyF =0
and ErF = F7. We claim that the map

¢: K(F,n) — K(Fr,n)

that realizes ¢: F — IA-'T is a completion at T. We have already seen
that Fr is T-complete and therefore K(Fr, n) is T-complete. Thus we
only need to prove that ¢. is an isomorphism on mod p homology for
p € T. We proceed by induction on n. First consider the case n = 1.
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The projection Fr —» IA-'p induces an isomorphism on mod p homology
since its kernel is local away frorp p. We now use the LHS spectral
sequence of the quotient group F,/F. The spectral sequence has the
form

Es,q = Hp(Fp/F; Ho(F:Fp)) = Hpiq(Fp: Fp).

The group I:'p/F is uniquely p-divisible. One can see this, for example,
by noting that the canonical map F — l:'p is @ monomorphism of
torsion free abelian groups that induces an isomorphism upon
reduction mod p.

Alternatively, writing elements of F in terms of a basis for F and writing
integer coefficients in p-adic form, we see that elements of F/p"F can
be written in the form f + pg, where the coefficients appearing in f
satisfy 0 < a < p. For an element

(fr+ pgr) € limF/p'F C x,F/p"F

with components so written, compatibility forces (f) to come from an
element f € F, hence our given element is congruent to p(g,;) mod F.
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It follows that the terms with p > 0 are zero and the spectral sequence
collapses to the edge isomorphism

6. Ho(FFp) = B, = EgS = Hu(Fpi Fp).
For n > 1, take K(F,n— 1) = QK(F, n) and consider the map of path
space fibrations

K(F,n—1)—— PK(F,n)—— K(F,n)

| l i

K(":_Ta n— 1) PK(,:_T7n) K(ﬁT7n)‘

By the Serre spectral sequence, the induction hypothesis, and the
comparison theorem, the map

bu: Hy(K(F, n),Fp) — Hg(K(Fr,n),Fp)

is an isomorphism and therefore ¢ is a completion at T.
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Now consider a general abelian group A. Write A as a quotient F/F’ of
free abelian groups and let i: F* — F be the inclusion. We construct
a map of fibration sequences

K(F,n) —— K(A,n)——=K(F',n+1)—— K(F,n+1)

o w

K(Fr,n) —= K(A, )} —= K(Fp,n+ 1) —=K(Fr.n+ 1)

Here the map i realizes the algebraic map / on passage to 7,1 and
can be viewed as the map from the fiber to the total space of a fibration
with base space K(A, n+ 1). We take K(A, n) to be the fiber Fi and
take K(F,n) = QK(F,n+ 1). The two completion maps on the right
have been constructed, and that on the left is the loops of that on the
right.
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The map i7 is the map, unique up to homotopy, that makes the right
square commute up to homotopy, and it realizes the algebraic map i7
on passage to 1. We define K(A, n)} to be its fiber.

There is a dotted arrow map ¢ that makes the middle square commute
and the left square commute up to homotopy. This map induces an
isomorphism on mod p homology for p € T by the map of Serre
spectral sequences induced by the map of fibrations given by the left
two squares.

To show that ¢ is a completion of K(A, n) at T it remains to show that
K(A, n); is complete, which will follow once we know its homotopy
groups are complete. The bottom fibration sequence gives a long
exact sequence
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. — T (K(F7, n)) — 71 (K(A, n)}) — mpq(K(Fr n+ 1))
—s mp(K(Fr,n)) — mn(K(A, n)%) — mn(K(Fr,n+1)) — ...
By the case of free abelian groups this simplifies to
0 — 1ot (KA, n)}) — B 25 By —s mo(K(A, n)}) — 0.

The map /% is the product over p € T of the maps iy, and our algebraic
definitions and results give exact sequences

0 — HpA — Fj— Fp — EpA— 0.

The product over p € T of these exact sequences is isomorphic to the
previous exact sequence, and this gives the claimed identification of
homotopy groups. Comparison of diagrams shows that the map on n?
homotopy groups induced by ¢ is the algebraic map ¢.
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Note that we have an interesting explicit example where homotopy
groups shift dimension.

For a prime p, K(Z/p*°, n)f, is an Eilenberg—Mac Lane space
K(Zp,n+1).

Analogous dimension shifting appeared in comparing the algebraic
K-theory of an algebraically closed field, which is concentrated in odd
degrees, to topological K-theory, which is concentrated in even
degrees
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Completions of simple spaces

We construct completions here, We should record the relevant special
case of a result called the dual Whitehead theorem. Taking &7 = %71 in
that general result, it takes the following form, which generalizes the
fact that K(B, n) is T-complete if B is T-complete.

Every #r-tower is a T-complete space.

We use this result to construct completions of simple spaces. The
generalization from Eilenberg—Mac Lane spaces to nilpotent spaces
works in precisely the same way as the construction of localizations.
We need only replace the localizations K(Ar, n) by the completions
K(A, n);. The fact that the latter are not Eilenberg—Mac Lane spaces
does not change the details of the construction.

Every simple space X admits a completion ¢: X — Xr.

J Peter May (University of Chicago) Localization and completion August 3, 2020 64/65



Here Xy = *, and we let (Xp)7 = *. Assume that a completion
én: Xn — (Xn)} has been constructed and consider the following
diagram, in which K(A, +1,n+ 1) = QK(Ap1,n+ 2).

Kkn+2

K(Ani1,n+1) Xn i1 Xn K(Ani1,n+2)
I

Q(bi | Pni Jxﬁn \L¢
\

K((Ani1)pn+1) — (Xp1)p — (XH)Q(W K((Ans1)7.n+2)
T

Since ¢, is a Z3-equivalence and K((An+1)7, n+ 2) is a Fr-complete
space there is a map (k”*z)/}, unique up to homotopy that makes the
right square commute up to homotopy. The space X, 1 is the fiber
Fk+2, and we define (Xj41)% to be the fiber F(k™2)%.
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There is a map ¢, that makes the middle square commute and the
left square commute up to homotopy. (X,+1)% is T-complete since it is
a Ar-tower. To see that ¢,, 1 is @ completion at T it remains to show
that it induces an isomorphism on homology with coefficients in I, for
p € T. The proof is a comparison of Serre spectral sequences exactly
like that in the proof for localization. We define X7+ = lim(Xj)} and

¢ =lim¢n: X — XP. Then ¢ is an Fr-equivalence and is thus a
completion of X at T.
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