p-ADIC NUMBERS, HASSE-MINKOWSKI THEOREM, AND ITS
APPLICATIONS

XINGYU WANG

ABSTRACT. This paper discusses the topic of finding rational and integer so-
lutions of an equation with homogeneous polynomials of degree 2. We will
introduce the notion of p-adic numbers, Legendre symbols, Hilbert symbols,
and quadratic forms to build up to Hasse-Minkowski Theorem. Eventually, we
apply Hasse-Minkowski Theorem to prove some important results, such as the
sum of three and four squares.
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1. INTRODUCTION

Historically, mathematicians such as Fermat, Euler, Gauss, and Lagrange, had
been interested in finding integer solutions of equations involving quadratic poly-
nomials. An archetypal question is “the sum of three squares” problem, “For what
kind of integer n does x? + y? + 22 = n have an integer solution (z,y, 2)?”

The world of math soon discovered that it is easier to find solutions in fields such
as QQ instead of integral domains such as Z. An interesting problem that arises from
finding rational solutions is finding rational points on conics, which are equations
of the form ax? + by? = c.

Later, the introduction of p-adic numbers by Hensel, Minkowski, and Hasse shed
light on equations of quadratic polynomials. They converted the problem of finding
rational solutions to that of finding solutions in all p-adic number fields and the
real numbers, which turn out to be easier to work on than Q.

This paper will present answers to questions such as the sum of three and four
squares through the method of p-adic numbers. We will first define the p-adic num-
bers and understand their structure. Then we will present the Legendre symbols,
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the Hilbert symbols, and quadratic forms, which are essential elements in the state-
ment and proof of Hasse-Minkowski Theorem, one of the most fundamental results
in number theory. Finally, we will show how to use Hasse-Minkowski Theorem to
show what kind of integers are the sum of three squares of integers, or even four
squares. This paper attempts to give an overall picture, so we will omit the proofs
of some results.

The reader may entertain themselves to think about conics after reading the
paper. A conic is an equation of the form az? + by? = c¢. Not all conics have
rational points. For example, the circle 22 + y? = 1 has rational points such as
(z,y) = (1,0), but 22 + 3? = 3 does not have any rational points. The reader may
find out, after reading the paper, that whether there is a rational point depends on
how the coefficients a, b, and c relate to the real numbers R and the prime numbers.

A disclaimer before the main body is many theorems will only present results for
p as an odd prime. We do not include the cases where p = 2, because they often
yield a different result, and the proof of the theorems will take more works.

The paper assumes familiarity with linear and abstract algebra, including basic
group and ring theory.

2. p-ADIC NUMBERS

There are two most common ways of defining p-adic numbers, one analytic and
one algebraic. The analytic definition tells us that p-adic numbers are the comple-
tion of Q, with respect to the p-adic metrics. The algebraic definition puts p-adic
numbers as sequences. We will present the two definitions. Then, we will derive
the properties of the p-adic integers and p-adic numbers mostly with the algebraic
definition.

To build upon the analytic definition, let us first see the definition of p-adic
distance.

Definition 2.1. (p-adic valuation) Let p be any prime number. For any rational
number a, a # 0, we write

u
a=p"- (m € Z,u, v are not divisible by p)

We call m the p-adic valuation of a, and we denote it by m = ord,(a). As a
convention, we take ord,(0) = co.

Definition 2.2 (p-adic absolute value). If a is a rational number and p is any
prime, we define the p-adic absolute value of a as
|a‘p — p—ordp(a)
Note that |0], = 0 because ord,(0) = occ.
The definition of metric follows from the definition of the p-adic absolute value
naturally.

Definition 2.3 (p-adic metrics). Given a prime number p, we define the p-adic
metric dp(a,b) on Q by
dy(a.b) = a — b,
The reader may check that the p-adic metrics give rise to Q as a metric space

with respect to the p-adic metrics. In other words, we have defined some metrics
in Q other than our “usual” metric.
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Definition 2.4 (Analytic definition). If p is a prime number, the p-adic numbers
are the completion of Q under the p-adic metric. In other words, let S, be the
set of all Cauchy sequences in Q under the p-adic metric. We define the following
equivalence relation on Sp: (zy,)n>1 and (yn)n>1 are equivalent if given any e, we
can obtain a natural number N such that

forall n > N, |z, — ynlp < e

We define Q,, to be the set of equivalence classes.

Having defined the p-adic metrics on QQ, we now extend the sense of distance to
all of Q, for a given prime p.

Definition 2.5 (p-adic absolute value on Q). Given a prime p and a € Q,, we
define ord,(a) = oo if a = 0. If a # 0, we choose a Cauchy sequence of rational
numbers (z,,) in the equivalence class of a. Then ord,(z,) is constant for sufficiently
large n (the reader may check this using the properties of ord). We define ord,(a)
to be this constant. We let |a|, = 0 if a = 0; |a|, = p~°*%(?) otherwise.

The reader might be reminded of the construction of R as the completion of
Q from the analytic definition. In fact, as a convention, we often call Q,, = R.
One step further, the following theorem shows that the only metrics on Q are the
standard metric and the p-adic metrics.

Theorem 2.6 (Ostrowski’s Theorem). Ewvery nontrivial norm on Q is equivalent
to one of the norms | |, for some prime p or for p = oco.

We omit the proof of the above theorem, because it is irrelevant to the major
topic of this paper. The reader may check Koblitz’s book for the proof [4, p.3].
Given the above analytic definition of Q,, We define the p-adic integers as

Zp ={a € Qy | ordy(a) = 0}

The reader may check that Z, under this definition is a ring.

In our algebraic definition, however, we first define the p-adic integers, and then
Qp by taking the field of fractions. To define the p-adic integers, we introduce the
notion of inverse limit.

Definition 2.7 (Inverse Limit). Given a sequence of sets X,,, n = (1,2,3,---), and
a sequence of maps f, : X;,+1 — X,,, we define the following set

{(an)n>1 € H Xn | fulany1) = ay for alln > 1}

n>1

as the inverse limit. We denote it by mn X,

Definition 2.8 (Algebraic definition of p-adic integers). Let X,, = Z/p"Z, and let
an = fn(ant1) = apy1 (mod p™). Thus, a, = fn(ant1) € Z/p"Z. We define the
p-adic integers Z, to be ann Z/p"Z, i.e., the inverse limit of Z/p"Z.

Given two elements in the inverse limit, (a,) and (b,), we define addition and
multiplication over Z,, as (an,)+ (bn) = (an +by,) and (ay,) - (by) = (anby). fa, =0
for all n € N, then we call (a,,) the additive identity; if a, = 1 for all n € N,
then (a,) is the multiplicative identity. The reader may check that the algebraic
definition with this definition of addition and multiplication gives rise to Z, as a
ring.
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We extend the notion of absolute value to Z, in the following way. For any
a = (an) € Zp, we define ord,(a) to be the largest N such that a, = 0 for all
n < N. Then we have |a| = p~°rdr(@),

We can now check the additional fact that Z, is an integral domain.

Theorem 2.9. Z, is an integral domain.

Proof. Take any a,b € Z,,. Then |a - b| = |a| - |b|. Hence, if a-b =0, one of |a| and
|b| has to be 0. Thus, one of a and b has to be 0. O

Hence, in the algebraic definition, we can put Q, to be the field of fractions of
Ly.
The analytic and algebraic definitions of p-adic numbers are equivalent. One
may check Kato’s book [1, p.67] to understand the equivalence of the two.

Having built the definitions, we want to present a very useful tool that we will
frequently use to find and build a p-adic integer. Hensel’s Lemma is a p-adic
version of the Newtonian method of approximation. The statement and proof of
Hensel’s Lemma tells us how to construct a p-adic integer a, given a (mod p) and
a polynomial. We will give a concrete example of how Hensel’s Lemma is useful
after proving it.

Lemma 2.10 (Hensel’'s Lemma). If f(z) € Zy[z], co € Z/pZ is a root of f
(mod p), and f'(co) # 0 (mod p), then there exists a unique ¢ € Z, such that
fle) =0 and c = ¢y (mod p).

Proof. To find a p-adic integer root means to find an inverse limit ¢ = (¢y)n>1
such that f(c) = 0. Given an initial ¢y € Z/pZ, we gradually “lift” the ¢y up
to c1,¢9,-++ , where ¢; € Z/p"t1Z, such that ¢; = ¢;_; (mod p)’. For example,
¢1 = ¢o (mod p). This lifting process produces a p-adic integer that accords with
the algebraic definition. Meanwhile, since we wish this p-adic integer ¢ to be the
root of f, we need each f(c,) = 0 (mod p)"*!. Thus, our goal is to construct a
sequence ¢ = (¢p)n>0 € [[,,>1(Z/p"Z) such that the following conditions hold:

(1) f(ea) =0 (mod p)™+!

(2) ¢p =cpn—1 (mod p)™
The construction is done inductively. We will omit the basic case, the construction
of ¢; from ¢y, because the method is exactly the same as the construction of ¢,
from ¢,,_1, which we will show below. Suppose we have obtained ¢,,_; that satisfies
the above two conditions. To obtain ¢, that satisfies condition 2, we wish to find
b, € Z/p”le such that ¢, = p"b, + ¢,_1. For such ¢, to satisfy condition 1, we
“Taylor expand” f(c,). Note that eventually we want f(c,) =0 (mod p)", so we
neglect the terms that are multiples of p™.

(1) f(Cn) = f(pnbn + Cn—l)
(2) = f(cn—1) + f'(cn—1)bpp™ (mod p)"*!

We know that f(c,—1) is a multiple of p™, so f(c,—1) = p"« for some « € Z. Since
we have ¢,_1 = ¢p (mod p) inductively, f'(co) # 0 implies f'(cp—1) # 0 in Z/pZ.
Thus, f’'(¢n—1) is invertible.

Now, the equation 1 becomes

flen) =p a+ f'(cp_1)bup™  (mod p)"*.
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Since the inverse of f’(c,—1) exists and is unique in Z/pZ, as long as b, = (p —
a)(f'(en_1))" Y in Z/pZ, we will have

flen) =p"(a+ f'(eamr) - (p— a)(f'(cn=1))7")
=p"-p
=0 (mod p)"

Note that b, is unique.
Let c=co+bip+ - +byp" +---. Then f(c) = 0, because f(c) = f(c,) =0
(mod p)™ for all n € N. The uniqueness of ¢ follows from the uniqueness of b,’s. O

The following is a concrete example of the application of Hensel’s Lemma. This
example helps us see how Q,, is a field containing @Q, but it is different from R.

Example 2.11. /-1 exists in Q5.

Proof. Take f(x) = #2+1. Then f(2) = 4+1 =0 (mod 5). Hence, f/(2) =2-2=4
(mod 5). By Hensel’s Lemma, there exists a root of f(x) in Z,, and that root is

V-1 O

In the next part of this section, we will use the previous definitions and results
to show some key results on the elements and structures of Z,, and Q,,.

Let’s first introduce a representation of elements in Z, that follows from the
algebraic definition of p-adic integers. We claim that any p-adic integer a can be
represented as

(3) a=a,+arp+--+app”+---

where a; € {0,1,--- ,p — 1}. Let ’s check that a power series of the form 3 is
an element in Z,. Let z, = a ( (mod p)*). Then z,, € Z/p"Z and we have
Ty =ao+ap+---+a,_1p"*t for some a; € Z/p'Z. Similarly, we have z, | =
ag 4+ a1p+ -+ + an_op™ 2. Under this representation of , and z,_1, Tn_1 = Tn
(mod p)™~1. Thus, we have checked the sequence (z,,),>1 is indeed an inverse limit.
Thus, a gives rise to an element of Z,.

We shall also check that any element in Z, can be represented in terms of 3.
Given any = € Z,. Then by the algebraic definition of Z,, x = (x,,),>1 where
Tpy1 = T (mod p)*. We define a sequence (a,)n>0 in the following way. Let
ap = 21 and a,, = === Then a,, € Z/pZ because Tp41 = T, (mod p)". Hence,
we can represent x in terms of 3 where each coefficient in front of p? is in Z/pZ.

We call the 3 the power series representation of an element in Z,. We will use

this representation of p-adic integers in later theorems.

Theorem 2.12 (Elements in Zg). Suppose a € Zy and a = ap+a1p+---+a,p" +
-+, where a; € {0,1,--- ,p—1}. Then a € Z,; if and only if ap # 0.
Proof. If a is a unit, there exists some b € Z,, such that a-b = 1. Thus,
abmodp=1

and so,
(a mod p)(bmod p) = 1.
This is equivalent to
ag-bog=11in Z/pZ
where b = by + bip+ -+ + b,p"™ + ---. Hence, ag # 0.
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If ag # 0, then a # 0, because a Z 0 (mod p). By Hensel’s Lemma, the polyno-
mial f(z) = ax — 1 has a unique root in Z,. This root is the inverse of a, and so
a€Zy. O

After showing the power series representation of a p-adic integer, we now show
the power series representation of a p-adic number. The following theorem uses the
algebraic definition of the p-adic numbers.

Theorem 2.13. For any x € Qp, = can be uniquely written as

o0
L= Z Piai

for some m € Z=° and a; € {1,2,--- ,p—1}.

Proof. Since Q' is the field of fraction of Z,, for any x € Q,, x = §, where a,b € Z,
and b # 0. By Theorem 2.12, we write a and b as

a=ag+aip+ayp®+ -
b="bpp™ + by p™
where a;,b; € {0,1,--- ,p — 1}, and b, # 0. In other words, we write b by elim-

inating all terms with coefficients 0 and start with the m-th term with nonzero
coefficient. Collecting the p™, we have

b= pm(bm + bmy1p + berlp2 + - )

= P U
where u € Zg because b, # 0. Hence,
a_a
b P
1 a
= on -

But since u has a multiplicative inverse in Z,, ¢ € Z,. Thus, by Theorem 2.12,
o =N, cip' for some ¢; € {0,1,--- ,p—1}. But then,

u

a 1 a
b pm u
1 o0
= > '
i=0
o0
= D Citmp
i=—m

Renaming the coefficients, we get = Y ;- p'a; for some m € Z=° and a; €
0,1, ,p—1}. 0

The above theorem shows any p-adic number can be expressed as a power series
in p, and only finitely many terms have negative powers of p.

The following theorem determines the structure of Q. We want to understand
the structure of Q, in terms of rings that we are more familiar with.

Theorem 2.14. Forp # 2, (Q,) = (Z,+) X (tp-1,-) X (Zp, +), where p,,1 is
the set of the (p — 1)-th root of unity and the isomorphism is a group isomorphism.
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Proof. We divide the proof into a few steps.

Step 1. Show that (Q),-) = (Z,+) x (Z,, ).

Since Q,f = Q, — {0}, by Theorem 2.13, any a € Q, can be written uniquely
as a = p"a’ for some n € Z and a € Z;. Note that if a,b € Q*, a = p"a’ and
b=p™b', where n,m € Z and o', b’ € Z,\. Hence, a-b = p™ "'t where a'b’ € Z,,.
Thus, the group isomorphism holds.

Step 2. Show that (Z,,-) = (up—1,°) X (1 + pZyp, ).

Take any x € ZY. Then we take a = z( (mod p)), and b = a~'z. Then
a € (Z/pZ)* and b =1 (mod p).

Consider the group homomorphism f from Z; to (Z/pZ)* defined by x + x(
(mod p)). We can think of the map this way: for some = € Z,, we write it in the
power series form x = g+ x1p + -+ - z,p" + - --. Thus, f maps x to zg. By Thm
2.12, 79 # 0 since z is a unit. The kernel of f is all elements in Z) that map to
1 € (Z/pZ)*. Hence they are all of the form 1 + pz for some = € Z,. On the other
hand, any 1+pz € 1+pZ, satisfies 1 +px =1 (mod p). Hence, Ker(f) = (1+pZ,).

Take any element a € (Z/pZ)*, and let f(x) = 2P~ — 1. Then f(a) = a?~! =
1 (mod p) by Fermat’s Little Theorem. Furthermore, f'(a) = (p — 1)aP=2 # 0
(mod p) because a?~2 = a~! (mod p). Hence, by Hensel’s Lemma, there exists a
unique root z € Z, such that 27~! =1 and = = a (mod p).

Hence the map is a bijection.

Step 3. Show that (1 + pZ,,-) = (pZy, +), and so the theorem holds.

Recall the Taylor expansion of log and exp functions,

log(t) = Z %(f —1)" and exp(z)= Z %T
n=1 neo =

We claim that log and exp functions are inverses of each other, and so their domains
are isomorphic.

First, we will need the following result from Kato’s book [1, p.71] without proving
it: f ce R and ¢ > p%l, then for any n > 1 we have

(4) ne — ord,(n!) > c.
Next, take any « € (pZy,,+). Let ¢ = 1. Then since p # 2,

1
c> ]f].
By 4, for alln > 1,
n —ord,(n!) > 1.

For each term in exp(x), since ord,(z) > 1, ord,(z™) > n if n > 1. Then

n

ordp(%) >n —ordy(n!) > 1.

Thus, except when n = 0, all terms in the exponential function is divisible by p.
Thus, exp(x) € 1+ pZ,. Similarly, take t € (1 + pZy, *). We have

(=1

ord,((—1)"! )>1

for n > 1. Thus, log(xz) € pZ,. Then exp and log are inverses of each other by
similar proof when defining exp and log in R. Thus,
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Since (Zp,+) = (pZp,+) by = — pz and pr — x, we have (1 + pZ,,-) =
(pZyp,+) = (Zp,+). Together with the first two steps, we obtain the theorem. O

Lastly, we present the structure of Q /Q;? The theorem tells us about the
squares in Q.

Theorem 2.15. Ifp # 2, Q¥ /Q)? = (Z/27)>.
Proof. By Theorem 2.14, (Q),-) = (Z,+) X (ptp—1,-) X (Zp,+). We can write

() Q) = (Z,+) x (Z/(p = V)Z, +) X (Zp, +)
because (Z/(p — 1)Z,+) = (pp—1,-). Therefore,
(6) Q)% 2 (Z,+)* x (Z/(p = V)L, +)* x (Zp, +).

Since the operations of the groups on the right-hand side are addition, we have
To obtain the quotient Q,'/ ;2, we quotient each term on the right-hand side of
equations 5 and 6. Then
(Z,+)/(Z,+)* = (Z,+)/ (2L, +) = L/2Z.
Since p is even, p — 1 is odd, so
(Z/(p—1)Z,+)/(Z/(p — 1)L, +)* = Z/2L.
Note that Z,/(Zy)? = Z,/27Z, is the trivial group. Since 2 is a unit in Z,, the
ideal generated by 2 in Z, is precisely Z,,.
Therefore, for p # 2,
2 Y
Q) /Q,* 2 Z/27 x /2.

3. LEGENDRE SYMBOLS AND QUADRATIC RECIPROCITY LAW

At the end of the last section, we have started to investigate squares in Q. In
this section, we will introduce Legendre symbols, which represent if an element is
a square in Z/pZ. We will also present Quadratic Reciprocity Law of the Legendre
symbols. This is a foundational step towards the definition of Hilbert symbols and
the Hasse-Minkowski Theorem. We refer mostly to Kato’s book [1] in this section.
Definition 3.1 (Legendre symbol). For any prime number p and an integer a

coprime to p, we define the Legendre symbol (%) in the following way:

a\ _J1 ifaisasquarein Z/pZ
p) |-1 ifaisnota square in Z/pZ

Here is a simple example of the Legendre symbols.

Example 3.2. In Z/57Z, we have 1 = 12 (mod 5) and 4 = 22 (mod 5). However,
2 or 3 is not the square of any element in Z/5Z. Hence, (%) = (%) = 1, but
(3)= (=1

5 5 :

The following basic property follows from the definition of the Legendre symbol:

()=6)G)

We will now present the Quadratic Reciprocity Law, which is the key theorem
of Legendre symbols. It contains one main statement and two supplementary laws.
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Theorem 3.3 (Quadratic Reciprocity Law). Let p be an odd prime number.
(1) (Quadratic Reciprocity Law) If q is an odd prime number other than p, we

have
()= ()

(2) (First supplementary law)

1Y e ] ifp=1 (mod 4)
(p)_( ) {—1 ifp=3 (mod 4)

(8) (Second supplementary law)

<2>_(_1)p28—1 1 ifp=1,7 (mod 8)
p) -1 ip=3,5 (mod38)

Proof. The proof is not easy, and for this paper, we only need the statement of the
theorem. The curious readers may check [2, p.7-9] for the proof. O

4. HILBERT SYMBOLS AND HILBERT RECIPROCITY LAw

Hilbert symbols, like Legendre symbols, only take values in {£1}. It determines
if an equation of homogeneous quadratic polynomials has a solution in the p-adic
fields. The symbols will be used extensively in the discussion of Hasse-Minkowski
Theorem. The Hilbert symbols can be represented in terms of the Legendre sym-
bols. The Hilbert Reciprocity Law, which is equivalent to the Quadratic Reciprocity
Law, is a beautiful theorem in itself, because it tells us how all the prime numbers
reciprocate with one another.

Definition 4.1 (Hilbert Symbols). For any a,b € Q, where p is any prime or oo,
we have

(a,b) 1 if 22 — az? — by? = 0 has a solution (z,z,y) # (0,0,0) in Q,.
a,b), =
—1 otherwise.

We call (a,b), the Hilbert symbol of @ and b relative to Q,. Note that Qs = R,
and (a, ) denotes the Hilbert symbol of a and b relative to R.

In the above definition, the Hilbert symbol indicates if the equation 2% — az? —
by? = 0 has a solution in a given field. We will now show a more computation-
friendly representation of Hilbert symbol in the following theorem in terms of the
Legendre symbols.

Theorem 4.2 (Hilbert Symbols in terms of Legendre Symbols). In Q, for a given
prime p, if we write a = p®u and b = pPuv, where u and v are p-adic units, then

0 [ e
( 1)6 (uw)e(v)+aw(v)+Lw(u) pr = 2.

where e(u) = “F1 and w(u) =
Note that by our definition of Hzlbert symbols, if p =00, (a,0)0o =1 ifa >0 or

b>0; (a,0)eo = —1ifa <0 and b < 0.
Proof. See [2, p.20-22]. O

-1




10 XINGYU WANG

The Hilbert symbols in Q* satisfy the following properties. (We quote directly
from [1, p.54-55]).

Proposition 4.3 (Properties of Hilbert symbols). Let v be any prime number or
00. Suppose a,b € Q*. Then we have the following.

(1) (CL, b)v = (b7 a)v

(2) (a,bc)y = (a,b)y(a,c)y

(3) (a,—a)y, =1. Ifa # 1, then (a,1 —a), = 1.

(4) If p is an odd prime and a,b € Z(Xp), where

Lpy = {% | a,b € Z,b is not divisible by p},

then we have the following,

(a)  (a,b)p =1.

(b)  (a,pb), = (“1mode)).
(5) If a,b € Zé), then

(a) (a,b)s = {1 if.a E_l (IEOd 4) orb=1 (mod 4)
-1 ifa=b=-1 (mod 4).

(b)  (a,pb), = (“1mode)).

Proof. The proof is not difficult. The reader may check the properties using The-
orem 4.2. (I

The following result, Hilbert Reciprocity Law, is a statement that involves the
behavior of all @, for all prime p’s. It tells us that Q,’s behave much simpler than
we think: only finitely many Q,’s give different result. It shows how the prime
numbers reciprocate with one another with limited irregularity.

Theorem 4.4 (Hilbert Reciprocity Law). Let a,b € Q*. Then (a,b), is equal to
1 except for finitely many v’s, and we have

H(a,b)v =1.

v

where v runs through all the primes and oco.

Proof. By (2) of Proposition 4.3, to prove the theorem we only need to consider
cases where a or b is prime or —1. By (1) of Proposition 4.3, the order of a and b
does not affect the value of (a,b),. Thus, we only need to prove the theorem for
the following four cases:

(1) a=—-land b= —1or 2

(2) a=2and b=2

(3) ais an odd prime, and b = —1 or 2

(4) a and b are both odd primes.

Case 1 By the second half of (3) of Proposition 4.3, (2,-1), = (2,1 —-2), =1

for all v. Hence,
[Ie -1, =1

Also, by (5-1) of Proposition 4.3, (—1,—1); = —1 and (—1,-1), = 1 by (4-1) for
all odd prime v, and (—1,—1)s = —1 because z? + 22 + y? = 0 has no non-trivial
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solution. Hence,

H(—1,—1),, =1.

v

Case 2 By (2) of Proposition 4.3,
(2,2), = (2,—-1),(2, —2),.
By (3) of Proposition 4.3, (2,—2), = 1, and so (2,2), = (2,—1),. Together with
the result from Case 1, we know that (2,2), = (2,—1), = 1 for all v.
For the following two cases, we quote the results directly from Kato [1,p.56]. The
proof involves simple manipulation of Proposition 4.3 and Theorem 4.2.
Case 3
(_71) ifv=a
(a,~1), = (=)= ifv=2
1 for other v.

(2) ifv=a
a?—
(a,2)y =S (=)= ifv=2
1 for other v.

Case 4
(2) fv=a
o .
B (3) ifo="»5
(a:0), = (1) ifo=2
1 for other v

O

The relationship between Hilbert Reciprocity Law and Quadratic Reciprocity
Law is even stronger. The two are, in fact, equivalent. We have proven Hilbert
Reciprocity Law, assuming Quadratic Reciprocity Law. We shall now show the
reverse direction.

Theorem 4.5. Hilbert Reciprocity Law implies Quadratic Reciprocity Law.

Proof. The proof involves some quite simple calculations, so we will only show the
full proof of the main statement of Quadratic Reciprocity Law. We will mention
the ideas of how to prove the first and second supplementary laws.
(1) Recall the main statement of Quadratic Reciprocity Law: if ¢ is an odd
prime number other than p, we have

(0)-04()

We let a = p and b = ¢ in the statement of the Hilbert Reciprocity Law.

Then we know
II ®waoo=1

v prime

If v = 2, then by Theorem 4.2, p = 2°-p and ¢ = 2° - ¢. Hence,
p—1g—1

(P, g)2=(=1)=2 ="
If v = p, then also by Theorem 4.2, p = p! -1 and ¢ = p° - q. Hence,

(P a)p = (%)
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If v = g, then similarly (p, ¢), = (%)
If v # 2,p or g, then (p,q), = 1.

Hence,
U Elmfp’ Do = (1,9)2 (0, 0)p - (P, 0)q - #12'[ (P q)o
S (3) (2)
=1.

By the last two lines,

(- )

The proof of the first and second supplementary laws is similar. We
apply Hilbert Reciprocity Law to [[,(—1,p)» and [[,(2,p),. Then for the
first supplementary law, we examine (—1,p), for v = 2, v = p and all the
other v’s. For the second supplementary law, we examine (2, p), for v = 2,
v = p and all other primes v. Then we obtain the result.

O

5. QUADRATIC FORMS

This paper discusses homogeneous polynomials of degree 2. Such polynomials
are called quadratic forms. For example, 2 — y? and z2 + 2zy — y? are quadratic
forms. The theory of quadratic forms can simplify many degree 2 polynomials to
simpler forms. It categorizes quadratic forms to equivalence classes, and provides
invariants to each equivalence class. We will see in the proof of Hasse-Minkowski
Theorem how this simplification saves us much trouble.

There are few definitions of quadratic forms. The following is the most intuitive
and conventional one:

Definition 5.1 (Quadratic form). A quadratic form in n variables over a field k is
a function f of the form

flan e, an) = Y agaay

i,j€{1,+,n}
where a;; € k for all 4, j € {1,--- ,n}, and a;; = aj;.

Let (a;;) be a matrix called A. Then A is symmetric and we say that A is the
corresponding matrix of the quadratic form f. We call a quadratic form f non-
degenerate if det(A4) # 0. In this definition, we consider f as an element of the
polynomial ring.

Another definition of quadratic forms relates to symmetric bilinear forms.

Definition 5.2. Let V be a vector space over a field k, where char(k) # 2. A
function ) : V' — k is called a quadratic form on V if:

(1) Q(ax) = a®Q(z) fora € kand z € V

(2) The function (z,y) — Q(z +y) — Q(z) — Q(y) is a bilinear form.
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We denote

vy = 3(Q +y) ~ Q) ~ Q)

Definition 5.2 is equivalent to 5.1. We will omit the formal proof of this fact.
The reader may check [8] for the equivalence of several definitions of quadratic
forms. We want to introduce Definition 5.2 because we can talk about the dimen-
sion of a quadratic form from this fact. Hereafter, we will use the two definitions
interchangeably.

Definition 5.3 (Rank of a quadratic form). The rank of a quadratic form is the
rank of its corresponding matrix A.

Quadratic forms can be divided into equivalence classes. In fact, we shall
soon use this fact to convert all quadratic forms to the simpler ones of the form
flzi, - zn) = >, a;xz2. It will be an important step in the proof of Hasse-
Minkowski Theorem.

Definition 5.4 (Equivalence of two quadratic forms). Suppose f and ¢ are two
quadratic forms over n variables. Let A and A’ be the corresponding matrices of f
and g, respectively. We say that f ~ g if there exists an invertible matrix X such
that

A=X-A-X'

From the above definition, we have
det(A’) = (det(X))? det(A)

where det(X) € k*. Thus, for each equivalence class of quadratic forms, we can
associate a coset in k*/(k*)2. We call it the determinant of f, d(f) (and also, the
determinant of g, d(g)). It turns out that the determinant is an invariant of the
equivalence class of f, i.e., for all g ~ f, d(g) = d(f).

Any quadratic form is equivalent to a much “nicer” quadratic form, a diagonal
quadratic form. A diagonal quadratic form is a quadratic form with formula like
[z, zn) = Y1, a;a?, where a; € k. We put it formally into a theorem.

Theorem 5.5. Every quadratic form is equivalent to a diagonal quadratic form.

Proof. See Serre’s book [2, p.34]. O

The notion of “represents” is essential to this paper. A quadratic form f:V — F
represents a € F' if there exists at least one non-trivial solution « € V such that
f(z) =a.

We have mentioned two invariants of an equivalence class of quadratic forms,
the rank (we call it n(f)) and the determinant, d(f). There is a third one that
particularly relates to the p-adic fields, Q,. For any quadratic form f over Q,, we
take a diagonal quadratic form that f is equivalent to,

alx% + -+ anzi
where a; € Q. Then we let ¢,(f) = c(f) = H?<j(ai,aj)p. Note that (a;,a;), is
the Hilbert symbol. We call ¢(f) the Hasse-Minkowski invariant.

The three invariants, n(f), d(f), and ¢(f) do not depend on the choice of rep-
resentatives in the equivalence class of quadratic forms. Furthermore, there is a
theorem that shows that these three invariants are sufficient to identify a particular
equivalence class.
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Theorem 5.6. Suppose p # oco. Then n(f),d(f),c(f) is a complete set of invari-
ants of the equivalence class of f.

Proof. See [3, p.56-63]. O

The above three invariants are especially helpful in determining if a quadratic
form f represents some element in Q /Q;Q for some p-adic field Q,. Thus, we
present the following theorem.

Theorem 5.7. Let a € Q /Q;Q. Then f represents a if and only if:

(1) n=1 and a =d,

(2) n=2 and (a,—d) = ¢,

(8) n =3 and either a # —d or a = —d and (—1,—d), = c.

(4)n> 4.

Note that n denotes the rank of f, d the determinant, and ¢ the Hasse-Minkowski
invariant. The theorem holds not only for the field Qp, but also any fields if we
define their Hilbert symbols.

Proof. See Serre’s book [2, p.36-37]. O

We will use the result of Theorem 5.7 in the proof of sum of three squares.

6. HASSE-MINKOWSKI THEOREM

Having built the background, we are ready to see the essential theorem in the
paper, Hasse-Minkowski Theorem. It is important because it helps convert prob-
lems in Q into problems in R and @Q,,. Such conversion is often called “Local-Global
Principle”. The principle applies widely to number theory and geometry. Instead
of analyzing a quadratic form in Q, the global field, we can analyze it in the local
fields, at each @, and R. As we will soon see in the next section - the Application of
Hasse-Minkowski Theorem, the conversion from global to local property is helpful
because over the local fields, we only need to examine finitely many local fields,
Qp. These local fields are easier to study than Q. The reader may refer to Keith
Conrad’s notes [5] to understand the philosophy of the local-global principle.

Theorem 6.1 (Hasse-Minkowski Theorem). Let f be a quadratic form over Q.
Then f represents 0 if and only if for all v € V', the form f, represents 0.

Proof. Note that by the definition of “represents,” this statement simply means:
f =0 has a non-trivial solution in Q if and only if f = 0 has a non-trivial solution
over all Q, and R.

The forward direction is easy. Since Q C Q, for all primes p and p = oo, finding
a rational solution means finding a solution in all Q, and R.

The backwards direction needs quite some work. Let’s first simplify the qua-
dratic forms. By Theorem 5.5, all quadratic forms are equivalent to some diagonal
quadratic forms. Thus, we only need to consider quadratic forms of the form
f=ax? + -+ a,x%. As the hypothesis of the theorem, suppose f represents 0
over all Q, and R.

(The entire proof consists of four cases, namely n = 2,3,4 and n > 5. We will
only show the case of n = 3 due to time and space constraints. For the entire proof
of all numbers of variables, we recommend the reader to check [2,p.41-43] or [3,
p.78-85]. They provide two different proofs.)
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If n=3, f is of the form f = 22 — ax? — by?, where a,b,c € Q. (The coefficient in
front of z does not affect if f represents 0 or not, so we can just take it as 1.) The
proof is divided into a few steps.

Step 1 Arrange f so that a and b are square-free integers (integers that are not
squares of some integers).

We want to create a new quadratic form f’ = 22 — ax? — by?, where o’ and b
are square-free integers, so that f’ represents 0 in Q is equivalent to f represents 0
in Q. First, f represents 0 is equivalent to kf represents 0 for some k € Z. Thus,
we can convert f to some f’ with integer coefficients. If any one of the integer
coeflicients contains a square, we can extract the square-free part of the integer,
and incorporate the square part to the integer. More specifically, if a = a’a? for
some a’ not a square, and a’, a0 € Z,

2

az® + by? + c2? = d/ (ax)? + by® + 2.

If the quadratic form on the left-hand side represents 0, then so does the right-
hand side; vice versa. We can do the same manipulation to all three coefficients,
and so eventually, it is sufficient for us to consider f = 2% —ax? — by? for square-free
integers a and b.

Step 2 Apply strong induction to the integer m = |a| + |b|. Without loss of
generality, assume that |a| < |b|.

Step 2-1 Let’s examine the base case of induction. If m = 0, then 0-2240-y? = 1
has no real solution, so the hypothesis fails. If m = 1, then a = 0,b = 1. Thus, we
have solutions (z,y, z) = (£1,+1,0).

If m = 2, there are three cases corresponding to the following solution:

—2% — y? + 22 = 0 has a solution (z,y,z) = (0,1,1)
—2% + 9% 4+ 22 = 0 has a solution (z,y, z) = (1,1,0)
z? + y? 4+ 2% = 0 does not have any solution in R, so the hypothesis fails.

For m = 1,2, or 2, all quadratic forms where the hypothesis holds have rational
solutions, so the base case works.

Step 2-2 Suppose the theorem holds for all quadratic formd f up to m —1. We
want to show that the theorem holds for a quadratic form f with |a| + |b] = m.

Since b is a square free integer, b = =£p;---p, for distinct prime numbers
P1, " 5 Pn-

Step 2-2-1 We want to show that a is a square modulo b. By Chinese Remainder
Theorem, it suffices to show that a is a square modulo p; for each p;.

If a =0 (mod p);, then a is a square of 0. Since a is an integer, a € Z,,. Thus, if
a # 0 (mod p);, a is a unit in Z, (Theorem 2.12). We now introduce the following
result without proving it (the reader may refer to [2, p.14] for the proof):

Let f) e Zy[z1,- -+ ,x,] be homogeneous polynomials with p-adic integer coeffi-
cients. Then f() have a non-trivial common zero in (Q,)™ if and only if they have
a common primitive zero in (Z,)™. (A point & = (21, -+ ,Tm) € (Zp)™ is called
primitive if one of the z; is a unit.)

By our hypothesis of the theorem, 2% — az? — by? = 0 has a solution in (Q,,)3.
Thus, by the above result, it has a primitive solution (z,y, z) in (Z,)3, with one of
x,y,z # 0.

Since p; | b, p; | 2% —az?. If p; | z, then p; | 2, so p? | by?. Hence p; | y. But then
p; divides all of x,y,z. This contradicts with the fact that x,y,z are primitive.

2
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Thus, p; t x. Thus, x is invertible in Z/p;Z, and so is 22. Thus, a = 22?(x71)?
(mod p);, and so a is a square modulo p;. Hence, a is a square in Z/bZ.

Step 2-2-2 By the above result, there exists some ¢t € Z such that t* = a + bb’
for some b’ € Z. Since a is the square of t in Z/bZ, t € Z/bZ. Thus, |t| < %l.

If ¥ = 0, then a = t2, so a(%)2 +b-0% = 22. There exists a solution in Q.

If & # 0, then

t? —a
b

The last step is because m > 2 and |a| < |b], so |b] > 2.

Step 3 ax?+by? = 22 has non-trivial rational solutions if and only if ax?+b'y? =
22 has non-trivial rational solutions.

This is due to the fact that we can find a bijection between the set of rational
solutions of az? + by? = 22 and that of az? + b'y? = 22. One may refer to Kato’s
book [1,77] to see such bijection.

Step 4 By the result of Step 3, we only need to consider axz? + b'y? = 22. If
la| < |b], since we assumed by the induction hypothesis that the theorem holds for
smaller m, ax? + b'y? = 22 has rational solutions. Thus, az? + by? = 22 also has
rational solutions.

If |a] = |b|, then |b'| < |a|. This case is also of the form “|a] < [b|”. Thus, the
theorem holds again. O

V| =

t2 a |b]
<|=|+|=< =2 +1
_b+’b’_4+ < 19|

We extend Hasse-Minkowski to f represents a for some a € Q that might not be
0.

Corollary 6.2. Let a € Q*. Then f represents a in Q if and only if it does so in
all Q, and R.

Proof. We can apply Hasse-Minkowski Theorem to the quadratic form az? — f and
obtain the result. (]

7. THE APPLICATIONS OF HASSE-MINKOWSKI THEOREM

In this section, we will present and prove the motivating problem mentioned at
the beginning of the paper. “What integers are the sums of three/four squares?”
Having built the definitions of quadratic forms, we can state the question in terms
of quadratic forms, “Which integer n can be represented by the quadratic form,
2% +y? + 22, for x,y, 2 € ZT”

Tentatively, we want to apply Hasse-Minkowski Theorem, so that as long as we
find some n that can be represented by z2 + y® + 22 over all Qp and R, then n
can be represented over the integers. But Hasse-Minkowski can only tell us that
n is represented over the rationals. Thus, we shall show a theorem about finding
integer solutions to quadratic forms given the rational solutions.

Theorem 7.1 (Davenport-Cassels). Suppose a quadratic form f(zy, -+ ,x,) =
Z;L,jzl a;jTix; satisfies the following conditions:

(1) The range of f is positive.

(2) a;j’s are integers and the corresponding matriz is symmetric.

(8) For any x = (z1,--- , &) € Qp, there exists some y € Z,, such that f(x—y) <
1.

Then if f represents n in Qp, f represents n in Zy.
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Proof. Assume that f = n has rational solutions. Take ¢ > 0 to be the smallest
integer such that f = t?n has integer solution z € Z,. Since we want to show that
f itself has integer solutions, we hope to show that ¢t = 1.

By property of the quadratic forms, since f(z) = t*n, f(%) = n. Thus, £ is
a rational solution to f = n. By condition (3), there exists y € Z, such that
J(§—y) <1 Let z=§ —y.

There are two possibilities of z. If z = 0, then ¥ = y is an integer. Thus, we
have found the integer solution ¥ to f = n. Hence, t = 1.

If z # 0, we shall yield a contradiction. We will omit the technical detail of the
proof, but the idea is that we can find some 2’ € Z, such that f(z') = ¢'*n for some
0 < ¢’ < t. This contradicts our assumption that ¢ is the minimal integer. One may
refer to Serre’s book [2, p.46] for how to design such z’ and t'. O

Hence, we have shown from the above theorem that for some quadratic forms
with certain properties, having a rational solution is equivalent to having an integer
solution. We are now ready to present the most important applications of Hasse-
Minkowski Theorem.

Theorem 7.2 (Gauss sum of three squares). An integer n is the sum of three
squares of integers if and only if n > 0 and n is not of the form 4*(8b + 7), with
a,beZ.

Proof. Let f be the quadratic form 22 + y? + 22. The statement of the theorem
is equivalent to finding integer solutions to f = n for some integers n. We want
to apply Theorem 7.1 to the problem, so that as long as there is some rational
solution, there is integer solutions to f = n. Indeed, f satisfies the three conditions
listed in Theorem 7.1. The range of f is positive and the matrix is symmetric. If
we have some (z,y,2) € Q* with f(z,y,2) = n, we let /.y, 2" to be the closest
integers to z,y, z respectively. Hence, |z — 2’| < %, ly —y'| < %, and |z — 2| < %
Thus, |f(2',y,2) — f(z,y,2)| < % < 1.

To determine if x? 4+ y? + 22 represents n for some n € Q, we can appeal to
Hasse-Minkowski Theorem. For the quadratic form to represent n in R, we must
have n > 0, since x2,y?, 22 > 0 for all z,y, z € R. Since we are not looking for the
trivial solution, n > 0.

Since we are considering quadratic forms of three variables, we shall apply the
third case of Theorem 5.7. The determinant of f = 22 + y2? + 22 is d(f) = 1. By
definition of the invariant ¢, ¢,(f) = H?q(l,l)p = 1 for all p. Hence, for f to
represent n, we will need that either a # —1 or a = —1 and (—1,—-1), = 1. Note
that for n to be 1 in Q /Q;Q, it means that n needs to be a square in Q.

If p+#2, (—1,-1), = 1. Also, n is not a square in Q,. Thus, f represents n for
all positive n.

If p=2, (—1,—1)3 = —1. Thus, we have to have a # —1 € Q5 /Qx?. Thus,
—n cannot be a square in Q3. We quote the following result to complete the proof.
(The reader may refer to [2,p.18] for the proof of this result.)

For an element = = p"u of Q5 to be a square, it is necessary and sufficient that
n is even and u =1 (mod 8).

Thus, —n is not a square if and only if n # 4%(8b — 1) for some a,b € Z. O

Theorem 7.3 (Lagrange sum of four squares). Every positive integer is the sum
of four squares.
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Proof. For any positive integer n, if n is not of the form 4%(8b—1), then n is the sum
of three squares. If we take the fourth variable to be 0, we will find a representation
of n in terms of four squares.

If n = 4%(8b — 1) for some a,b € Z, then n — 1 is not of the form 4%(8b — 1).
Hence, n can be represented by the three squares of n — 1 and the square of 1. [
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