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Abstract. The even-periodic cohomology of the space BU and some of its

relatives are analyzed using the language of formal schemes as developed by

Strickland. In particular, we connect E0(BU) to the theory of Witt vectors

and λ-rings. We use these connections to study the e�ect of the coproduct aris-

ing from the tensor product and the Adams operations on generalized Chern

classes. Then we exploit this connection to give an alternate construction of

the Husemoller splitting of E0(BU).

1. Introduction

TO DO: Add a bit of history of the interplay between algebraic geometry and al-

gebraic topology. Quillen->Morava->Landweber-Ravenel-Wilson->Hopkins->Lurie.

TO DO: Add a bit about how this is an introduction to these ideas at a less rigid

level then that used by Lurie.

TO DO: Add that Witt vectors appear in many places in algebraic topology

(Husemoller-Witt splitting, the K−theory of QS0 (Hodgkin), classi�cation of bi-

commutative Hopf algebras (Goerss), formulas for formal group laws (Ravenel) .

What we seek to do is use the language of algebraic geometry to see how these

notions are related.

This paper picks up a thread left by Ben-Zvi [BZ95] and a thread left by Strick-

land [Str00] and weaves them together. More speci�cally, in Ben-Zvi's minor thesis

he observes that the cohomology ringH∗(BU) is the ring of functions on the Cartier
dual of the Witt scheme. Strickland develops the proper foundations for making

these kind of connections in [Str00]. There he also remarks that the formal scheme

associated to E0(
∐
n≥0BU(n)), for E an even-periodic cohomology theory, is a

graded λ-semiring object. Using Strickland's framework and the algebra outlined

in Ben-Zvi's minor thesis we will �esh out these remarks and connect them.

Individually the results below are in the literature although they may require

some translation since they appear in di�erent contexts. For example our form of

the algebraic splitting principle, Theorem 6.5 can probably be constructed from

di�erent forms of the splitting principle that appear in the literature. We have

made a signi�icant e�ort to cite relevant sources, but some of the topics discussed
1
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below have been studied by many people for quite some time. By juxtaposing

results spread out across the literature we aim to clarify these connections.

We apply this framework to give low-dimensional formulas for the generalized

Chern class of a tensor product of (stable) vector bundles in Section 10. The method

of divining these formulas has been known to experts but has yet to appear in the

literature.

First, we will recall the relevant material about schemes and formal schemes from

[Str00]. Then we will recall the theory of λ-rings and Witt vectors which can be

found in [BZ95, Haz78] or the recent survey [Haz08]. Then we will describe several

alternate characterizations of the schemes associated to the generalized cohomology

of classifying spaces for vector bundles.

This paper is written for the general algebraic topologist. We therefore assume

familiarity with some category theory, especially representable functors and the

Yoneda lemma and we assume some familiarity with the theory of vector bundles

and classifying spaces as laid out in [Hus94, May99]. But we do not assume the

reader is familiar with the basics of a�ne schemes (Section 2), rngs (Section 11.1)

or ind-objects (Section 11.2). To keep this paper mostly self-contained we try to

give a short treatment of these topics.

1.1. Conventions. All of our rings will be commutative and unital. The category

of rings will be denoted Ring .
We will assume all of our binary operations are commutative and associative and

dually that all of our cooperations are cocommutative and coassociative.

We denote inverse limits by lim and directed limits by colim.

Unless otherwise speci�ed, all schemes and formal schemes will be a�ne.

1.2. Acknowledgements. I would like to thank my advisor Peter May for his

constant support, personal and intellectual. Without his assistance and persistence

this paper would never have reached this point. I would also like to thank my

friends: Qendrim Gashi, Niles Johnson, Masoud Kamgarpour and Travis Schedler.

They are wonderful people and I am better human being for knowing them. Finally,

I would like to thank Nikki. Her patience, love, and support have made this possible.

2. Schemes

We are interested in studying the cohomology of nice spaces that admit an asso-

ciative, commutative and unital product in the homotopy category. The cohomol-

ogy rings of such spaces come equipped with a coassociative, cocommutative and

counital coproduct. Being more comfortable with product structures we choose

to work in the opposite category of rings or more precisely, the category of a�ne

schemes. In addition to easing our study of the comultiplicative structure on these
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cohomology rings, schemes provide interesting alternative characterizations of these

rings.

Recall that the essential image of an embedding F : C → D is the full subcate-

gory of D whose objects are isomorphic to some object in the image of F.

The category of a�ne schemes, Sch , is de�ned to be the essential image of the

Yoneda embedding:

Spec : Ringop −→ Set Ring

Spec(R) : S 7→ Ring(R,S).

By de�nition, Sch is equivalent to Ringop. The value of a scheme X on a ring S, is

called the set of S-points of X and denoted X(S) = Sch(Spec(S), X).

Example 2.1. The a�ne line A1 = Spec(Z[x]), takes a ring to its underlying set.

In other words, A1 is isomorphic to the forgetful functor from rings to sets.

Example 2.2. The scheme A1 \ {∗} ∼= Spec(Z[x, x−1]), takes a ring to the set of

units in that ring.

Example 2.3. The scheme Niln ∼= Spec(Z[x]/(xn)), takes a ring R to the set of x

in R, such that xn = 0.

To discuss various algebraic categories in Sch (see Section 11.1), such as group

schemes, we will need �nite products. The product in schemes arises from the

tensor product in rings. For example, a�ne n-space

An ∼=
(
A1
)×n

= Spec Z[t1]× · · · × Spec Z[tn]

∼= Spec(Z[t1]⊗ · · · ⊗ Z[tn])

∼= Spec Z[t1, . . . , tn].

Remark 2.4. In fact, Sch is complete and cocomplete because Ring is complete

and cocomplete, however we must comment that the colimits in a�ne schemes

constructed using this equivalence do not generally agree with those of the larger

categories of non-a�ne schemes or Set Ring . Since the reader might have little intuition

for schemes, we will try to emphasize their role as set-valued functors and clarify

the di�erences between these perspectives.

Later we will need to work with k-algebras, for k a ring, whose scheme theo-

retic analogues are schemes over Spec(k). The category of schemes over Spec(k) is
equivalent to the essential image of the Yoneda embedding:

Speck : k�algop −→ Setk�alg ,
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where k�alg is the category of k-algebras (i.e. rings under k). The category of

schemes over Spec(k) will be denoted Schk. Note that Sch ∼= SchZ.

Remark 2.5. In our examples we have elected to de�ne our schemes over Z, but we
could just as easily de�ne their analogues over an arbitrary base ring. Rather then

clutter the notation we have elected to leave it to the reader to replace the integers

with their preferred base whenever they see �t.

Tensor products over k give rise to products in Schk and they agree with those in

Setk�alg . Using this product structure we can perform the constructions in Section

11.1. In particular, we have the category of group schemes over Spec k, GrpSch
k
.We

should remark that group schemes are the dual of a more familiar concept:

Proposition 2.6. The categories of bicommutative Hopf algebras over k and group

schemes over k are antiequivalent.

Example 2.7. The ring Z[x] with augmentation ε+ : Z[x] → Z determined by

ε(x) = 0 is an augmented Z-algebra. The maps

ε+ : Z[x] → Z x 7→ 0
∆+ : Z[x] → Z[x1, x2] x 7→ x1 ⊗ 1 + 1⊗ x2

χ+ : Z[x] → Z[x] x 7→ −x

make Z[x] into a cocommutative cogroup (i.e. a bicommutative Hopf algebra).

Applying Spec to Z[x] and the above maps gives us the additive group scheme Ga.

We can identify Ga with the forgetful functor from rings to abelian groups.

Example 2.8. The ring Z[x, x−1] with augmentation ε×(x) = 1 can be made into

a cocommutative cogroup using the maps

ε× : Z[x, x−1] → Z x 7→ 1
∆× : Z[x, x−1] → Z[x1, x2, x

−1
1 , x−1

2 ] x 7→ x1 ⊗ x2

χ× : Z[x, x−1] → Z[x, x−1] x 7→ x−1.

The corresponding group scheme Gm is called the multiplicative group scheme since

it takes a ring to its group of units.

The language of Section 11.1 allows us to combine some of the structure in

Example 2.8 with that of Example 2.7 to de�ne the identity ring scheme.

Example 2.9. The ring Z[x] with augmentations ε+ and ε× and comultiplications

∆+ and ∆× equipped with the coinverse map χ+ make Z[x] into a coring. By

applying Spec we obtain the ring scheme Id, which takes a ring to itself.
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3. Formal Schemes

Following [Str00], we de�ne the category of formal schemes, FSch , as the full

subcategory of objects in Set Ring which are isomorphic to a co�ltered colimit of a�ne

schemes. This category is equivalent the category of ind-schemes whose properties

are discussed in Section 11.2. By identifying a scheme with a constant ind-scheme

we can embed Sch as a full subcategory of FSch .
Using the equivalence with Ind-schemes, FSch is equivalent to the opposite cat-

egory of pro-rings. A pro-ring R = “ lim ”Ri can be identi�ed with the topological

ring R′ = limRi where the inverse limit is taken in topological spaces and each Ri

represents a discrete topological space [Joh82]. In this description a map of pro-

rings corresponds to a continuous map. When the context is clear we will identify

a topological ring with its associated pro-ring.

The equivalence Pro Ringop to FSch is given by the functor Spf : “ lim ”Ri 7→
colim Spec(Ri).

Remark 3.1. This generalizes the de�nition of formal schemes in algebraic geom-

etry. An a�ne formal scheme in that context is one of the form Spf(R̂), where
R̂ = “ lim ”R/In ([Har77, Section II.9]). Each such formal scheme has a geometric

interpretation that does not always hold in our category.

Example 3.2. The formal a�ne line

Â1 = Spf(Z[[x]])

= colim Spec(Z[x]/xn)

∼= colim Niln

= Nil,

takes a ring to the set of nilpotent elements of that ring.

Analogous to the informal case, we have the category of formal schemes over a

given (formal) scheme X, which we denote by FSchX .
Since colimits commute with (co�ltered) colimits we see that FSch is cocomplete

and its colimits arise from those in schemes. Co�ltered colimits of formal schemes

are preserved under the inclusion FSch → Set Ring .

Since �nite products commute with co�ltered colimits (see [Bor94, Theorem

2.13.4]), the products in schemes give rise to the products in formal schemes. For

example, if X = colimi∈I Xi and Y = colimj∈J Yj then

X × Y ∼= colim
(i,j)∈I×J

Xi × Yj .

Dually there is a coproduct on pro-rings, called the completed tensor product. For

example, Z[[x]]⊗̂Z[[y]] ∼= Z[[x, y]].
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Now that we have �nite products we can apply Section 11.1 and de�ne formal

groups, formal rings, etc.

Example 3.3. The additive formal group Ĝa takes a ring R to Nil+(R), the ad-
ditive group of nilpotent elements of R. Clearly its underlying formal scheme is

isomorphic to Â1. Fixing an isomorphism, then the additive group structure arises

from the maps:

ε+ : Z[[x]] → Z x 7→ 0
∆+ : Z[[x]] → Z[[x1, x2]] x 7→ x1 ⊗ 1 + 1⊗ x2

χ+ : Z[[x]] → Z[[x]] x 7→ −x.

Example 3.4. The multiplicative formal group Ĝm takes a ring R to the multi-

plicative group (1 + Nil(R))×. Identifying this set with Nil(R) we see that Ĝm can

also be represented by Â1. Fixing an isomorphism, the group structure arises from

the maps:

ε× : Z[[x]] → Z x 7→ 0
∆× : Z[[x]] → Z[[x1, x2]] x 7→ x1 ⊗ 1 + 1⊗ x2 + x1 ⊗ x2

χ× : Z[[x]] → Z[[x]] x 7→
∑
i≥0(−1)ixi+1.

4. Formal Schemes Arising from the Cohomology of a Space

Now we will try to realize the above formal schemes as arising from the cohomol-

ogy rings of certain spaces. We are particularly interested in those spaces and coho-

mology theories that are connected to formal groups (see [Ada74, Hop99, Rav00]).

Notation 4.1. If E is a cohomology theory and X a space then E∗(X) will always
refer to the unreduced E-cohomology of X. The reduced cohomology theory will

we be denoted Ẽ∗(X).

Notation 4.2. For a multiplicative cohomology theory E, we will adopt the conven-

tion of writing E∗ for E
−∗(S0).

De�nition 4.3. A cohomology theory E is called even-periodic if

(1) E is a multiplicative cohomology theory, i.e. E is a contravariant functor

from spaces to graded rings.

(2) Eodd = 0
(3) There exists a unit element x ∈ E2.

The standard examples include even-periodic ordinary cohomology HPR, com-

plex K-theory K, even-periodic Morava K-theory K(n), the Morava E-theories En,
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and even-periodic complex cobordismMP.We typically recognize these theories by

their coe�cient rings:

HPR∗ ∼= R[v, v−1]

K∗ ∼= Z[v, v−1]

K(n)∗ ∼= Fpn [v, v−1]

En∗ ∼= Wp(Fpn)[[u1, . . . , un−1]][v, v−1] (see Section 8)

MP∗ ∼= Z[b1, b2, . . . ][v, v−1],

where the grading is determined by putting all of the generators in degree 0 except

for v which lies in degree 2. A nice description of the properties of these cohomology

theories can be found in [Rez98, Hop99].

Recall that the tensor product operation on vector bundles restricts to giving a

group operation on isomorphism classes of line bundles, the unit coming from the

one dimensional trivial bundle [1] and the inverse of a bundle η is given by the dual

bundle η∗. Since CP∞ is a model for BU(1) the classifying space of 1-dimensional

complex line-bundles we obtain a multiplication map

µ⊗ : CP∞ × CP∞ → CP∞

that turns CP∞ into a group object in hTop, the derived category of topological

spaces.

Standard calculations (see [Hop99]) show that for an even-periodic cohomology

theory E, we have

(4.1) E0(CP∞) ∼= E0[[x]]

with the choice of isomorphism dependent on the choice of unit in De�nition 4.3.

We also have Kunneth isomorphisms

E0((CP∞)×n) ∼= E0(CP∞)⊗E0 · · · ⊗E0 E
0(CP∞).

Fixing an isomorphism as in Equation 4.1 canonically determines an isomorphism

E0((CP∞)×n) ∼= E0[[t1, . . . , tn]].

The map µ⊗ gives rise to the coproduct

∆⊗ : E0(CP∞) −→ E0(CP∞)⊗E0 E
0(CP∞)

E0[[x]] −→ E0[[x, y]]

x 7→ FE(x, y).

The formal power series FE(x, y) is usually called the formal group law associated

to E and the isomorphism, or orientation, in Equation 4.1. A di�erent choices of
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isomorphism will give rise to a formal group law of the form FE(λx, λy), for some

unit λ ∈ E0.

Calling the power series ∆⊗(x) =FE(x, y) a formal group law is a bit misleading,

since the map ∆⊗ really de�nes a cogroup object in pro-rings. Passing to the

opposite category of formal schemes allows us to reverse the arrows and recover a

group.

De�nition 4.4. Given a CW-complex X and an even-periodic cohomology theory

E, we de�ne the formal scheme XE associated to X and E by

XE = colim SpecE0(Xn),

where the �ltered system de�ning the colimit is given by by the �ltration of X by

its �nite CW-complexes.

Remark 4.5. Note that XE is a covariant functor of X, making the notation conve-

nient for studying diagrams of spaces. Also note XE should not be confused with

the Bous�eld localization, X〈E〉, of X with respect to the cohomology theory E.

If X is a �nite-dimensional CW-complex then XE is de�ned by a �nite directed

system and is therefore isomorphic to the ordinary scheme SpecE0(X).

De�nition 4.6. The formal group associated to an even-periodic cohomology the-

ory E, ĜE is the formal scheme CP∞E over E0, with the group structure induced

by the tensor product of vector bundles.

By well-known calculations we can identify the formal group associated to K-

theory with Ĝm from Example 2.8 and the formal group associated to ordinary

cohomology HPZ is Ĝa from Example 2.7.

TO DO: For spaces X with even homology, we don't lose any information in

passing from E∗(X) to XE , as long as we equip the formal scheme with Gm action

to recover the grading (result of Strickland).

TO DO: For commutative H-groups X with H∗(X) even and torsion free, we

don't lose any information and we can apply Cartier duality.

5. Cartier Duality

Since our interest is actually in the ring that represents a given scheme, it is

desirable to have a theory of duality for schemes that corresponds to taking the

linear dual of the representing ring. Of course, for such a duality to exist we are

going to need that the dual of the representing ring is another commutative unital

ring, which means that the original scheme needed to be a group scheme. In order

for the double dual of a group scheme X to be canonically isomorphic X, we are

going to need that the representing ring be a dualizable module. Since we want our
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theory of duality to apply to formal schemes we are going to need some assumptions

about the maps in pro-system that de�ne the representing pro-ring. The classical

theory of Cartier duality (see [Dem72]), once suitably extended as in [Str00, Section

6.4], suits our purposes.

Cartier duality is the the analogue of Pontryagin duality for group schemes.

Classically, Cartier duality restricts to the case when we are working over a �eld

and as a result can ignore some of the issues laid out above. But we will need

algebraic restrictions. We start by considering a suitable category of objects dual

to k-algebras. Identifying k-algebras with the category of commutative monoids in

the category of k-modules using the tensor product structure (i.e use the theory of

Section 11.1 with the Cartesian product replaced by the tensor product), we see

the appropriate dual is the category of cocommutative comonoids in the category

of k-modules or, equivalently, counital, cocommutative coalgebras.

De�nition 5.1. Suppose U is a k-coalgebra free on a basis I. We can �lter I by its

�nite subsets, which gives rise to a �ltration on U.We can also �lter U by its �nitely

generated submodules. If this �ltration is co�nal in the �ltration coming from I

then we say that I is a good basis for U. Those coalgebras which admit a good basis

will be called basic. The full subcategory of coalgebras of basic coalgebras will be

denoted BCoAlg .

To a basic coalgebra U = colimUi, we de�ne the formal scheme SchU = colim SpecU∗i ,
where U∗i is the linear dual Modk(Ui, k), which inherits its multiplicative structure

from the coalgebra structure on Ui (see [Str00, 4.59]). This gives a functor from

basic coalgebras to formal schemes whose image CFSch , we call coalgebraic formal

schemes.

We can construct an inverse functor c : CFSch → BCoAlg given by

c(colim SpecU∗i ) = colimU∗∗i
∼= colimUi.

If our coalgebra U has the additional multiplicative structure making it a (com-

mutative) Hopf algebra then we can build the group scheme SpecU or the formal

group scheme SchU. Given a formal coalgebraic group scheme Ĝ ∼= colim SpecU∗i ,
we de�ne the Cartier dual to be

DĜ = Spec cĜ
∼= Spec colimUi

∼= SpecU.
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Restricting to those coalgebraic formal schemes that are actually informal schemes

we can apply D again to get

DDĜ = D Spec cĜ

= cSpec cĜ
∼= cSpecU

∼= colim SpecU∗i
∼= Ĝ.

This gives us a well-behaved duality on group schemes that has the e�ect of taking

the linear dual on the representing rings.

Example 5.2. The linear dual of the the truncated polynomial algebra Z[x]/(xn−
1) with x grouplike (i.e.∆x = x⊗ x) is the module

n−1⊕
i=0

Zei

with coproduct

∆ek =
n−1∑
i=0

ei ⊗ eσ(i)

where σ(i) ≡ k− i (mod n) and 0 ≤ σ(i) < n. The algebra structure is determined

by the relations eiej = δijei. We can see Spec Z[x]/(xn − 1) is the group scheme

whose R-points is the multiplicative group of nth roots of unity in R (which might

be trivial for a given R), while its Cartier dual is the constant functor R→ Z/n.

TO DO: For nice enough spaces we have DXE = SpecE0X. So, Cartier duality

relates cohomology to homology.

TO DO: Cite Strickland's result connecting this de�nition of Cartier duality with

that algebraic geometers are more comfortable with.

6. Symmetric Schemes

We can identify a split monic polynomial

f(x) =
n∑
i=0

bn−ix
i

=
n∏
i=0

(x− ti)

with coe�cients in R with its unordered set of roots {t1, . . . , tn} . Let the nth

splitting functor Splitn denote the functor from rings to sets that takes a ring R

to the set of split monic polynomials with coe�cients in R or, alternatively, the

corresponding sets of roots of those polynomials.
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Remark 6.1. Note that Splitn is not a scheme, a�ne or otherwise, although it is

related to a stack.

Let the nth representable splitting functor rSplitn be the a�ne scheme deter-

mined by

rSplitn(R) =

{
f(x) =

n∏
i=1

(x− ti), ti ∈ R

}
.

Clearly rSplitn is isomorphic to a�ne n-space and we have a natural transformation

rSplitn → Splitn where we forget the ordering of the roots.

If a natural transformation rSplitn → rSplitm descends to give a natural trans-

formation f : Splitn → Splitm, we shall say f is algebraic. For example, we

have the map Fk : rSplitn → rSplitnk which sends (t1, . . . , tn) to ([k]t1, . . . , [k]tn),
where [k]ti indicates repeat the root ti k-times. Passing from ([k]t1, . . . , [k]tn) to

{[k]t1, . . . , [k]tn} we see that reordering the ti's does not change the target set, so

the map Fk descends to give an algebraic map. This gives a well-de�ned natural

transformation that induces a map of monic polynomials

(6.1) Fk :
n∑
i=0

bn−ix
i →

nk∑
i=0

bnk−ix
i.

The coe�cient bi of the polynomial f(x) can be identi�ed (up to sign) with the

elementary symmetric function (−1)iσi(t1, . . . , tn) in the roots t1, . . . , tn, where the

elementary symmetric functions σi(t1, . . . , tn) are given by the generating function

n∑
i=0

σn−ix
i =

n∏
i=1

(x+ ti).

We see that if i ≤ n then σi(t1, . . . , tn) = σi(t1, . . . , tn, 0), giving us well-de�ned

elementary symmetric functions σi on �enough� variables. The following theorem

of Newton will be quite useful:

Theorem 6.2. There is an isomorphism of algebras R[σ1, . . . , σn] ∼= R[t1, . . . , tn]Σn .

Proof. See [Hus94]. �

Since the coe�cients bi in Equation 6.1 are symmetric in t1, . . . , tn they can be

expressed as polynomials in the elementary symmetric functions or, equivalently, as

polynomials pi(b1, . . . , bn) in the coe�cients of f. We can now forget our splitting

and just use the polynomials pi to de�ne operations on monic polynomials.

De�nition 6.3. The nth symmetric scheme symmn
∼= Spec(Z[b1, . . . , bn]) is the

scheme with

symmn(R) =

{
f(x) =

n∑
i=0

bn−ix
i | bi ∈ R, b0 = 1

}
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and the nth formal symmetric scheme ˆsymmn
∼= Spf(Z[[b1, . . . , bn]]) is the formal

scheme with

ˆsymmn(R) =

{
f(x) =

n∑
i=0

bn−ix
i | b0 = 1 and bi ∈ Nil(R) for i > 0

}
.

De�nition 6.4. The nth formal splitting functor ˆSplitn is the functor which has

values

ˆSplitn(R) =

{
f(x) ∈ ˆsymmn(R) | f(x) =

n∏
i=1

(x− ti), ti ∈ Nil(R)

}
.

Theorem 6.5 (Algebraic Splitting Theorem). An algebraic transformation of func-

tors Splitn → Splitk (respectively ˆSplitn → ˆSplitk) determines a map of schemes

symmn → symmk (respectively a map of formal schemes ˆsymmn → ˆsymmk).
An algebraic transformations of functors Spliti × Splitj → Splitk (respectively

ˆSpliti × ˆSplitj → ˆSplitk) determines a map of schemes symmi × symmj → symmk

(respectively a map of formal schemes ˆsymmi × ˆsymmj → ˆsymmk).
Two maps f1, f2 : symmm → symmk are equal if and only if f1cm = f2cm where

cm : rSplitm → symmm is the forgetful map. Similarly for maps involving products

of the (formal) symmetric schemes.

Proof. The argument that Fk induces a natural transformation symmn → symmnk

given above goes through mutatis mutandis. Namely, in each of these cases we

see that the natural transformations on split monic polynomials de�ne polynomial

maps on the coe�cients which allow us to de�ne natural transformations on monic

polynomials.

The last claim follows from the fact that cm corresponds to the injective map on

representing rings

Z[b1, . . . , bm] → Z[t1, . . . , tm]

bi 7→ σi(t1, . . . , tm).

�

The last claim allows us to deduce relations between maps by checking them on

the representable (formal) splitting functors.

This allows us to de�ne a panoply of natural transformations. Unless we say

otherwise, for each of the following de�nitions there is an analogous �hatted� version.
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De�nition 6.6. The natural transformation ⊕i,j : symmi× symmj → symmi+j is

de�ned by operation

⊕i,j : Spliti × Splitj −→ Spliti+j

S × T 7→ S
∐

T.

In this case we can also describe the operation explicitly as

symmi × symmj → symmi+j

f(x)× g(x) 7→ f(x)g(x).

De�nition 6.7. Given an operation µ : Split1 × Split1 → Split1 (or equivalently

symm1 × symm1 → symm1) we de�ne operations µi,j : symmi × symmj → symmij

determined by

µi,j : Spliti × Splitj → Splitij

S × T 7→
∐

(s,t)∈S×T

µ(s, t).

In the case µ(r, t) = rt we denote the operation µi,j as ⊗i,j .

Theorem 6.8. A set of operations µi,j de�ned as in De�nition 6.7 distribute over

⊕i,j

De�nition 6.9. We de�ne the map i0 : symm0 −→ symm1 or equivalently (i0 :
Split0 → Split1) by ∗ 7→ {0} . Similarly we have a map i1 : symm0 → symm1 (but

not a map from ˆsymm0 → ˆsymm1) de�ned by ∗ 7→ {1} .

We have maps ι : ˆsymmn → ˆsymmn+1 de�ned by the composite

ˆsymmn
∼= ˆsymmn × ˆsymm0

id×i0−−−→ ˆsymmn × ˆsymm1

⊕n,1−−−→ ˆsymmn+1.

This map can also be described by f(x) 7→ xf(x). Taking a colimit of these maps

inverts x, since the colimit of formal schemes agrees with the colimit in Set Ring we

obtain:

De�nition 6.10. The formal scheme ˆsymm0 = colim ˆsymmn
∼= Spf Z[[b1, b2, . . . ]],

is the formal scheme with

ˆsymm0(R) =

{
f(z) =

n∑
i=0

biz
i | b0 = 1, n ∈ N, bi ∈ Nil(R) for i > 0

}
.
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The inclusions ˆsymmn → ˆsymm0 take f(x) 7→ x−nf(x) and then we get a polyno-

mial of the above form by setting z = x−1. The compatible system of maps

ˆsymmi × ˆsymmj

⊕i,j //

ι×ι
��

ˆsymmi+j

ι◦ι
��

ˆsymmi+1 × ˆsymmj+1

⊕i+1,j+1 // ˆsymmi+j+2

de�nes an operation ⊕ : ˆsymm0 × ˆsymm0 → ˆsymm0 which we combine with i0 :
ˆsymm0 → ˆsymm1 → ˆsymm0 to make ˆsymm0 a formal group scheme.

TO DO: Provide argument for group structure.

TO DO: In a� products commute with �nite coproducts. Finite products com-

mute with �ltered colimits. This allows us to use the above maps to de�ne:

De�nition 6.11. The positive symmetric scheme is the scheme ˆsymm+ =
∐
i≥0 ˆsymmi =

colim
∐

0≤i≤n ˆsymmiequipped with the semiring structure de�ned by the maps ⊕i,j
and ⊗i,j with the additive identify given by the inclusion ˆsymm0 → ˆsymm+ and

the multiplicative identify given by i0 followed by the inclusion ˆsymm1 → ˆsymm+.

TO DO: De�ne sym as colim of sym_+ where the maps are �add root 0�.

TO DO: Show sym^0 is the 0 component of sym and therefore inherits a multi-

plication.

TO DO: There's nothing special about this multiplication. We can take any

group operation on sym_1 with unit i0 and extend it to de�ne semiring schemes,

ring schemes and rng schemes.

Theorem 6.12. A formal group structure F : ˆsymm1 × ˆsymm1 → ˆsymm1 deter-

mines a map

F s : ˆsymm0 × ˆsymm0 → ˆsymm0

that makes ˆsymm0 into a formal rng scheme (see Section 11.1).

Proof. Using De�nition 6.7 we can de�ne multiplications Fi,j : ˆsymmi × ˆsymmj →
ˆsymmij . �

Theorem 6.13. A formal group structure F : ˆsymm1 × ˆsymm1 → ˆsymm1 deter-

mines a map

F s : ˆsymm0 × ˆsymm0 → ˆsymm0

that makes ˆsymm0 into a formal rng scheme (see Section 11.1).

Proof. Using De�nition 6.7 we can de�ne multiplications Fi,j : ˆsymmi × ˆsymmj →
ˆsymmij . �

TO DO: De�ne Frobenius and Verschiebung maps and describe them on the split

schemes.
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TO DO: State that the we can realize some of the �twisted� symmetric schemes

de�ned by the theorem above using the schemes BUE and their relatives.

7. Lambda Schemes

In this section we will examine the scheme Λ and its dual. The scheme Λ plays

an important role in the theory of λ-rings which are important structures in repre-

sentation theory and algebraic topology, e.g.
, see [AT69, Knu73]).

De�nition 7.1. The Lambda-scheme Λ is the ring scheme whose underlying addi-

tive group scheme is de�ned by Λ(R) = (1 + tR[[z]])×. The multiplicative structure
is more complicated and we will explain it below. This scheme can be represented

by the ring Sym = Z[b1, b2, . . . ], since a homomorphism f : Sym −→ R is deter-

mined by where the bi are mapped to under f. These elements determine a power

series

(7.1)
∑
i≥0

f(bi)zi,

where we adopt the useful convention b0 = 1 and therefore f(b0) = 1. Under this
correspondence the additive group is described by

ε+ : Sym → Z bn 7→ 0
∆+ : Sym → Sym⊗ Sym bn 7→

∑n
i=0 bi ⊗ bn−i

χ+ : Sym → Sym bn 7→ −
∑n−1
i=0 χ+(bi)bn−i

for all n ≥ 1.
.

Since Λ takes values in formal rings we might expect it to be an inverse limit

of regular schemes and in fact it is. Since Sym ∼= colim Symn where Symn =
Z[b1, . . . , bn], we obtain

symm = Spec Sym = Ring(colim Symn,−) ∼= lim Ring(Symn,−) = lim Spec Symn.

While it is clear that the Λ is an informal analogue of ˆsymm0, it is surprising

that

Theorem 7.2. The Cartier dual of the ˆsymm0 is Λ.

Proof. TODO: It's preferable to �nd a source for this.

To underscore this relationship we will write Λ̂ = ˆsymm0. �

I'll show that the Frobenius and Verschiebung are switched in the dual.
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8. Witt Schemes

Witt schemes appear in many areas of mathematics, from starring roles in the

classi�cation of commutative group schemes and p-divisible groups ([Dem72]), to

class �eld theory for �elds of characteristic p (Witt's original purpose) and to cameo

appearances in the Teichmuller embedding of �nite �elds into rings of character-

istic zero. The role that Witt schemes (or more precisely, the truncated Witt

schemes), play in commutative group schemes is re�ected in the classi�cation of

bicommutative Hopf algebras and their characterization by Dieudonne modules

([Goe98, Sch70]) . Their role in constructing characteristic 0 lifts of �nite �elds

provokes them to appear in the construction of Landweber exact formal group laws

and their associated cohomology theories ([Rez98]).

The Witt scheme is a ring scheme whose underlying scheme is isomorphic to A∞,
just like Λ. In fact, there is an isomorphism of ring schemes between them. We will

exploit this fact to circumvent de�ning the Witt scheme's ring structure directly

and save us the trouble of restating a number integrality lemmas (see [Haz78]). On

representing rings, this isomorphism re�ects a di�erent choice of generators which

are more convenient for some purposes. For example, the formulas for the primitive

elements are simpler and satisfy some useful congruences. In Section 10 we will give

formulas relating the choices of generators.

De�nition 8.1. The Witt scheme W has the underlying scheme Spec(Z[θ1, θ2 . . . ]),
and a ring scheme structure will be given in Corollary 8.3. We identify an element

of f ∈W(R) with the power series∏
(1− f(θn)tn)−1 = 1 + p1(f)t+ p2(f)t2 + · · · ∈ 1 + tR[[t]].

For example,

p1(f) = f(θ1)

p2(f) = f(θ1)2 + f(θ2)

p3(f) = f(θ1)3 + f(θ1)f(θ2) + f(θ3).

Examining these formulas for the coe�cients and comparing them to Equation 7.1

de�ning the R-points of Λ, we can �nd a formula for f(θi) in terms of the f(bi),
and conversely, inductively. This leads us to the following theorem (cf. [Haz78]):

Theorem 8.2. There is an isomorphism of schemes W ∼= Λ.

Proof. By the Yoneda lemma, the maps from W to Λ are in bijection with Λ(Z[θ1, θ2, . . . ]) ∼=
Ring(Z[b1, b2, . . . ],Z[θ1, θ2, . . . ]). The power series∏

(1− θntn)−1
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de�nes an element of Λ(Z[θ1, θ2, . . . ]) and hence a map f. This map gives rise to

maps fn : Z[b1, . . . , bn] → Z[θ1, . . . , θn]. Each of these algebras admits an augmen-

tation that sends each of the polynomial generators to 0. The induced map on

indecomposables

fn : (b1, . . . , bn)/(b1, . . . , bn)2 → (θ1, . . . , θn)/(θ1, . . . , θn)2

is an isomorphism since modulo decomposables∏
1≤i≤n

(1− θiti)−1 ≡
∏

1≤i≤n

(1 + θit
i)

≡ 1 +
∑

1≤i≤n

θit
i.

Filtering by the augmentation ideal this induces an isomorphism on the associated

graded algebras E0(Z[b1, . . . , bn]) → E0(Z[θ1, . . . , θn]). With such a �ltering the

associated graded of a polynomial algebra is the algebra itself so this gives us an

isomorphism between the truncated algebras Z[b1, . . . , bn] and Z[θ1, . . . , θn]. Taking
colimits over the truncated algebras gives the desired isomorphism. �

Corollary 8.3. W can be given the structure of a ring-scheme such that the map

in Theorem 8.2 is an isomorphism of ring-schemes.

Remark 8.4. We can consider this to be a de�nition of the ring-scheme structure

on W.

Corollary 8.5. There is an isomorphism of formal group schemes Ŵ ∼= ˆsymm0.

TO DO:I will describe how the Frobenius and Verschiebung act in this context.

TO DO: We'll show that the identi�cation BUE with ŴE when E is p-local gives

a generalized form of the splitting result in [Hus71] with signi�cantly less fuss.

9. Adams Operations, The Frobenius Map and J.

Here we identify the Frobenius operation on our Witt scheme with the Adams

operation thought of as a map from BU to itself.

Next we will recall the work of [RWY98], which shows that applying E-cohomology

(for E satisfying their reasonable restrictions) to the p-local �bration sequence:

J → BU⊕
ψl−1−−−→ BU⊕

yields a short exact sequence of Hopf algebras. We recharacterize this as saying we

have a short exact sequence of abelian group schemes. Using our description of ψl

on Ŵ we characterize the kernel JE .

Now I will take E = E1 which is p-complete K-theory and add the d-invariant

QS0
0 → BU⊕ to the above diagram. Then we'll rephrase the results of [Hod72,
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X ×X τ //

µ

##GG
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GG
GG

G X ×X
µ

{{ww
ww

ww
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w

X

Figure 11.1. Commutativity Relation

(X ×X)×X

a×IdX

��

∼ // X × (X ×X)

IdX×µ
��

X ×X
µ // X X

µoo

Figure 11.2. Associativity Relation

HS78] in our context. I haven't done this calculation yet, but I want to see how the

formulas which Hodgkin uses for the elements in R(Σ∞) that survive completion

relate to the formulas for the generators of Ŵ. His formulas are similar to those

de�ning the ghost components of the Witt vectors and there is likely to be a rela-

tionship. The only potential hitch is that he is studying QS0 → BU × Z and this

fudges many of the formulas.

10. Formulas and c(ξ1 ⊗ ξ2)

Give sample formulas for the various coordinate changes.

Recall how Chern classes can be de�ned on universal bundles and for virtual

bundles.

Give some low level formulas for the Chern class of a tensor product of two

bundles.

11. Appendix

11.1. Universal Algebra. Suppose C is a category with �nite products. The

empty product will be denoted ∗.
A binary operation µ : X×X → X is commutative if the diagram in Figure 11.1

commutes, where τ is the isomorphism that interchanges the two products. We

will say that µ is associative if Figure 11.2 commutes, where a : (X ×X) ×X →
X × (X × X) is the canonical associativity isomorphism. A map η : ∗ → X is a

unit map for the operation µ if the diagram in Figure 11.3 commutes. A unital

binary operation admits an inverse map χ : X → X, if the diagram in Figure 11.4

commutes. From here on each binary operation is assumed to be associative and

commutative.
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∗ ×X
η×IdX// X ×X X × ∗

IdX×ηoo

X

∼
eeKKKKKKKKKK

∼
99ssssssssss

Figure 11.3. Unit Relation

X
IdX×χ // X ×X

µ

��
X

∆

OO

// ∗ η // X

Figure 11.4. Inverse Relation

X ×X ×X ×X
τ×IdX×IdX // X ×X ×X ×X

µ××µ× // X ×X
µ+

��
X ×X ×X

∆×IdX×IdX

OO

IdX×µ+ // X ×X
µ× // X

Figure 11.5. Distributivity Relations

Given a binary operation µ+ then we say that µ× distributes over µ+ if the

diagram in Figure 11.5 commutes.

The category Based C of based objects in C is the category of objects under ∗.
In other words, the object (X, η) of Based C is an object X of C equipped with a

map η : ∗ → C. The morphisms from (X, η1) to (Y, η2) correspond to commuting

diagrams of the form:

∗
η1

~~~~
~~

~~
~

η2

��@
@@

@@
@@

X // Y

Since ∗ is terminal, Based C is tautologically equivalent to the category of objects

over and under ∗ (de�ned similarly).

The category SemiGpC of semigroups in C, is the category whose objects are pairs
(X,µ) where µ is a binary operation on X, and whose morphisms from (X,µ1) to
(Y, µ2) are given by a morphism f : X → Y in C such that fµ1 = µ2(f × f).

The category MonC of monoids in C, is the category whose objects are tuples

(X,µ, η) such that η is unit with respect to µ and whose morphism make the

appropriate diagrams commute.
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The category GpC of (abelian) groups in C, is the category whose objects are

tuples (X,µ, η, χ) such that η and χ are unit and inverse maps with respect to µ

and whose morphisms make the appropriate diagrams commute.

The category RigC of rigs in C (Rings without negatives), is the category whose

objects are tuples (X,µ+, η+, µ×, η×) such that: η+ is the unit with respect to µ+,

η× is the unit with respect to µ×, η× distributes over η+, and whose morphisms

make the appropriate diagrams commute.

The category RngC of rngs (pronounced rüngs) in C (Rings without units), is the
category whose objects are tuples (X,µ+, η+, χ+, µ×) such that: η+ and χ+ are

the unit and inverse maps with respect to µ+, µ× distributes over µ+, and whose

morphisms make the appropriate diagrams commute.

The category RingC of rings in C (Rings without units), is the category whose

objects are tuples (X,µ+, η+, χ+, µ×) such that: η+ and χ+ are the unit and inverse

maps with respect to µ+, η× is the unit with respect to µ×, µ× distributes over

µ+, and whose morphisms make the appropriate diagrams commute.

These categories are connected by an obvious diagram of forgetful functors.

There is an analogous dual picture making use of a coproduct on C, in which we

can de�ne the notion of a comonoid, cogroup, etc.

11.2. Ind-Objects and Pro-Objects. A more thorough treatment of ind-objects

and pro-objects can be found in [Joh82, Gro64].

De�nition 11.1. A small category D is called co�ltered if

(1) D is non-empty.

(2) For every X,Y ∈ D, there exists an object Z ∈ D and morphisms f : Z →
X and g : Z → Y .

(3) For every two arrows f, g : X → Y there exists an object Z ∈ D and a

morphism h : Z → X such that fh = gh.

It follows immediately from the de�nition that any product of co�ltered cate-

gories is co�ltered.

Given a category C with small hom-sets and a functor F : D → C from a co�ltered

category D, we de�ne the ind-object “ colim ”F ∈ SetC
op

to be colimi∈D C(−, F (i)),
where the colimit is computed in SetC

op
. We can compute the morphisms between

two ind-objects to be

SetC
op

(“ colim ”F, “ colim ”G) = SetC
op

(colim
i∈D

C(−, F (i)), colim
j∈E

C(−, G(j)))

∼= lim
i∈D

SetC
op

(C(−, F (i)), colim
j∈E

C(−, G(j)))

∼= lim
i∈D

colim
j∈E

C(F (i), G(j))).
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The de�nition of a colimit gives us the �rst isomorphism and the the second is given

by the Yoneda lemma and that colimits in SetC
op

are computed pointwise. From

this we can see that the full subcategory of SetC
op

consisting of objects isomorphic

to an ind-object has small hom-sets. This is the category Ind C of ind-objects in C.
The functor category SetC

op

is complete because Set is complete. If C has �nite

products then we can see that the product “ colim ”F × “ colim ”G ∈ SetC
op

can be

realized as an ind-object:

“ colim ”F × “ colim ”G = colim
i∈D

C(−, F (i))× colim
j∈E

C(−, G(j))

∼= colim
(i,j)∈D×E

C(−, F (i)×G(j)),

where the isomorphism follows from co�ltered colimits commuting with �nite prod-

ucts in Set (see 2.13.4 in [Bor94]). Using this we see that the algebraic constructions
in C, given in Section 11.1 give rise to constructions in Ind C.

If C is equivalent to a category of representable functors then we can think of

Ind C as adjoining co�ltered colimits to C :

Theorem 11.2. Suppose that D is the subcategory of functors in SetC
op

such that

for any object X ∈ Obj(D), X ∼= C(−, Y ) for some Y. Then IndD is equivalent to

the subcategory E of functors in SetC
op
, such that for all X ∈ Obj(E), X = colimYi.

where Yi ∈ D.

Proof. See [Joh82, Section VI]. �

Dual to the notion of ind-objects is the notion of pro-objects. The pro-objects in a

category C are denoted Pro C. We have the tautological equivalence Pro C ' Ind Cop.
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