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Abstract

We obtain some results on non-cancellation of spheres as wedge summands of ceHgin co-
spaces and Mislin genera of such spaces. The spaces concerned are cones on cerfair-naps
such that one of the spaces is a sphere, while the other is a wedge of spheres. The main technique is
the utilization of certain results on presentations of fiitenodules, and we exploit (and compute)
the group structure on the genera2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Freyd [2] gave examples showing non-cancellation for wedge sums of spaces in stable
homotopy. Studies in the nonstable case appear in the work of Hilton [3], Molnar [9], Bokor
[1] and others. The spaces that we consider in this article are 1-connectégtsquaces,

i.e., 1-connected spaces having the rational homotopy type of wedges of spheres. We recall
that, dually, a 1-connected space is calleddrspace if it has the rational homotopy type

of a product of Eilenberg—MacLane spaces. The Mislin ggiug) of a nilpotent spac&

of finite type is the set of all homotopy types of spa&esuch thatt is of finite type and

for every primep the p-localization of X is homotopy equivalent to the-localization of

Y. For coHp-spaces there is a close relationship between Mislin genus and cancellation
of wedge summands. This can be observed in the work of Molnar [9] and Bokor [1] for
instance. See also the survey article [7] of McGibbon. Zabrodsky [14] introduced a group
structure on the Mislin genus for certalfy-spaces. This topic is also addressed in [7].

In the article [8], McGibbon enlarges the class of spaces for which the Mislin genera
has an Abelian group structure similar to that introduced by Zabrodsky. In particular, in [8,
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Theorem 4], the condition of 1-connectedness orHarspace is replaced by nilpotency.
This result was used by Hilton and Scevenels [5] to compare the genera of certain torus
bundles with the genera of certain nilpotent groups. More results of this nature are obtained
in [10]. Furthermore, for certain céf-spaces, McGibbon [8, Theorem 5] introduced the
structure of an Abelian group on the Mislin genus set of such a space. We shall compute
this group structure on the genera of certain mapping cones.

In [10] we study presentations of certain modules over a principal ideal domain. In
particular we computed certain sets of equivalence classes of presentations df{inite
modules. Some of those results are quoted in this article as Theorems 2.1 and 2.2. The
results obtained in [10] shed new light on the computation of genera, in the sense of
Hilton and Mislin [4], of certain nilpotent groups, and more generally, it facilitates the
study of non-cancellation of groups, as shown in [10]. In this article we use Theorems 2.1
and 2.2 as the main tools for studying non-cancellation phenomena in homotopy, and for
the computation of Mislin genus groups in the sense of [8, Theorem 5].

The contents of the different sections are as follows. In Section 2 we quote two results on
presentations of finit&-modules. In Section 3 we consider the mapping cones of certain
types of mapsf: X — S", whereX is a bouquet of#g — 1)-spheres. In particular, for
such maps we study (non-)cancellatiorséfin C s v $™. The main results here are Theo-
rems 3.3 and 3.7. In Section 4 we compute, Theorem 4.3, the genus groygafa map
f of the type considered in Section 3. Finally, Section 5 is devoted to mapping cones of
certain mapg : $™~1 — Y, whereY is a bouquet ofi-spheres. This can be regarded as
being a continuation of work in [1] of Bokor. We study cancellatios®for such mapping
cones, and obtain results similar to those of Sections 3 and 4.

Functions between topological spaces will always be assumed to be continuous. We shall
often use the same notation for a continuous function and its (pointed) homotopy class—it
will be clear from the context what is meant.

2. An equivalencerelation on morphism sets

For Abelian groupss and H let Hom[G, H] be the set of all morphismGé — H. We
define a relationr~ on Hon{G, H] as follows. Forfi, fo € Hom[G, H], fo ~ f1 if and
only if there is an automorphism: G — G such thatf> = f1 o «. This relation can easily
be seen to be an equivalence relation. For a finite Abelian gdoapd a positive integer
k, let E;(A) be the set of all epimorphisn& — A. Of course Ex(A) is nonempty if and
only if A can be generated by some finite subset of cardinality at lmoBhen~ is an
equivalence relation of (A), called Nielsen equivalence. The set of equivalence classes
will be denoted byE,"(A).

We recall the following results concerning the & A) from [13,10].

Theorem 2.1 (cf. [13, Theorem 3.4])Let A be afinite Abelian group of rankm, and let k
be any integer bigger than m. Then E;”(A) istrivial, i.e., for any epimorphisms f and g
of Z¥ onto A, f ~ g.
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For a finitely generated Abelian group, therank, r(A), of A is the minimum of the
cardinalities of generating subsetsAfIf A is a finite Abelian group, the symbepl(A)
will be used to denote the smallest of all positive integessich thatr(nA) < r(A). For
exampley (Z1o x Zas x Zg) = 2 andp(Z10 x Zzs x Zg) = 5.

The next result is proved in [10].

Theorem 2.2. Let A be a finite Abelian group. Let k betherank of A and let d = p(A).
There is a transitive action of Z}; on E;"(A) defined as follows. For f € Ex(A) let us
denoteits ~ classby [ f]. If x € Z; and xo is any element representing x, then

(x, Lf1) = [f o B],

for any endomorphism 8 of Z* such that Det(8) = +xo modd.
Theisotropy subgroup of the action is the subgroup of Z}; generated by the residue class
of —1.

From this theorem it follows that it = r(A), we can pick any element df,”(A) as
neutral element and obtain a group structuré@itA) which is isomorphict&} /{1, —1}.
If k is bigger than the rank of, then by Theorem 2.15,7(A) is a one-element set, and is
trivially a group.

3. Coneson mapsinto a sphere

Letn andm be integers such that — 1 > n > 1. We are interested in the claSém, n)
of all suspension maps: S~ 1 — §”.

We note that since: — 1 > n, for everyg € L(m, n), the order of the homotopy class
[¢] in the groupr,,—1(S") is finite. Furthermore, for a degreeself-mapu of $”, we have
that inm,,—1(S"), [u o g] = r[g]. This fact permits us to use simple matrix methods (see
also Remark 4.5).

Fix positive integersk, m and n such thatm — 1 > n > 1. We consider spaces
X1, X2, ..., Xz, admitting homotopy equivalencés: S” 1 — X;. Let X = \/f.‘:1 X;.
Fora mapf:X — S", we let f; = f o h; for eachi € {1,2, ..., k}. Then the function
f = (f1, fo,..., fr) induces a bijection between the $&t S"] of homotopy classes of
mapsX — §”, and thekth Cartesian powepr,,—1(5")1*. We now defineC = L(m, n, k)
to be the class of all mapg: X — S§" such thatf; € L(m, n) for each positive integer
i <k.

Let ¢: X — X be a self-map ofX. For eachi € {1,2,...,k}, let¢;: X; — X be
the inclusion and let pt X — X; be the projection. For each pair of integerg €
{1,2,...,k}, let]; be a homotopy inverse &f, and definep;; to be the degree of the self-
mapl; opr; o¢oejoh; of S*. For each self-map of X, we obtain & x k-matrix, (¢;;),
with integer coefficients. The functiop — (¢;;) sets up a bijectiohnX, X| — M, (Z),
whereM, (Z) is the set of alh x n-matrices with integer coefficients. The bijection is such
that ¢ is a homotopy equivalence if and only if the mattig;) is unimodular, i.e., the
matrix (¢;;) is of determinantt1.
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Let {e1,e2, ..., e} be the canonical-basis of the free Abelian group®. Then for
every f: X — §" there is a homomorphismy : 7K — 7,,_1(S") defined bye; — f; for
eachi € {1, 2,...,k}. The functionf — o induces a one-to-one correspondence between
[X, §"] and the set of all group homomorphis@s— 7,,_1(S").

Suppose that : $" — S" and¢ : X — X are homotopy equivalences and tifag € L.
Note that up to homotopy, there are only two choicesffonamely, degree 1 6r1. Then
the square shown below is homotopy commutative,

if and only if the associated triangle is commutative. In the trianglg, is the
homomorphism such that the matrix@f with respect to the bas(sy, ez, . . ., ex} is (¢;).

By

Tm—1(85")

From the observations above (together with an argument similar to that in the paper [9]
of Molnar, for instance), we can conclude the following.

Zk

Zk

Proposition 3.1. For maps f and g in £, Cy >~ C, if and only if there are homotopy
equivalencesy : §" — S" and ¢: X — X suchthat oy, s = oty 0 By.

An alternative formulation of Proposition 3.1, in terms of the relatiof Section 2,
goes as follows.

Proposition 3.2. For maps f and g in L, Cy ~ C, if and only if oy ~ g, for some
homotopy equivalence ¢ : §* — S".

Now for a homotopy equivalenceg : " — $", and a mapf € L, it follows that
Qyoy = Fay (i.€., eitheray.r = ay Or ay.y coincides with the pointwise additive
inverse ofx ). Sincex r ~ —ay anyway, we have yet another formulation of the previous
proposition.

Theorem 3.3. For maps f and g in L, Cy >~ C, ifandonlyif oy ~ a.

Definition 3.4. For a mapf € £ we define
(1) Lx(f) to be the set of all homotopy types of spadesuch thatY is homotopy
equivalent to the mapping cone of some magiandY v §" ~Cy v §™, and
(2) Hy to be the image ok ¢ in m,,—1(S").
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The groupH s will be seen to play a role similar to the groGy, due to Bokor [1], that
will be introduced in Section 5.

Proposition 3.5. Let f and g be mapsin £, such that the restrictions f|x, and g|x, are
constant. Then Cy ~ C, ifand only if Hy = Hy.

Proof. By Theorem 3.3C ~ C, ifand only ifa s ~ «¢. Certainly the condition s ~ «,
implies thatH y = H,. By Theorem 2.1, the conditiol y = H, together with the fact that
the rank ofH is less thark, implies thate y ~ ;. O

Immediately from Proposition 3.5 we can deduce the following.

Proposition 3.6. Let f and g be mapsin £. Then Cy v S ~ C, v §™ if and only if
Hy=H,.

Theorem3.7. Fix finL.Foranyh € E;(Hy), let y (h) bethe (homotopy type of the) cone
C, of amap g € £ such that «, = i. Then the function y : Ex(Hy) — Lx (f) inducesa
bijection,

T E (Hp)— Lx(f).

Proof. The functiony : Ex(Hy) — Lx(f) is well-defined, and by Proposition 3.6,is
surjective. From Proposition 3.5 it follows that the functipnEy(Hy) — Lx(f) does
factorize throught,”"(H), and that the induced map is injective. O

Corollary 3.8. Let f beamapin L.
(1) If Hy isof rank smaller than k, then Ly (f) istrivial.
(2) If the rank of Hy is k, then there is a bijection between Ly (f) and Z} /{1, -1},
whered = p(Hy).

Proof. Inview of the bijection of Theorem 3.7, (1) follows by Theorem 2.1 and (2) follows
by Theorem 2.2. O

In fact, similar to the concluding remark in Section 2, the&g( 1) is a group with the
homotopy type oC; as neutral element.

For the following result, we shall use the following notation. Consider any fhap_.
Then the Abelian groupl » can be decomposed as a direct sum of cyclic subgrdiips;
F1® o - & F,, for some positive integet r < k, such that for eache {2,3, ..., r},
| F;_1| is an integer multiple ofF;|.

Proposition 3.9. Let f e £ be as above. Then there exists g € £ suchthat Cy ~ C, and
such that for eachi € {1, 2, ..., r}, the subgroup of ,,_1(S™) generated by the homotopy
class[g;] isprecisely F; andforeachi e {r + 1, r +2,...,k},[g;]=0.
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Proof. From [10, Lemma 2.4] it follows that s ~ v for somev:Z* — H such that for
eachi € {1,2,...,r}, v(e;) generated;, andforeachi e {r +1,r +2,...,k}, v(e;) =0.
We can pickg such thatyg =v. O

4. Thegenusgroup

In this section we study spaces of the type introduced in Section 3, and we use the same
notation. We shall compute, in detail, the Mislin genus of the mapping ¢gnef a map
feLlim,n,k).

Now let us fix a mapf € £. The subgroup off; generated byf; is denoted byF;.
Being only interested in the homotopy type®f, by Proposition 3.9 we can assume that
f is such that the following condition hold&l; = F1 @& F> @ - - - @ F, for some positive
integerr, r <k, andF; =0 for eachr <i <k, and that for eache {2,3,...,k}, | Fi_1]
is an integer multiple ofF;|.

LetY = (\/f.‘:1 T;) v 8", where for eachi, T; is anm-dimensional sphere. We define a
mapg:Y — C; as follows. Note thaC; can be regarded to be an-cellular extension
of §", and the homotopy classes of the characteristic maps ofithells can be labeled
Ui, uz, ..., ux € mu(Cyr, §*), such that for each, «; is the homotopy class of the map
(CT;, T;) — (Cyr, S"). Here,CT; is the cone orT;.

We choose : Y — C as follows:

The restrictiong|s» is the inclusion map onto the subspa®eof Cr, and under the
injections,, (Cf) — m, (Cr, S"), the homotopy class; of the restrictiong|r, is mapped
onto|F;|u;. Theng is a maximal map in the sense of [8].

Now let¢: Y — Y be any map. Then with is associated an integer= ry4, the degree
of the obvious composition below, and this self-magbiwill be calledgg.

g incl__ y ¢ y proj o

Furthermore¢ determines a map

k k
¢p1:\/Ti > \/ T
i=1 i=1

in a similar manner, and this map determines a malfjx as in Section 3.

In order to determine the genus group®f in the sense of [8, Theorem 5], we let
(corresponding t ) be as in [8]. It is important to note that, in particular, every prime
divisor of the exponent exfi ; of Hy is a divisor oft. We shall see in Theorem 4.3 that
these primes are the only ones that matter. We noteg¢th&t— Y is a¢-equivalence if
and only ifry is relatively prime tar, and the determinant diy, is relatively prime tor.

If $:Y — Y is ar-equivalence, then the symbsl}, will denote the space obtained as the
homotopy push-out of the following cotriad

g ¢

St<—-Y——>Y.

Then from [8] we have the following proposition.
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Proposition 4.1. Let¢:Y — Y beaz-equivalenceand let Z, be as above. Then Z is of
the same genusas Cy.

Proposition 4.2. Let ¢:Y — Y be a ¢t-equivalence and let Zy, ¢ and ¢1 be as above.
Supposethat ¢ is of the form ¢ = ¢o v ¢1. Then Zy >~ C;, for somemap 7 : X — S" such
that o, o By, = @ggo -

Proof. From the stacked bases theorem for finite rank free Abelian groups (see [6,
Theorem 5.1.1] for instance), it follows that the map

k k
¢p1:\/Ti > \/ T
i=1 i=1

is homotopy equivalent to some map

k k
¢\ 1> \/Ti
1=1 1=1

which is of the form

So we assume thap; has the shape of such @ For eachi, let s; be the degree
of the map¢;, and leto; be an integer such that;s; = 1 mod ¢, where¢ is the
exponent ofHy. For eachi, let z; be the image ofi; with respect to the boundary
homomorphismr,,(Cr, §") — m,-1(5"). Leth: X — §" be the map corresponding to
the homomorphisr@* — 7,,_1(S") determined by,

e —~>rojz;.

We now define a particular mafy : Cy — Cj,. The restrictiong’|s» is a map of degree
r onto the subspacg&® of C,,. Note that there is an obvious way of labeling the (closed)
m-cells of Cy as Dy, Dy, ..., Di and similarly them-cells ofC, areEq, E, ..., E;. Let
x; € myu(Ch, S™), for eachi € {1, 2, ..., k}, be the homotopy class of the characteristic
map (CT;, T;) — (Cy, S™) of the cell E;. We note that the boundary homomorphism
T (Cpy S™) — w1 —1(S™), maps as followsy; — ro;z;. We continue the construction of
the mapy’ by letting, for each, ¢;|p, be a map into the subspaé®U E; of C,, such that
under the homomorphism,, (Cr, §") = 7, (Cp, S™), u;i = six;.

Next we define a mag’:Y — Cj. The restrictiong’|s» is the inclusion onto
the subspace&” of Cp, and the restrictiorgﬂ(vf:lm is such that the corresponding

homomorphisnZ* — r,,(Cy,), is determined by the function

ei — ¢ (vj),
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for the homomorphism,, : 7, (Cr) — 7, (Cr). Theng’ o g is homotopic tog’ o ¢, i.e.,
the square below is homotopy commutative.

Y Y
S ¢
CfTCh

This square is in fact a homotopy pushout square, since the induced map from the mapping
cone of¢ to the mapping cone a#’ is (a homology equivalence and hence) a homotopy
equivalence. O

Let U be the closure irv of the subset\ 7y, i.e., U = 8" v (\/*_{ T;). Given any
integers which is relatively prime ta, then we define a map; : Y — Y as follows. The
restrictiony |7, is a map of degree onto the subspack,, andy;|y is the inclusion onto
the subspac& . Let o be any integer such thats = 1 mod:¢. Letn: X — S"” be a map
(unique up to homotopy) corresponding to the homomorptism> 7, _1(S") defined as
below.

k k=1
Zqiei = Zqizl' + qkozk.
i=1 i=1

Then from the proof of Proposition 4.2, it follows thay,, ~ C,. From these observations
we can deduce thaf(Cr) = Lx(f), and in fact these two objects are isomorphic as
groups. Invoking also Theorem 3.7, we obtain the following.

Theorem 4.3. For f € L, the genus group G(Cy) of the co-Hop-space Cy is trivial if
k>r(Hy),andif k =r(Hy), then G(Cy) ~Z% /{1, -1}, where d = p(Hy).

We note however that the action of the grdtipon L (f) as determined in Section 3,
and the action as introduced in [8] @f; on G(C), are not the same but differs by the
inversion automorphism dt.

Example4.4. Letus fix a primep > 5. Letq = 2p(p — 1)2 — 1, letn be an integer bigger
thang and letm =n + g + 1. From [11, Theorem 4.15], the-primary component of the
stable homotopy groum,,1(S") is isomorphic taZ > & Z,. Let f : §"~1 v §m~1 — §n
be a map such that the subgralip of the stable group,,—1(S") is a noncyclicp-group.
Then the mapping con€ of f has a genus grou@(Cy) >~ Zy, /{1, —1}. This group is
nontrivial (for p > 5). If X is a finite wedge sum of more than 2 copiess8f-1 and
g:X — S" is any map for whichH, is a p-group, then the mapping cor®, has trivial
genus.

Remark 4.5. There are examples of mags §”~1 — §” which are of finite order in
mm-1(8"), for which the genugi(C,) of the mapping cone is different from the set of
all homotopy classes of spacésof CW-type for whichC, v §" ~ X v §"—see [9,
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Example 3.5]. This is why in Sections 3 and 4 we restrict to suspension maps. Essentially
we only require certain finiteness and linearity conditions as noted when we defined the
classL(m, n).

5. Coneson mapsinto a wedge sum of spheres

In this section we use the matrix methods as of Bokor [1] and similar to the methods
of Section 3, for studying certain mapping cones such as in [1]. In fact the treatment is
analogous to Section 3, and we obtain similar results. The pivotal result of this section,
Theorem 5.2, together with the algebraic results of Section 2, enables us to sharpen the
result[1, Theorem B] of Bokor, and to do genus computations similar to those of Section 4.

The class M of maps. Let k, m andn be integers such that — 1> n > 1 andk > 1.
Let \/f-‘=l S be a bouquet ofi-spheres. We defind1 = M(m, n, k) to be the class of
all suspension mapg: "1 — \/f.‘:1 S;'. We note that every map € M satisfies the
conditions (1) and (2) below. L¢§ ] be the element ilfr,,,_l(\/f.‘:1 Si") corresponding tg.
By the Hilton—Milnor Theorem (see [12] for instance), we can reg]é[f-‘gl Tm—1(S!') as
being a subgroup Ofm_l(\/f-‘zl S™"). The first condition satisfied by a membgiof M is
the following.

(1) [f] € (the torsion subgroup qT[f.‘zl Tim—1(S!")).
For eachi € {1,2,...,k}, let f; = pr; o f where py:\/’]‘.:1 S;? — 8 is the map that
collapses the subspac\gé#i S;? to the basepoint. Iff satisfies condition (1), then the
function f and the sequenagi, f2, ..., fr) uniquely determines each other. The second
condition satisfied by mapg € M is:

(2) Foreach € {1,2,...,k}, and for each integet, if p is a self-map of degreeon

St thenfpo fil=rlf].

Definition 5.1 (from [1]). Given a mapf : "1 — \/f.‘:1 S in M, we defineG y to be
the subgroup of,,—1(S") generated by the subsef |i =1, ..., k}.

The set of homotopy classes of maps\is a subgroup of(m_l(\/f.‘zl Si"). We briefly
revisit the detail of the algebraic approach to studying the relevant mapping Cores
for instance in [1].

For a self-map of \/*_; S", let ;; be the degree of the self-mapo h o t; of S,
wheret; : Sk — \/f.‘=1 S is the obvious inclusion map into thgh wedge summand and
sj:\/¥_y S — S is a map which is constant on the subsp&d‘gj S and its restriction
to S;? is of degree 1. Associating with each suclthe matrix M, = (1;;), we obtain a

one-to-one correspondence between the set of homotopy classes of self—rndpg st
and the set of all integral x n-matrices. GivenM, let A be the subgroup of,,_1(5")
of all the homotopy classes of mapsof the formg = s1 o f for f in M, wheres; is
as above. Lefer, e, . .., ex} be the canonicd-basis of the free Abelian grougf. Then
for every f in M there is a homomorphisiay :7ZF — A defined bye; — f; (and we
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acknowledge some minor abuse of notation, regardinas havingS” as its codomain)

for eachi € {1,2,..., k}. We note that the notatiam, is different from the same symbol

used in Sections 3 and 4, but also the context is different, so there cannot be any confusion.
The functionf — « sets up a one-to-one correspondence between the set of homotopy
classes of maps im and the set of all group homomorphistis — A. The functions

h+— My, and f — a are such that a square as below is homotopy commutative,

Sm—l & o Sm—l

\/k g \/k g
i=1% h i=1%

if and only if the associated triangle is commutative. In the triangle,is the homo-
morphism such that the matrix df, with respect to the basi&, e, ..., e} is the
transposéM;,)t of M;,.

k<7

Nz

Furthermore, if the diagram is commutative, then the induced map of mapping cones
Cy — C, is a homotopy equivalence if and only/ifande are homotopy equivalences
and the latter statement is equivalent to saying Matis unimodular and is of degree

+1. Itis easy to see that if the square above is homotopy commutative iaraf degree

—1, then there exists a mahg:\/f.‘:1 S — \/f.‘:1 S? such thatk; o f is homotopic tog

and such thatf;, and My, has the same determinant up to a faekdr. In particular, we

have the following theorem.

Theorem 5.2. For maps f and g in M, thereis a homotopy equivalence C s >~ C, if and
only if there is an automorphism » of the Abelian group Z* such that afon=ag.

In what follows, we find it convenient to writ\g/k S" instead of the more cumbersome

k
Viz1 S

Corollary 5.3. Supposethat f: 5™ — \/k S"and g: 8" — \/k S$" are mapsin M such
that G y = G, and thegroup G f isof rank strictly smaller than k. Then Cy >~ C,.

Proof. Since ImMa ) = Gy = Gg =Im(a,) and the rank of Inw ) is smaller thark, from
Theorem 2.1 it follows that there is an automorphjsiof Z*, for whicha, = a7 o . Thus
by Theorem 5.2 we obtain a homotopy equivale@ge~ C,. O

The next corollary is a sharpening of the equivalence of the statements (2) and (3) in
the theorem [1, Theorem 0.3]. A similar result is found in a paper by Molnar [9, Theo-
rem 3.8(ii)]. But first we note the following:
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If £:5m=1 5 \/*s" isany map, and o isthe inclusion map, \/* 5" c (\/* $") v s",
then Coor =~ Cyp v S™.

Corollary 5.4. Supposethat f: 5" 1 — \/" S"and g: 5" 1 — \/" S" are maps in M
suchthat Gy =G,. ThenCr v 8" >~ Cy v S™.

Proof. Let¢ andy be mapss”—1 — (\/k Sy v 8" definedbyp =0 o f andy =0 o g,
where o is the inclusion map)/* " c (\/*§") v §". Then Gy =Gyr=G, =G,
and, g o ¢ is null-homotopic,g : (\/k S") v §" — §" being the map that collapses the
subspacd/* 5" to the base point. Thus by Theorem 3,~C,.ButCy ~Crv S and
C, ~C, v §", and so the corollary follows. O

We thus obtain a result similar to Corollary 3.8. To this end we definef farM, the
setMy (f) to be the set of all homotopy types of spadgesuch thatt ~ C, for some
geM,andY v §"~Cyv §".

Theorem 5.5. For f e M, letd = p(Gy). Then M x (f) isin one-to-one correspondence
with Z% /{1, =1} if k =r(Gy), andif k > r(G y) then M x (f) istrivial.

Using Corollary 5.4 and [1, Theorem A] we obtain the following:

Theorem 5.6 (cf. [1, Theorem B])Let f, g: 5™~1 — \/* §" be mapsin M. Supposethat
thetorsion subgroup of ,,,—1(S") can be generated by a subset consisting of N elements. If
k> N,then Cr and C, are of the same genusif and only if they are homotopy equivalent.

Through methods similar to those in Section 4, we can compute the Mislin genus group,
in the sense of [8, Theorem 5], of these mapping cones. We state the result, which is very
similar to Theorem 4.3, without proof.

Theorem 5.7. For f € M, the genus group G(Cy) of the co-Hp-space C; is trivial if
k>r(Gy),andif k =r(Gy),thenG(Cy) =73 /{1, -1}, whered = p(Gy).

For reasons similar to those mentioned in Remark 4.5, (see also the conditions (1) and
(2) at the beginning of Section 5) we restricted the discussion to suspension maps. The
example [9, Example 3.4] shows that we cannot use the methods of this section to compute
the genus of the mapping cone of an arbitrary element of finite ordey in (S").
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