Course notes: Week 8, filtrations and Hilbert polynomials

1. FILTRATIONS

1.1. Let M be an abelian group. An (increasing) filtration on it is a sequence of
subgroups ... C M_; C ... C My C M, C ..., such that their union is all of M. In a
similar way we define filtered R-modules, where R is a ring.

Unless specified otherwise, we’ll assume that M_; = 0 for j large enough.

If M ¢ M and M is filtered, M’ acquires an induced filtration by setting
M! = M'nM,;. If M" is a quotient module of M, it also acquires a filtration by
setting M/ to be the image of M.

1.2. For two filtered modules M and N a map ¢ : M — N is said to be filtered if
#(M;) C N;. In this way, filtered modules form a category, denoted R — mod/%.

1.3. Exercise 1. (a) Show that the category R —mod/" is additive, admits kernels
and co-kernels. (b*) Show that this category is not abelian.

1.4. Associated graded. If M is a filtered module, its associated graded, denoted
gr(M) is defined as @® M;/M;_1. We denote M;/M;_1 by gri(M).
=

1.5. Exercise 2. Show that gr(-) is a functor R — mod/" — R — mod.

Note that if M is a filtered module, and M’ (resp., M") is a submodule (resp.,
quotient module) with the induced filtration, then gr(M’) (resp., gr(M")) is a
submodule (resp., quotient module) of gr(M).

1.6. Exercise 3. (a) Show that a filtered map M — N can be injective (resp.,
surjective), without the map gr(M) — gr(N) having this property. (b) Show that
if a filtered map ¢ : M — N is such that gr(¢) : gr(M) — gr(N) is surjective
(resp., injective), then ¢ is surjective (resp., injective).

1.7. Graded and filtered rings.

We say that a ring R is (positively) graded, if as an abelian group it’s written as
@ R, such that 1 € R°, and the multiplication maps R' ® R? — R**J. Evidently,
iEN
RV is a sub-ring of R, and each R is an R"-module.

A graded module M over a graded ring R is an R-module, written as @& M?,

i€

such that the multiplication maps R' ® M7 — M7, In particular, every M7 is
an R%-module. Unless specified otherwise, we’ll assume that M ~% = 0 for i large
enough.

We say that a ring R is (positively) filtered, if as an abelian group it’s written
as _UN R;, 1 € Ry, and the multiplication maps R; ® R; — R4 ;.
1€

A filtered module M over a filtered ring R is an R-module, which is filtered as
an abelian group, such that the multiplication maps R; ® M; — M, ;.

Evidently, R is a filtered module over itself, and Ry C R is a sub-ring. For any
M as above, each M; is a module over Ry.

1.8. Exercise 4. Show that any graded ring can be regarded as a filtered ring by
setting R' to be @ R;, and similarly for modules.
Jj<i
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1.9. Exercise 5. (a) Show that if R is a filtered ring, then gr(R) is a graded ring.
(b) If M is a filtered R-module, then gr(M) is a graded gr(R)-module. (c) Show
that if R is a graded ring, regarded as a filtered ring, then its gr(-) is isomorphic
to R as a graded algebra; and similarly for modules.

Lemma 1. Let R be a filtered ring, and M a filtered R-module. Assume that gr(M)
is f.g. as a module over gr(R). Show that M is f.g. as an R-module.

Proof. Let mj,...,m}, be elements of gr(M) (of degrees du, ..., d», respectively), such
that they generate gr(M) as a gr(R)-module. Choose elements m; € Mg;, which
project onto m/ under Mg; — gr% (M). We claim that these elements generate M
as an R-module.

We argue by induction on ¢ that every element of M; can be written as X r; - m;.
By assumption, if i << 0, then M; = 0 and there is nothing to prove. Assume
the validity for some i, and let m be an element of M;;1. Let m’ be its image in
gr'(M). Then there exist elements 7 € gr/~% (R), such that m/ = ¥} - m/. Let
rj € Rj_q; be some liftings. Consider m; = m — Xr; - m;. This is an element of
M;, but its projection to M;_1 is 0. Hence, m; € M;_1, and we are done by the
induction hypothesis.

O

If k£ is a field, we’ll say that A is a filtered k-algebra, if A is filtered as a ring,
and the homomorphism & — A maps to Ap.

2. GOOD FILTRATIONS

2.1. Let R be a filtered ring, and let M be a non-filtered f.g. A-module.

Proposition 1. We can choose a filtration on M so that gr(M) is f.g. as a gr(R)-
module. If Fil;(M),i € Z and Fil;(M),i € Z are two such filtrations, there exists
an integers k such that

Fil;_, (M) C Fil;(M) C Fil;(M).
A filtration as in the lemma is called a ”good” filtration.

Proof. Let m = {m1, ..., m} C M be a finite subset of elements that generated M
over R. Set M; to be the image of R; x Tt in M under the multiplication map.

We obtain a surjective map of filtered R-modules R¥ — M such that the filtra-
tion on M is the induced one. Hence,

gr(R") ~ gr(R)" — gr(M),
and gr(M) is f.g.

Let us rename this filtration and call M; = F'il;(M). For the second assertion of
the lemma, it is enough to compare this filtration with any other one, call it Fil’i.
By assumption, there exists ki, such that m C Fily (M). Then Fil;(M) =
R;-m C Filj,,, . (Note that for this direction we haven’t used the assumption that
Fil} is "good”.)
Lemma 2. If Fil} is a "good” filtration, then for some n, the maps R; ® Fil], —

Fil;,,, are surjective for all i.
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Let us finish the proof of the proposition modulo the lemma. Take k2 be such
that Fill,(M) C My,, where n is from the lemma. Then

F’LZQ(M) C FZZ;_’_R CR; F’LZ;(M) CR;- Mk2 C Mk2+i-
Finally, set k to be maxz(k1, k2)

Let us now prove the lemma:

Proof. Let gr'(M) be the associated graded of M with respect to the filtration
Fill. Let m' C gr'(M) be a finite collection of elements that generates it over
gr(R). There exists an integer n, such that m’ C & gri(M).

i<n

2.2. Exercise 6. Show that n satisfies the condition of the lemma. (Hint: use
induction.)

O

2.3. Exercise 7. Assume that gr(R) is Noetherian. (a) Let M be an R-module
with a ”good” filtration, and let N C M be a submodule. Show that the induced
filtration on N is also ”good”. (b) Show that R is also Noetherian.

3. HILBERT POLYNOMIALS

3.1. The main example of graded algebras is the polynomial algebra A = k[z1, ..., 2]
In the sequel we’ll mostly regard it as a filtered algebra.

Let M be a finitely generated module over A (without any filtration). We want
to assign to M an integer, called its dimension (it basically reflects the dimension
of the support of M).

Choose a good filtration M; on M. Consider the function

Theorem 1. There exists a polynomial pas with rational coefficients of degree < n,
such that éar(i) = par(i) for i >> 0.

This polynomial is called the Hilbert polynomial of M. The proof relies on the
following basic

Lemma 3. Let 1) be a function Z — N, such that for all i >> 0, ¥(i+1) — (i) =
q(i), where q is a polynomial of degree m. Then there exists a polynomial p of
degree m + 1, such that (i) = q(i) for i >> 0.

Proof. We proceed by induction on m. If m = 0, i.e. (i + 1) = (i) + n, then
¥(i) = i-n+ ¢, where ¢ is a constant.

Suppose the assertion is true for m — 1. Let c¢-t™ be the leading term of q. Note
that

"= (m+ 1)+ D)™ = f ot
Hence, if we put
W) = 0(t) — (- (m+ 1)) - ¢+,

we would obtain that ¢'(i + 1) —¢)/(¢) is a polynomial of degree < m — 1.

Now let us prove the theorem:
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Proof. We proceed by induction on n. Consider the map M — M, given by the
multiplication by ¢,. Let N’ and N” be its kernel and cokernel, respectively. Let
us endow them with the induced filtrations; both are "good”. We have an exact
sequence:
0— N/ — M; & My — N/ —0.
Hence,
By the induction hypothesis, the RHS is a polynomial of degree < n—1. Applying

the lemma, we conclude that ¢ps is a polynomial of degree < n.
O

Proposition 2. The degree of the polynomial ¢p; does not depend on the choice
of the good filtration.

3.2. Exercise 8. Prove the proposition using Prop. 1.

Thus, deg(¢ar) depends only on M. It is called the dimension of M.

3.3. Exercise 9. Show that if M’ is a sub- (or quotient) module of M, then
dim(M’) < dim(M).

4. DIMENSIONS OF MODULES OVER F.G. ALGEBRAS

4.1. Our present goal is to define the notion of dimension for a f.g. module M
over a f.g. k-algebra A.

If A is such an algebra, choose a surjective homomorphism kx4, ..., x,] — A, and
set dim4 (M) to be the dimension of M as a module over the polynomial algebra.
However, we have to insure that this definition does not depend on the presentation
of A as a quotient of a polynomial algebra.

Proposition 3. Let M be a f.g. module over an algebra k[z1,...,Zn, Y1, ..., Yym] of
dimension d'. Assume that M is f.g. as a module over the subalgebra k[x1, ..., 2Ty]
of dimension d. Then d =d'.

Proof. By induction we can assume that m = 1. Let m, ..., my be generators of M
as a module over A = k[z1,...,x,], and let Fil;(M) be a ”good” filtration defined
as in the proof of Prop. 1, i.e., Fil;(M) = A; - {m1,...,mi}. Let Fili(M) be the
good filtration with respect to A[y], defined in the same way, i.e.,

Fill(M) = 059 Yl - Fil;_j(M).
Evidently, Fil;(M) C Fil,(M), so the corresponding Hilbert polynomials satisfy
o (i) < ¢h, (), which implies the inequality on the degrees: d < d'.
Let k be the integer such that for each m € {my, ..., my},
y-m € Filp(M).

Then we obtain:
Fil}(M) C Fily.;(M).
Hence, ¢);(i) < ¢ar(i - k). This implies d > d'.
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4.2. Exercise 10. (a) Deduce that dim 4 (M) is independent of the presentation of
A as a quotient of a polynomial algebra. (b) Let M be a f.g. module over B, and
let A — B be a homomorphism, such that M is f.g. over A as well. Show that
dima (M) = dimp(M).

For a f.g. k-algebra A, we define dim(A) to be dim4(A).
Theorem 2. If A is integral, the two notions of dimension coincide.

Proof. By the Noether normalization lemma, we can find a polynomial algebra
k[z1, ..., Zn], that injects into A, and such that A is finite as a k[x1, ..., x,]-module.
By what we saw earlier, the transcendental dimension of A over k equals n.

By the previous exercise, dim 4 (A) = dimy[,, ... 5,)(A). However, since k[z1, ..., 2]
injects into A,

.....

n > dimk[zl ..... Zn) (A) > dimk[ml ----- Tn] (k[xl’ ] x"]) =n.
O

4.3. Finally, we are ready to prove property (iv) of the dimension function. For
that we will use the second definition of dimension.

Proof. Thus, let A be a domain, and B be proper quotient of A. We have to show
that
dim(A) = dimy(A) > dim4(B) = dimp(B).
Let z be any element in ker(A — B). By the assumption, the multiplication by
x is an injective map A — A and the cokernel of this map surjects onto B.
Thus, it is sufficient to prove the following lemma:

Lemma 4. Let M be a f.g. module over A, and x € A be such that x : M — M is
injective. Then dimy (M) > 14 dimy (M/z - M).
O
Proof. We can assume that A is a polynomial algebra, let deg(z) < k. Choose a
good filtration on M. We have
0— M; = My, — (M/x-M)yr — 0.
Hence,
S (i +k) — dar(i) = dnr/wna (i + k).

This implies that deg(éns/z.ar) < deg(Par).
([

4.4. Exercise 11. Let A be a k-domain, and let A D p; D ... D p, = 0 be a chain
of prime ideals. Show that n < dim(A).

The maximum of lengths of chains of prime ideals in a commutative ring R is
called its Krull dimension (if the maximum is finite). We have seen that dim g, (A) <
dim(A).

4.5. Exercise 12. Show that dimg,u(A) = dim(A). (Use the Noether normal-
ization lemma and the going up theorem.)



