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Abstract

This paper introduces the basic theorems of class field theory, based on an exposition
of some fundamental ideas in algebraic number theory (prime decomposition of ideals,
ramification theory, Hilbert class field, and generalized ideal class group), to answer
the question of which primes can be expressed in the form z* + ny? for integers z and
y, for a given n.
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1 Number Fields

1.1 Prime Decomposition of Ideals

We will review some basic facts from algebraic number theory, including Dedekind Domain,
unique factorization of ideals, and ramification theory. To begin, we define an algebraic
number field (or, simply, a number field) to be a finite field extension K of Q. The set of
algebraic integers in K form a ring O, which we call the ring of integers, i.e., Ok is the set
of all & € K which are roots of a monic integer polynomial. In general, O is not a UFD
but a Dedekind domain. This means the following:

Theorem 1.1.1 Let O be the ring of integers in a number field K. Then O is a Dedekind
domain, which means that

(i) Ok is integrally closed in K, i.e., if « € K satisfies a monic polynomial in Ok[x], then
a € Ok.

(ii) Ok is Noetherian, i.e., for any given ascending ideals a1 C ag C ... in Ok, there is
an integer n such that a, = a,41 = ...

(iii) Every nonzero prime ideal of Ok is mazimal.



Proof. The proof of (i) follows easily from the properties of algebraic integers (see Marcus
[5, Exercise 4 to Chapter 2|). To prove (ii) and (iii), we need a proposition on the basic
structure of Ok /a (note that when p is a prime ideal, then Ok /p is a finite field which is
called the residue field of p):

Proposition 1.1.2 For any nonzero ideal a C Ok, Ok /a is finite.

Proof. Let a € a, a # 0. Then there exist a; € Z such that ™ + a; ™! + ... + a,, =
0. We may assume that a,, is nonzero. Then, 0 # a,, € a N Z.

Denote a,, by a. Let (a) be the principal ideal generated by a in Ok. Since Ok /(a) maps
onto Ok /a it suffices to show that Ok /(a) is finite. We will show that it has precisely a™
elements.

Recall as a basic fact in algebraic number theory that O is a free Z-module of rank n =
[K : Q]. That is, we can find an integral basis {wl,wg, ...,wn} such that Ox = > Zw;. Let
S = { > yiwi: 0§’yi<a}.We claim that S is a set of coset representatives for O /a. If this
is the case, the result clearly follows. But it is clear that Ok /(a) = > (Z/aZ)(wj), and the
result follows. O

To finish the proof of Theorem 1.1.1, observe for (ii) that since O /a is finite there are
only finitely many ideals containing a. For (iii), if p is prime then Ok /p is a finite integral
domain, and thus a field. Thus by definition p is maximal. O

The most important property of a Dedekind domain is that any ideal factors uniquely
into products of prime ideals:

Corollary 1.1.3 If K is a number field, then any nonzero ideal a in Ok can be written as
a product of prime ideals

a=9p...pe

and the factorization is unique up to order. Furthermore, the p;’s are exactly the prime
ideals of O that contain a.

Proof. See Marcus [5, Chapter 3, Theorem 16]. O

Prime ideals thus play an essential role in algebraic number theory. Before further de-
scribing their behavior, namely the idea of ramification, we need some extra information on
fractional fields, which will help us construct the notion of ideal class group C(Og) which
will be used extensively in this paper.

We define a fractional ideal of the number field K as a Og-module contained inside K,
written in the form al, where 0 # o € K and I C Ok an ideal. In this paper, the notion
of a fractional ideal will not be fully explored. I thus provide references for the proof of the
following important result on fractional ideals:

Proposition 1.1.4 Let a be a fractional ideal of Ok, then
(1) for any a, there exists another fractional ideal b such that ab = Ok.
(2) a can be written as a product

n r
a=]]p e
=1
where p;’s are distinct prime ideals of Ok and r; are integers.

Proof. Consult Lang [4, §1.6] O

Now we introduce the idea of class group. Let Ix denote the set of all fractional ideals in
K. With Proposition 1.4 it is easy to see that Ix forms a group. Consider the subgroup of
I which consists of all the principal fractional ideals in Og. Denote this subgroup by

P = {aO0k: a € Kand a #0 }.



The quotient Ix /P is the ideal class group, denoted by C(Of). Basically, the ideal class
group partitions the set of ideals of Ok by giving it the following equivalence relation:

Definition 1.1.5 Two ideals a, b C Ok are said to be equivalent if there exist nonzero «,
B € Ok such that (a)a = (8)b. This is an equivalence relation. The equivalence classes are
called ideal classes. The number of ideal classes, denoted hg, is called the class number of
K.

The notion of ideal class group is crucial to factorization of ideals in number field because
the order of an ideal class in the ideal class group, and the order of the ideal class group,
measure "how far" O is from being a PID (later in the paper, we will see examples of
decomposition of ideal which involves the class number). We can see this by observing the
following fact:

Corollary 1.1.6 hx = 1 < Ok is a PID.

Proof. Suppose hg = 1. If a is an ideal, then a and Ok are equivalent, meaning that there
are nonzero « and 8 in Ok such that («)a = (8)Ox = (8). Thus a = (8/a). On the other
hand, it is obvious that if Ok is a PID then hx = 1. O

1.2 Basic Ramification Theory

Now we introduce the basic theories of ramification. Consider a number field K and a finite
extension L/K. Given p a prime ideal of O, then we have the prime factorization

_me1 €g
pOr = 1 - Bg

where B;’s are distinct prime ideals of O, containing p. The integer ordsy, (pOr) = e; is
called the ramification index of 9B; (for any P a prime ideal and A an ideal, ordp(A) is
defined as the unique nonnegative integer ¢ such that A ¢ P' and A ¢ PY. Op /% is a finite
extension of O /p. We denote [Or /B : O /p| = f, and thus |Or /B| = ||Ox /p||/, for some
integer f > 1. We define f to be the inertia degree of 3. The first important theorem that
we use in this paper establishes the relation between the ramification index e, the inertia
degree f, the number of distinct primes appearing in the factorization g, and the degree of
the extension L/K n. We restrict ourselves to the case when L/K is Galois:

Theorem 1.2.1 With the notations above, let p be a prime ideal of Og. Let L/K be Galois,
and denote G = Gal(L/K) Then:

(i) Suppose B; and P; are prime ideals of O, containing p. Then there is a 0 € G such
that oB3; = PB;. ie., Gal(L/K) acts transitively on the set of prime ideals of Oy, containing
p.

(ii) If pOr, = P{'.. Py Then e; = ea = ... =g f1 = fo = .. = fy- If e and f denote

these common values, then efg = n.

Proof. (i) For the sake of contradiction, let there be a prime ideal 3¢ containing p but not
in the set {0‘}31: o€ G}. Since P,’s are all primes, Pr + PB; = Op for k # j. Then,
expanding the product

(Bo + oPB1)(Po + oP2)...(Po + oBy) = O,

we see that all summands, except the last, are in . Thus

;BO + Ugmlmg...mg == OL.

Then there exists a € Of, such that « = 1 (Bg) but a = 0 (*B;) for all ¢ € G. Similarly,
for each j there is an «; such that o; = 1 () but o; = 0 (B;) for i # j. In other words,
we can find an g € Of, such that ag = 0 (Po) but ap = 1 (¢*B;) for all ¢ in G.

Let Nm(a) denotes the norm of a. Then Nm(a) = [[,cqoa € Po N Ok = pOx. Then,
Nm(a) € P; and thus oca € PB; for some o. But then o € o~ 'P; which contradicts g = 1

(0719
(ii) To prove that f; = f, = ... = f,, observe that for any i,



Or/oBi = o0 /oPBi = OL /P

because 0Or, = Of,. By (i), for any ¢ there exists a o such that o3; = B;. Since Or, /P =
Or/oPB1 = Or/PB; we have f; = f; for every 4. Thus all f;’s are equal to some f.

To prove e; = €3 = ... = ¢4, apply o to both sides of pOp = 1..By°. Since p € O,
opOr = pOr. Then we have

pOL = (aPB1)*..(aP,)

In this expression, observe that the exponent of 3; = o1 is e;. But in the original
expression of factorization the exponent of 13; is e;. By uniqueness of factorization, we must
have e; = ¢; for all 4, i.e., they are all equal to some value e.

Thus, by > e;f; = n we have efg = n. O

Given a prime factorization of ideal p C Ok in Op where L/K is Galois, we say that p
is unramified if e = e(P;|p) = 1 for all i. We say that p splits completely if e = f = 1. To
explicate the behavior of ramification, we need some facts about decomposition and inertia
groups:

Definition 1.2.2 Given the notations above, we define, for each B lying over p, the decom-
position group D and the inertia group E as:

D =D(Plp) = {0 € G: 0P =P}
E=E(Blp) = {0 € G:0(a) = a(P),YVac OL}.

It is clear that D and E are subgroups of G, and E is a normal subgroup of D. ¢ € D nat-
urally induces an automorphism of the field Or, /9. We denote this induced automorphism
as 0: O /P — Or/P. Moreover, it is clear that & fixes Ox /p pointwise because it fixes
the field K. Thus ¢ is a member in the Galois group of Oy, /B over Ok /p, which we denote
by G.

This can be summarized as the follows: there exists a map from D to G. (Readers can
easily check that this map is a surjective group homomorphism.) Further, the kernel of this
map is easily seen to be E and thus D/E — G is a group isomorphism. Since we know
that the order of G is the degree of the extension O /% over O /p, which we know by the
definition of inertia degree is f. Thus we have:

Proposition 1.2.3 Let D, E and G be defined as above, then

(i) The map from D to G is a surjective group homormorphism, thus D/E is isomorphic

to G.
(i) [E[ = e(Blp). D[ = e(Blp)f (Blp)-
Proof. For detailed proof, see Marcus [5, Theorem 28|. A more intuitive way is to consider

o € D as a stabilizer of 9§ in the group G = Gal(L/K). By orbit-stabilizer theorem, the
order of ¢ € D is

G n
[stab(F)| = ity = § = ef

Thus [D| = ef. By the definition of inertia group, every o € E maps to the identity element
in G. Thus D/E = G. Finally, since |G| is equal to the order of OL /9P over Ok /p, |G| = f.
Thus [D/E| = f and |E| = e O

We will be concerned with Hilbert class fields, which are field extensions where all primes
of the base field are unramified. Hence it is important to consider how G and D behave in
this situation. Assume that p is unramified in L, then E(3/p) is trivial. We have D = G.
We want to prove that G has a special generator, which sends every = € O, /%8 to z/Pl. The
following lemma establishes this and defines the notion of the Artin symbol:

Lemma 1.2.4 Let K C L be a Galois extension, and let p be a prime of O which is
unramified in Op. If P is a prime of O containing p, then there is a unique element ¢ €
Gal(L/K) (in fact in D) such that

¢(a) = a™N™P) (mod )

for every a € Oy,.



Proof. Recall the structure of G: G is a cyclic group generated by some induced automor-
phism &. Because & has to fix O /p pointwise, then, if |Ok /p| = ¢, we have for every z €

Or/®B
G: x> xlPl

This induced automorphism is called the Frobenius automorphism. Since D = G, there is
a unique ¢ € D that maps to the Frobenius automorphism. Since by definition ¢ = |p|, ¢
satisfies

¢(a) = ol?l ()

for all & € Op. To prove uniqueness, note that any o satisfying this condition is in D, and
thus we are done. O

The unique element ¢ in the above lemma is called the Artin symbol and is denoted as

(L/TK> The Artin symbol satisfies the following useful properties:

Corollary 1.2.5 Let K C L be a Galois extension, and let p be an unramified prime of K.
Given a prime P of L containing p, we have:

(i) If 0 € Gal(L/K), then

(ii) The order of (L/TK> is the inertia degree f = f(B|p).

iii) p splits completely in L iff ( ZZE) — 1.
(iii) p sp pletely &

Proof. To prove (i), notice that
(45 (@) = aP (o).
But
(5 )o (@) = o(o7 (@)P) = al?l(p).

By uniqueness of the Artin symbol we have

(54) (4
To prove (ii), recall that the Artin symbol maps to the Frobenius automorphism which
generates GG. Thus the Artin symbol has order f as desired.

To prove (iii), recall from Theorem 1.2.1 that p splits completely iff e = f = 1. Since we
assume e = 1, the result follows directly from (ii). O

We conclude this section by the following proposition, which determines when a prime is
unramified or split completely in a Galois extension:

Proposition 1.2.6 Let K C L be a Galois extension, where L = K(a) and O, = Ok|q] for
some o € Op,. Let f(x) be the monic minimal polynomial of « over K, f(x) € Ok|[x]. If p
is a prime in Ok and f(x) is separable modulo p, then:

(i) p is unramified in L.

(i) If f(x) = fi(x)...fy(z) modp, where the f;(x) are distinct and irreducible modulo p,
then P; = pOr, + f;(a)Oy is a prime ideal of Or, P; # P; for ¢ # j. And

pOL = P1.. By
Furthermore, the f;(x) all have the same degree, which is equal to the inertial degree f.

(iii) p splits completely in L iff f(x) = 0 (p) has a solution in O.

Proof. Note that (i) and (iii) are direct consequences of (ii). (ii) is a standard result in
algebraic number theory. For proof, see Milne [6, Theorem 3.41]. O



2 Quadratic Fields

Now we consider an application of the general theory of ramification to quadratic fields.
Since later section involves examples of solving quadratic forms, it is important to introduce
the basics of quadratic fields. First, we recall some basic definitions:

Definition 2.1 An algebraic number field K is called a quadratic number field if [K:Q] =
2. Such a field is written uniquely in the form K = Q(v/N), where N € Z is square-free.

Corollary 2.2 Given a quadratic field K = Q(v/N)
(i) Let dx denote the discriminant of K. Then

N, ifN=1(4).
dx = .
AN, ifN = 2,3(4).

(ii) Furthermore,

ZNNQ}, if N = 2,3(4).

Using the discriminant, (2) can be written more elegantly as:

B {Z[HW], if N = 1(4).
=

O = Z[dK+2\/E]_

Proof. This is a standard result on quadratic fields. For a proof, see Ireland [3, Proposition
13.1.1 and 13.1.2]. O

Lemma 2.3 Let Uy denote the multiplicative group of units in the ring of integers of the
quadratic field K = Q(v/N). If N < 0 and square free then

(i) U1 = {1,4,—1,—i}.

(il) U_s = { £1, 2w, w?}, where w = (-1++/=3)/2.

(ili) Uy = {1,=1} for N < -3, or N = -2.

Proof. By the above corollary, if N = 2 or 3(4) then any unit o can be written as = + v Ny,
z, y € Z. Thus the norm Nm(a) = &1 iff 22 + |N|y? = 1. If N = -1, we have (i). If |[N| >
1, we have (iii).

If N = 1(4) we write any unit as (z++v/Ny)/2 where z and y are of the same parity. Then,
Nm(a) = +1 iff 22 + |[N|y? = 4. If N = -3, then we have (ii). If |N| > 3, we have (iii).
This completes the proof. O

Remark 2.4 Note that the above lemma is a specific case of the more general theorem called
the Dirichlet’s unit theorem that says the following:

U(Ox) = u(Or) x Zr+ra=1

where (O ) is the finite cyclic group containing all the roots of unity in Ok and K is
a number field with r1 real embeddings and 1o pairs of conjugate complex embeddings (the
notion of real and complex embedding will be explicated when defining infinite primes in
Definition 3.2). Note that in the case of imaginary quadratic extension, 1 = 0, r2 = 1, and
thus we have Lemma 2.5.

With the above results of O, di, and U(Ok) we now investigate an important statement
on how primes pOy split in Ok, p € Z. We make the one restriction on N in order to build
on the notion of Hilbert class field: N > 0 and thus K is an imaginary quadratic field (for
N < 0, the group of units also behaves in a more radical way). Notice that, by Theorem
1.6, we have efg = n = 2. We say that p ramifies when e = 2 (f = g = 1), p splits when ¢
=2 (e =f = 1), and p is inertial (remains prime) when f = 2 (e = g = 1).

Proposition 2.5 Let K be a quadratic field of discriminant dx. Let p be prime in Z.

(i) If (dx/p) = 0 (i.e., pldx), then pOx = p? for some prime ideal p of Ok

(ii) If (dx/p) = 1, then pOk = pp’, where p £ p’ are primes in Ok.

(iii) If (dx/p) = -1, then pOk remains prime in Ok.



Proof. In (i) we claim pOg = (p, vV N)?. In fact, (p,vVN)? = (p)(p, VN, N/p). The last
ideal is Ok since (p, d/p) = 1.

In (ii) suppose there exists a € Z s.t. a> = Nm(p). We claim: pOx = (p, a+vN)(p,
a-V/'N). In fact, (p, a+vV'N)(p, a-v/'N) = (p)(p, a+V'N, a-V/'N, (a*>-d)/p). The latter ideal
is Ok because (p, 2a) = 1.

In (iii) we claim that pOg = p and p has inertia degree 2. If p has degree 1, then Ok /p
has order p by the definition of inertial degree. Since Z/pZ is injective to Ok /p, every coset
of Ok /p is represented by an integer. Then, let a € Z such that a = \/]V(p) But this means
a*> = VN(p) and > = v/ N(p) which contradicts the assumption that the inertial degree is
1. Thus pOk remains a prime. [

Thus, we have the corollary:
Corollary 2.6 Let K be a quadratic field of discriminant dy, let p be a prime integer.
Then:

(i) p ramifies in K iff pldx

(ii) p splits completely in K iff (dx/p) =1

Proof. The corollary follows directly from Proposition 2.4. O

3 Class Field Theory

3.1 Hilbert Class Field

We define the Hilbert class field L of a number field K as the maximal unramified Abelian
extension of K. To explicate this notion, we need to define what Abelian and unramified
mean in this context.

Definition 3.1.1 A field extension K C L is Abelian if it is Galois and Gal(L/K) is an
Abelian group.

To define the notion of unramified field extension, we need to define two classes of primes:
finite and infinite primes. While a finite prime p is simply a prime ideal of O, an infinite
prime is defined as follows:

Definition 3.1.2 Given any extension K C L,
(i) A real infinite prime of K is an embedding o: K — R.
(ii) A complex prime of K is a pair of complex conjugate embeddings o, 5: K — C, o #

ag.

(iii) An infinite prime o of K ramifies in L if o is real but its extension in L are a pair of
conjugate complex embeddings, i.e., a complex prime.

(iv) L is unramified if it is unramified at all primes, finite or infinite.

The following statement establishes the existence of Hilbert class field. Note that this
result is nontrivial and we will need the main theorems of class field theory in section 3.5 to
prove it.

Theorem 3.1.3 Given a number field K, there is a finite Galois extension L such that:

(i) L is an unramified Abelian extension of K.

(ii) Any unramified Abelian extension of K is contained in L.

To further explicate the notion of Hilbert class field, we use the Artin symbol to connect
the Hilbert class field L with Ok . For any given p unramified in L, and for any 8 containing

p, recall that the Artin symbol is defined for B as (L/TK) In the case of an Abelian field
extension, the Artin symbol depends only on p and is therefore denoted as (L/TK) To see

this, let ' be another prime containing p, then there exists a o € Gal(L/K), such that o3
= ’. Thus

(L/K) . (L/K) : U(L/TK)U—l - (L/TK) if Gal(L/K) is Abelian



Thus, when K C L is an unramified Abelian extension, (L/TK) is defined for all p in O.

Now, let Ix be the set of all fractional ideals of Ok . By Proposition 1.4, any fractional ideal
a of Ok can be factored into unique product of primes:

n

-

a=[[p/, 1 €Z,
Jj=1

and then we define the Artin symbol (L/—K> as

a

() FL )"

Jj=1

The Artin symbol thus defines a homomorphism, called the Artin map, as
(L/—K) I — Gal(L/K).

With the above definitions, we state one of the main theorems of Hilbert class field to see
the relation between the class group of Ok and the Galois group of L/K. The proof of the
following results can be found in Cox [1, §5]:

Theorem 3.1.4 (Artin Reciprocity Theorem for the Hilbert Class Field) If L is the Hilbert
class field of a number field K, then the Artin map

(M) Ix — Gal(L/K)

is surjective, and its kernel is exactly the subgroup Pg of principal fractional ideals. Thus
the Artin map induces an isomorphism

C(Ok) = Gal(L/K).

A consequence of the theorem is that it describes the structure of the maximal unramified
Abelian field extension in terms of Ok alone (in terms of C(Ok), in fact), and thus leads
to the following result, using the fundamental theorem of Galois theory:

Corollary 3.1.5 (Class field theory for unramified Abelian extensions) Given a number field
K, there is a one-to-one correspondence between unramified Abelian extensions M of K and
subgroups H of the ideal class group C(Ok). If the extension K C M corresponds to the
subgroup H C C(Ok), then the Artin map induces an isomorphism:

C(Ok)/H = Gal(M/K).
Another consequence of Theorem 3.1.3 is that it describes how a prime p in O splits in
the Hilbert class field:

Corollary 3.1.6 Let L be the Hilbert class field of a number field K, and let p be a prime
ideal of K. Then

p splits completely in L <= p is principal.

L/K
P
an isomorphism C(Ok) = Gal(L/K), the pre-image of 1 in the ideal class group is the trivial

class. This is the case iff p is principal. Thus, p splits completely in L iff p is principal. O

Proof. By Corollary 1.2.5, p splits completely iff ( ) = 1. Since the Artin map induces

3.2 p = 2’ + ny’ for infinitely n’s (1)

In this section, we apply theorems from Hilbert class field and elementary algebraic number
theory to give solution for 2> + ny? = p for infinitely many n’s. We basically want to prove
the following theorem:

Theorem 3.2.1 Let n > 0 be an integer satisfying the following condition:

n is square-free, n # 3(4).



Then, there is a monic irreducible polynomial f,(x) € Z[z] of degree h(-4n) (this is the class
number of the form class group C'(D) which will appear in section 3.4. Readers unfamiliar
with this concept should consult Cox[1, Theorem 3.9]. We need the fact that h(-4n) =
h(Ofk).) such that if an odd prime p divides neither n nor the discriminant of f, (x), then

(771/[)) = 17
Ja € Z, fr(a) = 0(p)

Furthermore, f,(x) may be taken to be the minimal polynomial of a real algebraic integer
a for which L = K(«) is the Hilbert class field of K = Q(v/—n).

p = 22 + ny? for some integer z and y <= {

Proof. To prove this theorem, the first step is to relate the prime p = 22 + ny? to the
behavior of p (how it splits or ramifies) in the Hilbert class field of K. For this, we need the
following theorem:

Theorem 3.2.2 Let L be the Hilbert class field of K = Q(v/—n). Assume that n > 0
satisfies the condition: n is square-free and n # 3(4), so that Ox = Z[v/—n]. If p is an odd
prime not dividing n, then

p = 22 + ny? <= p splits completely in L.

Proof. Since n is square-free and n # 3(4), by Corollary 2.2 O = Z[y/—n| and dx = -4n.
Let p be an odd prime not dividing n, we know that p is unramified in K by Proposition
2.4. We want to prove the following equivalences:

p =22 + ny?
< pOx = pp, p # P, p principal in O
<~ pOk = pp, p splits completely in L
<= p splits completely in L.

For the first equivalence, suppose p = 2° + ny?> = (z + yv/—n)(z - y/—n). Set p = (x
+ yv/—n)Ok, then pOg = pp must be prime factorization in Ok. p # p because p is
unramified. Conversely, suppose pOx = pp, where p is principal. Since O = Z|\/—n/|, we
can write p = (z + y/—n)Ok, which implies pOx = pp = (22 + ny?)Ok. Thus p = 2% +
nyP.

The second equivalence follows from Corollary 3.1.6. To prove the last equivalence, we
need the following lemmas:

Lemma 3.2.3 Let L be the Hilbert class field of an imaginary quadratic field K, and let 7
be the complex conjugation. Then 7(L) = L, and hence L is Galois over Q.

Proof. To prove 7(L) = L, note that 7(L) is an unramified Abelian extension of 7(K) = K.
Since L is the maximal unramified Abelian extension of L, 7(L) C L. Since 7(L) and L have
the same degree over K, 7(L) = L.

To prove that 7(L) = L implies L is Galois over Q, consider F to be a Galois extension
of Q that contains L. Let G = Gal(F/Q), let A, B C G be the subgroups that fix L and K
respectively. Then we want to show that 7A = A7 implies A is a normal subgroup of G.

To show this, note that L is Galois over K implies that A is a normal subgroup of B. Since
K is an imaginary quadratic field, G/B = {1, T}. Then every element of G can be written
as 3 or 73 for some 8 € B. Because A is normal in B, it follows that A is normal in G.
Hence L is Galois over Q. O

Lemma 3.2.4 If K C M C L, where M and L are Galois over K, then a prime p in Ok
splits completely in L iff it splits completely in M and some prime of Oy, containing p splits
completely in L.

Proof. If p splits completely in L, then by tower law of the ramification index and inertia
degree, p splits completely in M and some prime of Oy, containing p splits completely in L.

Conversely, if P is a prime in Oy such that P = ;.38 in Of, then the P;’s are in the
prime decomposition of p. Since L/K is Galois, this means for every i, e(B;|p) = e, f(B;|p)
= f. By tower law, these common values e and f are both 1. The result follows. O



Since p is a prime in Z that splits in Ok, and since a prime p in Ok containing p splits

completely in O, the final equivalence follows from Lemma 3.2.4. Thus,
p = 22 + ny? <= p splits completely in L.
O

The second step in proving Theorem 3.2.1 is to give a more elementary way of saying how
p splits in L:
Theorem 3.2.5 Let K be an imaginary quadratic field, and let L be a finite extension of K
which is Galois over Q. Then

(i) There is a real algebraic integer « such that L = K(«)

(ii) Given « as in (i), let f(x) € Z[x] denote its minimal polynomial. If p is a prime not
dividing the discriminant of f(x), then

(dx/p) =1,

p splits completely in L <= { 3a € Z, fnla) = 0(p)

Proof. To prove (i), we need the following lemma:

Lemma 3.2.6 Let K be an imaginary quadratic field, K C L be Galois. Then if L is Galois
over Q,

(i) [LNR:Q] = [L:K].

(ii) For a € LNR, LNR = Q(a) <= L = K(«)
Proof. To prove (i), note that LNR is the fixed field of complex conjugation. Then, by
Lemma 3.2.3, LN R: Q] = [L: K].

To prove (ii), let f(z) € Z[z] be the minimal polynomial of o over Q. We need to prove
that f(z) is irreducible over K. Suppose that

f(x) = p1(x)py(x)...p,,(x), p;(x)’s irreducible over K.

Then, since f(x) splits in L, there exists some ¢ such that p;(«) = 0. Without loss of
generality, let p,(«) = 0. The splitting field M of p, («) is therefore M = K(«). Since « € R,
7(M) = M where 7 is the complex conjugation. By Lemma 3.2.3, we know that M is thus
Galois over Q. It follows that f splits in M and thus [M : Q] > deg(f) = [L N R : Q]. But
sinceM CLand [L:LNR]=|[K:Q], M= L. This implies

[L : K] = deg(p,) < deg(f) = [LNR: Q] = [L: K],
which is a contradiction. Thus, f is irreducible over K and the result follows. [
Thus, if & € OpNR satisfies LNR = Q(«), then L = K(«) and (i) is proved.

To prove (ii), consider the minimal polynomial of « € L N R f(z) over Q. Then, since [L
K] =[LNnR: Q], f(z) is the minimal polynomial of o over K. Then if p is a prime not
dividing the discriminant of f(z), this implies

f(z) = fi(x)...f,(z) (mod p) for some n > 1.

Then by Proposition 1.2.6 and Corollary 2.5, p is unramified and thus (%) = 1. We've

assumed that p splits completely in L, thus
Z/pZ = Ok /p, for pOk = pp.

Thus, since f(z) is separable over Z/pZ, it is separable over Ok /p. Since p splits completely
in L, we have

flz) = 0 (mod p) is solvable in O
and, because Z/pZ = O /p, implies
fz) = 0 (mod p) is solvable in Z.
Thus, Theorem 3.2.5 is proved. O
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Now, we can prove the main equivalence in Theorem 3.2.1. Since the Hilbert class field L
of K is Galois over Q, Theorem 3.2.5 implies that there exists « € L N R such that L =
K(«). Let f,(z) be the minimal polynomial of o over K, and let p be a prime not dividing
n and the discriminant of f,(z), then by Theorem 3.22 p = 2% + ny? implies that p splits
completely in L, which by Theorem 3.2.5 implies that (-n/p) = 1 and f,(z) = 0 (mod p)
has an integer solution.

Recall that n satisfies the condition of Theorem 3.2.1, and thus dx = -4n, and (dx /p) =
(-n/p).
It remains to show that the degree of f, (z) is the class number h(-4n). Note that by
Theorem 3.1.4, f,(z) has degree
L : K] = [Gal(L/K)| = |C(Oxk)|.

In section 3.4 (Proposition 3.4.9) we will mention a key isomorphism between the ideal class
group and form class group of Og. We know how to compute the order of the form class
group |C(dk)| = h(-4n). Thus the degree of the polynomial is |C(Ok)| = h(-4n). And we
are done. O

3.3 Example: p = 2> + 5°
Now we do an example of quadratic form for n = 5. By Theorem 3.2.5, we have that
Proposition 3.3.1 For K = Q(v/=5) and L its Hilbert class field:

(i) There exists some a € Op, N R such that L = K(«),

(ii) (dg/p) = 1 and the minimal polynomial of o over K has an integer solution modulo
.

Our first goal is to find « that satisfies K(«) is the maximal unramified Abelian extension.

Theorem 3.3.2 Given K = Q(1/-5), the Hilbert class field is L = K(v/—1).

Proof. To find « such that L = K(«), we need to firstly find [L:K]. We do this by looking
at the ideal class group C(Ogk) which by Theorem 3.1.4 is isomorphic to Gal(L/K):

Proposition 3.3.3 For K = Q(+/—5), the order of Cl(Ok) is 2.

Proof. To prove this proposition, recall the statement on Minkowski bound: for a number
field K, there exists some constant Mg € R (this constant is called the Minkowski bound)
such that for every ideal class in O, there is a representative a such that Nm(a) < M.
In other words, the class number hx of K is equal to the number of ideals whose norm is
bounded by Mg . Specifically, the Minkowski bound is given by:

My = /ldg[(2) 2
where n = [K:Q| and 27 is the number of complex embeddings. Thus, we have for K =

Q(V-5):

Mg = V20(2)' 2 = 2.84... < 3.
Since Nm(l) € Z for any ideal [ in Og, Nm(l) = 1 or 2. Thus, we easily have:

Nm() = {17 if p = Og. 3)

2, if p lies over 2.

For the second case, we check how 2 decomposes in terms of [ by checking how the minimal
polynomial f(z) = 2% + 5 of /=5 splits modulo 2:

f(z) = (z+1)% mod 2

Thus, [ = (2, 1 + +/—5) is the unique ideal lying over 2. Note also that (2, 1 + /—5) #
Ok. Thus hxg = |C(Ok)| = 2. We finally have:

|C(Ok)| = |Gal(L/K)| = [L:K] = 2

11



O

The second step is to find « specifically. The process is not a proof per se, since we
basically do this by trying each possible square-free integer in C that is not in K. Finding «
for the Hilbert class field of K = Q(y/=5) is relatively simple, because [L:K| =2 and, as we
will show, a = v/—1.

Set a = y/—1. We know that if L. = K(y/—1) is an unramified Abelian extension, then it
is maximal, because [L:K| = 2. But a quadratic extension is clearly Abelian. Thus, in order
to prove that L = K(v/—1), we want to prove the following statement:

Proposition 3.3.4 For K = Q(v/—5), L = K(v/—1) is an unramified field extension.

Proof. Consider the following lattice diagram:

Note that L. = Q(y/—5, i) contains a third intermediate field M = Q(+/5) which is the
product of K and Q(4). In order to check that all primes in Q(y/—5) are unramified in L,
we only need to verify that all primes in Q are unramified in Q(4) (this is true because we
are checking those primes in Q(y/—5) which lie over primes in Q).

Let Q(7) be denoted as F. Then, dr = -4 by Corollary 2.2. The only prime in Q dividing
-4 is 2. Thus all primes in Q except 2 are unramified in Q(4). Now, we need to check that
the prime p in Q(v/=5) lying over 2 is unramified in L. Recall that

20K = (2,1 ++/=5)2
Before proceeding, we make a modification on notation for the sake of simplicity: Since
L/K, L/M, M/Q, and L/Q are all Galois, the ramification index only depends on the prime
in the base field. Thus, we denote the ramification index of p C Ok in L, ¢ C Oy in L, 2
€eQinM,2e€QinkK, and 2 € Q in L as, respectively,
er(p), ec(a), em(2), ex(2), er(2).

Thus, we want to show that e (p) = 1 for p = (2, 1 + v/—5). Note that because ex(2) =
2, it follows by tower law that er,(2) = ex(2)er(p) = 2er(p). Thus, we want to show that
er,(2) = 2 and the desired result will follow.
To show er,(2) = 2, note that
er(2) = em(2)er(q).

Since 2 does not divide dp; = 5, 2 is unramified in M and eps(2) = 1. Then
er(2) = em(2)ec(q) = 1 - ec(q) = er(q) < [L: M| =2
hence er,(2) = 2, and er(p) = 1. Thus, L = K(v/—1) is unramified.
O

Having proved this, one also easily finds that Op = (’)K[HT\/‘F’]. The minimal polynomial
of # is f(z) = 22 - © - 1. Set f(z) = 0(p), we have the discriminant of f(z) is %\/‘F’ But
f(z) has a solution modulo p if and only if its discriminant is a square modulo p. Thus

1£V5 -
=5 is a square modulo p.
Thus, we must have (%) =1.
Since we know from Proposition 3.3.1 that (dTK) = (_720) = (_75) = (%)(—71) = 1. Thus:

(_71) = (%) = 1. This is the case iff p = 1(4) and p = 1 or 4(5). Thus, p = 1 or 9(20). And
we finally have:

p = 22 + 5y for some integers x and y <= p = 1 or 9(20)

12



3.4 Orders in Imaginary Quadratic Fields

In 3.1 and 3.2, we’ve solved for our question of when p is of the form 22 + ny? for infinitely
many n’s for which Z[\/—n] is the full ring of integers Ok in K = Q(1/—n). The solution,
however, leaves out infinitely many other n’s, for which Z[/—n] is not the full ring of integers
in K but only a special kind of subring called an order. To completely solve the problem,
we therefore need to understand orders in imaginary quadratic fields, and the stronger tools
of class field theory. We start with some basic definitions:
Definition 3.4.1 An order O in a quadratic field K is a subset O C K such that
(i) O is a subring of K containing 1.
(ii) O is a finitely generated Z-module.
(iii) O contains a Q-basis of K.

Note that (ii) and (iii) imply that O is a free Z-module of rank 2, and K is the field of
fractions of O. Note also that the ring of integers O is always an order: (i) and (ii) imply
that O C Ok for any order O, so that O is the maximal order.

To fully describe an order in imaginary quadratic field K, recall from Corollary 2.2 that the
maximal order can be written as

d d
Ok = [Lwx], wi = % VK

where di is the discriminant of K. Using this, we have the following lemma;:

Lemma 3.4.2 Let O be an order in a quadratic field K of discriminant dix. Then O has finite
index in Og. If we set f = [Ok:0], then

O =27Z+ fOk = [1, fwk]. [ is called the conductor of the order.
Proof. This is an elementary fact in algebraic number theory. For proof, see Cox|[1, §7]. O

Besides the conductor, another important invariant of an order is its discriminant. Let a — o’
to be the nontrivial automorphism of K, and let O = [a, §]. Then by definition, the discriminant

of O is the number D
2
D= (det( 2‘, g, ))

D = f?dk.

And by Lemma 3.4.2, we have

Now we study the ideals of an order O. The proof of Proposition 1.1.2 easily adapts to show
that O/a is finite for any a a non-zero O-ideal. Define the norm of a to be Nm(a) = |O/al. It is
a general fact that O is not a Dedekind domain when f > 1 (because it is not integrally closed).
Thus we do not have a unique factorization of ideals in O.

To remedy the situation, we introduce the notion of a proper ideal:

Definition 3.4.3 An O-ideal a is called a proper ideal of O if
(’):{BEKzﬂaCu}.

Note that any O-ideal satisfies O C {ﬂ € K:facC a} by the definition of an ideal. But it is not
always the case that equality holds. For example, if O = Z[/—3] is the order of conductor 2 in K
= Q(v/-3), and a = (2, 1 + +/—3), then one can easily check that

O;é{,BeKzﬁaCa}:(’)K.

In order to study the ideal class group for the order O, we also define fractional ideals of O to be
of the form aa, o € U(K) and a is an O-ideal. Furthermore, we need to define an invertible ideal
a in O to be the O-ideal for which there exists another O-ideal b such that ab = O. We have the
following fact:

Proposition 3.4.4 Let O be an order in a quadratic field K, and let a be a fractional O-ideal.
Then a is proper iff a is invertible.

Proof. For proof, see Cox[1, Proposition 7.4]. O
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Given an order O, we can now define I(O) to be the set of proper fractional-ideals of O. By
Proposition 3.4.4, we know that I(O) is a group under multiplication. The principal ideals of O
give a subgroup P(O) C I(O). Thus we define the ideal class group of O to be:

C(0) = 1(0)/P(O).

Having defined the class group for an order O in imaginary quadratic field K, we wish to relate
C(0O) to the behavior of Ok for which we have sufficient knowledge. Specifically, the goal of this
section is to prove the following major isomorphism:

C(0) = 1(0,f)/P(O.f) = Ir(f)/ Pr z(f)-

Once we achieve this, it becomes clear that there exists a relation between C'(O) and the Galois
group of some field extension L of K, under the Artin map that we encounter in section 3.1 (note
that although we defined the Artin map in the context of Hilbert class field extension of K, there
is a natural version of it that makes sense for any abelian extension L/K). We will do this in the
next section. But before this, in order to establish the relation between C(O) and Og, we need the
notion of an O-ideal which is prime to the conductor f:

Definition 3.4.7 Given an order O of conductor f, we say that a nonzero O-ideal a is prime to f
ifa+ fO=0.

This type of ideal has the following basic properties:

Lemma 3.4.8 Let O be an order of conductor f, then
(i) An O-ideal is prime to f 4ff its norm is relatively prime to f.
(ii) Every O-ideal prime to f is proper.

Proof. Given any O-ideal a prime to the conductor:

To prove (i), consider the map ms: O/a — O/a be given by multiplication by f. Then by
definition of the quotient map

a + fO = O <= my is surjective <= my is an isomorphism.

By the structure theorem for finite Abelian groups, my is isomorphism iff f is relatively prime to
the order of O/a (which is Nm(a)). Thus we are done with (i).

To prove (ii), let S € K satisfy Sa C a. Then 8 € Ok since it is in O. Note that
BO = B(a+ fO) = Pa + BfO C a+ fOk.
And thus SO C since fOx C O. Thus 8 € O, and we are done. O

It follows that the O-ideals prime to the conductor lie naturally in 7(O) and are closed under
multiplication (since Nm(ab) = Nm(a)Nm(b) is prime to f). Denote the subgroup generated by
these ideals as 1(O,f) C I(O). And we have P(O,f) C I(O,f) be the set of principal ideals aO
where o € O has norm prime to f. We can describe C(O) using I(O,f) and P(O,f):

Proposition 3.4.9 The inclusion I(O,f) C I(O) induces an isomorphism:
1(0,f)/P(O,f) = 1(0)/P(O) = C(O).

Proof. To prove this, we need the following lemma:

Lemma 3.4.10 Any ideal class in C'(O) contains an O-ideal prime to its conductor.

Proof. The proof of this lemma is based on knowledge of the form class group C(D). Specifically,
it is based on the fact that C(D) = C(O). For information on form class group and the proof of
this lemma, see Cox[1, Theorem 7.7]. O

By Lemma 3.4.10, we know that the map I(O,f) — C(O) is surjective. Its kernel is obviously
I(O,f) N P(O) since any principal O-ideal is in the trivial class of C(O). We want to show I(O,f)
N P(O) = P(O,f).

It is obvious that P(O,f) C I(O,f) N P(O), but we need to show the other direction. Any
fractional ideal in I(O,f) N P(O) can be written as a® = ab™' where o € K and a and b are
O-ideals prime to the conductor. Note that Nm(b)O = bb is in P(O,f). Also, we have Nm(b)b~!
= b. Thus

Nm(b)a® = a(Nm(b)b™!) = ab C O.
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Thus, Nm(b)aO € P(O,f). And aO = (Nm(b)aO)(Nm(b)O)™! is also in P(O,f). O

This lemma helps us relate C(O) to the ideals of the maximal order Ox. To see this, we define,
for any given positive integer m, an Og-ideal prime to m to be an Og-ideal a such that a + mOg
= Ok. One easily checks that this is equivalent to the condition ged(Nm(a),m)=1. Thus, we also
have a subgroup Ix(m) C Ik the set of all fractional ideals of Ok that are prime to m.

We can now prove our desired isomorphism which will be used extensively in the theories of ring
class field in section 3.6:

Proposition 3.4.11 Let O be an order of conductor f in an imaginary quadratic field K. Then

C(0) = 1(0,f)/P(O.f) = Ix(f)/ Px.z(f)

where Pk z(f) is the subset of Ix(f) generated by principal ideals of the form aOx where a =
a(fOk) for some a € Z such that ged(a,f) = 1.

Proof. To prove this, we need the following basic lemma whose proof is not constructive and is not
provided in this paper:
Lemma 3.4.12 Let O be an order of conductor f in an imaginary quadratic field K. Then

(i) If a is an Ok-ideal prime to f, then a N O is an O-ideal prime to f of the same norm;

(ii) If a is an O-ideal prime to f, then aOx is an Ok ideal prime to f of the same norm,;

o

(iii) The map a — a N O induces an isomorphism Ik (f) = I(O,f), and the inverse map is given
by a — aOk.

Proof. For proof, see Cox[1, Proposition 7.20]. O

The first isomorphism comes from Proposition 3.4.9. To prove the second isomorphism, note
from Lemma 3.4.12 that a — aOk induces an isomorphism I(O,f) = Ix(f). We need to show that
under this isomorphism P(O,f) gets mapped to Pk z(f).

We need to first show that for a € Ok,
a = a(fOk) for a € Z and ged(a,f) =1 <= a € O, ged(Nm(a),f) = 1.

Assume a = a(fOx), a € Z and ged(a,f) = 1. One can check that Nm(a) = a*(f) (see Cox|1,
Exercise 7.27]). Thus ged(Nm(a),f) = ged(a®,f) = 1. Because fOx C O, we have that a € O.

On the other hand, let & € O = [1,fwk]| with norm prime to f. Write & = a + bfwk, thus a =
a(fOk). Since ged(Nm(a),f) = 1 and Nm(a) = a®(f), ged(a,f) = 1. Thus this proves that

a = a(fOx) for a € Z and ged(a,f) =1 < a € O, ged(Nm(a),f) = 1.

We know that P(O,f) is generated by ideal aO such that ged(ce,f) = 1. Thus under the isomorphism
I1(O,f) = Ix(f), P(O,f) is mapped to the corresponding ideals aOk. By the equivalence above,
we have that P(O,f) is mapped to Pk z(f). O

Before going into the general statements of class field theory, we need a statement which gives
us the equation for computing h(O):

Theorem 3.4.13 Let O be the order of conductor f in an imaginary quadratic field K. Then

h0) = mbHenll(1- (%)3)

Proof. For proof, see Cox|[1, Theorem 7.24]. O
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3.5 Theorems of Class Field Theory

Having studied the basic theorems of Hilbert Class Field and orders in imaginary quadratic fields,
we present a classic formulation of class field theory, which describes the notion of Abelian extension
of number fields in terms of generalized ideal class groups. Before stating the main theorems, we
need to define the notion of a modulus. Given a number field K, a modulus in K is a formal product

m = []p"
p

over all primes p, finite or infinite, of K, where the exponents satisfy:
(i) np > 0, and at most finitely many are nonzero.
(ii) np = 0 wherever p is a complex infinite prime.

(ii) np < 1 whenever p is a real infinite prime.

A modulus m thus can be written as mome, where mg is an Ok -ideal and m, is a product of distinct
real infinite primes of K. In the case of an imaginary quadratic field, the modulus is simply an ideal
Of OK.

Definition 3.5.1 Given a modulus m, we define Ix(m) to be the subgroup of Ix generated by
Ok-ideals that are relatively prime to m (i.e., relatively prime to mg). We define Pk 1(m) to be the
subgroup of Ix (m) generated by the principal ideals aOx, where o € Ok satisfies:

a = 1(mp) and o(a) > 0 for every real infinite prime o dividing meo.

Definition 3.5.2 A subgroup H C Ik (m) is called a congruence subgroup for m if
Pr.1(m) C H C Ix(m).
And the quotient
Ix(m)/H
is called a generalized ideal class group for m.

So far, we’'ve seen two examples of generalized ideal class groups. One easily checks that for m
=1, Pk1(1) = Pk. Thus, Pk is a congruence subgroup and C(Ok) = Ix/Pxk is a generalized
ideal class group. Similarly, let O be an order of conductor f in an imaginary quadratic field K. By
Proposition 3.4.11, we have

C(0) = Ik (f)/ Pr.z(f)-
Equivalently, if we set modulus m = fOg, then we have
Pr1(fOk) C Prz(f) C Ix(f) = Ix(fOk)

and thus Pk z(f) is a congruence subgroup for fOk, and C(O) is the corresponding generalized
ideal class group.

Having defined the notions above, now we state the three main theorems of class field theory. The
basic idea is that the generalized ideal class groups are the Galois groups of all Abelian extensions
of K, and the Artin map provides the isomorphism between them. Similar to how we defined the
Artin map into the Galois group of the Hilbert class field extension in section 1.2, there exists a
map into the Galois group of any Abelian extension:

Dy Ix(m) — Gal(L/K).
And we have the following theorems:

Theorem 3.5.3 (Artin Reciprocity Theorem) Let K C L be an Abelian extension, and let m be a
modulus divisible by all primes of K, finite or infinite, that ramify in L. Then:
(i) The Artin map P, is surjective.

(ii) If the exponents of the finite primes m are sufficiently large, then ker(®w) is a congruence
subgroup for m and consequently the isomorphism

I (m) /ker(Pnm) = Gal(L/K)

16



shows that Gal(L/K) is a generalized ideal class group for the modulus m.

Theorem 3.5.4 (Conductor Theorem) Let K C L be an Abelian extension. Then there is a modulus
f = f(L/K) such that

(i) A prime of K, finite or infinite, ramifies in L iff it divides f.

(ii) Let m be a modulus divisible by all primes of K which ramify in L. Then ker(®y) is a congruence
subgroup for m ¢ff fjm.

Theorem 3.5.5 (Existence Theorem) Let m be a modulus of K, and let H be a congruence subgroup
for m. Then there is a unique Abelian extension L of K, all of whose ramified primes, finite or infinite,
divide m, such that if

Dy Ix(m) — Gal(L/K)
is the Artin map of K C L, then

H = ker(®Pn).

For proofs of the above three theorems, see Janusz[2, Chapter 5]. The next step is to understand
them by indicating how they are used. We start by showing the proofs of Kronecker-Weber Theorem
and the existence of Hilbert class field, using class field theory. Before that, we may need a key tool
which would be involved in both proofs:

Corollary 3.5.6 Let L and M be Abelian extensions of K. Then L C M iff there is a modulus m,
divisible by all primes of K ramified in M, such that

PK,l(m) C ker(@M/K,m) C ker(q)L/KYm).

Proof. To prove this, we need the following lemma:
Lemma 3.5.7 Let K C L be an Abelian extension, and let m be a modulus for which the Artin
map Py, is defined. If n is another modulus and m|n, then

PKJ(\TI) C ker(CI)m) - PKJ(H) C ker(@n).

Proof. Let aOk € Pk 1(n). We want to show that ®,(aOk) = 1 € Gal(L/K). By definition, o =
1(no) and o () > 0O for every real infinite prime o dividing n.. But m|n, so @ = 1(mp) and o(a) >
0 for every real infinite prime o dividing me. Thus, aOk € Pk, 1(m) and we have

Pn(aOk) =1 € Gal(L/K).

But ®,(aOk) = Pw(aOxk) since they are both mapped to (i/TIZ) Thus,

By (aOk) = 1 € Gal(L/K).
O

Having proved this lemma, we first assume L C M. Let r: Gal(M/K) — Gal(L/K) be the restriction
map. By Artin Reciprocity Theorem and the lemma above, there exists a modulus m such that
ker(®pr, )i m) and ker(®ar/ i m) are congruence subgroups for m. Then, by uniqueness of the Artin
map, ro®y/km = ker(®r/x m), thus ker(®a/ g m) C ker(Pp x m) follows.

On the other hand, assume Px1(m) C ker(®pr/xm) C ker(®r /g m). Then, under the map
Drr/km: Ix(m) — Gal(M/K), the subgroup ker(®r,x,m) C Ix(m) is sent to a subgroup H C
Gal(M/K). By Galois theory, H corresponds to an intermediate field K C L’ C M. The first part
of the proof shows that ker(®r./xw) = ker(®r,/xm). By uniqueness of Abelian extension in the
Existence Theorem, L = L’ C M. Thus, the desired result follows. O

We can now prove Kronecker-Weber Theorem, which classifies all Abelian extensions of Q:

Theorem 3.5.8 (Kronecker-Weber) Let L be an Abelian extension of Q. Then there is a positive
integer m such that L C Q((m), where (,, is the m’th root of unity.

Proof. Before proving this, we need to show Pg,1(m) = ker(®gc,.)/0,m). Recall as a basic fact in
cyclotomic field that for the modulus m = ms (where oo is the real infinite prime of Q), any prime
not dividing m is unramified in Q(¢m). Thus the Artin map:

Pg(m): Ig(m) — Gal(Q(¢n)/Q) = U(Z/mZ)
is defined. ®g(m) can be described as follows: given $Z € Ip(m)
Po(m)(LZ) = ab~" € U(Z/mZ)
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And thus it is obvious that
Pg,1(m) = ker(®q(c,,)/q,m)-

By the Artin Reciprocity Theorem, there exists a modulus m such that P 1(m) C ker(®r,q,m),
assuming m = M. Since we’ve shown above that Pg,1(m) = ker(®gc,,)/q,m), we have

Po,1(m) = ker(®g(c,,)/0m) C ker(Pr/gm)-
Thus, by Corollary 3.5.6, we easily have L. C Q((m)- O
As another consequence of class field theory, we can now give a proof of the existence of Hilbert
Class Field given in Theorem 3.1.3:
Theorem 3.5.9 The Hilbert class field L is the maximal unramified Abelian extension of K.
Proof. Given L unramified, let M be another unramified extension of K. Then, part (i) of the

conductor theorem implies that f(M/K) = 1. And part (ii) of the theorem implies that ker(® s/ x,1)
is a congruence subgroup for modulus 1. Thus

Py C ker(®pr/k,1)
By definition of Hilbert class field, this implies
Py = ker(®p k1) C ker(®ar/i,1)
which, by Corollary 3.5.6, implies that M C L. O

3.6 p = ¥ + ny’ for infinitely many n’s (2)

Recall from section 3.1 and 3.2 that we provided a partial solution to the question of which primes
can be represented by the form 22 + ny? in the case that n is positive, square-free and satisfies n
# 3(4). In this section, we provide theoretical preparations for the solutions of the rest of positive
n’s which do not meet these criteria. In the next section, we give an application of the theory to
describe the set of all primes of the form 22 + 27y%. The main object that we study in this section
is a generalization of Hilbert class field called the ring class field of an order O. First, we need some
notations:

Recall from the previous section that if K is a number field, then an ideal m of Ok can be
treated as a modulus. We’ve defined Ix(m) and Pg 1(m) (see Definition 3.5.1). In this section, m
will usually be a principal ideal Ok, and the above groups can be written simply as Ix («) and
PKJ(OZ).

To define a ring class field of an order O with conductor f in an imaginary quadratic field K,
observe that first of all we have from Proposition 3.4.11 that

C(0) = Ix(f)/Pr.z(f)

with Pk z(f) is the subgroup of Ix(f) generated by the principal ideals «Og where a = a(fOk)
for some a € Z. Further, since

Pra(f) C Prz(f) C Ix(f),

C(0) is a generalized ideal class group for modulus fOk. Then, by the Existence Theorem, there
exists a unique Abelian extension L /K such that all ramified primes divide fOx and

ker(@L/K,foK) = P}gz(f)
for ®;,/x 0, being the Artin map of K C L. Thus,
C(0) = Ik (f)/Prz(f) = Gal(L/K)

and consequently [L:K|] = h(O). This extension L is called a ring class group for the order O. It
is the generalized ideal class field for modulus fOk. Having the necessary definition, we give the
following main theorem which answers for all n, the question of when a prime p is of the form 2® +
ny? for all n:

Theorem 3.6.1 Let n > 0 be an integer. Then there is a monic irreducible polynomial f, (z) €
Z|z] of degree h(-4n) such that if an odd prime p divides neither n nor the discriminant of f, (z),
then
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(=n/p) =1,

_ 2 ;
p = 22 + ny? for some integers z and y <= { Sa e Z, fula) = 0(p)

Furthermore, f,(z) may be taken to be the minimal polynomial of a real algebraic integer « for
which L = K(a) is the ring class field of the order Z[\/—n| in the imaginary quadratic field K =
Q(v/—n). Finally, if f, (z) is any monic integer polynomial that satisfies the above conditions and
equivalence, then it is irreducible over Z and is the minimal polynomial of a primitive element of
the ring class field L described above.

Proof. To prove this, we need the following fact on ring class fields:

Lemma 3.6.2 Let L be the ring class field of an order O in the imaginary quadratic field K =
Q(v/—n). Then L is Galois over Q and its Galois group over Q can be written as the semidirect
product:

Gal(L/Q) = Gal(L/K) x Z/2Z.
where the 1 € Z/27Z acts on Gal(L/K) by sending o to o~ *.

Proof. First of all, we want to show 7(L) = L, where 7 denotes complex conjugation. Note that
T(fOr) = fOk and 7(Pkz(f)) = Pkz(f), and we have (because ker(®r,x 0, ) = P z(f))

ker(®-(ry/x 0, ) = T(ker(Pr Kk jor ) = T(Prz(f)) = Pra(f)-

And thus ker(®,(1)/k jo,) = ker(®r,k jo, ). By uniqueness part in the Existence Theorem, we
have 7(L) = L.

Thus, similar to the proof of Lemma 3.2.3, we have that L is Galois over Q. Thus we have the
exact sequence
1 — Gal(L/K) — Gal(L/Q) — Gal(K/Q)(=Z/2Z) — 1.

Since 7 € Gal(L/Q), Gal(L/Q) is a semidirect product Gal(L/K) x Z/2Z, where the nontrivial
element of Z /27 acts by conjugation by 7. For a prime p of K, we know from Corollary 1.2.5 that

L/K\_ _ (L/K\ _ (L/K
r(45)7 = (5655) = (%)
Thus, under the isomorphism Ix (f)/Pr z(f) = Gal(L/K), conjugation by 7 corresponds to the

usual action of 7 on Ik (f). But for any such p, pp = Nm(p)Ox € Pk z(f). Thus conjugation by 7
gives p the inverse of p in Ix (f)/Pk,z(f) (and thus in Gal(L/K). Thus the lemma is proved. O

Now, similar to the proof given for Theorem 3.2.1, our first step is to prove the following equiv-
alence, the proof of which mimicks the proof for Theorem 3.2.2:

Theorem 3.6.3 Let n > 0 be an integer. Let L be the ring class field of the order O = Z[/—n] in
K = Q(v/—n). If p is an odd prime not dividing n, then

p = 2® + ny? <= p splits completely in L.

Proof. The discriminant of © is -4n. We know that -4n = f ?dx where f is the conductor of the
order. Let p be an odd prime not dividing n, then p does not divide fdx, and thus p is unramified
in K. We need the following equivalences:
p =2 + ny’

< pOx = pp, p #p,and p = a0k, @ € O

< pOk =pp, p # b, p € Pra(f)

> pOx = pp, p # b, (L/K)/p) =1

<= pOxk = pp, p # p, p splits completely in L

<= p splits completely in L.

For the first equivalence, suppose p = 2° + ny®> = (z + yv—n)(z - yv/—n). Let p = (z +
yv/—n)Ok, note that (z + y/—n) € O. We also have that (z + yv/—n)Ok # (z - yv/—n)Ok
since p is unramified in K. Conversely, if pOx = pp and p = (z + y/—n)Ok, it follows that p =
2? + ny?. Note also that the second equivalence follows immediately from Proposition 3.4.11.

To prove the third and fourth equivalence, note that the third equivalence follows immediately
from the isomorphism under the Artin map: Ix(f)/Px,z(f) = Gal(L/K). The fourth equivalence
follows from Corollary 1.2.5. Finally, recall that L is Galois over Q. Thus, the proof of the final
equivalence is the same as the proof for Lemma 3.2.4. And we are done. O
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Now we are ready to prove the main equivalence of Theorem 3.6.1. To begin, note that since L is
Galois over Q, by Theorem 3.2.5 there is a real algebraic integer a such that L = K(«).

By the same theorem, we know that since p splits completely in L, (-n/p) = 1 and f,(z) has
an integer solution mod p for p dividing neither n nor the discriminant of f,(z), f,(z) being the
minimal integer polynomial of « over K. Note also that the degree of f, (z) is [L:K] = h(O) =
h(-4n). And thus we’ve proved the main equivalence for our theorem.

The final part of the theorem says that all monic integer polynomials that satisfy the equivalence
condition are the minimal irreducible polynomials for some primitive elements « such that L =
K(a).

To prove this, let f,(z) be a monic integer polynomial of degree h(-4n) that satisfies the equiva-
lence condition of Theorem 3.6.1. Let g(z) be the irreducible component of f,(z) over K. Let M =
K(a) be a field extension generated by the root of g(z). Then, if we show L C M, we have:

h(-4n) = [L:K] < [M:K] = deg(g(z)) < deg(f,(z)) = h(-4n)
and thus L = M and f,(z) is the minimal polynomial for o a primitive element of L over K.
To prove L C M, we need the following fact:
Proposition 3.6.3 Let M and L be finite extensions of K. Then L. C M iff SM/@ C Si/g, where

Spo = {p prime: p splits completely in L}
SM/@ = {p is unramifed in L and f(%|p) = 1 for some prime P of M}.

Proof. For proof, see Cox|[1, Proposition 8.20]. O

We thus want to show SM/Q C Si/q- Note that Sp/q is the set of all primes that satisfy the
equivalence condition of Theorem 3.6.1.

Thus we suppose that p € S'M/@. Then, f(P|p) = 1 for some prime P of M} Let p =B N Ok,
then
L= F(Blp) = fF(Blp)f (plp)-

And thus f(p|p) = 1 which says that p splits completely in K. Also, since f, (z) = 0 () has a
solution in Oy because a € Oy and f, (o) = g(a) = 0, and since f(PB|p) = 1 implies (by definition
of inertia degree) that Z/pZ = O /B, we know that f,(z) = 0 (p) has an integer solution. Thus,

p splits completely in K and f,(z) = 0 (p) has an integer solution.

Thus, p € Sp/q and SM/Q C Sr/g- Thus L C M and the proof of the final part of Theorem 3.6.1
is done. O

3.7 Example: p = % + 279

Thus we have the solution for p = 2? + ny? for all possible n’s. We finish the paper by giving one
example of using ring class field to solve for the above quadratic form. We begin by finding the ring
class field of order Z[/—27]:

Proposition 3.7.1 The ring class field of the order Z[/—27] C K = Q(v/-3) is L = K(v/-2).

Proof. Let L be the ring class field of the order Z[v/—27] C K = Q(v/—3). Then, we know the
following facts from class field theory:

(i) [L:K] = |Gal(L/K)| = h(O). By Theorem 3.4.13, one easily computes h(O) = 3.

(ii) By Lemma 3.6.2, L is Galois over Q, and Gal(L/Q) is isomorphic to the symmetric group S3
because Gal(L/K) 2 Z/3Z by (i).

(iii) All primes of K that ramify in L divides 60k because the conductor of Z[/—27] is 6 (Ok
— Z[%ﬂ]).

To proceed, note that K contains a primitive cube root of unity {3 = 71% V=3 Thus, by Kummer
theory, any cubic Galois extension of K is of the form K({/u) for some u € K. More precisely, we
want to show the following statement:

Proposition 3.7.2 If M is a cubic extension of K = Q(v/—3) with Gal(M/Q) = Ss, then M =
K(/m) for some cubefree positive integer m.
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Proof. We know that M is Galois over Q and that the complex conjugation 7 € Gal(M/Q). Also,
if o is a generator of Gal(L/K) = Z/3Z, Gal(L/Q) = S which implies that 707 = o™ .

By Theorem 3.2.5, there exists a real algebraic integer « such that L = K(«). We define u; € M
as

u = o+ Co ) + o 2(a), i = 0,1,2.

where ( is the primitive cube root of unity. Then, u; are algebraic integers satisfying o(u;) = Cluy.
Because To1 = 071, we have 7(u;) = u; and thus all u; are real. Note that uo is fixed by both 7
and o, and thus uy € Z. Similarly, 43 and 45 € Z.

If w1 # 0, we claim that M = K(u1). To show this, note that [M:K| = 3 and thus M # K(u1)
when u; € K. Since w1 € R, w; is fixed by both ¢ and 7 and is thus an integer. This contradicts
the fact that o(u1) = Cur. Thus if m = u} € Z, M = K(w1) = K(/m).

Similarly, we can show that if uz # 0, then M = K(uz2). The remaining case is to show when u;
= up = 0. A simple application of Cramer’s rule shows that

a = u1+1§2+u3

which shows that « € K and is thus rational (since we've assumed a € R). This completes the
proof of Proposition 3.7.2. O

The next step is to use ramification of K C L = K(/m) to restrict m. It is easy to show that
any prime of K dividing m ramifies in L. By (iii) above, all primes of K ramified in L divide 60k,
and thus 2 and 3 are the only integer primes dividing m. Thus m can only be one of the following
integers:

2,3, 4, 6,9, 12, 18, 36.
And one can easily show that the only four fields satisfying conditions (i) through (iii) are
K(2), K(¥3), K(¥6), K(VT2).

To further limit the candidates for the correct field, we need to use Theorem 3.6.1. By the theorem,
the correct field gives a minimal polynomial f,,(z) which has an integer solution modulo p. Since
each of the four fields above gives a minimal polynomial, we can use this condition to check whether
the polynomial has such a solution.

For the field K(4/3), for instance, the minimal polynomial of /3 over K is f,,(2) = 2® - 3. Choose
p = 31 since 31 = 22 + 27 x 12, Using a computer, one can show that 2° = 3 (31) has no integer
solution. Thus, K(+/3) is not our desired field.

Similarly, one can show that K(4/6) and K({/12) do not satisfy Theorem 3.6.1. And thus L =
K(32). O

Once we know the ring class field of order Z[/—27|, we use Theorem 3.6.1 to get the final solution
for p = 2% + 27y%:
Theorem 3.7.3 If p > 3 is a prime, then

p=1(3),

_ 2
p=a + 20y <:>{ Ja € Z,2% = 2(p).

Proof. By Proposition 3.7.1, the ring class field of the order Z[v/=27] is K(¥/2), K = Q(v/=3).
Since v/2 is a real algebraic integer, whose minimal polynomial is f,,(z) = 2° - 2 as shown in the
proof above, by Theorem 3.6.1 we know that

2* =2 (p) and (-27/p) = 1.

The latter is equivalent to the condition

p=1(3).
Since the discriminant of f,,(z) is —22-3%, the only primes that ramify in the extension are 2 and
3. And thus we have the condition that p is a prime greater than 3. O
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