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Abstract. The aim of this paper is to prove that the space of modular forms

can be orthogonally decomposed into the space of Eisenstein series and the

space of cusp forms. However, we assume no previous knowledge of modular
forms and build them from ground up. Along the way, we develop the ma-

chinery that is required to prove the decomposition theorem and delve into

the theory of Hecke operators, Poincaré series, and Petersson inner product.
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1. Introduction

The study of modular forms dates back to the nineteenth century when they
were developed to study elliptic functions. Today they are largely known for the
central role they play in number theory, the proof of Fermat’s last theorem being
just an example. Granted, it would be unfair to overlook their connection with the
rest of mathematics. In the words of Alain Connes:

Whatever the origin of one’s journey, one day, if one walks far
enough, one is bound to stumble on a well-known town: for in-
stance, elliptic functions, modular forms, or zeta functions. “All
roads lead to Rome,” and the mathematical world is “connected.”
[1]
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We can see them turn up in the study of combinatorics, arithmetic geometry, Rie-
mann hypothesis, cryptography, analytic number theory, string theory, and the list
continues to grow.

So, what are modular forms? Modular forms are holomorphic functions on the
upper half-plane that satisfy certain growth conditions and functional equations un-
der the action of linear fractional transformations. More precisely, when a modular
form f(z) defined for a subgroup Γ ⊂ SL2(Z) is transformed by an element γ ∈ Γ,
it gets scaled by an automorphy factor jγ(z) that depends on its so-called weight.
We require the growth conditions so that we can expand f(z) as a Fourier series
in the limit as z goes to infinity. We will make it clear what this means in section
3. We shall also give a very concrete example by introducing the Eisenstein series,
which arise naturally in the study of elliptic functions and 2-dimensional lattices.

As it turns out, a fundamental property of modular forms is that they form a
finite-dimensional vector space, denoted Mk. This is really surprising since most
vector spaces of functions we are interested in are infinite-dimensional. This is true,
for instance, for the space of holomorphic functions on C. In section 2.4, we intro-
duce the dimension theorem that gives the dimension of Mk explicitly and discuss
the geometric ideas behind it.

We can define an inner product on the space of modular forms called the Pe-
tersson inner product and certain operators that are Hermitian with respect to
it. These are the Hecke operators, which have a fascinating relationship with the
so-called Poincaré series, a generalization of the Eisenstein series. Putting all of
these tools together, we conclude the paper by showing that the space of modular
forms can be decomposed into the space of Eisenstein series and their orthogonal
complement, the space of cusp forms.

We assume the reader has some familiarity with complex analysis, basic abstract
algebra, linear algebra, and basic Fourier analysis. Of course, the theory of mod-
ular forms draws from a very diverse range of topics, and some understanding of
algebraic geometry and topology is useful; however, we do not make any further
assumptions of background except for the ones mentioned.

2. Modular Forms

Definition 2.1. The principal congruence subgroup of level N is defined as

Γ(N) =

{(
a b
c d

)
∈ SL2(Z) : a ≡ d ≡ 1, b ≡ c ≡ 0 (mod N)

}
As a result, Γ(1) is just SL2(Z). Consider the homomorphism

h : SL2(Z)→ SL2(Z/NZ)

that takes the residue class modulo N of each entry of the input matrix. Then, by
definition Γ(N) = ker h. It follows that Γ(N) is a normal subgroup of Γ(1), which
means gγg−1 ∈ Γ(N) for g ∈ Γ(1) and γ ∈ Γ(N). A fact we will not prove here
about Γ(1) is that the transformations

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
generate Γ(1). A proof of this can be found in the section 1.2 of [2].
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We often want to think about arbitrary subgroups of Γ(1), so in this paper we
will always denote an arbitrary finite-index subgroup of Γ(1) by Γ unless otherwise
stated. With this in mind, we now touch on how such Γ acts on the upper-half
plane and introduce the important notion of a cusp.

2.1. Action of SL2(Z) on H. We define the upper-half plane as

H = {z ∈ C : Im(z) > 0}.

We then define the action of SL2(Z) on H by the Möbius transformation:

γ(z) =
az + b

cz + d
, γ =

(
a b
c d

)
∈ SL2(Z)

This action restricts to an action of Γ for an arbitrary subgroup Γ ⊂ SL2(Z). The
following proposition shows that if z ∈ H, then γz ∈ H.

Proposition 2.2. For γ =

(
a b
c d

)
∈ Γ(1), we have

Im(γz) =
Im(z)

|cz + d|2

Proof. We have

Im

(
az + b

cz + d

)
= Im

(
(az + b)(cz + d)

|cz + d|2

)
=

Im(adz + bcz)

|cz + d|2
=

Im(z)

|cz + d|2

since ad− bc = 1. �

A surprising fact about the upper-half plane is that it is conformally equivalent to
the unit disk D. In fact, we can write this conformal equivalence explicitly as f(z) =
i−z
i+z . Furthermore, every conformal equivalence from H to itself (automorphism) is

of the form γz for γ ∈ SL2(Z). The proof of these two results can be found in the
Chapter 8 of [4].

We define the projective line as P1(R) = R ∪ {∞}, which identifies the lines in
C that pass through the origin. Then, SL2(Z) acts on the projective line with the
same Möbius transformation, so that:

γz =

{
az+b
cz+d if z 6=∞
a
c if z =∞

, γ =

(
a b
c d

)
We similarly define P1(Q) = Q ∪ {∞}, and the action of SL2(Z) on P1(R) restricts
to P1(Q). We are now ready to define the notion of a cusp:

Definition 2.3. The cusps of a subgroup Γ are the orbits of points in P1(Q) under
the action of Γ.

We will usually identify these orbits by a representative element. As we shall
prove below, because Γ(1) acts transitively on P1(Q), the only cusp of Γ(1) is [∞].

Proposition 2.4. Γ(1) acts transitively on P1(Q). In other words, for any z, w ∈
P1(Q), there exists a γ ∈ Γ(1) such that γ(z) = w.

Proof. We will show that we can send ∞ to any element of P1(Q). Without loss of
generality, let n/m ∈ Q be such that gcd(n,m) = 1. Then, there exists a solution
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to the linear Diophantine equation nd− bm = 1 by Bézout’s lemma. Thus, we can
define

γ =

(
n b
m d

)
∈ Γ(1),

which sends ∞ to n/m. We can also handle the case of 0 with the transformation(
0 −1
1 0

)
. �

Definition 2.5. The width of the cusp ∞ for the group Γ is the smallest positive
integer h such that the unipotent matrix

uh :=

(
1 h
0 1

)
∈ Γ.

For a general cusp x, the width of x for Γ is defined as the width of ∞ for γ−1Γγ
where γ ∈ Γ(1) and γ(∞) = x.

The transformation uh is the translation mapping z 7→ z + h. For this reason,
the width of the cusp ∞ is sometimes called the least translation of Γ.

Having introduced the action of SL2(Z) on H and the notion of cusps, we are
now ready to define modular forms.

Definition 2.6. A function f : H → C is called a modular form of weight k for Γ
if it satisfies the following conditions:

(1) f is holomorphic on H.

(2) f(γz) = (cz + d)kf(z), for γ =

(
a b
c d

)
∈ Γ. (Automorphy condition)

(3) f is holomorphic (or equivalently bounded) at the cusps of Γ.

What we mean by the third condition is the following: Suppose f satisfies the
first two conditions. Since uh ∈ Γ, the second condition ensures that f is periodic
with period h, and therefore has a Fourier expansion. Thus, we can write f as a
function on a punctured disk so that f(z) = F (q), where q = exp(2πiz/h). We
call f holomorphic at the cusp ∞ if F is holomorphic at 0. For a general cusp x,
let γ ∈ Γ(1) such that γ(∞) = x, and let h now denote its width. If f satisfies
the first two conditions for Γ, then g(z) := f(γz) satisfies them for γ−1Γγ. Then,
g is periodic with period h by Definition 2.5. We call f holomorphic at x if g is
holomorphic at the cusp ∞.

We denote the space of all modular forms of weight k for Γ with Mk(Γ). Let I
denote the identity matrix. Since −I ∈ Γ for any subgroup Γ, the second condition
implies that f(z) = (−1)kf(z). This means that f is always 0 for odd k. Therefore,
Mk(Γ) always has dimension 0 for odd k, and thus is not an interesting case that
we will consider. So, we will think of weight k as being even throughout the rest of
this paper.

An example of modular forms is the Eisenstein series.

Definition 2.7. The Eisenstein series of weight k is the series

Gk(z) =
∑

(m,n)∈Z2\(0,0)

1

(m+ nz)k

Proposition 2.8. If k > 2, then the Eisenstein series of weight k converges abso-
lutely uniformly.
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Proof. If we can prove that the series
∑

(n,m)6=0

(|n|+|m|)−k converges, then the result

will follow by the M-test. We compute∑
(n,m)6=0

(|n|+ |m|)−k =
∑
m∈Z

(
1

|m|k
+ 2

∞∑
n=1

(|n|+ |m|)−k
)

=
∑
m∈Z

(
1

|m|k
+

∞∑
n=|m|+1

2n−k
)
.

Using the integral test we get

∑
(n,m)6=0

(|n|+ |m|)−k ≤
∑
m∈Z

(
1

|m|k
+ 2

∫ ∞
|m|

x−kdx

)

=
∑
m∈Z

(
1

|m|k
+K|m|1−k

)
for a constant K. Since k > 2, both of the resulting sums converge and therefore∑

(n,m)6=0(|n|+ |m|)−k <∞. �

Since every term of the Eisenstein series is holomorphic, and it converges abso-
lutely uniformly, it follows that it is holomorphic on the upper half-plane.

Now, let’s check the modularity condition for Eisenstein series. We know that
the transformations S and T generate Γ(1). So it is enough to check the condition
for these two matrices. We have

Gk(z + 1) =
∑

(m,n)∈Z2\(0,0)

1

(m+ nz + n)k

=
∑

(m,n)∈Z2\(0,0)

1

(m+ nz)k
= Gk(z),

which follows from the fact that Eisenstein series converges absolutely, and thus
can be rearranged. Furthermore,

Gk(−1/z) =
∑

(m,n)∈Z2\(0,0)

1

(m+−n/z)k

=
∑

(m,n)∈Z2\(0,0)

zk

(mz − n)k
.

Using absolute convergence again, we get

Gk(−1/z) = zk
∑

(m,n)∈Z2\(0,0)

1

(mz + n)k

= zkGk(z).

For the third condition of modular forms, observe that as z → i∞, Gk(z) ap-
proaches

∑
m∈Z\{0} 1/mk = 2ζ(k). It follows that Gk is a modular form.
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2.2. Fundamental Domain. For each subgroup Γ, we have a so-called funda-
mental domain associated with it. A fundamental domain is a region in the upper
half-plane that contains exactly one point from each Γ-orbit. The following propo-
sition shows what the fundamental domain for the action of Γ(1) looks like.

Proposition 2.9. Let D = {z ∈ H : |z| > 1,− 1
2 ≤ Re(z) < 1

2}. Then, D is a
fundamental domain for Γ(1).

We will not prove this theorem here as the complete proof is quite tedious. But,
the idea of the proof is as follows: Given any z ∈ H, we can send it to the strip
− 1

2 ≤ Re(z) < 1
2 by applying the transformation T finitely many times. If after

that transformation the point is not in the unit disk around the origin, then we are
done. If it is, we apply S finitely many times and send it into D. To prove that any
two points in D are not in the same Γ(1) orbit, we argue by contradiction. Suppose
there exist z, z′ ∈ D and γ =

(
a b
c d

)
∈ Γ(1) such that γz = z′, and without loss

of generality, assume that Im(z) ≤ Im(z′). By Proposition 2.2, this implies that
|cz + d| ≤ 1. It can be shown that this is impossible for an element of D.

−1 1−1
2

1
2

Figure 1. Fundamental Domain for Γ(1)

2.3. Modular Forms and Lattices. We define a complex lattice Λ(z, w) to be
a set of the form Zz + Zw for some z, w 6= 0 ∈ C. It turns out that we can
alternatively define modular forms for Γ(1) in terms of these lattices. More precisely,
we will show that for certain functions F defined on the set of complex lattices,
f(z) = F (Λ(z, 1)) is a modular form. This equivalent definition will give us a
simpler and more intuitive definition of Eisenstein series, and it is usually used to
define Hecke operators. Let L be the set of all complex lattices. We shall consider
functions F : L→ C that satisfy the following conditions:

(1) F (Λ(z, 1)) is a holomorphic function on H and at infinity.
(2) For λ ∈ C, F (λΛ) = λ−kF (Λ).

where the scaling action of C× on L is defined as λΛ(z, w) = Λ(λz, λw) for λ ∈
C. We shall denote the set of all functions that satisfy the above conditions by
Mk(L,C).
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Theorem 2.10. If F : L→ C satisfies the above conditions, then f(z) = F (Λ(z, 1))
is a modular form of weight k for Γ(1). Furthermore, the map f 7→ F is a bijection
Mk(Γ(1))→Mk(L,C).

Proof. Let γ =
(
a b
c d

)
∈ SL2(Z). The key observation we will use is that Λ(z, w)

remains invariant under the transformation of γ. That is,

Λ(z, w) = Λ(z′, w′), where

(
z′

w′

)
= γ

(
z
w

)
.

The reason for this is that Λ(z′, w′) ⊂ Λ(z, w) is already satisfied for any 2 × 2
integer matrix, and the equality holds if and only if the matrix is invertible, which
is only true when detγ = ±1.

With that in mind, to prove that f is a modular form of weight k, we only need
to prove the automorphy condition since the other two conditions in Definition 2.6
are already assumed. We have

f(z) = F (Λ(z, 1))

= F (Λ(az + b, cz + d))

= (cz + d)−kF (Λ((az + b)/(cz + d), 1)).

Since F (Λ((az + b)/(cz + d), 1)) = f(γ(z)), we get

f(γz) = (cz + d)kf(z),

which satisfies the automorphy condition. �

Thus, we can define Eisenstein series as a function on the set of complex lattices:

Gk(Λ) =
∑

w∈L,w 6=0

w−k,

which makes the automorphy condition seem more natural.

2.4. Dimension of Mk. One of the most important facts about modular forms
is that they constitute a finite-dimensional vector space. More precisely, Mk(Γ)
is finite-dimensional for an arbitrary subgroup Γ of finite index. In fact, we can
compute this dimension explicitly.

Theorem 2.11. The dimension of Mk(Γ) is given by

dim(M2k(Γ)) =


0 if k ≤ −1

1 if k = 0

(2k − 1)(g − 1) + v∞k +
∑
P bk(1− 1/ep)c if k ≥ 1

where above:

• g is the genus of the compactified Riemann surface X(Γ) := Γ\H∗,
• v∞ is the number of inequivalent cusps of X(Γ),
• ep is the order of the stabilizer of p in the image Γ of Γ in Γ(1)/{±I},
• the sum runs over a set of representatives for the elliptic points p of Γ.

Proving this theorem is beyond the scope of this paper; however, we shall give
a sense of what the jargon in its statement means and where the idea of the proof
comes from. The general idea is that the quotient space of the upper half-plane
under the action of Γ, denoted Γ\H, is a Riemann surface, or equivalently a one-
dimensional complex manifold (up to finitely many points). We can compactify this
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surface by adding the cusp points to the upper half-plane and taking the quotient
of this so-called extended upper half-plane. This is denoted by X(Γ) := Γ\H∗, and
it turns out that it is a compact Riemann surface. Compact Riemann surfaces look
like closed, orientable surfaces with a number of holes in them, and this number
is called the genus of the surface. For instance, a sphere has genus 0, and a torus
has genus 1. The points on H with a stabilizer larger than {±1} in Γ are called
elliptic points. The idea is that because X(Γ) is a compact Riemann surface, we can
use a theorem from algebraic geometry called the Riemann–Roch theorem, which
states the dimension of the space of meromorphic functions defined on a compact
Riemann surface. Applying this theorem to X(Γ) yields the dimension theorem for
modular forms. A complete proof of this theorem can be found in section 2.8 of [3].
In the special case where it is applied to Γ(1), we have the following result:

Theorem 2.12. dim(M2k(Γ(1))) =

{ ⌊
k
12

⌋
k ≡ 2 (mod 12)⌊

k
12

⌋
+ 1 else

As we have already discussed, there are no nonzero modular forms for Γ(1) of
odd weight. So, dim(Mk(Γ(1))) = 0 for odd k.

We will not need to use either of these dimension theorems to prove the orthogo-
nal decomposition theorem. We only need the fact that Mk(Γ) is finite-dimensional.
However, we shall demonstrate their usefulness in the next section by giving an ex-
ample application in number theory.

3. Fourier Expansion of Modular Forms

Let f be a modular form for Γ. Let the least translation of f be h so that
f(z+ h) = f(z) for all z ∈ H. Because f is periodic with period h, it has a Fourier
expansion of the form

f(z) =

∞∑
n=0

ane
2πizn/h =

∞∑
n=0

anq
n/h

where q = e2πiz. As a result of this convention, this Fourier series is sometimes
called the q-expansion of f . We can write z = x + yi where y > 0 as z is in
the upper half-plane. Then |q| = |e2πix/h||e−2πy/h| = |e−2πy/h| < 1. As a result,
f : H→ C corresponds to another function F (q) : D→ C such that F (q1/h) = f(z).
For a general cusp, we define everything very similarly, except that h is now the
width of the cusp. We write the Laurent expansion of F (q1/h) on the punctured
unit disk and call it the Fourier expansion of f around that cusp. And because of
the third condition of modular forms, the principal part of the Laurent series is 0.
In other words, what the third condition means is that the q-expansion converges
at the origin when q = 0. Thus, a0 is the value of f at the cusp as all the other
terms go to 0 as z approaches the cusp.

Example 3.1. As an example, we will derive the Fourier expansion of Eisenstein
series. Let σk(n) =

∑
d|n d

k. The key step is that for τ ∈ H and k > 2, we have

∑
n∈Z

(τ + n)−k =
(−2πi)k

(k − 1)!

∞∑
m=1

mk−1e−2πimτ ,
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which will take care of the inner sum for us. To prove this identity, we can im-
mediately think of using the Poisson summation formula. It states that for a well-
behaved function f , ∑

n∈Z
f(n) =

∑
n∈Z

f̂(n)

where f̂ is the Fourier transform of f [4]. For our purposes, choose f(z) = (z+τ)−k.
Using contour integration, the Fourier transform of f is

f̂(y) =

∫ ∞
−∞

(z + τ)−ke−2πizydz

=

∫
C

(z + τ)−ke−2πizydz −
∫
C′

(z + τ)−ke−2πizydz,

where C ′ is the infinite half circle in the lower half plane, and C is the curve that
consist of the real line and C ′.

0

−R R

C ′
−τ

Figure 2. The intended curve C, which consists of the real line and C′

The integral in the lower half plane is 0 since f(z)e−2πizy is a fast decaying
function such that |f(z)e−2πizy| = O(|z|−k). Furthermore, the only pole of the
integrand is at −τ . The residue at that pole is

(−2πiy)k−1

(m− 1)!
e−2πiτy.

We apply the residue theorem to find that

f̂(y) =
(−2πi)kyk−1

(m− 1)!
e−2πiτy.

Then, the Poisson summation formula yields our identity. Now, we can turn our
attention to the Eisenstein series:

Gk(z) = 2ζ(2) +
∑
m∈Z

∑
n∈Z

(mz + n)−k

= 2ζ(2) + 2

∞∑
m=1

∞∑
n=1

(−2πi)k

(k − 1)!
nk−1e−2πinmz
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Summing over divisors we obtain

Gk(z) = 2ζ(2) + 2

∞∑
n=1

∑
d|n

(−2πi)k

(k − 1)!
dk−1e−2πinz

= 2ζ(2) + 2
(−2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)e−2πinz,

which is exactly the q-expansion of the Eisenstein series.

As we have promised in the previous section, we shall now derive a purely num-
ber theoretic identity using the dimension theorem. We know that multiplying a
modular form of weight k1 and a modular form of weight k2 gives us a modular
form of weight k1 + k2. Therefore, squaring the Eisenstein series of weight 4 gives
us a modular form of weight 8. By the dimension theorem for modular forms, we
know that Mk(Γ(1)) has dimension 1. Therefore, G2

4 has to be a scalar multiple of
G8. If we write out the Fourier expansions of both functions we see that G2

4 = G8.
As we have shown in the previous example, the Fourier coefficients of G4 and G8

are related to σ3 and σ7 respectively. Solving the equation G2
4 = G8 by substituting

their Fourier expansions shows that we have

σ7(n) = σ3(n) + 120

n−1∑
m=1

σ3(m)σ3(n−m)

Notice that we could have also used this trick to find relations between divisor
sums of different powers by multiplying Eisenstein series of different weights, for
instance G4G6 = G10, or G4G10 = G14.

4. Cusp Forms

A cusp form is a modular form that vanishes at all cusps. In other words,
f ∈ Mk(Γ) is a cusp form if the coefficient a0 = 0 in the Fourier expansion at any
cusp. The space of all cusp forms in Mk(Γ) is denoted Sk(Γ). In this section, we
will find upper bounds for cusp forms and their Fourier coefficients.

Lemma 4.1. Let f ∈Mk(Γ). Then

z 7→ yk/2|f(z)|
is Γ invariant and bounded.

Proof. Let z = x+ yi. Using Proposition 2.2, we have

Im(γz)k/2|f(γz)| = yk/2

|cz + d|k
|cz + d|k|f(z)|

= yk/2|f(z)|

Hence, it is invariant under the action of Γ. Then, it is enough to check boundedness
in the fundamental domain. Given any horizontal line in H, the lower part of the
fundamental domain is compact, and when z approaches i∞, f decays exponentially
since it is a cusp form. Therefore, yk/2|f(z)| is bounded. �

Theorem 4.2. Let f =
∑∞
n=1 anq

n be a cusp form of weight k. Then, |an| =

O(nk/2).
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Proof. Let M be the bound in Lemma 4.1. We can write

|an| =
∣∣∣∣ ∫ 1/2

−1/2

f(z)e−2πinzdx

∣∣∣∣
≤
∫ 1/2

−1/2

|f(z)|e2πinydx

≤
∫ 1/2

−1/2

M

yk/2
e2πinydx.

Then, for y > 0 we obtain

|an| =
M

yk/2
e2πiny.

Taking y = 1/n yields the result

|an| ≤ Cnk/2

for a constant C.
�

5. Petersson Inner Product

Definition 5.1. Let f and g be modular forms of weight k for Γ, where at least
one of them is a cusp form. Let D be a fundamental domain for Γ. The function

〈·, ·〉 : Mk × Sk → C, 〈f, g〉 =

∫∫
D

f(z)g(z)yk−2 dx dy is called the Petersson inner

product.

It can be shown that the differential f(z)g(z)yk−2 dx dy is invariant under the ac-
tion of Γ(1), which means that the inner product is independent of the fundamental
domain chosen.

It is immediate from the definition of the Petersson inner product that if the
integral converges, it is a Hermitian inner product. That is, it satisfies the following
properties:

(1) 〈αf + βg, h〉 = α〈f, h〉+ β〈g, h〉
(2) 〈f, αg + βh〉 = ᾱ〈f, g〉+ β̄〈f, h〉
(3) 〈f, f〉 ≥ 0, and 〈f, f〉 = 0 if and only if f = 0.

We now show that the integral converges.

Proposition 5.2. The Petersson inner product converges when it is defined on a
fundamental domain of Γ(1).

Proof. It is enough to show that given an arbitrary cusp, the integral converges on
a neighborhood of the cusp because then the remaining part is compact. Writing
the Fourier expansions of f, g and using triangle inequalities, we can show that

〈f, g〉 ≤
∫∫

D

∞∑
n=2

cnq
n/hyk−2 dx dy,

where cn are positive and the sum converges absolutely uniformly on a neighborhood
around q = 0. This implies that we can interchange the order of summation and
integration and obtain

〈f, g〉 ≤ C
∞∑
n=2

cnq
n/h
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for a constant C, which implies the result. �

6. Poincaré Series

Our goal in this section is to be able to define an explicit modular form for any
finite index subgroup Γ ∈ Γ(1). If we wanted to construct a Γ invariant function,
we could use the standard technique of averaging over group elements and define

f(z) =
∑
γ∈Γ

h(γz) for a holomorphic function h. We adopt a similar strategy to

construct a function that satisfies the automorphy condition of modular forms.

Definition 6.1. Given γ ∈ Γ, an automorphy factor is a nonzero holomorphic
function jγ : H→ C satisfying the condition jγα(z) = jγ(αz)jα(z) for γ, α ∈ Γ.

We shall construct a function f such that f(γz) = jγ(z)f(z). In the case of
modular forms, we have

jγ(z) = (cz + d)k and γ =

(
a b
c d

)
.

Identifying opposite signed matrices to be the same, we define Γ′ := Γ/{I,−I}.
If we were to define f such that f(z) =

∑
γ∈Γ

h(γz)
jγ(z) , then under the action of α ∈ Γ,

we would get

f(αz) =
∑
γ∈Γ

h(γαz)

jγ(αz)

=
∑
γ∈Γ

h(γαz)jα(z)

jγα(z)
.

Since γα runs through all elements of Γ, this gives us f(αz) = jα(z)f(z).

The problem with this definition turns out to be convergence. However, we
can get the same automorphy property while also having less terms in the sum.
To be able to do this, we look at the subset Γ∞ := {γ ∈ Γ: jγ = 1}. Because
jγα(z) = jγ(αz)jα(z), if γ, α ∈ Γ∞, then jγα(z) = 1,∀z ∈ H. Therefore Γ∞ is
closed. Furthermore, we have

jI(z) = jγγ−1(z)

= jγ(γ−1z)jγ−1(z),

so jγ = 1 implies that jγ−1 = 1. Thus, Γ∞ is closed under inverses. As a result,
Γ∞ is a subgroup of Γ.

We can immediately think about summing over the quotient subgroup. However,
if we are to sum over Γ∞ \ Γ′, we should make sure that given an arbitrary θ ∈ Γ,
the choice of representatives of the coset Γ∞θ should not change the sum. Indeed,
if choose h to be a function that is invariant under Γ∞, we get exactly what we
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want: for α ∈ Γ∞θ where α = γ∞θ, γ∞ ∈ Γ∞:

h(αz)

jα(z)
=
h(γ∞θz)

jγ∞θ(z)

=
h(θz)

jγ∞(θz)jθ(z)

=
h(θz)

jθ(z)

The last step follows because jγ∞ = 1, for γ∞ ∈ Γ∞.
Now let’s look at the case of modular forms. We have jγ(z) = (cz + d)k. Also

(cz + d)k = 1 implies that c = 0 and d = ±1. Therefore, in our case Γ∞ consists of

matrices of the form

(
a b
0 ±1

)
. For the determinant to be 1, we require a = ±1.

So,

Γ∞ =

{(
±1 b
0 ±1

)
: b ∈ Z

}
.

As a result, we should be looking for a holomorphic function h that is invariant
under the transformations of the form γ(z) = z+ b, where b is the least translation
of Γ. We see that h(z) = e2πinz/h is exactly what we are looking for.

Definition 6.2. The Poincaré series for Γ of weight k and character n is the series

ϕn(z) =
∑

γ∈Γ∞\Γ

e
2πinγ(z)

h

(cz + d)k

where h is the least translation of Γ∞

Proposition 6.3. The Poincaré series of weight k > 1 and character n ≥ 0
converges converges absolutely and uniformly on compact subsets of H and any
fundamental domain of Γ.

Proof. We will bound the Poincaré series by the Eisenstein series. We let γ(z) =
x+ yi. We have

ϕn(z) ≤
∑

γ∈Γ∞\Γ

|e
2πinγ(z)

h |
|(cz + d)|k

=
∑

γ∈Γ∞\Γ

e
−2πny
h

|(cz + d)|k
.

Since γ(z) ∈ H, we have e
−2πny
h ≤ 1. Therefore,

ϕn(z) ≤
∑

γ∈Γ∞\Γ

1

|(cz + d)|k
,

which is just the Eisenstein series with fewer terms. �

Lemma 6.4. If f is a cusp form of weight k:

〈f, ϕn〉 =
hk(k − 2)!n1−k

(4π)k−1
an

where an is the nth Fourier coefficient of f .
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Proof.

〈f, ϕn〉 =

∫∫
D

f(z)
∑

γ∈Γ∞\Γ

e
−2πinγ(z)

h (cz + d)−kyk−2 dx dy

We know that Im(γz) = Im(z)/|cz + d|2. Then, substituting for y we get∫∫
D

f(z)
∑

γ∈Γ∞\Γ

e
−2πinγ(z)

h (cz + d)−k Im(γz)k|cz + d|2ky−2 dx dy,

which is equivalent to∫∫
D

f(z)
∑

γ∈Γ∞\Γ

e
−2πinγ(z)

h (cz + d)k Im(γz)ky−2 dx dy.

Using the automorphic property of f , we get∫∫
D

∑
γ∈Γ∞\Γ

e
−2πinγ(z)

h f(γz) Im(γz)ky−2 dx dy.

Because the sum converges absolutely and uniformly, we can interchange the sum
and the integral to get∑

γ∈Γ∞\Γ

∫∫
D

e
−2πinγ(z)

h f(γz) Im(γz)ky−2 dx dy.

By making the change of variables t = γz and letting t = x+ yi, we obtain∑
γ∈Γ∞\Γ

∫∫
γD

e
−2πin(x−yi)

h f(x+ yi)yky−2 dx dy.

Since the intersection γ1D∩γ2D is a set of measure zero (a line) for γ1, γ2 ∈ Γ∞ \Γ
we can take the union and write∫∫

⋃
γD

e
−2πin(x−yi)

h f(x+ yi)yky−2 dx dy.

This union covers the whole upper half-plane, so we have∫ h

0

∫ ∞
0

e
−2πin(x−yi)

h f(x+ yi)yky−2 dy dx.

Plugging in the Fourier series for f , and interchanging the sum and the integrals,
we get

∞∑
m=1

∫ h

0

∫ ∞
0

e
−2πin(x−yi)

h ame
2πimx
h e

−2πmy
h yky−2 dy dx

=

∞∑
m=1

am

∫ h

0

e
2πix(m−n)

h dx

∫ ∞
0

e
−2πy(n+m)

h yk−2 dy.

The solution to the integral over x is δm,nh. As a result, we obtain

〈f, ϕn〉 = anh

∫ ∞
0

e
−4πyn
h yk−2 dy.

The last integral can be turned into the gamma function by change of variables, so
we get the desired result

〈f, ϕn〉 =
hk(k − 2)!n1−k

(4π)k−1
an.
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�

Due to the previous lemma, we have the following result:

Theorem 6.5. Sk is in the span of the set of Poincaré series of weight k and
character n ≥ 1.

Proof. Let f be a cusp form. Since Mk = span({ϕn}∞n=1) ⊕ span({ϕn}∞n=1)⊥, we
have f = ϕ + g for ϕ ∈ span({ϕn}∞n=1) and g in the orthogonal complement.
Because both f and ϕ are cusp forms, g is a cusp form. But, 〈ϕn, g〉 = 0 for all
n ≥ 1 as g ∈ span({ϕn}∞n=1)⊥, which implies that all Fourier coefficients of g are 0.
So, g = 0 and f = ϕ, which is in the span of Poincaré series. �

7. Hecke Operators

7.1. Introduction to Hecke Operators. In this section we will develop a tool
known as Hecke operators. Denoting the nth Hecke operator by Tn, each Tn maps
Mk(Γ(1)) onto itself. We could also define them as operators on Mk(Γ) for arbitrary
Γ, but the results are very similar to the case of Γ(1), and thus we assume Γ = Γ(1)
for simplicity. These operators satisfy the following key properties:

(1) Hecke operators are multiplicative, that is Tn ◦ Tm = Tnm for (n,m) = 1.
(2) Hecke operators are Hermitian with respect to the Petersson inner product.

So, 〈Tnf, g〉 = 〈f, Tng〉
(3) Tn maps the space of cusp forms Sk(Γ(1)) onto itself .
(4) Hecke operators are commutative, that is TnTm = TmTn.

We shall exclusively consider modular forms of even weight k in this section. Let
Mn be the set of 2×2 integer matrices with determinant n. For instance, for n = 1,
M1 is just Γ(1). For M ∈Mn, we define the operation

f |kM(z) = (detM)k/2(cz + d)−kf(Mz).

If for all M ∈M1, f satisfies f |kM(z) = f(z), then f is a modular form.

Definition 7.1. Given f ∈Mk(Γ(1)) and n ∈ N, the nth Hecke operator is defined
as

Tnf = nk−1
∑

M∈Γ\Mn

f |kM

Of course, we have to show that the sum is well defined, just as we did for the
Poincaré series. Let M = γθ for γ ∈ Γ and θ ∈Mn. We have

f |k(γM)(z) = (f |kγ)|kM = f |kM.

Therefore, the terms do not change for different representatives. We should also
show that Tn maps the space of modular forms onto itself. That is, Tnf is a modular
form.

Proposition 7.2. For every n ∈ N, Tnf is a modular form.
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Proof. We should show that Tnf |γ = Tnf for γ ∈ Γ. We can see that

Tnf |γ = nk−1
∑

M∈Γ\Mn

f |M |γ

= nk−1
∑

M∈Γ\Mn

f |(Mγ)

= nk−1
∑

M∈Γ\Mn

f |M

= Tnf.

The last step follows because Mγ is just a different representative. �

Now, how do we identify the elements of Γ\Mn? In the next lemma, we find a
set of representatives for Γ\Mn. The subset

M ′ :=

{(
a b
0 d

)
: ad = n, d > 0, 0 ≤ b < d

}
of Mn does the job.

Lemma 7.3. M ′ is a complete set of representatives for Γ\Mn.

Proof. The mapping we will use is as follows: Let M =
(
a b
c d

)
∈ Mn. We choose

c′, d′ in the representative such that

c′ = c/ gcd(a, c) and d′ = −a/ gcd(a, c),

which implies that gcd(c′, d′) = 1. Therefore, there exist integers a′, b′ such that
a′c′ − b′d′ = 1. Then, the corresponding transformation satisfies

γ :=

(
a′ b′

c′ d′

)
∈ Γ(1).

Let P = γM . We see that P2,1 = 0 because

c′a+ d′c =
ac

gcd(a, c)
+

−ac
gcd(a, c)

= 0.

Also, because det(γ) = 1, we have P1,1P2,2 = n. We can get P2,2 > 0 by changing
the sign of M . The inequality P1,2 < P2,2 can also be obtained through scaling γ
by a Γ(1) matrix of the form ( 1 ∗

0 1 ). �

Using Lemma 7.3, we can define Tn more explicitly:

Tnf(z) = nk−1
∑

ad=n,d>0,
0≤b<d

d−kf

(
az + b

d

)

As a result of this new representation, we have the multiplicative property of
Hecke operators.

Proposition 7.4. Hecke operators are multiplicative, that is Tn ◦ Tm = Tnm for
(n,m) = 1.
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Proof. Writing out the definitions, we get

TnTmf(z) = (nm)k−1
∑

ad=n,d>0,
0≤b<d

∑
a′d′=m,d′>0,

0≤b′<d′

(dd′)−kf

(
aa′z + (ab′ + bd′)

dd′

)
.

As b runs through a residue system mod d, and b′ runs through a residue system
mod d′, ab′ + bd′ runs through a residue system mod dd′. Furthermore, for each
term in the sum, aa′dd′ = nm. As a result, we can substitute a′′ = aa′, b′′ =
ab′ + bd′, d′′ = dd′ and get

TnTmf(z) = (nm)k−1
∑

a′′d′′=nm,d′′>0,
0≤b′′<d′′

d′′−kf

(
a′′z + b′′

d′′

)
= Tnmf(z).

�

Since Tnf is a modular function, it has a Fourier expansion. We would like to
know the Fourier coefficients in terms of the Fourier coefficients of f .

Theorem 7.5. Let f =

∞∑
n=0

cnq
n be a modular form of weight k and Tnf =

nk−1
∞∑
m=0

bmq
m. Then, bm =

∑
a| gcd(m,n),a≥1

ak−1cmn/a2 .

Proof. We start with

Tnf(z) = nk−1
∑

ad=n,d>0,
0≤b<d

d−kf

(
az + b

d

)

= nk−1
∑

ad=n,d>0,
0≤b<d

d−k
∞∑
m=0

cme
2πim(az+b)/d.

Because
∑d−1
b=0 e

2πimb/d = d for d|m and 0 otherwise, we can write

Tnf(z) = nk−1
∑

ad=n,d>0

d−k
∞∑
m=0

∑
0≤b<d

cme
2πim(az+b)/d

= nk−1
∑

ad=n,d>0

∞∑
m′=0

d−k+1cm′dq
am′

where we substituted m = m′d. Next, we substitute j = am′ and obtain

Tnf(z) = nk−1
∞∑
j=0

∑
a|(n,j),a≥1

(n/a)−k+1cjd/aq
j ,

which implies that the Fourier coefficients of Tnf are

bj =
∑

a| gcd(n,j),a≥1

ak−1cnj/a2 .

�
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Corollary 7.6. Let the nth Fourier coefficient of f be cn. Then, we have b1 = cn
where b1 is the 1st Fourier coefficient of Tnf .

Corollary 7.7. If f is a cusp form, then Tnf is also a cusp form.

Proof. Taking m = 0 in Theorem 7.5, we get b0 = σk−1(n)c0. So, whenever c0 = 0,
b0 is also 0. �

7.2. Eigenfunctions of Hecke operators. One way to conceive Hecke operators
is as operators acting on the finite-dimensional vector space Mk(Γ(1)). Conse-
quently, a fundamental we should ask is what the eigenfunctions and eigenvalues
of these operators look like. It turns out that this problem is closely related to the
Fourier coefficients of such eigenfunctions.

Theorem 7.8. Let f =
∑∞
n=0 cnq

n be an eigenfunction for all Tn, which means
that Tnf = λnf for some λn ∈ C. If c1 = 0, then f is 0. But, if c1 6= 0 and f is
normalized such that c1 = 1, then λn = cn.

Proof. In the case where c0 = 0, comparing the Fourier coefficients of Tnf and λnf ,
we get b1 = λnc1. Now, we use Corollary 7.6 and obtain λnc1 = cn = 0 for all
n ∈ N since c0 = 0. Hence, f = 0.

For the second part, we use the same argument to get λnc1 = cn. Since c1 = 1,
we get λn = cn. �

Corollary 7.9. Let f be a normalized eigenform for all Tn and cn be its Fourier
coefficients. Then, for (n,m) = 1, we have cnm = cncm for all n,m ∈ N.

Proof. Because of the multiplicative property of Hecke operators, we have

λnλmf = TnTmf = Tnmf = λnmf,

which means that λnλm = λnm. By Theorem 7.8, we obtain cnm = cncm. �

Now, we will look at how Hecke operators act on Poincaré series. We will later
use these relations to prove that Hecke operators are Hermitian and Eisenstein
series are eigenforms.

Theorem 7.10. Let ϕm be the mth Poincaré series of weight k. Then

Tnϕm = nk−1
∑

d|(n,m)

d1−kϕnm/d2

Proof. The idea and calculations are very similar to the proof of Theorem 7.5. �

A special case of this theorem yields a very important corollary.

Corollary 7.11. Eisenstein series is an eigenform for every Hecke operator.

Proof. Taking m = 0 in the previous theorem yields Tnϕ0 = σk−1(n)ϕ0. �

We will use this corollary later on to prove that Eisenstein series are orthogonal
to cusp forms.
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7.3. Hecke operators are Hermitian. One of the most important properties
of Hecke operators is that they are Hermitian with respect to the Petersson inner
product. In this section we will prove this result. The idea is to first prove that
Hecke operators are Hermitian on Poincaré series. Then, we extend the result to
cusp forms by writing them as linear combinations of Poincaré series. For the rest of
this section, let cl(n,m), cm(l) denote the mth Fourier coefficient of n1−kTnϕm(z)
and ϕl respectively.

Lemma 7.12. We have the following identities

(1) 〈Tnϕl, ϕm〉 = A
∑
d|(n,l) d

1−kcm(nl/d2) for some constant A.

(2) m1−kcm(l, n) = n1−kcn(l,m)
(3) cl(n,m) = cl(m,n)

Proof. (1) is a straightforward application of Theorem 7.5 and Lemma 6.4. The
second identity follows immediately from the symmetry in Theorem 7.5. The third
identity follows from the symmetry in the first identity. �

These symmetry relations will help us manipulate inner products of Poincaré
series.

Lemma 7.13.

〈Tnϕm, ϕq〉 = 〈Tnϕq, ϕm〉
for all n,m, q.

Proof. Using Lemma 6.4 we get

〈Tnϕm, ϕq〉 = Ank−1q1−kcq(n,m).

Then, we use the symmetry identities to obtain

Ank−1q1−kcq(n,m) = Ank−1m1−kcm(n, q),

which equals 〈Tnϕq, ϕm〉. �

Corollary 7.14. Fourier coefficients of Poincaré series are real.

Proof. Since T1ϕa = ϕa, we can see that

〈ϕa, ϕb〉 = 〈T1ϕa, ϕb〉
= 〈T1ϕb, ϕa〉
= 〈ϕb, ϕa〉,

which implies that ca(b) is real due to Lemma 6.4. �

Corollary 7.15. 〈Tnϕl, ϕm〉 is real and therefore equals 〈ϕm, Tnϕl〉.

Proof. We just have to apply Corollary 7.14 to identity (3) in Lemma 7.12. �

Theorem 7.16. Hecke operators are Hermitian with respect to the Petersson inner
product, that is

〈Tnf, g〉 = 〈f, Tng〉
for cusp forms f, g.
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Proof. By Theorem 6.5, f and g are linear combinations of {ϕn}n≥1. Then, we can
write

f =

L∑
l=1

alϕl, g =

M∑
m=1

bmϕm.

Substituting these series into the equation we get

〈Tnf, g〉 = 〈Tn
L∑
l=1

alϕl,

M∑
m=1

bmϕm〉

=

L∑
l=1

M∑
m=1

albm〈Tnϕl, ϕm〉.

Next, we use Lemma 7.13 to get

〈Tnf, g〉 =

L∑
l=1

M∑
m=1

albm〈Tnϕm, ϕl〉.

We can now apply Corollary 7.15 to change the order of the inner product and get

〈Tnf, g〉 =

L∑
l=1

M∑
m=1

albm〈ϕl, Tnϕm〉.

Now, we just follow through and obtain the result

〈Tnf, g〉 = 〈
L∑
l=1

alϕl,

M∑
m=1

bmTnϕm〉 = 〈f, Tng〉.

�

We know that Sk(Γ) is a finite-dimensional vector space. Since Hecke operators
are Hermitian, we can apply the spectral theorem to get the following corollary:

Corollary 7.17. For every positive integer n, there exists a basis of eigenforms of
Tn for Sk(Γ).

This corollary will constitute a central piece in the proof of Ek(Γ) ⊕ Sk(Γ), the
orthogonal decomposition theorem. We also get another corollary due to linear
algebra.

Corollary 7.18. If f is a normalized eigenform for all hecke operators, then the
Fourier coefficients of f are real.

Proof. Due to Theorem 7.8, we only need to show that the eigenvalues of f are
real. But, it is a standard result in linear algebra that hermitian operators have
real eigenvalues. �

8. Orthogonal Decomposition of Mk(Γ)

In this section, we will prove that Mk(Γ) can be orthogonally decomposed into a
direct sum of cusp forms and Eisenstein series. To be able to do this, we will need
to assume that the subgroup Γ is normal. Therefore, for the rest of this section Γ
denotes Γ(N) for an arbitrary N , which we know to be a normal subgroup. What
we mean by the space of Eisenstein series for an arbitrary Γ is the space spanned
by the Poincaré series of character 0 for Γ, and we denote this space by Ek(Γ).
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The strategy we shall adopt for the proof is as follows: We first prove that
Eisenstein series are orthogonal to cusp forms that are also eigenforms. This can
be achieved by using the tools we developed in the section on eigenfunctions of
Hecke operators. To generalize this result, we shall use the fact that Sk(Γ) has a
basis of eigenforms. Then, we move on to prove that every modular form in Mk(Γ)
can be written as a sum of cusp forms and Eisenstein series.

Theorem 8.1. If f ∈ Sk is an eigenform for all Tn, then 〈Gk, f〉 = 0. That is, the
set of cusp forms that are eigenforms is orthogonal to the set of Eisenstein series.

Proof. Without loss of generality assume that Gk and f are normalized. Suppose,
for the sake of contradiction, that 〈Gk, f〉 6= 0. Let

Gk(z) =

∞∑
n=0

anq
n and f(z) =

∞∑
n=1

bnq
n

be the q-expansions of Gk and f respectively. By Corollary 7.11, Gk is an eigenform
for all Tn. Then, because both are normalized eigenforms, we have TnGk = anGk
and Tnf = bnf for n ≥ 1. Since Hecke operators are Hermitian, we can write

an〈Gk, f〉 = 〈TnGk, f〉
= 〈Gk, Tnf〉
= bn〈Gk, f〉.

We know by Corollary 7.18 that bn is real. Therefore, an〈Gk, f〉 = bn〈Gk, f〉 for
n ≥ 1. But, 〈Gk, f〉 6= 0 implies that an = bn for n ≥ 1. Hence Gk and f differ by
a constant. But, this is impossible since Gk − f is a modular form of weight k. �

We have proved in Corollary 7.17 that Sk(Γ) has a basis of eigenforms. Since we
also know that it is a finite-dimensional vector space, we have the following result

Corollary 8.2. The set of cusp forms Sk(Γ) is orthogonal to the set of Eisenstein
series Ek(Γ).

We have essentially proved Sk(Γ) ⊥ Ek(Γ). But, how can show that this de-
composition actually gives us a direct sum, i.e. Mk(Γ) = Sk(Γ) ⊕ Ek(Γ)? Let
f ∈Mk(Γ) be an arbitrary modular form. Suppose that for each cusp, we can find
an Eisenstein series that takes a nonzero value at that cusp, but vanishes at all the
other cusps. For a given cusp p, denote this function by ϕp. Then, for suitable
coefficients ap, we can write

f −
∑

cusps p in Γ

apϕ
p = g

so that g is a cusp form. This means that if we can manage to find such ϕp, then
Mk(Γ) = Sk(Γ)⊕Ek(Γ) follows, which is exactly what we will be doing in the next
theorem.

Let p be the cusp we are working with. Due to Proposition 2.4, we know that
Γ(1) acts transitively on P1(Q), which means that there exists σ ∈ Γ(1) such that
σ(p) = i∞. We shall define

ϕp(z) = jσ(z)kϕ0(σz)
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where jσ(z) denotes 1/(cz + d)k for σ =

(
a b
c d

)
, and ϕ0 is the Poincaré series of

character 0 and weight k for Γ.

Theorem 8.3. Given a cusp p, ϕp is a modular form of weight k for Γ. Further-
more, it takes a nonzero value at the cusp p, and vanishes at all the other cusps.

Proof. Since p is fixed, we simply denote ϕp by ϕ in this proof. To prove that ϕ
is a modular form, it is enough to check the automorphy condition as the other
two conditions follow immediately from the definition of ϕ. Let γ be an arbitrary
element of Γ. By definition

ϕ(γz) = jσ(γz)kϕ0(σγz).

We know that Γ is normal, which means that σγσ−1 ∈ Γ, therefore we can use the
automorphy condition for ϕ0 and get

ϕ0(σγz) = ϕ0(σγσ−1 σz) = jσγσ−1(σz)−kϕ0(σz).

We can also write ϕ0(σz) in this equation in terms of ϕ(z) by using the definition
of ϕ(z):

ϕ0(σz) = ϕ(z)jσ(z)−k

Substituting all of these into the first equation, we get

ϕ(γz) = jσ(γz)kjσγσ−1(σz)−kϕ(z)jσ(z)−k.

But, the automorphy factors combine so that

jσγσ−1(σz)−kjσ(z)−k = jσγ(z)−k = jσ(γz)−kjγ(z)−k.

Substituting this into the equation, we obtain

ϕ(γz) = jγ(z)−kϕ(z),

which is exactly the automorphy condition for modular forms.

The next step is to prove that ϕ takes a nonzero value at the cusp p, but it
is 0 at the other cusps. We shall first prove that ϕ should be zero at the other
cusps. Let µ be a different cusp. Then, σµ is a cusp, but σµ 6= i∞. This means
that ϕ0(σµ) = 0, which implies ϕ(µ) = 0. Now, suppose for the sake of contra-
diction that ϕ is a cusp form. Thus, ϕ can be written as a linear combination of
{ϕn}n≥1. Let

ϕ(z) = jσ(z)kϕ0(σz) =

N∑
n=1

anϕn(z).

Taking σ−1z in the argument we see that

jσ(σ−1z)kϕ0(z) =
1

jσ−1(z)k
ϕ0(z) =

N∑
n=1

anϕn(σ−1z).

We then take out the σ−1s to get

ϕ0(z) =

N∑
n=1

anϕn(z),

which is a contradiction since we know that ϕ0 is not a cusp form. �
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Combining the previous theorem and the fact that Sk(Γ) ⊥ Ek(Γ), we conclude
this paper with the desired result

Corollary 8.4. We have the following orthogonal decomposition

Mk(Γ) = Ek(Γ)⊕ Sk(Γ)
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