AN INTRODUCTION TO SPECTRAL GRAPH THEORY

JIAQI JIANG

ABSTRACT. Spectral graph theory is the study of properties of the Laplacian
matrix or adjacency matrix associated with a graph. In this paper, we focus
on the connection between the eigenvalues of the Laplacian matrix and graph
connectivity. Also, we use the adjacency matrix of a graph to count the number
of simple paths of length up to 3.
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1. INTRODUCTION

The eigenvalues of the Laplacian matrix of a graph are closely related to the
connectivity of the graph. Therefore, bounds for the smallest nonzero eigenvalue of
the graph Laplacian give us intuition on how well connected a graph is. Thus, we
focus on finding bounds for this eigenvalue. Additionally, the adjacency matrix of
a graph provides information about paths contained in the graph. Therefore, it is
also one of our goals to find a way to count the number of paths of different length
contained in the graph using the adjacency matrix.

2. BACKGROUND OF SPECTRAL GRAPH THEORY

We introduce the basic concepts of graph theory and define the adjacency matrix
and the Laplacian matrix of a graph.

Definition 2.1. A graph is an ordered pair G=(V,E) of sets, where
EcC {{z,y} |2,y e V.x #y}.

The elements of V' are called vertices (or nodes) of the graph G and the elements

of E are called edges. So in a graph G with vertex set {x1,z2,...,2,}, {z;,z;} € E

if and only if there is a line in G' which connects the two points z; and z;. The

graph we defined above is called an undirected graph. A directed graph is similar
1
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to an undirected graph except the edge set £ C V x V. Unless specified, the graphs
we deal with in this paper are all undirected and finite. Also, the vector spaces we
are working on are all real vector spaces.

Now we will define the concept of adjacency.

Definition 2.2. In a graph G = (V, E), two points z;,z; € V are adjacent or
netghbors if {z;,xz;} € E.

If all the vertices of G are pairwise adjacent, then we say G is complete. A
complete graph with n vertices is denoted as K™. For example, the graph of a
triangle is K3, the complete graph with three vertices.

Definition 2.3. The degree d(v) of a vertex v is the number of vertices in G that
are adjacent to v.

There are two matrices we can get from a graph G. One is called adjacency
matrix, which we denote as Ag. The other is called Laplacian matrix, which we
denote as Lg. Without loss of generality, assume a graph G has the vertex set
V ={1,2,...,n}. Now we define the adjacency matrix and the Laplacian matrix
of G as follows:

Definition 2.4. In the adjacency matriz Ag of the graph G, the entries a; ; are
given by
1 if {i,j} € E,
Qij = :
0 otherwise.

Definition 2.5. In the Laplacian matriz Lg of the graph G, the entries [; ; are
given by
-1 if {i,j} € E,
li; =4d@) ifi=jand
0 otherwise.

One use of the adjacency matrix of a graph is to calculate the number of walks of
different length connecting two vertices in the graph. Before we define the concept
of walk, we first introduce the concept of incident.

Definition 2.6. A vertex v € V is incident with an edge {v;,v;} € E if v = v; or
U = vj.

Now we define the concept of the walk.

Definition 2.7. A walk on a graph is an alternating series of vertices and edges,
beginning and ending with a vertex, in which each edge is incident with the vertex
immediately preceding it and the vertex immediately following it.

A walk between two vertices u and v is called a u — v walk. The length of a
walk is the number of edges it has. In a walk, we count repeated edges as many
times as they appear.

Theorem 2.8. For a graph G with vertex set V.= {1,2,...,m}, the entry a;; of
the matriz Ag obtained by taking the nth power of the adjacency matriz Ag equals
the number of i — j walks of length n.
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Proof. We will prove the theorem by induction. When n = 1, the entry a;; is 1 if
{i,j} € E. By definition, i {4,j}j is then an i — j walk of length 1 and this is the
only one. So the statement is true for n = 1.

Now, we assume the statement is true for n and then prove the statement is also
true for n + 1. Since A?j"'l = A}, - Aij, therefore, a?jﬂ =Y po,al - ag;. Because
ar; = 0 whenever {k,i} ¢ E and ay, = 1 if {k,i} € E, it follows that af}, - aw;
represents the number of those i — j walks that are ¢ — k walks of length n joined by
the edge {k,j}. In particular, all walks from ¢ to j of length n 4 1 are of this form

for some vertex k. Thus a;’jﬂ =7t al - ag; indeed represents the total number
of ¢ — j walks of length n 4+ 1. This proves the statement for n + 1. Then by the
principle of induction, we prove the statement for all natural numbers n. [

In a later section, we will discuss how to compute the number of paths (a walk
in which vertices are all distinct from each other) of length up to 3 between i and
j in a graph given the adjacency matrix of the graph.

3. BAsic PROPERTIES OF THE LAPLACIAN MATRIX

One of the most interesting properties of a graph is its connectedness. The
Laplacian matrix provides us with a way to investigate this property. In this section,
we study the properties of the Laplacian matrix of a graph. First, we give a new
way to define the Laplacian matrix for a graph, which turns out to be much more
useful than the previous one.

Definition 3.1. Suppose G = (V, E) is a graph with V' = {1,2,...,n}. For an
edge {u,v} € E, we define an n x n matrix Lg,, ,, by

1 ifi=jandie€ {u,v},
gy (1,7) =q—1 ifi=wand j =w, or vice versa,

0 otherwise.
It is easy to check that L¢, ,, has the nice property that
' Lay, & = (vy — x,)° for all € R

Now given the edge set E of a graph G, we are ready to give our new definition
of the Laplacian matrix Lg of the graph.

Definition 3.2. For a graph G = (V,E), Lg = > Lg,.,-
{u,v}eE

It is readily seen that this new definition of the Laplacian matrix is indeed
equivalent to the definition given in the previous section. However, we find that
many elementary properties of the Laplacian matrix follow easily from the new
definition. We see that the eigenvalues of the Laplacian matrix are all real by
realizing that the Laplacian matrix of a graph is symmetric and consists of real
entries. Thus, Lg=L{, where Lf, is the conjugate transpose of L. Therefore, Lg
is self adjoint. By the following theorem, all the eigenvalues of Lg are thus real.

Theorem 3.3. The eigenvalues of a self adjoint matriz are all real.

Proof. Suppose A is an eigenvalue of the self adjoint matrix L and v is a nonzero
eigenvector of A\. Then
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Since v # 0, we have ||[v]|* # 0. Therefore, A = X. This proves that X is real. O

In fact, the eigenvalues of the Laplacian matrix are not only real but also non-
negative. Recall the definition of positive-semidefinite.

Definition 3.4. An n x n matrix M is called positive-semidefinite if Z7 MZ > 0
for all ¥ € R™.

Since :E'TLGMW};E' = (24 — x,)? for all ¥ € R", we have

FLei= Y iLay ,i= Y (2u—1,)>>0.
{u,v}eFE {u,v}eE

Therefore, the Laplacian matrix of a graph is positive-semidefinite. It follows that
all the eigenvalues of L is non-negative.

Theorem 3.5. For a graph G, every eigenvalue of Lg is non-negative.

Proof. Suppose ) is an eigenvalue and & € R™ is a nonzero eigenvector of A. Then

i Loz = 2T (\D)
)
Since 7L > 0 and ZTZ > 0, we have A > 0. O

As we have noted, the Laplacian matrix L¢ is self-adjoint and consists of real
entries. Thus the Real Spectral Theorem states that Ls has an orthonormal basis
consisting of eigenvectors of Lg. Therefore, for a graph G of n vertices, we can find
n eigenvalues (not necessarily distinct) for L. We denote them as Aj, Ag, ..., Ay
Since they are all real and non-negative, we assume that

0< A <A< <Ay

Now we prove some fundamental facts about Laplacians. Recall that in the
previous section we mentioned that the eigenvalues of the Laplacian tell us how
connected a graph is. Now, we define connectedness. First, we give the definition
of a path.

Definition 3.6. A path is a non-empty graph P = (V, E) of the form
V =A{zo,21,...,2n} E={{zo, 21} {z1, 22}, ... {zn-1,20}},

where all the vertices x; are distinct.
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Recall the definition of a walk, a path is in fact a walk with no repeating vertices.

Definition 3.7. A non-empty graph G is called connected if any two of its vertices
are contained in a path in G.

Now we will see that the eigenvalue 0 is closely related to this connectedness.

Lemma 3.8. For any graph G, Ay =0 for Lg. If G = (V, E) is a connected graph
where V. ={1,2,...,n}, then Ay > 0.

Proof. Let £ =(1,1,...,1) € R™. Then the entry m; of the matrix M = LgT is

n
k=1

Recall the definition of Lg given in the first section. It follows immediately that
m; = 0 since the row entries of Lg should add up to zero. So LgZ = 0. Therefore,
0 is an eigenvalue of Lg. Since 0 < A\ < Ao < -+ < Ay, it follows that A = 0.

Now we want to show that Ay > 0 for a connected graph. Since 0 is an eigenvalue
of Lg, let Z be a nonzero eigenvector of 0. Then

TLez=7"-0=0.
So
'Laz = Z (24 — 20)% = 0.
{u,v}ekE
This implies that for any {u, v} such that {u,v} € E, z, = z,. Since G is connected,
this means z; = z; for all 4,5 € V. Therefore,

where « is some real number. So,
Uy, =Span((1,1,...,1)),

where Uy, is the eigenspace of A\;. Therefore, the multiplicity of eigenvalue 0 is 1.
It follows that Ao # 0, so Ay > 0. ([l

In fact, the multiplicity of the eigenvalue 0 of L¢ tells us the number of connected
components in the graph G.

Definition 3.9. A connected component of a graph G = (V, E) is a subgraph
G =(V",EY), (V' cV,E ={{z,y} € E|x,y € V'}), in which any two vertices
i,j € V' are connected while for any i € V' and k € V'\ V| 4, k are not connected .

Corollary 3.10. Let G = (V,E) be a graph. Then the multiplicity of 0 as an
etgenvalue of La equals the number of connected components of G.

Proof. Suppose G1 = (V1, E1),Gy = (Va, Ea), ..., G = (Vi, Ey) are the connected
components of G. Let w; be defined by

1 ifj eV,
(w;); = .
0 otherwise .
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Then, it follows from the previous lemma that if ¥ € R™ is a non-zero eigenvector of
0, then z; = x; for any 4, j € V such that 4, j are in the same connected component.

So

Uy, = Span({w}, W, ..., Wk}).
It is clear that w},ws, ..., w) are linearly independent. Therefore, the multiplicity
of 0 as an eigenvalue of Lg is the number of connected components in G. ]

4. EIGENVALUES AND EIGENVECTORS OF THE LAPLACIANS OF SOME
FUNDAMENTAL GRAPHS

Now we begin to examine the eigenvalues and the eigenvectors of the Laplacian
of some fundamental graphs.

Definition 4.1. A complete graph on n vertices, K, is a graph G = (V, E) where
V={12,...,n} and E = {{i,j} i # j,i,j € V}.

Proposition 4.2. The Laplacian of K, has eigenvalue 0 with multiplicity 1 and
ergenvalue n with multiplicity n — 1.

Proof. The first part of the proposition simply follows from Corollary 3.9.
To prove the second part of the proposition, consider the Laplacian of K,,. It is
an n X n matrix defined by
-1 if i # j,
Q5 = e
n—1 ifi=j.
Therefore, Li, —nl = M where M is the n x n matrix with entries all equal -1.
Clearly, M is not invertible and has rank 1. Thus n is an eigenvalue of Lg, . Then

by Rank-nullity Theorem, null(M) = n — 1. It follows that the eigenvalue n has
multiplicity n — 1. ([l

Definition 4.3. The path graph on n vertices, P,, is a graph G = (V, E) where
V={1,2,....n}and E={{i,i +1} |1 <i<n}.

Definition 4.4. The cycle graph on n vertices, Cy, is a graph G = (V, E)) where
V={12,....n}and E={{i,i +1} |1 <i<n}U{{l,n}}.

27k

n

Proposition 4.5. The Laplacian of C,, has eigenvalues 2 — 2 cos(
ated eigenvectors of the form

x;(k) = sin <2ﬂ-kl> and,
n

2mki
yi(k) = cos( - ) ,

) and associ-

where x;(k) denotes the ith component of the eigenvector for the kth eigenvalue and
k<3
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Proof. Note the Laplacian matrix of C), has the form

2 -1 0 - -1
-1 2 -1 -+ 0

0 - -1 2 -1
-1 -+ 0 -1 2

Therefore, if A is an eigenvalue of L¢, and Z is an associated eigenvector, then &
should satisfy

(4.6) 2T1 — Tg — Ty, = AT
(4.7) -1 — Tp_1 + 22, = Ax,,and,
(4.8) —Tp—1 + 2% — Tpg1 = ATy, for all 1 <m < n.

Also, from the form of L¢, , we can see that if P is a cyclic permutation, then P%
is also an eigenvector for A\. This means that #, P&,..., P" ¥ are all eigenvectors
of A\. However, the maximum dimension of any eigenspace is n — 1 since 0 is an
eigenvalue of multiplicity 1. This implies that

P'i € Span({Z, P%,..., PI"'%})

for some j. This shall give us some idea about the possible form of Z. We might
try the particular form corresponding to the case 7 = 1 such that

(49) Ty =A™,

where A = x7 is some constant.
Plugging (4.9) into (4.6), (4.7) and (4.8), we get

2—A— A1 =)
2 - A" — A7 = )\ and,
2 A '—A=M\foralll<i<n.

Combining these equations, we actually get that A™ = 1. This means
2mki

Ak:e n

for 1 < k < n are solutions. The associated eigenvalues Ay = 2 — 2cos(¥) are

indeed all real. Recall we are working on the real vector space, but so far the &
we get by the form x,, = A™ are complex as Ay is complex. However, if we write
(k) = A™ using Euler’s Formula, we can see that

2rkm .. 2mkm
) + i sin(

zZm (k) = cos( ).

Since L¢, z(k) = Agz(k) and both L¢, and \j are real, this means that both the
real part and the imaginary part of z(k) are invariant under L¢, because Lg,
consists of real entries. Therefore, z,, (k) = cos(2ZE™) and y, (k) = sin(2Z2™) are
both eigenvectors for Ay = 2 — 2 cos(22%). Then, for k > 2,

n

x(k) € Span({z(1), 2(2),....2()}) (i< 5)

> and,

).

y(k) € Span({y(1),y(2), ..y} (5 <

|3
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So the eigenvalues are 2 — 2 cos(22E) with k < 2.

The list above is exhaustive since we have formed n independent eigenvectors
correspondingly to these eigenvalues:
When 7 is odd, we have one eigenvector z(0) for A\g = 0 (y(0) = 0), and two
eigenvectors (k) and y(k) for all 0 < k < 3.
When 7 is even, we have one eigenvector z(0) for A\ = 0 (y(0) = 0) and two

eigenvectors (k) and y(k) for all 0 < k < § and one eigenvector () for An =4
(y(3) =0). O

Proposition 4.10. The Laplacian of P, has the same eigenvalues as Ca,, and the

associated eigenvectors
wki wk
xi(k)=cos| — — — |,
i(k) ( n Qn)

for0 <k <n.

Proof. In order to prove the proposition, we will treat P, as a quotient of Csy, by
identifying vertex i of P, with both vertices i and 2n 4+ 1 — i of C5,. Then we find
an eigenvector U of Csg,, such that v; = ve,41_; for all vertices i of Cy,,. Then,

is an eigenvector of P,. First, I am going to show that Z is an eigenvector of P,.
Notice that Lp_  has the form

1 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 1

So if 4 is an eigenvalue of P, then it must satisfy:
Up — U2 = )\ul
—Up_1 + Up = AUy, and,
—Ui—1 + 2u; — U1 = dug, for all 1 < i < n.
Following immediately from the previous proof, our & satisfies the last condition.
We only need to check whether it satisfies the first two conditions. As we notice,

)\U1:7UQ7L+2U17U2:7U1+2U17U2:U17U2

Mip = —Up_1 + 2Up — Up4+1 = —Up—1 + 2Up — Up = —Up—1 + Un.
So our ¥ satisfies all the conditions.
Now, we want to make sure that there exists an eigenvector ¢ of Cs,, satisfying
V; = Vap+t1—i, SO We can get our & from it. Fortunately, we only need to let

vi(k) = cos <7rk:z - ﬂk) ,

n 2n
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then
mk(2n+1—1 wk
)AL=t
(Wk(éln +2—-2i— 1))
= cos
2n
(47rkn k(21 + 1))
= cos -
2n 2n
~ cos (%k _ ‘M’“Wf)
2n
(sz ﬂ'k)
=cos| — — —
n 2n
= Ui(k),

wk 2mki wk\ . [27ki
=cos|{ — |JcosS| —— | +sm| — |sn ,
2n 2n 2n 2n

we have ¥ € Span ({z(k),y(k)}), where z(k) and y(k) are the eigenvectors for
Cy, following from proposition 4.5. The eigenvalues associated are thus A\ =
2— 2COS(%) where 1 <k < n. O

5. THE BOUNDING OF A\

As noted above, the smallest non-zero eigenvalue of the Laplacian of a graph
tells us how connected the graph is. Thus, it is important to find bounds for this
value. First, we try to find a lower bound for the largest eigenvalue of the Laplacian
of a graph. In order to do this, we introduce the Courant-Fischer Theorem.

Theorem 5.1 (Courant-Fischer). Let A be an n x n symmetric matriz and let
1<k<<n Let \y < Ay < -+ < Ay be the eigenvalues of A and vy, va,...,v, be
the corresponding eigenvectors. Then,

2T Ax
A1 = min T
z#0 xtx
. xT Ax
)\2 = mi T
z#0 and zlvy ' X
2T Az
Ap = max—-=—.
z#0 X' T

The proof of this theorem can be found in [5]. With Courant-Fischer Theorem,
we can get some easy lower bounds for the largest eigenvalue A,, of the Laplacian
of a graph.

Lemma 5.2. Let G = (V, E) be a graph with V ={1,2,...,n} andu € V. Ifu
has degree d, then

An(G) = d.
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Proof. By Courant-Fischer Theorem,

=T —
Tt Lax
A (G) = max—————
n(G) 720 TTZ
Let & = €, where €71,¢€3,...,¢, is the standard basis. Recall that
' LoZ = Z (zy — )%
{u,v}eE
Therefore, we have
(0 — 20)?
&I Lae, _ {uv}€E h !
e};Te}; >
d
1
=d
T -
Tt Lgx
So An(G) > =52 = a. O

Ty
In fact, we can slightly improve the bound.

Theorem 5.3. Let G = (V, E) be a graph with V ={1,2,...,n} andu € V. Ifu
has degree d, then
A(G) = d+1.

Proof. 1t follows the same idea as in the proof for the previous lemma. However,
this time we will consider the vector & given by

d if i = u,
x; =< —1 if {i,u} € E,
0 otherwise.

Then we have

(14 — ,)?
fTLgf _ A{uvler
Zrg S a2
_dd— (-1
Cd(—1)2 4+ a2
d(d+1)?
d(d+1)
=d+1

So A (G) > =d+1 O

Now we turn our focus onto the bounding of Ay. By Courant-Fischer Theorem,
we can roughly get an upper bound for A5 of the path graph P,.

1
Proposition 5.4. Let P, be the path graph, then Aa2(P,) = O (2)
n
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Proof. Consider the vector @ such that u; = (n 4+ 1) — 2i. Then

i-1=Y (n+1)-2i=0,

%

where T = (1,1,...,1). As we have shown before, T spans the eigenspace for the
eigenvalue \; = 0. Then by Courant-Fischer Theorem, we get
T —
. &' Lp,x
Ao (Py) = M
< ﬂTijU
AR,

Recall that
' LoZ = Z (zy — )%
{u,v}eE
So

> (ui —uig)?

@'Lp, i 1<i<n

wa o (w)?

n22

> (n+1-2i)2

1<i<n

<

The denominator > (n+1—2i)? is of order n?, therefore we can give a upper-bound

of Ao by
1

Now, we try to get a lower bound for \s of P,.

Definition 5.5. For two symmetric n by n matrices A and B, we write A = B if
A — B is positive semidefinite.

So if A = B, then T A% > 7 BZ for all Z.
Lemma 5.6. If G and H are both graphs with n vertices such that
c¢-Lg = Ly,
then
¢ X(G) = Xa(H).
Proof. By Courant-Fischer Theorem,

CfTLgf
min —_—
T£0 and TLv, TLT
fT(C . Lg)f

= in —
##£0 and F Lo} Ty

C- )\2(G) =
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fT(C . Lg)f

Assume when 7 = 1, o reaches minimum for £ # 0 and Z L v7. Since
'z

c¢- Lg = Ly, by definition,

C- )\Q(G) =

WV

#T Ly®

min
#£0 and #Lv; TLL
> Aa(H).

WV

O

By using this lemma, we will be able to find a lower bound for \y(P,) by com-
paring it with A2(XK,,). Recall our previous definition of Lg,, ,, in definition 3.1.
For convenience, I will denote Lg (0} simply as Ly, .} from now on.

Lemma 5.7. For a graph G, let ¢1,ca,...,¢n—1 > 0. Then

n—1
c <ZCiL{i,i+1}> = Li1ny,
i=1
where
n—1 1

Proof. First, we should see the statement is equivalent to

n—1 1
Y cilgiitny 7z —Liiny-
i=1 1

<z‘—1 Ci)

We shall prove this equivalent statement by induction. When n = 2, it is trivial.
Assume the statement is true for n — 1, then

n—1 n—2
ZCiL{i,i-i-l} = ZciL{i,i+1} +en—1L{n-1n)
i=1 i=1

)L{l,nl} +cn—1L{n_1n}-

Now, we want to show that

1 1
ﬁL{l,n—l} +en1Lin_1n) = ﬁL{l,n},
<z¥1 Ci) (12 Ci)
which is equivalent to showing that

1 1
(TLZ_:Ql>L{1,n—1} + Cn—lL{n—l,n} - <n_11>L{1,n}

i=1

M =

i=1
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is positive semi-definite. As we know,

1
Mz = nT(xl — xn_l)z + cn—1(Tp_1 — xn)Q - T(xl - xn)Q.
(£%) (Z2)

=1

Let a1 = and as = ¢,—1 and let y; =1 — 1 and Yo = 1 — T, then

n—2

2.

~ 1
p
i=1

F'MZ = a1y} + asys — — — (y1 + Y2)?
a; - +ag
1 _ _
= —— (o Y ta; 1) (a19? + azy3) — (31 + y2)2] :
a; - +ag

By Cauchy-Schwartz Inequality, we get

_1 2 1 2 1 1 2
a” aty a * afy

_1 1 2 1 1
ay * asye ay * as ya

(ar' +a3") (aryf + a2y3) > (y1 +12)°

Therefore, 27 M > 0. So M = 0. Thus, we have proved the statement for n. By
principle of induction, we have proved the statement for all n. O

6
Proposition 5.8. For a path graph Py, A2 > —.
n

Proof. We will prove this proposition by comparing the path graph P, to the com-
plete graph K, using the lemma we have just proved.

Suppose K, = (V,E) where V = {1,2,...,n}. For each edge {u,v} € E with
u < v, we apply Lemma 5.10, with ¢1,¢,...,¢,—1 = 1. Then

v—1
(U - U) E LKn{i,iJA} s LKn{u,v)'
i=u

Then summing over all pairs of u,v with u < v, we get

v—1
Z (v 7U)ZLK”{M+1} s Z Loy = L,
i=u

ISu<vn 1<u<vn
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Notice that

n—1
Z (v—u)= Zl(n—l)
ISu<vsn i=1
n—1 n—1

nn(n -1 nr-1)2n-1)

2 6
B nd n
"6 6
n3
< e
Therefore,
n3 n3 n—1 n—1
(6) Lp. = <6> ZLK”U,HI} i Z (v— U)ZLK”{LHI}
i=1 1<u<v<n i=1
v—1
= Z (v— U)ZLK"{i,iJrl}
I<u<vsn i=u
= Lk,
So

7’l3
Z)Lp =Lk .
(%) L= L,

w A2(Pp) = Aa(Ky).
(%)

By Lemma 5.9, we have

6
Proposition 4.2 implies that A\2(K,,) = n, therefore
n3
6
and so,
6
Xo(Pp) = 3

O

We can readily see that this lower bound has the same order as our previous
rough upper bound of Ay (FP,).

6. FURTHER DISCUSSION ON SIMPLE PATH COUNTING PROBLEM

In the previous section, we have shown that for a given graph G = (V| E) where
V ={1,2,...,n}, the entry aﬁj of the exponential of the adjacency matrix A’("; tells
us the number of ¢ — j walks of length k. However, from our definition, we can see
these i — j walks consist of repeating edges. It would be interesting to count the
number of ¢ — j walks with no repeated vertices, which we will call simple paths.

Definition 6.1. Let G = (V, E) be a graph and suppose i,j € V. A simple path
between ¢ — j in G is a subgraph which is a path connecting ¢ and j. The length of
the simple path is just the length of the subgraph path.
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We can easily see that in a graph G all the i — j walks of length 2 where i # j
are simple paths between i — j of length 2. Thus the entries a? ; of Aé where i #£ j
give us the correct number. Since any closed walk (i — ¢ walk for any ¢ € V) is not
counted as a simple path, the number of simple path between ¢ and i is always 0.
Therefore, the matrix counting the number of simple paths of length 2 is

59 = a3

where D¢ is the degree matrix defined by

g, = {d(i) if i = j,

0 otherwise,

where d(i) denotes the degree of vertex i.

Now we consider simple paths of length 3. A simple path of length 3 between i
and j consists of a simple path of length 2 between ¢ and a point u where {u, j} € E.
Thus, we would expect that

n
_ 2
= E :Si,pap»]
p=1

where 5(2) is the number of simple path of length 2 between ¢,p and a,; is the
entry of adjacency matrix Ag. However, we should notice that if j is adjacent to
1, then the formula above will include the number of ¢ — j walks which contain a
closed walk at j . That is they are walks of the form ¢ — j — p — j. Therefore, we
have to subtract the number of such walks. We can easily see this number is given
by a;;(d(j) — 1). So in fact

58 — 55,2;3%,3‘ —a;;(d(j) —1).

17-]
p=1
where i # j and,
G) _ .

0,7

Therefore, we could see that
S8 = 5% Ag — Ag(Dg — I) — Diag(SS Ag)

where Diag denotes the matrix given by

0 it
Diag(M) — { it
m,;; ifi=j.

We can easily see this simply means that Sg’ ) is obtained by changing the diag-
onals of Sg)AG — Ag(Dg —1I) to all Os.

So far, I have only computed Sgc) for up to 3 as the case for k > 3 is too compli-
cated to compute. The problem may require different methods or tools to tackle in
the future. However, we can reach a rough upper bound for the number of simple
paths of length k. Consider the graph G = (V, FE) where V = {1,2,... ,n}. Tt is
obvious that the number m¢ of simple paths of length k& (k < n) contained in G is
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less than the number mp, of simple paths of length k contained in the complete
graph K,. We can easily compute mg, ,

1
mg, = 5n-(n—1)~-~(n—k+1)
_ Pn,k
2 )
where P, ; denotes k — permutations of n. So,
Pn k
mg < Mg, = 2’ .

There still remains the possibility to get even finer bounds for certain families of
graphs.
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