TANNAKA DUALITY FOR COMONOIDS IN COSMOI
DRAFT VERSION

DANIEL SCHAPPI

ABSTRACT. A classical result of Tannaka duality is the fact that a coalgebra over some
field can be reconstructed from its category of finite dimensional representations, by us-
ing the forgetful functor which sends a representation to its underlying vector space.
There is also a corresponding recognition result, which characterizes those categories
equipped with a functor to finite dimensional vector spaces which are equivalent to the
category of finite dimensional representations of a coalgebra.

In this paper we study a generalization of these questions to an arbitrary cosmos, that
is, a complete and cocomplete symmetric monoidal closed category. Instead of repre-
sentations on finite dimensional vector spaces we look at representations on objects of
the cosmos which have a dual. We give a necessary and sufficient condition which en-
sures that a comonoid can be reconstructed from its representations, and we succeed in
characterising categories of representations of certain comonoids.

1. Introduction

1.1. Tannaka duality concerns the study of the relationship between a group-like object
G (ordinary group, compact topological group, algebraic group, group scheme, quantum
group, etc.) and its category of representations Rep(G). This category is naturally
equipped with additional structures, the most basic being the forgetful functor which
sends a representation of G to its underlying space. That is, for every group-like object
G there is a triple (Rep(G), V, S) where V' denotes the forgetful functor and S stands for
unspecified additional structures (e.g. a monoidal structure). The question arises whether
or not it is possible to go in the other direction: Is there a way to associate a group-like
object to a category equipped with suitable additional structures? In other words, is there
a way to assign a group-like object L(«7,w, S) to a category o equipped with structures
S and a functor w from &7 to the category of spaces? If such a construction exists, there
are three natural questions one would like to answer.

(1) The reconstruction problem: If one starts with a group-like object G and then
applies L(—) to the associated category of representations, is the resulting group-
like object isomorphic to G?

(2) The recognition problem: Is it possible to give a characterization of those triples
(7, w,S) which are equivalent to (Rep(G),V,S) for some group-like object G?
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(3) The description problem: Given a category o/ with structures S, is it possible to
find conditions for the existence of a functor w from .« into the category of spaces
such that (&7, w, S) is equivalent to (Rep(G),V,.S) for some group-like object G?7

In the expository book on Quantum Groups [Str07], R. Street proved that in many
contexts, ‘association in a systematic way’ does have a rigorous meaning: Usually Rep(—)
is a contravariant functor from a category of group-like objects to a slice category of cat,
and this functor often has a left adjoint (see [Str07], Proposition 16.4). Whenever we have
an adjunction L(—) - Rep(—), the reconstruction problem and the recognition problem
have a precise mathematical meaning:

(1’) Under what conditions is the counit L(Rep(G),V,S) — G an isomorphism?
(2’) When is the unit (&, w,S) — Rep(L(ﬂ,w, S)) an equivalence of categories?

The description problem does not fit so easily into this scheme, and we mention it only
for the sake of completeness. We do not attempt to solve it in this paper.

1.2.  Group objects in a category of reasonable spaces give rise to Hopf algebras: If there
is a notion of an algebra of functions on our spaces, and if this is suitably functorial, then
the group multiplication induces a comultiplication on the algebra of functions, and the
unit induces a counit. For example, if our category of spaces is the category of affine
schemes over some field k, then its opposite category is equivalent to the category of
algebras over k. In this case, we do in fact have an equivalence between the category of
group objects (i.e., affine group schemes over k) and the category of commutative Hopf
algebras over k. Representations of an affine group scheme are the same as comodules over
the corresponding Hopf algebra H. An H-comodule is a vector space M together with a
coaction M — H ® M, which is compatible with the comultiplication and the counit of
H. One has the following correspondence between structures on the vector space H and
structures on the category of finite dimensional representations, where the structure on
the left is required for the existence of the structure on the right:

comultiplication and counit ~- necessary for the definition of comodules
multiplication and unit ~» tensor product of comodules
antipode ~ duals

In the classical Tannakian duality developed by P. Deligne and N. Saavedra Rivano (see
[Saa72], [Del90]; an exposition can be found in [JS90]) one proceeds in two steps. In the
first step, one only considers the minimal structure necessary to define the category of
comodules: One studies the reconstruction and recognition problem for coalgebras and
their categories of comodules. A coalgebra is a vector space C, endowed with a coasso-
ciative comultiplication C' — C' ® C and a counit C' — k. For each coalgebra C' there is
a k-linear category Rep(C, k) of finite dimensional comodules, together with a forgetful
functor V: Rep(C, k) — Vecty, where Vect; denotes the category of finite dimensional vec-
tor spaces. Conversely, given a k-linear category & and a k-linear functor w: &/ — Vecty,
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there is an associated coalgebra L(w). In this context, both the reconstruction problem
and the recognition problem were solved in [Del90]: Proposition 4.12 shows that coalge-
bras can be reconstructed from their categories of representations, and Proposition 6.2
gives a characterization of those pairs (7, w) which are equivalent to a category of co-
modules.

The second step establishes a relationship between additional structures on a coalgebra
and additional structures on its category of comodules. If C' is a bialgebra, then Rep(C, k)
can be endowed with a symmetric monoidal structure such that the forgetful functor be-
comes a strong monoidal functor, and in the case of a Hopf algebra, this category is
autonomous, i.e., every object has a dual. Conversely, if o/ is a symmetric monoidal
category and w: o/ — Vect; is strong monoidal functor, then L(w) has the structure of a
bialgebra (see [Del90], Proposition 6.4). If <7 is autonomous, then L(w) is a Hopf algebra
(see [JS90], Proposition 5).

1.3. It turns out that the above mentioned correspondence is still valid when we replace
the category of vector spaces with any complete and cocomplete symmetric monoidal
closed category 7. Following Bénabou and Kelly, we call such a category a cosmos.
Instead of Hopf algebras we consider Hopf monoids in #". We also have to replace ‘finite
dimensional vector space’ by ‘object with a dual’: A comodule of a Hopf monoid has
a dual if and only if its underlying object has a dual (see [Str07], Proposition 15.1).
We will eventually be interested in the reconstruction of Hopf monoids instead of mere
comonoids, and the existence of duals in the category of representations is crucial for the
reconstruction of the antipode map of the Hopf monoid (see [Str07], Section 16). In order
to apply reconstruction results for Hopf monoids similar to those found in [Str07], we
should therefore ask the following question: Is it possible to reconstruct a comonoid C'
from the category of those C-comodules for which the underlying objects have duals?
For certain classes of cosmoi this question has already been studied: T. Wedhorn studied
the reconstruction problem for Hopf algebras over Dedekind rings, and the recognition
problem for valuation rings (see [Wed04]). B. Day solved both problems for finitely
presentable cosmoi for which the full subcategory of objects with duals is closed under
finite limits and colimits (see [Day96]). P. McCrudden used a result of B. Pareigis to solve
the reconstruction problem for Maschkean categories, which are certain abelian monoidal
categories in which all monomorphisms split (see [Par96], [McC02]). All these approaches
make the assumption that the category of objects with duals is closed under finite limits,
hence they cannot be applied to the case where ¥ is the category Modgr of R-modules
for a general commutative rings R: An R-module has a dual if and only if it is finitely
generated and projective. In the present paper we study the reconstruction and the
recognition problem without assuming that the category of objects with duals is closed
under finite limits. We succeed in giving a necessary and sufficient condition for solving
the reconstruction problem (see Theorem 4.4 and Theorem 6.4), and we provide a partial
solution of the recognition problem (see Theorem 5.8 and Theorem 6.5). We now turn to
a discussion of these results.
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1.4. We fix a cosmos ¥, and we let ¢ be the full subcategory of objects which have
a dual. For a comonoid C, we let /¢ be the category of C-comodules whose underlying
modules have duals. Such comodules are called Cauchy comodules (cf. [Str07], Proposi-
tion 10.6). It is well known that in the case where ¥ is the cosmos of modules over some
commutative ring, this category is an R-linear category. For general cosmoi, it is still
true that 7§ is enriched over ¥". We will use this additional structure on the category
of comodules for our constructions, and we assume that the reader is familiar with the
basics of enriched category theory. We use the terminology from [Kel05].
The comodule functor Comon(¥') — ¥ -cat/7 ¢ sends a comonoid C' to the ¥-category
5, equipped with the forgetful functor 75 — 7#°. A comonoid C' gives rise to a ¥'-
comonad on %, given by C ® —: ¥ — ¥. The category of coalgebras of that monad
is precisely the category of comodules of the comonoid ¥. Moreover, any cocontinuous
comonad on ¥ is of this form: The category of comonoids in ¥ is equivalent to the cate-
gory of cocontinuous comonads on ¥". Using this observation and the semantics-structure
duality for #-comonads, we give a new construction of a left adjoint of the comodule
functor in Section 3. The resulting adjunction
ST
Comon(7?) T V-cat/V°®
L(-)

is called the Tannakian adjunction.

Using this new construction, we study the counit and the unit of the Tannakian adjunction
in Section 4 and Section 5 respectively. The statements of our theorems become less
technical if we make some additional assumption about the cosmos #". Recall that a
small subcategory 2" of an ordinary category % is called Set-dense if every object C' is
the colimit of the forgetful functor (2" | C') — €, where (2" | C) denotes the category
of morphisms X — C' whose domain lies in 2.

The classical reconstruction theorems all rely on the fact that the comonoid in question is
the union of subcomonoids whose underlying object has a dual (see e.g. [McC02], [JS90],
[Wed04]). A union is of course just a special case of a colimit. In Theorem 6.4 we prove
that we get a necessary and sufficient condition for the solution of the reconstruction
problem when we consider colimits of diagrams consisting of arbitrary morphisms instead
of monomorphisms:

1.5. THEOREM. Assume there is a full monoidal subcategory X C V¥ consisting of
objects with duals such that Zy is Set-dense in ¥, and let C' be a comonoid in V. Then
the C'-component of the counit of the Tannakian adjunction is an isomorphism if and only
if C, considered as a comodule over itself, is the conical colimit of the diagram of Cauchy
comodules over C.

Note that for any commutative ring R, the category of finitely generated free modules
is Set-dense in Modg, so the above result can be applied to the cosmos Modg. Our
results concerning the recognition problem require the additional assumption that the
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category ¥ is locally presentable. In order to state the result we need the forgetful functor
V = %(I,—): % — Set, which sends an object of ¥ to its ‘underlying set’. Moreover,
we need the category of elements of a functor F: 4 — Set between ordinary categories.
This category is denoted by el(F'), and its objects are pairs (C,x), where C' € € and
x € FC. The morphisms (C,z) — (C',2') are given by the morphisms f:C — C’ with
Ff(x) =2

1.6. THEOREM. Let ¥ be a locally finitely presentable cosmos with a full monoidal sub-
category X C ¥V consisting of objects with duals such that Zy is Set-dense in ;. Let
o/ be a V-category which has copowers' with objects in & and with their duals, and let
w: — ¥V be a V-functor such that w(A) € ¥ for all A € &/. The (' ,w)-component
of the unit of the Tannakian adjunction is an equivalence if

i) The functor w reflects isomorphisms,
ii) The category el(Vwy) of elements of Vwy: oy — Set is cofiltered, and
ii1) The functor w detects and preserves those conical colimits which lie in V¢,

In fact, we prove a more general result in Theorem 6.5. In Section 2 we will see that
conditions i) and iii) are necessary conditions: If the (<, w)-component of the unit of
the Tannakian adjunction is an equivalence of categories, then w automatically satisfies i)
and iii). Condition ii) on the other hand is rather strong. It implies for example that the
comonoid C' associated to (&7, w) is flat, i.e., that C ® —: ¥ — ¥ preserves finite limits
(in the sense of [Kel82]). It would be interesting to know if the conditions i), ii) and iii)
are necessary in the case of flat comonoids. More precisely: Is it true that the category
of elements el(Vwy) is cofiltered if w: 7§ — ¥ is the forgetful functor for a flat comonoid
C? If we do not make the assumption that 7 has a Set-dense monoidal subcategory 2
as in Theorem 1.6, there are obvious counterexamples (see Section 5.9).

In the classical case where ¥ is the category of vector spaces over some field & it is
important to consider comonoids in categories other than ¥ itself, for example in the
category of B-B-bimodules for some k-algebra B (see [Del90], Section 6). If C' is such
a comonoid, i.e., a B-B-module C' with comultiplication C' — C' ®p C', a C-comodule
is a right B-module M, together with a coaction M — C ®p M. The comodules of
interest are again the ones for which M is finitely generated and projective (cf. op. cit.,
Proposition 6.2). We can think of B as a ¥-category % with one object. The category
of right B-modules is then just the category of ¥ -functors #°® — ¥, and a right module
is finitely generated and projective if and only if the corresponding ¥ '-functor £ — ¥
lies in the Cauchy completion & of Z. All these notions generalize naturally to arbitrary
cosmoi ¥'. However, there are lots of examples of cosmoi where Cauchy-completions are
rather ‘small’: If 7 is cartesian closed, and if 4 = . is the trivial ¥ -category, then
Y€ ~ 7 consists of just the terminal object I = *. Because of this we work in slightly
greater generality: It turns out that all our arguments work for any small ¥ -category 4.

LCopowers are also called tensors, cf. Section 2.12



We give the necessary definitions in Section 2.1.

As already mentioned above, we will use the language of enriched categories through-
out. The standard reference is Kelly’s book ‘Basic concepts of enriched category theory’
[Kel05], and for the most part we use the terminology and notation introduced there.
The major difference in notation is that we write P</ for the category of #'-functors
o/°? — ¥, which was denoted by [&7°P, ¥] in [Kel05]. In Section 6, we also use some
concepts from the theory of locally finitely presentable enriched categories, which was
developed in [Kel82]. Another important tool are pasted composites of natural transfor-
mations and the theory of mates under adjunction. Both can be found in [KS72].
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2. The comodule functor

2.1. The goal of this section is to give a construction of the right adjoint of the Tannakian
adjunction, which sends comonoids to categories of representations. For the entire section,
we fix a cosmos ¥. For ¥-categories &7, A, a module M from o/ to A (also called
profunctor or distributor) consists of an object M(b,a) € ¥ for each b € B, a €
together with maps

M(b,a) @ B, b) — M ,a) and /(a,a’)®@ M(b,a) — M(b,a)

subject to certain natural coherence conditions. There are many equivalent ways to
define the category of modules from & to %: Since ¥ is closed, a module is the same
as a functor #°° ® &/ — . By adjunction, this is the same as a functor & — PA.
Since P2 is the free cocompletion of A (cf. Theorem 3.2), the category of modules is
also equivalent to the category Cocts[P.o/, P] of cocontinuous functors P/ — PA.
We denote the category of modules from o/ to £ by ,My4. Composition of functors
in Cocts[P%A, PH] induces a monoidal structure on yMy4 ~ Cocts[PA, PA|. The
comodule functor (see Definition 2.8) is a functor from the category Comon (zMy4) of
comonoids in Mg to the category ¥#-cat/Z% of small ¥-categories over the Cauchy
completion Z of Z. An important special case is the neutral case, where # = .#, and
the comodule functor sends comonoids in ¥ ~ M, to categories over ¥ the full
subcategory of ¥ consisting of objects with duals. In this case the above mentioned
equivalence ¥ ~ M, ~ Cocts[¥, 7] sends an object M € ¥ to the cocontinuous
functor M @ —: ¥ — V.



7

From now on, we usually work with Cocts[P.%, P) instead of 4M 4, because the former
is a strict monoidal category. Using the equivalence from the previous paragraph one can
easily transfer results about one of these categories to the other; we will not do this
explicitely. Recognizing that the category of comonoids we are interested in is in fact a
full subcategory of the category of comonads also sheds some light on the relationship
between the Tannakian adjunction and the semantics-structure duality. We first recall
some basic definitions and results from enriched category theory.

2.2. A comonad on a ¥-category € is a comonoid in the category of endo-7-functors
of ¥ and ¥ -natural transformations. In other words, a comonad consists of a #-functor
T:¢ — €, a comultiplication §: T = TT and a counit €: T = id such that the diagrams

T—=—=17T T
5ﬂ ﬂ&T and / ﬂ&\
TT==TITT I'—T1T==>T

are commutative. A morphism of comonads is a natural transformation which is com-
patible with the counit and the comultiplication. It is a well-known fact that for any
adjunction n,e: F: & = €: G, the composite FG is a comonad on %, with comultipli-
cation F'nG: FG = FGFG and counit €: FG = id. This comonad is called the density
comonad of F' (cf. [Dub70], Chapter II). Thus, for every adjunction, we have an associated
comonad. In the next section we will see that the converse is also true.

2.3. For any comonad T on %, there is an associated adjunction n’, eT: Vi € = €: W,
where €7 is the ¥-category of comodules® of T, i.e., of objects M of € equipped with a
morphism o: M — T'M such that the diagrams

M—"=TM M—2TM
Q\L \LgM and \ lEM
TM —TTM M

are commutative. The hom-object ¢7(IM, M’) between the comodules M = (M, ) and
M’ = (M, o) is given by the equalizer

Vi € (0, TM")oT

Cr(M, M) C (M, M'")

(M, TM')

¢ (M,o')

in 7/, and the structure map of this equalizer gives the functor Vy: 67 — %. The right
adjoint Wr: € — @r sends an object M of € to (T'M,dy), called the cofree comodule on

2Comodules are usually called coalgebras, but in our context this terminology would be misleading:
A comonoid gives rise to a comonad, and if ¥ is the category of modules for some commutative ring,
comonoids themselves are called coalgebras.



M, and (Wr) € (M, M') — €p((TM,6r), (TM', 6)) is the induced map

v (6n, TTM")oT

Gr((TM, 8r), (TM', 6311)) €(TM,TM') €(TM, TTM')

%(TMzél\/I’)
W
TT /

(M, M)

into the corresponding equalizer. The unit nT and counit €7 of this adjunction are given
by (M, 0)—2(TM,ér) = WiVip(M, ) and VpWip(M) = TM—S>M respectively. It
follows that the density comonad of the adjunction n”, el Vp: € = €: Wy is the comonad
T itself.

2.4. If € is the category PZA of presheaves on Z and T: PA — PA is a comonad,
then we say that comodule (M, o) is a Cauchy comodule if its underlying object M lies
in the Cauchy completion of %, and we denote the category of Cauchy comodules of
T:P# — PA by PAS. This category constitutes the object part of the right adjoint of
the Tannakian adjunction. In order to show right adjointness we need a nice description
of functors with codomain PZAS or ¢, which requires the introduction of the following
concept.

2.5. A coaction of a comonad T: %4 — % on a functor S: & — € is a natural transfor-
mation o: S = T'S such that

§==Tg § =279
Q\H H’és and \ ﬂss
TS==TTS S

are commutative. Note that if we identify functors M: .# — € from the trivial ¥ -category
to € with objects in €, then a coaction on M is precisely a morphism g: M — T'M which
turns M into a comodule.

2.6. PROPOSITION. Let 0: S = T'S be a coaction. Then the assignment S(A) = (SA, 04)
extends uniquely to a ¥ -functor S: o/ — €1 such that

3 @
N
€

is commutative. This gives a bijection, natural in T', between coactions on S and functors
S which make the above triangle commutative. If S': o/ — €r is another ¥V -functor,
together with a T-coaction o': S" — T'S’, then whiskering with Vi: €1 — € gives a bijection

o
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between ¥ -natural transformations p: S = S' and ¥ -natural transformations p: S = S’
which make the diagram

S:@>S/

gﬂ o

TS ==>T8 !
©
commutative.

PROOF. The first statement is dual to [Dub70], Proposition II.1.1, and the statement
about ¥ -natural transformations between lifts follows from the fact that for any two T-
comodules M and M/, the component (Vr)vw: €r(M,M') — € (VrM, VpM') of Vi is
by definition an equalizer (cf. [Dub70], p. 62). =

2.7. The above proposition enables us to show that 67 and P2 are functorial in the
comonad T: A morphism of comonads ¢:T = T’ induces a T’-coaction on Vp, with
(M, p)-component given by

Ve (M, 0) = M —2>TM -2"~T'M = T'Vr (M, o),

and by Proposition 2.6 this corresponds to a functor €,: ¢7 — ¢ making the diagram

commutative. Functoriality is an immediate consequence of the uniqueness condition in
Proposition 2.6, and in the special case where T' is a comonad on ¢ = P, commutativity
of the above diagram implies that P4, sends Cauchy comodules to Cauchy comodules.

2.8. DEFINITION. Let B be a ¥ -category whose Cauchy completion % is small. The
comodule functor is the functor

P#_y: Comon (3Mz) — ¥V -cat/ B

from the category of cocontinuous comonads on PP to the category of small ¥V -categories
over the Cauchy completion of %, which sends a cocontinuous comonad T to the pair
(PAS, Vi) consisting of its category of Cauchy comodules together with the forgetful func-
tor Vi PR — B.

Note that P really is a small category: For any M € 4, there is only a set of
morphisms M — T'M which turn M into a T-comodule. This concludes the construction
of the right adjoint of the Tannakian adjunction.
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2.9. In the remainder of this section we state some important facts about the rela-
tionship between comonads and adjunctions which we will need later. We start with
the semantics structure duality (see Theorem 2.10), which in the classical case ¥ = Set
is due to Lawvere. Theorem 2.11 is an enriched version of the dual of Beck’s famous
monadicity theorem. Most of these results are dual versions of results in [Dub70]. Only
Proposition 2.13 is a generalization of results in [Dub70] to arbitrary weighted colimits.

2.10. THEOREM. [Semantics-structure duality| Let n,e: F: & = €: G be an adjunction,
and let T: € — € be a comonad. The assignment

id
F
e S
T

< e S

induces a bijection, natural in T', between morphisms of comonads ¢: FG = T and T-
coactions p: F — TF'. Together with Proposition 2.6 this gives a bijection between functors
F: & — €r which make the diagram

&

Vo %
N/W
¢

commutative, and morphisms of comonads p: FG = T. In other words: The assignment
which sends an adjunction F:& & €: G to the comonad FG extends to a left adjoint of
the functor which sends a comonad to the adjunction n*, el Vi 6p = €: Wr.

PROOF. The dual of the first statement follows from [Dub70], Proposition II.1.4 and
Proposition I1.1.5, and the second assertion follows from the first by Proposition 2.6. =

2.11. THEOREM. Let n,e: F: & = €: G be an adjunction, and let

& J Cra
N
@

be the unit of the semantics-structure adjunction (see Theorem 2.10). Then J is an
equivalence if and only if

i) The functor F:& — € reflects isomorphisms.

it) The category & has equalizers of F-contractible pairs, and F preserves these equal-
12€ers.

If J is an equivalence, then F is called comonadic.
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PROOF. Note that i) and ii) imply that F' reflects equalizers of F-contractible pairs,
i.e., a morphism f: A — B in & is an equalizer of an F-contractible pair g, h: B — C
if and only if F'f is an equalizer of Fg and Fh. Tt follows by the dual of [Dub70],
Theorem 2.I1.1, that J is an equivalence. Conversely, if .J is an equivalence, then i) holds
because Vp: ¢ — € clearly reflects isomorphisms. Condition ii) is again a consequence
of [Dub70], Theorem 2.11.1. =

2.12. Recall that when we enrich the notion of colimits, we naturally arrive at the
concept of a weighted colimit®: An object K of ¥ -category ¥ is said to be the colimit of
F: 9 — € weighted by J: 2°°P — ¥ if there is a #-natural isomorphism

¢ (K, M)-—"~PP(J,€(F—,M))

of ¥-functors. The object K is usually denoted by J* F'. We later need the fact that for
any small ¥ -category %, the category P of presheaves on # has all weighted colimits
(see [Kel05], Section 3.3). In the special case ¥ = ., the trivial ¥ -category, giving a
weight amounts to giving an object V' € ¥/ and giving a functor .¢ — % is the same as
giving an object C' € €. If the colimit of C' weighted by V exists, we denote it by V © C
and we call it the copower® of V and C. If a #-category has all weighted colimits, then
the colimit of F: ¥ — € weighted by J: Z°°P — ¥ is given by the coend

Deo
J*F:/ JD ® FD

(see [Kel05], Section 3.10). The next proposition shows that weighted colimits in the
category ér of T-comodules are computed the same way as in .

2.13. PROPOSITION. Let F: & — € be a comonadic functor (see Theorem 2.11). Then
F' detects and preserves weighted colimits.

PROOF. We use the notation from section 2.2. By definition of comonadicity (see Theo-
rem 2.11) it suffices to check that Vy: 7 — € creates colimi_ts for any comonad T on % .
Thus let Z be a ¥ -category, J: 2°°P — ¥ a weight, and let S: ¥ — % be a functor such

that the colimit K € € of S = VpS: 2 — € weighted by J exists. Let
C(K,M)—>P2(J,€(S—, M))

be the ¥ -natural isomorphism which exhibits K as the colimit of S weighted by J
(see Section 2.12). By Proposition 2.6, S corresponds to some coaction gy on S. Let

3weighted colimits are called indexed colimits in [Kel05)]
“also known as tensor of V and C
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a:C(K,M) — €(K,TM) be the unique #-natural transformation which makes the di-
agram

C(K,M)—"—>P2(J,€(S—, M))
iP@(J,T)

a PZ(J,€(TS—,TM))

iP@(Jﬁo”(go,TM))
C(K,TM) ——PZ2(J,€(5—,TM))

commutative, and let o = a(idg): K — TK. By Yoneda we have a = €(0,TM) o T
(both natural transformations send idg to ¢), and p is a coaction on K because g is a
coaction. Now let M = (M, ¢’) be any comodule. Then the diagram

€ (K, M) - P (], €(S—, M))

C(K,0') u%’(g,TM)oT P2 (16 (5-.0)) HP@(J,%(QO,TM)oT)

€ (K, TM) P2 (J,€(S—,TM))

P

is serially commuative, hence ¢ induces an isomorphism between the equalizers of the
pairs in the above diagram. From the definitions in Section 2.2 and from the fact that
P2(J,—) preserves limits it follows that these equalizers are given by the objects in

r((K,0),M) —=P2(J, (5, M)) ,

which shows that ¢ exhibits (K, ¢) as colimit of S weighted by .J. m

3. The Tannakian adjunction

3.1. In this section we give a new construction of a left adjoint of the comodule func-
tor from Definition 2.8. This construction is analogous to the construction used in the
semantics-structure adjunction (see Theorem 2.10). More precisely, the natural transfor-
mation 7 from Lemma 3.4 plays the same role as the natural transformation F'n occurring
in Theorem 2.10. For the construction of m we need the so called free cocompletion of a
small #-category &7 from [Kel05].

3.2. THEOREM. Let Y:o/ — P/ be the Yoneda embedding, where of is a small V-
category, and let € be a cocomplete ¥V -category. Then for any cocontinuous ¥ -functor
S:Pof — € we have

S=Lany K &2 —x K: P — €

where
K=SY:o —- .
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Such a cocontinuous S has a right ajoint T given by the ¥ -functor
T=K%— P ,
with K(C) = €(K—,C). The full subcategory Cocts|P.</, €] of [P/, %) of cocontinuous
functors exists as a ¥ -category, and S — SY is an equivalence of ¥ -categories
Y, €]: Cocts|Pot, €| — [, F).

The inverse to this equivalence sends K to (a choice of) Lany K. We let Ly = Lany K,
and we write ax: K = LiY for the unit of this left Kan extension. We denote the above
mentioned adjunction by n®,e%: L Pod = € K.

PRrOOF. This is (part of) [Kel05], Theorem 4.51. =

3.3. PROPOSITION. Let o/ be a small ¥ -category, and let w: o/ — PR be a ¥ -functor
whose image is contained in 9. Then the right adjoint &: PAB — Pl of L., (see Theo-
rem 3.2) is cocontinuous. In particular, the density comonad L & of L,: P/ — PR (see
section 2.2) is a cocontinuous ¥ -comonad.

PROOF. Since colimits in P« = [27°P, ¥] are computed pointwise (cf. [Kel05], Section 3.3)
it suffices to check that for every A € &7,

G(=)(A) = (B, V(w(A), -): (B V] =V

preserves weighted colimits. This follows immediately from the fact that the objects of
2 are the small projectives in [Z°P, V] (see [Kel05], Section 5.5). "

3.4. LEMMA. Let o/ be a small ¥V -category, w:o/ — PAB be a V-functor, and let
F:P%# — PR be a cocontinuous ¥ -functor. Letn® e*: L,: Pof = PA:w and a,,: LY =
w be as in Theorem 3.2. The ¥ -natural transformation

w

o

T i=

n* _—
NN
has the following properties:
i) The equalities

e e
' \A}u L@

hold, where 6 = L,n“w denotes the comultiplication of the density comonad of
L, .
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ii) For any cocontinuous ¥ -functor F: P#B — PR, the assignment
Lch /w>
s =
gives a bijection ¥ -Nat(L,w, F') — ¥ -Nat(w, Fw).

PROOF. Both equations in i) can be read off of the respective pasting diagrams. The map
in ii) is given by the composite of the assignment

id
w L, o Lu
¥ -Nat(L,o, F) — ¥-Nat(L,, FL,) , @ = %U% \
F
F
with the map
¥ -Nat(aw, a;l
¥ Nat(Ly, FL,) — ¥ -Nat(L,Y, FL,Y) — ) sy Nat(w, Fw) .

The former has an inverse given by

Lo
Lo O T

id

and whiskering with Y gives a bijection between #'-Nat(L,,, F'L,,) and #-Nat(L,Y, FL,Y)
because the Yoneda embedding Y: &/ — P&/ is dense (see [Kel05], Section 5 for a discus-
sion of dense functors, and op. cit. Proposition 5.16 for the particular result), and because
L, is cocontinuous by Proposition 3.3. Since a,, is an isomorphism (see Theorem 3.2),
so is ¥-Nat(ay,, Fajt). Thus the assignment in ii) really does give a bijection. "

3.5. PROPOSITION. [Tannikian adjunction] Let o/ be a small ¥ -category, w: of — PR
a ¥V -functor with w(«?) C B, and let n*,e*: L,: P/ = PA:w and a,:w = LY be as
in Theorem 3.2. For T € Comon (4M ), the assignment

w

N . { o
S . LTy
i\l L, s ¥
7 \\w~/\T/

gives a natural bijection between morphisms of ¥ -comonads ¢: L,w = T and T-coactions
on w. Together with the bijection from Proposition 2.6 we get a natural bijection

Comon (4 My) (L,w,T) = V—cat/@((%,w): (P%#7, VT))
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(here we do not distinguish the category of small ¥ -categories 0@7"@ from the equivalent
category of functors w: & — PR whose image is contained in B). Thus the assignment
w +— L,w extends uniquely to a left adjoint of the comodule functor

P%(_y: Comon (sMy) — ¥ -cat/AB.

PROOF. The last statement follows from the first assertion because L,w is a cocontinuous
comonad (see Proposition 3.3). In other words, we only have to show that the bijection
from Lemma 3.4 ii) restricts to a bijection between morphisms of comonads and coactions.
This is a consequence of the two equations in Lemma 3.4 i): They ensure that the axioms
for a morphism of comonads transform into the axioms of a coaction. Since the assignment
is bijective, one set of axioms holds if and only if the other does. For example, by part i)
we have

w

[~

LN A L a:>/T:wa,
wa\\f/ \/@\X \(
[ ~

and a similar equivalence holds for the axiom involving the counits. Naturality in 7" can
be checked as follows: By Proposition 2.6, we can reduce the question to checking that two
coactions are equal, and this follows easily from the definition of PZ{_, (see Section 2.8).

3.6. Both categories occuring in the Tannakian adjunction are 2-categories in a natural
way, and the Tannakian adjunction is in fact a 2-adjunction. Moreover, there is another
2-category which could serve as codomain for the comodule functor: Instead of the slice
category ¥-cat/Z we can consider the category #-cat//% with the same objects but
with morphisms given by natural isomorphisms

F %l
AL
2

and the comodule functor would then still have a left bi-adjoint. In the remainder of this
section we will indicate how the two adjunctions are related.

The category M 4 of modules from # to # is a monoidal category, with tensor product
given by composition of modules (equivalently, by composition of cocontinuous functors
PA — PA). A comonoid in this category is the same as a one-object zM?}-category,
and a morphism of comonoids 7" — T is the same as a g M7 -functor 7" — T. We let the
2-cells in the category of comonoids be the z M} -natural transformations. Unraveling
these definitions we find that a 2-cell £&:p = ¢": T — T’ is a ¥ -natural transformation
&:T = id such that

4

) 3
T——ToT—=XT'
&'
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iIs commutative.

The 2-cells F = F': (o/,w) — (&’',w') in ¥-cat/Z are simply the ¥ -natural transforma-
tions F' = F’. Similarly, the two-cells (F, o) = (F’,0"): (¢/,w) — (&/',w') in ¥-cat//%
are ¥ -natural transformations F' = F”’; we do not require any compatibility with ¢ and o”.
The comodule functor P _,: Comon (5 M) — ¥-cat/% is in fact a 2-functor: Given
a 2-cell & = ¢:T — T'" and a Cauchy comodule (M, o), we get a ¥ -natural transfor-
mation &V o Vpnl: Vp = Vi, with (M, g)-component given by & 0 o (see Section 2.2).
Commutativity of

0 &M

M TM —M
Ql dpo J{T'Q lg
TM —2> 720 S
l J/ (550')Ml )
M PTM Pur
: / (m :
T'M T,g’ T'T'M W T'M

shows that this natural transformation is compatible with the coactions which define P,
(see Section 2.7), hence by Proposition 2.6 it lifts to a 2-cell P%¢: P4, = PA,, and we
let PH¢: PR, = PA;, be its restriction to Cauchy comodules.

3.7. PROPOSITION. With 2-cells defined as in Section 3.6, the Tannakian adjunction
becomes a 2-adjunction. In other words, there is a 2-natural isomorphism of categories

Comon (M) (L.@,T) = ¥ -cat/B((,w), (P%5, Vr))
(see Proposition 3.5 for the notation).

ProOF. We write I': #-Nat(L,w, id) — ¥-Nat(w, w) for the bijection

L,
T T\ Lw~
\l_LE/7 =\ 7T‘U’ r}&f //
id w id

from Lemma 3.4 ii). Let ¢, ¢": L,w = T be two morphisms of comonads. We claim that
& Lo,w = id is a 2-cell from ¢ to ¢’ if and only if I'(§) is compatible (in the sense of
Proposition 2.6) with the two coactions

w

[(p) == W and T'(¢'):= W
Y S
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on w. This is a consequence of Lemma 3.4: By part i) we have

/% :w”U’w /%1 = wi &(5(—%—07;T:w|:

’ L“’,@ I3 / L”,m L N /‘\,&
/% [ Sy S

and part ii) implies that the equation on the right holds if and only if p€ 0 d = £’ 09,
that is, TT(¢) o I'(¢) = T'(¢') o I'(¢) if and only if & = @1 Lyw — T is a 2-cell (see
Section 3.6). By Proposition 2.6 there exist unique lifts I'(p): & — P%B% of w: o/ — A
and T(€):T(p) = ['(¢) of T'(¢):w = w. We thus get a functor

I': Comon (M) (L@, T) = V-cat/B((,w), (PS5, V1))

(functoriality follows again from Lemma 3.4). The object part of I' is a bijection by
Proposition 3.5, and by the above reasoning I is fully faithful, so it is an isomorphism of
categories.

It remains to check that the isomorphism I is 2-natural in 7. Let (:y = +:T — T" be a
2-cell in Comon (4 M 5). We have to check that the equality

NG T(¢) P#;
T TN - TN

@C_@/’ @2/1

T(v'¢") T(¢) PH,

holds. By Proposition 2.6 it suffices to check that equality holds if we whisker both sides
on the right with Vi: PSS, — A, i.e., that T'(¢£) is equal to

T(y) /»i7\ Vi
_ > n -
/FK id w%* /W;
bT©O S g S = 7 gre AT
L w \/
id .

By definition of (&:yp = ~'¢': L, — T (see Section 3.6) and of n’ (see Section 2.3),
this amounts to showing that

S m
Low,

e /X

id id

w w
w

holds. This last equality is a consequence of Lemma 3.4 1). [
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3.8. For T € Comon (M), the functor Vy: P%AS — % has the following property:
Given a ¥ -functor F: .o/ — P25 and a ¥ -natural isomorphism 3: VpF = G, there is a
lift G of G and a lift : F = G. Indeed, by Proposition 2.6, F corresponds to a coaction
0: Vo F = TVyF, and ¢ :=TBopo 7 1:G = TG defines a coaction on G which satisfies
TBoo= 0 opB. Applying Proposition 2.6 again we get the desired lifts.

In other words, the image of the comodule 2-functor is contained in the full sub-2-category
A of ¥-cat/Z whose objects are the isofibrations. We write I: % — ¥ -cat//2 for the
natural inclusion 2-functor. It turns out that [ is a biequivalence: It is clear from the
definition of 2-cells that I is locally fully faithful, and the definition of an isofibration
implies that I is locally essentially surjective. It remains to show that any object (&7, w)
in #-cat//% is equivalent to an isofibration. This follows from the fact that w can be
written as w = w’ o u where «’ is an isofibration and u is an equivalence® (see [Lack07],
Section 3).

The above considerations imply that the comodule functor with domain #-cat//% (i.e.,
the composite [ o 73%’(0_)) does indeed have a left bi-adjoint. Moreover, any property that
is stable under bi-equivalence holds for this bi-adjunction if and only if it holds for the
Tannakian 2-adjunction. Thus we can use our construction in Proposition 3.7 to deduce
facts about the Tannakian bi-adjunction. For example, the T-component of the counit
of the bi-adjunction is an equivalence if and only if the T-component of the Tannakian
2-adjunction is, and a 1-cell in Comon (M) is an equivalence if and only if it is an
isomorphism (recall that Comon (M) is the opposite of the 2-category of one-object
#MP-categories). Thus the reconstruction results in Section 4 apply to both the Tan-
nakian 2-adjunction and the Tannakian bi-adjunction. The latter is important because,
in the case # = .7, it is an adjunction between monoidal 2-categories. Proposition 6.4
in [McC02] and the computations in [Str07], Section 16 indicate that the left adjoint
preserves the tensor product up to isomorphism, and thus lifts to a functor between pseu-
domonoids on on both sides. By making this precise one could extend our reconstruction
results in Section 4 from comonoids to pseudomonoids in the category of comonoids, i.e.,
one would get reconstruction results for comonoids with additional structure.

4. Reconstruction

4.1. The goal of this section is to give a necessary and sufficient condition for the counit
of the Tannakian adjunction (see Proposition 3.5) to be an isomorphism. In order to
do this we have to find a suitable description of this counit, hence we fix some notation
first. We fix a small ¥-category % (with small Cauchy completion) and a cocontinuous
comonad 1T:PA — PZA. For the sake of brevity we let & = PAS be the category of
Cauchy comodules, we write K: .o/ — PZAr for the inclusion functor (see Section 2.4) and
we let w be the composite w = Vypo K: o/ — @; By Theorem 3.2, the functors K and
w induce adjunctions n® e¥: L: P/ = PAByr: K and 0, e%: L,: Po/ = P%AB:w. This is

®Note that a 1-cell u: (&/,w) — (&’,w') in ¥-cat//% is an equivalence in ¥-cat//Z if and only if
the underlying ¥ -functor u: & — &/’ is an equivalence in ¥ -cat.
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summarized in the diagram

K Lk
o KPR Py

N

PA

Furthermore, we let ax: K = LgY and a,:w = L,Y be the natural isomorphisms from
Theorem 3.2. Since the Yoneda embedding is dense (see [Kel05], Proposition 5.16) there
is a unique natural isomorphism o: L,, = VrLg such that

/

S

Recall that the natural transformations

id
~ M 7 ad T T

T T id

give the unit and counit of the adjunction VyLg: Po/ = PA: [?WT. Welet 710 = [?WT
be the mate of 0=: VpLg = L, under the adjunctions L, 4 & and VrLxg 4 KWr (a
definition of mates under adjunction can be found in [KS72]).

4.2. PROPOSITION. With the notation introduced in Section 4.1, the T-component of
the counit of the Tannakian adjunction (see Proposition 3.5) is given by

Xi= o~

\N/
id

PROOF. We use the notation introduced in Section 4.1. We have to check that the bijection
defined in Proposition 3.5 sends x to the identity functor of (P#Vr) (i.e., to the identity
functor of (7,w) with the above notation). By Proposition 2.6 it suffices to check that
the two corresponding coactions are the same. With the notation of Lemma 3.4, we have
to check that

w
7rU/ wa

N // \lﬁ/w;
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because the coaction on the right corresponds to the lift id: ./ — & of w = VK (this
follows from the definition of n” in Section 2.3).
Since 7 is the mate of o' (see Section 4.1), the natural transformation

id
I Lo
C = s /L/M\
e e
i

d

is equal to the pasted composite of

Y m

4>\ Ly id /I;(NLJJ\\
L

w

The triangular identities for 7% and € and the definition of o (see Section 4.1) imply
that the equalities

Ly,

- NS e
Nl

hold. The desired equality now follows from the definition of 7 (see Lemma 3.4). =

4.3.  The above proposition shows that the counit of the Tannakian adjunction is closely
related to the counit e¥ of the adjunction Lg: Po/ = P%Ay: K associated to the inclusion
K:of =PABG — PABr. For M € PABr, we have

LK (M) =PBr(K— M)+ K = / - PBr(K(A), M) ® K(A).

(see Theorem 3.2), and one can check that the M-component of the counit of Ly K is
given by the comparison map induced by the canonical maps

PRBr(KAM)® KA — M.
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4.4. THEOREM. We use the notation of Proposition 3.5 and Section 4.1. The T'-
component of the counit of the Tannakian adjunction is an isomorphism if and only if
for each B € A, the map 5{§“y3,5YB):LKK<(TYBa5YB)> — (TY B, 0yg) is an isomor-
phism. This is the case if and only if the canonical maps

P%Br(K(A),(TY B,dyp)) © K(A) — (TY B, by p)
exhibit (TY B, dyp) as coend of
PBr(K(—),(TYB,dyp)) © K(-): P @ o — PPr.

PROOF. We use the notation of Proposition 4.2. We have to show that x: L,w — T is an
isomorphism if and only if g(I;YB,ém): LxK(TY B, dyp) — (TY?, dy p) is an isomorphism.
Density of the Yoneda embedding and the fact that both L, w and T are cocontinuous
(see Proposition 3.3) imply that y is an isomorphim if and only if xY is. Both ¢ and
7 are isomorphisms, hence xY is an isomorphism if and only if VT(effva) is, i.e., if and
only if VT(»sé(VT v B)) is an isomorphism for every B € 4. The first claim thus follows from
the fact that Vi reflects isomorphisms (see Theorem 2.11). The second assertion follows
immediately from the remarks in Section 4.3. [

4.5. If we take ¥ = Top with monoidal structure given by the cartesian product, and
P = %, then every object X of PZ ~ Top has a unique comonoid structure. Moreover,
giving an X-coaction on Y is the same as giving a map Y — X. Since Top is cartesian,
the terminal object is the only object which has a dual. The category of Cauchy comodules
of X is therefore the full subcategory of Top/X generated by the objects * — X. Clearly
this category is independent of the topology on X, so it is impossible to reconstruct X
from its category of Cauchy comodules. In other words, the counit of the Tannakian
adjunction need not be an isomorphism in general.

5. Recognition

5.1. In this section we study the unit of the Tannakian adjunction. In the entire section
we use the notation introduced in Proposition 3.5. As we will see in Proposition 5.2, the
unit of the Tannakian is closely related to the unit of the semantics-structure adjunction
(see Theorem 2.10). It is well-known when the latter is an equivalence (Beck’s monadicity
theorem, see Theorem 2.11), and this is the starting point for proving our recognition
result.

5.2. PROPOSITION. Let o7, T be as in Proposition 3.5. The unit of the Tannakian
adjunction is naturally isomorphic to the composite

Y

o Pof —L>PABL

of the Yoneda embedding and the unit J: Pof — PABy 5 of the semantics-structure ad-
gunction (see Theorem 2.10).
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PRrOOF. By Proposition 2.6 we only have to check that both functors correspond to coac-
tions which are related by a suitable natural isomorphism. By definition of the Tannakian
adjunction (see Proposition 3.5), N corresponds to the L,w-coaction

w

A
m

Tyt

and by Theorem 2.10, J corresponds to the L,w-coaction

id
/ T T L

0= n
N
and the uniqueness part of Proposition 2.6 implies that JY: .o/ — PZA 5 corresponds
to the coaction ¢'Y. Clearly L,wa, o 0 = 0'Y o a, so by Proposition 2.6, a,, lifts to a
natural isomorphism between the unit of the Tannakian adjunction and JY'. [

5.3.  The above proposition implies that the (.2, w)-component of the unit of the Tan-
nakian adjunction is fully faithful if J is an equvalence, i.e., if L,: P&/ — P is comonadic
(see Theorem 2.11). However, this is not to be expected in general, because the category
PR is usually not equivalent to a category of presheaves. Hence we first have to analyze
the situation where (o, w) is equal to (P45, Vr) more carefully. Writing K: o/ — P%Br
for the inclusion functor, this is summarized by the diagram

K Lk

RN

PA

Under the additional assumption that K is dense we find that P%r is a reflective sub-
category of P.o/, and that the comonads L,w and V;rWr are isomorphic. Moreover, we
have K o K =Y (see Theorem 3.2), which suggests that we adopt the following strategy:

a) Find conditions for w: &/ — P which imply the existence of a reflective subcat-
egory € of P/, together with a comonadic adjunction V: %€ = PZA: W such that
the comonad VW is isomorphic to L,w, and

b) find conditions for w which imply that the Yoneda embedding Y: .o — P factors
through the embedding ¥ — P« from a).

Since comonadic functors reflect isomorphisms, a reasonable candidate for € is the full
subcategory of objects which are orthogonal to the class ¥ of morphisms in P.<Z which
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get sent to isomorphisms by L,: P&/ — P2 (an object X € P/ is orthogonal to a class
Y. of morphisms if for all f € 3, the morphism P.<7(f, X) is an iomorphism, see [Kel05],
Section 6.2). If this subcategory is reflective, then it is the localization of PoZ at ¥, so it
can be thought of as the category obtained by formally inverting the morphisms in . We
first show that a reflection functor exists if the monoidal category ¥ is locally presentable.

5.4. LEMMA. Let & be a small ¥V -category. If 7 is locally presentable, then Pty is
locally presentable.

PROOF. Since P47 is cocomplete as a ¥ -category, its underlying ordinary category P.o%
is cocomplete, so it suffices to show that there is a regular cardinal A and a set of A-small
objects which forms a strong Set-generator of P.of. By assumption we can choose a
regular cardinal A such that 7 is locally A-presentable. Thus there exists a set ¢ of
A-small objects of %, which forms a strong Set-generator of 7#;. For A € &/ and G € ¥,
the object &/ (—, A) ® G is A\-small: By definition of copowers (see Section 2.12) and by
Yoneda we have for each F' € P,

Pty (—, A) © G, F) =[G, Pt (o (—, A), F)lo = [G, FA]y = %(G, FA),

and both ¥ (G, —) and F — F A preserve Mfiltered colimits. The latter preserves in fact
all colimits, because colimits in P/ are computed pointwise.

Let a: F' = F' be a ¥ -natural transformation, i.e., a morphism in P.o7. Since the above
isomorphism is natural, we find that P («/(—, A) © G,«) is an isomorphism if and
only if #(G,a4) is. This implies that the set {&/(—, A) ©® G|G € ¥4} forms a strong
Set-generator of Pazy. Thus P is locally presentable. m

5.5. LEMMA. Let w:.«f/ — PP and L, P = PPAB:w be as in Proposition 3.5, and let
Y be the class of morphisms f in P<ty for which L, f is an isomorphism. If ¥ is locally
presentable, then the full subcategory € = L+ of P/ generated by the objects which are

orthogonal to X is reflective, i.e., the inclusion functor I: ¢ — P/ has a left adjoint
R:Pof — €.

PROOF. The functor L, preserves copowers, so for any morphism f: X — X’ in ¥ and
any object V' € ¥, the morphism V©® f:V ©® X — V ® X’ is in ¥. Hence an object
I € Pgry is orthogonal to ¥ in the enriched sense if and only if it is orthogonal in the
classical sense (cf. [Kel05], Section 6.2).

By Lemma 5.4, the categories P.ofy and PZ, are locally presentable, and the functor
(Ly)o: Pty — PPy preserves all colimits because it is a left adjoint, so it is accessible.
It follows from [AR94], Remark 2.50 and op. cit., Section 2.60, that the full subcategory
of Mor(P.«) generated by ¥ is an accessible, accessibly embedded subcategory. Thus
there is a regular cardinal A and a subset ¥y C ¥ such that every element of ¥ is a
Mfiltered colimit of elements of ¥y, and this colimit is computed as in Mor(P<%). It
follows immediately that ¥+ = X3, and [AR94], Theorem 1.39 implies that the inclusion
Iy: 6y — P has a left adjoint Ry: Py — %p. The claim now follows from [Kel05],
Theorem 4.85. [
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5.6. LEMMA. Let ¥, be locally presentable. With the notation from Lemma 5.5, the
functor w: P#B — P factors through the inclusion 1: 6 — P, i.e., there is a functor

W:P%# — € such that w = IW. The restriction V = L, I of L, to € is left adjoint to
W, and V' reflects isomorphisms.

PROOF. We have to check that for any Y € P, the object w(Y) lies in €, i.e., that for
any morphism f: X — X’ in X, the map

P (f,(Y)): P (X', &(Y)) - P (X,&(Y))

is an isomorphism. By adjunction, this is is equivalent to P.o/ (L, f,Y’) being an isomor-
phism, which is evident: The morphism L, f is an isomorphism by definition of 3 (see
Proposition 5.5). It is clear that the restriction of a left adjoint still gives a left adjoint,
so it remains to check that V reflects isomorphisms.

Let 1 and ¢ be the unit and counit of the adjunction R: P/ = %¢: I from Proposition 5.5,
and let 79 and €y be the unit and counit of V: ¢ = PZA: W. We clearly have Iny = n“
and gy = ¥, so it might seem pedantic to use different names, but doing so clarifies the
pasting diagram

id
I w S w
GAERE e :
W/\%/?\L;/:I%u\%/;:@
id

which shows that L,7 is the mate of the identity natural transformation IW = @ under
the adjunctions L, 4 @ and VR - IW. This implies that L,n is an isomorphism, i.e.,
that the components of n lie in X. Commutativity of

X 25 IR(X)

X' ——> IR(X')

Ub'd

shows that a morphism f of P lies in X if and only if R(f) lies in X. Since R(f) is a
morphism of € = 1, this is the case if and only if R(f) is an isomorphism. Now let f
be a morphism in ¢ such that V f = L, I(f) is an isomorphism. Then /(f) lies in ¥, and
the above reasoning shows that RI(f) is an isomorphism. But e: RI = id is a natural
isomorphism, which implies that f is an isomorphism. Thus V reflects isomorphisms, as
claimed. ]
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5.7. Since the functor V constructed in the above lemma reflects isomorphisms, it has
a chance of being comonadic (cf. Theorem 2.11). In other words, Lemma 5.6 is the first
step towards a solution of a) in Section 5.3. In order to solve b) we need some more
background on weighted colimits. Let J x G be the colimit of G: ¥ — & weighted by
J: 9P — ¥ and let

P9 (J,6(G—,E)) —=&(JxG, E)

be the corresponding natural isomorphism. The identity of J x G corresponds under ¢ to
the unit

J—2>&(G—,J*G),

of JxG, which has the property® that for any ¥ -natural transformation a: J — &(G—, E),
there is a unique morphism a:J * G — G such that a = &(G—,a). In particular, if

L:& — & is a ¥-functor such that the colimit Jx LG exists, there is a unique morphism
L:Jx LG — L(J x G) for which the diagram

J A E(G—,JxG)

v |z

&' (LG—,J * LG) &' (LG—, L(J x G))

&(LG—,L)
where A" denotes the unit of Jx LG, is commutative. The morphism L: JxLG — L(J*G)
is called the comparison morphism, and we say that L preserves the colimit Jx G if L is

an isomorphism. As one would expect, if L: & — & is a left adjoint, then it preserves all
colimits which exist (see [Kel05], Section 3.2).

5.8. THEOREM. Let ¥ be a complete and cocomplete symmetric monoidal closed cate-
gory with ¥y locally presentable. With the notation of Proposition 3.5, let

N P&,

o
DN
Pt

be the unit of the Tannakian adjunction, and write X for the class of morphisms [ of P.a
for which L, (f) is an isomorphism. The functor N: P/ — P - is an equivalence of
¥V -categories if the following hold:

i) The functor w: o/ — PR reflects isomorphisms,

ii) The left adjoint L,: P/ — PR preserves equalizers of L, -contractible pairs in ¥+,
and

6This is a consequence of the ¥-Yoneda Lemma. In general, having this property is weaker than being
the weighted colimit.
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iii) Whenever J: 9P — ¥ is a weight and G: 9 — </ is a V-functor such that the
weighted colimit J * wG lies in the subcategory B C PA, then J x G exists and is
preserved by w: .o/ — PA.

Moreover, if ® is a class of weights with the property that for each X € Pl there is
a weight J: 2°° — ¥ in ® and a functor G:9 — & such that X = J*xYG, then
N:of — PR  is an equivalence if i) and i) hold, and iii) holds for all weights in ®.

PROOF. For any X € P« we have X = X xY (see [Kel05], Formula (3.17)). It follows
that for ® the class of all weights &/°? — ¥, the conditions in the second statement are
satisfied. In other words, the first statement follows from the second.

By Proposition 5.2, the composite of N:«&/ — PH] - with the inclusion P#; 5 —
P, is isomorphic to the composite

Y

% Pt —L~PABL

of the Yoneda embedding and the unit of the semantics structure adjunction. Let € be
the full subcategory ¥+ of P/ consisting of objects which are orthogonal to X. Let
R:% = Pgo/: I be as in Lemma 5.5, and let V: ¢ = PZA: W be as in Lemma 5.6. We
write J: € — Patyw = Py 5 for the V 4 W component of the unit of the semantics
structure adjunction (see Theorem 2.10). Since the unit of V' < W is equal to the unit of
L., @ by construction, the diagram

¢ ! Pt
X /

PA;

is commutative. By assumption ii), V = L,[:€ — PHA preserves equalizers of V-
contractible pairs, and by Lemma 5.6 it reflects isomorphisms. Thus J' is an equivalence
(see Theorem 2.11). We will now show that the Yoneda embedding factors through the
full subcategory 4 = X+, and therefore that JY = J'Y is fully faithful. If this holds, then
condition iii) implies that all objects X of ¢ with V(X) € 4 lie in the essential image of
the Yoneda embedding, and since the equivalence J': ¢ — Py 5 satisfies Vi zJ =V,
it follows that J'Y:.&/ — P  is an equivalence.

In other words, it remains to show that for each A € o7, the presheaf o/ (—, A) lies in $+.
Since L,:Po/ — PP is left adjoint, X is closed under copowers, so it suffices to check
that for any fo: X — X’ in 3, and any morphism ¢: X — &7(—, A), the unique dotted
arrow

X 1> (-, A)

/1
fO Ve
e
e

X/
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exists. Since L, preserves colimits, the pushout f: @ (—, A) — X" of fy along g lies in
Y., too. It follows that the dotted arrow in the above diagram exists and is unique if and
only if there is a unique dotted arrow making

ﬂ(—,A):ﬂ(—,A)

fl 7

XI/ g

commutative. By assumption, there is a weight J: Z°° — ¥ in the class ® and a functor
G:9 — o such that X" =2 J x Y@, so we might as well assume that f is a morphism
from o/ (—, A) to JxYG.

Step 1: Existence. By the remarks in Section 5.7 we have a chain of isomorphisms

—~1
W(A)LLWYAL*”@LQJ(J*YG)gJ*LwYGMJ*wG,

which shows that J x wG lies in %. By iii) it follows that the colimit J x G € &7 exists,
and that &:J * wG — w(J * G) is an isomorphism. The fact that a,:w = L,Y is an
isomorphism implies that L/w? :J *x L,G — L,Y(J % @) is an isomorphism. An easy
application of the Yoneda Lemma and the definition of the comparison morphism (see
Section 5.7) show that LY = L,(Y)o L., and it follows that L,(Y) is an isomorphism.
Since the Yoneda embedding is full, the composite ¥ o [ (= A) — A(—,J*G) is
of the form Yh = &/(—, h) for a unique morphism h: A — J x G. Note that L,Yh =

~

L,(Y)o L,(f) is an isomorphism, by the above argument and by assumption on f. Since
w = L,Y it follows that w(h) is an isomorphism, and condition i) implies that h itself is
an isomorphism. Thus

52{(_7/0:52{(_714)

A (—,J*xQ)

gives the desired lift.

Step 2: Uniqueness. We use the notation introduced above. We have to show that for
any k: J xYG — o/ (—, A) with kf = id, the equality k = Yh™! o Y holds. This follows
from the fact that the target o/ (—, A) of k lies in the image of the Yoneda embedding,
and within that image, Y (J x G) is the colimit of Y'G weighted by J, which means that
o/ (—,A) cannot detect whether or not Y:JxYG — Y (J = G) is an isomorphism. We
explain this more carefully. From Section 5.7 we know that there is a unique morphism
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k': Jx G — A such that part (2) of the diagram

PA(YG—,]*xYG) PA(YG—,J*xYGQG)
(1) ©)
iP%(YG,k)
PA(YG—T) o (G—,J Q) P (YG—, o (—, A))
7 (G— k') y-1
\
PA(YG-Y(J*Q)) 3) o (G—, A)

\ /
PA(YG—Yk')
\ Y

P (YG, o (—, A))

is commutative, where the unlabeled arrows denote the respective units. Part (1) is
commutative by definition of Y (see Section 5.7), and part (3) is commutative by func-
toriality of the Yoneda embedding. It follows that Yk’ o Y = k, and therefore that
YK oYh= Yk’Ao?of = kf =id. But h is an isomorphism, hence we must have k' = h~!

and k =Yk oY =Y (h~') oY, which shows that the lift is unique. .

5.9.  We now take a closer look at the different conditions in Theorem 5.8. From Propo-
sition 2.13 it follows that iii) is a necessary condition, and from Theorem 2.11 we know
that i) is a necessary condition, too. On the other hand, in the proof of Theorem 5.8 we
have seen that under the given conditions, the inclusion functor K: &/ — PZA;  of the
category of Cauchy comodules of L,w in the category of all comodules is a dense functor
(cf. [Kel05], Proposition 5.16). But this implies that the right adjoint K: PZ# — P/ is
fully faithful. Therefore the counit ¥ is an isomorphism, so by Theorem 4.4 it follows
that the L,w-component of the counit of the Tannakian adjunction is an isomorphism.
Hence condition ii) is not a necessary condition. Also, this condition is probably the most
difficult to check. In some cases it might be easier to check whether L, preserves all finite
limits. If this is the case, w is called a flat functor (cf. [Kel82], Section 6).

6. Applications to a special class of cosmoi

6.1. When working with additive categories enriched over the category of modules for
some commutative ring, the notion of weighted colimits is generally not needed. For
example, any presheaf is a conical colimit of representable functors. In this section we
show that this is related to the fact that the category of modules over a commutative
ring has a small Set-dense subcategory. Let ¥ be a monoidal category for which the full
subcategory 7 of objects with duals is Set-dense. More generally, we assume that there
is a full monoidal subcategory 2" of #¢ which is Set-dense. Of course, this implies that
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V¢ is Set-dense, too, but it is sometimes easier to work with a smaller category. If ¥ is
the category of modules over some commutative ring, we could for example take 2~ to be
the full subcategory of finitely generated free modules.

To each ¥'-category @/ which has copowers with objects in 2~ we can associate an ordinary
category endowed with an action of Z5. Such a category is called a Zy-actegory (in
[McCO00]) or Zy-representation (in [GP97]). Since we assume that Zj is Set-dense, the
assignment which sends a ¥ -category &/ which has copowers with objects in 2" to the
Zo-actegory o, with action given by — ©® —: 2y X o — o is in fact a fully faithful
2-functor (see [GP97], Theorem 3.4). This means that giving a ¥ -functor F: &/ — o’
between ¥ -categories which have copowers with objects in 2" is the same as giving an
ordinary functor Fy: &% — 47, together with morphisms F: X © FyA — Fy(X ®A) making
the diagrams

X 0 (X0 FRA) (X ®X") o A
RA— 16 FA X@ﬁl
py \Lﬁ and X O F(X' ©A) P
Fo(I®A) l
Fy(X © (X' ©A) = F((X®X) 0 A)

commutative. The arrows [ and a correspond to the canonical isomorphisms id = [I, —]
and [X,[X', —]] & [X ® X', —] under the ¥ -natural isomorphisms which define the re-
spective copowers, and Fis given by the map of the same name introduced in Section 5.7.
Moreover, we know that copowers with objects in 2~ are absolute colimits (see [Str83]),
so the morphisms F: X ® FA — F(X ® A) are isomorphisms. Still under the assump-
tion that 2, is Set-dense and that </, &/’ have copowers with objects in 2", giving a
¥ -natural transformation a: F' = F': &/ — &/’ is the same as giving an ordinary natural
transformation a: Fy = F{ such that
XOay

X0 FRAXS X o FlA

N K

(X ©A) gz (X © A)

1S commutative.

6.2. PROPOSITION. Assume there is a full monoidal subcategory & C ¥ consisting of
objects with duals such that 2y is Set-dense in V. Let o/ be a ¥ -category which has
copowers with objects in 2", and let € be a V¥ -cateqory which has powers’ with arbitrary
objects of V. Under these assumptions, a ¥ -functor K: o/ — € is ¥ -dense if and only
if the underlying ordinary functor Ky: oy — %o is Set-dense.

"Powers are the dual notion of copowers.



30

PROOF. The assumption that powers with arbitrary arbitrary objects exist in 4 implies
that K is #-dense if and only if the map %,(C, D) — ”//—Nat(‘f(K—,C),%(K—,D))
which sends ¢g: C' — D to the ¥ -natural transformation ¢’ (K—,g) is a bijection of sets
(see [Kel05], Section 5.1). For C' € ¥, let (K | C) be the category with objects the
morphisms ¢: KA — C, A € o/, and morphisms ¢ — ¢’ the morphisms in .«% which
make the evident triangle commutative. From [Kel05], Formula 5.4, we know that Kj is
Set-dense if and only if each object C'is the colimit of the canonical cocone on the functor
Ve: (K | C) — € which sends ¢ to its domain. We write Sp for the set of cocones on
V with vertex D, and we let V = ¥,(I,—): %) — Set be the canonical forgetful functor.
Let x:¥-Nat(€(K—,C),¢(K—,D)) — Sp be the map which sends a to the cocone
(VOéA(SO)><pe(KLC)' The composite

%o(C, D) — ¥ -Nat (¢ (K—,C),¢(K—, D)) — Sp

sends g to the cocone (g¢)ec(x|c)- This composite is a bijection if and only if C' is the
colimit of the canonical cocone, i.e., if and only if Kj is Set dense. If we can show that
X is a bijection, then K is Set-dense if and only if K is #'-dense, as claimed.

We now construct an inverse for x, as follows. Given a cocone v = (V,)ue(x|c), We let

Ba:Go(K A, C) — Go(K A, D)

be the map with S4(¢) = 7,. We write F,G: &/ — 7P for the functors ¢ (K—,C)
and € (K —, D) respectively. Note that we have VFy = 6,(KA,C), and [ is a natural
transformation between the Set-valued functors V Fy and VGy. We first use the density
assumption to lift this to a natural transformation £(7y): Fy — Gy between the underlying
ordinary ¥g-valued functors F' and G, and we then show that () is in fact #-natural.
Since the copower of B by X in ¥°P is given by [X, B], and because all ¥-functors preserve
copowers with objects in 7¢ (see [Str83]), we get isomorphisms

F(X®A) Lo [X,FA] and G(X ©A)-9~[X,GA],

and the composite VG o Bxea o VﬁO’I: VIX,€¢(KA,C)lp— V[X, € (KA, D)|y is natural
in X. Since #,(X, —) is naturally isomorphic to V[X, —], it follows by Set-density of ¥
in 7 that there is a unique morphism &(v)4: ¢ (KA,C) — € (KA, D) in ¥ such that

Ho(X, C(KA,C)) 20 oy x (KA, D))
VIX, (KA, O))y “020 vix % (K A, D)),
| e

% (K(X @ A),D)

Bxea
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is commutative for every X € #°. Hence part (1) and (3) of the diagram

VIX,[X"£(v) allo

VIX, [X', FA]]o VX, [X', FA]]o

Wﬁ]o (0) V[W
V[Xag('Y)X/@A]O

VX, F(X ® Ao VX, G(X ® Ao
vﬁOT (1) Tvéo

VER(X o (X 0A4) 2 Y Y ya (X o (X 0d) v

Va'
VFOCLT (2) TVGoa
VE((X @ X') 6 A)) o VGo((X @ X') © A)
A (3) vé\
VX ® X', FA], VIX ® X', GAo

VIX®X',£(7)alo

are commutative. Part (2) is commutative since (3 is natural, and the two pentagons are
instances of the coherence diagrams in Section 6.1. The outer diagram is commutative be-
cause a’ is natural, hence it follows that part (0) is commutative. Since 7 is dense we find
that [ X', &(7y)a] oF =Gof (7)x'@a. The considerations in Section 6.1 therefore imply that
&(v) is a #-natural transformation. The second coherence diagram of Section 6.1 implies
that V&(v)a = B for all objects A € o7, and it follows that x(£(v)) = 7. Moreover, if we
start with a #-natural transformation a: F = G and construct the 34 associated to the
cocone x(a), we clearly get Oxoa = Vaxea, i-e., Vﬁ(X(a))XQA = Vaxea. Both a and
&(7) are ¥-natural, hence we must have V[X,£(x(a)) ,Jo = V[X, o, and by density of
2 it follows that £(x()) = a. In other words, the assignment which sends a cocone 7
to the ¥ -natural transformation £(vy) constructed above gives the desired inverse to y. m

6.3. COROLLARY. Assume there is a full monoidal subcategory & C ¥ consisting of
objects with duals such that 2y is Set-dense in V. Let o/ be a ¥V -category which has
copowers with objects in X . Fix a presheaf F € Pa/, and let (Y | F) be the category
of representable functors over F. Then F 1is the conical colimit of the forgetful functor

YI|F)—Po.

PROOF. Since the Yoneda embedding is always 7#-dense and because P is complete, it
follows by Proposition 6.2 that F' is the ordinary colimit of the canonical cocone on the
forgetful functor (Y | F') — Pg. But P/ has arbitrary powers, hence the notion of
conical colimit and ordinary colimit coincide. [

6.4. THEOREM. Assume there is a full monoidal subcategory & C ¥ consisting of
objects with duals such that Zy is Set-dense in ¥y. Let % be a V -category with small
Cauchy completion. Then the T-component of the counit of the Tannakian adjunction
is an isomorphism if and only if for each B € B, (T B,dp) is the conical colimit of the
diagram of Cauchy comodules over (T B,dg).
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PrROOF. We use the notation from Theorem 4.4. By Proposition 2.13 it follows that the
category &7/ = P25 has copowers with objects in 2" (note that for B € 8, X € 2, we
have X ® B € % because 2~ consists of objects with duals). By Corollary 6.3, the presheaf
F = P%r(K—,(TB,0p)) on « is the colimit of the diagram of representable functors
over F'. Since Lg(o/(—,A)) = KA and because Lk preserves colimits, we find that
LK}?(TB, dp) is the colimit of the diagram V(rp s,): (K | (T'B, 53)) — PPy of Cauchy
comodules over (T'B,dg). It is not hard to check that the comparison morphism induced
by the canonical cocone is precisely the (T'B,dg)-component of X, so the conclusion
follows from Theorem 4.4. [

6.5. THEOREM. Assume that there is a full monoidal subcategory 2 C ¥ consisting of
objects with duals such that Zy is Set-dense in ¥, and assume that ¥o(I,—): ¥ — Set
preserves filtered colimits. Let o7 be a ¥ -category which has copowers with objects in 2
and with their duals, let BB be a V¥ -category, and let w: o/ — PR be a ¥V -functor. Then
the unit of the Tannakian adjunction is an equivalence if

i) The functor w reflects isomorphisms,

it) For each object B € A, the category el(V(evpw)o) of elements of V(evpw)o: o —
Set is cofiltered, where evg: P& — ¥ denotes the evaluation functor, and

iii) The functor w detects and preserves those conical colimits which lie in 2.

If these conditions are satisfied, then the comonad L,w: P%# — PR preserves finite limits.

PROOF. We use the notation from Proposition 3.5 and Theorem 5.8. First note that %
is locally finitely presentable: For X € 2" we have

%(X7_> = %([a [Xa _]) = %([7XV ® _)7

which preserves filtered colimits by our assumption on the unit object I. But Zj is
Set-dense, so it is in particular a strong generator, which shows that 7 is indeed locally
finitely presentable. It follows that the Cauchy completion % of 2 is small (see [Joh89]),
hence it makes sense to speak about the Tannakian adjunction in this context (cf. Propo-
sition 3.5). Moreover, Theorem 5.8 can be applied. Condition i) coincides with condition
i) in Theorem 5.8, and if we let ® be the class of conical weights, then Corollary 6.3 and
iii) imply that condition iii) of Theorem 5.8 is satisfied. Therefore it suffices to check that
ii) implies that L,P.o/ — P preserves the necessary coequalizers. We will in fact show
that L, preserves all finite limits (see [Kel82], Section 4 for a definition).

To see this, we first note that the functor

(evp)pen: PB — [ ¥

Be%#

preserves and reflects all limits and all colimits, because both limits and colimits in P#
are computed pointwise. Hence it suffices to check that for a fixed B € 4, the functor
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evgL,:Po/ — ¥ preserves finite limits, i.e., that evgL, is left exact in the terminology
of [Kel82]. Since the functor (evp)pes preserves all colimits, it also preserves left Kan
extensions (see [Kel05], Proposition 4.14). Thus evgL, is naturally isomorphic to the
left Kan extension of evgw along the Yoneda embedding Y:.«#/ — P./. This reduces the
problem to showing that evpw is flat, and by [Kel82], Section (6.3) it suffices to check
that evpw € [/, ¥] is a filtered (conical) colimit of representable functors.

Note that «7°P has copowers with objects in .2": Since any X € 2 has a dual XV, and
because copowers with objects in 2" are preserved by any functor (see [Str83]), we have
natural isomorphisms

(B, XY ©A) 2 X"®d(B,A)~[X,o(B,A),

which shows that &7 has powers with objects in 2~ (equivalently, that .o7°P has copowers
with objects in Z7). Proposition 6.2, applied to the ¥ -category «7°P and the contravariant
Yoneda embedding Y': &7°P — [of, ¥], shows that Y’ is Set-dense. It follows that evpw
is isomorphic to the conical colimit of the forgetful functor (Y’ | evpw) — [«7,¥]. By
the weak Yoneda lemma, the category (Y’ | evpw) is isomorphic to the opposite of the
category of elements of V(evpw)s. The latter is filtered by assumption ii), hence the
remarks in [Kel82], Section (6.3) show that evpw is indeed flat. The second statement
follows immediately: The functor w is right adjoint, so it preserves all limits, and we have
just shown that L, preserves finite limits. n

6.6. COROLLARY. Let R be a commutative ring, B an R-algebra, and let ¥ be the
category Modg of R-modules. Let o/ be an additive R-linear category, equipped with an
R-linear functor w: o/ — Modg such that w(A) is finitely generated and projective for all
A€ . If w reflects isomorphisms, detects and preserves those (ordinary) colimits which
are finitely generated projective, and if the category el(w) of elements of w is cofiltered,
then the (& ,w)-component of the unit of the Tannakian adjunction is an equivalence of
categories. Moreover, the comonad L,w: PAB — PAB preserves finite limits.

PrROOF. We let 2" be the full monoidal subcategory of Modg consisting of finitely gener-
ated free modules. Since 7 is additive, it has copowers with objects in £": The copower
of A € & with R" is simply the n-fold direct sum @} ;A. Moreover, the dual of R" is
isomorphic to R"™, which shows that &/ has copowers with objects in 2~ and with their
duals. The Cauchy completion of B, considered as a one-object ¥ -category, is the full
subcategory of Modp consisting of finitely generated projective modules. Thus the image
of w(A) is an object of the Cauchy completion of B, and it makes sense to speak of the
(&7, w)-component of the unit of the Tannakian adjunction (cf. Proposition 3.5). Since
the forgetful functor V: Modgr — Set is conservative (i.e., it reflects isomorphisms), the
conical colimit of a functor exists if and only if the corresponding ordinary colimit exists
(see [Kel05], Formula (3.4)). Hence all the conditions in Theorem 6.5 are satisfied. "

We conclude with a few remarks about the necessity of the conditions in Theorem 6.5.
More precisely, we are interested in the following question: Under what assumptions on
the cosmos ¥/, the small category % and the comonad T:P%# — PZ does the functor
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Vi P — PR satisty the conditions in Theorem 6.47 Since this theorem is a conse-
quence of Theorem 5.8, the general remarks from Section 5.9 apply: Conditions i) and
iii) hold without any further assumptions. If PB C PA is closed under finite limits and
if T'€ Comon (M y4) preserves finite limits, then the functor Viy: P& — PR satisfies
condition ii) of Theorem 6.4. Indeed, it is well known that PZr has finite limits under
these conditions, and that Vi preserves them. Since Z is closed under finite limits, so
is PAS, and it follows that the category of elements of V (evgVr)g is cofiltered for every
B € #. In the special case of Corollary 6.6, where 7" = Modg for some commutative ring
R and 2 is an R-algebra B, seen as a one-object ¥ -category, the category 2 is simply
the category of finitely generated projective B-modules. It is closed under finite limits if
B is a hereditary Noetherian algebra, i.e., if submodules of finitely generated projective
B-modules are again finitely generated projective.
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