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Preface

This book is based on the notes of the authors’ seminar on algebraic and Lie
groups held at the Department of Mechanics and Mathematics of Moscow
University in 1967/68. Our guiding idea was to present in the most economic
way the theory of semisimple Lie groups on the basis of the theory of algebraic
groups. Our main sources were A. Borel’s paper [34], C. Chevalley’s seminar [14],
seminar “Sophus Lie” [15] and monographs by C. Chevalley [4], N. Jacobson
[9] and J-P. Serre [16, 17].

In preparing this book we have completely rearranged these notes and added
two new chapters: “Lie groups” and “Real semisimple Lie groups”. Several
traditional topics of Lie algebra theory, however, are left entirely disregarded,
e.g. universal enveloping algebras, characters of linear representations and
(co)homology of Lie algebras.

A distinctive feature of this book is that almost all the material is presented
as a sequence of problems, as it had been in the first draft of the seminar’s notes.
We believe that solving these problems may help the reader to feel the seminar’s
atmosphere and master the theory. Nevertheless, all the non-trivial ideas, and
sometimes solutions, are contained in hints given at the end of each section. The
proofs of certain theorems, which we consider more difficult, are given directly
in the main text. The book also contains exercises, the majority of which are an
essential complement to the main contents.

As a rule, the generally accepted terminology and notation is used. Neverthe-
less, two essential deviations should be mentioned. Firstly, we use the phrase
tangent algebra of a Lie group for the Lie algebra associated with this group,
with a view to emphasizing the construction of this Lie algebra as the tangent
vector space to the Lie group. Secondly, in contrast to some monographs and
textbooks, we call a Lie subgroup of a Lie group any of its subgroups which is an
embedded (and necessarily closed) submanifold, while an immersed submanifold
endowed with the structure of a Lie group is called a virtual Lie subgroup.

The reader is required to have linear algebra, the basics of group and ring
theory and topology (including the notion of fundamental group) and to be
acquainted with the main concepts of the theory of differentiable manifolds.

Numbering of subsections, formulas, theorems, etc. is performed inside each
section and sections are numbered inside a chapter. In references we generally
use triple numbering: for instance, Problem 2.3.17 refers to Problem 17 of §3,
Chapter 2. However, we skip the number of a chapter (or a section) in references
inside of it. The last chapter is not divided into sections but in references is
considered consisting of one section: § 1.



VI Preface

In compiling the first draft of seminar’s notes we enjoyed the help provided
by E.M. Andreyev, V.G. Kac, B.N. Kimelfeld and A.C. Tolpygo. In computing
the decompositions of products of irreducible representations (Table 5) B.N.
Kimelfeld, B.O. Makarevich, V.L. Popov and A.G. Elashvili took part. Besides,
we would like to point out that certain nice proofs were the result of seminar’s
workout.

We are grateful to D.A. Leites thanks to whose insistence and help this book
has been written.
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1 this book

The Translator’s Preface

In my 20 years of work in mathematics, I have never met a Soviet mathe-
matician personally involved in any aspect of representation theory who would
not refer to the rotaprint notes of the Seminar on algebraic groups and Lie groups
conducted by A. Onishchik and E. Vinberg with the participation of A. Elashivili,
V. Kac, B. Kimelfeld, and A. Tolpygo. The notes had been published in 1969 by
Moscow University in a meager number of 200 copies.

Ten years later A. Onishchik and E. Vinberg rewrote the notes and considerably
enlarged them. This is a translation of the enlarged version of the notes; its
abridged variant was issued in Russian in 1988.

The reader might wonder why one should have the book: why not Bourbaki’s
book, or S. Helgason’s, or one of the excellent (text) books, say, by J. Humphreys

‘or C. Jantzen. Here are some important reasons why:

—Nowhere are the basics of the Lie group theory so clearly and concisely
expressed.

—This is the only book where the theory of semisimple Lie groups is based
systematically on the technique of algebraic groups (an idea that goes back to
Chevalley and is partly realized in his 3 volumes on the theory of Lie groups
(1946, 1951, 1955)).

—Nowhere is the theory of real semisimple finite-dimensional Lie groups
(their classification and representation theory included) expressed with such
lucidity and in such detail.

—The unconventional style—the book is written as a string of problems—
makes it useful as a reference to physicists (or anyone else too lazy to bother with
the proof when a formulation suffices) whereas those interested in proofs will
find either complete solutions or hints which should be ample help. (They were
ample for some schoolboys, bright boys I must admit, at a specialized mathe-
matical school in Moscow.)

—The reference chapter contains tables invaluable for anybody who actually
has to compute something pertaining to representations, e.g. the table of decom-
positions into irreducible components of tensor products of some common
representations, which is really unique.

The authors managed to display in a surprisingly small space a quite large
range of topics, including correspondence between Lie groups and Lie algebras,
elements of algebraic geometry and of algebraic group theory over fields of real
and complex numbers, basic facts of the theory of semisimple Lie groups (real
and complex; their local and global classification included) and their representa-
tions, and Levi-Malcev theorems for Lie groups and algebraic groups.




VIII The Translator’s Preface

There is nothing comparable to this book by the broadness of scope in the
literature on the group theory or Lie algebra theory.

At the same time, the book is self-contained indeed since only the very basics
of algebra, calculus and smooth manifold theory are really needed to understand
it. It is this feature that makes it compare favourably with the books mentioned
above.

On the other hand, as far as algebraic groups are concerned, it cannot replace
treatises like those by Humphrey or Jantzen, especially over fields of prime

characteristic. Nevertheless, this book might serve better for the first acquaintance
with these topics.

The algebraic groups, however, though vital in the approach adopted, are not
the main characters of the book while the theory of Lie groups is. Still, the
viewpoint of algebraic group theory enabled the authors to simplify some proofs
of important theorems. Other novelties include:

~Malcev closure which enabled the authors to give a new proof of existence
of an embedded (here: virtual) Lie subgroup with given tangent algebra;

—a proof of the fixed point theorem for compact groups of affine transforma-
tions that does not refer to integration over the group and corollaries of this
theorem, such as Weyl’'s theorem on unitarity of a compact linear group and the
algebraicity of compact linear groups;

—a generalization of V. Kac’s classification of periodic automorphisms based
on ideas different from those put forward by Kac originally;

—a simple proof of E. Cartan’s theorem on the conjugacy of the maximal
compact subgroups, that does not require any Riemannian geometry.

Lastly, I believe that some further reading on the rapidly developing gener-
alization of the topic of the book should be recommended, including:

(Twisted) loop algebras and, more generally, Kac-Moody algebras:

V. Kac: Infinite-dimensional Lie algebras, 2nd ed. Cambridge Univ. Press,

Cambridge, 1983;

V. Kac,, A. Raina: Bombay lectures on highest welght representatlons of
infinite dimensional Lie algebras, Adv. Series in Math. Phys. 2, World Sci.,
Singapore, 1987

A. Pressley, G. Segal: Loop groups. Clarendon Press. Oxford, 1986.

Lie superalgebras and stringy Lie (super) algebras:

V. Kac: Lie superalgebras. Adv. Math. 26, 1977, 8-96.

M. Scheunert: The theory of Lie superalgebras. An introduction. LN in Math.
# 716, Springer, Berlin, 1979.

D. Leites (ed): Seminar on supermanifolds, vols. 1 and 3. Kluwer, Dordrecht,
1990.

Finally, I wish to contribute one more problem to this compendium of prob-
lems. The importance of Table S has been rapidly increasing of late, in particular
with the introduction of new ideas and problems in theoretical physics by
V. Drinfeld (“quantum groups”, quadratic algebras, etc.). The time and i ingenuity-
consuming task of acquiring similar data should be solved once and for all:
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The Translator’s Preface iX

Problem. Write a program for a computer to calculate data similar to those
of Table 5, e.g. S"(R(A)) ® A™(R(M)), etc., together with an explicit expression
for the highest (lowest) weight vectors of the irreducible components of the tensor
product in terms of the vectors from the initial spaces-factors®.

I am sure that the reader will enjoy the book and treasure it as does everybody
I know, who was lucky enough to get a copy in Russian.

Petrozavodsk—Moscow-—Stockholm, 1979-89 Dimitry Leites

1 . . . . .
Asfar as I know, some partial results in this area were obtained recently in Montreal and at Moscow
University.
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Commonly Used Symbols

Z—ring of integers i

Q, R, C—fields of rational, real and complex numbers respectively

T—group of complex numbers with absolute value 1

H-—skew field of quaternions

A"—n-dimensional coordinate affine space

P—n-dimensional coordinate projective space

P(V)—projective space associated with a vector space V

F(V)—f{lag manifold (variety) associated with a vector space V

V*—vector space dual to a vector space V

‘9—Ilinear map of dual spaces dual to a linear map ¢

AT—transpose of a matrix A4

L(V)—(associative) algebra of linear transformations of a space V

GL(V)—group of invertible linear transformations of V

GA(V)—agroup of invertible affine transformations of V'

L,(K)—(associative) algebra of n x n matrices over a field K

GL,(K)—group of invertible n x n matrices over a field K

det, tr—determinant and trace of a matrix or a linear transformation

E—unit matrix or identity linear transformation :

id—identity map (for nonlinear maps) —

@ —sign of the direct sum of vector spaces or algebras P

$—sign of the semidirect sum of algebras (the ideal is to the left)

x —sign of the semidirect product of groups (the normal sub group is to the left)

® —sign of the tensor product of vector spaces or algebras

(S»—Ilinear span of a subset S of a vector space; subgroup generated by a
subset S of a group

< —sign of inclusion, possibly identity
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Chapter 1
Lie Groups

Here the notions of the differentiable (smooth) manifold, differentiable
(smooth) map, direct product of differentiable manifolds, tangent space and
the differential of a map (the tangent map) are assumed to be known. Several
other notions and theorems on differentiable manifolds will be recalled in the
sequel.

The ground field K is either R or C.

Unless otherwise stated, the differentiability of functions of real variables is to
be understood in such a way that in every case there are as many derivatives as
needed. The differentiability of manifolds and maps is understood accordingly.
The differentiability of functions of complex variables is, clearly, equivalent to
their analyticity.

The Jacobi matrix of a system of differentiable functions f,, ..., f,, of variables

X1, ..., X, is denoted by H For m = n its determinant (Jacobian) is
1ys=+sXp
D(fl""?f;t)
by ————2"
denoted by Dix,....x)

The tangent space to a manifold X at a point x is denoted by T.(X). The
differential of a map f: X — Y at a point x is a linear map T.(X) - T;,(Y)
denoted by d,f. When it is not misleading we omit the index and write T(X)
instead of T,(X).

We assume that every differentiable manifold has a countable base. In par-
ticular this is so in all the cases when a manifold arises as a result of some
construction which start with a manifold possessing a countable base, e.g. as a
submanifold, quotient manifold, covering manifold, direct product of manifolds.

§ 1. Background

1°. Lie Groups. A group G endowed with a structure of a differentiable
manifold over K so that the maps

u: G x G- G, where pu:(x,y)r—xy




2 Chapter 1. Lie Groups

1:G—G, where 1ix+—x71,

are differentiable is called a Lie group over K. In other words, the coordinates
of the product must be differentiable functions of the coordinates of factors, and
the coordinates of the inverse element must be differentiable functions of the
coordinates of the element itself.

A Lie group over C is also called a complex Lie group and a Lie group over
R is called a real Lie group. Any complex Lie group may be considered as a real
Lie group of doubled dimension. ”

Examples of Lie groups. 1) The additive group of K. It will be denoted by K, -
but it is also denoted in the literature as G,(K). '
2) The Multiplicative group K* of K (also denoted in the literature as G, (K)).

3) The Circle T = {z e C*: |z[ = 1} is a real Lie group. 1

4) The general linear group GL,(K) of invertible n x n matrices over K. The .
differentiable structure on GL,(K) is defined as on the open subset of the vector
space L,(K) of all n x n matrices.

5) The group GL(V) of all invertible linear transformations of an -
dimensional vector space V over K may be considered as a Lie group under the
isomorphism GL(V)— GL,(K) which to any linear transformation assigns its
matrix in a fixed basis of V. The formula describing how a matrix of a linear
transformation changes under the change of basis implies that the differentiable
structure on GL(V) does not depend on the choice of a basis in V.

6) The group GA(S) of (invertible) affine transformations of an n-dimensional
affine space S over K is also naturally endowed with a differentiable structure
which makes it a Lie group. Namely, in an affine coordinate system on S the
affine transformations are expressed by formulas of the form X — AX + B, where
X is the column of coordinates of a point, 4 an invertible square matrix and 0
B a column vector. The entries of A and B can serve as (global) coordinates on
GA(S). The differentiable structure on GA(S) defined by them does not depend (
on the choice of an affine coordinate system in S since under a change of affine
coordinates in S they are transformed in a differentiable way.

7) Any finite or countable group with discrete topology and the structure of
a O-dimensional differentiable manifold.

li

. The direct product of Lie groups is the direct product of abstract groups n
endowed with the differentiable structure of the direct product of differentiable
manifolds.

Problem 1. The direct product of Lie groups is a Lie group. :
The direct product K" of n copies of the additive group of the field K is called d
the n-dimensional vector Lie group. 3

2°. Lie Subgroups. A subgroup H of a Lie group G is called a Lie subgroup if
it is a submanifold of the manifold G. By a submanifold of codimension m of a
differentiable manifold X we mean a subset Y « X such that in an appropriate a
neighbourhood of any of its points it may be determined in some local coor- ' It
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§ 1. Background 3

dinates by a system of equations

filxyso0ux,) =0 fori=1,...,m,

where f;, ..., [, are differentiable functions and rkM

. 0(xy,...5%,)
point.

(Sometimes the terms “submanifold” and “Lie subgroup” respectively are
understood in a wider sense. In our book to this more general interpretation
would correspond the term “virtual Lie subgroup” (cf. 2.9).)

The submanifold Y is uniquely endowed with the structure of an (n — m)-
dimensional differentiable manifold compatible with the induced topology so
that the identity embedding Y <, X is a differentiable map of constant rank
D(f15---5fm)
D(x{y...,Xpm)
restrictions of x,,,,, ..., X, may serve as local coordinates on Y in a neighbour-
hood of this point.

=m at this

n — m. If, in the above notation, # 0 at a given point then the

Problem 2. A Lie subgroup is a Lie group.

Examples. 1) Any subspace of a vector space is a Lie subgroup of the vector
Lie group.

2) The group T (see Example 1.3) is a Lie subgroup of C* considered as a real
Lie group.

3) Any discrete subgroup is a Lie subgroup.

4) The group of n x n invertible diagonal matrices is a Lie subgroup of
GL,(K).

5) The group of n x n invertible (upper) triangular matrices is a Lie subgroup
of GL,(K).

Problem 3. Let H be a subgroup of a Lie group G. If there is a neighbourhood
O(e) of the unit of G such that H n @(e) is a submanifold, then H is a Lie subgroup.

A Lie subgroup of GL(V) (in particular, that of GL,(K) = GL(K")) s called a
linear Lie group.

Problem 4. The group SL,(K) of unimodular (i.e. of determinant 1) n x n
matrices is a Lie subgroup of codimension 1 in GL,(K).

Problem 5. The group O,(K) of orthogonal n x n matrices is a Lie subgroup
of dimension n(n — 1)/2 in GL,(K).

Problem 6. The group U, of unitary n x n matrices is a real Lie subgroup of
dimension n? in GL,(C).

Problem 7. Any Lie subgroup is closed.
3°. Homomorphisms, Linear Representations and Actions of Lie Groups. Let G

find H be Lie groups. A map f: G — H is called a Lie group homomorphism if it
is both a homomorphism of abstract groups and a differentiable mapping.
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A homomorphism f: G — H is an isomorphism if there exists an inverse homo-
morphism f7!: H - G, i.e. if fis an isomorphism of abstract groups and at the
same time a difffomorphism of manifolds (however, see Corollary of Theorem 5).

Examples. 1) The exponential map x — e* is a homomorphism of the additive
Lie group K into the multiplicative Lie group K*. '
2) The map A+ det A4 is a Lie group homomorphism of GL,(K) onto K*.

3) For any g € G the inner automorphism

a(g): x—gxg™

is a Lie group automorphism.

4) The map x> e™ is a Lie group homomorphism of R onto T.

5) The map assigning to each affine transformation of an affine space S its
differential (linear part) is a homomorphism of the Lie group GA(S) (cf. Example
1.6) into the Lie group GL(V), where V is the vector space associated with S.

6) Any homomorphism of finite or countable abstract groups is a homo-
morphism of zero-dimensional Lie groups.

Clearly, the composition of Lie group homomorphisms is also a Lie group

homomorphism.
A Lie group homomorphism of G into GL(V) is called a linear representation

of G in the space V.

Problem 8. Let us assign to any matrix 4 e GL,(K) the linear transformations
Ad(A4) and Sq(A) in the space L,(K) by the formulas:

Ad(A)(X) = AXA™!,  Sq(A)(X) = AX A",

Prove that Ad and Sq are linear representations of the Lie group GL,(K) in the
space L, (K).

Sometimes one considers complex linear representations of real Lie groups or
real linear representations of complex Lie groups. In the first case one assumes
~ that the group of linear transformations of a complex vector space is considered

as a real Lie group, in the second one that the given complex Lie group is
considered as a real one.

A group homomorphism o of a Lie group G into the group Diff X of diffeo-
morphisms of a manifold X (which is not a Lie group in any conceivable sense)
is called a G-action on X if the map G x X — X, where (g,x)— a(g)x, is
differentiable.

Examples. 1) For any Lie group G we may define the following three G-actions
on G itself:

l(g)x = gx

P N r(g)x = xg™!
\~ .

a(g)x = gxg™!
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§ 1. Background 5

2) The natural GL,(K)-action on the projective space P(K") is a Lie group

action.

3) Any linear representation T: G — GL(V) of a Lie group G may be con-
sidered as a G-action on the space V.

4) Similarly, any homomorphism f: G — GA(S) may be considered as an
action of the Lie group G on an affine space S. Such an action is called affine.

Clearly, the composition of a homomorphism f: H - G and an action
a: G — Diff X is the action a o f: H — Diff X.

When it is clear which action we are speaking about we will write gx instead
of a(g)x.

4°, Operations on Linear Representations. Suppose R and S are linear repre-
sentations of a group G in spaces V and U respectively. The sum of R and S is the
linear representation R + S of G in the space V @ U defined by the formula

R+ )@+ =Rgo+Sgu. 147

The product of R and § is the linear representation RS of G in the space V ® U
defined on simple (i.e. decomposable) elements by the formula.

RS(9)(v ® u) = R(g)v ® S(g)u.

The sum and the product of any finite number of representations are defined
similarly.

The dual (or the contragradient) of the representation R of a group G in a space
Vis thc representatlon R* of G in the space V* defined by the formula

F
fQ (?3 v “3 d (R*(9)/)(v) = f(R(g)"v). g/ p

Problem 9. If R and § are linear representations of a Lie group G, then R + S,
RS and R* are also Lie group representations (i.e. they are differentiable).

For any integers k, [ > O the identity linear representation Id of the Lie group
GL(V)in V generates the linear representation T, , = (Id)*(Id*)' of GL(V) in the
space VR @V V*® - - ®V* (k factors V and [ factors V*) of tensors of
type (k,l) on V. Let us give convenient formulas for T, ,(4), where A € GL(V), in
the two cases which occur most often: k = 0 and k = 1.

The tensors of type (0,1) are [-linear forms on V. For any such a form [ we
have

(To, (A)f)wy,...,v) = f(A_lvl,...,A‘lv,). (1)

The tensors of type (1,[) are [-linear maps F: V x --- x V — V. For any such

I factors

amap F we have

(T (A)F)(vy,....0) = AF(A_lUl,...,A”lU,); (2)

{ ““ . \\ )‘"
i A ﬂ ”
{ UI l' r "-1' P * ; (\ ;"I n
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Problem 10. Prove (1) and (2).

Problem 11. The representations Ad and Sq considered in Problem 8 are
exactly the natural linear representations of GL,(K) in the spaces of tensors of
types (1, 1) and (2, 0) respectively written in the matrix form.

If R is a linear representation of a group G in a space V and U < V is an
invariant subspace then the subrepresentation Ry: G — GL(U) and the quotient
representation Ry,;: G — GL (V/U) are defined naturally.

Evidently, any subrepresentation and any quotient representation of a linear

representation of a Lie group are its linear representations (as of a Lie group).

A special role in group theory is played by one-dimensional representations
which are nothing but homomorphism of a given group G into the multiplicative
subgroup of the ground field. They are called characters® of the group G.
Characters form a group with respect to the multiplication of representations;
the inversion in this group is the passage to the dual representation.

In the context of the Lie group theory characters are supposed to be differen-
tiable. In this book we will only consider complex characters of (real and
complex) Lie groups. The group of complex characters of a Lie group G will be
denoted by Z(G).

The additive notation is traditionally used in the group of characters:

(i + 129 = 1:Dx29),  (x1,x2 € 2(G), g € G).

5°. Orbits and Stabilizers. Suppose o is an action of a Lie group G on a
manifold X and let x € X be a point. Consider the map »

o' G- X, where . g+ a(g)x.

Its image is the orbit a(G)x of the point x and the inverse image of x is nothing
but its stabilizer

G, = {g € G: a(g)x = x}.

The inverse images of the other points of the orbit are left cosets of G with respect
to G,.

Problem 12. Prove that o, is differentiable and its rank is constant.

Recall that a differentiable map f: X — Y of constant rank is linearizable in a
neighbourhood of any point of X. This implies that

(1) the inverse image of any point y = f(x) is a submanifold of codimension
k=rk fin X and T,(f"!(y)) = Kerd, f;

"In the representation theory the term “character” is more often understood in a wider sense as a
trace of any (not necessarily one-dimensional) linear representation. However, we will not consider
characters in this wider sense and the term “character” will always be understood as above.
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§ 1. Background 7

(2) for any point x € X the image of any sufficiently small neighbourhood (/(x)
is a k-dimensional submanifold in Y, and T} ,,(f(O(x))) = Imd,_ f.

Besides,

(3) if f(X) is a submanifold in Y then dim f(X) = k.

Indeed, if we had had dim f(X) > k, then by (2) the manifold f(X) would have
been covered by a countable set of submanifolds of a smaller dimension, but this
is impossible.

The listed properties of constant rank maps and Problem 12 immediately
imply

Theorem 1. Suppose o is an action of a Lie group G on a differentiable manifold
X. For any x € X the map u, is of constant rank. Let tk o, = k, then

1) the stabilizer G, is a Lie subgroup of codimension k in G and T/(G,) =
Kerd,a,;

2) for any sufficiently small neighbourhood O(e) of the unit of G the subset
a(0O(e))x is a submanifold of dimension k in X and T (o(0(e))x) = Imd,a,;

3) if the orbit a(G)x is a submanifold in X, then dim «(G)x = k.

Note that an orbit is not always a submanifold. (A counterexample will be
given in the following subsection.)
Therefore the following statement is of interest to us:

Problem 13. Any orbit of a compact Lie group action is a closed submanifold.

The most important examples of compact Lie groups (besides finite ones) are
the n-dimensional torus T" (the direct product of n copies of T), the orthogonal
group O,(= O,(R)) and the unitary group U,. To prove the compactness of O,
note that it is distinguished in the space L,(R) of all real matrices by algebraic
equations ) , a,a; = d;;, hence is closed in L,,(R). These equations imply |a;;| < 1
which means that O, is bounded in L,(R). The compactness of U, is proved
similarly. We will continue the discussion of properties of compact Lie groups
and their orbits in § 3.4.

Statement 1) of the theorem may be used to prove the fact that a given
subgroup H of a Lie group G is a Lie subgroup. For this it suffices to realize H
as the stabilizer of a point for some action of the Lie group G. Most (if not all)
interesting Lie subgroups arise in this way. If the orbit of a given point under this
action is a submanifold of a known dimension, then the dimension of H may be
computed using statement 3).

We can apply this to the representation of the Lie group GL(V) in the space
of tensors (see 4°) to find that the group of invertible linear transformations
preserving a tensor is a linear Lie group.

Examples. 1) Consider the representation of GL(V) in the space B, (V) of
symmetric bilinear forms (i.e. symmetric tensors of type (0, 2)). The group O(V,, f)
of invertible linear transformations preserving a symmetric bilinear form /
is a linear Lie group. If f is nondegenerate, then its orbit is open in B, (V),
hence
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dim O(V, f) = dim GL(V) — dim B, (V) = n? —

where n = dim V.
2) Similarly, consider the representation of GL(V) in the space B_(V) of

skew-symmetric bilinear forms. The group Sp(V, f) of invertible linear trans- .

formations preserving a skew-symmetric bilinear form J1s a linear Lie group. If
f is nondegenerate, then

dimSp(¥, /) = dim GL(V) — dim B_(V) = n(n + 1)/2

3) Consider the representation of GL(V) in the space of algebras on V (ie.
tensors of the type (1, 2)). We find that the group of automorphisms of any algebra
is a linear Lie group.

6°. The Image and the Kernel of a Homomorphism. Suppose f:G->HisalLie
group homomorphism. Consider the action « of G on the manifold H defined by
the formula

alg)h = f(g)h,

where the right-hand side is the product of elements of H. In other words, « is
the composition of f and the action | or H on itself by left translations.

Let e be the unit of H. Then %, = f and a(G)e = f(G); the stabilizer of e with
respect to o coincides with Ker f. Theorem 1 being applied to the action a and
the point e € H yields the following theorem.

Theorem 2. Suppose f:G->H is a Lie group homomorphism. Then fisa
mapping of constant rank. Let rk f = k. Then

1) Ker fis a Lie subgroup of codimension k in G and I.(Ker f) = Kerd, f;

2) for any sufficiently small neighbourhood O(e) of the unit of G the subset f(((e))
is a submanifold of dimension k in H and I.(f(O(e))) = Imd, f;
- 3) if f(G) is a Lie subgroup in H, then dim f(G) = k.

Example. Consider the homomorphism det: GL,(K) - K*. Its kernel is the
group SL,(K) of unimodular matrices. Since det(GL,(K)) = K*, we have
rkdet = 1. Hence SL,(K)is a Lie subgroup of codimension 1 in GL,(K).

Clearly, if f(G) is a submanifold then /(G)isa Liesubgroupin H. The following
example shows that f(G) is not always a submanifold.

Problem 14. Let /: R — T" be a Lie group homomorphism defined by the
formula

J(x) = (e, etonx), ‘where a,...,a,€R.

Its image f(R)is a Lie subgroup in T"if and only ifa,,...,a, are commensurable
(i.e. their ratios are rational). S - - R

wi
dif
bij
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§1. Background 9

For n = 2 and incommensurable a,, a, the subgroup f(R) is a dense winding
of a (two-dimensional) torus.

It can be shown that, for any n, if a,, ..., a, are not related by any nontrivial
linear relation with rational coefficients the subgroup f(R) is dense in T

Problem 13 implies that the image of a compact Lie group under a homo-
morphism is always a Lie subgroup.

7°. Coset Manifolds and Quotient Groups. On the coset space of a Lie group
with respect to a Lie subgroup, a differentiable structure can be naturally defined.
To formulate the corresponding theorem we need several definitions.

Let X and Y be differentiable manifolds and p: X — Y a differentiable surjec-
tive map. For any function f defined on a subset U — Y we determine the
function p*f on p~*(U) by the formula

(p*/)(x) = f(p(x)).

The map p is called a quotient map if

1) a subset U c Y is open if and only if p~*(U) is open in X;

2) a function f, defined on an open subset U < Y, is differentiable if and only
if so is p*f.

A map pis called a trivial bundle with the fibre Z (where Z is also a differentiable
manifold), if there is a diffeomorphism

viYxZ—-X
satisfying
p(v(y,2)) = y.

A map p is called a locally trivial bundle with the fibre Z if Y can be covered
by open subsets such that p is a trivial bundle with the fibre isomorphic to Z
over each of these subsets.

Problem 15. Any locally trivial bundle is a quotient map.

Problem 16. If a quotient map p enters the commutative triangle

X — 5y

\/

where Z is a differentiable manifold and q is a differentiable map, then ¢ is
differentiable. If in the above triangle the map q also is a quotient map and ¢ is
bijective, then ¢ is a diffeomorphism.
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The second assertion of Problem 16 may be interpreted as follows: given a
map p of a differentiable manifold X onto a set Y there exists on Y no more than
one differentiable structure such that p 1s a factorization with respect to this
structure.

The 1

Theorem 3. Let G be a Lie group and H its Lie subgroup. There is a unigue which e

differentiable structure on the space G/H of left cosets such that the canonical map

p: G — G/H, where p:grs gH,

is a quotient map. With respect to this structure

1) pis a locally trivial bundle;
2) the natural G-action on G/H (by left translations) is differentiable:

3) if H is a normal subgroup then the quotient group G/H is a Lie group. where y

Proof.In G/H, introduce a topology assuming a subset U = G/H open if and l;;r;;exa 1
PSP .
only if p™(U) is open in G. Simil:
Problem 17. p is continuous and open.
Problem 18. G/H is a Hausdorff space.
The key point in the proof of Theorem 3 is the following
Problem 19. There is a submanifold S c G containing the unit e and such that
the map
v:S x H— G, where v:(s,h)r sh, we dedu
when H
is a diffeomorphism of the direct product S x H onto an open subset of G. In cor
Under p the submanifold S is bijectively mapped onto a neighbourhood U of
the point p(e) = H in the space G/H. Let us transport the differentiable structure
from S to U by means of p. Then p is a trivial bundle on U. is onto ¢
Further, for any g € G transport the differentiable structure from U to gU by theorem
means of the left translation by g. Since p commutes with the left translations, 4 Probl
and by the definition of the differentiable structure on gU the map p defines a 1 b ro ‘
trivial bundle structure on gU. In particular, it is a quotient map over gU ' ¢anor.
(Problem 15). This implies that for any g,, g, € G the differentiable structures | actiono
defined on g; U and g,U coincide on 91U ng,U (Problem 16). Thus. our i Runn
definition of the differentiable structure on G/H implies that p is a locally trivial G. This
bundle with respect to this structure. stabilize
To prove statements 2) and 3) of the theorem we need '
Probl
Problem 20. Let p;: X; - Y; be a locally trivial bundle with the fibre Z; for containe
i=1,2 Then '
: 8. Tl
Py X P2i Xy x X, =Y, x Y,, where p, x P2: (X1, %5) = (py(xy), pa(x,)), G on a
: that a(g

is a locally trivial bundle with the fibre Z, x Z,. triangle
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The natural G-action on G/H is defined by the map
4G x G/H—- G/H, where A:(g,gH)—g'gH,

which enters the commutative diagram

u

GxG —— G

TN

G x G/H —— G/H

where p is the multiplication in G. The map id x p is a locally trivial bundle,
hence a quotient map. Applying Problem 16 to the commutative triangle made
ofid x p, g = po pand 4 we see that A is a differentiable mapping.

Similarly, from the commutative diagram

u

GxG —_— G

T

G/H x G/H —— G/H

p

we deduce the differentiability of the multiplication uy in the quotient group G/H
when H is a normal subgroup.
In conclusion, note that the tangent map

dep: ’Te(G) - p(e)(G/H)
is onto and its kernel is T,(H). (This follows for instance, from heading 1) of the
theorem). Therefore T,,,(G/H) is naturally identified with T,(G)/T,(H).

Problem 21. Let a Lie group G act on a differentiable manifold X andlet N = G
be a normal Lie subgroup contained in the kernel of this action. Then the induced
action of the Lie group G/HN on X is differentiable.

~ Running ahead, note that the kernel itself is a (normal) Lie subgroup of
G. This follows from Theorem 4.2 since the kernel is the intersection of all
stabilizers.

Problem 22. Let H be a Lie subgroup of G and N a normal Lie subgroup

~contained in H. Then H/N is a Lie subgroup of G/N.

: 8° Theorems on Transitive Actions and Epimorphisms. An action o of a group

G on a set X is called transitive if for any x, x’ € X there is a g€ G such

that a(g)x = x'. In this case the map a, is onto and we have the commutative
triangle




12 Chapter 1. Lie Groups

where f, is a bijection commuting with the G-action.

Theorem 4. Let G be a Lie group and a its transitive action on g differentiable
manifold X. For any x € X the map

B G/G, > X, where Bx: 9G, > a(g)x,

is a diffeomorphism commuting with the G-action.

Proof. Since p is a quotient map, the commutativity of (3) implies that f_ is a
differentiable map (Problem 16). By Theorem 1 :

tka, = dim X = dim G/G,

so the tangent map du«, is onto (at each point). Hence, the map df, is an
isomorphism of tangent spaces. Therefore B, is a diffeomorphism.

Now, let f: G — H be an epimorphism of Lie groups. Then the G-action « on
H defined in 6° is transitive, Applying Theorem 4 to this action we obtain the

following theorem.

Theorem 5. Let f: G — H be a Lie group epimorphism. The map
f:G/Kerf - H, gKer fi— f(g)

is a Lie group isomorphism.

Corollary. A bijective Lie group homomorphism is an isomorphism.

9°. Homogeneous Spaces. A differentiable manifold X with a transitive
action of a Lie group G on it is called a homogeneous space of G. By Theorem 4
any homogeneous space of G is isomorphic to G/H, where H = G is a Lie
subgroup, with the canonical G-action. Homogeneous spaces are the most im-
portant and interesting objects of geometry.

In geometry significant is not the G itself but its image in Diff X. Therefore in
the study of homogeneous spaces from this point of view we may confine
ourselves to effective actions (see Problem 21).

The linear group d, G (x € X) s called the isotropy group of the homogeneous
space X (at x).

Examples. 1) The spaces of constant curvature—the Euclidean space E”, the
sphere §” (n >2) and the Lobachevsky space L" (n > 2)—may be considered as
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homogeneous spaces of their groups of motions which are in a natural sense (real)
Lie groups and act in a differentiable way.

The group of motions of the Euclidean space is a Lie subgroup of the group
of affine transformations (cf. Example in 10°). Its construction is described in
Example 11.2. The sphere " is naturally embedded in R"*! so that its motions
are induced by orthogonal transformations of R"*!. This establishes an isomor-
phism of the group of motions of " with the Lie group O,,,. Similarly, L" is
embedded in R"*! as a connected component of the two-sheeted hyperboloid
x3 — x? — - — x2 = 1, so that its motions are induced by the pseudoorthogonal
(preserving the quadratic form x3 — x} — -+ — x7) transformations of R""!
mapping each connected component of this hyperboloid onto itself. This estab-
lishes an isomorphism of the group of motions of L" with the subgroup of index
2 of the Lie group O, , of all pseudoorthogonal transformations (cf. Problem
3.10).

In these three cases the stabilizer of a point is isomorphic to O,. More precisely
it is isomorphic (via the differential) to the isotropy group which coincides with
the full orthogonal group of the tangent space.

The spaces of constant curvature may be characterized as simply connected
homogeneous spaces of real Lie groups satisfying one of the following equivalent
conditions (see e.g. [47]):

a) there exists an invariant Riemannian metric of constant sectional curvature;

b) the isotropy group coincides with the full orthogonal group of the tangent
space (with respect to some Euclidean metric).

2) The Grassmann variety Gr, ,(K) of all p-dimensional subspaces of K" is a
homogeneous space of GL,(K). The stabilizer of the subspace determined by
Xpsy = = X, = 0 consists of matrices of the form

A C
(0 B)’ where A e GL,(K), B e GL,_,(K),

and its codimension in GL,(K) is p(n — p). Therefore dimGr, (K)=
p(n — p).

3) The manifold of positive definite symmetric real n x n matrices is a homo-
geneous space of GL,(R) with respect to the action Sq defined in Problem 8 (cf.
Example 5.1). Since the stabilizer of the unit matrix under this action coincides
with the orthogonal group O,, this homogeneous space is isomorphic to
GL,(R)/O,. |
~ 4) The group manifold of a Lie group G may be considered as a homoge-
neous space of the Lie group G x G with respect to the action f§ defined by the
formula

B(g1.92)x = g1xg95" (91,92.x € G)

The stabilizer of e € G is the diagonal of G x G (isomorphic to G) and the isotropy
group coincides with the adjoint group Ad G (see 2.4).
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10°. Inverse Image of a Lie Subgroup with Respect to a Homomorphism In the f¢

ince GLI
Theorem 6. Suppose f: G — H is a Lie group homomorphism and H, is a Lie ny point,
subgroup in H. Then G, = f~'(H,) is a Lie subgroup in G and : Problen

T(Gy) = (d.f) (T.(H})).

Proof. Consider the composition a = f o f of the natural H-action f on

H/H, and the homomorphism f: isa Lie su

o=pof: G- DiffH/H,.

Problen

The subgroup G, = f7'(H,) is the stabilizer of the point p(e) H/H,, where p Then

is the canonical projection of H onto H/H,. By Theorem 1 G, is a Lie subgroup
and
T.(G,) = Kerd,a,,. is a Lie su

Clearly, a,,, = p o f. Hence,

11°. Se
deltpe) = dep o df. ture of iie
Since Kerd,p = T,(H,), we have prggt(ii:]ot?
Ker deap(e) = (def)_l(Te(Hl))' :j:
The theorem is proved. ] ] where b is
Example. Let S be a Euclidean affine space, V the associated Euclidean vector 3 the group
space and d: GA(S) » GL(V) the homomorphism assigning to each affine trans- precisely,
formation its differential, cf. Example 3.5. Then d ™' (O(V)) is the group of motions subgroup
of S. Theorem 6 enables us to deduce that the group of motions of a Euclidean identified
space is a Lie subgroup in the Lie group of all affine transformations.
Let us show several applications of Theorem 6 which will be used in what
follows.
The subgr
Problem 23. Let H, and H, be Lie subgroups of G. Then H, n H, is also a Lic semidirect
subgroup and T,(H, N H,) = T,(H,) n T,(H,). ! One say
Observe that the intersection of submanifolds is not, in general, a submanifold. G, if
For example, in C?, the intersection of the nonsingular surface z = x2 + y? with ; 1) Gyis
the plane z =0 is a singular curve (cuspidal cubic curve) which is not a | 2) G,G:
submanifold. | 3) G
The statement of Problem 21 can be easily extended to any finite number In this ¢

of subgroups. It is also valid for an infinite number of subgroups (see Theorem |
4.2). g
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In the following two problems Theorem 6 is applied to a linear representation.
Since GL(V) is an open subset in the space L(V') the tangent space to GL(V') (at
any point) is naturally identified with L(V).

Problem 24. Let R: G — GL(V) be a linear representation of a Lie group G
and U < V a subspace. Then

G(U)={geG:R(g)U c U}

is a Lie subgroup in G and

T.(G(U)) = {¢ € T.(G): (d.R) (U = U}.
Problem 25. Under the conditions of Problem 22 let W be a subspace of U.

" Then

G(U, W) = {geG:(R(g) — E)U c W)
is a Lie subgroup in G and
- T.(G(U, W) = { € TyG): (d,R)(E)U = W}.

11°. Semidirect Product. In many cases it is convenient to describe the struc-
ture of Lie groups in terms of semidirect products.

Recall that the semidirect product of abstract groups G, and G, is the direct
product of sets G; and G, endowed with the group structure via

(91,92)(hy, hy) = (g, b(g2)hy,g92hs), 4)

where b is a homomorphism of G, into the group Aut G, of automorphisms of
the group G,. We will denote the semidirect product by G, x G, or more
precisely, by G, x,G,. The elements of the form (g,,e) (resp. (e,g,)) form a
subgroup in G, x, G, isomorphic to G, (resp. G,). This subgroup is usually
identified with G, (resp. G,). The subgroup G, is normal and
929192" = b(g2)g, (91 € G195 € Gy). (5)

The subgroup G, is normal if and only if b is trivial i.e. b(G,) = e; in this case the
semidirect product coincides with the direct product G, x G,.
_ One says that a group G splits into a semidirect product of subgroups G, and
G, if

1) G, is normal;

2) G,G, = G;

In this case we have the isomorphism

G, x G, =G, (41-92)—9192- (6)
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where b: G, - Aut G, is the homomorphism defined by (5) and we will writ
G=G xG,orG=0G, x G,.

A semidirect product of Lie groups G, and G, is defined as a semidirect produc
of abstract groups endowed with a differentiable structure as the direct produc
of differentiable manifolds. It is additionally required that b define differentiabl
G,-action on Gy, i.e. that the map

R

4

Gy x G, = Gy, (91,92)—blg,)g, (7 5

be differentiable. (In particular, the automorphism b(g,) of G, must be differen 6

tiable for any g, € G,). This ensures the differentiability of group actions in the 7
semidirect product.

One says that a Lie group G splits into a semidirect product of Lie subgroups g
G, and G, if it splits into their semidirect product as an abstract group. In this 9)
case the action b of G, on G, defined by (5) is differentiable and the abstract | 10)
isomorphism (6) due to the corollary of Theorem 5 is a Lie group i1somorphism.

Examples. 1) Let R: G — GL(V) be a linear representation of a Lie group G.

Then we may form a semidirect product V x r G where Vis considered as a vector T
Lie group. )
2) Let Id be the identity linear representation of GL(V)in V. Then there is an '
isomorphism
V x4 GL(V) = GA(V) 3
assigning to each v € V a parallel translation 7
t,: XX + v, (xe V)

3) Every Lie subgroup G = GA(V) containing all parallel translations splits 0.
into the semidirect product of the group of parallel translations and some linear
Lie group

H = dG < GL(V).
10.
In particular, the group of motions of the Euclidean space E" splits into the 1.
semidirect product of the group of parallel translations and the orthogonal group
O,. 12.

4) The Lie group of invertible triangular matrices splits into the semidirect
product of the normal Lie subgroup of unitriangular matrices (triangular with
the units on the diagonal) and the Lie subgroup of invertible diagonal matrices.

Exercises
1) If a group is endowed with the structure of a differentiable manifold
such that the multiplication is differentiable, then the inversion is also ; 13.

differentiable.
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2) Consider the group GL,(H) of invertible n x n matrices over H as an open
subset of the real vector space of all quaternionic n x n matrices. Show that
-GL,(H) thus endowed with a differentiable manifold structure is a real Lie
group of dimension 4n2.
3) The group Sp, of unitary quaternionic matrices is a Lie subgroup of dimen-
sion 2n? + nin GL,(H).
4) Find all the Lie subgroups of the additive Lie group K.
5) Any homomorphism f of the additive Lie group K into GL, (K) is of the
form f(t) = exp(tX), where X € L,(K).
6) The centralizer Z(g) of any element g of a Lie group G is a Lie subgroup.
7) The dimension of the centralizer of any element of GL,(K) is not less
than n.
8) The Lie group Sp, (see Exercise 3) is compact.
9) The action of GL,(K) on Gr, ,(K) is differentiable.
10) Let W < U be subspaces of a vector space V over K. Let H be a Lie subgroup
of GL(U/W). Then the set of invertible linear transformations of V presery-
ing U and W and inducing on U/W transformations from the group H is a
Lie subgroup in GL(V). ,
11) The Lie group GL,(K) splits into the semidirect product of SL,(K) and a
one-dimensional Lie subgroup.

Hints to Problems

3. Note that the left translation by any element of H is an H-preserving
difffomorphism of the manifold G.

7. As any submanifold, the Lie subgroup H is open in its closure H. If
g € H, then gH is also open in H, hence intersects with H, and therefore
geH.

9. Compute the matrix elements of the representations R + S, RS and R* in
convenient bases. For example, if {¢;} is a basis of the space V' and {f;} is a
basis of U then {e; ® f;} is a basis of V¥ ® U. The matrix elements of the
representation RS in this basis are products of matrix elements of the repre-
sentations R and S.

10. 1t suffices to prove these formulas for simple tensors f and F, respectively.

11. Tt suffices to look at the action of Ad(4) and Sq(4) on simple tensors
(corresponding to matrices of rank 1).

'12. Use the commutative diagram

G — ., Xx

I{g) l J a(g)

G A

L, X

13. It suffices to show that the orbit a(G)x is a submanifold in a neighbourhood

~of x. Let ((e) be a neighbourhood of the unit of G such that U = a(@(e)) ¢ s
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14.

18.

19.
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a submanifold in X. The orbit a(G)x is the union of the two nonintersectin:
subsets: U and a(C)x, where C = G\(e)G,. Since ((e)G, = | J,e6_0(€)g i
open in G, its complement, C, is closed and therefore compact; but the
a(C)x = a,(C) is compact, hence closed in X. Thus the intersection of a(G)
with the open subset X \a(C)x of X containing x is a submanifold.

Suppose a, # 0. The intersection of the subgroup f(R) with the subgroup

T = {(zy,0nnrz,) € T 2, = 1)

1s a cyclic group with generator

t = (e21ri(a1/a,,)’ ey eZm’(an- l/an), 1)

If at least one of a, /a,,, ...,a,_,/a, is irrational, then t is an element of infinite
order, and f(R) n T""! is not closed in T"~!. But then f(R) is not closed in

T", hence is not a Lie subgroup (see Problem 7).

Conversely, suppose a,, ..., a, are commensurable. Let us assume that not

all of them are zero. Then Ker /' = bZ, where b > 0. Let U be a neighbour
hood of the origin of R such that f(U) is a submanifold in T". The comple-
ment of the open submanifold U + bZ in R will be denoted by C. Since

S(C) = f(C " [0,b])and since C n [0, b] is compact, f(C)is closed in T". The

complement of f(C)is open and contains the unit of T"; the intersection of
J(R) with this open set coincides with f(U). Hence, f(R) is a Lie subgroup
(see Problem 3).

Let g, H and g,H be different cosets. Then g;'g, ¢ H. Since the group ,f«f

operations are continuous and H is closed (Problem 7), there are

neighbourhoods 0(g,) and €(g;) of g, and g,, respectively, such that §

0(9,)7'0(g2) " H = &. Then U(g,)H n 0(g;)H = &. Hence p(0(g,)) and
p(O(g,)) are nonintersecting neighbourhoods of the cosets g, H and ¢, H in
the space G/H.

Let §; be a submanifold transversal to H at the point e, i.e. such that

1.(G) = T,(H) ® T,(S,).
Since
dio.e)v(ds,dh) = ds + dh,

thend,, v is an isomorphism of the tangent spaces. Hence, there exist neigh-
bourhoods S, and O (e) of the point e in the manifolds S, and H, respec-
tively, such that v diffeomorphically maps S, x (y(e) onto an open subset
of G. Since v(s, hh’) = v(s,h)h’, the mapping v is a local diffefomorphism
everywhere on S, x Og(e). Let S be a neighbourhood of e in S, such that
S™!S N H < Oyle). Then v is locally diffeomorphic and injective on S x H,
thus S is the desired submanifold.

21. Con

whe
and

22. Apt
23, Apr

H, «

24. Apr

It is

Her

25. Apy

Her
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21. Consider the commutative diagram
GxX — X
pxid [ /
G/IN x X
where the horizontal arrow is the map defined by the given G-action on X
and use the fact that p x id is a quotient map.
22. Apply Problem 21 to the canonical G-action on G/H.
23. Apply Theorem 6 to the identity embedding H, —, G and the subgroup
H, cG.
24. Apply Theorem 6 to the homomorphism R and the subgroup
GL(V;U) = {4 e GL(V): AU c U} = GL(V).
It is easy to see that GL(V; U) is an open subset in the space
L(V;U)={XeL(V) XU c U}.
Hence, GL(V; U) is a linear Lie group and
T.(GL(V; U)) = L(V; U).
25. Apply Theorem 6 to the homomorphism R and the subgroup
GL(V;U,W)={AeGL(V): (4 — E)U =« W} = GL(V).

It is easy to see that GL(V;U, W) is an open subset in the plane E +
L(V;U, W), where

L(V;U,W)={XeL(V):XUc W}
Hence, GL(V; U, W) is a linear Lie group and

T(GL(V; U, W)) = L(V; U, W).

§2. Tangent Algebra

1°. Definition of the Tangent Algebra. The structure of a Lie group in a
neighbourhood of the unit is determined by an algebra structure in the tangent
- space T,(G). The most straightforward way to define it is the following one.
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X =54+ a5 y) +

where o is a bilinear vector-valued function and dots stand for the terms of degree: Here
=3 ‘ V (6) an
The transposition of x and y yields new <
: Th
JX=y+ X+ ay,x)+ 2 algeb.
: grouy
We see that the noncommutativity of the multiplication in G can only manifest - Sponc
itself in terms of degree >2. The noncommutativity is measured by the group - It
commutator (x, y) = xyx~'y~!. The second order terms in the Taylor series
expansion of coordinates of (x, y) are easy to find from the relation (x, y) yx = xy.
Comparing (1) and (2) we get for i1
Qr
06y =5y + -, (3) P
the #¢
where
Lt
YT F) = a(%,5) — (7, %), @ §  thew
k k| Free
and dots stand for the terms of degree > 3.
In the tangent space T,(G), define a bilinear operation known as the bracket
or commutator (&, 1)+ [£,1] by the formula "
[&n] = »(E ), O
where { is the column of coordinates of a tangent vector { in the coordinate | Levd

system of T;(G) associated with the chosen local coordinate system on G. Let us e

prove that this operation does not depend on the choice of the coordinate system. ¢ W
Consider another local coordinate system with the origin at e. The column of | abaisg
coordinates of x in the new coordinate system will be denoted by X. Then : F
Frre
e : subul
algeb

=

x=C

where C is the Jacobi matrix of the old coordinates with respect to the new ones

| By
at e and dots stand for the terms of degree >2. Hence, f phisn

o

(%)) = CY(CECH) +-, - (6)

where dots stand for the terms of degree > 3.
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The coordinates of a tangent vector & € T,(G) are transformed via the formula

£ =C¢,

hence

[&n] = CT'y(CE, Ch). (7)
Here [£, n] stands for the bracket defined in the old coordinate system. Formulas
(6) and (7) show that [¢,7] coincides with the bracket of & and # defined in the
new coordinate system.

The space T,(G) endowed with the above defined bracket e is called the tangent
algebra of the Lie group G and is denoted by g. In the sequel we also denote Lie
groups by Latin capitals and the corresponding tangent algebras by the corre-
sponding small Gothic letters.

It is clear (see formula (4)) that the tangent algebra is anticommutative, i.e.

—
Il

[&nl=—[n<l
forany ¢, n e q.

Problem 1. The tangent algebra of a commutative Lie group is an algebra with
the zero bracket.

Let V be a finite dimensional vector space over K. We will naturally identify
the tangent space of the Lie group GL(V) at E with the space L(V).

Problem 2. The tangent algebra of GL(V) is the space L(V) with the bracket
(2, %] =Y — VX, (8)
The tangent algebra of GL(V) (resp. GL,(K)) is denoted by gl(V) (resp. gl,(K)).

2°, Tangent Homomorphism. Let f: G — H be a Lie group homomorphism.
Letd,f: T,G — T,H be its differential at e.

Problem 3. The map d, f is a homomorphism of tangent algebras.
We will sometimes call the map d, f the tangent homomorphism of f and, by an

- abuse of notation denote it simply by df.

Problem 4. The tangent algebra of a Lie subgroup of a Lie group G is a

- subalgebra of the tangent algebra g. In particular, the bracket in the tangent
_algebra of any linear Lie group is defined by the formula (8).

By Theorem 1.2 the tangent algebra of the kernel of a Lie group homomor-
phism coincides with the kernel of the tangent homomorphism.
- For example, the kernel of the homomorphism

det: GL,(K) —» K*.

“is SL,(K).
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Problem 5. (d, det)(X) = tr X.

wher

Thus, the tangent algebra of SL,(K) consists of all traceless matrices. It secol
denoted by sl (K). case
Problem 6. Let H be a normal subgroup of G. Then b is an ideal of g and, und Th
the canonical identification of the tangent space T,(G/H) with the quotient spa of ve

T.(G)/T.(H) the tangent algebra of G/H coincides with g/b.

representation. The differential of a representation G — GL(V) is a homomo In

phism g — gl(V). Lie ¢
Problem 7. The differentials of the linear representations Ad and Sq defined in ] b\
Problem 1.8 are of the form pres¢
linea
@A(Y)(X) =YX - XY, (dSq)(Y)(X)= YX + XY". ]fF"C“:
inca
Let R and S be linear representations of a Lie group G in spaces V and U, 2)
respectively, and let dR and dS be their differentials. Let us compute the differ- a;}o'
entials of R* and RS. (t] %;
Problem 8. (dR*)(¢)f)(v) = — f((dR)(&)v). Aut.
Problem 9. (d(RS))(¢)(v ® U =dRENQu+1r® (dS(&))u.
Using these formulas we may compute the differential of the product of any
number of given linear representations and their duals. Such
For example, the natural linear representation T, , of GL(V) in the space of with
tensors of type (k,[) is the product of k copies of the identity representation and is de
| copies of its dual (see 1.4). Denote the differential of T;.1 by 7,. Let us give 3
convenient formulas for To,((X) and 7, ,(X), where X ¢ gl(V). i 4°
If f'is an I-linear function on V then natu
: ; F¢
(TO.I(X)f)(Ul,---vvl) = "Zf(vl,---; Ui—anvi7 Vit1s---»Up). )
IfF:Vx- x Vo V(lfactors in the source) is a multilinear map then b
; en
Tl @ s0) = XF(o1, o 0) = Y Foy.y, Xy, ). (10) algel
' P
Problem 10. Prove formulas (9) and (10). : grou
i
3°. The Tangent Algebra of a Stabilizer. When a Lie subgroup H of G is defined - : Ai
as the stabilizer of a certain point for some G-action, the tangent subalgebra | tang
corresponding to H may be found using Theorem 1.1. ] P
Consider the case of a linear action R: G — GL(V). The differentiation of the :

identity R,(g) = R(g)v with respect to g at e gives

(dR,)(¢) = (dR)(¢)v,

whe
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where dR on the right-hand side stands for the differential of R. Therefore, the
second part of heading 1) of Theorem 1.1 can be reformulated in this particular
case as follows.

Theorem 1. Suppose R is a linear representation of G in V and H is the stabilizer
of ve V. Then

b= {feg:dR()v =0}

In particular, using this theorem we can find the tangent algebra of a linear
Lie group that preserves a tensor.

Examples. 1) The group G of invertible linear transformations of a space V that
preserve a fixed bilinear form f is the stabilizer of f with respect to the natural
linear representation Ty, , of GL(V) in the space of bilinear forms on V (see
formula 1.1). Formula (9) implies that the tangent algebra of G consists of all
linear maps which are skew-symmetric with respect to f.

2) Let A be a finite-dimensional algebra over K. The group Aut A4 of the
automorphisms of 4 is the stabilizer of the structure tensor of 4 with respect to
the natural linear representation T, , of GL(A) in the space of tensors of type

(1,2) on A (see formula (1.2)). Formula (10) implies that the tangent algebra of

Aut A consists of all linear transformations D that satisfy

D(ab) = D(a)b + aD(b), (a,b e A) (11)

Such transformations are called derivations of A. Hence, they form an algebra

with respect to the bracket. (This, however, may be verified directly.) This algebra
is denoted by der A.

4°. The Adjoint Representation and the Jacobi Identity. Any Lie group G has a
natural linear representation in its tangent algebra g. It is defined as follows:
For any g € G consider the inner automorphism

a(g): x—gxg™', where xeG.
Denote by Ad g the differential of a(g) at e. It is an automorphism of the tangent
algebra.

Problem 11. The map Ad: G — GL(g) is a linear representation of the Lie
group G.

Ad is called the adjoint representation of G. Let us compute the corresponding
tangent homomorphism g — gl(g).

Problem 12. In local coordinates in a neighbourhood of the unit we have
gxg =X+ (g, %) + -,

where dots stand for the terms of degree > 3.
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Il we confine ourselves Lo terms of the first degree in X we obtain The

with t

@dMé=f+ﬂ@@+-m

Al
tange
where dots stand for the terms of degree >2 in g- This implies that

5°.
(dAd(n) & = y(7, &), transl
le. Lie g
transf
. . XX

@A) =[&n] (@ ne 9) (12) A

Since d Ad is a Lie algebra homomorphism g — gl(g), we have
L0E.n1.0 =& [n,0717 - [7.[¢{7] (13)

In pa
for any ¢, n,{eqg. Taking into account the anticommutativity of the bracket we Evi
may rewrite this identity in a more Symmetric form: differc

‘ prodt
L0 + [[n, 00,67 + [[L¢Elm =0 (14) Pre
The identity (14) is called the Jacobi identity.
Problem 13. Prove the Jacobi identity starting from for ar
AdG < Autg. Als
An anticommutative algebra that satisfies the Jacobi identity is called a Lie
algebra®. We have proved Prc
Theorem 2. The tangent algebra of an y Lie group is q Lie algebra. » f;?tléf
In particular, gl(V) is a Lie algebra. This however is easy to deduce directly of “pr
from (8).
A Lie algebra homomorphism g = gl(V) is called a linear representation of g,
By Problem 3 the differential of a linear representation of a Lie group is a linear
representation of its tangent algebra.
The Jacobi identity written in the form (13) means that for any Lie algebra g
4 where
the map ad: g - gl(g) defined by the formula | for th
(@dOn=[&n]  (Eneq) : Pre

is a linear Tepresentation of g. This representation is

called the adjoint represen-
lation of g. We have proved (formula (12)) the follow

ing statement:

*When the ground field is of characteristic 2the anticommutativity should be replaced by a stronger - for ar
condition: “[£,¢] = 0 for all ¢é e g™, :
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Theorem 3. The differential of the adjoint representation of a Lie group coincides
with the adjoint representation of its tangent algebra.

A Lie algebra with the zero bracket is called commutative. By Problem | the

tangent algebra of a commutative Lie group is commutative.

5°. Differential Equations for Paths on a Lie Group. By means of left or right
translations we may define natural isomorphisms between tangent spaces to the
Lie group G at different points. Let I(g) be a left translation by g € G, i.e. the
transformation x — gx, and r'(g) the right translation by g, i.e. the transformation
x> xg. For any ¢ € T,(G) put

g¢ = dl(g)(S) € Tp(G),

¢g = dr'(g)(&) € T,,(G).

In particular, if £ € g then g¢, &g € T (G).

Evidently, if G <« GL(V) is a linear Lie group and its tangent spaces at
different points are naturally embedded into L(V'), then g¢ and &g are the usual
products of linear transformations.

Problem 14. Let G be a Lie group. Then
(g =g(hd),  (gS)h =g(lh),  (£g)h = L(gh)

forany g, he G, ¢eg.
Also, note that by the definition of the adjoint representation we have

gég' =(Adg)¢  (feqg)

Problem 15. Suppose a coordinate system with the origin at the unit e of a Lie
group G is chosen in a neighbourhood of e. This naturally determines coordinate
systems on the tangent spaces. Then the Taylor series expansions of coordinates
of “products” g& and &g, where ¢ € g, are of the form

gE =&+ (g, &)+,
Eg=E+ g+,

where o is the bilinear vector-valued function from formula (1) and dots stand
for the terms linear in ¢ and of degree =2 in g.

Problem 16. Let f/: G — H be a Lie group homomorphism. Then
df(9%) = f(g)df (&)

df(¢g) = df(£)f(9)
for any g € G and ¢ < T(G).
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A continuous map
is called a path in X
For any differentiable path t—g(1) in a Lie grou

of a connected subset of the rea] line into the manifold x

P G define a path t— (1) in

6(
the Lie algebra g of G by the equation T
dg(l) unig
o = <), (15) P
G
The path (1) is called the velocity of the path g(r). L
A velocity (1) being given, €quation (15) may be considered as a differentia] yto),
equation for g(r). Written in local coordinates it is of the form Prol
0 rE,q0), 16
This
where (1) and &(1) are the columns of coordinates of the elements g(t) e G and the
¢lr) e g, respectively, and F is a differentiable vector-valued function, that de- the «
pends orly on the chosen coordinate system on G and on the coordinate system T
ong Grot
The uniqueness theorem for a system of ordinary differentia] €quations implies p
that the velocity ¢(t) and the initial value g(ts) = g, uniquely determine the curve
9(t). The latter relation in Problem 14 shows that the set of solutions of (15) is grot
Invariant with respect to right translations. Since We can obtain any initial value for ¢
by an appropriate right translation any two solutions of (15) are obtained from T
each other by a right translation. P
Let us now discuss the existence of 3 solution of ( 15). B : (r cc
Proposition 1. Ler 11— £(t) be a differentiable map of a connected subset § — R D
into the tangent algebra of a Lie group G. Then there exists g solution of (15) any
defined for all t € §. p
Proof. Clearly, it suffices to prove the proposition in the case when S is a ' coir
segment. Furthermore, it suffices to show that there exists ¢ > 0 such that for p
any i, € § there exists a solution of (15) defined for [t — 15| < & Since the set of spac
solutions is invariant with respect to right translations, we may assume that : inve
y(to) = e. Choose a coordinate system in a neighbourhood @(e) of the unit of G, |
which sends the unit to zero. Let R be a positive number such that the neigh- P
bourhood ((e) in the local coordinate system contains the ball (x|l < R. (Here
after ||x| stands for the Euclidean norm of the column-vector " x). Choose a
coordinate system in the tangent algebra g and put € = max, ¢ €@l Suppose
that equation (15) in the above coordinate systems is of the form (16) and put

e e g e oo
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M= max [F(x,yl.
Ixl<cC,lyl<R
Then by the known existence theorem for a system of differential equations [43],
equation (16) has a solution defined for |t — t,| < R/M and ¢ € S. Since R/M does
not depend on ¢, it may be taken as the desired ¢. []

6°. Uniqueness Theorem for Lie Group Homomorphisms

Theorem 4. A homomorphism of a connected Lie group G into a Lie group H is
uniquely determined by the corresponding tangent homomorphism of Lie algebras.

Proof. Let ¢ = df be the tangent homomorphism of the homomorphism
f:G — H. Let us show how f can be recovered from ¢.

Let us join an arbitrary element g € G with the unit by a differentiable path
g(t), where 0 <t < 1. Let £(t) be the velocity of this path. Put h(t) = f(g(1)).
Problem 16 implies that

)

= W) (1

This relation may be considered as a differential éqixatiohfbr h(t). Tbgether with
the initial condition h(0) = e it uniquely determines the path h(t) and therefore
the element f(g) = h(1). [

Theorem 5. Let f be a homomorphism of a connected Lie group G into a Lie
group H. Let H, be a Lie subgroup of H. If df(g) < b, then f(G) = H,.

Proof . 1f ¢(g) = b then equation (17) may be considered as an equation in the
group H,. Its solution in H, is at the same time a solution in H. Hence, h(t) € H,
for any t € [0, 1] and, in particular, f(g) = h(1) e H,. (]

Theorems 4 and 5 have plenty of important corollaries.

Problem 17. The kernel of the adjoint representation of a connected Lie group
G coincides with the center Z(G) of G.

Define the center of a Lie algebra g to be the set 3(g) = {{ e g:[{,£] =0 for
any ¢ € g}.

Problem 18. The tangent algebra of the center of a connected Lie group G
coincides with the center 3(g) of the tangent algebra g.

Problem 19. Let R be a linear representation of a connected Lie group G in a
space V. A subspace U < V is invariant with respect to R if and only if it 15
invariant with respect the tangent representation dR of the Lie algebra g.

Problem 20. Let G, and G, be connected Lie subgroups of G. Then
G, G,<g, =g, and

G, =Gy«=g, =g,
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Problem 21. A connected 1
if and only if its tangent algebra | is an ideal] of g.

7°. Exponential Map. A differentiable pathg(t)in a Lie

group G defined for a]j
reRiscalled a one-parameter subgroup if

In}
g(s + 1) = g(s)g(1)

(and then we automatically have 9(0) = e and g(—1t) =g()™1).
In other words, a one-parameter subgroup is a homomorphism of the Lie

group R into G. Sometimes one defines a one-parameter subgroup to be the

image of such a homomorphism. As Problem 1.14 shows a one-parameter
subgroup in the latter sense may fail to be a Lie subgroup.

Problem 22. The path g(t) defined by the differential equation (15) is a one-
parameter subgroup if and only if £(¢) = const and g(0) = e.

For any ¢ € g put ge(t) for the one-parameter subgroup defined by equation
(15), where £(1) = . Call ¢ its directing vector. For G — GL(V) it is known (and

constitutes the theory of systems of line iﬂerential equations with constant
coefficients) that

" 9¢(t) = exp(t¢)
where the exponent is understood as the sum of the series

k

expX = Y X (X e L(V)).

o kI

The same is obviously true for any linear Lie group.
For an arbitrary Lie group G put

exp(¢) = ge(1), where (eg.

The map exp: g — G thus de

fined is called the exponential map. Here are some
of its properties.

Problem 23. g:(t) = exp(t¢). by
Problem 24. exp is differentiable.

Problem 25. 4, exp = Id.
This implies the following statement.

Proposition 2. The map exp is a diffeomorphism of a neighbourhood of zero of
the tangent algebra g onto a neighbourhood of the unit of G.
However at the global level, the ex

any nice properties. It may be neit
Exercises 9 and 10).

ponential map does not possess, in general,
her injective, nor onto, nor open, etc. (see
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Problem 26. Let f: G — H be a Lie group homomorphism. Then

flexp(&)) = exp(df(¢))  foranyceg

In particular,

Adexp¢ = expad( forany ¢ € g.

As an example consider the homomorphism det: GL,(K)— K*. Since
d(det) = tr (Problem 5), we have

detexp A = e

for any 4 € L,(K).
Problem 27. If [£, 1] = O then exp(£ + 1) = exp ¢ -exp.

In particular, if G is a commutative Lie group then the same applies to any
& 1 € g, i.e. exp is a homomorphism of the vector group g into G. Proposition 2
implies that the kernel of this homomorphism is discrete and its image is an open
subgroup of G. This can be used to classify the connected commutative Lie
groups.

Problem 28. If G is a connected commutative Lie group then expg = G.
Therefore, any n-dimensional connected commutative Lie group over K 18 1$0-
morphic to K"/I', where I” is a discrete subgroup of K".

Problem 29. If G, and G, are isomorphic commutative Lie groups then
there exists an isomorphism of their tangent algebras which maps the kernel
of the homomorphism exp: g, — G, into the kernel of the homomorphism exp:

g;—~ G,.

Therefore, if I'; and I, are two discrete subgroups of K" then the groups K"/,
and K"/I; are isomorphic (as Lie groups) if and only if 7 can be transformmed

into I, by a nondegenerate linear transformation of K".
When K = R there is a simple classification of discrete subgroups of K™:

Problem 30. Any discrete subgroup I”of the vector Lie group R" is transformed
by a nondegenerate linear transformation into a subgroup of the form

— {(x . i =
o=y, x) R Xy, o X € Ly Xpyy = =x, =0}

This implies
Proposition 3. Any n-dimensional connected commutative real Lie group is
isomorphic to a Lie group of the form T* x R"7.

When K = C the classification of connected commutative Lie groups is con-

siderably more complicated (see Exercises 12 and 13).

Let us demonstrate one more application of the exponential map.
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Problem 31. Let ¢ be automorphism of a Lie group G. Then
G ={g€G:a(g) = g}
is a Lie subgroup with the tangent algebra

9”={{eg:da(¢) = ¢).

“8°. Existence Theorem for Lie Group Homomorphisms

Theorem 6. Let G and H pe Lie groups and let G be simply connected. Then Jfor

any Lie algebra homomorphism ©: g — b there exists a Lie group homomorphism
[ G > H such that af = o.

this path. Furthermore, consider a solution h(t) of equation (17) with the initial
value h(0) = e. Set S(g) = h(1).

Since there is an arbitrariness in the choice of g(t), we must prove that f(g) is
well defined. This constitutes the bulk of the proof of the theorem.

We will use the fact that In a simply connected differentiable manifold X
for any two differentiable paths o, and «, that Jjoin some points Xo and x,

there is a differentiable homotopy of %o into a,, i.e. a differentiabje map of the
square

I’ = «{(tl,zz)el}'\%’z:()<t1,t2 <1

into X such that the bottom line is transformed into a, and the top line is

transformed into a;, while the side lines are transformed into Xo and x|,

respectively. B

Lemma. Let (tl,tz)i—-»g(tl,tz) be a differentiable map of I? into a Lie group
G. Let

%09 _ o 5)g(t,s)
ot
(18)
6g(;t, s) _ n(t, $)g(, s),
S

where (1,5), n(r, s) € g. Then

anlt,s) 0(t,s)
B e L ) 1 ) (19)

L TR R o A e et e e
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Proof of the lemma. Since £(t, s) and #(t, s) do not change under the multiplica-
tion of g(t,s) on the right by any element of the group, then, proving (19) at a
point (¢4, 5,) we may assume that g(to, o) = e.

Choose a coordinate system in a neighbourhood of the unit of G and
write (18) in coordinates in a neighbourhood of (¢,,s,). By Problem 15 we

get
(35;[; S) — E(t, S) -+ (x(g([’ S), g(f, S)) e
ag(gt; 5) = (1, 5) + a(nlt, s), g(t,s)) + -,

where dots stand for the terms of degree >2in(t — t,,s — 5,). The differentiation
of the first of these equations with respect to s and of the second one with respect
to t performed at (¢,, o) yields

f
l —
2F(t0,50)  0&(tg,80) = )
5 G = a5 T *ello:so)lto, So))
{ onlty, s 3 _
k = n(; "Q'*‘a(’?(f0=50),5([0~90)),
! t
e
whence
Flto. o)  0(to,%0) 7 ~
T e = VClosob Tt o))
is . ,
1 This means that
6’7([ »S ) af(t , S )
NY ‘ 60[ o) aos 0 = [E(to, So)s Nto, So) -

The lemma is proved. []

Let us continue with the proof of theorem. Let g,(t) and g, (¢) be two differen-
tiable paths in G that join e with g. The corresponding paths in H obtained as

8) the solutions of equation (17) will be denoted by h(t) and h,(t). We must show
~ that hy(1) = h,(1).

There is a differentiable map ¢+ g(t, s) of the square I? into G satisfying

1) g(£,0) = go(1), g(t, 1) = g, (2);

2) g(0,s) = e, g(1,5) = g.

Find &(t, s) and n(t, s) from equations (18). The property 2) implies that

1(0,s) = n(l,s) = 0.
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Now, define the differeh

tiable map (t, 5) - h(t, s) of I2
the initial value problem

into H as the solutjop of -
for the differentia] equation in

t with s as a parameter: °

In}

oh(, s :
LT T W, |
ot F
the
Clearly, h(r,0) = ho(t)and h(z, 1) = hy(¢).
Let
Oh(t,
I~ s,
where {(1,5) € b). Let us prove that {(t,s) = @(n(t,s)). This will imply that {(1, s) =
0, hence h(1,s) = const. In particular, we get ho(1) = h,(1). is c
By Lemma, neif
tiat
ot,s) o t,s
- L N
ot ds
This relation may be considered as a differential equation (in ¢) for {(t, s). Apply-
Ing ¢ to (19) we obtain the same differential equation for ¢ (y(s, s)). Since
£0,5) = 9(7(0,5)) = 0,
whe
C1,9) = (e, s)) for any 1. C
Thus, we have defined the mapping f: G — H. Let us prove that f is a tan
homomorphism. ‘
Suppose g, (1) and (), where 0 < ¢ < 1, are differentiable pathsin G that join 9
¢ with ¢, and 92, respectively, &, (t) and ¢, (t) are their velocities. The path that gro
connects e with g, g, may be defined by sub
sub
o) = g.(2t) for0<r<i1p2 A
=901 — g, forl2<r<1. gro
mo;
Under an appropriate choice of paths ¢, (t) and g2(t) the path g(r) is differentiable. : C
Its velocity ¢(1) is defined by isa
F
2&,(t for0<r <1
&) = { $2(0) TSIl the
251(2t~ ) for12<r<i. H/b
Ifhy(t), hy(t) and h(t) are paths in H corresponding to the paths 9:(t), g,(t) and T
g(1). then : ind
: T2
h(e) = h,(2) for0<e<i12 | e
hy(2t — Dhy(t) for 1/2 < ¢ <L of F




in
1at

sle.

and

| of R.

§2. Tangent Algebra 33
In particular,
fg192) = h(1) = hy (Dhy(1) = flg:)f(g2)

From the construction of f we see that f(exp(¢)) = exp ¢(&) for any £ € g, i.e.
the diagram

Jj

exp exp

Q — =

|

H

is commutative. Proposition 2 and Problem 25 show that f is differentiable in a
neighbourhood of the unit of G and d, f = ¢. The homomorphism f is differen-
tiable at any point g € G because the diagram

G
yt
G

where h = f(g) is commutative. Theorem is proved. []

-

H

4) Ith)

L, H

|

Corollary. Simply connected Lie groups are isomorphic if and only if their
tangent Lie algebras are isomorphic.

9°. Virtual Lie Subgroups. As we have seen (Problem 1.14), the image of a Lie
group under a homomorphism is not always a Lie subgroup. More general
subgroups obtained in this way can sometimes serve as substitutes of Lie
subgroups.

A virtual Lie subgroup of a Lie group G is a subgroup endowed with a Lie
group structure so that the identity embedding i: H — G is a Lie group homo-
morphism. We will assume that [ is embedded into g via di.

Clearly, any Lie subgroup (endowed with the induced Lie subgroup structurc)
is a virtual Lie subgroup.

Problem 32. Let f: H — G be an arbitrary Lie group homomorphism. Then
the group f(H) endowed with a Lie group structure as the quotient group
H/Ker f is a virtual Lie subgroup of G with the tangent algebra df(b).

The topology of a virtual Lie subgroup can be different from the topology
induced by the ambient group. This is the case for a dense winding of the torus
T? which carries the Lie group (in particular, the topology) structure of R but
intersects with any nonempty open subset of the torus on an unbounded subset
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However, Theorem 1.2 implies that any sufficiently small neighbourhood Oyle)
of the unit of a virtual Lie subgroup H is a submanifold of the ambient Lie group
(in particular, possesses the induced topology) and T(Oy(e)) = 1.

The following problem elucidates the topological structure of virtual Lie

subgroups. |
a
Problem 33. Let H be a virtua] Lie subgroup of G. There exists a neighbour- i
hood ¢ (e) of the unit of H and a submanifold § = G containing the unit such '
that the map
V1S x Oy(e) > G, (s, h)+ sh, g
is a diffeomorphism of § x Cy(e) onto a neighbourhood (g (e) of the unit of G F\f
and
A
H N Cgle) = TCy(e), o
where T = H A S is finite or countable. If Oyle) is connected, it is a connected gf
component of H N Og(e) in the induced topology. d
Theorem 7. Ler G, G, be virtual Lie subgroups of G. If G, =G, then G, is a ni
virtual Lie subgroup of Gyand g, < g,. Conversely, if q, = 82 and G, is connected
then G, = G,. Vi
,‘f
Problem 34. Prove this theorem. A -
Corollary 1. If virtual Lie subgroups G,, G, of G coincide as subsets then they g
carry the same Lie group structure. h
Corollary 2. 4 connected virtual Lie subgroup is uniquel y determined by its
tangent algebra (the subalgebra of the tangent algebra of the ambient Lje group)
Introducing virtual Lie subgroups makes the correspondence between Lie T
subgroups and subalgebras of the tangent algebra more complete. Namely, the di
following holds: . b:

Theorem 8. Any subalgebra by of the tangent algebra of a Lie group G is

the tangent algebra of a (uniquely determined) connected virtual Lie subgroup ; L
H.

Proof of this theorem will be given in n. 4.3. :

There exists a simple topological characterization of Lie subgroups and virtua] '
Lie subgroups of real Lie groups. By E. Cartan’s theorem any closed subgroup
of areal Lie group is a Lie subgroup (proof of this theorem can be found e.g. in

[4] or [1]). Therefore Lie subgroups of real Lie groups are the same as closed
subgroups. b

are just the subgroups with a finite or countable number of pathwise connected di
components (in the induced topology). 21
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10°. Automorphisms and Derivations. Let G be a connected Lie group and
Aut G the group of its automorphisms (as of a Lie group).

Any group automorphism of G generates an automorphism of its tangent
algebra g. If G is simply connected then the converse is true (Theorem 6); in this
case Aut G is naturally isomorphic to Aut g, the automorphism group of the Lic
algebra g. The latter group is a linear Lie group (Example 1.5.3). Therefore, Aut ¢
is naturally endowed with a Lie group structure provided G is simply connected.

Problem 35. The action of the Lie group Aut G on a simply connected Lic
group G is differentiable.

Similarly as for abstract groups, the inner automorphisms of a Lie group G
constitute a normal subgroup of Aut G isomorphic to the quotient group G/Z
(where Z is the center of G) and denoted by Int G. Accordingly, their differentials
Adyg, g € G, called the inner automorphisms of the Lie algebra g, constitute the
normal subgroup of Autg. This subgroup is denoted by Intg.

The quotient group Aut G/Int G (resp. Aut g/Int g) is called the group of outer
automorphisms of the Lie group G. (resp. Lie algebra g). (Clearly, this term should
not be understood literally. Moreover the outer, i.e. not inner, automorphisms
do not constitute a group at all.) For a simply connected group G we have the
natural isomorphism Aut G/Int G ~ Autg/Intg.

The group Int g, being the image of G under the adjoint representation, is a
virtual Lie subgroup of Aut g. However, it might be not a genuine Lie subgroup:
cf. Exercise 19.

The tangent algebra of Aut g is the Lic algebra der g of derivations of
g (Example 3.2). The tangent algebra of Intg is the image of g under the
homomorphism

ad =dAd:g— Dderg

This shows, in particular, (see Corollary 2 of Theorem 7) that Intg does not
depend on the choice of G from connected Lie groups with the tangent alge-
bra g.

The derivations of the form ad ¢, £ € g, are called the inner derivations of the
Lie algebra g.

Problem 36. The inner derivations constitute an ideal of der g. More preciscly

[D,ad ¢] = ad D¢ forany D e derg, &€ g. (20)

Examples. 1) If g is a commutative Lie algebra then

Autg = GL(g), Intg = {E}.

2) Let g be the Lic algebra of nil-triangular (triangular with zeroes on the
diagonal) 3 x 3 matrices. This is the tangent algebra of the Lie group of unitrian-
gular 3 x 3 matrices. For its basis take:
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0 1 0 0 0 0 0 0 1
X=10 0 0], Y=1{0 0 1 |, Z=10 0 0],
0 0 0 .0 0 0 0-—-0--0-

with the commutation relations

[X.Y1=2  [X,Z]=[Y,z]=0

The subspace 3 = (Z) is the center of g. Any automorphism should transform
3 into itself, i.e. multiply Z by some ¢ 0. It is subject to a straightforward
verification that such an automorphism induces in 9/3 a linear transfor-
mation with determinant c. Conversely, any linear transformation with these

properties is an automorphism of g. The inner automorphisms are of the T
form ' is
X>X+aZ, YY+bZ Zisz (a,beK). T
Cl(
The group Int g in this case is a Lie subgroup of Aut g and is isomorphic to the a
two-dimensional vector group. The quotient group Autg/Intg (the group of
outer automorphisms of g) is isomorphic to GL,(K). a
3) Let g be the Lie algebra of matrices of the form (g ())}), where x,y e K.
This is the tangent algebra of the Lie group G of matrices of the form
1 .. .
(g ;), where a, be K, a # 0. The group G is isomorphic to the group of
. . . . 10
afline transformations of the line. For the basis of g take X = <0 O)’ and W
o . . . si
Y = (() O),satxsfymg [X,Y] = Y. A straightforward calculation shows that the
nner automorphism defined by 0 1)€ G acts as follows: 8
B
XX — by, Y>aY.
On the other hand, any automorphism of g is, clearly, of this form. Thus, in this :
case i T
tl

Autg = Intg ~ G.

11°. The Tangent Algebra of a Semidirect Product of Lie Groups. To semidirect
products of Lie groups there correspond semidirect sums of Lie algebras (which
could as well have been called semidirect products).

A semidirect sum of Lie algebras g, and 9, is the direct sum of vector spaces
g, and g, endowed with the bracket ‘ n

te
1C
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(&1, ¢ (mum)] = (L, m ] + By — B(n)E, €2, m2]), (21)

where [ is a Lie algebra homomorphism g, — der g,. We will denote the semi-
direct sum by g, D g,, or more prudently by g, B;g,.

Problem 37. A semidirect sum of Lie algebras is a Lie algebra.

The elements of the form (£,, 0) (resp. (0, £,)) constitute a subalgebra of g, P g,
isomorphic to g, (resp. g,), usually identified with g, (resp. g,). The subalgebra
g, is an ideal and

[£2.8,] = B(EL)E, (¢1€01.¢,€8,) (22)

The subalgebra g, is an ideal if and only if § = 0. In this case the semidirect sum
is isomorphic to the direct sum g, @ g,.

Example. Let V be a vector space considered as a commutative Lie algebra.
Then der V = gl(V). For any linear representation p: g — gl(V) of g we may
construct the semidirect sum V P, g which is also a Lie algebra. The space V is

-a.commutative ideal in it.

One says that a Lie algebra g splits into a semidirect sum of Lie subalgebras g,
and g, if

1) g, is an ideal,

2) g is the direct sum of subspaces g, and g, as a vector space.

In this case we have an isomorphism

g1 Ppa, =g, (61,820 ¢y + &,

where f: g, — derg, is the homomorphism defined by formula (22). In this
situation we will write g =g; Pg,0org=4g,¢ g;.

Theorem 9. The tangent algebra of the semidirect product G, x, G, of Lie
groups G, and G, is the semidirect sum g, Dy @, of their tangent algebras and
p = dB,where B: G, — Aut g, is a Lie group homomorphism defined by the formula

B(g,) = d(b(g,)) for any g, € G,.
Problem 38. Prove this theorem.

Examples. 1) Let R: G - GL(V) be a linear representation of a Lie group G.
The tangent algebra of the semidirect product V xz G (see Example 1.11.1) is
the semidirect sum V' P, g, where p = dR.

2) The Lie group GA(V) of affine transformations of a vector space V is
identified with the semidirect product V x,, GL(V) (see Example 1.11.2). Its
tangent algebra is identified with the semidirect sum V P,y gl(V), where id is the
identity linear representation of the Lie algebra gl(V) in V.

Problem 39. Let G, and G, be simply connected Lie groups. For any homo-
morphism f: g, — der g, there exists a homomorphism b: G, — Aut G,, such that
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the G,-action on G, defined by b is differentiable and the tangent algebra of the
semidirect product G, %, G, is g, Bs9,.

)

2)

3)

4)

6)

Exercises

The tangent algebra of the group of invertible triangular matrices is the Lie
algebra of all triangular matrices.
Let 4 be a finite-dimensional associative algebra with unit | over a field K,

Then the multiplicative group A* of invertible elements of 4 endowed with
the induced differentiable structure (as an open subset of the space A4) is a
Lie group. Prove that under the canonical identification of the tangent space
T,(A*) with the space A the bracket in the tangent algebra of the group A*

is defined by the formula [En]=¢n — nt. .
With the notation of 1°, define a bilinear operation * in the space 1,(G) by

the formula

Exen = a(& ) + a(f, &),

Prove that for a suitable coordinate system this operation coincides with
any given commutative bilinear operation in T,(G).

The tangent algebra of the centralizer Z(g) of an element g € G (see Exercise
1.6)) coincides with

3(9) = {{eg:(Adg)t = ¢) = leg gs=¢g).

Suppose ¢ is an element of the tangent algebra g of a Lie group G. Its
centralizer Z(¢) in G defined as

Z(E) = {geG: (Adg)¢ = &)

1s a Lie subgroup whose tangent algebra coincides with the subalgebra
3C)={neg:[&y] = 0} called the centralizer of ¢ in the Lie algebra g.
Let H be a connected Lie subgroup of G. Its normalizer

N(H)={geG:gHg™ = i)
isa Lie subgroup and the tangent algebra of N(H) coincides with the algebra
nb) ={leg:[&h] b,

called the normalizer of bing.

The tangent algebra of U, consists of all skewhermitian n x matrices.
Deduce the Jacobi identity in the tangent algebra of a Lie group directly
from the associativity of the product in the Lie group. (Consider the terms
of degree <3 in the Taylor series expansions of coordinates of products of
any three elements close to the unit.) ‘
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n>1

For GL,(C) the exponential map is onto, but it is neither open nor injective.
For SL,(R) the exponential map is not onto.
If the tangent algebra of a connected Lie group G is commutative then G, is
commutative.
Any noncompact connected one-dimensional complex Lie group is iso-
morphic to either C or C*.
Any compact connected one- dimensional complex Lie group is isomorphic
to a Lie group of the form A(u) = CAZ + Zu), where u€ C, Imu > 0. The
Lie groups A(u) and A(v) are 1somorph1c (as complex Lie groups!) if and only
. au + b a b
ifv= i d where (c d> € SL,(2).
Any connected compact complex Lie group G is commutative. (Hint: For
any ¢ € g the linear transformation ad ¢ is diagonalizable and its eigenvalues
are purely imaginary.)
If the center Z of a connected Lie group G is dlscrete then the center of the
quotient group G/Z is trivial.
A connected Lie group is nilpotent (as an abstract group) if and only if its
tangent algebra is nilpotent. (A Lle algebra g is called nilpotent if there exists
a sequence of subalgebras

3=0028;2""" 2 Gm-1 2 Gn =0,

such that[g,g;] = g;+,.) (Hint: Prove that the center of a connected nilpotent
Lie group is of positive dimension.)

The connected components of open sets in the induced topology on a virtual
Lie subgroup constitute a base of its inner topology.

Let g be the Heisenberg algebra i.e. the Lie algebra with basis {x,,....
Xps Vi»--» Vur 2} such that [x;,y;] =z (i = 1,...,n), all the other brackets of
base elements being zero. Find Aut g, Int g and Autg/Intg.

Let g be the Lie algebra of diagonal complex 3 x 3 matrices whose diagonal
elements x,, x,, x5 satisfy the condition x,:x,:Xx; = ¢,:c5:¢c3, where ¢, ¢,
¢ are fixed real numbers. The group Int g is a Lie subgroup of Autg if and
only if the differences ¢, — ¢, and ¢, — c; are commensurable.

Let a Lie group G split (as an abstract group) into a semidirect product of
its virtual Lie subgroups G, and G,. Then G, and G, are genuine Lie
subgroup.

Hints to Problems

In V, choose a basis and assign to any linear transformation X € GL(V) the
matrix X = [X] — E, where [ X] is the matrix of X in this basis. The elements
of X may be taken for local coordinates in a neighbourhood of the unit E;
then E has zero coordinates. A straightforward verification shows that

XY=X+Y+
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Hence, a(X,Y) = XY and WX, Y)= XY — YX for any X, Y. In the asso-
ciated coordinate system of the tangent space L(V) of the Lie group GL(V)

(at E) the coordinates of a linear transformation coincide with the elements

of its matrix. Therefore

[X.YI=XY—YX  forany xyer(n),

Choose coordinate systems in neighbourhoods of the upj
76 and yy be bilinear vector-functions defined by formul
dinate systems on G and H, re

ts of G and H. Let

a (3) in these coor-
spectively. Let C be the Jacobi matrix of the

t

a
map fate e G. Then 18. S]
t
JO)=Cx+ -, 19. A
g
where dots stand for the terms of degree >2. Hence 20. é
JG ) = Cro(%5) + -+, At
1
(G0 SD) = py(Cx CT) + -, !
where dots stand for the terms of degree > 3. Since J(x,p) = (S (x), f()), we 2.1
have
CY6(X. ) = 14(CX, Cy).
Furthermore ¢
N
4@ = cz h
23. N
Therefore, the above formula and the definition of the brackets in g and b 4.1
““““ imply that 1 0
P
Af([&n]) = [df(&).df ()] for any ¢, n e g, ; s g
1.e. df'is a tangent algebra homomorphism., 26. L
4. Apply Problem 3 to the identity embedding of the subgroup. : 27. F
5. Find the coefficient of ¢ in the polynomial det(E + tX).
6. Apply Problem 3 to the canonical homomorphism p:G-H.
7. In the definitions of the representations Ad and Sq put 4 =E +tY and
differentiate with respect to ¢ at r = (),

10. It suffices to prove these formulas for simple tensors f and F » Tespectively. 28. F
It can be done using Problems 8 and 9. The other possible approach is to 29. F
take a derivative of formulas (1.1) and (1.2) with respect to A4 (at E). 30. S

I'l. Use the fact that a is a G-action, i.c. a(g.,g,) = a(g,)a(g,). v

t2. The simplest approach is to start

from the relation (9xg™")g = gx.

b
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If we consider Ad as a Lie group homomorphism G — Aut g, then ad is a Lie
algebra homomorphism g — der g (see Example 3.2). Hence ad ¢ is a deriva-
tion of the Lie algebra g for any £ € g. By anticommutativity this is equivalent
to the Jacobi identity.

The Taylor series expansion of the coordinates of g¢ (resp. {g) is obtained
from the Taylor series expansion of the coordinates of the group products,
when we choose only terms linear in the second (resp. first) factor.

By the definition, Ad g is the differential of the inner automorphism a(g) of
the group G. By Theorem 4 Adg = E if and only if a(g) is the identity
automorphism, i.e. when g € Z(G).

Since Z(G) is the kernel of Ad, the tangent algebra of Z(G) is the kernel of
the tangent representation ad (see 2°), and the latter is just 3(g).

Apply Theorem 5 to the homomorphism T: G — GL(V) and the Lie sub-
group GL(V; U) = GL(V). (See the solution of Problem 1.24).

Apply Theorem 5 to the identity embedding G, <> G and the subgroup
G, cG.

The subgroup H is normal if and only if it is invariant with respect to the
inner automorphisms of the group G. By Problem 20 this is equivalent to
the invariance of the tangent algebra [y with respect to the adjoint represen-
tation of G. Next, apply Problem 25 and Theorem 2.

If g(t) is a one-parameter subgroup, then

dg(t) dg(s + 1)

_ dg(s)
dt ~—  dr B
I3

s ~g(t).
s=0

s=0

Conversely, if the path g(t) satisfies (15), where £(t) = const, then for any fixed
s € Rthe path h(t) = g(t + s) satisfies the same equation with the initial value
h(0) = g(s). If, moreover, g(0) = e, then h(t) = g(t)g(s).

Make a linear change of the variable t in equation (15).

The differentiability in a neighbourhood of zero follows from the theorem
on smooth dependence of solution of a system of differential equations on
parameters. The global differentiability can be proved using the fact that by
Problem 23 exp & = (exp &/m)™ for any m e Z.

Problem 23 and the definition of g.(t) imply that (d, exp)(¢) = ¢.

Use Problem 16.

Prove that (Adexp t&)n = 5, next prove that

d . ,
E(expti‘expm) = (& + n)expté-exptn.

Follows from Problem 20.

Follows from Problem 26.

Show by induction in n that /" is generated by a linear independent set of
vectors. For this choose an indivisible vector e; € I" and prove that I'/Ze, is
a discrete subgroup of the (n — 1)-dimensional vector group R"/Re,.
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31. Make use of the fact that

d(exp &) = exp dé(&) forany ¢ eg.

12. Make use of Proposition 1.16.

33. The neighbourhood Oy(e) and the submanifold S = G are constructed as in
the solution of Problem 1.19. The countability of T follows from the fact that

H can only contain a finite or countable family of mutually nonintersecting thest
open subsets. To prove the latter statement one should make use of the fact man
that any countable subset of R" js discrete. diffe

34. In order to prove the first statement of the theorem it is necessary to show ofa
that the identity embedding of G, into G, is differentiable. With the help of num
Problem 33 applied to G, one can show that a sufficiently small connected D
neighbourhood of the unit of G, is contained in a neighbourhood of the unit T)
of G, which is a submanifold of G, This implies the required differentiability. C ar

The second part of the theorem is proved as Theorem 5.

35. The differentiability of the (Aut g)-action on g and the fact that automor- P
phisms commute with the exponential map imply the differentiability of the P
map

P

(AutG) x G - G, (e, g)l—»’oc(g) (23) neig

on (Aut G) x ((e), where ((e) is a neighbourhood of the unit of G. On the P

other hand, the theorem on differentiable dependence of g solution of a Tl
system of differential equations on parameters implies that a(g) is differen-

tiable with respect to « for any g. The differentiability of the map (23) at any d{[qe)
point (o, g,) follows from this with the help of the identity :

2(9) = a(go)alge'g). )

P

38. Calculate the differentia] of the adjoint representation of Gy %, G, Tl

39. The desired homomorphism b is obtained from g by “integrating”, i.e. the grou

procedure inverse to the one described in the formulation of Theorem 9. P

The differentiability of the Gp-action on G, defined by it follows from ; P,
Problem 35. , :

1s th

A

§3. Connectedness and Simple Connectedness tran

mat:

As shown in § 2 (Theorems 2.4 and 2.6) connectedness and simple connected- ‘ ’ This
ness play an important role even at the first stages of the Lie group theory. That | )
is why we have devoted to them a separate section, g P

The definition of the fundamental group and the proof of topological theorems C
used in this section (the existence of the simply connected covering, the exactness

mat.
of the homotopy sequence of a locally trivial bundle, etc.) can be found e.g. in | line:
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[56]. One should have in mind that these theorems hold and are naturally proved
for more general topological spaces and their maps rather than differentiable
manifolds and differentiable maps we deal with in this book.

1°. Connectedness. A topological space is called connected if it is not a union
of two non-intersecting non-empty open subsets and pathwise connected if any
two of its points can be joined by a continuous path. For a differentiable manifold
these notions coincide. Moreover, any two points of a connected differentiable
manifolds can be joined by a differentiable path. Connected components of a
differentiable manifold are both open and closed. The assumption of existence
of a countable base implies that a differentiable manifold has a finitc or countable

number of connected components.
Denote by G° the connected component of a Lie group G, which contain e.

Theorem 1. G° is a normal Lie subgroup of G. Other connected components of
G are cosets with respect to G°. The quotient group G/G° is discrete.

Problem 1. Prove Theorem 1.
Problem 2. Any open Lie subgroup of G is closed and contains G°.

Problem 3. A connected Lie group is generated (as an abstract group) by any
neighbourhood of the unit.

Problem 4. Any closed subgroup of a finite index of a Lie group is open.

Theorem 2. Let G be a Lie group and o its transitive action on a connected
differentiable manifold X. Then

1) the Lie group G° also acts transitively on X;

2) G/G° = G,/G. G° for any point x € X;

3) if the stabilizer G, is connected for some x € X then so is G.

Problem 5. Prove Theorem 2.
Theorem 2 enables us to answer the question whether the classical linear Lie
groups are connected.

Problem 6. SL,,(K) is connected.

Problem 7. O,(K) has two connected components. One that contains the unit
is the subgroup SO,(K) of unimodular orthogonal matrices.

An n x nmatrix (n being even) is called symplectic if the corresponding linear
transformation of K" preserves the skew-symmetric bilinear from with the

. 0 E . o
matrix ( E 0). The group of symplectic matrices is denoted by Sp,(K).

This is a Lie group of dimension n(n + 1)/2 (see 1.5°, Example 2).
Problem 8. Sp,(K) is connected.

Consider a more complicated example. Let k, [ >0 and k + [ =n. A real
matrix of order n is called pseudoorthogonal of signature (k, 1) if the corresponding
linear transformation preserves the quadratic form
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Y — 2 -2 2 2
q(x) = x7 + + X — X Xy -

The group of pseudoorthogonal matrices of signature (k, /) is denoted by O, It
is-a Lie group of dimension n(n — 1)/2 (see Example 1.5.1). Clearly 0.1 =0,,.
As in the case of usual orthogonal matrices, the subgroup SO, ; of unimodular
pseudoorthogonal matrices is an open subgroup of index 2 in O,.;. But, as we
will see, it is not connected.

Problem 9. The upper left minor di(A) of order k of any pseudoorthogonal
matrix 4 € O, , is nonzero.

SOy, contains matrices with both positive and negative values of d,. Such
matrices are easy to find even among diagonal matrices. Since the subsets that
are distinguished by inequalities d, > 0 and di < 0 are open, the group SO, , is
not connected. '

Problem 10. SO, , has two connected components. The connected component
containing the unit is distinguished by d, > 0.

2°. Covering Homomorphisms. The principal technique of Lie group theory
consists in replacing the study of Lie groups by the study of their tangent
algebras. The applicability of this method depends on the extent to which a Lie
group can be recovered from its tangent algebra. Such a recovery is possible and
unique for simply connected Lie groups (Corollary of Theorem 2.6), and con-
nected Lie groups are determined up to covering homomorphisms.

Recall that a covering is a locally trivial bundle with a discrete fibre.

Problem 11. Let f be a homomorphism of a connected Lie group G into a Lie
group H. The following conditions are equivalent:

1) /is a diffeomorphism of a neighbourhood of the unit of G onto a neigh-
bourhood of the unit of H;

2) the kernel of f is discrete;

3) fis a covering;

4) df is a tangent algebra isomorphism.

Homomorphisms satisfying conditions of Problem 11 will be called covering
homomorphisms.

Examples. 1) The homomorphism
SiR—T, where f:xe®,
is covering since its kernel, i.e. 2nZ, is discrete.

2) Consider the adjoint representation Ad of the Lie group SL,(C). The
transformations

AdA: X AXA™ (4eSL,(C), X € s1,(C))

preserve the function det which is a nondegenerate quadratic form on sl,(C) and

cides
SO(s
SO3(
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AdSL,(C) = O(sl,(C), det) ~ O4(C). The kernel of Ad is the center of SL,(C)
which consists of E and — E.

Since dim SL,(C) = dim O,(C) = 3 and SL,(C) is connected, Ad SL,(C) coin-
cides with the connected component of O(sl,(C),det), ie. with the subgroup
SO(sl,(C), det) = SO;4(C). Thus, there is a covering homomorphism SL,(C) —
SO, (C) whose kernel consists of E and —E.

Problem 12. Any discrete normal subgroup of a connected Lie group G is
contained in the center of G.

Thus, for a given connected Lie group G the description of covering homo-
morphisms G — H boils down to the description of discrete central subgroups
of G.

3°. Simply Connected Covering Lie Groups. A connected differentiable mani-
fold is called simply connected if any closed path in it is homotopic to a trivial
one. It is known [45] that any connected differentiable manifold can be covered
by a simply connected manifold. For the sake of brevity we call it the simply
connected covering.

~ The following functorial property holds.

(F) Let X and Y be connected manifolds, f: X — Y a differentiable map. Let
p: X - X and q: ¥ — Y be the simply connected coverings. Then for any points
%, € X and j, € ¥ such that f(p(%,)) = q(J,) there exists a unique differentiable
map f: X — ¥ such that the diagram

!

>

=

~ e
B~
-

X*—f—>

commutes and f(%,) = J,. In this case we say that f covers f.

Let p: X - X be the simply connected covering. The diffeomorphisms of X
covering the identity diffeomorphism of X form the group I"(p) called the group
of the covering p. By (F), for any %,, %, € X such that p(%,) = p(%,) there exists
a unique element of /'(p) which transforms X, into X,.

The group I(p) is isomorphic to the fundamental group mn,(X) of X; the
isomorphism is obtained as follows. Choose a point %, in X and let xo = p(%,).
Then to any element y of I'(p) we assign the class of closed paths in X with
the origin in x, which are images under p of those paths in X which join %,
with y(X,).

Theorem 3. Any connected Lie group G is isomorphic to the quotient group G/N,
where G is a simply connected Lie group, and N is its discrete central subgroup.
The pair (G, N) is defined by these conditions uniquely up to an isomorphism, i.e. if
(G,,N,) and (G,, N,) are two such pairs, then there is a Lie group isomorphism
G, - G, that transforms N, into N,.
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The canonical homomorphism G — G/N is covering and therefore the group.

G is called the simply connected covering Lie group of G.

Proof Let p: G —> G be a simply connected covering of the group manifold G
mapping p x p:G x G—G x Gis
the simply connected covering of the manifold G x G. Define the multiplication
fi:G x G- G to be the covering map for the multiplication y in G which

and 2 € G a pullback of the unit e of G. The

transforms (&, é) into &. Define the inversion i G — G
of the inversion 1 in G which transforms € into itself,

Problem 13. The multiplication /i and the inversion 7 satisfy group axioms for
G with ¢ as the unit.

Thus, we have turned the manifold G into a Lie group. The definition of
multiplication in G implies that p is a homomorphism. Its kernel N is a discrete
central subgroup (Problems 11 and 12) and G =~ G/N (Theorem L.5).

Now, let G, and G, be simply connected Lie groups, N; and N, their discrete
central subgroups and f: G,/N, - G,/N, a Lie group isomorphism. The cano-

~

nical homomorphisms p, : G, ~G,/N, and p,: G, — G,/N, are covering, By (F)

there is a diffeomorphism f: G, - G, that covers J and transforms the unit é, of
G, into the unit &, of G,. Since the diagram

=~ !

> G2

b0

S
GI/N] I Gz/Nz

commutes, f(N,) = N,.

Problem 14. The map fis a group isomorphism.

The theorem is proved. [

Problem 15. Under the assumptions of the theorem, N ~ n(G).

In particular, this implies that the fundamental group r,(G) of any connected
Lie group G is abelian.

Theorem 3 and corollaries of Theorem 1.6 imply that the connected Lie
whose tangent algebras are isomorphic to a given Lie algebra ;
described as follows: among them there exists a simply connected one, unique
up to an isomorphism and the other ones are obtained from it taking quotients

modulo different discrete central subgroups. In Chapter VI we will show that for

any finite-dimensional Lie algebra g there exists a Lie group whose tangent
algebra is isomorphic to g.

Theorem 3 may be viewed as a generalizati
commutative Lie groups obtained in 2.7,

, if exist, are

on of the description of connected

4°. Exact Homotopy Sequence. In order to calculate fundamenta] groups of

Lie groups it is convenient to use a part of the exact homotopy sequence of a
locally trivial bundle.
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Let X and Y be connected differentiable manifolds, p: X — Y a locally trivial
bundle with fibre Z. Let i: Z — X be a diffeomorphism of Z with p~!(y,), the
inverse image of a distinguished point y, of Y. Fix points x, and z, in X and
Z respectively so that i(zo) = x, and therefore p(x,) = y,. Then the canonical
homomorphisms

Py T (X, xq) = 7, (Y, yo)
i My (Z,20) = (X, xq)

are defined. Let 7,(Z) be the set of connected components of Z. For any closed
path B in Y beginning at y, there is a path « on X beginning at x, such that
p(a) = B. A connected component of Z whose image contains the end of the path
« depends only on the homotopy class of . Therefore the map

0: (Y, yo) = 1o(Z)

is well-defined.
The part of the exact homotopy sequence we need is of the form

i a
T (D)= 7y ()2 1y (Y) — 16(Z)— 0

Here, the exactness means the following:

1) Kerp, =Imi,;

2) the fibres of @ are the cosets of 7, (Y) with respect to Im p,;

3) 0 is surjective.

Also, if m,(Y) = 0, i.e. any continuous map of a two-dimensional sphere into
Y is homotopic to a trivial one, then i, is injective.

Let us apply the above to the locally trivial bundle p: G — G/H, where G is a
connected Lie group, H its Lie subgroup. Take the unit e of G to be the
distinguished point of G and let p(e) = H be the distinguished point of G/H.
Define i to be the identity embedding of H into G.

In this case m,(Z) is the group H/H®. Denote by : the inversion in this group.

Problem 16, The map 1 0 8: n,(G/H) - H/H® is a homomorphism.
Thus, the following theorem holds.

Theorem 4. Let G be a connected Lie group, p: G — G/H the canonical map,
i: H — G the identity embedding. Then the sequence of groups and homomorphisms

7, (H)—% 7,(G)—2% ,(G/H)— H/H®—— 0

is exact. Moreover, if n,(G/H) = 0, then i, is injective.
Corollary 1. If n,(G/H) = n,(G/H) = 0, then n,(G) = n,(H).
Corollary 2. If G is simply connected, then n,(G/H) =~ H/H°.

Now we will apply Corollary 1 in order to calculate the fundamental groups
of classical complex Lie groups.
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Problem 17. SL (C) and Sp,.(C) are simply connected.

Since SO,4(C) =~ SL,(C)/{E, — E} (see Example 2.2jand SL,(C) is simply con-
nected, we have m;(SO5(0)) = 7,,.

Sk
, ; 7. Clear
Problem 18, n(SO,(C) = Z, forn > 3. (o sh:
, SO, (i
Exercises of an
1) A Lie subgroup H of a Lie group G contains G° if and only if the manifold 8. Cons
G/H is discrete. S ' ‘ that t
2) If in the definition of a Lie group we omit the assumption that the group to Sp
manifold possesses a countable base then any connected Lie group still 9. Ifd,(.
possesses a countable base, has a
3) GL,(C) is connected and GL,(R) has two connected components. vecto
4) U,and SU, = {4 € U,:det A = 1} are connected. the fc
5) The group O,.1/O2 ), where k, | > 0, is the direct product of two cyclic groups 10. For A
of order 2.
6) Construct the covering homomorphism SU, - SO;,. '
7) Suppose « is an action of a simply connected Lie group G on a connected
differential manifold X and p: X - X the simply connected covering. Then Prov.
there exists a G-action & on X such that P(E(9)%) = a(g)p(X). morg
8) SU, and Sp,, (see exercise 1.3) are simply connected. numt
9) 7,(SO,) ~ Z,forn > 3, conn
10) Any connected two-dimensional real Lie group is either commutative of 1. The ¢
isomorphic to the group of orientation preserving affine transformations of 2)=
the line. 2. Let !
I1) For any connected Lie group G the differentials of all its automorphisms ne N
form a Lie subgroup in Aut g. (Hint: characterize a sufficiently small neigh-
bourhood of the unit of this subgroup in terms of the (Aut g)-action on the
simply connected covering Lie group of G) ,
[ts ir
S - Hints to Problems ' CEE f belor
1. Use the fact that the inversion, left and right translations, and inner auto- : 13. Since

morphisms are diffeomorphisms of the group manifold, and therefore can
only permute connected components.

2. An open subgroup is closed since its complement is the union of cosets and wher
each coset is also an open subset.

3. Prove that the subgroup generated by a neighbourhood of the unit is open
and use Problem 2.

5. Let x € X. Theorem 1.1 yields rk o, = dim X. Applying this theorem to the
restriction of the action a to G° we find that the orbit (G%)x contains a ‘
neighbourhood of x. Hence, all the orbit of GO are open in X. Since X is 1S cO
connected, there is actually only one orbit, ie. GO acts transitively on X,

and t
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6. Consider the natural SL, (K)-action on the punctured space K"\{0}. Prove

7.

8.

9.

10.

11

12.

13.

that the stabilizer of any point is difffomorphic to the direct product
SL,_,(K) x K"1,

Clearly, SO,(K) is an open subgroup of index 2 in O,(K). Therefore, it suffices
to show that SO,(K) is connected. In order to do this consider the natural
SO,(K)-action on the sphere x? + --* + x? = 1 and prove that the stabilizer
of any point is isomorphic to SO, _ (K).

Consider the natural Sp,,(K)-action on the punctured space K*"\{0}. Prove
that this action is transitive and the stabilizer of any point is diffeomorphic
to Sp,—,(K) x K*"°1,

Ifd,(A) = 0 then the image of the subspace spanned by the first k basic vectors
has a nonzero intersection with the subspace spanned by the last [ basic
vectors. This is impossible, since the quadratic form g is positive definite on
the former and negative definite on the latter.

For k > 2 and [ > 1 consider the SO, ;-action on the hyperboloid

X%+'+X£~Xf+1'“'——x3=1‘

Prove that this action is transitive and the stabilizer of any point is iso-
morphic to SO,_, ,. Use the isomorphism SO, ; = SO, , to prove that the
number of connected components of SO, , does not exceed the number of
connected components of SO, ; which equals 2.

The equivalences 1) <> 2) <> 4) follow from Theorem 1.2 and the implication
2) = 3) follows from Theorems 1.3 and 1.5.

Let N be a discrete normal subgroup of a connected Lie group G. For any
n e N consider the map

G— N, where gr—gng™L

Its image is connected, hence consists of one point n. That means that n
belongs to the center of G.
Since each of the maps

~

fio(fixid),fo(idxf)yGxGxG-0a,

where

~ ~ o~

ﬁ o (II X ld) ()Z, .)7’ Z)H[](/I(X, .)))v Z~)9

is covering for the map

GxGxG-QG, (x,y,2)—> xyz,

and transforms (¢, €, &) into € we obtain the associativity of the multiplication
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ji. We similarly prove that

and

14. Each of the maps

G x G =G,  EP-TED. (%)= 3) ),
covers the map
(GI/NI) X (Gl/N1)*Gz/Nz, (x, y) = f(xy),

and transforms (¢, &, ) into &,. Hence, f(Xj) = R,

15. Let p: G — G be a covering homomorphism with kernel N. Prove that the
elements of the group I'(p) are multiplications by elements of N.

16. Let B, and B, be closed paths on G/H with the source at p(e). Let «, and o,
be paths on G beginning at e such that p(«;) = §, and p(a,) = B,. Let the
ends of «; and «, be h; € H and h, € H, respectively. Consider the path o
obtained from o, via the right multiplication by h,. This path begins at h,
and terminates at /:,h,. We have p(a;akt) = 8, 8,. Therefore § transforms
the homotopic class of the path g, B, into hyh, H® = (h, H®)(h, H®), i.c. 0 is
an antihomomorphism. Therefore, - 3 is a homomorphism.

17. Consider the action of these groups on the punctured spaces C™"\{0} and
C?"\{0}, respectively. (See hints to Problems 6 and 8).

18. For n > 3 consider the SO, (C)-action on the complex sphere in the space C"
(see hint to Problem 7). Prove that the complex sphere is homotopically
equivalent to the real sphere of the same dimension. s

§4. The Derived Algebra and the Radical

This section is devoted to the part of the Lie group theory related to the
construction of the derived algebra. We will define here two opposite types of
Lie groups: solvable and semisimple. Any Lie group is constructed from groups
of these two types in the sense that it possesses a connected solvable normal Lie
subgroup the quotient group modulo which is semisimple.

1°. The Commutator Group and the Derived Algebra. Recall that the commu-
tator group of a group G is the subgroup (G,G)= G’ generated by all the
commutators (x, y) = xyx~'y~!, where x, y € G. This subgroup is normal and it
is the smallest normal subgroup the quotient group modulo which is commu-

tative.
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tative. The derived algebra of a Lie algebra g is the subalgebra [g,g] = ¢
generated by the brackets [£, 7], where &, 7 € g. It is the smallest ideal such that
the corresponding quotient algebra is commutative.

Theorem 1. For a connected Lie group G, G is a connected virtual Lie subgroup
with the tangent algebra §'. If G is simply connected then G’ is a genuine Lie
subgroup.

Proof. First, let G be a simply connected Lie group. Consider the quotient
algebra g/g’. It is commutative and therefore may be identified with the tangent
algebra of a suitable vector Lie group V. By Theorem 2.6 the canonical homo-
morphism ¢: g — g/g’ is the differential of a homomorphism f: G — V. The kernel
of f will be denoted by H. It is a normal Lie subgroup whose tangent algebra
coincides with the kernel of ¢, i.e. with g¢". Since G/H = V'is commutative, H o G'.
Since G and G/H are simply connected, H is connected (Theorem 3.4).

Let us show that G’ contains a neighbourhood of the unit of H: this will imply
that G' = H.

Problem 1. For any &, 7 € g there exists a differentiable C'-path g(t) in G defined

__in a neighbourhood of zero such that

1) g(0) = e, g'(0) = [{,n];

2) g(t) is a commutator in the group G for any ¢.

Now choose a basis {{;,...,(,} in the space g' over R consisting of brackets.
Let g,(t), where |t| < e, be a path satisfying the conditions of Problem 1 for
[£, 1] = ;. Let U be the neighbourhood of zero in R™ defined by the inequalities
|t;| < &;. Consider the map

f:U—H, where (t;,....t,)—g(t)...gmtm).

The properties of the paths g,(t) imply that d, f is an isomorphism of tangent
spaces. Hence, f(U) contains a neighbourhood of the unit of H, but f(U) = ¢’
and therefore G’ also contains a neighbourhood of the unit of H. []

For an arbitrary connected Lie group G consider its simply connected covering
p: G = G. By what we have already proved, G’ is a connected Lie subgroup of G
with the tangent algebra §. However, it is obvious that G' = p(G’). It follows
that G’ is a connected virtual Lie subgroup of G with the tangent algebra
dp(§') = g’ (Problem 2.32). The theorem is proved. []

If G is not simply connected then G’ might be not a genuine Lie subgroup (see .
Exercise 4).

Problem 2. If G is a connected Lie group and g’ = g, then G’ = G.

Problem 3. SL,(K) coincides with its commutator group.

2°. Malcev Closures. In the tangent algebra of a Lie group ma‘y exist sub-
algebras that do not correspond to any Lie subgroups. The following example
is in a sense a model one.
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Problem 4. The one-dimensional subalgebra of the tangent algebra of the Lie

of F wil

group T", generated by (iay,...,ia,), where ay....,a, € R, is the tangent algebra with the
of a Lie subgroup if and only if numbers a,, .. ., a, are commensurable., Lic sub
. . : Durit

Nevertheless, as we will soon see, there is always a Lie subgroup whose tangent C(E_fig \
algebra is only “a little bit” larger than the initial subalgebra. : ﬁnicl or
Theorem 2. Let {H,} be an arbitrary collection of Lie subgroups of G. Then FolG
H = (\H, is also a Lie subgroup and its tangent algebra coincides with b Lic gro
.. po =

covering
Problem 5. Prove Theorem 2.

Now let b be an arbitrary subalgebra of the tangent algebra g of a Lie group 4. 50
G. By Theorem 2 there exists the smallest Lie subgroup of G such that its (h =01
tangent algebra h™ contains b. The subalgebra h™ will be called the Malcey
closure of .
Theorem 3. ([43]) Let b be a subalgebra of the tangent algebra of the Lie group A srou
M My __ oy J2ARY
G and b™ its Malcey closure.‘Then b"y =" subgrot
Proof. Apply Problem 1.25 to the adjoint representation of G with subspaces a norme
b and b’ serving as U and W, respectively. We see that A Lie
, Exan
Hy ={geG:(Adg - E)h = b’} matrice
. . . . . matrice
1s a Lie subgroup in G and its tangent algebra is
by ={leg:(ade)h c i)
iv 1 ho
Clearly,h < b,. Hence, b < b,,ie. [H™, b] = b’ Now apply Problem 1.23 again ;l rxtno]m
taking b™ instead of U. We see that e b
we have
Hy={geG:(Adg- Ejp" c iy} | ; Simil
are defi
is a Lie subgroup and e ae
b= {¢eg:(ad)h™ c i)
’ /’"\ {.‘ie
By what we have proved above, ) = b,.Hence, h™ < b,, meaning that (h™) c Iy. ' Subalge
D [l‘nv‘ls‘ -’l 7
Problem 6. The Malcev closure of an ideal is an ideal. :: z} e
3°. Existence of Virtual Lie Subgroups. Let us prove Theorem 2.8, Leth bea | Exan
subalgebra of the tangent algebra of a Lie group G. Consider its Malcev closure , upper
b =1f. By Theorem 3 f > b > f"=1" Let F be a connected Lie subgroup of G , b,y (k=
vritb the tangent algebra f and F its simply connected covering Lie group. Since forj —
F/F'" is a vector group, it contains a connected Lie subgroup (a subspace of a A comi
vector space) with the tangent algebra b/b" = f/i'.(We identify the tangent algebra with b,
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of F with f). Therefore, the group F itself contains a connected Lie subgroup 21
with the tangent algebra b. The image of this subgroup in F is the desired virtual
Lie subgroup of G. []

During the proof we have actually obtained a description of arbitrary con-
nected virtual Lie subgroups. Namely, any connected virtual Lie subgroup H of
a Lie group G may be obtained as follows: there exists a connected Lie subgroup
F of G and a connected Lie subgroup H of the simply connected covermg
Lie group F containing its commutator subgroup such that H = p(H), where
p: F— F is the covering homomorphism. (Clearly, H is the simply connected
covering Lie group for H.)

4°. Solvable Lie Groups. Recall that the iterated commutator groups G
(k =0,1,2,...) of G are defined by induction:

G = G, G = G, GUr) = (G‘k))'.

A group G is called solvable if there exists an m such that G™ = {e}. Any

subgroup and any quotient group of a solvable group is solvable. Conversely, if

a normal subgroup N < G and the quotient group G/N are solvable then sois G.
A Lie group is called solvable if it is solvable as an abstract group.

Example 1. The group B, = B,(K) of invertible (upper) triangular n x n
matrices over K. Denote by B, , (k =0,1,...,n) its subgroup consisting of the
matrices A = (a;;) with a;; = J; for j — i < k. Clearly, B, < B, ; and the map

AH(al,k+lsa2,k+2""’anvk,n) (1)

is a homomorphism of B, , onto the vector group K" % The kernel of this
homomorphism coincides with B, ;.. Therefore B, , = B, ;+,- Since B, , = {e},

we have B{" = {e}.

Similarly, the iterated derived algebras g® (k = 0,1,2,...) of a Lie algebra g
are defined by induction as:

g@=g gV=g, g“V=(").

A Lie algebra g is called solvable if there exists an m such that g™ = 0.
Subalgebras and quotient algebras of a solvable Lie algebra are solvable. Con-
versely, if an ideal n = g and the quotient algebra g/n are solvable then so
is g.

Example 2. The tangent algebra of B,(K) is the Lie algebra b, = b,(K) of all
upper triangular n x n matrices over K. Let us prove that b, is solvable. Let
b, «(k = 0,1,...,n) be its subalgebra consisting of matrices X = (x;;) with x;; = 0
for j — i < k. Clearly, b, = b, ; and the map (1) is a homomorphism of b, , onto
a commutative Lie algebra K" *. The kernel of this homomorphism coincides
with b, ,.,. Therefore b, , < b, ;+;. Since b, , = 0, we have b = 0.
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The induction shows that the iterated commutator group G* of a connected
Lie group G is its connected virtual Lie subgroup with the tangent algebra g,

< : wel
This implies I
Theorem 4. A connected Lie group G is solvable if and only if so is its tangent d‘:”
algebra. More precisely, G™ = {e} if and only if g™ = 0. din
prc

Problem 7. Any nontrivial solvable Lie algebra splits into a semidirect sum of
an ideal of codimension 1 and a 1-dimensional subalgebra.

'A'pplying Problem 2.39 and induction in dim g we see that for any solvable

Lic algebra g there exists a simply connected Lie group whose tangent algebra Wh

is isomorphic to g. Simultaneously we establish the following fact. Lie

1

Problem 8. Any nontrivial simply connected solvable Lie group decomposes wit

into a semidirect product of a normal Lie subgroup of codimension 1 and a ope

one-dimensional Lie subgroup (isomorphic to K). cor

. . , dR

5°. Lie’s Theorem. The most important toolin the study of solvable Lie groups 1

1s din

Theorem 5 (Lie’s theorem). Let R: G — GL(V) be a complex linear represen- inv
tation of a connected solvable (real or complex) Lie group G. There exists a

one-dimensional subspace U < V invariant with respect to R(G). !

. bat

Before we prove this theorem let us introduce certain definitions and prove ric

several simple statements on linear representations of abstract groups.
Let R: G — GL(V) be a linear representation (over an arbitrary field). For any
character y of G (see definition of character in 1.4) set

V(G) = {ve V:R(g)v = y(g)vforallg e G}l (2)

I[f V.(G) # 0 then y is called a weight of R, the subspace V. (G) a weight subspace i

- and its nonzero elements the weight vectors corresponding to y. In other words, :
the weights of a representation are the characters that occur in it as one- Lic
dimensional subrepresentations and the weight vectors are the vectors generating
one-dimensional invariant subspaces.

(ra
Problem 9. The weight subspaces corresponding to different weights are ide
linearly independent. : me
This implies, in particular, that a linear representation may only have a finite ] alg
number of weights.

Now let H be a normal subgroup of G. ?u
J.

Problem 10. For any character y of H and any g € G we have
Sit
R(g)V,(H) = V,o(H), R

where y?(h) = y(g'hg) for h e H. the




(¥

[72]

da

<

ce
(s,

18

re

ite

n
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Therefore the operators corresponding to elements of G can only permute
weight subspaces of H.

Proof of Theorem 5 will be carried out by induction in dim G. Suppose that
dim G > 0 and that the theorem holds for groups whose dimension is less than
dim G. Passing to the simply connected covering Lie group we can reduce the
proof to the case when G is simply connected. In this case by Problem 8 we have

G=H x P,

where H is a normal Lie subgroup of codimension 1 and P is a one-dimensional
Lie subgroup.

By inductive hypothesis there exists a one-dimensional subspace of V' invariant
with respect to R(H). This means that V,(H) # 0 for a character y of H. Since the
operators R(g), g € G, can only permute weight subspaces of H and since G is
connected, then V,(H) is invariant with respect to R(G), hence with respect to
dR(g).

Now let & be a nonzero element of the tangent algebra of P and U a one-
dimensional subspace of V,(H) invariant with respect to dR(¢). Then it is also
invariant with respect to R(P), hence with respect to R(G). The theorem is proved.

0

Problem 11 (Corollary). Under the conditions of the theorem there exists a
basis of V in which all the operators R(g), g € G, are expressed by (upper)
triangular matrices.

6°. The Radical. Semisimple Lie Groups. |
Problem 12. The sum of solvable ideals of a Lie algebra is a solvable ideal.

It follows, that in any Lie algebra g there exists the largest solvable ideal.
It is called the radical of g. We will denote it by rad g.

Theorem 6. In any Lie group G there is the largest connected solvable normal
Lie subgroup. Its tangent algebra coincides with rad g.

Proof. Consider the Malcev closure (rad g)™. By Theorem 3 ((radg)) =
(rad g). Hence, (rad g)¥ is a solvable Lie algebra. By Problem 6 (radg)" is an
ideal. Since radg is the largest solvable ideal of g, then (radg)” = radg. This
means that there exists a connected Lie subgroup R < G such that its tangent
algebra coincides with rab g.

The definition of radg implies that radg is invariant with respect to all
automorphisms of g. Hence, R is invariant with respect to all automorphisms of
G. In particular, R is normal. By Theorem 4 it is solvable.

Any connected solvable normal Lie subgroup H < G must be contained in R
since its tangent algebra b being a solvable ideal of g is contained in radg. Thus,
R is the largest connected solvable normal Lie subgroup of G. (]

The subgroup satisfying the hypotheses of Theorem 5 is called the radical of
the Lie group G. We will denote it by Rad G.
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A Lic group G (a Lic algebra g) is called semisimple if Rad G = {e} (resp.
vab g = (). Obviously. a Lic group is semisimple if and only if its tangent algebra
is semisimple. For any Lie group G (resp. Lie algebra g) the quotient group
G/Rad G (resp. the quotient algebra g/rad g) is semisimple.

Problem 13. A Lie algebra g is semisimple if and only if it has no commutative
ideals.

In Chapters IV and V we will show that the classical Lie groups SL(K),SO,(K)

for n = 3, Sp,(K) and several other groups are semisimple. The theory of semi-
simple Lie groups is the most difficult and significant part of the Lie group theory.

7°. Complexification. Complex Lie algebras have a simpler structure than real
ones. Therefore the usual way to study real Lie algebras is to complexify them.
In order to prove anything in this way we should know which properties of a
Lie algebra are preserved under the complexification. In this section we will prove
that solvability and semisimplicity are among these properties.

Let V(C) = V ®g C be the complexification of a real vector space V. Any vector
z € V(C) can be uniquely presented in the form z = x + iy, where x, ye V. The
vector Z = x — iy is called the complex conjugate to z. The complex conjugation
is an antilinear transformation of the space V(C). Therefore if W < V(C) is a
subspace then so is W. ' ~

Problem 14. A subspace W < V/(C)is the complexification of a subspace U = V
if and only if W = W,

Now let g(C) = g ®y C be the complexification of a real Lie algebra g. Clearly,
a subspace ) = g is a subalgebra (resp. ideal) if and only if its complexification
bH(C) 1s a subalgebra (ideal) of g(C). Obviously, the complex conjugation is an
antilinear automorphism of g(C).

Problem 15. (5(C)) = ¢'(C) :
- This implies that g(C) is solvable if and only if so is g.

Problem 16. rad g(C) = (rad g)(C).
It follows, that g(C) is semisimple if and only if so is g.

, Exercises
1) (GL,(K)) = SL,(K).
2) (O,(K)) = SO,(K).
3) U, =SU,.
4) Let H be the Lie group of 3 x 3 unitriangular real matrices and G =
(H x T)/N, where N is the cyclic subgroup generated by

1 0 1
((O 1 0),0 ), where CeT.

0 0 1

If ¢ is an element of infinite order of T then G’ is not a Lie subgroup.
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5) A subspace of the tangent algebra of T" is the tangent space to a Lie sub-
group if and only if it is generated by vectors of the form (ia,, ..., ia,), where
a,...,a, Q.

6) Let a and b be subalgebras of the tangent algebra of a Lie group such that
[a,b] = anb. Let a™, bM be their Malcev closures. Then [a™ bM] =
[a,b]. (Here [a,b] is the subspace generated by the brackets [£,n], where
Eeaneb).

7) The Malcev closure of a commutative subalgebra is a commutative

subalgebra.

8) If a Lie group (resp. Lie algebra) is not semisimple it has a connected
commutative normal Lie subgroup (resp. a commutative ideal) of positive
dimension.

9) Let R be a connected solvable normal Lie subgroup of G. If G/R is semisimple
then R = Rad G.

10) SL,(K) is semisimple.
11) A direct product of semisimple Lie groups is a semisimple Lie group.
12) Let U be a subspace of a complex vector space V. The radical of the Lie group

GL(V;U) = {Ae GL(V): AU < U}

consists of all the transformations A € GL(V; U) that act as multiplications
by scalars on U and on V/U.

13) The radical of a complex Lie group coincides with the radical of this group
considered as a real Lie group.

14) Any nontrivial connected solvable real Lie group has a connected normal
Lie subgroup of codimension 1.

15) Let G be a connected solvable real Lie group and H its connected solvable
Lie subgroup of codimension 1. Then G = H x P, where P is a connected
one-dimensional Lie subgroup.

Hints to Problems

1. Let x(t) and y(t), where 0 <t < ¢, be differentiable paths in G such that
x(0) = y(0) = e, x'(0) = ¢, y'(0) = n. Then we may take

g(t) = ((x(\/;)_:ﬂ\/;)) fort >0
i("(\ﬂ”w(\/m))”‘ for £ < 0.

3. Let E; be a matrix unit, i.e. its (i, j)-th entry is 1 and the other entries are
zeros. Clearly,
[Eii - Ejja Eij] = 2Eij
LE Eji] =E; — Ej'

ij? jj

for i # j. This implies that sl,(K) = sl,(K), hence SL,(K)" = SL,(K).
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If the required Lic subgroup exists, it is the image of R under the homomor-
phism R — T" such that its differential maps 1 into (ia,,..., ia,). This homo-
morphism is of the form

ia,,.t)_

X (e e

Further, use Problem 1.14.

. For a finite number of subgroups the statement is just the contents of

Problem 1.23. In the general case the subalgebra (b, coincides with the
intersection of a finite number of subalgebras, say [) e b‘k, and by the
above it is the tangent algebra of the Lie subgroup A = H, ‘N H, .For
any v the Lie subgroup H ~ H, has the same tangent algebra as H. Hence
H ~ H, is contained in A and contains H® and therefore so is and does H.
Thus H is a Lie subgroup and its tangent algebra coincides with b,

- Clearly, if a is an automorphism of the Lie group G, then (da(h))™ = da(h™))

for any Lie subalgebra b <« g. In particular, ((Ad g)h)™ = (Ad g)b™. Further,
use the fact that b is an ideal if and only if (Ad g)h = b for any g € G°.

For an ideal take any subspace of codimension 1 containing the derived
algebra and for a subalgebra take any complementary subspace.

The proof is similar to that of the theorem on linear independence of
eigensubspaces of a linear operator.

Take a one-dimensional invariant subspace U < V which exists due to the
theorem and consider the quotient representation of G in V/U. Apply the
theorem again to this representation, etc.

Consider the last nonzero iterated derived algebra of rad g.

If W= W then with any z = x + iy (x, y € V) the subspace W contains both

1
x=3:+7z)and y = 57 (z — ), which means that W is the complexifica-

tionof U= WnV.
Notice that rad g(C) is a solvable ideal of g(C) hence is contained in rad g(C).




Chapter 2
Algebraic Varieties

The objects that occur in this chapter (vector spaces, algebras, algebraic
varieties, etc.) are considered over a fixed ground field K. In subsections 1.5-3.3
it is assumed to be algebraically closed'. Sometimes we require that it be of zero
characteristic. The reader, however, would not lose much by restricting himself
to the cases K = C or (where the algebraic closedness is not required) K = R.
Only these cases are needed for future applications to the Lie group theory and
we only consider more general fields in order to elucidate the algebraic nature
of the theory discussed.

Denote by A" (resp. P") the n-dimensional affine (resp. projective) space over
K. The point of A" with coordinates X, ..., X, is denoted by (X,,.... X,).
A point of P" with homogeneous coordinates Uy, U,, ... U, 1s denoted by
(Ug: Uy 2 U).

Hereafter the word “algebra” means “commutative associative algebra with
unit” except the subsection 3.6 where arbitrary algebras are also considered.
Subalgebras are supposed to contain unit, homomorphisms to transform the unit
into the unit.

QA stands for the full quotient algebra of an algebra A, ie. the quotient ring
of A with respect to the multiplicative system consisting of all elements that are
- not zero divisors (see [44]), considered as an algebra over the ground field. If, in
particular, 4 is an algebra without zero divisors then QA4 is a field.

If L,, L,, ... are some capitals then A [L,,L,,...] denotes the polynomial
algebra of L, L,, ... with coefficients in A.

iy - v A% —

oo

§ 1. Affine Algebraic Varieties

In subsections 1°-4° the ground field K is an arbitrary infinite field.

1°. Embedded Affine Varieties. An algebraic variety in A" or an embedded
affine algebraic variety is a subset in A" defined by a system of equations

fXy X =0 (feSs), (1)

'In many cases this assumption is superfluous but we decided not to overburden our narrative with a

perpetual change of scenery.
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where § is a (not necessarily finite) set of polynomials. An algebraic variety
defined by system (1) will be denoted by M(S).

The collection I of polynomials of the form Xy, f;, where g; € K[ X,,..., X,]
and f; €S, is an ideal of the algebra K[X,,...,X,]. It is the smallest ideal
that contains S. We will say that the ideal I is generated by the set S or that S is
a system of generators of the ideal 1. Evidently, M(S) = M(I).

An algebra is noetherian if one of the following conditions is satisfied

a) each its ideal is finitely generated; :

b) any nondescending chain of its ideals I; < I, < -+ stabilizes, ie. I, =
I, = for some m.

Problem 1. Conditions a) and b) are equivalent.

Theorem 1 (Hilbert’s ideal basis theorem). If R is noetherian then so is R[ X].
In particular, K[ X,,..., X, ] is noetherian.

Proof: see e.g. [8].

Problem 2 (Corollary). Any affine algebraic variety can be determined by a
finite system of equations.

Let I be an ideal of K[X,,...,X,] and 4 = K[X,,...,X,]/I. The natural
homomorphism of K[X,,..., X,] onto 4 will be denoted by x; put n(X,) = x;.
The algebra A is generated over K by x,, ..., x,, i.e. any element of A4 is presented
(in general, non uniquely) as a polynomial in x,, ..., x, with coefficients in
K. We will express this fact as follows: A = K[x,...,x,]. Clearly, if fel,
then f(x,,...,x,) =0 and for any homomorphism ¢: 4 - K we have
S(@(xy),...,0(x,)) = 0. This means that for any homomorphism ¢: 4 — K the
point (¢(x,),..., ¢(x,)) belongs to the variety M(I).

Problem 3. This correspondence between the homomorphisms 4 — K and the
points of M(I) is one to one.

Nowlet A = K[x,,..., x,] be an algebra generated by its elements x,, ..., x,.

There is the unique homomorphism n: K[X,,..., X,] = 4 such that n(X,) = x,.
If I =kern, then A = K[X,,...,X,]/I. By Problem 3 the homomorphisms
A — K are in one-to-one correspondence with the points of M(I). Thus we may
speak about an affine algebraic variety defined by an algebra with a fixed finite
system of generators.

Different ideals (algebras) may define the same variety. For example, the ideals
(X)and (X?)in K[ X] define the subvariety in A! that consists of the single point
(0). Among all the ideals defining a given variety M there is the largest one,
namely, the ideal generated by all polynomials that vanish on M.

Let M = A" be an algebraic variety. For any polynomial f e K[X/,...,X,]
denote by f/,, its restriction (as of a function) onto M. The map f+ f|,, is a
homomorphism of K[X;,..., X,] into the algebra of functions on M and the
kernel of this homomorphis is I(M). Therefore, elements of the algebra

K[M] = K[X,,...,X,)/I(M) (2)
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may be interpreted as functions on M. These functions will be called polynomials
on M and the algebra K[ M] will be called the algebra of polynomials on M or
the coordinate algebra of M.

Problem 4. Suppose A = K[x,,...,x,] defines a variety M. Then there exists
a unique homomorphism p: 4 — K[M] such that p(x;) = X;|y.

In the sequel, as long as it is clear what M is meant and unless mentioned
otherwise we will write x; for X;|,,; then K[M] = K[x,,...,X,].

An element a € A is called nilpotent if a* = 0 for a certain k. Clearly, K[M]
does not have nilpotent elements. (When talking about algebras without zero
divisors or nilpotent elements one obviously has in mind nonzero elements.)

Let L be a field extension of K. The space A" is naturally embedded into the
n-dimensional affine space A"(L) over L. For any algebraic variety M < A" one
may consider the algebraic variety

M(L) = {x e A*(L): f(x) = O for all f e I(M)}
in A"(L). Obviously, M = M(L)n A",

2°, Morphisms. A morphism of an algebraic variety M = A" into an algebraic
variety N < A™is any polynomial map f: M — N i.e. a map that (in coordinates)
may be determined by polynomials. More precisely, it means that there are
polynomials f,, ..., f,, € K[Xy,..., X,] such that the map f transforms a point
x € M into the point of the variety N with coordinates f,(x), ..., f,.(x).

As any map, a morphism f: M — N induces a homomorphism of algebras of
functions defined by the formula

(f*9)(x) = g(f(x)) (3)

(Here g is a function on N, x € M). The definition of the morphism clearly implies
that if g is a polynomial on N, then f*g is a polynomial on M. So we get a
homomorphism of algebras: f*: k[N] — k[ M].

Problem 5. For any algebra homomorphism ¢: K[N] — K[M] there exists a
unique morphism f: M — N such that [* = ¢.

Thus, to define a morphism of embedded affine algebraic varieties is the same
as to define a homomorphism of algebras of polynomials on these varieties.

Clearly, the product g f of morphisms f/: M — N and g: N — P is a morphism
and (g f)* = f*g* A morphism f: M — N is called an isomorphism if there exists
an inverse morphism f~': N — M, i.e. if f is bijective and the inverse map is also
a polynomial one. This is equivalent to the fact that f* is an isomorphism of
algebras.

The class of isomorphic embedded affine algebraic varieties is called an (ab-
stract) affine algebraic variety (or, in short, affine variety) and its representatives
will be called embeddings of this variety into the affine space, or models. Practi-
cally, an affine variety is identified with one of its models (always having in mind.
however, the possibility to pass to any other model).
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A polynomial on an affine variety is a function which is a polynomial on a
model of this variety (it does not matter on which one). The polynomials on an
affine variety M constitute the algebra denoted by K[M]. Similarly, a morphism
or a polynomial map of affine varieties is a map which is a morphism of their
models (it does not matter of which ones).

By Problem 3 there is a one-to-one correspondence between the points of an
affine variety M and algebra homomorphisms of K[M] into K. Explicitly, to
each point x € M the homomorphism ¢, corresponds which assigns to each
polynomial f'e K[M] its value at x:

o [ f(x)  (fe K[M]). )

It is clear from the above that to determine an affine variety M is the same as
to determine the algebra K[M] and to determine an embedding of M in an
affine space is the same as to choose a system of generators in the algebra
K[M]. To determine a morphism of affine varieties is the same as to determine
a homomorphism of their polynomial algebras. This makes it principally possible
to translate any statement about affine varieties from the geometric language into
the algebraic one and, the other way around, to translate statements on poly-
nomial algebras into the geometric language.

Thus, the question arises what are the algebras that are algebras of polynomials
on affine varieties?

An exact answer to this question in the case of an algebraically closed K will
be given in n. 7°. For the time being we can say that they can only be finitely
generated algebras without nilpotent elements. In algebraic geometry more
general geometric objects (affine schemes) are also considered which correspond
to arbitrary finitely generated algebras. However, for our purposes affine varieties
in the above “naive” sense will do.

Let L be a field extension of K. Clearly, any morphism M — N of embedded
affine varieties extends to a morphism M (L) — N (L) determined by the same
polynomials. Therefore we may speak about an abstract affine variety M(L) over
L determined by an abstract affine variety M over K and about an embedding
M < M(L).

3°. Zariski Topology. Let us consider algebraic varieties as closed subsets of
A",
Problem 6. This system of closed subsets determines a topology in A" (i.e. the

intersection of closed subsets and the union of a finite number of closed subsets
are closed).

This topology in A" is called the Zariski topology. Clearly, a point is closed in
the Zariski topology. ~

The Zariski topology of A" induces a topology on any algebraic variety
M < A" which is called the Zariski topology on M. According to this definition
the closed subsets are distinguished in M by systems of equations of the form

J(x) =0, where f € K[M]. In particular, the Zariski topology on M is defined
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by K[M], and that is why we may speak about the Zariski topology on an
abstract affine variety. Clearly, morphisms of affine varieties are continuous in
Zariski topology. Closed subsets N of an affine variety M are canonically
endowed with an affine variety structure so that

K[N] = K[M]/1,/(N),

where I,,(N) is the ideal of K [ M] consisting of the polynomials that vanish on N.
Notice that the Zariski topology on A"*™ does not coincide with the direct
product topology on A" x A™ (e.g. the set in A? determined by the equation
X, = X, is closed but it is not closed in A' x A').
In the sequel, unless otherwise stated, all the topological terms, excluding
connectedness and simple connectedness are referred to the Zariski topology.
The space A" x A™ is supposed to be endowed with the Zariski topology of

the space A"
A topological space X is noetherian if it satisfies the descending chain condition |

for closed subsets.
Problem 7. A subspace of a noetherian space is noetherian.

Problem 8. The space A" endowed with the Zariski topology is a noetherian
topological space.

This implies that any affine variety is a noetherian topological space.

A topological space M is irreducible if it is nonempty and one of the following
three conditions is satisfied:

a) any nonempty open set is dense in M;

b) any two nonempty open sets intersect;

c) it is impossible to present M as a union of two of its proper closed subsets.

Problem 9. Prove the equivalence of these conditions.

Theorem 2. Any noetherian topological space M can be presented as a union of
a finite number of closed irreducible subsets M, so that M; & M; for i # j. This

decomposition is unique up to a renumbering of the M.
The subsets M, defined in Theorem 2 are called irreducible components

of M.
Problem 10. Prove Theorem 2.

Problem 11. An affine variety M is irreducible if and only if K[ M] does not
have zero divisors. More precisely, zero divisors in K[M] are the polynomials
which vanish on an irreducible component of M. In particular, A" is irreducible.

The closure of a subset M in a topological space will be denoted by M.

Problem 12. Let M be a subset of a noetherian topological space. If M iUi M;
is the decomposition of M into irreducible components, then M = | J; M, is the
decomposition of M into irreducible components. In particular, M is irreducible

~if and only if so is M.
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Let M be an affine variety. The open subsets of the form

M, = {x e M: h(x) # 0} (he K[M])

are called principal open subsets of M. Clearly,
Mhl () Mhz = thhz

It follows from Problem 11 that M, is dense in M if and only if h is not a zero

divisor in K[ M].

Problem 13. The principal open subsets of an affine variety constitute a base
of the Zariski topology (i.e. any open subset is a union of principal open subsets).

If h e K[M] is not a zero divisor then the elements of K[M][1/h] =« QK[M]
can be naturally considered as functions on M, since for x € M, the homo-
morphism (4) uniquely extends to a homomorphism K[M] [1/h] - K. On the
other hand, for x ¢ M, such an extension is clearly impossible. This means that
M, can be considered as an affine variety with the polynomial algebra

I
K[M,] = K[M] [EJ

If h is a zero divisor and M is the union of irreducible components of M on
which h does not vanish identically then M, = M., where h’ = hly € K[M'].
Since h' is not a zero divisor in K[M'], then M, can be considered as an affine
variety with the polynomial algebra K[M,] = K[M'][1/h']. Keeping the above
in mind, we will speak from now on about principal open subsets of affine
varieties as about affine varieties.

Let L be a field extension of K.

Problem 14. The Zariski topology on A" coincides with the topology induced
by the Zariski topology on A"(L). The closure in A"(L) of any algebraic variety
M <= A" coincides with M(L) and I(M(L)) = LI(M).

4°. The Direct Product. Let M and N be algebraic varieties in A” and A™,
. respectively. Then M x N is an algebraic variety in A" x A™ = An+™,

Problem 15. If M and N are irreducible then so is M x N.

In order to describe the polynomial algebra on M x N it is necessary to
introduce the notion of the tensor product of algebras. The tensor product A® B
of algebras A and B is the tensor product of the vector spaces A and B with the
multiplication

(a, ® bl)(az ® b,) = a,a, ® by b,.

The maps 1,:ar~>a® 1 and 15:b—1® b determine natural embeddings of
algebras A and Binto 4 ® B.
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The tensor product of algebras is characterized by the following universality
condition: for any algebra C and algebra homomorphisms ¢: 4 = C and y:
B — C there exists a unique homomorphism w: A ® B — C such that the diagram

A®B

A w B

el

commutes. This homomorphism is defined by the formula
w{a ® b) = @(a)y(b).

When w is an isomorphism, we say that C is the tensor product of A and B with
respect to homomorphisms ¢ and . If it is clear which homomorphisms ¢ and
i we have in mind, we write C = A ® B. For example

K[Xl""’XIHYl""’Ym]—_-K'[Xl’ . X]@K[Yl, .y m]

Let M =« A"and N = A" be algebraic varieties. Put m,, and ny for projections
of M x N onto M and N, respectively.

Problem 16. K[M x N] = K[M] ® K[N] with respect to homomorphisms
n¥ and n¥. The ideal (M x N) of the algebra K[X,,..., X,.,Y;,.., ¥, ]1s gener-
ated by the ideals I(M) and I(N) of the algebras K[ X,..., X,]and K[Y,,..., Y, ]
naturally embedded into K[ X,,...,X,, Y;,..., Y,.].

In the sequel we will identify the algebras K[M x N] and K[M] ® K[N]
having in mind the isomorphism constructed in Problem 16. Under such an
identification an element f ® g € K[M] ® K[N]is presented as the function on
M x N defined by the formula

(f ® g)(x,y) = f(x)g(y).

An important corollary of Problem 16: The polynomial algebra on M x N is
defined by polynomial algebras on M and N, hence does not depend on em-
beddings of M and N into affine spaces. This enables us to define the direct
product of abstract affine varieties M and N as the affine variety M x N whose
model is the direct product of any models of M and N.

It also follows from Problem 16 that (M x N)(L) = M(L) x N(L)for any field
extension L of K.

5°. Homomorphism Extension Theorems. From here and till the end of the
chapter (§§ 3.4-3.7 excluded) we will assume that K is algebraically closed.

Suppose A is a subalgebra of B. For any subset U < Bput A[U] (or A[u,,...]
if U= {u,,...}) for the subalgebra in B generated by the set U over 4, i.e. for
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the collection of all elements of B presentable as polynomials in elements of U
with coefficients in A. If A[U] = B we will say that U is a system of generators
of the algebra B over A (do not confuse with the notion of generators of an ideal!)
The algebra B is called finitely generated over A if it has a finite number of
generators over A. Clearly, if B is finitely generated over K then so it is over A.

Algebras finitely generated over K will be simply called finitely generated.

Suppose B is without zero divisors. An element b € B is called algebraic over
A if there is a nonzero polynomial f € A[X] such that f(b) = 0; otherwise b is
called transcedental (over A). If b is transcedental over A4, then A[b] = A[X]. An
algebra B is called an algebraic extention of A if any of its elements is algebraic
over A. It is convenient to introduce the quotient field QB into which the algebra
B and the field QA are isomorphically embedded.

Problem 17. An element b € B is algebraic over A4 if and only if QA[b] is a
finite-dimensional vector space over Q A.

Problem 18.1f B = A[b,,...,b,], where b,, ..., b, are algebraic over A, then B
is an algebraic extension of A.

Theorem 3. Suppose B is an algebra without zero divisors finitely generated
over its subalgebra A. Then for any nonzero element b € B there exists a nonzero
element a € A such that any homomorphism ¢: A — C that does not annihilate a
extends to a homomorphism y: B — C which does not annihilate b. '

Problem 19. Prove Theorem 3 when B = A[u], where u is transcedental over A.
Problem 20. Prove Theorem 3 when B = A[u], where u is algebraic over A.
Problem 21. Prove Theorem 3.

Corollary. If B is a finitely generated algebra without zero divisors then for any
nonzero b € B there exists a homomorphism \i: B — C which does not annihilate b.

Theorem 4. Let char K = 0. Suppose B is a finitely generated algebra without

zero divisors and A is its finitely generated subalgebra. If there exists a nonzero
element b € B such that any homomorphism A — C has no more than one extension
to a homomorphism B — C which does not annihilate b, then B  QA.

Problem 22. Prove Theorem 4.
6°. The Image of a Dominant Morphism. A morphism f: M — N of irreducible
affine varieties is called dominant if f(M) = N.

Problem 23. A morphism f'is dominant if and only if the corresponding algebra
homomorphism f*: K[N] — K[M] is injective.

A dominant morphism may be not surjective. For instance let M =
{(X;,X,)e A2 X, X, =1}, N=A! and f:(X,,X,)—(X,); then f(M)=

A'\{0}. Nevertheless, the image of a dominant morphism is sufficiently large as

it is shown by the following theorem.
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A subset of an irreducible topological space is called épais if it contains a
nonempty open subset. Clearly, any épais subset is dense. The intersection of a
finite number of épais subsets is épais itself.

Theorem 5. Let f: M — N be a dominant morphism of irreducible affine varieties.
The image f(M,) of any épais subset My = M is an épais subset in N.

Proof. It suffices to prove that the image of any nonempty principal open
subset of M contains a nonempty principal open subset of N. This is the
geometric equivalent of Theorem 3 appled to 4 = K[N] and B = K[M] if we
identify the elements of K[ N] with their images under f*.

Indeed, the points of M and N can be considered as homomorphisms into K
of K[M] and K[N] respectively. Then f can be viewed as a restriction onto
K[N] of the homomorphisms K[M]— K. By Theorem 3 for any nonzero
g e K[M] there exists a nonzero he K[N] such that any homomorphism
K[N] - K that does not annihilate h extends to a homomorphism K[M] — K
that does not annihilate g; but this means that f(M,) > N,. []

7°. Hilbert’s Nullstellensatz. An ideal I of 4 different from A is prime if
A/I does not have zero divisors. This means that if ab € I then either ae I or
be I. For example, in K[ X7, the ideal generated by a polynomial f is prime if
and only if [ is a first degree polynomial.

Clearly, a prime ideal contains all nilpotent elements. The set of all nilpotent
elements of 4 is an ideal called the radical of A and is denoted by RA.

Theorem 6. The radical of an algebra A coincides with the intersection of all the
prime ideals of A.
Proof see e.g. in [8], [53].

Problem 24. The kernel of the homomorphism p defined in Problem 4 equals
RA.

In particular, a finitely generated algebra A4 coincides with the polynomial
algebra on the affine variety that A defines if and only if 4 has no nonzero
nilpotent elements.

A reformulation of Problem 24 is

Theorem 7 (Hilbert’s Nullstellensatz which in German means ‘theorem
on zeroes’). Suppose M = M(I) = A" is the variety defined by an ideal I
K[X,,...,X,]. For any f € I(M) there exists k such that f* e I.

Applying this theorem to f = 1 we obtain

Corollary. If M(I) = (J then I = K[X,,...,X,].
Problem 25. Let M be an affine variety and I an ideal of K[ M]. If there is no
point of M at which all the polynomials of I vanish, then I = K[M].

Problem 26. Suppose an affine variety M is presented in the form of a union
of non-intersecting closed subsets M,, ..., M,. Then the homomorphism
K[M] - K[M,] x - x K[M,1, [+ (flp,>---S]s,) 15 an isomorphism.
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In other words, any function on M whose restrictions to My, ..., M, are
poiynomials is a polynomial itself.

8°. Rational Functions. Let M be an affine variety. The algebra QK[M] is
called the ulgebra of rational functions on M and is denoted by K(M). Problem
['l shows that if M is irreducible then K(M) is a field. In particular, K(A") =
K(X,,...,X,)is the field of rational functions in D, CTTIAD. ¢

The elements of K(M) are called rational functions on M. A function f € K(M)
is defined at a point x € M if f can be presented in the form of a ratio g/h, where
g, h € K[ M1, such that h(x) # 0. In this case the element g(x)/h(x) is called the
value of f at x and is denoted by f(x). The value does not depend on the choice
of representation of f in the form of such a ratio.

The set of all points x e M where a rational function f € K(M) is defined is
called the domain of f. This set will be denoted by D,.

The following properties of rational functions are obvious:

(R1) the domain D, of f € K(M)is a dense open subset in M;

(R2) the map f: D, — K is continuous (K is considered here as A! with the
Zariski topology);

(R3) f asan element of K(M), is uniquely determined by its restriction to any
dense open subset;

(R4) the operations on the elements of K (M) coincide with the usual operations
on functions where these functions are defined.

Let f be a rational function on M. The denominators of all possible presenta-
tions of f'in the form of a ratio of two polynomials are precisely the nondivisors
of zero contained in the ideal

I; ={he K[M]: fhe K[M]}

Problem 27. The ideal I, is generated by the nondivisors of zero contained in
it. The domain of f is the complement of the variety of zeros of this ideal.

Problem 28. Any rational function defined at all points of M is a polynomial,
i.e. belongs to K[M]. ‘

Problems 29. Any rational function defined at all points of a principal open
subset M,,, where h € K[ M] is a nondivisor of zero, can be presented in the form
g/h* (g € K[M]), i.e. belongs to K[M][1/h] = K(M).

Let M' be the union of some irreducible components of M. Since the restriction
homomorphism K[M] — K[M’'] maps the nondivisors of zero into nondivisors
of zero, it extends to a homomorphism K(M) — K(M'). The image of a rational
function f e K(M) under this homomorphism is called its restriction to M’ and
is denoted by f],,-. ’

Problem 30. If f is defined at x € M’ then so is SfIn and fy . (x) = f(x).

Let M” be the union of the irreducible components of M which do not occur
in M.
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Problem 31. If f],,. is defined at x e M'\M" then so is f.

Problem 32. Let M = M, U - U M, be the decomposition of M into irreduc-
ible components. Then the homomorphism

K(M)— K(M;) x - x K(My), [+ (flp,s--2flu,)
is an isomorphism.

9°, Rational Maps. A rational map of an affine variety M into A™ is a map of
the form

frx=(fi(0),- .5 fu(X)), (5)

where f, ..., f. € K(M). The map f is considered as defined at a point x € M if
all the functions f,, ..., f,, are defined at this point.

Problem 33. The domain of a rational map is an open dense subset of M. A
rational map is continuous on its domain.

Now let N be another affine variety. Considering N as embedded into A™
define a rational map f: M — N as a rational map f: M — A™ such that f(M) < N.

Problem 34. The notion of a rational map into a variety N does not depend
on the embedding of N into an affine space.

Under the inversely directed homomorphism of the algebras of functions
defined by formula (3) the coordinate functions are mapped into the functions f;
while the polynomials on N are mapped into the rational functions on M. Thus,
a rational map f: M — N induces a homomorphism f*: K[N] - K(M). Formula
(3) means here that if f is defined at x then so is f*g and (3) holds.

Problem 35. For any homomorphism ¢: K[N] — K(M) there is a unique
rational map f: M — N such that f* = ¢.

Thus, to define a rational map of a variety M into a variety N is the same as
to define an algebra homomorphism K[N] — K(M). If the image of K[ N] under
this homomorphism is contained in K[ M], then the corresponding rational map
is a morphism.

Suppose that a rational map f: M — N is defined by formula (5)and h € K[ M ]
is a polynomial which is not a zero divisor in K[M] such that hf, e K[M] for
i=1,..., m(eg we may take for h the product of denominators of some
presentations of the functions f; in the form of a ratio of polynomials). Then
fi e K[M][1/h], i.e. the functions f;, where i = 1, ..., m, are polynomials on the
affine variety M, (see Problem 30). Thus the restriction of a rational map to a
suitable dense principal open subset is a morphism.

A rational map f: M — N of irreducible affine varieties is called dominant if

f(M) =N.

Problem 36. A rational map f is dominant if and only if f* is injective. If f is
dominant then f* extends to an algebra homomorphism K(N) - K(M) (also
denoted by f*). '
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Formula (3) is valid for any rational function ¢ defined at the point f(x).
The superposition of a dominant rational map f: M — N and a rational
map g: N — P can be defined as a rational map g/: M — P such that (¢ f)* =

fFy*.

Clearly, if ['is defined at x € M and g is defined at f(x) € N then g f is defined
at x and (g f)(x) = g( f(x)).

Note that the map g f may be defined not only at points satisfying the above
condition. For example, let M = N = P = 4! and S =g:(X)—(1/X); then ¢ f

is the identity morphism which is defined everywhere, whereas f is not defined

at 0.

10°. Factorization of a Morphism

Theorem 8. Let char K = 0, let M, N, P be irreducible affine varieties and let
f:M — N, h: M — P be dominant morphisms. If f(x') = f(x") implies h(x') = h(x")

Jfor any points x', x" of an épais subset My = M, then there exists a rational map

g: N — P such that h = gf.
The situation is illustrated by the following commutative diagram

M—"_,p

Proof. First consider a particular case, when P = M and h = id. In this case
the condition of the theorem means that f is one-to-one on M,. Let M,, where
b e K[M], b # 0, be a principal open subset contained in M,.

The same arguments as in the proof of Theorem 7 yield the following algebraic
formulation of the bijectiveness of f on M,: any homomorphism of f*K[N] =
K[N]into K extends in no more than one way to a homomorphism K[M]- K
that does not annihilate b. By Theorem 4 this implies that K[M] < f*K(N). In
other words, there is a homomorphism ¢: K[M] — K(N) such that f*o =id.
The rational map g: N - M defined by this homomorphism is the required
inverse of f.

In general case, consider an auxiliary rational map

LM — N x P, x—(f(x),h(x))

The closure of its image will be denoted by L. Furthermore, let p; and p, be the
restrictions onto L of the projections of the product N x P onto the first and
second factor, respectively. The conditions of the theorem imply that p, is a
bijection onto the épais subset /(M,) = L. By the above there exists a rational
map k: N — L inverse to p,. The map g = p,k is the one sought for. Proof is
illustrated by the following commuting diagram: ‘

ch
th

th In W N
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M > P

)

L

Do
P|;k.'.
N.

Note that the assumption char K =0 is essential. Indeed, suppose that
char K = p > 0. Then the morphism f: A' - A, (X)>(X7) is a bijection but
the inverse map is not rational.

Exercises

The ground field K is assumed to be algebraically closed.

1)

2)
3)
4)
5)

6)

1)

12)

13)
14)

15)

Let M and N be algebraic varieties in A" and N = M. Then K[N] is a
quotient algebra of K[M].

What is the Zariski topology in A'?

The Zariski topology in A" is not the Hausdor{f one.

Any open covering of a noetherian topological space has a finite subcovering.
Suppose f = p¥i... p¥isa decomposition of a polynomial f € C[X},..., X, ]
into irreducible factors. Then M(f) = U M(p;) is the decomposition of the
variety M(f) into irreducible components.

Give an example of two nonisomorphic algebras that define the same alge-
braic variety in A".

An affine algebraic variety defined by a finite-dimensional algebra consists
of a finite number of points.

A finitely generated algebra which is a field coincides with K.

Suppose A is a finitely generated algebra, I its maximal ideal. Then A/I = K.
There is a one-to-one correspondence between the points of an affine alge-
braic variety M defined by a finitely generated algebra 4 and the maximal
ideals of this algebra: to a point x € M the kernel of the homomorphism
¢,: A — K corresponds.

If two finitely generated algebras do not have zero divisors (or nilpotent
elements) then so does their tensor product. (Prove geometrically.)

The radical of a finitely generated algebra coincides with the intersection of
all its maximal ideals.

An ideal I of an algebra A4 is called a radical ideal if f™e I implies
fel

Any radical ideal of a finitely generated algebra is the intersection of a finite
number of prime ideals.

Find the domain of the rational function x, /x5 on the algebraic variety in
A* defined by the equation X, X, = X, X;.

Find the image of the variety M = A' under the rational map (X)—
(1 — X3)/(1 + X2),2X/1 + X?)).
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16)

17)

18)
19)

20)

21)

11.

14.
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Suppose M = A, and f: (X) (X2 X?). There is an inverse rational map
f7' f(M) —> A but it is not defined at £(0).

Suppose fi, ..., fi, g are rational functions on A", If g is constant on the level
surfaces of the family { f,..., f;}, then it may be presented in the form of a

rational function in fi, ..., f,.

An elementary algebraic predicate in variables x € A", y e A™ ze AP, ...
is a predicate of the form “F(x,y,z,...) = 0”, where F is a polynomial in
n+m+ p + - variables. Furthermore an algebraic predicate is any predi-
cate obtained from elementary ones within the framework of the logic of
predicates, i.e. by making use of (a finite number of) conjunctions, disjunc-
tions and negations and also quantifiers of existence and generality.

Aset M = A™ x A" x AP x -+ is constructible if there exists a predicate P
containing free variables x € A", y € A", z € A”, ... (and containing no other
free variables), such that (a,b,c,...) e M if and only if P(a, b,c,...) = 0.

An irreducible component of a constructible set is constructible itself.

The image of an irreducible constructible set under a rational map into A¢
is a constructible set in A7,

Any constructible set can be presented as a finite union of sets of the form
F\G, where F and G are closed sets.

An irreducible constructible set is épais in its closure.

Hints to Problems

The desired morphism is of the form x s (f,(x),..., f,(x)), where fi = o),
where yy, ..., y,, are the restrictions on 4" of coordinates in A™
M(SI)U M(Sz) = M(S), Where S = {fle:fl € Sl and fz € Sz}

. This is a geometric equivalent of Theorem 1.

The topological spaces that are not representable as unions of finite numbers
of closed irreducible subsets will be called bad spaces. Suppose M is bad.
Then, in particular, M can not be irreducible, therefore M = ‘M, U M,, where
M, M, are proper closed subsets and at least one of M,, M, is bad. Suppose
M, is bad. Then M; = M,; U M;,, where M;;, M;, are proper closed
subsets and at least one of M, ;, M, , is bad. Suppose this is M, ,. Continuing
the process, we obtain an infinite descending chain M > M, > M,, > -+ of
closed subsets of M. If M is noetherian, this is impossible.

Suppose M = | J, <; <, M;, where M, is a closed irreducible subset such that
M; & M;fori # j. Then M, ..., M, are all the maximal irreducible subsets of
M, and therefore the M, are uniquely defined.

Suppose there are nonzero elements f,, f, € K[M] such that f, f, = 0. Then
M = M, u M,, where M, = {x € M: f,(x) = 0} so that M, % M and M, #
M. Thus, if K[ M] has zero divisors then M is reducible, and each zero divizor
vanishes on an irreducible component of M.

Let {u,} be a basis of L as of a vector space over K. Any polynomial
feL[X,,...,X,] is representable in the form f=Y,u,f, where f, e
K[X,,...,X,] and for a point x € A" the condition f(x) = 0 is equivalent to
the conjunction of the conditions f,(x) = 0. Therefore the intersection of any
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closed subset of A"(L) with A" is closed in A" Proof of the remaining
statements is similar.

Suppose M x N = P, U P,, where P; and P, are closed subsets. For any
x € M consider the closed sets

P(x)={yeN:(x,y)eP} =N for k=12

Since P, (x) U P,(x) = N, one of the sets P;(x) or P,(x) coincides with N. Now
consider the closed sets M, = {x € M: (x,y) € P, for any y e N} =« M, where
k = 1, 2. By the previons results M = M, u M,. Hence, M coincides either
with M, or with M,. If M = M,, then M x N = P,, therefore M x N = P,
or P,.

Let {f,,fs,...} be a basis of K[M]. The homomorphism w: K[M]®
K[N]— K[M x N] defined by n¥ and =} assigns to u=) /i ®g; (g; €
K[N7]) the function h(x, y) = Y; fi(x)g:(y) (x € M, y € N). Therefore g;(y) = 0
for any i and y € N, but then u = 0. This proves the injectivity of w. Its
surjectivity is clear. The second statement of the problem follows from the
first one.

For any f € A[X] put f for a polynomial of K[ X] which is obtained from
f by applying the homomorphism ¢ coefficient-wise. Let b = g(u) and o € K
be any number which is not a root of g. Define the homomorphism ¢ setting
Y(f(w) = f°(«). In this case g® # 0 is the only restriction on ¢. This condition
is verified if we take for a any nonzero coefficient of g.

Let p e A[X] be the minimal polynomial of u. Denote by a, the highest
degree coefficient of p. If g e A[X] is such that g(u) = 0, then g is divis-
ible by p in QA[X] and there exists k such that afq is divisible by p in
A[X].

Therefore, if @(a,;) # 0 and « € K is a root of p?, then the homomorphism
Y: B — K that coincides with ¢ on A is well-defined by the formula y/( f(u)) =
f().

Now let us make (b) # 0. By Problem 18 b is algebraic over A. Let

h e A[X] be a nonzero polynomial such that h(b) = 0. We may assume that
the constant term a, of h is nonzero (otherwise we divide h by X). If ¢(b) = f,
then h?(B) = 0. Let ¢(a,) # 0. Then p is a root of a polynomial with a
nonzero constant term and therefore f # 0. Thus we may puta = a,a,.
The induction in the number of generators of the algebra B over A reduces
the proof to the cases considered in Problems 19 and 20.
The induction in the number of generators of the algebra B over A enables
us to reduce the proof to the case B = A[u]. In this case we are under the
conditions of Problems 19 or 20. Let a € A be a nonzero element constructed
while solving the corresponding problem. By Corollary of Theorem 3 there
is a homomorphism ¢: 4 — K that does not annihilate a. The solutions of
Problems 19 and 20 show that the homomorphism ¢ uniquely extends to a
homomorphism y: B — K only when u is algebraic over A4 and p” has a
unique root, i.e. p® = ¢(X — a)*, where c € K and ¢ # 0.
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Let us show that if m = degp > 1, then ¢ can be chosen so that the
polynomial p? is not of this form. Since p is irreducible over Q A, then, in
particular, p is not proportional to any power of a linear binomial. Let

p:p0+p1X+“'+mem7 Where pieAapm?éO‘

There exists i < m — 2 such that p; # pu(™) (P /mMp,)™ ", 6. m™ pm~i~1p,
(Mpm-i, otherwise p = pu(X + (Pp—i1/mp,))™ If we require an extra condi-
tion: @(m™ 'p~ ", — (T)pmZi) # 0, then p® also is not proportional to any
degree of a linear blnomial.
Thus, deg p = 1. But this means exactly that u € Q4 and hence B = QA.

24. First show that the kernel of p coincides with the intersection of the kernels
of all the homomorphisms 4 — K. Further, apply Theorem 5 and Corollary
of Theorem 3..

25. Consider an embedding M — A" and apply Theorem 7 to the preimage of
the ideal I with respect to the restriction homomorphism K[ X,,..., X,] —
K[M]andto f = 1.

26. The proof reduces to the case q = 2. In this case Problem 25 implies that
I (M) + I,4(M,) = K[M]. This means that the considered map is surjective.
Its injectivity is obvious.

27. Let M = M, u---u M, be the decomposition of M into irreducible com-
ponents. By Problem 11 the set of zero divisors of K[ M] is the union of the
ideals Iy, (M;), s = 1, ..., q. Since I, contains at least one nondivisor of zero,
then I, N I),(M;) is a proper subspace of I for any s. If all the nondivisors of
zero contained in I, had belonged to some of its proper subspaces, then I,
would have been a union of a finite number of proper subspaces which is
impossible.

28. Let f be such a function. The conditions of the problem imply that the variety
of zeros of IJr is empty. By Problem 25 this implies that I, 31, ie. f is
presentable in the form f = g/1, where g € K[ M], as required.

29. Is solved like Problem 28 but with the help of the Hilbert’s Nullstellensatz
itself.

31. Passing to an appropriate dense principal open subset reduce to the case
when M'n M" = & and use Problem 26.

32. Passing to an appropriate dense principal open subset reduce to the case
when irreducible components of M do no intersect and use Problem 26.

35. Let N be embedded in the affine space A™ with coordinates Y;, ..., Y,.
Then the required map is of the form x - (f;(x), ..., f,.(x)), where f; = ¢(y,),
yi = Yin.

§2. Projective and Quasiprojective Varieties

1°. Graded Algebras. Before we start to define projective varieties recall certain
elementary facts on graded vector spaces and algebras.
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A vector space V is graded if there are distinguished subspaces V, (k € Z) in it
called grading subspaces such that V = ), V,. The nonzero elements of V; are
then called homogeneous elements of degree k. By definition any nonzero element
is uniquely presentable as the sum of homogeneous elements called its homo-
geneous components. A subspace U < V is called homogeneous if together with
each of its elements it contains all its homogeneous components. This is equi-
valent to the fact that U = @), U,, where Uy = V,. If U is a homogeneous sub-
space then the quotient space V/U inherits the grading such that (V/U), = V,/U,.

A grading is called nonnegative if ¥, = 0 for k < 0. In this chapter we will only
consider nonnegative gradings.

An algebra A is called graded if it is graded by subspaces A4, (k € Z) as a vector
space and A, A, = A, for any k, [ € Z. If I is a homogeneous ideal of a graded
algebra A then A/I is also a graded algebra.

A polynomial algebra possesses a standard nonnegative grading: the homo-
geneous elements of degree k are just the forms (homogeneous polynomials) of
degree k. Notice, that in this case all the grading subspaces are finite dimensional
(though the algebra itself is infinite dimensional).

Problem 1. The radical of a graded algebra is a homogeneous ideal.

Problem 2. If there are no homogeneous zero divisors in a graded algebra A
ie. pg = 0for pe A,, q € A, implies either p = 0 or ¢ = 0, then there are no zero
divisors in A at all.

2°. Embedded Projective Algebraic Varieties. Let P" be an n-dimensional
projective space over K and Uy, Uy, ..., U, homogeneous coordinates in P". Since
homogeneous coordinates of a point are only defined up to a simultaneous multi-
plication by a nonzero element of K, it is impossible to speak about the value of
a polynomial pe K[U,, Uy,...,U,] at a point x € P". But if p is a form (i.e. a
homogeneous polynomial) the equality p(x) = 0 is meaningful. If p and g are
forms of the same degree and g(x) # 0, then the ratio p(x)/q(x) is well defined.

An algebraic variety in P" or an embedded projective algebraic variety is a
subset in P" singled out by the system of equations

p(UOaUln'“’Un):O(pES) (1)

where S is a set of forms. The variety defined by system (1) will be denoted by
MP(S).

Problems 3. Any homogeneous ideal of K[U,, U,,...,U,] possesses a finite
system of homogeneous generators.

Let M be an algebraic variety in P". Consider a subspace of K[U,, U, ,...,U,]
generated by all forms that vanish on M. This subspace is a homogeneous ideal.
Denote it by I”"(M). If S is a system of its homogeneous generators, then
M = MP(S). Therefore Problem 3 implies that any algebraic variety in P" can
be defined by a finite number of homogeneous equations.




76 Chapter 2. Algebraic Varieties
Call the algebraic varieties in P” its closed subsets. This introduces a topology
in P" (cf. Problem 1.6) called the Zariski topology.

Problem 4. The space P” endowed with the Zariski topology is an irreducible
noetherian topological space (see 1.3).

Now define rational functions on an algebraic variety M < P". Consider the
algebra

K[M pr = K[U07 Ul PR U"]/Ipr(M).

Since I*"(M) is a homogeneous ideal, K[ M7 inherits the grading of K[U,, U,,
UL

Unlike in the affine case, the elements of K[M]°* cannot be considered as
functions on M. However, if pe K[M]™ is a homogeneous clement then the
identity p(x) = 0 makes sense for xeM; if p, ge K[M] are homogeneous
elements of the same degree and q(x) # 0, then the ratio p(x)/q(x) makes sense.

Problem 5. M is irreducible if and only if K[ M]P" has no zero divisors, More
precisely, the homogeneous zero divisors of K[ M7 are its homogeneous ele-
ments which vanish on an irreducible component of M.

In QK[MT™, consider the subalgebra generated by the ratios of the form p/q,
where p, g are homogeneous elements of the same degree (and q is not a zero
divisor). This subalgebra is denoted by K(M) and is called the algebra of rational
Junctions on M. Problem 5 shows that if M is irreducible then K (M) is a field.

The elements of K (M) are called rational Junctions on M. A function fe K(M)
is considered defined at x e M if it is presentable in the form p/q, where p,
q € K[M]"" are homogeneous elements of the same degree and g(x) # 0. In this
case the ratio p(x)/q(x) e K (independent of the choice of such a presentation) is
called the value of f at x and is denoted by f(x). As in the affine case, the properties
(R1)—(R4) of 1.8 hold. ‘

Let f'be a rational function on M. The denominators of all possible representa-
tions of f in the form of a ratio of two homogeneous elements (of the same degree)

of K[M]P* are exactly the homogeneous nondivisors of zero contained in the
homogeneous ideal

Iy = {he KIMI": fhe K[MT").

Problem 6. The domain D, of fis the complement of the set of zeros of I, ie.
of the set of points where all homogeneous elements of J - vanish.

The following theorem demonstrates the crucial difference between projective
varieties and affine ones.

Theorem 1. Let M = P" be an irreducible algebraic variety. Any rational func-
tion f € K(M) defined at all points of M is a constant, i.e. belongs to K.

Proof. Consider the affine space A" with coordinates Uo, Uy, ..., U,. Let I
be the pre-image of | '+ with respect to the canonical homomorphism
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n: K[Uy, Uy,..., U] = K[M]".

The absence of zeros of I, on M means that the unique zero of I on A" s the
origin. Applying Hilbert’s Nullstellensatz to the ideal I = K[U,, U,,..,U,] and
the coordinate functions Uy, U,, ..., U, we see that I contains some powers of all
coordinate functions and therefore contains all homogeneous polynomials of a
sufficiently high degree. Therefore I, contains all homogeneous elements of
K[M7P" of a sufficiently high degree.

Let V be one of the grading subspaces of K[ M]°" belonging entirely to I;. The
map h+— fh(h € V)is a linear transformation. Consider an eigenvector h,, of this
transformation. We have fh, = ch, (c € k) and since h, is not a zero divisor (M
is irreducible!), we have f = ¢, as required.

Developing the arguments contained in the first part of this proof we may
assign to every algebraic variety M < P" an algebraic variety M < A" “the
cone over M”, defined by the same equations as M (but in which Uy, U,, ..., U,
are considered as coordinates in A"*!). Then K[M]?" is identified with K[M]
and K(M) with a subfield of K (M). Problems 6 and 1.27 imply that the domain
of f € K(M) on M is a cone (perhaps without the vertex) over its domain on M.
Problems 5 and 1.11 show that the irreducible components of M are cones over
the irreducible components of M.

Problem 7. The subfield K (M) = K(M) consists of all functions invariant with
respect to homotheties, i.e. constant on generatrices of M.

The described trick enables one to apply the affine theory to the study of
projective varieties. In particular, it enables one to derive from Problems 1.30-1.32
their projective analogues. _

Namely, let M = P" be an algebraic variety, M’ the union of some of its
irreducible components and M” the union of the remaining components. In
exactly the same way as in the affine case the restriction homomorphism K (M) —
K(M') is defined.

Problem 8. If a function f is defined at x € M’ then so is f|, and f|y(x) =
f(x).
Problem 9. If a function f|,,. is defined at x € M'\M" then so is f.

Problem 10. Let M = M, U --- U M, be a decomposition of M into irreducible
components. Then the homomorphism

KM)—> K(My) x - x K(Mp), [ (flap--5Sm,)
~ is an isomorphism.

3°. Sheaves of Functions. To consider affine and projective algebraic varieties
from a unified point of view and to be able to define abstract projective and more
‘general algebraic varieties introduce the notion of a topological space with a
sheaf of functions or, briefly, of sheafed space.
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One says that on a topological space M the sheaf O of functions (or, more
precisely, of algebras of functions) is defined if for any open subset U « M a
subalgebra (O(U) is distinguished in the algebra of all continuous functions on U
with values in K so that

(S1) if V. < U and f € O(U) then f|, € O(V)

(S2) if U= {J,U, and f is a function on U such that fly, € O(U,) for all
then f e O(U).

When needed we will write ),, instead if €.

A continuous map f: M — N of sheafed spaces is a morphism if f*O(V) <

Op(f~H(V)) for any open subset V < N. Clearly, the composition of morphisms
is a morphism.

A subspace N of a sheafed space M is canonically endowed with a sheaf of
functions. Namely, a functon f on an open subset V on M is assumed to belong
to Oy (V) if there exist open subsets U, of M and functions f, € 0,,(U,) such that
V=Nn(J.U,)and fly~u, = falynu, for all .

Problem 11. This structure on N satisfies the axioms of the sheaf of functions.

The sheaf O is called the restriction of 0, onto N. Its definition implies that
the identity embedding N < M is a morphism. If N is open in M then Oy (V) =
Oy (V) for any open V < N.

Problem 12. The restriction of sheaves of functions is a transitive operation
meaning that if P <« N < M then the sheaf of functions on P obtained by
consequtive restrictions of @,, first onto N and then onto P coincides with the
sheaf obtained by directly restricting 0,, onto P.

Let M and N be two sheafed spaces.
Problem 13. If f: M — N is a morphism and f(M) < N, < N then f: M — N|,
is a morphism.

Problem 14. Let M = { ), U, be an open covering. If a map f: M — N is such
that its restriction onto any subset U, is a morphism (into N) then f is a
morphism. :

Now suppose M is irreducible (see 1.3). Any morphism of a nonempty open
subset U < M into N will be called a partial morphism of M into N. Two partial
morphisms are called equivalent if they coincide on the common domain.

Problem 15. The above is an equivalence relation on partial morphisms.

Problem 16. An equivalence class of partial morphisms contains a (unique)
morphism whose domain contains the domains of all partial morphisms of the
given class.

A partial morphism satisfying the conditions of this problem is called a rational
map of M into N. Clearly, an everywhere defined rational map is a morphism.

A rational map f: M — N is called dominant if f(M) = N. (In this case N is
also irreducible).

The product of a dominant rational map f: M — N and a rational map
g: N — Pisarational map gf: M — P equivalent to any partial morphism of the
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form g, fo, where f, and g, are partial morphisms equivalent to f and g respec-
tively and the image of fj, is contained in the domain of g,. It is easy to see that
such pairs (fy, go) exist and if f is defined at x € M and g is defined at f(x) e N
then gf is defined at x and (gf)(x) = g(f(x)); however gf may also be defined at
points which do not satisfy these conditions.

4°. Sheaves of Algebras of Rational Functions. Let M be an embedded affine
or projective algebraic variety. In both cases the notion of a rational function is
defined. For any open subset U = M denote by O(U) the algebra of functions on
U defined by restrictions onto U of rational functions whose domains contain
U. (If U is dense in M then O(U) is identified with a subalgebra of K(M).)

Problem 17. This structure @ on M is a sheaf of functions.

This sheaf is called the sheaf of (algebras of ) rational functions.

Problem 18. The sheaf @ on M coincides with the restriction onto M of the
sheaf of rational functions on the hosting affine or projective space.

The open subset in P" defined by U, # 0 can be identified with A" and the
functions X; = U,;/U, (i = 1,...,n) form a coordinate system in this A". Therefore
a point (X,..., X,) € A" is identified with the point (1: X,:...:X,) e P".

Problem 19. The sheaf of rational functions on A" coincides with the restriction
of the sheaf of rational functions on P".

Problem 20. Let M, (h € K[ M]) be a principal open subset of an affine variety
M. The sheaf of rational functions on M, as on an affine variety (see 1.8%)
coincides with the restriction of the sheaf of rational functions on M.

Problem 21. The morphisms of affine varieties are the same as their morphisms
as of sheafed spaces.

This means that affine varieties can be considered as special objects in the
category of sheafed spaces. Namely an (abstract) affine algebraic variety is a
sheafed space isomorphic to a closed subset of an affine space.

Problem 22. The rational maps of irreducible affine varieties (see 1.9°) are the
same as their rational maps as of sheafed spaces (see 3°).

Similarly, an (abstract) projective algebraic variety is defined as a sheafed space
isomorphic to a closed subset of a projective space. The morphisms of projective
varieties are by definition the morphisms of sheafed spaces.

5°, Quasiprojective Varieties. A quasiprojective algebratic variety (or simply a
quasiprojective variety) is a sheafed space isomorphic to an open subset of a
projective variety or, which is the same, a locally closed subset of a projective
space.

Affine and projective algebraic varieties are particular cases of quasiprojective
ones. These cases exclude each other. More precisely, if an irreducible quasipro-
jective variety M is simultaneously affine and projective then it consists of one
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point. Indeed, if M is affine then O(M) = K[M], and if M is projective then
O(M) = K (Theorem 1). Therefore if it is both affine and projective then K[M] =
K, but for an affine variety this means that it consists of one point.

A locally closed subset of a quasiprojective variety M (endowed with the

induced topology and a sheaf of functions which is the restriction of the sheaf
() 1s called a subvariety of M. Clearly, it is also a quasiprojective variety; any
closed subvariety of an affine (resp. projective) variety is affine (resp. projective).

By definition any quasiprojective variety M can be embedded as an open

_subvariety into a projective variety P. Assuming that M is dense in P (we can
always do this without loss of generality) set K(M) = K(P) and consider each
element of K(M) as a function on M which is the restriction of the corresponding
rational function on P. The functions on M obtained in this way will also be
called rational ones. They are characterized in inner terms as the functions from
0, whose domains cannot be extended.

On the other hand, 0,, is completely defined by the algebra of rational
functions on M since for any open subset U = M the functions from 0,,(U) are
nothing but the restrictions of rational functions.

Clearly, if My < M is a dense open subvariety then there exists a natural
isomorphism of algebras K(M) and K(M,) which to any rational function on M
assigns its restriction onto M.

The following problems show that quasiprojective varieties can be in a
sense approximated by affine ones and their morphisms by morphisms of affine
varieties.

Problem 23. For any finite set of points of a quasiprojective variety there exists
a dense open affine subvariety containing it.

Problem 24. For any morphism f: M — N of quasiprojective varieties there
exist dense open affine subvarieties M, = M and N, = N such that f(M,) = N,
(and then the map f: M, — N, is automatically a morphism, cf. Problem 13).
Moreover, we may require that M, and N, contain any prescribed ﬁnlte sets of
points of M and N respectively.

Due to this, Theorems 1.5 and 1.8 are obviously generalized to any quasipro-
jective varieties. Let us formulate theorems thus obtained.

Theorem 2. Let f: M — N be a dominant morphism of irreducible quasiprojective
varieties. Then f(M) is an épais subset of N.

. Theorem 3. Let char K = 0, let M, N, P be irreducible quasiprojective varieties,
and let f: M — N, h: M — P be dominant morphisms. If f(x') = f(x") implies
h(x') = h(x") for any x', x" € M then there exists a (dominant) rational map
g: N — P such that h = gf.
Clearly, a complex quasiprojective variety is projective if and only if it is
compact in a real topology.

6°. The Direct Product. The direct product M x N of affine varieties M and
N defined in 1.4° is their set-theoretic direct product endowed with an affine
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variety structure. Let us characterize this structure in terms meaningful for any
quasiprojective varieties.

Problem 25: The projections of the direct product M x N onto M and N are
morphisms. For any affine variety P and morphisms f: P — M and g: P — N the
map

P->Mx N, z—(f(2).9(z)
is a morphism.

Taking this as a guide, give the following axiomatic definition of the direct
product of quasiprojective varieties M, ..., M,: it is their set-theoretical direct
product M; x - x M, endowed with a quasiprojective variety structure so that

(P1) the projections p;: M; x --- x M, = M, (i = 1,...,k) are morphisms;

(P2) for any quasiprojective variety P and any morphisms f;: P - M; (i = 1,
..., k) the map

P—>M1 X"'XMka Z"—)(fl(Z),.--,ﬁ((Z))

is a morphism.

Problem 26. On M, x --- x M,, there exists no more than one quasiprojective
variety structure satisfying these axioms.

(The existence of such a structure, however, is not clear from the definition.)

Thanks to Problem 14 and the existence of an open covering of any quasipro-
jective variety by affine subvarieties (Problem 23) one may confine oneself in the
above definition to affine varieties P. Therefore the direct product of affine
varieties in the sense of 1.4 is also their direct product in the sense of the new
definition. ’

The direct product topology of quasiprojective varieties should not coincide
with the topology of the direct product of topological spaces and in nontrivial
cases never coincides with the latter (see 1.3). However, the following problem
shows that in any case the direct product topology is not weaker than the latter
one.

Problem 27. Let M, x --- x M, be the direct product of quasiprojective va-
rieties M,, ..., M, and N; = M; (i = 1,..., k) be locally closed (resp. open, closed)
subsets. Then N, x --- N, is a locally closed (resp. open, closed) subset of M, x
-+ M,. Endowed with a quasiprojective variety structure as a subvariety of
M, x --- x M, it is the direct product of varieties Ny, ..., N,.

Now, let us consider the question of the existence of the direct product.

- Theorem 4. For any quasiprojective varieties M,, ..., M, there exists their direct
product M, x -+ x M, and if M,, ..., M, are affine (resp. projective) varieties
thensois M, x -+ X M,. The direct product of irreducible varieties is an irreducible
variety.

The following problem enables us to reduce the proof to the case of two factors.
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Problem 28. Let M, x --- x M,_; = N be the direct product of quasiprojective
varieties M, ..., M,_;, and N x M, be the direct product of N and M,. Then
N x M, naturally identified with M, x --- x M, is the direct product of M, ...,
M,.

Furthermore, since any quasiprojective variety is by definition a subvariety of
a projective space, Problem 27 shows that it suffices to prove the existence of the
direct product of projective spaces. For this let us make use of the following
criterion.

Problem 29. Let M = ( J, M, and N = ( J; N, be open coverings of quasipro-
jective varieties M and N and let a quasiprojective variety structure on M x N
be introduced so that the subvariety M, x N; = M x N is the direct product of
varieties M, and N, for any a, f. Then M x N is the direct product of M and N.

Now let P" and P™ be the projective spaces with homogeneous coordinates
U (i=0,1,...,n) and ¥, (j = 0,1,...,m) respectively. Consider the projective
space P""*"*™ with homogeneous coordinates W,; (i = 0,1,...,n;j =0,1,...,m)
and the map

’,’: P” % [pm — an+n+m

defined by the formulas W,; = U, V..

Problem 30. The map 7 is one-to-one. Its image is closed in P™*"*™,

Identifying P" x P™ with its image under # we introduce on it a projective
variety structure.
Let us identify the open subsets of P", P™ and P™*"*™ distinguished by the
inequalities :
U, #0, Vo # 0, Woyo # 0, (2)

respectively, with the affine spaces A", A™ and A" "™ (see 4°). We have
n(An % Am)c Anmn+m

Problem 31. The map # induces the isomorphism of A" x A™ = A"*™ onto a
closed subvariety of A" "+m,

This means that the projective variety structure introduced on P" x P™ in-
duces a direct product structure on A" x A™. Since instead of U, V, and W,
in (2) we might have taken U;, V; and W,; with any i, j, then the conditions of
Problem 29 are satisfied, hence P" x P™ is actually the direct product of P" and
P,

We have therefore simultaneously proved the first statement of the theorem
and the fact that the direct product of projective varieties is a projective variety.
The fact that the direct product of affine varieties is an affine variety had actually
already been proved in § 1. The irreducibility of the direct product of irreducible
varieties is proved as in the affine case (Problem 1.14).
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It is useful to describe the topology of P" x P™ in the inner terms.

Problem 32. A subset F = P" x P™is closed if and only if it can be defined by
a system of equations of the form

p(Uo, Ul""SUn; Vo, Vl,...,Vm)ZO,

where p is a polynomial homogeneous separately in Uy, Uy, ..., U, and in Vj,
Vieoioos Ve

7°. Flag Varieties. Let V be an n-dimensional vector space.

A flag in V is a set {V,,...,V,} of its subspaces such that dim V, = k and
VieVigak=1,....,n—1).

In this subsection we aim to introduce a natural structure of a projective
algebraic variety on the set of flags. This variety is called the flag variety and
plays an important role in the theory of algebraic groups.

Let A(V) = Py»o 4*(V) be the exterior (Grassmann) algebra of V (see [ 50, 527).
The elements of A*(V) are called k-vectors. There is a canonical isomorphism 6
between the space A*V and the space of the k-th degree skewsymmetric tensors,
defined by the formula

Oxy Am AXy) = Z (— 1)pamy Ofaxgu) & @ Xguys

where o runs through all permutations.

A nonzero k-vector is called simple (or decomposable) if it can be presented in
the form x; A *** A Xx,, where x; € V. The above isomorphism defines a coordi-
nate system in A*V in which coordinates of a simple k-vector x; A *** A X, are
the k-th order minors of the matrix formed by the coordinates of vectors x;, ...,
x, in a fixed basis of V. These are the Pliicker coordinates.

Problem 33. Suppose u = x; A -+ A X, is a simple k-vector. The subspace
V(u) = V spanned by the vectors x,, ..., x, is uniquely recovered from u as
follows:

V) ={xeV:unx=0} (3)

Clearly, a simple k-vector u is defined by the subspace V(u) up to a factor.
Thus, there is a one-to-one correspondence between the k-dimensional subspaces
of V and the one-dimensional subspaces of A*V consisting of simple k-vectors.

Problem 34. If a nonzero k-vector u is not simple then dim V(u) < k, where
V(u) = V is constructed in (3).

Let P(U) be the projective space associated with the vector space U. (The
points of P(U) are the one-dimensional subspaces of U). In accordance with the
above, the set of all k-dimensional subspaces of V is identified with some subset
Gr, (V) = P(A*V) called the Grassmann variety.
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Problem 35. Gr, (V) is closed in P(A*V).

Let us prove that the Grassmann variety is irreducible. Let E(V) be the set of
all frames of V. There is a surjective map

gi: E(V) = Gr(V),

which to each basis assigns the subspace spanned by the first k of its cle-
ments. The set E(V) is endowed with the structure of an irreducible affine
variety as a principal open subset of the irreducible affine variety V' x -+ x V
(n factors).

Problem 36. The map g, is a morphism of E(V) into P(A*V).

Since the image of an irreducible topological space under a continuous mapping
is irreducible, the above implies that Gr,(V) is irreducible.

Let 1 < k < [ < n. Consider the subset Gr, (V) = Gr, (V) x Gr,(V) consisting
of pairs (W, U) of subspaces, such that dim W = k,dim U = land W < U.

Problem 37. The subspace Gr, (V) is closed in Gr (V) x Gr, (V).

The set F(V) of all flags of V is a subset in the direct product Gr, (V) x -+ x
Gr,(V).

Problem 38. The set F(V) is closed in Gr, (V) x -+ x Gr,(V).

Problem 39. The set F(V) is irreducible.

Thus, the set F(V) is an irreducible closed subset of the projective variety
Gr,;(V) x --- x Gr,(V) and due to this fact it is endowed with an irreducible
projective variety structure. This variety is called the flag variety of V.

Exercises

1) The projective variety M?(S) defined by (1) is empty if and only if there exists
k such that the ideal of K[U,, U,,..., U,] generated by S contains all the
forms of degree k (therefore all forms of greater degrees as well).

2) LetS = {py,p,,..-} be the set of forms of degrees k, k... respectively. For
given k, k,, ... the necessary and sufficient conditions for M?"(S) to be
nonempty can be expressed in the form of a system of algebraic relations in
the coefficients of forms p,, p,, ... each of relations being homogeneous in
the coefficients of each form. (Each relation contains coefficients of only a
finite number of forms.)

3) Let M < P"beanirreducible algebraic variety. An ordered set(pg, P1»-- -5 Pm)
of homogeneous elements of equal degree from K[M]?" is admissible if
it contains at least one nonzero element. Admissible sets (py,p;,.-.,Pm) and
(90,415 qm) are equivalent if p;q; = p;q; for all i, j.

This equivalence relation is well-defined.

4) Each equivalence class of admissible sets defines a map (perhaps not every-
where defined) f: M — P™ according to the following rule: f is defined at
x € M if the given class contains a set (pg, Py,-- -, D) Such that p,(x) # 0 for
some i and in this case ' o '

SRR R s L
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e the set of
This is a rational map (in the sense of 3°).
5) Any rational map f: M — P™is defined in the above sense by an equivalence
class of admissible sets.
of its ele- ? 6) Any rational map f: P! — P™ is a morphism, i.e. is defined everywhere.
\ible affine ‘ 7) Find the image of the morphism P! — P™ defined by the set (Ug, Uy Uy, ...,
XV up).
8) Find the domain and the range of the rational map f: P? — P? defined by
(U,U,,U,U,, UyU,). Prove that f? = id.
9) Let M < P2 be the conic defined by U2 — U? — U? =0and f: M — P! the
18 mapping rational map (stereographic projection) defined by the set (ug — uy,u,),
" where u,, u;, u, are the images of Uy, U,, U, under the canonical homo-
) consisting ; morphism K[U,, U,,U,] — K[M]”. Prove that f is an isomorphism.
c U. ' 10) The image of any morphism of a projective variety into a quasiprojective
variety is closed. (Hint: make use of Exercises 5 and 2.)
, - 11) Let M = M(S) be an algebraic variety in A" defined by the system of
LOR AR equations (1.1) and M an algebraic variety in P" defined by the system
deg f _L_]_L _Q'L —
Ug f<U0""’U0) =0
tive variety The closure M of M in P" coincides with the union of irreducible components
irreducible of M which are not entirely contained in the hyperplane U, = 0.
V. 12) In the notation of Exercise 11,if S = {X,,X? + X,} then M # M.

13) In any quasiprojective variety the open affine subvarieties constitute a basis
of its topology. :

‘there exists

-ains all the Hints to Problems

. Consider the highest components of nilpotent elements and of zero divisors
respectively.

. Deduce from Hilbert’s theorem on the basis of an ideal.

. Is proved similarly to Problem 1.11.

. Let M = M, u---UM, be a decomposition of M into irreducible com-

«ctively. For
17(S) to be
relations in
ogeneous in

ts of only a ponents and I (s = 1,...,q) the ideal of K[ M]"" generated by the homo-
geneous elements that vanish on M. Since I, contains homogeneous non-

2 P15+ Pm) divisors of zero, then there exists a homogeneous element g € I, which does

dmissible if not belong to any of the I,. Let x € M be a point which does not belong to

,..+sPm) and the set of zeros of I, and r € I, a homogeneous element such that r(x) # 0.
Replacing g and r by their appropriate powers we may achieve that deg g =
degr. An appropriate linear combination of g and r is then a nondivisor of

)s not every- zero contained in I, and does not vanish at x. Therefore x € D;.

is defined at

. If f € K[M] is invariant with respect to homotheties then so is the ideal I,
of K[M] = K[M]",i.e. I, is homogeneous. We must prove that it contains
homogeneous nondivisors of zero. Since it contains some nondivisors of

pi(x) # 0 for
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zero, then in the notation of the solution of Problem 6 | & I, for any .
Therefore, for any s there exists a homogeneous element g, € |  such that
qs ¢ I, We may assume (see the solution of Problem 6) that the degrees of
all these elements are equal. Then their appropriate linear combination is

10.
17.

18.
23.

24.

25.

27.
29.

30.

31

32.

the required homogeneous nondivisor of zero.

Make use of Problem 7.

To verify axiom (S2) in the affine case make use of Problem 1.31 and 1.32
and in the projective case make use of Problems 9 and 10,

Due to axiom (S2), it suffices to prove the statement for an irreducible M.
Let a given quasiprojective variety M be embedded as a subvariety into [P,
By an appropriate projective transformation we can achieve that none of
the given points and none of the irreducible components of M belong to
the hyperplane U, = 0. Then M n A" is a dense open subset of M containing
all the given points. Furthermore in the affine variety M n A" there exists a
principal open subset contained in M n A" and containing all the given
points. This is the desired subvariety of M.

First, choose a subvariety N, = N which contains at least one point of the
image of every irreducible component of M.

This is a geometric reformulation of the properties of the tensor product of
algebras (see 1.4).

Make use of Problem 13.

For any morphisms f: P — M and g: P - N consider their restrictions onto
Py = f"1(M,) " g™*(N;) and make use of Problem 14.

If we arrange the homogeneous coordinates of a point of P™*"*™ into an
(n + 1) x (m + 1)-matrix then the image of # consists of the points whose
matrix of coordinates is of rank 1 and is determined by the conditions that
the second order minors of this matrix vanish.

Follows from the fact that among the coordinates of the point

n((Xl’ o "Xﬂ)’(y'l)' “ry Ym)) € Anm+n+m

some are equal to X,,..., X,, Y;,..., Y, and the remaining ones are their
products.

Let the subset F be defined by equations of the form mentioned in the
conditions of the problem. Suppose one of these equations is of the form
p = 0, where p is a quasihomogeneous polynomial of degree k in U, U,.
.-, Uyand of degree lin Vy, V,, ..., V, . If, say, k > [ then multiplying p = 0
by all monomials of degree k — [ in Vo, Vis ..., ¥, we obtain a system
of equations equivalent to the initia] equation and consisting of equations
of homogeneity degree k in each group of coordinates. Therefore, we may
require that each of equations that determine F have the same homogeneity
degree in both groups of coordinates. The equations of this form can be
presented as homogeneous equations in the products U, V}, where i = 0, 1,
wonand j=0,1,..., m, yielding the closedness of F. The converse is
obvious.
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34. Let (x;,...,x;) be a basis of the subspace V(u). Let us complete this basis
to a basis of the space V by vectors Xy, ..., X, Letu =3, ... Uy X, A
-+ A x; . Therelationsu A x; =0fori=1,...,limply thatu; ; =0ifat
least one of 1, ..., lis not one of i, ..., i;. It follows that | < kand if | = k
thenu =cx; A - A X, forceC.

35. Problems 33 and 34 imply that a k-vector x is simple if and only if the rank
of the linear map x+—u A x is not greater than n — k (and in this case it
equals n — k). The latter is equivalent to the vanishing of all minors of order
n — k + 1 of the matrix of this map.

36. The map g, is defined by the k-th order minors of the matrix constructed
from the coordinates (in a fixed basis) of the first k vectors of a basis.

37. Let u be a simple k-vector and v a simple [-vector. Problem 33 implies that
V(u) = V(v) if and only if the rank of the linear map

V- ATV @ A, x> (U A xX,0 A X)

is not greater than n — k (and in this case it automatically equals n — k).

38. Follows from Problem 37.
39. The proof follows the line of the proof of irreducibility of Gr, (V).

§ 3. Dimension and Analytic Properties of Algebraic Varieties

In this section “algebraic varieties” are understood as quasiprojective alge-
braic varieties (but other varieties will do if the reader knows what those concepts

mean).

1°. Definition of the Dimension and its Main Properties. Let A be an algebra
without zero divisors. Elements u,, ..., u,, € A are called algebraically independent
(over K) if they do not satisfy any nontrivial algebraic relation with coefficients
in K. In such a case K[uy,...,u,] = K[X,,...,X,.].- A maximal algebraically
independent system of elements is called a transcendence basis of A.

Problem 1. Algebraically independent elements u,, ..., u, € 4 form a trans-
cendence basis if and only if A4 is an algebraic extension of a subalgebra

K[u,,...,u,] (see 1.5).

Problem 2. Let A = K[u,,...,u,] and {u,,...,u,} be a maximal algebraically
independent subsystem of {u,,...,u,}. Then {u,,...,u,} is a transcendence basis
of A.

Problem 3. Any transcendence basis of 4 is a transcendence basis of Q4.

Theorem 1. If A has a transcendence basis of m elements, then any n > m of its

elements are algebraically dependent.
Proof see e.g. in [52]. Another proof will be given in 2°.
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Corollary. All transcendence bases of A contain the same number of elements.

This number is called the transcendence degree of A and denoted tr.deg A. I A
has no (finite) transcendence basis we set tr.deg 4 = 0.

Clearly, the transcendence degrees of a subalgebra and a quotient algebra do
not exceed the transcendence degree of the algebra. By Problem 3 tr.deg 4 =
tr.deg QA. Finally, tr.deg K[ X,,..., X, ] = n.

The dimension of an irreducible algebraic variety M is dim M = tr. deg K (M).
The dimension of an arbitrary algebraic variety is the maximum of dimensions

of its irreducible components. Clearly, the dimension of a variety equals the
dimension of any of its dense open subvarieties and dim P* = dim A" = n.

Problem 4. If N is a subvariety of an algebraic variety M then dim N < dim M.

Problem 5. Under the conditions of Problem 4, if M is irreducible and N is
closed in M, then dim N = dim M implies N = M.

Theorem 2. Any non-descending chain N, =« N, = -+ of irreducible closed
subsets in an algebraic variety M is stable.

Problem 6. Prove Theorem 2.

2°. Derivations of the Algebra of Functions. Let ¢ be a homomorphism of an
algebra A without zero divisors into a field L containing K (and considered as a
K-algebra). A linear map 0: A — L is called a @-derivation of A into L if

d(ab) = d(@)p(b) + ¢(a)o(b), (1)

for any a, b € A. It is easy to see that d(1) = 0. The set of all ¢-derivations of 4
into L is a vector space over L with respect to the natural operations:

(01 + 0,)(a) = 0,(a) + 0,(a),
(A0)(a) = A0(a) for 1 e L.

(2)

This space will be denoted by D(A4, L).

Problem 7. Let A = K[X,,..., X, ]- Then for any 4, ..., 4, € L there exists a
unique @-derivation 0: A — L which transforms X; into A;fori=1,..., n.

Clearly, under the conditions of Problem 7 dim D(4, L) = n. :
Consider a particular case, when 4 — L and ¢ = id. In this case we will simply
speak about a derivation of A4 into L.

Problem 8. Any derivation : 4 — L uniquely extends to a derivation QA4 — L.

Problem 9. Let B < L be a subalgebra finitely generated over A. If B is an
algebraic extension of 4, then any derivation d: A — L uniquely extends to a
derivation B — L.

Problem 10. If A < L is a finitely generated algebra, then dim D(A,L) =
tr.deg A.
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Theorem 1 easily follows from Problem 10: take QA instead of L.
Thus, if M is an irreducible algebraic variety then

dim M = dim D(K (M), K(M)). (3)
Theorem 3. Let M < A" be an irreducible algebraic variety and {f,,...,f.} a
o(fis---
system of generators of 1(M). Let r be the rank of J = ﬂl—’—’f"’—)— (as of a
00Xy s X)) I

matrix with entries in K(M)). ThendimM =n —r.

To prove the theorem first of all note that dim M = dim D(K[M], K(M)).
Further, K[M] = K[X,,...,X,]/I(M). Let = be a homomorphism of K[ X,,...,
X,] into the field K(M) defined by the formula n(f) = f|. To any derivation
0: K[M] — K(M) assign a n-derivation 9:K[X,,...,X,] = K(M) by the formula
of = on(f).

Problem 11. The map 0 4 is an isomorphism of the space D(K[M], K(M))
onto the space of n-derivations of K[X,,...,X,] into K(M) that vanish on
I(M).

Problem 12. Prove Theorem“3.

3°. Simple Points. Let M be an irreducible algebraic variety in A" and J a
matrix with entries from K[M] constructed as in Theorem 3. A point x € M is
simple, if tk J(x) = rk J.

This definition has, actually, an intrinsic sense. Moreover, for any point x € M
the number n — rk J(x) does not depend on an embedding of M into an affine

- space. The proof of this fact is similar to that of Theorem 3. Consider the
homomorphism

¢t KIM] = K, f—f(x)

and denote by D (K[M], K) the space of all ¢,-derivations of K[M] into the
field K. The elements of this space are the linear maps 0: K[M] — K satisfying

0(fg) = of - 9(x) + f(x)- Og.

Problem 13. dim D (K[M],K) = n — rk J(x).

In particular, since rkJ(x) <rkJ =r, then dimD (K[M],K)=2n—r=
dim M, and the equality holds if and only if x is a simple point of M. This gives
an intrinsic characterization of simple points of irreducible affine varieites.

The notion of a simple point may be extended to arbitrary algebraic varieties.
To do this let us give a local definition of a simple point of an irreducible affine
variety M that does not involve K[ M].

For a point x € M define its local algebra O, as the algebra of all rational
functions on M defined at x.
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Problem 14. Any ¢,-derivation of K[M] into K uniquely extends to a ¢,-
derivation of O, into K.

Now, denote by D,(O,, K) the space of all ¢,-derivations of O, into K. Problems
13 and 14 imply that x is simple if and only if

dim D (0,, K) = dim M. (4)

For an irreducible quasiprojective variety M the equality (4) is understood as
a definition of a simple point. The local algebra O, in this situation is defined
exactly as in the affine case, i.e. as the algebra of all rational functions on M
defined at x.

The set of all simple points of M is denoted by M,

Problem 15. Let N be an open subvariety of an irreducible algebraic variety
M. Then N™ = N n M"®,

Problem 16. The set M"® is non-empty and open in M.

Finally, a point of a reducible algebraic variety M is simple if it is a simple
point of an irreducible component of M of the maximal dimension and is not
contained in any other irreducible component.

All points of an algebraic variety M which are not simple are called singular.
A variety M is called non-singular if it has no singular points. Clearly, it is so if
and only if all irreducible components of M are non-singular, have the same
dimension and have empty intersections.

Problem 16 and the definition of simple points of reducible varieties imply that
the set of singular points is always a closed subvariety whose dimension is strictly
less than that of the variety itself.

Problem 17. Any algebraic variety M is the union of a finite number of
nonintersecting nonsingular subvarieties.

4°. The Analytic Structure of Complex and Real Algebraic Varieties. The
dimension of a real affine variety M is the dimension of its complexification
M(C); a point x € M is simple if it is a simple point of M (C). Clearly, simple points
constitute a nonempty open subset of M. It is denoted by M".

Theorem 4. Let M be a d-dimensional irreducible algebraic variety in a complex
or real affine space A". Then M® is a d-dimensional analytic subvariety of A"

In both cases the theorem is proved similarly. Let K stand for C in the first case
and for R in the second case. Let f, ..., f,, € K[X;,...,X,] be a system of
generators of I(M) and J a matrix with entries from K[M7] constructed as in
Theorem 3.

Let x e M(K) be a simple point. We may assume that the minor 4 =

D(flan'a.f;*) : a(fla'"afm)
D(X,, ..., x,) °f the matrix 75—~
minors vanish identically on M.

is non-zero at x and all the bordering
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Problem 18. There exist g, € K[X,,..., X, ], wherei=1,...,mandk =1, ...,
r, such that

] o . |
= g dIiMY(@i=1,....mj=1,...,
X =, %, uay, med IM) m;j )

J

4

Consider the algebraic variety M’ = A" defined by the equations f;(x) = 0,
wherei=1,...,r.

Problem 19. There exists a neighbourhood U of x in the real topology of A"
such that M’ A U is a d-dimensional analytic subvariety of A” and M nU =
M ~nU.

The theorem is proved. []

Notice that if K = R then M'® is at the same time a real analytic subvariety
of the complex analytic variety M™#(C) and any of its tangent spaces is a real
form of the tangent space of M™#(C) at the same point.

Problem 20 (Corollary). Any d-dimensional algebraic variety M in a complex
or real affine space A" is the union of a finite number of nonintersecting analytic
subvarieties of A", the maximal of their dimensions being equal to d.

Theorem 4 proved enables us to introduce a natural analytic structure on an
arbitrary nonsingular complex algebraic variety.

Theorem 5. Any d-dimensional nonsingular complex algebraic variety possesses
a unique structure of a d-dimensional complex analytic variety such that

1) all rational functions are analytic in their domains;

2) in an appropriate neighbourhood of any point a system of analytic coordinates
may be chosen from the restrictions of rational functions.

Problem 21. The analytic structure on an embedded nonsingular affine com-
plex algebraic variety defined as on an analytic subvariety of an affine space
satisfies the conditions of Theorem 5.

Problem 22. Prove Theorem 3.
Problem 23. Any morphism of nonsingular complex algebraic varieties is an

analytic map.

Problem 24. The analytic structure of the direct product of nonsingular com-
plex algebraic varieties, coincides with the analytic structure of their direct
product as of analytic varieties.

5°, Realification of Complex Algebraic Varieties. A complex analytic variety
can be considered as a real analytic variety (of doubled dimension), and similarly
a complex algebraic variety can be considered as a real algebraic variety. We
confine ourselves to the construction of the. realification functor for affine
varieties.
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First, let us agree to consider the n-dimensional complex affine space A
also as the 2n-dimensional real affine space A?"(R) identifying (Z;,...,Z,) € A"
with (X,,..., X, Y1,..., ¥,) € A*(R), where X, + iY, = Z,.

Now let M be an algebraic variety in A”. Rewriting the equations which define
it in real coordinates, it is easy to see that it is an algebraic variety in AZ"(R), too.
The variety M determined in this way will be called a realification of M and
denoted by M®. = Res; o M

Similarly, passing to real coordinates it is easy to see that any morphism of
embedded complex affine varieties is at the same time a morphism of the corre-
sponding real varieties. Therefore the realification makes sense independently of

an embedding.

Problem 25. dim M® = 2dim M.

Let us describe the polynomial algebra on M R Letz,,..., z, be the restrictions
onto M of coordinate functions on A”". By the definition R[M R7 is generated by
the real and imaginary parts of these functions. Sometimes it is more convenient
to consider the algebra C[M R] = R[IM®] ® C of “complex polynomials” on
MP® that contains functions z,, ..., z, themselves. The above implies that

CIM®] =Clzy,...12pZ 15> Zn] (5)

Therefore, C[M®] is generated by C[M] = C[z,,...,z,] and C[M] = C[z,,
v Zy]

This shows, in particular, that closed subsets of M R are the subsets defined by
algebraic equations with respect to z,, ..., z,and z, ..., Z,. Considered as real
algebraic varieties, they are called (closed) real subvarieties of M.

A map f: M — N of complex affine varieties is an antiholomorphic morphisin
if f*C[N] < C[M]. Clearly, antiholomorphic morphisms, as well as genuine
(holomorphic) morphisms, are morphisms of realified varieties.

Problem 26. Any antiholomorphic morphism is continuous in the complex
Zariski topology. BREEEE

Problem 27. Let M be a real affine variety. Then there exists a unique antiholo-
morphic automorphism x+— X (complex conjugation) of M(C) identical on M.
Moreover, we have

M = {xe M(C) X = x}

and X = x for any x € M(C).

In conclusion notice that (M x N)® = M® x N® for any complex affine va-
rieties M and N.

6°. Forms of Vector Spaces and Algebras. Let V be a vector space or algebra
(not necessarily commutative or associative) over an arbitrary field K and k a
subfield of K. One says that a k-subspace (resp. k-subalgebra) V, < V'is a k-form
of the space (resp. algebra) V if the identity embedding V, = V extends to an
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isomorphism V, ®, K 3 V, i.e. a basis of ¥, over k is a basis of V over K. A
subspace U < V is defined over k (with respect to V;) if it is generated by vectors
of V,. In this case Uy = U NV, is a k-form of U and V, /U, is a k-form of V/U.

For instance k[X,,..., X, ] is a k-form of K[X,,...,X,]. More generally, let
M = My(K) be an affine variety over K obtained by a field extension from an
affine variety M, over k. Assuming M, embedded in the n-dimensional affine
space we deduce from Problem 1.14 that I(M) = KI(M,) and therefore k[ M, ] =
k[X,,...,X,)/I(My)is a k-form of K[M] = K[X,,..., X, ]/I(M).

A linear map ¢: U — V of vector spaces with distinguished k-forms U,, V}, is
defined over k if p(U,) < V. Clearly, the kernel and the image of such a map
are defined over k.

If K is the Galois extension of k then it is convenient to describe the k-forms
in terms of the Galois group action. In particular, this is so in the only important
for us case K = C, k = R when the Galois group is generated by the complex
conjugation. We will only consider this case and instead of “R-form” we will say
“real form”.

A real form ¥V, of a complex vector space (resp. algebra) V defines an involutive
antilinear automorphism  of this space (resp. algebra)—the complex conjugation
with respect to Vy—so that V, = {v e V: t(v) = v}.

Problem 28. Conversely, let t be an involutive antilinear automorphism of a
complex vector space (resp. algebra) V. Then the set V;, of the fixed points of 7 is
a real form of the space (resp. algebra) V. o

Problem 29. A subspace U = V is defined over R if and only if t(U) = U.

Problem 30. A linear map of complex vector spaces with fixed real forms is
defined over R if and only if it commutes with the complex conjugation.

7°. Real Forms of Complex Algebraic Varieties. A real form of a complex affine
variety M is its closed real subvariety M, such that the identity embedding
M, = M extends to an isomorphism

My(C) 3 M. (6)

Therefore the passage to a real form of an algebraic variety is an operation
inverse to the complexification. However, unlike the complexification and
the realification, this operation is not uniquely defined and does not always
exist.

The complex conjugation on M, (C) is transported onto M via (6). The involu-
tive antiholomorphic automorphism t of M obtained in this way is called the
complex conjugation (with respect to M,). Clearly My, = {x € M: 1(x) = x}.

With certain reservations the converse statement, similar to Problem 28,
holds.

Theorem 6. Let © be an involutive antiholomorphic automorphism of an irre-
_ducible complex affine variety M. If the set M, of its fixed points contains at least
one simple point then M, is a real form of M.
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Proof. For any f € C[M] set

[1x)=f(x))  (xeM).

The map f+ f*is an involutive antilinear automorphism of C[M7]. By Problem
28

CIM], = {feC[M]: /" = f},

is a real form of C[M]. Let C[M], = R[x,, ..., x,] and let f;, ...,
fn€ R[X,,...,X,] be generators of the ideal of relations between x,, ..., x,.
Suppose that M is embedded into the complex affine space A" so that x, ..., x,,
are the coordinate functions. Then 7 is just & coordinate-wise complex conjuga-
tion and M, is the set of real points of M. The ideal I(M) is generated by the

6(f13""fm)

————"| =r=n—d, where
5[0, CHIND. G 1 ¥

polynomials f, ..., f,,. By Theorem 3 rk

d = dim M.

Let x € M, be a simple point of M. Without loss of generality we may assume
D(fla---’f;)
D(X,,....X,)
U of x in a real topology of A" such that M n U is defined by the equations
fi{(x)=0,i=1,..., r. On the other hand, if U is sufficiently small then the real
solutions of these equations in U constitute a d-dimensional real analytic sub-
variety. Therefore dim M, = dim M (C) = d. Since My(C) @ M and M is irre-
ducible, M,(C) = M (Problem 5), as required. []

that # 0 at x. Then by Problem 19 there exists a neighbourhood

Exercises

1) Any (n — 1)-dimensional irreducible algebraic variety in A" (resp. in P") can
be defined by a single (resp. homogeneous) equation.

2) Any nontrivial (resp. homogeneous) equation defines in A" (resp. in P") a
variety of dimension n — 1. ' - '

3) The line X, = 1, X, = 0 in A3 cannot be singled out of the surface X? +
X, X5 =1 by a single equation.

- 4) Let f: M — N be a dominant morphism of irreducible algebraic varieties.
Then dim N < dim M.

5) If, under the conditions of Exercise 4, dim N = dim M then there exists a
nonempty open subset N, = N such that any point of N, has only a finite
number of preimages. ‘

6) In Theorem 2 it is impossible not to require irreducibility of N,.

7) P" satisfies the ascending chain condition for irreducible quasiprojective
algebraic varieties (see 2.6).

8) If char K = 0 and an irreducible algebraic variety M < A" is singled out
by the equations f;(x) =0 for i=1, ..., m, then rkJ < n— dim M (see
Theorem 3). Give an example (one can do it even for n = m = 1) when
rkJ < n — dim M.
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The derivations 0/0X; constitute a basis of the space D(K(X,,...,X,),
K(X,,..., X))

Let M « A? be defined by the equation X{ + X7 = 1. Find a basis of the
space D(K(M), K (M)).

Under the notation of the proof of Theorem 4 the variety M is an irreducible
component of the variety M.

Under the notation of Theorem 4 let x be a simple point of M. For any
tangent vector ¢ € T,(M"®) put J; for the derivation along ¢. Then the map
&+ 0, is an isomorphism of T,(M) onto D,(K[M], K), where K = C or R.
In Exercises 13—16 we assume char K = 0. ‘

Let A4 and B be subalgebras of the field L that contains K, such that 4 < B
and B is finitely generated over 4. Then the restriction map D(B, L) — D(A, L)
is an epimorphism.

Let f: x> (f1(x),..., f,(x)) be amorphism of an irreducible algebraic variety
M into A™ Further, let {d,,...,,} be a basis of the space D(K(M), K(M)).
Consider the matrix (9, f;) with entries from K(M). Suppose that rk(J; ;) = L.
Then dim f(M) = [.

Iff,,..., f,e K(X,,...,X,) are such thatH # 0 then these func-
tions are algebraically independent.

Let M = A" be an irreducible algebraic variety and f e K(A4"). If (0f/0X )|y =
Ofori=1,...,n, then f|,, = const.

The Poincaré series of a nonnegatively graded vector space V with finite
dimensional grading subspaces V, is the formal power series

P,(t) = ) (dim V)t~

k=0

Clearly, if U = V is a homogeneous subspace then

Py (1) = Py(t) — Py(1).

If Ais a graded algebra then a graded A-module is an A-module M graded
as a vector space so that A, M, « M, forany k,l e Z.
Let A = K[U,,U,,...,U,] and M a finitely generated graded A-module.
Then Py (t) = p(t)/(1 — t)***, where pis a polynomial with integer coefficients
and k < n. (Hint: prove by induction in n with the kernel of the multiplication
by u, considered as a graded K[U,, U,,..., U,_, ]-module).
Let p(1) = Y ;>0 a,t* be a formal power series with rational coefficients. Tt
may be presented in the form p(t) = p(t)/(1 — t)**"!, where p is a polynomial
and p(1) # 0, if and only if a, = f(k) for sufficiently large k, where [ is a
polynomial of degree d.
Let M = P” be a d-dimensional algebraic variety and A = K[M]P". Then
p4(t) = p()/(1 — t)**1, where p is a polynomial with integer coefficients and
p(1) #0.
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The same as in Exercise 19 but with K[ M ]P" replaced by any graded algebra
of the form K[U,, U,,...,U,]1/I, where I is a homogeneous ideal whose sct
of zeros is M.

Let M < P"be an irreducible algebraic variety and M, = {x e M: p(x) = 0!,

where pe K[M]" is a nonzero homogeneous element. Then dim M, =
dimM — 1.

The dimension of an irreducible algebraic variety equals d if and only if the
maximum of the dimensions of its proper closed subvarieties equals d — 1.
Let M be an irreducible algebraic variety in a complex affine space and M

24)

o

10.
12.

13.

its complex conjugate. There is an isomorphism M®(C) 5 M x M which to
any x € M® assigns (x,X) e M x M.
Let M be an irreducible complex affine variety. Prove that (M®)™8 = M,

Hints to Problems

. Apply Problem 1.18.
. Let B < A be a subalgebra generated by a given transcendence basis. It

suffices to verify that if a € A, where a # 0, then a™ € QA is algebraic over
B. Let by + bja+ -+ b,a™ =0, where b;e B and b, #0. Then a™! =
—bo'(by + bya+ - + b,a™'),ie.a”! € QB[a]. Next, apply Problem 1.14.
Reduce to the case when M and N are irreducible and M is an affine variety.
Next, make use of the fact that if M is an irreducible affine variety then
dim M = tr.deg K[M].

Reduce to the case when M is an affine variety. Then there is a homomor-
phism o: K[M] —» K[N]. We must prove that its kernel is zero. Let
{fis..., [} be a transcendence basis of K[ N] and ﬁ, wherei =1, ..., k, are
elements of K[M] such that o(f;) = f;. Then {f,,..., f,} is a transcendence
basis of K[M]. Put A = K[ f,,..., f,] and let f € Ker o, where f # 0. Then
f is algebraic over A4, i.e. there are aq, a,, ..., a,, € A, where a, # 0, such that
ao+a,f+ - +a,f"™=0. Applying o to this equality we get a(a,) =0
which is impossible because of algebraic independence of f, ..., f;.

It suffices to put d(a/b) = (d(a)b — ad(b))/b>.

Reduce to the case B = A[u]. If f is a minimal polynomial of u over A4 then
f'(u) # 0 and du is determined from the linear equation f"(u)ou + f(u) =
where 9 is the polynomial obtained from f by applying 0 coefficient-wise.
Follows from Problems 7 and 9.

First prove that if d is a n-derivation of K [X,,...,X,] into K(M) which
carries X; into 4, then

~ af
of) =

(f) 2, Ly X\,
for any polynomial f € K[ X,,...,X,]. )
To each derivation 0 € D (K[M],K) assign the derivation 0 =0-n¢e
D.(K[X,,...,X,],K], where = is the restriction homomorphism onto M.

~ The map 6 — ¢ is an isomorphism of the space D (K[M], K) onto the space
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of ¢,-derivations of K[X,..., X, ] into K that vanish on I(M). The deriva-
tion d e D.(K[X,,...,X,],K) is defined by the numbers 4, = 0X; and it
vanishes on I(M) if and only if

of; .
‘z;lj*é‘X—j(x):O for i=1,...,m.

Hence, these derivations form the space of dimension n — rk J(x).

Proved similarly to Problem 8.

By Problem 2.23 and Problem 15 the proof reduces to the affine case for
which the statement follows from the first definition of a simple point.
Take M™® to be one of the required subvarieties.

Consider the decomposition with respect to the last column of each minor
0(f15-->Jm)
0X1y-.-r X,)
The implicit function theorem implies that in a neighbourhood U of the point
x (in the real topology of A") the equations of the variety M’ can be written
in the form

of order r + 1 of the matrix bordering 4.

Xi=0i(X,115...,X,) for i=1,..,r

where ¢; are smooth functions and the point (X, ,,,..., X,) runs over an open
(in the real topology) set V = A"™". We may assume that 4 # 0 everywhere
on U and V is pathwise connected. Let us prove that M'nU = M n U. Let
x = (X?,...,X?). Consider a smooth path X; = X;(t), wherei=r + 1,...,n,
in V satisfying X,(0) = X2. The corresponding smooth path x(f) on M’
satisfies x(0) = x. Problem 18 implies that along x(t) we have

daf.
O S odu)fi for i=1,...,m
dt  1<&gm
where ;, are certain smooth functions. Since f;(x(0)) =0fori=1,..., m,

then f;(x(t)) = O for any ¢ i.e. x(t) e M.

The uniqueness if obvious. It suffices to prove the existence for the affine
varieties (cf. Problems 2.23 and 15) in which case it follows from Problem 21.
Compare the complex and the real analytic structure on M = M® described
in Problem 20.

If V is considered as a real vector space then t is its involutive linear
transformation. The space V' decomposes over R into the direct sum of
eigensubspaces V,, and V; of this transformation corresponding to the eigen-
values 1 and —1 respectively. Since t is antilinear over C, then V| = il,
hence, V}, is a real form of V.

See Problem 1.4.14.




Chapter 3 '
Algebraic Groups .

The definition of an algebraic group is similar to that of a Lie group, except L ‘
that differentiable manifolds are replaced by algebraic varieties and differentiable
maps by morphisms of algebraic varieties. In this book we will only consider the
algebraic groups whose underlying varieties are affine ones. They are called
“affine” or “linear” algebraic groups. The difference between arbitrary groups
and affine ones is quite essential from the point of view of algebraic geometry
and almost indiscernible from the group-theoretical points of view, since the
commutator group of any irreducible algebraic group is an affine algebraic
group. Besides, the general linear groups and any of their algebraic subgroups
are affine algebraic groups. Therefore the affine algebraic groups are the most
interesting ones for the Lie group theory. We will simply call them algebraic
groups.

In 1.4-3.7 of this chapter the ground field K is assumed to be algebraically
closed.

§ 1. Background

1°. Main Definitions. In this subsection the ground field K is an arbitrary
infinite field. An algebraic group is a group G endowed with the structure of an
affine algebraic variety so that the maps -

u: G x G- G, (x, y)—xy
I:G -G, x> xt

are morphisms of algebraic varieties.

The most important example of an algebraic group is the general linear group,
ie. GL,(K) or, in another interpretation, the group GL(V), where V is an_
n-dimensional vector space over K. Being a principal open subset in the vector -
space L,(K), the group GL,(K) inherits the canonical structure of an affine variety
(see 2.1.3). In this situation the rational functions in matrix elements whose
denominators are powers of the determinant serve as polynomials on GL,(K).
This implies that the multiplication and the inversion in GL,(K) are morphisms’
of algebraic varieties, i.e. GL,(K) is an algebraic group. '
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Similarly, the group of affine transformations of the n-dimensional affine
space OVer K can be considered as an algebraic group.

Other important examples of algebraic groups are the additive group of the
field K, which we will denote also by K, and the multiplicative group of K, which
we will denote by K*. The latter is, however, just GL(K). The direct product of
algebraic groups 1s the direct product of abstract groups endowed with the
structure of an affine variety as the direct product of affine varieties (see 2.4.1).
Clearly, the direct product of algebraic groups is an algebraic group.

The algebraic group K" (the direct product of n copies of the additive group
of K) is called the n-dimensional (algebraic) vector group.

The definition of an algebraic group G implies that for any g € G the left and

the right translations

I(g): x> gx, r(g): x+—xg~*

and also the inner automorphism a(g) = l(g)r(g) are automorphisms of the

algebraic variety G.
Since left translations act transitively on G, all points of the variety G are on

an equal footing.

Theorem 1. Let G be an algebraic group. Put G° for the irreducible component
of G that contains the unit. Then G° is a normal subgroup and other irreducible

‘components of G are cosets with respect to G°.

Problem 1. Prove Theorem 1.

An algebraic subgroup of an algebraic group is a closed (in the Zariski topology)
subgroup. Clearly, an algebraic subgroup is an algebraic group with respect to
the same group operation and induced structure of the affine variety.

Problem 2. The closure of any subgroup of an algebraic group is an (algebraic)
subgroup.

Problem 3. Any irreducible subgroup of an algebraic group épais in its closure
is closed.

An algebraic subgroup of a general linear group is called an algebraic linear
group. Let us emphasize that an algebraic linear group is not just an algebraic
group but an algebraic group given in a linear representation (do not confuse
this term with the term “linear algebraic group” which means in this text the
same as just “algebraic group™).

Examples of algebraic linear groups. 1) The group SL(V) of unimodular linear
transformations. The polynomials on SL(V), or an any of its algebraic subgroups,
are simply polynomials in matrix elements.

2) The groups O(V, f) (Sp(V, f)) of linear transformations that preserve a non-
degenerate (skew)symmetric bilinear form f.

3) The group

GL(V;U) = {Ae GL(V): AU c U},
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where U is a subspace of a space V, and more generally, the group

GL(V;U,W) = {Ae GL(V): (4 — E)U = W},

where U, W are subspaces of V such that W < U.
4) Any finite linear group.

Problem 4. Linear groups in the above examples are algebraic.
Let V,, ..., V, be vector spaces. The algebraic group GL(V}) x --- x GL(V,)

is naturally identified with an algebraic linear group inthe space V=V, ® - @
V, consisting of all invertible linear transformations that preserve each of the
subspaces V}, ..., V,. In the basis of V, which is the union of bases of V, ..., V,,
the elements of GL(V;) x -+ x GL(V,) are presented by block-diagonal matrices.
In particular, (K*)" = GL,(K) x --- x GL,(K) (n factors) can be presented as a
group of invertible diagonal n x n matrices.

A homomorphism of algebraic groups is a map which is a group homomorphism
and at the same time a morphism of algebraic varieties. An isomorphism of
algebraic groups is an invertible homomorphism, i.e. a map which is simultane-
ously an isomorphism of groups and of algebraic varieties.

Let f: G- H be a homomorphism of algebraic groups and H, < H an
algebraic subgroup. Clearly, f “!(H,) is an algebraic subgroup in G. In particular,
Ker f is a (normal) algebraic subgroup in G.

A linear representation of an algebraic group in a space V is its homomorphism
into GL(V).

Problem 5. If R and S are linear representations of an algebraic group G, then
the representations R + S, RS and R* (see 1.1.4) are also its linear representations
as of an algebraic group. (Cf. Problem 1.1.9).

In particular, this implies that the natural linear representation T, , of GL(V)
in the space of tensors of type (k,[) (see 1.1.4) is its linear representation as of an
algebraic group.

The one-dimensional linear representations of an algebraic group G are called
its characters. They constitute a group which will be denoted by Z(G), cf. 1.1.4.

Let L be a field extension of K. For any algebraic group G over K we may
consider the algebraic group G(L) over L whose variety is obtained from the
variety G by a field extension, cf. 2.1.1 and 2.1.2, and the group operations are
the morphisms extending the operations of G. The group G is a dense subgroup
of G(L) as is shown in Problem 2.1.14.

2°. Complex and Real Algebraic Groups

Problem 6. Any complex algebraic group is a nonsingular algebraic variety.

Due to this fact any complex algebraic group possesses a canonical complex
analytic manifold structure, cf. 2.3.4. Similarly, any real algebraic group possesses
a canonical real analytic manifold structure. Since morphisms of nonsingular
complex and real affine varieties are analytic, the following statement holds.
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Theorem 2. Any complex (real) algebraic group is a complex (real) Lie group of
the same dimension. Any algebraic subgroup of a complex or real algebraic group
is its Lie subgroup.

However, not any Lie subgroup is an algebraic subgroup.

1 0 1 1
Problem 7. Subgroups {exp t (0 i): te C} and {exp t (0 1>: te (D} of
GL,(C) are Lie subgroups but not algebraic subgroups.

Any homomorphism of complex or real algebraic groups is at the same time
a Lie group homomorphism but not vice versa. If it is necessary to emphasize
that we are speaking about an algebraic group homomorphism we will say
“polynomial homomorphism”. We will also adopt the similar convention for
linear representations.

Problem 8. Any complex algebraic group connected in the real topology is
irreducible.

The converse is also true: see Theorem 3.1. Moreover, any irreducible complex
algebraic variety is connected, see e.g. [53]

The realification of complex affine varieties (see 2.3.5) transforms any complex
algebraic group G into a real algebraic group G® of the doubled dimension.

As an example, consider GL,(C). The polynomial algebra on this group is
generated by the matrix elements and the function A4~ (det A)71. By 2.3.5 this
implies that the algebraic subgroups of GL,(C)® (we will call them real algebraic
subgroups of GL,(C)) are the subgroups which can be determined by algebraic
equations in the matrix elements and their complex conjugates.

For instance, the unitary group U, is a real algebraic subgroup of GL,(C) and
therefore a real algebraic group.

A real algebraic subgroup G, is a real form of a complex algebraic group G if
the identity embedding G, = G extends to an isomorphism G,(C) = G.

Problem 9. Any subgroup G, = G which is a real form of a group variety G is
a real form of the group G. The complex conjugation with respect to G, is an
automorphism of G as of an abstract group.

A map of complex algebraic groups which is a homomorphism of abstract
groups and an antiholomorphic morphism of their group varieties is called an
. antiholomorphic homomorphism. By the above, the complex conjugation with
respect to any real form G, is an involutive antiholomorphic automorphism of
the group G. For the irreducible groups the converse statement is also true.

Problem 10. The set of fixed points of any involutive antiholomorphic auto-
morphism of an irreducible complex algebraic group is its real form.

For instance the subgroups GL,(R) and U, are real forms of the group GL,(C)
since they are the sets of fixed points of the involutive antiholomorphic auto-
morphisms A+ 4 and 4+ (A4")7}, respectively.
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For the reducible groups the similar statement is false as the example of the
complex conjugation in the group of cubic roots of unity shows.

3°. Semidirect Products. A semidirect product of algebraic groups G, and G,
is defined as the semidirect product G, x, G, of abstract groups, cf. 1.1.11,
endowed with the affine variety structure as the direct product of affine varieties.
Here it is required that the map (1.1.7) be polynomial which ensures the poly-
nomiality of the group operations.

Clearly, a semidirect product of complex or real algebraic groups is at the same
time their semidirect product as of Lie groups. '

Let an algebraic group G decompose into a semidirect product of its algebraic
subgroups G, and G,, as an abstract group. Then the action b of G, on G, by
conjugations is polynomial and we may form an algebraic group G, x,G,.
Theorem 6 which will be proved in the following subsection shows that if
the ground field K is algebraically closed and char K = O then the abstract
isomorphism G; x, G, =3 G defined by (1.1.6) is an algebraic group isomorphism.

If char K = p > 0 this might be false. For instance in this case the algebraic
group (K*)* = {(z,,2,): z,,z, € K*} splits as an abstract group into the direct
product of algebraic subgroups distinguished by the equations z, = 1 and
z, = z{ respectively. However, (K*)* is not the direct product of these subgroups
as an algebraic group.

Examples. (cf. 1.1.11). 1) The group of affine transformations of a vector space
V decomposes as an algebraic group into the semidirect product of the normal
subgroup of parallel translations and GL(V).

2) The group of invertible (upper) triangular n x n matrices decomposes as
an algebraic group into the semidirect product of the normal subgroup of
unitriangular matrices and the subgroup of invertible diagonal matrices.

4°. Certain Theorems on Subgroups and Homomorphisms of Algebraic Groups.
Hearafter and till the end of §3 (subsection 3.8 excluded) the ground field K is
assumed to be algebraically closed. This assumption is essential, in particular,
for the subsequent theorems whose proof is based on the theorems on the image
and the factorization of morphisms of algebraic varieties.

Theorem 3. Let f: G — H be an algebraic group homomorphism. Then f(G) is
an algebraic subgroup of H.

Problem 11. Prove this theorem.

Theorem 4. The subgroup H of an algebraic group G generated by an arbitrary
family {M,|o. € A} (A is an index set) of irreducible subsets that contain the unit
and are épais in their closures is an irreducible algebraic subgroup. In particular,
the subgroup generated by an arbitrary family of irreducible algebraic subgroups
is an irreducible algebraic subgroup.

Proof. For any finite sequence (g,,...,¢&,), where ¢, = + 1, consider the mor-
phism (k factors)
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BB G X X GGy (G G g8 g
The subgroup H is the union of the subsets of the form
Mgioge = pov (Mg, x 0 X Mg,) (00,04 € A).

Each of these subsets is irreducible and épais in its closure as the image of

an irreducible subset which is épais in its closure, namely M, x - x M, <

G x -+ x G (k factors), under the morphism pu* * (see Theorem 7 and Prob-

lems 2.1.13 and 2.1.14). Besides, since each of the subsets M, contains the unit,
M;n fk UMsk+l e+l — M£1 et

Ot ver Xkl Ay e Xpety

By Theorem 2.3.2 any non-decreasing chain consisting of the closures of
Mg stabilizes. Hence, among all such closures there is one that contains all
the others Denote it by N. Clearly, H = N and H is épais in N. By Problem 7
this implies that H = N. []

Theorem 5. The commutator subgroup of an irreducible algebraic group is an
irreducible algebraic subgroup.

Problem 12. Prove Theorem 5.
Note that the similar theorem for Lie groups is false (see Exercise 1.4.4).

Corollary. The commutator subgroup of an irreducible complex algebraic group
is a Lie subgroup.

Problem 13. Let G and H be irreducible algebraic groups and f: G — H a map
which is an abstract group homomorphism and coincides with a rational map
fo: G — H on the latter’s domain. Then f is a polynomial homomorphism.

Theorem 6. A bijective homomorphism of algebraic groups over a field of zero
characteristic is an isomorphism.

Problem 14. Prove this theorem.
Over a field K of characteristic p > 0 the similar theorem fails. A counter-
example is given by the Frobenius endomorphism x> x” of K (or K*).

5°, Actions of Algebraic Groups. An action of the algebraic group G on a
quasiprojective algebraic variety M is a homomorphism « of G into the group
of automorphisms of M such that the map

GxM-—->M, (g, x)—alg)x (1)

is a morphism of algebraic varieties.

For example, any algebraic group acts in three ways on itself: by the action [
by the left translations, the action r by the right translations and the action a by
inner automorphisms. Any linear representation of an algebraic group may be
considered as its action on the space of the representation.
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When it is necessary to emphasize that we mean an action of an algebraic
group and not of a Lie group or an abstract group we will use the term “an
algebraic action”.

Problem 15. The natural action of GL(V) on the projective space P(V) is
algebraic.

Problem 16. If an algebraic group G acts on a reducible quasiprojective variety
M, then the elements of G° transform each irreducible component of M into itself.

Theorem 7. Suppose o is an action of an algebraic group G on a quasiprojective
algebraic variety M and x € M. Then

1) the stabilizer G, is an algebraic subgroup of G;

2) the orbit a(G)x is a non-singular algebraic subvariety of M.

Problem 17. Prove Theorem 7.

Corollary. Under the conditions of the theorem G possesses at least one closed
orbit on M.

Proof. The boundary of any orbit is invariant with respect to G. The dimension
of the boundary is less than that of the orbit itself and therefore the boundary
consists of orbits of lesser dimension. Therefore any orbit of the minimal dimen-
sion is closed. []

Clearly, any algebraic action of a complex algebraic group on a non-singular
quasiprojective variety is also an action in the sense of Lie group theory, i.e. it
is differentiable. In this situation the orbits are differentiable submanifolds due
to the Theorem 7, which is in general false for arbitrary differentiable actions.
(See Example in 1.1.6; its complexification gives a similar example for complex
Lie groups).

The local closedness of orbits and closedness of images of homomorphisms
stand in favour of the theory of algebraic groups as compared to the theory
of Lie groups, where the phenomenon of dense winding of a torus, that does not
deserve such an attention, required lengthy discussions. Confining ourselves to
algebraic Lie groups and their algebraic actions we may get rid of various
nuisances without substantially impoverishing the Lie group theory.

6°. Existence of a Faithful Linear Representation. In the theory of linear
representations of compact topological groups one of the main methods is the
study of the regular representation, i.e. the linear representation of the group in
the space of functions on this group induced by its action on itself, say by right
translations. This method turns out to be fruitful in the theory of algebraic
groups as well. Making use of this method we will prove in this subsection the
following

Theorem 8. Any algebraic group is isomorphic to an algebraic linear group.

First, consider the following general situation. Suppose « is an action of any
algebraic group G on an affine variety M. Put «,, for the corresponding linear
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representation of G in the space K[M] of polynomials on M defined by the
formula

(o, (9)f)(x) = fle(g) ™ x). 2)

This representation is infinite-dimensional (unless M consists of a finite number
of points). However, we will see that it is the inductive limit of finite-dimensional
representations.

By the definition of an algebraic action, the function

(g, ) fla(g)"x) = fla(g™")x)

is a polynomial on G x M for any fe K[M]. Since K[G x M] = K[G]®
K[M] (see 2.1.4), there exist polynomials ¢, € K[G], f; € K[M], wherei=1,...,
n, such that

f@™x) = Y  olgfix).

1<ign
For a fixed g € G we deduce that
a*(g)f = Z ci.fia
1<ign

where ¢; = ¢;(g) € K. In other words, the orbit of a polynomial f under the action
o, of G is contained in the finite-dimensional subspace < fiseeos oy © K[M]. Its
linear span is a finite-dimensional invariant subspace containing f. Therefore,
we have proved

Theorem 9. For any action o of G on an affine algebraic variety M the space
K[ M] is the union of finite-dimensional subspaces invariant with respect to 0., (G).

Problem 18. Any finite-dimensional subrepresentation of a, is a polynomial
one.

Now, let r be an action of an algebraic group G on itself by right translations.
The corresponding linear representation r, of G in the space K[ M] defined by
the formula

(r(9))(x) = f(xg) &)

is called the (right) regular representation of G.

Let V < K[G] be a finite dimensional subspace invariant with respect to r,(G).
Denote by R the linear representation of G in the space V induced by r,. By
Theorem 3 the image H = R(G) of G under this representation is an algebraic
subgroup of GL(V). We will see that the space ¥ may be chosen so that the
map R: G — H is an isomorphism of algebraic groups. The homomorphism
R*: K[H] — K[G]is injective by the definition of H and its image is a subalgebra
generated by the matrix elements of R.
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Problem 19. The linear span of the matrix elements of R contains V.

If we take for V a subspace containing a system of generators of K[G], then
the homomorphism R*: K[H] — K[G] is an algebra isomorphism, hence the
map R: G — H is an isomorphism of algebraic groups. Therefore, Theorem 8§
1s proved. []

With this theorem we easily prove the following important statement: the
adjoint representation of a complex algebraic group G is polynomial. Indeed,

if G is realized as a linear group, then its adjoint representation is a subrepresen-

tation of the linear representation T ;|; whose polynomiality follows from
Problem 5.

7°. The Coset Variety and the Quotient Group. Let G be an algebraic group,
H its algebraic subgroup. It is natural to ask: how to introduce an algebraic
variety structure on the coset space G/H? The necessary requirement here is that
the action of G on G/H be algebraic. When K is of zero characteristic this
requirement already guarantees the uniqueness of the desired structure.

Problem 20. Let char K = 0. Suppose, that a quasiprojective algebraic variety
structure is introduced on G/H so that the canonical action of G on G/H is an
algebraic one. Then for any action a of G on a quasiprojective variety M and
any point x € M satisfying G, > H the map

p: G/H - M, gH— a(g)x

is a morphism of algebraic varieties. If f§ is a bijection (i.e. if G, = H and o is
transitive), then f is an isomorphism.

The existence of an algebraic structure on G/H is proved with the help of the
following theorem.

Theorem 10 (Chevalley’s theorem). Let-G be an algebraic group, H its algebraic
subgroup. There exist a linear representation R: G - GL(V) and a vector v, € V
such that H = {h € G: R(h)vy € Kvy}. If H is a normal subgroup, then there exists
a linear representation T of G such that H = Ker T.

Proof of this theorem makes use of the regular representation r, of G. Let
I;(H) be the ideal of K[ G] consisting of all polynomials that vanish on H.

Problem 21. H = {h e G: r (h)Iz(H) < I5(H)}.

Choose a finite-dimensional subspace V< K[G] invariant with respect to
r,(G) and containing a system of generators of I;(H). Denote by W its intersection
with I;(H) and by S a (polynomial) linear representation of G in U induced by
r, (see Problem 18).

Problem 22. H = {he G: S(WW < W}.

Let (fy,....fn) be abasisof W. Put V= A"U, vy = f; A" /\ fn and denote
by R the linear representation of G in V induced by S (the subrepresentation of
T,0095). ‘
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Preblem 23. H = {h e G: R(h)vy € Kv,}.

Thus, the first part of the theorem is proved. Now suppose that H is a normal
subgroup. Denote by y, the character of H defined from the identity

R(h)vy = xo(M)vo (h € H)

By the definition (see 1.4.5) y, is a weight of the representation R|y and v, the
corresponding weight vector.

Let Yo, X1 ---» xx be different characters of H constituting {y?: g € G}. By
Problem 1.4.10 the sum @o<;<i Vy,(H) = V; is invariant with respect to the
representation R of G and the operators of the representation transitively per-
mute its summands. (In particular, if G is irreducible the sum contains only one
summand, i.e. the space V, (H) is already invariant with respect to R(G).)

Consider the restriction T of the natural linear representation of G in L(V})
onto the invariant subspace (Po<;<i LV, (H)) = Lo(V}).

Problem 24. H = Ker T.
The Theorem is proved. []

Returning to the problem of defining an algebraic variety structure on G/H
we can, under the notation of Theorem 10, identify G/H with the orbit O of the
point Kv, € P(V) under the natural G-action in the projective space P(V') defined
by the representation R. By Theorem 7 it is an (embedded) quasiprojective
variety. The G-action on G/H by left translations coincides with the restriction
onto O of the natural G-action in the space P(V), hence, it is algebraic.

Similarly, if H is a normal subgroup, then we can, under the notation of
Theorem 10, identify G/H with the group T(G) which is, due to Theorem 3, an
algebraic linear group.

These results combined with Problem 21 yield the following theorem.

Theorem 11. Let char K = 0 and G an algebraic group, H its algebraic subgroup.
Then, on G/H, there is a unique quasiprojective algebraic variety structure for
which the canonical G-action on G/H is algebraic. If, in addition, H is normal, then
G/H is an affine variety and the quotient group G/H is algebraic.

The reader has probably noticed the difference of our approaches to the
definition of coset varieties for algebraic groups and coset manifolds for Lie
groups. In fact we might base the definition of an algebraic structure on cosets
for an algebraic group on the notion of factorization as we had done for Lie
groups.

A map p: M — N of algebraic varieties is called a quotient map if

1) asubset U = N is open if and only if p~!(U) is open in M;

2) afunction f defined on an open subset U < N belongs to Oy(U) if and only
if p*f € Oy(p™" (U)).

For the proof of the following theorem see e.g. [10]

Theorem 12. Let G be an algebraic group and H an algebraic subgroup. Then
there exists a unique quasiprojective algebraic variety structure on G/H for which
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the canonical map p: G — G/H is a quotient map. With respect to this structure the
canonical G-action on G/H is algebraic and if H is normal then G/H is an algebraic
group.

Exercises

1) In the definition of an algebraic group the requirement on the inversion to
be a morphism is redundant. (Hint: analyze the proof of Theorem 8.)

2) The automorphism group of an arbitrary finite-dimensional algebra is an
algebraic linear group.

3) If M and N are épais subsets of an irreducible algebraic group G then
MN =G.

In exercises 4—6 the ground field K should be assumed algebraically closed.

4) Under the conditions of Theorem 4 there exist a,,..., ¢, and g;,..., g = *+1
such that H = M;!... M;x.

5) Give an example which shows that the irreducibility of M,’s in Theorem 4
is essential for the algebraicity of H.

6) The commutator group of any (not necessarily irreducible) algebraic group
G is its algebraic subgroup. (Hint: first prove using Theorem 4 that (G, G°)
is an algebraic subgroup; then make use of the theorem that if the center of
a group is of finite index then its commutator group is finite.)

7) Any connected real algebraic group is irreducible.

8) Give an example of an irreducible real algebraic group which is not
connected.

9) Let G = GL,(C) be an irreducible complex algebraic group, G its complex
conjugate. The map G®(C) = G x G which to any 4 € G® assigns (4, 4) is
an isomorphism.

10) The set of fixed points of an action of an algebraic group G on a quasi-
projective variety M is closed in M.

11) The kernel of an action of an algebraic group G on a quasiprojective variety
M is a (normal) algebraic subgroup of G. '

12) For any action of an algebraic group G on an affine variety M there exists
an embedding of M in a vector space V such that the action is induced by a
linear representation of G in V. (Hint: for V take the vector space dual to a
finite-dimensional G-invariant subspace of K[ M] that contains a system of
generators of this algebra).

13) Reproducing the proof of Theorem 8 construct a faithful linear represen-
tation of the additive group of the field.

14) Let H be an algebraic subgroup of a complex algebraic group G such that
the quotient space G/H is compact in the real topology. Then G/H is a
projective algebraic variety.

Hints to Problems

1. Make use of the fact that transformations of the form I(g), r(g9) and a(g),
where g € G, being automorphisms of the group variety, can only permute
its irreducible components.
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Proof is similar to that of Problem 1.1.7.
Follows from the fact that all the points of a group variety are on equal
footing.

. . 1 0 1 1
If A is one of the matrices (0 i)’ (0 1), then the map C — GL,(C),
t —exp t4, is a proper one (i.e. the preimage of any compact is compact itself).
This implies that these subgroups are Lie subgroups. The first of them is
contained in the algebraic subgroup of diagonal matrices but is not algebraic
itself since there is no nonzero polynomial f of two variables (the diagonal
elements of the matrices) such that f(e’,e”) = O for all t € C. The proof of the
fact that the other subgroup is not algebraic is similar.
Proof is deduced from the continuity of the group operations and the
complex conjugation and from the density of G, in G.
Follows from Theorem 2.3.6.
For an irreducible G follows from Theorem 2.1.5 and Problem 7.
Apply Theorem 4 to the set M of all commutators of elements of G.
For any g € G the diagram of rational maps

G——-&——-»H

l(g) I(f(9))

G~—£—-—>H

commutes. From here we deduce that f; is defined everywhere, hence f; is
polynomial (see Problem 2.1.29).

For irreducible groups this follows from Theorem 2.1.8 and Problem 13. In
general case it is necessary to make use of Problem 2.2.14.

The orbit a(G)x is the image of G under the morphism

i

«*: G- M, g oa(g)x.

We may assume that G is irreducible. Theorem 2.2.2 implies then that the
orbit is épais in its closure but, since all its points are on equal footing, it is
open in its closure, i.e. is an algebraic subvariety of M. The same (“equality
of rights” of points) considerations show that this subvariety is non-singular.

Let (fy,...,f,) be a basis of a G-invariant subspace V < K[M]. Then the
definition of an algebraic action implies that

file(g) %) =Y ay(g)filx) (g€ G,xeM),

where a; € K[G].
Let (f;,..-,f,) be a basis of V. Then

j;-(xg) = Z aij(g)fi(x):
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where a;; are the matrix elements of the representation R. Substituting x = e
we find that f; = ), c;a;;, where ¢; = fi(e).

20. For an irreducible group G it follows from Theorem 2.2.3 and the homo-
geneity (equal rights of points) considerations. For a reducible group G it is
necessary to make use of Problem 2.2.14.

21. r(hH ¢ H<r (h)1s(H) < I15(H).

23. Follows from the fact that a subspace is uniquely determined by the exterior
product of its basics’ vectors (see Problem 2.2.33).

24. Follows from the fact that the centralizer of L(V;) in L(V,) consists of

operators acting as scalars on each of V, (H).

§2. Commutative and Solvable Algebraic Groups

In this section, except 1°, we assume that char K = 0.

1°. The Jordan Decomposition of a Linear Operator. Let V be a finite-
dimensional vector space. For any linear operator A € L(V) and 4 € K consider
the eigenspace

Vi(A)={veV:(4 — AE)v = 0}
and ambient root subspace
V*A4) = {ve V:(4 — LE)" = 0 for some m}

The subspaces V,(A) and V*(A) are invariant with respect to any linear operator
commuting with A. As it is known,

V=@ ViA).

A linear operator A € L(V)is called semisimple if it satisfies any of the following
equivalent conditions:

1) in some basis 4 is expressed by a diagonal matrix;

2) V=@, Vi(4);

3) V*(A) = V,(A) for any A € K.

Problem 1. Let A € L(V) be a semisimple linear operator and U < V a sub-
space invariant with respect to A. Then

1) Aly is semisimple;

2) there exists an invariant subspace complementary to U.

Problem 2. Any family of commutating semisimple linear operators can be
simultaneously reduced to the diagonal form.
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In particular, this implies that the sum and the product of commuting semi-
simple operators are semisimple operators.

A linear operator A € L(V) is called nilpotent (resp. unipotent) if A™ = 0 (resp.
(A — Ey" =0) for some m. This is equivalent to the fact that A" =0 (resp.
(A — E)" = 0), where n = dim V. ’

Clearly, the sum of commuting nilpotent operators is a nilpotent operator.
The product of commuting unipotent operators is a unipotent operator.

If A is both semisimple and nilpotent (resp. unipotent) then 4 = 0 (resp.
A = E).

Let 4 € L(V) be an arbitrary linear operator. The semisimple operator A,
defined by the condition

Vi(A,) = V*(4) foranyle K

i.e. acting on each root subspace V*(A4) of A as multiplication by 4, is called the
semisimple part of A. The definition of root subspaces implies that A, = A — A,
is nilpotent; it is called the nilpotent part of A. If A is invertible then 4, = AA;' =
E + A,A;! is unipotent; it is called the unipotent part of A. The operators A, A,
and A, commute with each other and with any operator commuting with A.

The decomposition 4 = A, + A, (resp. A = A,A,) is called the additive (resp.
multiplicative) Jordan decomposition of A. The following problem gives its axio-
matic characterization.

Problem 3. The additive (resp. multiplicative) Jordan decomposition of a
linear operator A is its unique decomposition into the sum (resp. product) of
commuting semisimple and nilpotent (resp. unipotent) linear operators.

2°. Commutative Unipotent Algebraic Linear Groups. Let X be a nilpotent
operator. For any formal power series

fx)= Z akxk (ay € K)

k>0
set

fX) = Z aka

k>0

(this sum is finite, actually). Clearly,
1) f(X) — ayE is nilpotent;
2) f(AXA™!) = Af(X)A™! for any invertible linear operator A.
In particular, set

1
expX = Y —X%

k>0 k!
(_1)k~1 k
log(E + X) = ) ———— X~
1k
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Since any unipotent operator is of the form E + X, where X is a nilpotent
operator, the (nilpotent) operator log A4 is defined for any unipotent A.

Let L,(V) (resp. L,(V)) be the set of all nilpotent (resp. unipotent) operators
in V. Clearly, L,(V) and L,(V) are algebraic varieties in L(V).

Problem 4. The maps

exp: L,,(IV) - L, (V), log: L,(V)— L, (V)

are morphisms inverse to each other.

Problem 5. 1) If nilpotent operators X, Y commute then
exp(X + Y)=expX-exp?.
2) If unipotent operators 4, B commute then
log AB =log A + log B

Theorem 1. The minimal algebraic linear group G(A) containing a unipotent
linear operator A consists of all (unipotent) linear operators of the form

A" = exp(tlog A) (t e K)
and
K> G(4), t—A,

is an algebraic group isomorphism provided A # E.
Problem 6. Prove this theorem.

Corollary 1. Any invertible linear operator A of finite order, i.e. such that A™ = E
for some positive integer m, is semisimple.

Proof. We have A™ = ATAY = E implying AT = E, but due to Theorem 1 it is
only possible if 4, = E. []

An algebraic linear group is called unipotent if all its operators are unipotent.
Corollary 2. Any unipotent algebraic linear group G is irreducible.

Proof. For any A € G the subgroup G(A) = G is irreducible by Theorem 1.
Therefore A € G(A) = G°. [

Problems 4 and 5 and Theorem 1 imply the following description of commuta-
tive unipotent groups.

Theorem 2. Let G = GL(V) be a commutative unipotent algebraic linear group.
Then g =log G < L(V) is a subspace consisting of commuting nilpotent linear
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operators and exp: g — G is an isomorphism of the vector group g onto G.
Conversely, if ¢ < L(V) is a subspace consisting of commuting nilpotent linear
operators then G = expg < GL(V) is a commutative unipotent algebraic linear
group.

A similar description can be obtained for arbitrary unipotent groups the
difference being that exp is an isomorphism of not algebraic groups but only of
algebraic varieties. In 3.6 we will give such a description for K = C and see that
g = log G is nothing but the tangent algebra of G.

3°. Algebraic Tori and Quasitori. An algebraic group isomorphic to the direct
product of n copies of K* is called the n-dimensional algebraic torus. The adjective
“algebraic” is applied here to distinguish algebraic tori from the tori in the sense
of Lie group theory. In the context of the algebraic group theory over an
algebraically closed field we will usually skip this adjective.

Together with the tori it is useful to consider algebraic groups which are direct
products of a torus and a commutative finite group; we will call them (algebraic)
quasitori. Note that irreducible quasitori are just tori.

Problem 7. In any quasitorus the elements of finite order form a dense
subset.

Theorem 3. Under any linear representation of a quasitorus its elements are
mapped into semisimple operators which are simultaneously diagonalizable.

Proof. If we confine ourselves to the elements of finite order then the staiment
of the theorem follows from Corollary of Theorem 1 and Problem 2; but Problem
7 implies that the basis which diagonalizes operators corresponding to elements
of finite order also diagonalizes all the operators of the representation.

This theorem means that any linear representation of a quasitorus is a sum of
one-dimensional representations. Now describe one-dimensional representa-
tions, or characters, of tori.

Theorem 4. Any character y of the torus (K*)" is of the form

ky

x(Xg,.. %) =x¥ . xk where ky, ..., k,eZ

Problem 8. Prove this theorem.

Let T be an n-dimensional algebraic torus.

Problem 9. The characters of T form a basis of K[T] (as of vector space
over K).

Let Z(T) be the character group of T. Theorem 4 implies that this is a free
commutative group of rank n. A duality between T and %' (T') holds, see Exercise

4. One of the manifestations of this duality is that a representation of T in the

form of the direct product of n copies of K* is equivalent to the choice of a basis
of Z(T). More precisely the following statement holds.
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Problem 10. Let (€4,--.,¢,) be a basis of Z(T). Then the map
& T_}(K*)n’ XH(SI()C),...,SH(X)),

is an isomorphism. Any isomorphism &: T =3 (K*)" is obtained in this way.
Another manifestation of the mentioned duality is the following description
of the algebraic subgroups of T.

Theorem 5. There is a one-to-one correspondence between algebraic subgroups
of an n-dimensional torus T and subgroups of Z(T), which to a subgroup I' = Z(T)
assigns the subgroup

T'={xeT:y(x)=1forallyel'} c T.

Let ¢y, ..., c,, (m < n) be nonzero invariant factors of I (as of a subgroup of the
free commutative group Z(T)). There exists an isomorphisme: T =~ (K*)" such that

s(Tr)={(xl,...,x,,)e(K*)":xi‘=---=xf,;"=1} (1)

Proof. Let S < T be an algebraic subgroup. By Chevalley’s theorem (Theorem
1.10) there exists a linear representation of T whose kernel is S. Let x4, ..., x, be
the weights of this representation. Then

S={xeT:gy(x)="=yx)=1} =T,

where I' = Z(T) is a subgroup generated by y,, ..., X,

Further, let I" < Z(T) be any subgroup and c,, ..., ¢, (m <n) its non-
zero invariant factors. There exists a basis (g,,...,¢,) of Z(T) such that I =
{C1&15e s CrpEmy- We have

T! = {x € T: g, (x)" =.'~' =¢gu(x)m =1}

and if e: T 3 (K*)" is an isomorphism corresponding to the basis (¢;,.. ., ¢,) then
the subgroup &(T7) is singled out in (K*)" exactly by (1).

To complete the proof of the theorem it remains to show that I” consists of all
characters whose value on T''is 1. Let y = k,&, + --- + k¢, be such a character.
Considering the values of y on the elements x € T' all the coordinates ¢,(x), . ..,
&,(x) of which except one are equal to 1 we easily deduce from the above
- description that k,,, = - =k, = 0, while k,, ..., k,, are divisible by c,, ..., ¢,
respectively. But this means that y e I. []

Corollary. Any algebraic subgroup of a torus is a quasitorus.
Notice two more corollaries of Theorem 5.

Problem 11. The character group of a torus is generated by weights of any
faithful linear representation.

li
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Problem 12. Any torus has elements which are not contained in any of its
proper algebraic subgroups.

4°, The Jordan Decomposition in an Algebraic Group. In this subsection we
will prove the following theorems:

Theorem 6. An algebraic linear group G < GL(V) contains together with any
linear operator A the operators A;and A,,.

Theorem 7. Let R: G — GL(U) be a linear representation of an algebraic group
G. If A € G is semisimple (resp. unipotent) then so is R(A).

In general terms the reason why this is true might be explained as follows:

1) the semisimple elements of an algebraic linear group are linked to its
algebraic subgroups isomorphic to K* or to its finite subgroups and the uni-
potent elements are linked to the subgroups isomorphic to K;

2) the groups K* and K do not admit nontrivial homomorphisms into each
other and thanks to this they do not “intermix”.

Proof of Theorem 6. For any linear operator 4 € GL(V) denote by G(A) the
smallest algebraic linear group containing A, i.e. the closure of the cyclic linear
group generated by A.

If A is unipotent then by Theorem 1 G(A) consists of unipotent operators and
is isomorphic to K except for the trivial case 4 = E.

Problem 13. If A is semisimple then G(A) consists of semisimple operators and
is a quasitorus. :

In general, G(A) is contained in the smallest algebraic linear group G(A4,, A4,)
containing A, and A,. The continuity considerations imply that G(A4,, 4,) 1s
commutative. Since G(A4,) consists of semisimple elements and G(A4,) of unipotent
ones, we have G(A4,) N G(4,) = {E}. It follows,

G(A4) = G(4,, A,) = G(A,) x G(4,)- (2)

Problem 14. A quasitorus does not admit nontrivial homomorphisms into
K.

Problem 15. G(A4) = G(4;) x G(A,).
This immediately implies Theorem 6. []

Proof of Theorem 7. First, note that for any 4 € G we have G(4) = G and
R(G(4)) = G(R(A)).

If A€ G is semisimple then G(A) is a quasitorus. Applying Theorem 3 to
R| g4, We see that R(4) is semisimple.

Now let 4 € G be unipotent. Set B = R(A). Suppose that B # E, otherwise we
have nothing to prove. Then G(4) ~ K and G(B) = R(G(4)) ~ K. By Problem
15 we have

G(B) = G(B,) x G(B,),
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but since G(B) does not contain elements of finite order different from the unit,
G(B) = G(B,), i.e. B is unipotent. []

An element g of an algebraic group G is semisimple (unipotent) if for some
faithful (and therefore for any) linear representation R of G the operator R(g) is
semisimple (unipotent). '

Theorem 6 implies that any element g of an algebraic group G presents as the
product of commuting semisimple and unipotent elements g,, g, € G. By Problem
3 this decomposition is unique. The elements g, and g, are called semisimple and
unipotent parts of g respectively and g = g,g, the Jordan decomposition of g.

Theorem 7 implies that any algebraic group homomorphism transforms the
semisimple elements into semisimple ones and the unipotent elements into uni-
potent ones.

Problem 16. Let f: G —» H be an algebraic group homomorphism. For any
semisimple (unipotent) element h € f(G) its pre-image f~!(h) contains a semi-
simple (unipotent) element.

Notice that the group K* and, more general, any quasitorus consists only of
semisimple elements (Theorem 3). Conversely, the group K and, therefore, any
vector group consists of unipotent elements only.

An algebraic group all elements of which are unipotent is called unipotent. By
Corollary 2 of Theorem 2 any unipotent algebraic group is irreducible.

5°. The Structure of Commutative Algebraic Groups

Problem 17. Any commutative algebraic group consisting of semisimple ele-
ments is a quasitorus.

Since the converse is true, this problem gives a convenient characterizations
of quasitori (and therefore tori).

Theorem 8. Any commutative algebraic group is a direct product of a quasitorus
and a vector group.

Problem 18. Prove this theorem.

Corollary. Any irreducible commutative algebraic group is the direct product of
a torus and a vector group.

6°. Borel’s Theorem. An algebraic group is called solvable if it is solvable
as an abstract group. An example of a solvable algebraic group is the group B,(K)
of invertible (upper) triangular n x n matrices over K (see Example 1.4.4; the
arguments given there work for any field).

For solvable algebraic groups an analogue of Lie’s theorem (see 1.4.5) holds.
It can be proved in almost exactly the same way as Lie’s theorem but we will
deduce it from a more general theorem whose proof is in a sense even simpler.

The statement of Lie’s theorem may be formulated as a fixed point theorem
for an action of the considered group in the projective space associated with the
space of the representation. Therefore Lie’s theorem for algebraic groups is a
consequence of the following theorem.
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Theorem 9 (Borel’s theorem). Any action of an irreducible solvable algebraic
group G on a projective algebraic variety M possesses a fixed point.

Proof. We will prove the theorem by induction in dim G. Suppose dimG >0
and assume that for groups whose dimension is less than dim G the theorem
holds. Let G’ be the commutator subgroup of G. By the inductive hypothesis G’
possesses fixed points on M. Let N be the set of all these points. It is easy to see
that N is a closed subvariety. Since G’ is normal in G, then N is G-invariant.

By the corollary of Theorem 1.7 there exists a closed orbit of the G-action on
N. Let O be such an orbit. We have O = G/G, where G, is the stabilizer of some
point y € 0. Since G, > G'and G/G' is commutative, G, is a normal subgroup and
G/G, is an irreducible algebraic group and therefore an irreducible affine variety.
But O is a projective variety. Therefore O consists of one point (see 2.2.5) which
is the fixed point for the G-action on M. []

Corollary 1 (Lie’s theorem for algebraic groups). Let R: G — GL(V) be a linear
representation of an irreducible solvable algebraic group G. There exists a one-
dimensional subspace U < V invariant with respect to R(G).

This in its turn implies

Corollary 2. Under the conditions of Corollary 1 there exists a basis of V
in which all the operators R(g), g € G, are expressed by (upper) triangular
matrices.

7°. The Splitting of a Solvable Algebraic Group. Let G be an irreducible
solvable algebraic group.

Problem 19. The unipotent elements of G form an algebraic normal subgroup
U in G containing G'.
This subgroup is called the unipotent radical of G.

Problem 20. G/U is a torus.
Actually a more precise statement holds.

Theorem 10. Any irreducible solvable algebraic group splits into the semidirect
product of its unipotent radical and a torus.

Proof. Under the above notation consider an element of the torus G/U which
is not contained in any of its proper algebraic subgroups (see Problem 12). The
pre-image of this element with respect to the canonical homomorphism p: G —
G/U contains a semisimple element (Problem 16), say g. Denote by T the minimal
algebraic subgroup of G containing g. It is a quasitorus (Problem 13). Therefore
T ~ U = {e}. On the other hand, from the choice of g it is clear that p(T) = G/U.
Therefore

G=UxT 3)

and T~ G/U is a torus. []
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Example. For G = B,(K) the unipotent radical U is the subgroup of uni-
triangular matrices and for T we may take the group of invertible diagonal
matrices.

Remarks about decomposition (3). Clearly, any algebraic subgroup of G con-

taining T is the semidirect product of a unipotent subgroup contained in U, and
T In particular, this implies that T is a maximal torus in G, and any algebraic
subgroup containing it is irreducible.

Problem 21. The normalizer of T in G coincides with the centralizer of T

8°. Semisimple Elements of a Solvable Algebraic Group

Theorem 11. Let G be an irreducible solvable algebraic group and T a torus
complementary to its unipotent radical U. Then any semisimple element of G is
conjugate to some element of T.

Problem 22. Under the conditions of the theorem if U # {e} then there exists
a unipotent algebraic normal subgroup U, of G of codimension 1 in U.

Proof of Theorem 11 will be carried out by induction in dim U. If dim U = 0
then G = T and we have nothing to prove. LetdimU = land g=ut (uc U,te T)
a semisimple element. Consider two cases: when u and t commute and when
they do not. In the first case the decomposition g = tu is the Jordan decomposi-
tion of g; hence u = e and g € T. In the other case the conjugacy class of g
coincides with Ug. Indeed, since G/U is commutative, the conjugacy class C(h)
of any h e U is contained in Ug. It is an irreducible subvariety as an orbit of G
and does not consist of one element h since uhu™' # h. Therefore, C(h) is Ug
without, perhaps, a finite number of points; but since this takes place for any
h e Ug, then C(h) = C(g) = Ug. In particular, C(g) 5 t, as required.

Now, let dim U > 1 and let the theorem hold for the groups whose unipotent
radicals are of dimensions less than dim U. Let U, be an algebraic normal
subgroup of G satisfying conditions of Problem 22 and p: G — G/U, the canonical
homomorphism. Clearly, G/U, is an irreducible solvable algebraic group with
the one-dimensional unipotent radical p(U) = U/U, and the complementary
torus p(T) ~ T. For any semisimple g € G the element p(g) is, by the above,
conjugate in G/U, to an element of p(T). This means that in G itself that element
g is conjugate to a (semisimple) element g, of G, = U; T. However, by the
inductive hypothesis g, is conjugate in G, to some t € T. Therefore g is conjugate
inGtot [

Problem 23 (Corollary). All maximal tori in a solvable algebraic group are
conjugate to each other.
Now we may state that any maximal torus can be taken for T in (3).

9°. Borel Subgroups. While studying arbitrary (not necessarily solvable) alge-
braic groups it is convenient to consider their maximal irreducible solvable
algebraic subgroups. Such subgroups are called Borel subgroups.

For
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For instance, by Lie’s theorem any irreducible solvable algebraic subgroup of
GL,(K)is conjugate to a subgroup contained in B,(K). Therefore B,(K) is a Borel
subgroup of GL,(K) and any other Borel subgroup is conjugate to this one.

Theorem 12. All Borel subgroups of an algebraic group G are conjugate to each
other. The quotient space of a complex algebraic group modulo a Borel subgroup
is a projective algebraic variety.

Proof. We may assume that G is an algebraic linear group acting in a vector
space V. The group G naturally acts on the flag variety F(V), see 2.2.7. Let O be
a closed orbit of this action. Since O is a projective variety, then by Borel’s
theorem any Borel subgroup of G has a fixed point in O, i.e. is contained in the
stabilizer of a flag F € 0. On the other hand, the stabilizer of any flag is solvable
since in a basis of V compatible with this flag all the elements of this group
are expressed by triangular matrices. Therefore the Borel subgroups of G are
irreducible components of the stabilizers of the points of O and therefore are

“conjugate to each other.

Let us prove the second statement of the theorem. Let G be a complex algebraic
group and B its Borel subgroup. The quotient space G/B is a finite covering of
the projective algebraic variety O, encountered in the above arguments, and
therefore is compact and is also a projective algebraic variety. []

Actually, the second statement of the theorem holds over an arbitrary algebrai-
cally closed field [8]. Moreover, if G is irreducible then the stabilizers of points
of O encountered in the proof are exactly the Borel subgroups of G. For the
complex algebraic groups this latter assertion will be proved in §4.2.

Problem 24 (Corollary). All the maximal tori of an algebraic group G are
conjugate to each other. ’

Exercises

1) Let A =E + X be a unipotent operator. The linear operator A' can be
defined, apart from the method proposed in subsection 2°, directly with the
help of the binomial series:

te—1)...t—k+ I)Xk

K50 k!

2) Let g be an element of an algebraic group G. If g™ is semisimple for some
positive integer m then g is semisimple.

3) If an irreducible component of the unit of an algebraic group G is a torus
then all elements of G are semisimple.

4) For each element x of a torus T denote by J, the character of X (T) defined
by the formula J,(y) = x(x). The map

6: T — Z(%(T)), X0,

is a group isomorphism.
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There is a one-to-one correspondence between the tori homomorphisms
T, — T, and the group homomorphisms (7} ) — Z(T,) which to any homo-
morphism f: T; — T, assigns the homomorphism f*: Z(T,) — Z(T,) defined
by the formula

(S*0x) =x(fx))  (xeZ(TL),xeT,).

Generalize Exercises 4 and 5 and the first statement of Theorem 5 to

_quasitori.

The intersection of the kernels of all characters of an algebralc group is a
normal algebraic subgroup and the corresponding quotient group is a
quasitorus.

Let a nondegenerate linear operator 4 € GL(V) be expressed in a basis of V/
by a diagonal matrix diag (a,,...,a,). Then G(A) consists of all invertible
linear operators B which in the same basis are expressed by the matrices of
the form diag (b, ..., b,), where by, ..., b, satisfy all the relations of the form
xfr...xgn=1(ky,..., k, € Z) which are satisfied by a,, ..., a,.

Any nontrivial irreducible solvable algebraic group splits into the semidirect
product of an algebraic normal subgroup of codimension 1 and an algebraic
subgroup isomorphic to K* or K.

Any nontrivial irreducible algebraic group has a nontrivial Borel subgroup.
(Hint: analyze the proof of Theorem 12.)

Any nontrivial irreducible algebraic group contains an algebraic subgroup
isomorphic to K* or K. In particular, any one-dimensional irreducible
algebraic group is isomorphic to K* or K.

The closure of any solvable subgroup of an algebraic group is a solvable
subgroup.

Any subgroup of an irreducible solvable algebraic group consisting of semi-
simple elements (in particular, any finite subgroup) is commutative.

Give an example of a solvable finite linear group Wthh cannot be expressed

in any basis by triangular matrices.

Any commutative linear group is expressed in some basis by triangular
matrices.

Give an example of a commutative finite subgroup in PGL,(K), the quotient
of GL,(K) modulo its center, which is not contained in any Borel subgroup.
A commutative algebraic subgroup of an algebraic group is contained in
some Borel subgroup if and only if so is the subgroup of its semisimple
elements.

Hints of Problems

. To prove the first statement make use of condition 3) in the definition of a

semisimple operator; to prove the second one make use of condition 2).

By induction: consider the restrictions of operators of the given family onto
eigensubspaces of any nonscalar of these operators.

Let A = B + C, where B is semisimple, C nilpotent and BC = CB. For any
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A e K the subspace V,(B) is invariant with respect to C and, since C is
nilpotent, we have

V,(B) = V*(4).

Since V = @), V(B), then V,(B) = V*(4) for any 4 € K, hence B = A;. The
multiplicative decomposition is treated similarly.

Consider the formal series e(x) = exp x — 1 and I(x) = log(1 + x). Since the
constant terms of these series vanish, we may well substitute one of them into
another one. To solve the problem it suffices to show that

le(x)) =x,  e(l(x))=x (4)

For this make use of the fact that e(x) and I(x) have rational coefficients and
define functions of a complex variable for which (4) holds in the functional
sense for sufficiently small |x|.

. Similarly to the proof of Problem 4 make use of formal series in two

indeterminates.

The map ¢t — A" is a homomorphism of K onto an algebraic linear group H

containing A. If A # E then the kernel of this homomorphism is a finite

subgroup of K and therefore is the trivial group (recall that char K = 0!).

Thus, H = K and similar arguments show that G(4) = H.

It suffices to prove that any character y of K* is of the form y(x) = x* where

k € Z. The simplest way to do this is to make use of the fact that a character

y of K* is a polynomial in x and x~" such that x(x)x(x"*)=1and g(1) = 1.

These are the elements on which no nontrivial character takes the value 1.

For instance, any element whose coordinates are different primes possesses

this property.

Consider a basis in which A is expressed by a diagonal matrix and make use

of Corollary of Theorem 5.

Make use of Problem 7.

It suffices to prove that G(4) > G(A4,). Assume the contrary. Then G(4) N

G(A,) = {E}, ie. G(A) has an isomorphic projection onto G(A4,). Therefore

G(A) is a quasitorus. But then by Problem 14 it has the trivial projection

onto G(A4,) which is impossible.

Take any pre-image and consider its Jordan decomposition.

Follows from Problem 2 and Corollary of Theorem 5.

Let G be a commutative abstract group. The Jordan decomposition implies

that G splits, as an abstract group, into the direct product of the subgroups

G, consisting of semisimple elements, and G, consisting of unipotent ele-

ments. Let us prove that these subgroups are algebraic which implies the

statement of the theorem with the help of Problem 17 and Theorem 2.
Assume that G is an algebraic linear group acting in a vector space V. Then

G, = G nL,(V)is an algebraic subgroup. Next, take a basis in which all the

operators of G, are expressed by diagonal matrices. Equating to zero the

nondiagonal elements of the matrix of 4 € G in this basis we get a system of

algebraic equations distinguishing G;.
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19. Apply Corollary 2 of Theorem 9 to a faithful linear representation of G.
In a basis in which the operators of the representation are expressed by
triangular matrices the unipotent elements of G are distinguished by the fact
that all diagonal elements of the corresponding matrices are equal to 1.

20. By Problem 17 it suffices to prove that G/U is commutative, consists of
semisimple elements and is irreducible. The first follows from Problem 19,
the second is proved with the help of Problem 16, the third is obvious.

22. Passing to G/U’ we may reduce the proof to the case of a commutative U.

In this case by Theorem 2 U is a vector group and the action of the torus
T on it is linear. By Theorem 3 U splits into the direct product of one-
dimensional subgroups normalized by T. For U; we may take the product
of all these subgroups except any one of them.

23. Make use of Problem 12.

24. Follows from Theorem 12 and Corollary of Theorem 11.

§ 3. The Tangent Algebra

The tangent Lie algebra can be defined for an algebraic group over an arbitrary
field (see e.g. [10]) but for simplicity we confine ourselves to C and R. In these
cases no special definition is needed since any complex or real algebraic group
is at the same time a Lie group and its tangent algebra may be understood in
the sense of the Lie group theory.

1°. Connectedness of Irreducible Complex Algebraic Groups. The notion of the
tangent algebra can be used to prove the following theorem.

Theorem 1. Any irreducible complex algebraic group is connected.
Problem 1. Any irreducible commutative complex algebraic group is connected.

Proof of the theorem. Let G be an irreducible complex algebraic group, g its
tangent algebra. Consider some one-parameter subgroups Py, ..., P, of G whose
generators generate g. Denote by G,(i = 1,...,n) the closure of P, in the Zariski
topology. This is a commutative algebraic subgroup. Since its irreducible com-
ponents are closed in the real topology, P. is entirely contained in one irreducible
component; but this means that G; is irreducible.

The subgroup G = G generated by G, ..., G, is closed in the Zariski topology
(Theorem 1.4). Its tangent algebra contains the tangent algebras of G, ..., G,
and, in particular, the generators of P,, ..., P,; therefore it coincides with g. Thus
dim G = dim G and therefore G = G.

By Problem 1 the subgroups G,, ..., G, are connected and therefore, contained
in the unit component of G. But by what we have already proved they generate
G. Therefore G is connected. []

Thus, for a complex algebraic group its irreducibility is equivalent to its
connectedness in the real topology. Notice that since irreducible components
of an algebraic group do not intersect, its irreducibility is equivalent to its
connectedness in the Zariski topology. All this being taken into account, we
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will, speaking about complex algebraic groups, say “connected” instead of
«irreducible” in order to avoid confusion with the irreducibility of linear groups
which means the absence of nontrivial invariant subspaces.

2°, The Rational Structure on the Tangent Algebra of a Torus. Since a complex
algebraic torus is a commutative Lie group, the Lie algebra structure on its
tangent space is trivial. However, this space is naturally endowed with the

structure of another kind.
Let T be an n-dimensional torus and t its tangent algebra. The differential dy

(at the unit) of any character y € Z(T) is a linear function on t. Clearly,
d(y, + x2) = dxy + dy,. (1

(Recall that y, + ¥, is by definition the product of functions y, and y, on T. The
sum on the right-hand side of identity (1) is the usual sum of linear functions

ont.)
Problem 2. If (¢,,...,,) is a basis of Z(T) then (de, ..., de,) is a basis of the
space t* of linear functions on t.

For any additive number group A4, set
f(4) = {&e fldy(&) e Aforall y e X(T)}
={fefldgl)eAfori=1,...,n}.

If k is a number field, then f(k)is a k-form of the space f (see the definition in 2.3.6).

In the sequel, while speaking about the field over which the linear maps and
subspaces of the tangent algebras of tori are defined we will have these very
forms in mind. ‘

Problem 3. The differential of any homomorphism (in particular, any auto-
morphism) of a torus is defined over Q (and the more so over any other number
field).

Problem 4. The tangent algebras of algebraic subgroups of a torus are exactly
the subspaces of its tangent algebra which are defined over Q.

3°. Algebraic Subalgebras. Let G be a complex algebraic group. A subalgebra
b < g is called algebraic if it is the tangent algebra of an algebraic subgroup
H < G or, in other words, if the corresponding connected virtual Lie subgroup
of G is an algebraic subgroup. As shown e.g. in Problem 4, certainly not any
subalgebra is algebraic.

In this subsection we will find certain sufficient conditions for algebraicity
of a subalgebra (and therefore sufficient conditions for this subalgebra to be
the tangent algebra of a Lie subgroup). The existence of such conditions is one
of the reasons why algebraic group theory is useful in the Lie group theory.

Problem 5. The derived algebra of an algebraic subalgebra is an algebraic
subalgebra.
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Theorem 2. Let an algebraic subgroup H of a complex algebraic group G be
generated by connected algebraic subgroups H,, o € A for a set A. Then the tangent
algebra by of H is generated by the tangent algebras by, of H,’s.

Problem 6. Prove this theorem.

Corollary. The subalgebra generated by any family of algebraic subalgebras is
algebraic.

Obviously the intersection of any family of algebraic subgroups is an algebraic
subgroup. Therefore for any subalgebra h) < g there exists the smallest algebraic
subalgebra containing b. It is called the algebraic closure of § and is denoted
by h“.

Problem 7. b)* is the tangent algebra of the closure (in the Zariski topology) of
the connected virtual Lie subgroup H < G corresponding to §.

The properties of the algebraic closure are similar to those of the Malcev
closure (see 1.4.2).

Theorem 3. Let by be a subalgebra of the tangent algebra of a complex algebraic
group G and by its algebraic closure. Then (h°) =1y '

This theorem is proved in exactly the same way as Theorem 1.4.3 (the sub-
groups H; and H, turn out to be algebraic: see Example 1.1.3)

Corollary 1. The derived algebra of any subalgebra is an algebraic subalgebra.
In particular, any subalgebra coinciding with its derived algebra is algebraic.

Corollary 2. The algebraic closure of a commutative (solvable) algebra is
commutative (solvable).

Maximal solvable subalgebras of g are called its Borel subalgebras.

Problem 8. Any Borel subalgebra of g is the tangent algebra of a Borel
subgroup of G.

Problem 9. The algebraic closure of an ideal is an ideal.

Problem 10. The radical of G is an algebraic subgroup.

Alinear Lie algebra by < gl(V)is called algebraic if it is algebraic as a subalgebra
of the tangent algebra of GL(V), i.e. if it is the tangent algebra of an algebraic
linear group H < GL(V).

All that has been stated in this subsection surely holds for G = GL(V). In
particular, Corollary 1 of Theorem 3 enables us to conclude that any linear Lie
algebra coinciding with its derived algebra is algebraic.

4°. The Algebraic Structure on Certain Complex Lie Groups

Theorem 4. Let G be a connected complex algebraic group coinciding with its
commutator group. Then any differentiable homomorphism of G into a complex
algebraic group H is polynomial.
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Proof. Let f: G — H be a differentiable homomorphism. Consider its graph
I'={(9.f(9)) € G x H: g € G}. Clearly I"is a connected Lie subgroup of G x H
and its projection onto G is isomorphic to I". Its tangent algebra is isomorphic
to the tangent algebra of G, hence it coincides with its derived algebra. Therefore
I is an algebraic subgroup of G x H (Corollary 1 of Theorem 3). By Theorem
1.6 the map g (g, f(g)), inverse to the projection I — G is polynomial. There-
fore f is also polynomial. []

An algebraic structure on a complex Lie group G is an algebraic group structure
on G compatible with the Lie group structure, i.e. generating the same Lie group
structure. Since any algebraic group has a faithful linear representation, for the
existence of an algebraic structure on a complex Lie group it is necessary that
this group has a faithful linear representation (as a Lie group).

Theorem 5. A connected complex Lie group coinciding with its commutator group
and having a faithful linear representation admits a unique algebraic structure.

Problem 11. Prove this theorem.

5°. Engel’s Theorem. In this subsection we consider vector spaces and Lie
algebras over an arbitrary field.

A linear Lie algebra g = gl(V) is called unipotent if all its operators are
nilpotent. (The origin of this term will become clear in the sequel: see Problem
15.)

Problem 12. If a linear Lie algebra g < gl(V) is unipotent then so is the linear
Lie algebra ad g < gl(g).

Theorem 6 (Engel’s theorem.) Let g < gl(V) be a unipotent linear Lie algebra.
There exists a nonzero vector in V annihilated by all operators of g.

Proof will be carried out by induction in dimg. Suppose dimg > 0 and
the statement holds for all linear Lie algebras whose dimensions are less than
dimg. Let h be a maximal subalgebra of g. Let us prove that § is an ideal of
codimension 1.

Consider the linear representation p of ) in g/h induced by the adjoint repre-
sentation of g. Problem 12 implies that the linear Lie algebra p(h) is unipotent.
By the inductive hypothesis there exists a nonzero vector in g/ annihilated by
all operators of p(b), i.e. there exists an element C € g\b such that [h, C] = b.
But then h + {(C) is a subalgebra of g and the maximality of h implies that
b + (C)> = g. With the above this means that y is ideal of codimension one.

Consider the subspace V, = {v e V: hv = 0} = V. By the inductive hypothesis
V, # 0. The fact that b is an ideal in g easily implies that ¥, is g-invariant. Let C
be any element of g which does not belong to . Since C is nilpotent and V;, is
invariant with respect to C, there exists a nonzero vector in V; annihilated by C.
Clearly, this vector is annihilated by all the operators of g. [

Corollary 1. Under the conditions of the theorem there exists a basis of V with
respect to which all operators of g are expressed by niltriangular matrices.
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This corollary is deduced from the theorem like the similar corollary of Lie’s
theorem, cf. 1.4.6. This in turn implies

Corollary 2. Any unipotent Lie algebra is solvable.

Engel’s theorem implies not only the solvability but also the nilpotency of any
unipotent linear Lie algebra. (For the definition of a nilpotent Lie algebra see
Exercise 1.2.16.) In fact, the Lie algebra of niltriangular matrices is clearly
nilpotent. Corollary 1 of Engel’s theorem shows that any unipotent linear Lie
algebra is isomorphic to some of its subalgebras and therefore is also nilpotent.
However, the converse is false: there exist nilpotent Lie algebras which are not
unipotent, e.g. Lie algebra of triangular matrices with equal elements on the
diagonal.

6°. Unipotent Algebraic Linear Groups. Let V' be a complex vector space.

Problem 13. An operator X e gl(V) is nilpotent (semisimple) if and only if
exptX is unipotent (semisimple) for any ¢ € C.

For any nilpotent X e gl(V) the linear group {expt¢X:t € C} is algebraic, sec
2.2. Clearly, its tangent algebra is generated by X. Therefore any one-dimensional
unipotent linear Lie algebra is algebraic.

Problem 14. Any unipotent linear Lie algebra is algebraic.

Problem 15. A connected algebraic linear group is unipotent (see 2.2) if and
only if its tangent algebra is unipotent.
This explains the term “unipotent” applied to the linear Lie algebras.

Theorem 7. Any unipotent complex algebraic linear group G = GL(V)is solvable
and is expressed in some basis by unitriangular matrices. The map exp: g — G is
an isomorphism of algebraic varieties.

Problem 16. Prove this theorem.

Notice that the last statement of the theorem makes sense independently of a
 linear representation of G. -

7°. The Jordan Decomposition in the Tangent Algebra of an Algebraic Group.
Let G be a complex algebraic group. For any & € g denote by G(&) the smallest
algebraic subgroup of G whose tangent algebra contains &, i.e. the closure (in the
Zariski topology) of the subgroup {exp t¢: t € C}. This is an irreducible commu-
tative algebraic group. By Corollary of Theorem 2.8 it splits into the direct

product of a torus and a vector group.
An element ¢ € g is called semisimple (nilpotent) if G(&) is a torus (a vector

group).
Problem 17. Let f: G - H be an algebraic group homomorphism. If ¢ € g is
semisimple (nilpotent) then so is df(¢) € b.

Problem 18. Let R be a linear representation of G. If £ € g is semisimple
(nilpotent) then so is the linear operator dR(&).
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Theorem 8. Any element ¢ of the tangent algebra g of a complex algebraic group
G can be uniquely presented in the form of the sum of commuting semisimple and
nilpotent elements &, £,,.

The elements ¢, and &, are called the semisimple and nilpotent parts of &
respectively and the decomposition & = & + &, is called its Jordan decomposition.

Problem 19. Prove Theorem 8.

Problem 20. Let R be a locally faithful (i.e. with a finite kernel) linear represen-
tation of G and ¢ e g. If dR(&) is semisimple (nilpotent) then so is ¢.

Problems 18 and 20 show in particular that semisimple and nilpotent elements
of the tangent algebra of GL(V) are same as semisimple and nilpotent linear
operators.

Problem 21. Let f/: G — H be an algebraic group homomorphism. For any
semisimple (nilpotent) element 7 € df(g) its pre-image (df) ! (1) contains a semi-
simple (nilpotent) element.

8°. The Tangent Algebra of a Real Algebraic Group. Let G be a real algebraic
group, g its tangent algebra (as of a real Lie group), G(C) its complexification,
see 1.1.

The tangent algebra of G(C) coincides with the complexification g(C) of g, see
2.3.4.1f 7 is the complex conjugation on G(C) then dr is the complex conjugation
on g(C).

Problem 22. A connected algebraic subgroup of G(C) is a complexification of
an algebraic subgroup of G if and only if its tangent algebra is defined over R (as
a subspace of g(C)).

A Lie subalgebra b = g is called algebraic if it is the tangent algebra of an
algebraic subgroup H < G. For any subalgebra ) < g there exists the smallest
algebraic subalgebra containing . It is called the algebraic closure of b and is
denoted by bh“.

Problem 23. The subalgebra ) = gis algebraicif and only if its complexification
h(C) is an algebraic subalgebra of g(C). In any case §*(C) = h(C)".

Due to this fact most of the results of 3° are routinely carried over to the real
setting. In particular, in this way we obtain that the following subalgebras of g
are algebraic:

1) the derived algebra of any subalgebra; in particular, any subalgebra coin-
ciding with its derived algebra;

2) a subalgebra generated by any family of algebraic subalgebras;

3) the radical of g.

9°, The Union of Borel Subgroups and the Centralizers of Tori. Let G be a
connected complex algebraic group, g its tangent algebra.

Problem 24. Any element of g is contained in some of Borel subalgebras.
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Problem 25. The union of all Borel subgroups of G is an épais subset in G.
Actually, the following statement holds:

Theorem 9. Every element of a connected complex algebraic group is contained

in some of its Borel subgroups.

Proof. Let U be the union of all Borel subgroups of G. It follows from Problem
25 that U is dense in G in the real topology. Therefore it suffices to prove that
U is closed in the real topology.

We have U = { ),.cgBg~*, where B is a fixed Borel subgroup of G. Let the
sequence of elements g,b,g, (g, € G, b, € B) converge to some g € G. Since G/B
is compact (Theorem 2.12), then, passing to a subsequence, we may assume that
gn = gnCn, Where g, — h € G and c, € B, but then

¢t >h‘gh=beB

n

hence, g = hbh™' e U. ]
The combination of this theorem with Theorem 2.11 and Corollary of
Theorem 2.12 yields the following two corollaries.

Corollary 1. Every semisimple element of G is contained in a torus.

Corollary 2. Every central semisimple element of G is contained in the inter-
section of all maximal tori of G.

Problem 26. Let S « G be a torus and g € G a semisimple element commuting
with it. Then there exists a torus T < G containing S and g.

Theorem 10. The centralizer Z(S) of any torus S in a connected complex
algebraic group G is connected.

Problem 27. Prove the theorem.

Exercises

1) Thesubgroup {(e*,¢”): z € C} = (C*)*isa Lie subgroup but not an algebraic
subgroup.

2) Any differentiable linear representation of a complex algebraic torus is
polynomial.

3) Give an example of a nonpolynomial differentiable linear representation
of C.

4) The complex Lie group C/AZ + iZ) does not admit an algebraic structure.
(For a broader interpretation of the notion of an algebraic group, which does
not require that the group variety is affine, this Lie group admits an
algebraic structure. However, there are examples of complex Lie groups
which do not admit an algebraic structure in this broader sense either.)

5) The complex Lie group C x C* admits a continuum of different algebraic
structures.

6) An algebraic normal subgroup of a connected complex algebraic group G
which is a quasitorus is contained in the center of G.
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An element & of the tangent algebra of a complex algebraic group G is

semisimple if and only if exp £ € G is semisimple.

A Lie algebra g (over an arbitrary field) is nilpotent if and only if the linear

Lie algebra ad g is unipotent.

The derived algebra of any solvable subalgebra of the tangent algebra of a

complex algebraic group is unipotent (i.e. all its elements are nilpotent).

Given a linear operator X € gl(V) let g(X) be the smallest algebraic linear

Lie algebra which contains it, i.e. the algebraic closure of the one-dimensional

linear Lie algebra (X ).If X = X + X, is the additive Jordan decomposition

of X then g(X) = g(X,) ® {X,)-

Under the notation of Exercise 10 if X is expressed in some basis by a

diagonal matrix diag (x,,..., x,) then g(X) consists of all operators which in

the same basis are expressed by matrices of the form diag (y,,...,y,), where

V1, ---, o satisfy all linear equations with integer coefficients satisfied by x,,
ey Xy

Under the notation of 7° the dimension of the vector factor of G(£) does not

exceed 1.

Hints to Problems

Make use of the description of algebraic subgroups of a torus given in
Theorem 2.5.

Follows from Theorems 1.5 and 1.4.1.

Leth — [ be a subalgebra generated by h,,a € A,and H = H the correspond-
ing connected virtual Lie subgroup (cf. Theorem 1.2.8). For any a € A we
have ) o b, hence H > H,. Therefore H = H and [ = .

First prove that any Borel subalgebra is an algebraic subalgebra.

. Solution is similar to that of Problem 1.4.6.

Prove that the radical of g is an algebraic subalgebra.

It is subject to a straightforward verification that if X™ = Q then (ad X)*" ! =
0.

First prove the “only if” part. After this prove that exptX = (exptXj)
(exp tX,) is the (multiplicative) Jordan decomposition of exp tX.

Follows from the remark made just before the formulation of the problem
and Corollary of Theorem.

The “if” part is proved with the help of Corollary 1 of Engel’s theorem. The
“only if” part follows from Problem 13.

The first part of the theorem follows from Problem 15 and corollaries of
Engel’s theorem. The surjectivity of exp: g — G follows from the fact that
together with A the group G contains the subgroup G(4) = {exptX:te C},
where X = log(A), cf. Theorem 2.1. The remaining properties of the map exp
are proved with the help of Problem 2.4.

Notice that the element df(¢) is contained in the tangent algebra of the
algebraic subgroup f(G(¢)) = H.

Make use of the hint to Problem 17 and of Problem 13.

Let G(§) = T x U, where T is a torus and U a vector group. If g({) =t @ u
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is the corresponding decomposition of the tangent algebra then the decom-
position ¢ = &, + £, where £, € t and ¢, € u, is the desired one. The unique-
ness of the desired decomposition follows, due to Problem 18, from the
uniqueness of the additive Jordan decomposition of a linear operator.

20. Consider the Jordan decomposition of £ and make use of Problem 18.

21. Take any pre-image and consider its Jordan decomposition.

22. Problem 1.10 implies that a connected algebraic subgroup H = G(C) is a
complexification of an algebraic subgroup of G if and only if t(H) = H and
this, in turn, is equivalent to the fact that dt(h) = h. Next, make use of
Problem 2.3.29.

23. Notice that if the subalgebra §(C) is algebraic then the corresponding con-
nected algebraic subgroup of G(C) is according to the Problem 22 a com-
plexification of an algebraic subgroup of G. The second statement follows
from the first one.

26. By Corollary 1 of Theorem 9 g is contained in a torus. Let H < G be the
subgroup generated by this torus and S. This is a connected algebraic
subgroup by Theorem 1.4 and g belongs to its center. Let T be a maximal
torus of H containing S. By Corollary 2 of Theorem 9 T3 g.

27. It suffices to prove that any semisimple element of Z(S) is contained in Z(S)°
but this follows from Problem 26.

§4. Compact Linear Groups

Compact linear groups give an example when the algebraicity follows from a
topological assumption. Namely, any compact linear group acting in a real
vector space is algebraic (and therefore, it is a Lie group). This will constitute
one of the theorems of this section.

1°. A Fixed Point Theorem. Proofs of all properties of compact linear groups
contained in this section are based on the following theorem.

Theorem 1. Let G be a compact subgroup of the group GA(S) of affine trans-
Jormations of areal affine space S and let M < S be a nonempty convex G-invariant
subset. Then M contains a fixed point of G.

Before we proceed with the proof of this theorem define the center of mass of
a nonempty bounded convex subset M of a real affine space S to be

c(M) = p(M)™ J xu(dx),

M

where p is the usual measure in S invariant with respect to parallel translations.
The measure y is defined up to a constant factor but it is clear from the formula
that the ambiguity in the choice of u does not affect the results. The integral on
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the right-hand side can be defined either 1) coordinate-wise or 2) directly, as the
limit of integral sums which are (the factor preceding the integral being taken
into account) linear combinations of points of S with the sum of coefficients being
equal to 1, and therefore make sense. The first definition shows the existence of
the integral and the second one its independence of the choice of a coordinate
system.

In general case let P be the smallest plane in S containing M. Then M has a
nonempty interior as a subset of the affine space P and we define ¢(M) as above
but with S replaced by P.

Problem 1. c¢(M) e M.

Since the center of mass is defined in terms of affine geometry, c(gM) = gc(M)
for any affine transformation g of S. In particular, if M is invariant with respect
to an affine transformation then its center of mass is a fixed point of this
transformation.

Proof of the theorem. If M is bounded then its center of mass will do as a fixed
point. In general let M’ be the convex hull of an orbit of G in M. Clearly, M’ is
an invariant subset. Since the orbit is compact, its convex hull is bounded. The
point ¢(M'ye M’ < M is the desired fixed point.

Applying the theorem to M = S we get

Corollary. Any compact group of affine transformations has a fixed point.

2°. Complete Reducibility

Theorem 2. Let G be a compact group of linear transformations of a real
(complex) vector space V. Then there exists a positive definite quadratic (Hermitian)
form on V invariant with respect to G.

In other words ¥ can be made into a Euclidean (Hermitian) space so that all
transformations of G are orthogonal (unitary).

Proof is obtained by applying Theorem 1 to the image of G under the natural
linear representation of GL(V) in a (real) space S of all quadratic or Hermitian
forms on V. For M take the subset of positive definite forms. []

Corollary. Any compact linear group in a real or complex vector space is
completely reducible.

Recall that a linear group G < GL(V) is irreducible if V # 0 and there are no
nontrivial G-invariant subspaces in V and completely reducible if V decomposes
into the direct sum of G-invariant subspaces so that the restriction of G onto any
of them is irreducible. (Notice a linguistic inconsistency: any irreducible linear
group is completely reducible!)

Problem 2. A linear group G < GL(V) is completely reducible if and only if
for any G-invariant subspace of V there exists a G-invariant complementary
subspace.
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If V is a Eucledean (Hermitian) space and all transformations from G are
orthogonal (unitary) then for a complementary invariant space we can take the
orthogonal complement which implies the above Corollary.

3°. Separating Orbits with the Help of Invariants. Let V be a (finite-dimensional)
vector space over an infinite field K. Every linear operator A € GL(V) determines
an automorphism A* of the polynomial algebra K[ V] acting via the formula

(A*)x) = f(47%)  (feK[VIxeV)

The map A+ A* is a linear representation of GL(V) in K[V]. This representa-
tion is infinite-dimensional but is the inductive limit of finite-dimensional ones:
K[V7]is the union of the increasing chain of finite-dimensional GL(V)-invariant
subspaces K[V]™, m =0, 1, ..., where K[V]™ consists of polynomials of
degree < m.

Now, let G = GL(V) be a subgroup. A polynomial f € K[V] is G-invariant if
A*f = f or, equivalently, if

f(Ax) = f(x) forany AeG,xeV.

In other words, a polynomial f is G-invariant if it is constant on every orbit of
G. The invariant polynomials constitute a subalgebra of K[V] denoted by
K[V]S.

We say that two orbits of G are separated by invariants if for any x, y € V that
belong to different orbits there exists f € K[ V] such that f(x) # f(y).

For example, let G = S, where n = dim V, be the symmetric group which acts
in V permuting the vectors of a fixed basis. Then K[V]€ is the algebra of
symmetric polynomials (in the coordinate system corresponding to the basis). As
is known, this algebra is generated by the elementary symmetric polynomials o,
..., 0,. Let us prove that the orbits of G are separated by the invariants. To each
x € V with coordinates x, ..., x, assign the polynomial

(px(t) = (t - xl)' "(t - xn) =" — Gl(x)t"—l +o+ (— l)ndn(X)

in a variable t with roots x,, ..., x,. If x and y belong to different orbits of G, i.e.
the coordinates of one of them cannot be obtained from the coordinates of
another by permutation then ¢, # ¢, and therefore g,(x) # 0,(y) for some k.

It is possible to show that the orbits of any finite linear group are separated
by the invariants. On the contrary, for infinite groups this is seldom so. For
instance consider a classical situation. Let ¥V = L,(K) be the space of matrices
over an algebraically closed field K and let G = GL(V) be the group of trans-
formations X — AXA™ (X € L,(K), A € GL,(K)). Then the orbits of G are the
classes of similar matrices and K[V ]€, as it is not difficult to show, is generated
by the coefficients of the characteristic polynomial (which are polynomials in the
matrix elements). Therefore the matrices with the same characteristic poly-
nomials but different Jordan forms are not separated by the invariants although
they belong to different orbits.
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Theorem 3. The orbits of a compact linear group acting in a real vector space
are separated by the invariants.

Proof. Let O, and O, be different orbits of a compact linear group G acting in
a real vector space V. Since O, and 0, are nonintersecting compact subsets, there
exists a continuous function ¢ on V equal 1 on O, and — 1 on O,. Furthermore,
by Weierstrass’s theorem there exists f € R[ V] such that

[f(x) —ox)|<1 for xeO;uO0,
and therefore
fx)>0 for xe0O, and f(x)<0 for xeO, (1)

Let m be the degree of this polynomial.

In S = R[V]™, consider the subset M consisting of all polynomials satisfying
(1). Clearly, M is convex and invariant with respect to the natural linear represen-
tation of G in S. By Theorem 1 there exists a G-invariant polynomial in M. It is
clear from (1) that the values of this polynomial at the points of O, are different
from the values at the points of 0,. []

Example. Let V be the space of symmetric real matrices of order n. To each
orthogonal n x n matrix 4 assign a linear transformation R(A) of V by the
formula

R(A)X = AXA™ (XeV)

Then we get a linear representation R: O, - GL(V). Let G = R(O,). This is a
compact linear group acting on the space V. As it is known from the linear
algebra, each orbit of this group contains a diagonal matrix. Therefore the orbit
which contains the symmetric matrix X is determined by the characteristic
polynomial of this matrix. Since the coefficients of a characteristic polynomial
are G-invariant polynomials in the elements of X, the orbits of G are separated
by the invariants as it should be according to the theorem. [

4°. Algebraicity

Theorem 4. The orbits of a compact linear group G acting on a real vector space
V are algebraic varieties in V.

Proof. Let O be an orbit and I an ideal of R[ V] consisting of invariants which
vanish on 0. By Theorem 3 for any orbit O’ # O there exists an invariant which
takes different values on O and O'. Adding to it an appropriate constant we can
get a polynomial f e I which does not vanish at any point of 0. Thus, the set of
zeros of I coincides with O implying that O is an algebraic variety in V. []

Theorem 5. Any compact linear group acting on a real vector space is algebraic
(and therefore is a linear Lie group).
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Proof. Let G = GL(V) be a compact linear group. Consider a linear represen-
tation R of G in the space L(V) defined by the formula

R(A)J X =AX (A€ GL(V)?X e L(V)).

The group G, as a subset of L(V), is an orbit of R(G) (namely G = R(G)E). By
Theorem 4 this implies that G is algebraic. []

Notice that a similar theorem fails over C. More precisely, the following
statement holds.

Problem 3. Any compact complex algebraic group is finite.

However, Theorem 5 implies that any compact linear group acting on a
complex vector space V is an algebraic subgroup of the group of invertible linear
transformations of V' considered as a real vector space and therefore a real
algebraic subgroup of GL(V).

In Chapter 5 we will obtain a classification of connected compact linear groups
and prove that any compact Lie group admits a faithful linear representation.

Exercises

1) Let G be an irreducible compact linear group acting on a real (complex) vector
space V. Then a G-invariant positive definite quadratic (Hermitian) form on
V is unique up to a positive factor.

2) A linear operator in a vector space over an algebraically closed field is
semisimple if and only if the cyclic linear group it generates is completely
reducible.

3) The orbits of any finite linear group (over an arbitrary field) are separated by
the invariants. "

4) Let V = L,(K) be the space of matrices over an algebraically closed field K
and let G = GL(V) be the group consisting of transformations

X AXA (X e L,(K), A e GL,(K)).

Then K[ V] is generated by the coefficients of the characteristic polynomial.
(Hint: consider the restrictions of invariants onto the subspace of diagonal
matrices.)

5) In the notations of Exercise 4 the orbit of X € L,(K) is closed in L,(K) if and
only if X is similar to a diagonal matrix.

Hints to Problems

1. We can assume that M has a nonempty interior. In this case suppose c(M) ¢ M.
Then there exists an affine function [ on S positive at all interior points of M
and vanishing at ¢(M). But this is impossible since the definition of the center
of mass implies that

l(c(M)) = p(M)™ j I(x)u(dx) > 0.
y |
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Clet V=V, ® - @V, be the decomposition of V into the direct sum of
invariant subspaces on each of which G acts irreducibly and let U = ¥ be an
invariant subspace. Then as an invariant subspace complementary to U we
can always take the sum of a certain number of subspaces Vi, ..., V.

. More generally, an irreducible complex affine variety of positive dimension
cannot be compact: see 2.2.5.




Chapter 4
Complex Semisimple Lie Groups

This chapter deals with the most explored section of the theory of Lie groups
and Lie algebras. Its main result is the complete classification of connected
complex semisimple Lie groups and their irreducible linear representations.
This classification is based on the theory of root systems, which because of its
numerous applications deserves a special treatment. The theory is axiomatically
developed in § 2. During the whole chapter (except 1.1°-1.3°) the ground field is
C. All the vector spaces and Lie algebras considered are finite-dimensional.

§ 1. Preliminaries

1°. Invariant Scalar Products. Let G be a Lie group (real or complex). A bilinear
function b on the tangent algebra g of G is said to be invariant if it is invariant
with respect to Ad G, i.e. if

b((Ad g)x,(Ad g)y) = b(x, )

foranyge G, x,yeqg.

Problem 1. An invariant bilinear function b on g satisfies
b([x,yl,2) + b(y,[x,2z]) = 0 (1)

for any x, y, ze g. If G is connected then the converse statement holds: any
bilinear function b on g satisfying (1) is invariant.

Now let g be a Lie algebra over an arbitrary field K. A bilinear function b on
g satisfying (1) is called invariant. If, in addition, b is symmetric we will call b an
invariant scalar product on g.

Examples. 1) Let E be the three-dimensional Euclidean space with the scalar
product (-, -). Fixing an orientation on E we make E into a Lie algebra over R
with respect to the vector product, and the scalar product (-, -) is invariant.

2) In gl(V), there is the canonical invariant scalar product

(X,Y)=trXY. 2)
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3) Let g be an arbitrary Lie algebra, p: g — gl(V) its linear representation.
Then the bilinear function

(x,7), = (p(x), p(¥)) = tr(p(x)p(y))

is an invariant scalar product on g. In particular, on any Lie algebra g the
invariant scalar product

(X, Y)aa = tr((ad x)(ad y))

is defined; it is called the Cartan scalar product (or the Killing bilinear function).
It is not difficult to verify that this scalar product is invariant with respect to all
the automorphisms « of g:

(@(x), 2(»))ag = (%, Y)aa-

Let (-, -) be an invariant scalar product on a Lie algebra g. For any subspace
a c g the orthogonal complement is defined:

at ={xeg(x,y)=0forallyea}.

Problem 2. If a is an ideal of g, then so is a*.

Let V be a vector space over K and g a subalgebra of gl(V). The embedding
g — gl(V) defines an invariant scalar product (-, ) on g (see Example 3); it is
defined by (2). We wish to specify (for K = C) those algebraic linear Lie algebras
for which this scalar product is nondegenerate.

A complex linear Lie algebra t is called diagonalizable if it is commutative and
all its elements are semisimple.

Problem 3. A complex algebraic linear Lie algebra is diagonalizable if and only
if it is the tangent algebra of a torus.

Problem 4. Let t be a diagonalizable complex algebraic linear Lie algebra. Then
the scalar product (2) is nondegenerate on t and positive definite on the real form
t(R) (see 3.3.2°).

Problem 5. Let n be a complex linear Lie algebra, on which the scalar product
(2) vanishes identically. If n is algebraic then it is unipotent; in general case it is
solvable.

Problem 6. If 11 is a unipotent ideal of a linear Lie algebra g then (n, g) = 0.
Problem 7. Let K = C or R and let g be a semisimple linear Lie algebra. Then
the scalar product (2) is nondegenerate on g.

Notice that any semisimple Lie algebra admits a faithful linear representa-
tion, e.g. the adjoint one. Therefore it may always be assumed linear. Problem 7
implies
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Theorem 1. Any semisimple Lie algebra g over C or R possesses a nondegeneraic
invariant scalar product. In particular, the Cartan scalar product on g is non-
degenerate.

‘Problem 8. If there is an invariant scalar product on a Lie algebra g then the
center 3(g) is contained in g'*. If this scalar product is nondegenerate then

3@) =g
Problem 9. A semisimple Lie algebra (complex or real) coincides with its

derived algebra. Any semisimple linear Lie algebra g = gl(V) is contained in the
subalgebra sl(V) of traceless operators.

A complex linear Lie algebra g is called reductive if g = 3 @ g, where 3 is a
diagonalizable and g, is a semisimple ideal of g. Clearly, 3 coincides with 3(g) and
also with radg. By Problem 9 g, coincides with the derived algebra g’ of g.
Problems 4, 7 and 8 imply that the scalar product (2) is nondegenerate on any
reductive algebraic linear Lie algebra.

Now let g be an algebraiclinear Lie algebra over C such that the scalar product
(2) is nondegenerate on it.

Problem 10. The center 3(g) of g is algebraic and consists of semisimple
elements.

Problems 10, 4 and 8 imply that g = 3(g) ® g

Problem 11. ¢’ is semisimple.
Thus we have proved

Theorem 2. Let g < gl(V) be an algebraic linear Lie algebra over C. The
following conditions are equivalent:

1) g is a reductive algebraic linear Lie algebra;

2) the scalar product (2) is nondegenerate on g.

2°. Algebraicity. Let g < gl(V') be a semisimple linear Lie algebra over K = C
or R. By Problem 8 and Corollary 1 of Theorem 3.3.3 (valid also over R as had
been mentioned in 3.3.8) g is an algebraic Lie algebra. This means that there
exists an irreducible algebraic subgroup G = GL(V) with the tangent algebra g.
For K = C this subgroup is connected (see Theorem 3.3.1).

Problem 12. Any connected semisimple virtual Lie subgroup G = GL(V) is a
Lie subgroup, which is algebraic if K = C or which is the identity component
of an irreducible algebraic linear group if K = R.

A complex algebraic linear Lie group G is called reductive if its tangent alge-
bra g is reductive. Problem 3.3.18 implies that this property of G does not de-
pend on its representation as a linear group, so the notion of reductive complex
algebraic group is well-defined. Any semisimple complex algebraic group is
reductive. A reductive algebraic group G is semisimple if and only if 3(g) = 0.

Theorem 2 implies that a complex algebraic linear group is reductive if and
only if the scalar product (2) is nondegenerate on its tangent algebra.
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Problem 13. The classical complex linear groups SL,(C) (n = 2), SO,(C) (n = 3),
Sp,(C) (n = 2) are semisimple and GL,(C) is reductive. All these groups are
irreducible.

Example. Consider the real algebraic group SO, ;. where k, [ >0, k + [ =n,
consisting of unimodular matrices corresponding to linear operators preserving
a nondegenerate quadratic form g of signature (k,[). The group SO, ,(C) is the
group of unimodular complex matrices whose corresponding operators preserve
g. Since all nondegenerate quadratic forms in C" are equivalent, SO, ,(C) is
isomorphic to SO,(C). Therefore SO, ; is an irreducible semisimple algebraic
group. At the same time it is not connected (see Problem 1.3.9).

Problem 9 and Theorem 1.4.1 imply that a connected semisimple Lie group
coincides with its commutator group. Therefore (see Theorem 3.3.4) any dif-
ferentiable representation of a connected semisimple complex algebraic group G
is polynomial. By Theorem 3.3.5 the algebraic structure on G is unique. (Actually
these statements are also true for arbitrary reductive algebraic groups over C,
see Exercise 10). In § 3 we will show that any connected semisimple complex Lie
group admits the structure of an algebraic group.

Let g be the tangent algebra of an algebraic group G over C. Any commutative
subalgebra of g consisting of semisimple elements is called diagonalizable.

Problem 14. An algebraic subalgebra t < g is diagonalizable if and only if it is
the tangent algebra of a torus T = G. The maximal diagonalizable subalgebras
are algebraic and correspond to maximal tori of G. If a maximal diagonalizable
subalgebra t is zero then G° is unipotent.

Two subalgebras of a Lie algebra g are conjugate if they are transformed into
each other by an automorphism from Intg. Problems 14 and 3.2.24 imply that
all maximal diagonalizable subalgebras of the tangent algebra of a complex
algebraic group are conjugate.

The rank of a reductive algebraic group G (or of its tangent algebra g) is the
dimension of a maximal torus of G (or of a maximal diagonalizable subalgebra
of g and is denoted by tk G = rk g.

3°. Normal Subgroups. We assume that the ground field KX is either C or R. If
g is simple, i.e. has no proper ideals, then either g is noncommutative or g is a
one-dimensional commutative Lie algebra. Clearly, a noncommutative simple
Lie algebra is semisimple.

Let g be a semisimple Lie algebra; we may consider it as a subalgebra of gl(V),
where V is a vector space over K.

Problem 15. On any ideal a of g the scalar product (2) is nondegenerate and
g =a® at. Ifbis an ideal of g, then b is also an ideal of g.

Problem 16. If a is an ideal of g, then a and g/a are semisimple.

Problem 17. g splits into the orthogonal direct sum of noncommutative simple
ideals g;, and any ideal of g is the sum of some of g;s.

Problem 15 and 17 imply
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Theorem 3. A semisimple Lie algebra splits uniquely into the direct sum of
noncommutative simple ideals.

The converse statement is also true:

Problem 18. If a Lie algebra g splits into the direct sum of noncommutative
simple ideals then g is semisimple.

Now let us prove the corresponding results for Lie and algebraic groups.

A Lie group (in particular an algebraic group) is called simple if its tangent
algebra is simple. By Problem 1.2.21 and Theorem 1.2, a connected Lie group G
is simple if and only if G has no connected normal virtual Lie subgroups, not
coinciding with {e} or G.

Problem 19. A connected simple Lie group or an irreducible simple algebraic
group is either noncommutative and semisimple or commutative and one-
dimensional.

Problem 20. A connected complex algebraic group G is simple if and only if it
does not contain proper connected normal algebraic subgroups.

Let G be a Lie group, Gy, ..., G, its normal Lie subgroups. We say that G
locally splits into the direct product of subgroups G;s if G = G,, ..., G, and all
the intersections G; N (G, ... G;_, G,y ...G,) (i = 1,...,5) are discrete.

Problem 21. A connected Lie group G locally splits into the direct product of
connected normal Lie groups G, i = 1, ..., s, if and only if its tangent algebra g
splits into the direct sum g = g, @ - @ g,, where g; is the ideal tangent to G,.

Theorem 3 and Problems 21, 18 imply

Theorem 4. A connected semisimple Lie group G locally splits into the direct
product of connected noncommutative simple normal Lie subgroups G = G, ...G,.
Given such a decomposition, any normal Lie subgroup of G is a product of some
of G/s. Any Lie group that locally splits into the direct product of noncommutative
simple normal Lie subgroups is semisimple.

Problem 22. A connected complex algebraic group G is reductive if and only
if it locally splits into the direct product G = ZG,, where Z is a torus and G, is
a semisimple normal subgroup. In this case Z coincides with Z(G)° and with
Rad G, whereas G, coincides with the commutator group of G. A homomorphic
image of a reductive group is a reductive group.

4°. Weight and Root Decompositions. From now on and till the end of the
section we will assume that the ground field is C. Algebraic tori will be briefly
called tori.

Let T be a nontrivial torus, t its tangent algebra. As follows from Problem
3.3.2 the correspondence 4+ dJ is an injective homomorphism of the group of
characters of T into t* sending any basis of the group #(T) into a basis of the
space t(R)*, where t(R) is the real form of t defined by (3.3.2). It will be convenient
for us to identify the characters A € Z(T) with their differentials. Then Z(T) is
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identified with the discrete subgroup of the space t(R)* generated by a basis of
this space.

‘We may assume that the group T is linear. By Problem 2 the space t(R) is a
Euclidean one with respect to the scalar product (2). Consider the canonical
isomorphism A+ u; of t* onto t defined by the formula

(3, x) = Ax) (x € 1) ©)

which maps t(R)* onto t(R). With this isomorphism we may translate the Eu-
clidean space structure from t(R) into t(R)* setting

(W) = (uy,u,) = Aw,) = p(u,) (4 p € t(R)). (4)

For any nonzero 4 € t(R)* choose an element h; on the line Cu,; < t(R), such that
A(h;) = 2. Clearly, h, is uniquely defined, belongs to t(R) and is of the form

hy = 2u,;/(2,2) )
For any u € t* we have

p(hz) = 2(u, A/(4, 1) (6)

Now let G be an algebraic linear group containing a torus T and let R:
G —» GL(V) be a polynomial linear representation. By Theorem 3.2.3 all the
operators of R(T) are expressed in some basis by diagonal matrices. This means
that

V=P V (7)

lEq)R

where @y = Z(T) is the system of weights of the restriction R|T. The elements
of the system @, will be called the weights of the representation R with respect
to T and the decomposition (7) the weight decomposition with respect to T. Some-
times we write @y instead of @g(T).

Problem 23. The system @, spans the subspace {1 € t(R)*: A(x) = 0 for all
x € t n KerdR} in t(R)*. In particular, if dR is faithful then & spans t(R)*.

Now take for R the adjoint representation Ad of G in its tangent algebra. For
any A € @,4 we have

g, = {x€g:[hx] = A(h)x for all he t}. ®)

In particular, g, is the centralizer of the subalgebra t of g and therefore is an
algebraic subalgebra containing t. '

The nonzero weights of @,,4(T) are called roots and the weight subspaces g,
(o # 0) root subspaces of g with respect to T. The root system is denoted by 4(T)
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or 4, hence @44 = A(T) L {0}. The decomposition

§3=60® P ¢, 9)

ae A(T)

is called the root decomposition of g with respect to T.

Let us study the action of automorphisms of G on weights and roots. Let
O € Aut G, 0 = dO € Autg. The automorphism @ transforms T into T = O(T).
By Problem 3.3.3 the isomorphism 6: t -t maps t(R) onto t(R) and therefore

induces an isomorphism 0: t(R)* — t(R)*. We have ‘0(Z" (T)) = %(T) and under
the assumed identification of the character with its differential the obtained
isomorphism of the groups of characters is identified with the isomorphism
A A 6.

Problem 24.1f @ = a(g), where g € G, then 0 = ‘(Ad g) maps ®g(T) onto @x(T)
and we have Viaq,1; = R(g)V;. For any @ € AutG we have ‘0(4(T)) = 4(T)
and Gig- Ha) — e(ga)

Problem 25. For any representation R: G — GL(V),any o € @Ad(T) A€ Dp(T )
and .any x € g, we have )

c Vige 1A+ ae ®@g(T),
=0 otherwise

dR(x) Vl{

In particular, for any a, f € @4(T)

C Guup il a4+ Be Pyy(T)
(84951 { 0 otherwise.

Now let us investigate the behavior of the root decomposition (9) with respect
to the invariant scalar product (2).

Problem 26. If oz; pe ‘R«.A(T) and o + B #0 tliue”n (ga, gl,)k -0

Problem 27. Let G be a reductive algebraic group. Then the scalar product (2)
is nondegenerate on go. If « € 4(T) then —a € A(T) and the scalar product is
nondegenerate on g, ® g_,.

Problem 28. If G is a reductive algebraic group then the subalgebra g, is a
reductive algebraic algebra. If, in particular, T is a maximal torus of G then

go—'—-t.

Since all maximal tori in G are conjugate (Problem 3.2.24), Problem 24 implies
that the weight system of a representation and the root system of G with respect
to a maximal torus T are defined uniquely up to an isomorphism of the form
'(Ad g), where g € G, of the corresponding spaces t(R)*. The roots with respect to
a maximal torus T are simply called the roots of G; the root system is denoted
Ag or 4, since it is transparent from (8) that the root system is completely




N

- e v

§ 1. Preliminaries 143

determined by the pair (g, t). The root subspaces with respect to a maximal torus
are simply called root subspaces of g.

In the sequel we assume that G is a reductive algebraic group and T is its
maximal torus. The most interesting is the case when G is semisimple.

Let us present g in the form g = 3(g) ® g, where g’ is a semisimple ideal.
Problem 28 implies that any maximal diagonalizable subalgebra t — g contains
3(g) and therefore is of the form t = 3(g) ® t', where t' =t g’ is a maximal
diagonalizable subalgebra of g'. Conversely, any subalgebra t = 3(g) ® t,, where
t' =t g is a maximal diagonalizable subalgebra of ¢, is a maximal diago-
nalizable subalgebra of g. Assigning to each linear function on t its restriction
onto t' we identify the subspace {4 € t*: 1(x) = O for all x € 3(g)} with t".

Problem 29. The root system 4, is identified with 4, and 4, = 4 spans the
space t'(R)* while the vectors h, (x € 4,) span t (R). The algebra g is commutative
if and only if 4, = (& and semisimple if and only if 4, spans t(R)*.

Problem 30. For any x € g,, y € g,, where a € 4, we have

[x, y] = (x, y)u, = 3(x, y) (%, ) h,.

The subspace [g,,g-,] is one-dimensional and is spanned by h,.

It is clear from Problem 30 that the line Ch, for any given a € 4, is determined
by the Lie algebra structure on g and does not depend on the chosen realization
of g as a linear Lie algebra. The definition of h, implies that it is also uniquely
defined. If g is semisimple then by Problem 29 the space t(R) is generated by the
elements h, (« € 4,). Therefore if g is semisimple, t(R) is completely determined
by g. '

Now let us investigate what is the root system of the direct sum g = g, @ g.,
where g,, g, are semisimple Lie algebras. From Problem 28 we easily deduce
that any maximal diagonalizable subalgebra t = g is of the form t =t, @ t,,
where t;, i = 1, 2, is a maximal diagonalizable subalgebra of g;. The converse is
true since a subalgebra t of such a form coincides with its centralizer in g. Let us
identify in a usual way t} with the subspace {1 € t*: A(x) = 0 for all x e t,} and
t¥ with {1 e t*: A(x) = Ofor all x € t, }. Then t* = t¥ @ t} and t(R)* = t,(R)* @
t,(R)*. Let 4, 4,,, 4,, be the root systems of g, g,, g, with respect to t, t, t,,
respectively.

9°

Problem 31. We have 4, = 4, U 4, and (¢, f) = Ofor any a € 4,,, f € 4,,,.

Problem 32. For any decomposition 4, = 4, U 4, of the root system of a

semisimple Lie algebra g into a union of two orthogonal subsystems there exist

ideals g;, g, = gsuch thatg =g, @ g, and 4, = 4, (i = 1,2).

Concluding this section we generalize the notion of weight system and weight
decomposition to an arbitrary linear representation p of a semisimple Lie algebra.
We need this generalization since p need not a priori coincide with the differential
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of a linear representation of any algebraic group whose tangent algebrais g. Note
that this generalization does not actually give anything new since, as we shall sec
in §9, there always exists a simply connected algebraic group G with the tangent
algebra g and p is the differential of a representation of G by Theorem 1.2.6.

Let g be a semisimple Lie algebra, G an algebraic group with g as the tangent
algebra. Problems 3.3.18 and 3.3.20 applied to the adjoint representation of G
yield that x € g is semisimple (nilpotent) if and only if so is ad x in the space g.
Therefore we may speak about semisimple and nilpotent elements of an abstract
semisimple Lie algebra. o ' s

Problem 33. A linear representation p of a semisimple Lie algebra g maps the
semisimple elements in semisimple operators and the nilpotent elements in

nilpotent operators.

Let p: g — gl(V) be a linear representation of a semisimple Lie aglebra o. t a
maximal diagonalizable subalgebra of g. Problem 33 implies that p(1) is a
commutative subalgebra of gl(V) consisting of semisimple operators. By Problem
3.2.2 we have

V=@ V, (10)

ied,

where

V,={ueV:p(x)u= Axuforall xe t}

and @, < t* is the set of linear functions A, such that V, # 0. The elements of @,
are called weights and the corresponding subspaces V, weight subspaces of the
representation p. If p = dR, where R is a linear representation of G, then @,
coincides with @ and the decomposition (10) with the weight decomposition (7).
It is also easy to verify that the statement of Problem 25 holds for (10).

In 6° we will show that @, = t(R)*.

5°. Root Decompositions and Root Systems of Classical Lie Algebras. In this
section we will give explicitly the form of maximal diagonalizable subalgebras
t,, root decompositions, roots and vectors h, for the classical Lie algebras
g = gl,(C), 51,(C), $0,(C), 5p2,(C) (see Problem 13).

The identity, i.e standard, representation of the corresponding classical group
is denoted by Id; it is convenient to express the roots by means of weights of Id.

Let T be the torus in GL,(C) consisting of all invertible diagonal matrices. It is
easy to verify that T coincides with its centralizer implying that T'is a maximal
torus of GL,(C). Its tangent algebra t < gl,(C) is the algebra of all diagonal
matrices and the real form t(R) is the algebra of all real diagonal matrices. The
scalar product (2) is determined in t by the formula

(X,Y)= Y x;y, where X = diag(x;,...,X,), Y =diag(y;,..-. V)

1<ign
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The vectors e; (i = 1,...,n) of the standard basis of C" are the weight vectors
for the representation Id| T. The corresponding weight ¢; (and also the element
de; € t(R)* identified with it) is of the form

g(diag(xy,...,x,)) = x; i=1,...,n). (11)

In what follows ¢; also denotes the restriction of the linear function (11) onto the
maximal diagonalizable subalgebra of a classical Lie algebra g.

Example 4. For g = gl,(C) we have

ty =1,
dg={oy=e—¢g:i#jij=1,..,n},
9., = CEy,
h,,, = diag(0,...,0,1,0,...,0, — 1,0,...,0) with 1 (resp. —1) at the i-th (j-th)
place.

Example 5. For g = sl,(C) (n = 2) we have

= {xet trx =0},
Adg={oy =6 —¢gi#jij=1,...,n}

The subspaces g, and vectors h, are the same as in Example 4 (see Problem 29).

In the 51mplest case n = 2 we have 44 = {o, —a}, where o = oclz A basis of the
Lie algebra sl,(C) is {h,e,f}, where h = h, = diag(1l, —1),e = E,,, f = E,; such
that

[h,e] = 2e, [h ] = —2f, [e,f]=h.
In the following two examples we consider G = SO, (C). For our purposes it

is convenient to choose a basis in C" so that the matrix of the G-invariant
quadratic form is

0 E, O
0 E
£ 0 (m=2) or |E 0 O] (m=2+1)
! 0 0 1

Example 6. The Lie algebra g = s0,,(C) (I > 2) consists of matrices of the form

X Y
(Z __XT)’ X, Y;ZEQII(C)a YT = _"YaZTz —-Z.

We have
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t, = {diag(xl,...,x,—xl,...,——xl): x; € C}, G
a4,
By = {E1reer€l —E1se> —ELD “’1'»
4y = {0y = & — &0 £ ) By =+ g <)) =By bj =11} | h
O, = C(E; — Epxj14i) 95, = C(Ei1+j— Ej 14 8-5, = C(Epyi;— Ervji : .
ha'_,z-—diag(O,...,O,l,O,...,O,—-1,0,...,0,-1,0,...,0,1,0,...,0), , that
- assi
with entries 1 on the positions i, [ + jand —1 on the positions j, [ + i, not
, a
hﬂij——-diag(O,...,O,1,0,...,0,1,0,...,0,~1,0,...,0,—1,0,...,0). i that
with entries 1 on the positions i, j and —1 on the positions | + i, [ + J. |
Example 7. The Lie algebra g = $0,,,1(C) consists of the matrices of the form ; Def
X Y U
7  _XxT V| X, Y,ZegC,YT=-Y,Z'=-ZU Vel V
—vT —-UT 0 | . The
g.
We have Y B
- The

t, = {diag(x;,..., X, =X15--0 —x,,0): x; € C},
¢ld = {81,...,81, —“81,..., ““‘81,0},

44 = {‘Xij =g — &I #j)Bi=¢+ & (i <j) — By & —& ij=1,....1},

Qa,» 8p,, 8-p,; AT€ determined by the same formulas as in Example 6.

8., = C(E; 2041 — Ejrer,4ih 85 = C(Epvi 2141 — Ezrv1,); haij, hp,.j are deter-
mined by the same formula asin Example 6, h,, = diag(0,..., 2,0,...,—2,0,...,0)
with 2(—2) on the ith ((/ + i)-th) place.

For G = Sp,,(C) we choose a basis in C*' such that the matrix of the invariant

. . 0 E
bilinear form is (ﬂ E, 01>.

Example 8. The Lie algebra sp,,(C) (n = 1) consists of matrices of the form

X Y
(Z __XT>, X,Y,Zegl (€LY =Y, 2" =2

The subalgebra t, and the weight system &,y are the same as in Example 6.
We have

Ag = {aij = Bi - Ej(l ¢])’BU = 8!' + 8_,(1 <_]), ——Bij: l,] = 1,,[},
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(1 ha,,- and hp” (—i < j) are the same as in Example 6, 9p,, = C(Ei14j + Ej 144)s
g-p,, = C(Esi 5+ Epyj ), by, = diag(o0,...,0,1,0,...,0, —1,0,...,0) with 1 (resp.
— 1) at the i-th ((I + i)-th) place.

Note that sp,(C) = sl,(C).

6°. Three-Dimensional Subalgebras. We retain the notation of 4° and assume
that G is reductive and T is a maximal torus of G. To each root o € 4, we will
assign a three-dimensional subalgebra of g isomorphic to sl,(C), a priori defined
not quite uniquely. Let e, be a nonzero vector in g,. By Problem 27 there exists
a nonzero vector e_, € g_, such that (e,,e_,) = 2/(x,®). Then (5) and (6) imply
that

[eaae—-a] = has [haaea] = 260,, [haae——a:l = —~2ea.
Define the embedding g,: sl,(C) — g by setting (see Example 5):

o) =¢e, @f)=e_,,  @,h)=h,

The map ¢, is an isomorphism of sl, (C) onto the subalgebra g™ = (e, e_,, h,> =
g.

By Problem 1.3.17 the group SL,(C) is simply connected. Therefore (see
Theorem 1.2.6) there exists a differentiable homomorphism F,: SL,(C) — G such
that dF, = ¢,. Since SL,(C) is semisimple, F, is a polynomial homomorphism.
Its image is a connected algebraic subgroup G = G with the tangent algebra

g(“).
Problem 34. For any « € 4, we have h, € t(Z).

Problem 35. If o, cx € 4y, where c € R, then ¢ = +1/2, £ 1 or +2.

0 1
Now consider the elements n, = F, <( ) 0)) € G® (a e 4,).

Problem 36. (Adn,)h, = —h,; (Adn,)x = x,if x e t and a(x) = 0.

Problem 37. n,Tn;! = T and Ad n, induces in the space t(R) the orthogonal
reflection r, with respect to the hyperplane P, = {x € t(R): a(x) = 0}. The map
', is the orthogonal reflection of t(R)* with respect to the hyperplane L, =
{4 € t(R)*: (¢, 1) = 0}.

This reflection will also be denoted by r,.
Problem 24 and 37 imply

~ Theorem 5. The weight system @y of any polynomial linear representation

R: G - GL(V) of a reductive algebraic group G is invariant with respect to the
reflections r, (x € 4g). Moreover V, ;) = R(n,)V; for any i € @y. In particular,
1(4¢) = 4 and g, (5, = (Adn,)a, for any a, f € 4;.
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Corollary. The weight system ®, of any linear representation p of sl,(C) is
symmetric: if A€ @,, then —ie ®,.

We will use this corollary in the proof of the following important property of

root decompositions.

Theorem 6. The root subspaces of a reductive algebraic Lie algebra g wre
one-dimensional. If o € Ay, then co ¢ Ay for ce Rand ¢ # +1.

Proof. Consider the subspace m = §, + g,, < g, Where §, = {x € g,: (e_,,x) =
0} and g,, = 0if 2 ¢ 4. oo ; o e

Problem 38. The subspace m is invariant with respect to ad g*.

This problem and Corollary of Theorem 5 imply m = 0 which proves Theorem
6.1

Theorem 6 shows, in particular, that g is of the form
g“ =g, + 8-, + Chy,

hence it is uniquely determined by the root .
Let 4 € @ and a € 4. The set of all weights of R of the form A + ko, where
k e Z, is called the a-string of weights through 4. Set

U= @ V'A-f-kaa

where the sum runs through all the weights from the a-string. Denote p = dR.

Problem 39. The subspace U is invariant with respect to the restriction of p
onto g and all V,,,,’s are weight subspaces for p|g® with respect to the
diagonalizable subalgebra <{h,).

Problem 40. The a-string of weights through A € @ is of the form {4 + ku:
ke Z,—p < k< q}, where p, q are nonnegative integers and p — q = A(h,). If
A(h,) < 0, then A + o € @ and if A(h,) > O, then 4 — o € Pp. ,

Problem 41. In notation of Problem 40 p(e,)?™*V,_,, # 0. In particular, if /.
A + o € Dg, then ple,)V, # 0.

Problem 42. If o, ﬁ, o+ ﬁ € Aga then [gaa Qp] = ga+ﬂ'

Concluding this section we prove that the properties of the weight system @,
listed above remain valid for the weight system @, of any linear representation
p of a semisimple Lie algebra g, as defined in 4°. For this notice thatg = g, @ g,.
where g,, g, are semisimple ideals, g, = Ker p and p isomorphically maps g,
onto p(g). Any maximal diagonalizable subalgebra t of g is of the formt = t, @ t,.
where t; < g;. By Problem 31 4, =4, U 4, . Clearly, A(x) =0 if 1€ @, and
x et, = tnKerp implying @, c tf. The set @, is identified with the weight

system @, , where p, = p|g, is a faithful representation.

Problem 43. For any 1€ @, and a € 4, we have A(h,) € Z. In particular,
@, = t(R)*. The representation p is faithful if and only if @, spans t(R)*.
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Reducing the general case to the case of a faithful representation p and using
Theorem 5, one proves easily that the system @, is invariant with respect to all
reflections r,, a € 4. This implies that for any representation p the assertions
analogous to those of Problems 40 and 41 are true.

Exercises

In exercises 1-13 the ground field is either C or R unless otherwise stated.

1) If g = gl(V) is an algebraic Lie algebra then the kernel of the scalar product
(2) in g is the largest unipotent ideal. (This ideal is called the unipotent
radical of g).

2) Inasimple Lie algebra any nonzero invariant scalar product is nondegenerate
and all invariant scalar products are proportional.

3) Simple ideals of a Lie algebra are orthogonal with respect to any invariant
scalar product.

4) In a diagonalizable complex algebraic linear Lie algebra the orthogonal
complement to an algebraic subalgebra with respect to the form (2) is an
algebraic subalgebra.

5) If a is an ideal of a Lie algebra g, then the restriction of the Cartan scalar
product of g onto a coincides with the Cartan scalar product of a.

6) If (g,9).q = O then g is solvable. If g is solvable then (g,[g,3]).a = 0.

7) If the Cartan scalar product of a Lie algebra g is nondegenerate then g is
semisimple.

8) Ifad gis an algebraic Lie algebra then the kernel of the Cartan scalar product
of g is the largest nilpotent ideal of g.

9) Let W < V be a subspace, neither 0 nor V. The group

G={AeSL(V) Av—veWiorallve V)

is algebraic, connected and coincides with its commutator group but is not
semisimple.

10) Any differentiable linear representation of a reductive complex algebraic
group G is polynomial. Considered as a Lie group, G possesses a unique
algebraic structure.

11) A normal Lie subgroup and a quotient of a semisimple Lie group are
semisimple.

12) Let G = [ ], i<, G: be a decomposition of a connected semisimple Lie group
G into a locally direct product of simple normal Lie subgroups. Then any
normal Lie subgroup of G is the product of some of G’s by a central
subgroup.

13) Any normal Lie subgroup of a connected normal Lie subgroup of a con-
nected semisimple Lie group or a connected reductive algebraic group G is
normal in G.

14) A connected complex algebraic group is reductive if and only if it locally
splits into the direct product of connected simple normal algebraic sub-
groups with all the commutative factors isomorphic to C*.
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15) A polynomial linear representation R of a reductive algebraic group is locally
faithful if and only if the system @, generates t(R)* (here t is the tangent
algebra of the maximal torus with respect to which weights are considered).

In exercises 16—25 G denotes a connected semisimple complex algebraic group
and g its tangent algebra.

16) Let T be a torus in G, §, the orthogonal complement to t in g,, a € A4(7T)
and x € g,, x # 0. For the existence of an element y € g_, such that [x, y] = h,
it is necessary and sufficient that x ¢ [§,, x].
17) Forany x € g the subspace [g, x] coincides with the orthogonal complemem
to the centralizer of x.
18) For any nilpotent x € g there exists a semisimple y € g such that [y, x] = x.
19) (Morozov’s theorem). Any nilpotent x € g can be included in a simple three-
dimensional subalgebra. (Hint: choose a maximal torus T in the group
= {g € G: (Ad g)x € {x)}. Consider the root decomposition of g with
respect to T and apply Exercise 16.)

A subalgebra of a Lie algebra g is regular if its normalizer contains the tangent
algebra t of a maximal torus T = G. A subset X' < 4, is closed if for any o, f € 2
such that« + f e 4, we have a + f e 2.

20) Let 2 < 4, be a closed subset, t; = t a subspace containing the vectors h,
forall x e 2 such that —a € 2. Then

Q(Z’tl) = t1 @ @Z Gas
is a regular subalgebra of g.
21) Any regular subalgebra of g is conjugate to a subalgebra of the form g(Zt, ).
22) The subalgebra g(Z,t,)is algebraic if and only if t, is an algebraic subalgebra
of t.
23) The subalgebra g(2,t,) is reductive if and only if —a € X for any a € 2. In

this case the subalgebra is semisimple if and only if t, is spanned by the

vectors h,, o € 2.

24) The subalgebras g(2';,t,) and g(2),,t,) are conjugate if and only if there
exists g € G such that gTy™! = T, (Adg)t, = t, and (Adg)X, = X,.

25) Any subalgebra of g containing t coincides with its normalizer and thereforc
is a regular algebraic subalgebra.

In Exercises 26—28 a linear representation p: g — gl(V) is considered.

26) If V, = V, is a subspace invariant with respect to p(e,)p(e_,), then V, @
(Pr>o p(€) V) ® (@P)»0 ple—,)'V,) is invariant with respect to p|g®.

27) Let A and A4 + «, where a € 4, be weights of p and A: V;, - V,,, the lincar
map induced by p(e,). Then
a) if A(h,) < O then A is a monomorphism;
b) if A(h,) = — 1 then A4 is an epimorphism.

28) Let v e V, be an eigenvector of p(e,)p(e_,) with eigenvalue c. Define p (resp.
q) as the maximal integer such that p(e_,)’v # 0 (resp. p(e,)® # 0). Then
p—q = A(h,) and ¢ = p(q + 1).
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Hints to Problems

Make use of Example 1 from 1.2 and Theorem 1.2.5.

Nondegeneracy follows from the positive definiteness on t(R) and the latter
is obvious.

The first statement follows from Problem 4; to prove the second one consider
[n,n].

By Theorem 3.3.6

Vo= {veVinv=0} #0.
Clearly, V, is g-invariant. The definition of ¥, implies that
(X,Y)=try, (XY) for Xeg Yen

This makes it possible to apply induction on dim V.

For K = C apply Problem 5 to the kernel n of the scalar product (2). By
Problem 2 this kernel is an ideal of g. For K = R consider g(C) which is
semisimple by Problem 1.4.

The semisimplicity of the elements of the center follows from Problem 6.
Let n be a solvable ideal in g’ = [g,g]. Since ¢’ is algebraic, then by pass-
ing to a solvable ideal n* we may assume that n is an algebraic linear Lie
algebra. Problem 6 implies that n is the tangent algebra of a torus. Problem
4 implies that ¢’ =n®n* and [n, nt] = 0. Therefore n < 3(g), hence
n=0.

Make use of Corollary 2 of Theorem 1.2.7.

Notice that for any diagonalizable subalgebra t — g the algebraic subalgebra
t is also diagonalizable. The last statement of the problem follows from
Problem 6.

Apply Problem 5 to theidealn = an at of g. Then make use of the fact that
[a,a*]canat =0.

The existence of the decomposition is proved by induction in dimg. Let g,
be a minimal ideal of g. Problem 15 implies that g, is simple and g = g, @ ar.
It is clear from Problem 16 that gi is a semisimple ideal which enables us to
apply to it the inductive hypothesis. To prove the second statement notice
that the projection b; of any ideal | of g onto g; is an ideal of g;; therefore
either h; = 0 or b, = g;. But in the second case g; = [g;,b] = b.

Let G satisfy the conditions of the theorem and b be a nonzero ideal of its
tangent algebra g. Then g° is an ideal of g (Problem 3.3.9). Therefore h* = g
implying g’ = ' = h by Theorem 3.3.3. Since g’ is an algebraic ideal of g, then
either ¢’ = g (and hence b = g) or g’ = 0. In the second case the description
of connected commutative algebraic groups (see Corollary of Theorem 3.2.8)
implies that dim g = 1; therefore h = g.

First, prove that ab = ba for any a€ G;, be G;, i # j. Then consider the
homomorphism m: G; x -*+ x G, — G defined by the formula m(g,....g,) =
g,..-g,and apply Problem 1.3.11.
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Note that t n Ker dR coincides with the intersection of the kernels Ker 4 {cr
all 1 € &y.

Follows from the invariance of the scalar product with respect to Ad T
Follows from Problems 26 and 7.

The algebraic Lie algebra g, is reductive thanks to Theorem 1 and Problem
27. We have t = 3(go). If T is a maximal torus then t = 3(go) so that gy =
t @ gy, where gy is the semisimple ideal of g,. If gy # 0, then g, contains «
nonzero semisimple element (see Corollary 2 of Theorem 3.3.6) contradicting
the maximality of the diagonalizable subalgebra t.

Make use of Problem 23.

To prove the orthogonality note that a(h;) = 0 if « and f8 belong to different
44 (i=1,2).

If aed,, fed, then (x + f,0) >0, (« + f,8) >0 implying a + f ¢ 4.
Therefore the subspaces g; = t; ® @, 4, 8., Where t; is the linear span of ali
h, such that a € 4,, satisfy [g,,9,] = 0 and g; are subalgebras such that
g=g,®Dgand 4, = 4, (i =1,2).

The statement is obvious if p is a faithful representation. It is easy to verify
that the projection of g onto any direct summand maps the semisimple
elements into semisimple ones and the nilpotent elements into nilpotent
ones. By Problems 15, 16 g decomposes as g = g, @ g,, where g; are semi-
simple ideals, g, = Ker p and p; = p|g; is a faithful representation. We have
p = p, o m, where m: g — g, is the projection. ;

Notice that h e t(Z) for SL,(C) and that for any homomorphism of tori
@: T - T we have do(t(2)) = t(2).

If a, ca € A4, where ¢ € R, then Problem 34 implies that 2/c, 2c € Z.

1 0 1\
The first statement follows from the identity( (1) O)h( ) 0) = —h.

To prove the second statement note that if «(x) = 0, then [, x] = 0, hence
(Ad g)x = x for any g € G®.

Let r < s be integers such that 1 + ka € @, for all integers k, r < k < s, but
A+ (@ —1a¢dy and A+ (s + Da¢ Py Then U = P, s Virra 1 I0-
variant with respect to p|g®. Applying Corollary of Theorem 5 we see that
the set of numbers {A(h,) + 2k: r < k < s} is symmetric with respect to zero.
Therefore A(k,) = —(r + s) and the segment {4 + ko: r < k < s} of our a-
string is symmetric. There are no other weights in the a-string since any of
its segments is symmetric and therefore intersects with the one already
considered.

Let s = 0 be the minimal of integers k such that p(e,)V,_,, # 0. Verify that
U = @o<i<s P(€) Vi, is invariant with respect to p|g®. If s < p + ¢ then
the weight system of the subrepresentation of G in U is not symmetric.
Apply Problem 41 to the adjoint representation.

If p is faithful then it may be replaced by the identity representation of p(g)
in which case Problem 34 is applicable. This and the above arguments imply
that in general case A(h,) € Z for all A € @, and all « € 4, . Besides, A(h,) =0
forallae 4,,.
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§2. Root Systems

In 1.4° we have introduced the root system of a reductive (in particular,
semisimple) algebraic group. In this section this notion will be axiomized and
studied in detail. The exposition of the properties of an abstract root systems is
intermitted with interpretation of these properties in the language of algebraic
groups and Lie algebras. The ground field is C.

1°. Principal Definitions and Examples. Let E be a finite-dimensional Euclidean
space with the scalar product (-, -). For an arbitrary nonzero vector « € E denote
by L, the hyperplane of E orthogonal to « and by r, the reflection with respect
to L,. To express r, explicitly set

Ay =24 w/(ppw)  (LpekE pu#0)

Note that the function {A|u) is linear only in the first argument and does not
vary if the scalar product in E is multiplied by a positive number.

Problem 1. The reflection r, acts by the formula
r(f) =B —{Blaa  (BeE)

A subset 4 < E is a root system in E if it has the following properties:

1) 4 is finite and consists of nonzero vectors;

2) for any « € 4 the reflection r, transforms 4 into itself;

3) {a|p) € Z for any «, f € 4.

The rank rk 4 of a root system 4 is, as usual, the dimension of its linear span.
By 2) we have —a = r,(a) € 4 for any o € 4. A root system 4 is reduced if

4) o e 4 and ca € 4 for some ce Rimply ¢ = + 1.

Problem 2. Let 4 be a root system, o« € 4 and ca € 4 for some c € R. Then
=+1/2, £1, +2

Let G be a reductive algebraic group, T its maximal torus. In 1.4° the root
system 4, of G with respect to T (or, which is the same, the root system 4, of
the Lie algebra g) was defined. This is a system of vectors of the Euclidean space
E = t(R)*. By Problem 1.34 and Theorems 1.5, 1.6 4 is a reduced root system
in the sense of the above definition. The group G is semisimple if and only if 4,
spans E; G is a torus if and only if 45 = & (see Problem 1.29). In the general
caserk 4, = rk g

We w111 prove that any nonempty reduced root system is (naturally) isomorphic
to a root system of a semisimple algebraic group. We will encounter nonreduced
root systems in Ch.V.

Let 2 and Q' be two sets of vectors of Euclidean spaces E and E’ respectively.
An isomorphism of Q onto £’ is any linear isomorphism ¢: () — (') of their
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linear spans such that ¢(2) = Q' and <{¢(a), o(f)> = <a|B) (o, f € 2). The map
¢ need not be orthogonal (e.g. any homothety o+ ca, ¢ # 0, of E defines an
isomorphism of 2 onto c€). Clearly an isomorphism ¢: {Q) — (Q'> is com-
pletely determined by the map ¢|Q2: Q — Q'. In particular, we may speak about
an isomorphism of root systems and isomorphic root systems. The isomorphisms
of a set 2 onto itself are its automorphisms; they form the group Aut Q.

Consider the root system 4,(t) of a semisimple Lie algebra g with respect to a
maximal diagonalizable subalgebra t. As we have seen in 1.4°, the vector space
E = t(R)* is uniquely determined by (g, t). The scalar product in E depends, in
general, on the realization of g as an algebra of linear transformations. The
numbers {a|f) (a, B € 4,), however, are only defined by the structure of g, i.e. do
not depend on the choice of this realization (see 1.4°). Furthermore, if we replace
t by another maximal diagonalizable subalgebra t then by Problem 1.24 the
corresponding root system Ag&) is obtained from 4,(t) via '(Ad g)*: t(R) — {(R),
where ¢ is an element of G°. The invariance of the scalar product implies that
'(Ad g)~! is orthogonal, i.e. is an isomorphism of the root systems.

Now let g be a reductive algebraic Lie algebra, t its maximal diagonalizable
subalgebra. By Problem 1.23 the root system 4, spans the subspace {4 € t(R)*:
A(x) = 0 for all x € 3(g) N t(R)} of t(R)*. In Problem 1.29 we have identified 4,
with 4,.. Clearly, this identification is an isomorphism of the root systems.

Examples of root systems of rank 1 and 2 are depicted in Fig. 1.

Problem 3. All the vector systems depicted in Fig. 1 are root systems and all
of them, except for BC; and BC, are reduced and nonisomorphic. The root
systems of types A, A,, A; + A, B, are isomorphic to the root systems of Lie
algebras sl,(C), sl3(C), s0,(C) (or s05(C), s05(C), sl,(C) ® sl,(C)), and sp,(C)
respectively (see Examples 5.8 of 1.5°).

Problem 4. The systems 4, and BC, are the only up to an isomorphism root
systems of rank 1.
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We will see that any root system of rank 2 is isomorphic to one of the systems
depicted in Fig. 1.

Problem 5. Let 4, < E; (i = 1,...,s) be root systems and E = (P); ¢;<, E; the
orthogonal direct sum of Euclidean spaces E;. Then 4 = U 1<i<s4i is a root
system in E.

The system 4 constructed in Problem 5 is called the direct sum of root systems
A,(i = 1,...,s). Forexample, by Problem 1.31 the root system 4, g, of the direct
sum of semisimple Lie algebras is the direct sum of 4, and 4.

A system of nonzero vectors Q < E is indecomposable if it cannot be presented
as the union Q = Q, U Q, of two proper subsets, orthogonal to each other;
otherwise @ is called decomposable. Clearly, all the root systems expressed on
Fig. 1 except 4, + A, are indecomposable.

Problem 6. For an arbitrary root system 4 < E there exists an orthogonal
direct decomposition E = (P, ;< E; such that 4 = { J, ;<4 where 4, < E,
(i = 1,...,s) are indecomposable root systems.

The subsystems 4, are maximal indecomposable subsystems in 4 and therefore
are determined uniquely.

The systems 4, mentioned in Problem 6 are called indecomposable components
of 4. Obviously, 4 is the direct sum of its indecomposable components.

Problem 7. The root system 4, of a semisimple Lie algebra g is indecomposable
if and only if g is simple. If g = @), <; <, §: is a decomposition of g into the direct
sum of simple ideals then 4, = | 1<i<s4g, is @ decomposition of 4, into the
direct sum of indecomposable components.

Now let us study the simplest geometric properties of root systems. The axiom
3) imposes rigorous constraints on the possible angles between roots and the
ratios of their lengths.

Problem 8. Let o, f be nonzero vectors of a Euclidean space E and 0 the angle
between o and B. Then {a|B) {Blay = 4cos? 0. If (a|f) and {f|a) are nonposi-
tive integers and |f] = |a| then for 6, {a|BD, {Blo), |B|*/|a|* only the following
values are possible:

0 ol By (Bloy |B1?/lorl?
n/2 0 0
2n/3 -1 -1 1
3n/4 -1 -2 2
5n/6 -1 -3 3

n -2 —2 1

n -1 —4 4

Problem 9. Let o, § be two nonproportional roots from 4. If (¢, §) > 0 then
o — pedandif (o, f) <Othena + fe 4.

Let o, f be two nonproportional elements from a root system 4. The set
[yeA:y =B + ka(k € Z)} is called the a-string through p.
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Problem 10. The a-string through f is of the form {f + ka: —p <k < ¢..
where p, g > 0 and p — g = (B, «). In particular, if B — o ¢ 4, then f +a e 4 if
and only if (8,a) < 0.

In conclusion of this subsection let us construct the dual root system. Let E be
a finite-dimensional Euclidean space and F = E* its dual. Let us identify F* with
E with the help of the natural isomorphism E — (E*)* = F*, i.e. consider E as
the dual of F. Let A+ u; be the isomorphism of vector spaces E — F defined by
the scalar product in E, i.e. given by the formula

Mu) = (4w (hpeE)

Let us translate the Euclidean space structure onto F with the help of this
isomorphism setting

(u}n u,u) = (]‘a .u) = 'l(uu) = ”(u;t) (’1’“ € E)
Let 4 be a root system in E. For any a € 4 set

oY = 2u,/(e, )

Then
pa”) =2(ma)/(o,0) = pley  (ueE)
In particular by Problem 1
rA)=1—Aa")a (AeE).
It is easy to verify that
(a¥|BY) =<{Play forany a,pe 4. (1)

Problem 11.If 4 is a root system in E then 4¥ = {a": « € 4} is a root system
in F, reduced if and only if so is 4. We have

rkd=r1k4aV, 4av)y = 4.

The root system 4" is called the dual of 4.

In particular, let E = t(R)*, where t is a maximal diagonalizable subalgebra
of a reductive algebraic linear Lie algebra g (see 1.4°). Then F = t(R) and the
root system dual to 4, is the system 4" = {h,: a € 4,}.

2°. Weyl Chambers and Simple Roots. Let 4 = E be a root system. Each
nonzero A € E defines in F = E* a hyperplane

P, = {x e F: A(x) = 0}. (2)
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The hyperplanes P, (a € 4) separate F into finitely many polyhedral convex cones.
The elements of F,., = F\| J, 4 P, are called regular and those of | J, 4 P, singu-
lar. The connected components of F,, are called (open) Weyl chambers, and their
closures closed Weyl chambers.

Since the set of singular elements is transformed into itself while multiplied by
— 1, then for any Weyl chamber C the set —C = {x € F: —x € C} is also a Weyl
chamber, called the chamber opposite to C.

A subsystem I7 of 4 is called a system of simple roots (or a base) of 4 if the
elements of IT are linearly independent and any f € 4 presents in the form

=2 ko, ' 3)
aell
where k, are simultaneously either nonnegative or nonpositive integers.

Clearly, the number of simple roots always equals rk 4 and the presentation
(3) is unique.

Example 1. For the root systems depicted in Fig. 1 the systems {a} and {o, a,}
are bases.

A root B € 4 is positive with respect to a given base IT if k, > 0 (« € IT) in (3),
and negativeif k, < 0(a € IT). If ITis fixed then denote the set of positive (negative)
roots by 4™ (resp. 47). Clearly, 4~ = —4". We write o > 0ifa e 4™ and o < 0
if « € 47. This notation agrees with the following partial order on E:

Eznel—n=) ka keZ,.
aell

Now let us prove the existence of a base for any root system. We will also
establish a one-to-one correspondence between the bases of 4 and the Weyl
chambers.

Let C be a Weyl chamber and « € 4. Since C is connected, then either a(x) > 0
for all x e C or a(x) <0 for all x € C and we accordingly call « a C-positive
(C-negative) root. Clearly, C-positive roots are (— C)-negative ones and vice
versa. Denote by I71(C) the set of all C-positive roots a not presentable in the
form o = f + y, where  and y are C-positive roots.

Theorem 1. For any Weyl chamber C the system I1(C) is a system of simple roots
of A. The roots positive with respect to I1(C) coincide with the C-positive ones and
the negative roots coincide with the C-negative ones. The correspondence C+— I1(C)
is a bijection of the set of all Weyl chambers onto the set of all bases of 4.

The proof'is divided into several problems.

Problem 12. Each C-positive root 8 € 4 presents in the form =, i) koo
where k, e Z,.

Problem 13. If o, € I1(C), &  f, then « — f ¢ 4 and (o, f) < O.

Problem 14. Let v,, ..., v, be a system of nonzero vectors of a Euclidean space
E with pairwise nonacute angles. If they are linearly dependent:

alv,v] + +akvik“" blvjl —_rr = b,vjl =O,
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where iy, ..., i, ji, ..., are different and all a,,, b, are positive, then
a) ayv;, + -+ aqu, =bv; +- + by, =0;
b) (vi,.v;,)=0forp=1,.. . kig=1,....1L ,
Ifv,,..., v, belong to an open halfspace of E then they are linearly independert.

This implies the first two statements of the theorem. The injectivity of the map
C > I1(C) follows from

Problem 15. C = {x e F: a(x) > 0 for all a € I1(C)} = {x € F: a(x) > 0 for ali
C-positive roots o}.

Let us prove that the map C I1(C) is surjective.

Problem 16. Let V' be a finite-dimensional vector space over R and y,, .... 7.
a linearly independent system of vectors of V*. Then there exists a vector x € V,
such that y,(x) >0 (i = 1,...,r).

Problem 17. If I7 is a base in 4, then C = {x € F: a(x) > 0(x € [1)} is a Weyl
chamber and I7 = I1(C).

A hyperplane P = F is called a wall of a Weyl chamber C if PN C = ¢ and
P N C contains a nonempty subset open in P.

Problem 18.If C is a Weyl chamber then C = {x € F: a(x) > O(x € I1(C))}. The
hyperplanes P,, where « € I1(C), are the walls of C.

Thus any Weyl chamber is a simplicial cone.

Problem 19. Any hyperplane P,, where a € 4, is a wall of a Weyl chamber. For
any a € 4 there exists a Weyl chamber C such that o € II(C) (or perhaps 12 ¢
I1(C), if 4 is not reduced).

In the following problems a fixed base IT = 4 is considered.

Problem 20. If « € A"\ 11, then there exists p € IT such that o — fe 4 and

Problem 21. Any positive root o € 4 presents in the form o« = o, + -+ + 2.
where a;e [Tand oy + -+ o, e dforanyk =1,...,s.

Problem 22. A root system 4 is indecomposable if and only if so is a base
IT< A4.1f4 =4, 0" v 4,is the decomposition of 4 into irreducible components
then I7 = I1, u--- U I1,, where IT; = 4, is a base.

The latter statement has important applications in the theory of semisimple
Lie algebras. A system of simple roots of a semisimple Lie algebra g is any base
of 4,. Problems 22 and 7 imply

Theorem 2. A semisimple Lie algebra g is simple if and only if its system of
simple roots II is indecomposable. If IT = II, v -+ U I, is the decomposition into
indecomposable components then g = g, @+ @ g,, where g; is the simple ideal,
whose system of simple roots is IT..
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Let us indicate another useful construction of bases which historically preceded
the one described above. A real vector space E over R is called ordered if E is
endowed with an order < such that for any 4, u € E we have

DA>0,u>0=4A+u>0

2) A>0,ceR,c>0=cl>0.

Clearly, — A < O for any 4 > 0. An example of an order satisfying 1) and 2) is the
lexicographic order with respect to a basis of E defined as follows: 4 > u if the
first nonzero coordinate of A — p with respect to this basis is positive.

Let 4 be a root system in an ordered Euclidean space E. Let IT be the set of

roots o > 0, such that « # f + vy, where f,ye 4, >0,y > 0.

Problem 23. I7 is a base of 4 and the corresponding set 4™ coincides with the
set of all roots which are positive with respect to the given order.

Example 2. Let us specify subsystems of positive and simple roots for the root
systems 4, of the classical Lie algebras g described in 1.5°.

g = gl,(C), n = 2. Considering the lexicographic order in t(R)* with respect to
the basis ¢, ..., ¢, we get

Ay ={e—¢gri<jiij=1,...,n},

I, = {o,,...,0,_;}, where o =¢ — &..

The corresponding Weyl chamber C < F = {(R) is the set of the diagonal matrices
diag (x;,...,x,) such that x; > x, > -+ > x,.

g = sl,(C), n = 2. Problem 1.29 implies that 4; and /1, have the same form as
for gl,(C).

g = s0,,(C), n = 2. Considering the lexicographic order in t,(R)* with respect
to the basis ¢, ..., & we get

A ={e;tei<jiij=1,.,1}
1T, = {ay,...,0}, where o;=¢ — &4 (1<i<I—1,0,=¢_, +¢.

g = s05,4,(C), [ = 1. Similarly,

A7 ={e; 2 gi <jhecij=1,...,1},

I, = {oy,...,0p}, where o;=¢g —¢ (1<i<I—1),0=2¢.
g = sp,(C), [ = 1. Similarly,

A; = {&; £ gli <j),2e:0,j= 1.0,

Hg:{al""’al}’ Whel‘e (xi=8,~——8i+1(1 <l<l~ 1)5 al:28l'

As it is easy to verify all the described bases /1 are indecomposable except for
g = s0,(C) (in 5° we will give a beautiful geometric method to verify this inde-
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composability). Therefore Theorem 2 implies that all semisimple classical Lie
algebras are simple except so,(C).

Let us now return to the notation from the beginning of the section and
consider the dual root system A" — F. The natural isomorphism i~ u;, of

Euclidean spaces E — F maps each hyperplane L; onto P,. Clearly
Ly={peEa"(@)=0} (zed). (4)

Therefore this isomorphism maps the Weyl chambers of 4¥ onto the Weyl

chambers of 4.

Problem 24. Let 4 be a reduced root system, /7 its base. The ITY = {o¥:a e IT}
is a base of 4V.

3°. Borel Subgroups and Maximal Tori. In this section we will consider the
root system 4 of a reductive algebraic group G with respect to a fixed maximal
torus T. We will see that Weyl chambers in F = ty are in one-to-one corre-
spondence with the Borel subgroups of G containing T and we will establish
several important properties of Borel subgroups and maximal tori.

Let C — F be a Weyl chamber. Let us construct from C a Borel subgroup of
G. Let 4 =47 U4~ be the decomposition of 4 into the C-positive and C-
negative roots. Problem 1.25 implies that the subspaces

n = @ g, bt =t@dn"

aedt
are subalgebras of g. The subalgebras

n =P g, b =t®n"

aed-

are constructed similarly and correspond to the opposite Weyl chamber — C.
Problem 25. The Lie algebra b* is solvable and n* is its unipotent ideal.

Problem 26. b* is a Borel subalgebra of g and coincides with its normalizer.

By Problem 3.3.8 G contains a Borel subgroup B* with the tangent algebra
b*. Clearly, B* = T. The group B* will be called the Borel subgroup corresponding
to the Weyl chamber C. By Problem 3.3, the ideal n* determines a unipotent
normal algebraic subgroup N* < B*. The connected algebraic subgroups N~ <
B~ are similarly defined and B~ coincides with the Borel subgroup corresponding
to the opposite Weyl chamber — C.

Note that for G = GL,(C) and the Weyl chamber C chosen as in the Example
2 of 3° the subgroups B™ and B~ coincide with the subgroups of all upper and
lower nil-triangular matrices respectively and N* ‘and N~ coincide with the
subgroups of the uni-triangular matrices.

Problem 27. N* coincides with the unipotent radical of B* and B* = N* x T.




§2. Root Systems 161

Problem 28. Different Borel subgroups of G correspond to different Weyl
chambers.

Now we wish to show that any Borel subgroup containing T corresponds to
a Weyl chamber. To do so consider the normalizer N(T) of T. By Problem 1.24,
to any element n € N(T) there correspond linear transformations w = Ad n and
‘wof F = t(R) and E = t(R)* respectively, satisfying 'w(4) = 4. Clearly, w(F,) =
F, and w permutes the Weyl chambers. It is not difficult to see that if B is the
Borel subgroup corresponding to a fixed Weyl chamber C then nB*n™! corre-
sponds to the Weyl chamber w(C).

Problem 29. Let B be any Borel subgroup of G containing T. Then there exists
a e N(T), such that aBa™ = B*.

Problems 28, 29 and the above remarks imply

Theorem 3. The map C+ B* constructed above is a bijection of the set of all
Weyl chambers in F onto the set of all Borel subgroups of G containing T.

Now suppose that G is connected. Let us consider, as in the proof of Theorem
3.2.12,a closed orbit D of G in the flag variety. There exists p € D whose stabilizer
G, contains B* as the identity component. Our next aim is to prove that D is
simply connected and G, = B™.

For this consider the orbit N7(p) of the subgroup N~ = G in D which by
Theorem 2.1.7 is a nonsingular algebraic subvariety. The G-action on D gives
rise to the surjective morphism «,: G — D given by the formula «,(g) = gp.

Problem 30. The orbit N™(p) is open in D and o,: N~ — N™(p) is an isomor-
phism of algebraic varieties.

Since G is connected, D is irreducible. Problem 30 implies that D\N~(p) is an
algebraic subvariety of a real codimension > 2 in D. Theorem 3.3.7 implies that
N~ (p) is isomorphic to C? and, in particular, it is simply connected. Therefore,
sois D. This implies that G, = B™ (see Theorem 1.3.4).

Since all Borel subgroups of G are conjugate (Theorem 3.2.12), all the results
obtained for B hold for any Borel subgroup. Since any Borel subgroup of an
algebraic group contains the radical of this group, the following statement holds:

Theorem 4. Let G be a connected algebraic group and B its Borel subgroup. Then
D = G/B is a simply connected projective algebraic variety.

Problem 31. Prove the following theorem:

Theorem 5. A Borel subgroup B of a connected algebraic group G coincides with
its normalizer N(B).

From this we derive the following property of a maximal torus.

Theorem 6. A maximal torus of a connected reductive algebraic group G coincides
with its centralizer; in particular, it contains the center of G.

Corollary. The intersection of all maximal tori of a connected reductive algebraic
~ group coincides with the center of the group.
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Problem 32. Under the conditions of Theorem 6 let T be a maximal torus
contained in a Borel subgroup B. Then the normalizer Ng(T) of T in B coincides
with T.

Problem 33. Prove Theorem 6.

4°. Weyl Group. We will use the notation of 2°. Let 4 € E, 4 # 0. Recall that
we denote by r, the orthogonal reflection in E with respect to the hyperplane L ;.
Clearly, the orthogonal reflection in the dual space F = E* with respect to the

hyperplane given by (2) coincides with 'r;, but for simplicity we denote it by
r, as well. Consider the groups W and W of orthogonal transformations of the
spaces F and E, respectively, generated by reflections r, (« € 4). The group W is
called the Weyl group of the root system 4. It is clear from (4) that WV is the
Weyl group of the dual root system 4. Since r? = e, the map w —'w™! is an
isomorphism W - W".

The definition of a root system implies that W " (4) = 4. Therefore W trans-
forms the system of singular hyperplanes P,, a € 4, into itself and permutes Weyl
chambers.

Problem 34. The Weyl group is finite.

Theorem 7. The Weyl group W acts simply transitively on the set of all the Weyl
chambers in F and so does W on the set of all the bases of A. Fix a base Il < 4.
Then W and W are generated by reflections r,, a € I, and for any o € 4 there
exists we WV such that w(a) € IT (or w(a) € IT).

The proof uses the following notion. Two Weyl chambers C and C’ are called
adjacent if there exists a hyperplane P < F such that PN C =P C' = ¢J and
P~ C n C' contains a nonempty subset, open in P. In this case the hyperplane
P is a common wall of the chambers C and C’ and these chambers are located
on different sides of P. Problem 18 implies that the reflection w1th respect to P
maps C and C’ onto each other. ”

Problem 35. Given two Weyl chambers C, C', there exists a sequence C,, C,,
, C, of Weyl chambers such that C = C,, C' = C, and C,, C,,, are adjacent
(i=0,...,r—1)

Now fix a system of simple roots I7 = 4 and denote by W’ the subgroup of W
generated by the reflections r, (x € IT), i.e. the reflections with respect to the walls
of the Weyl chamber C,, corresponding to /7 (Problem 18).

Problem 36. W’ is transitive on the set of all Weyl chambers.
Problem 37. W’ coincides with W.

Problem 38. Let w =r, ...7, be an expression of an element we W as a
product of the smallest p0581ble number of generators 7, (xe IT) (t = 0if w = e).
Then the only hyperplanes of the form Py (B € 4) that separate the Weyl chambers
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C, and w(C,) are the following t hyperplanes:

Pty (P ooy Far (Py,):
The number t = [(w) is called the length of w.
Problems 36, 37, 38 and 19 imply Theorem 7.

Theorem 8. Any closed Weyl chamber C is a fundamental set for the Weyl group
W, i.e. it intersects the orbit W(y) of any point y € F at a single point.

The existence of a point y, € W(y) n C follows from Theorem 7 and its unique-
ness follows from Problem 39:

Problem 39. If y € C n w(C), where w € W, then w(y) = y.

Another application of Theorem 7 is the following important theorem which
shows that a reduced root system is determined up to an isomorphism by its
system of simple roots.

Theorem 9. Let 4  E, A" = E’ be root systems of the same rank, IT A a base,
@: (4> —A") an isomorphism of II onto a subsystem Il' = @(II) = A'. If 4 is
reduced then ¢ is an isomorphism of A onto the root system @(4) < A'. If 4’ is also
reduced and IT' is a base of A’ then p(4) = 4.

Problem 40. Prove this theorem.

Now consider the case when 4 = A4 is the root system of a reductive algebraic
group G with respect to a maximal torus T. Consider the map v: n+— (Ad n)|{(R)
of N(T) in the group of orthogonal transformations of the space F = t(R).
Clearly, this map is a homomorphism. Let W” be its image. It is clear from
Problem 1.37 that W < W".

Problem 41. The kernel of the homomorphism v: N(T) —» W" coincides with T.

Problem 42. The group W” acts simply transitively on the set of Weyl chambers
and coincides with W.

Therefore, we have proved

Theorem 10. The homomorphism v defines an isomorphism of the group N(T)/T
onto the Weyl group of the root system 4.

Problem 42 gives also another proof of simple transitivity of the Weyl group
action on the set of Weyl chambers (cf. Theorem 7).

The Weyl group of the root system 4 is called the Weyl group of the reductive
algebraic group G or of its Lie algebra g.

Example. Let G = GL,(C) and let T be the subgroup of all invertible diagonal
matrices (see 1.5°). In t(R), consider the basis {E;(i = 1,...,n)}. Clearly, the
reflection r,, transposes E; with E;; and preserves all other vectors of the basis.
Therefore, W =~ §,,. The group N(T) is the group of all monomial matrices, i.e.
matrices with exactly one nonzero element in each row and column.
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5° Dynkin Diagrams. Let I" = {y,,...,7,} be a system of nonzero vectors in
a Euclidean space E. A graph may be assigned to I" which clarifies how this
system decomposes into indecomposable components in the sense of 1°. Namely,
to each vector y; assign a vertex of the graph and join the vertices corresponding
to the vectors y; and y; if and only if (y;,7;) # 0. Clearly, the indecomposable
components of I" correspond exactly to the connected components of this graph.
The edges of the graph may be endowed with additional labels which help us to
recover the data on the angles between the vectors y;, and the ratios of their
lengths. We will only do this for one special class of vector systems.

A system of nonzero vectors I" = {y,,...,7,} of a Euclidean space E is admissi-
ble if a; = {y,]y;> is a nonpositive integer for any i # j. The integer matrix
A(I') = (a;), where a;; = {y,]y;>, is called the matrix of I".

The condition a; < 0 means that the angle 6; between y; and y, is not acute.
Indeed, the numbers a;;, m; = a;a; and 6 for an admissible system can only take
the values indicated in Problem 8. In particular, m;=0,1,2, 3 or 4 and
0; = n(1 — 1/ny;), where n; = 2, 3, 4, 6 or oo, respectively.

The Dynkin diagram of an admissible system is constructed as follows:

1) a vertex of the diagram corresponds to each vector v;;

2) the i-th vertex is joined with the j-th (i # j) by an edge of multiplicity m;; (in
particular, for m;; = O the vertices are separated);

3) if |a;| < |a;]| then the corresponding edge is oriented by an arrow with the
j-th vertex as the source and the i-th as the target.

A principal submatrix of a matrix is one located at the intersection of rows
and columns indexed by the same numbers. The principal submatrices of the
matrix A(I") correspond to the subsystems of I" and the subdiagrams of its
Dynkin diagram. ‘

Clearly, A(I') is obtained from the Gram matrix of I” by multiplying the
columns of the latter by 2/(y;, y;) > 0. Therefore det A(/") > 0 and det A(I") > 0
if and only if /" is linearly independent.

Problem 43. The Dynkin diagram of an admissible system of vectors determines
this system up to an isomorphism (in the sense of 1°).

Problem 44. If I" = {y,,..., 7} is an admissible system of vectors then so is
'Y ={y’,....,9}, where y,Y = 2u,, [(7;,7:), 4y, is the vector of E* corresponding
to 7; under the natural isomorphism. The Dynkin diagram of I"V is obtained
from the Dynkin diagram of I" by reversing the orientation of all oriented edges.

An example of an admissible system of vectors is the base of any root system
4 (see Problem 13). By Theorem 7 the Dynkin diagram of I7 does not depend
on the choice of the base of 4; therefore this diagram might be called the Dynkin
diagram of A. Theorem 9 implies that the Dynkin diagram of a reduced root
system determines this system uniquely up to an isomorphism. We will denote
this diagram in the same way as the reduced root system to which it corresponds.
Problems 24 and 42 imply that the passage to the dual root system reverses the
orientation of all (oriented) edges of the Dynkin diagram.
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IfA4 = Adg = 4, is aroot system of a reductive algebraic group G or its tangent
algebra g then the Dynkin diagram of 4 is also called the Dynkin diagram of G
- or g. In §3 we will prove that a semisimple Lie algebra is determined uniquely
up to an isomorphism by its Dynkin diagram. Note also that a semisimple Lie
algebra is simple if and only if its Dynkin diagram is connected and the connected
components of a general Dynkin diagram are in one-to-one correspondence with
the simple ideals of the corresponding semisimple Lie algebra (see Theorem 2).

Example 1) The Dynkin diagrams of the root systems described in Fig. 1 are of
the form

Ay, BC, | A, + A, | A, ‘ B,, BC, | G,
o ' l o o l o0—o0 ’ fo——"¢) ‘ o ——¢)
o oy oy oy Oy oy Oy oy 0y

Example 2) The Dynkin diagrams of the classical simple Lie algebras (see
Example 2 of 2°) are of the following form (here [ is the rank of the Lie algebra,
equal to the number of vertices of the diagram; in the right column the standard
notation of the Dynkin diagram is indicated):

sl,,,(C), 1 > 1 PR SR SR §

$0,5,41(C), [ = 2 O—©0— - - —O0=30 B,

504(C) o o, A(=Bi=0C)
o, o oy
502[(@), l } 3 O—"""O—" o Dl
&y
o) 293 Ay
spyu(C), 122 0—o0— - - - —0&=D0 G
oy

All of the above admissible systems of vectors are linearly independent. Now
we will give examples of linearly dependent admissible systems.

Problem 45. Let "= {y,....,7,} be an indecomposable linearly dependent
system of nonzero vectors of a Euclidean space with pairwise nonacute angles.
Then all proper subsystems of I” are linearly independent. In particular, the rank
of I'is s — 1. Any linear relation among y,, ..., y is proportional to one fixed
relation of the form ) ; ;< ¢;7; = 0, where ¢; > 0 for all i.

Let 4 be a root system. In 4, choose a base I7 and consider the corresponding
partial order (see 2°). Clearly, in IT there are elements maximal with respect to
this order, i.e. roots & € 4 such that y € 4,7y >  implies y = 6.

Problem 46. For any maximal root 6 € 4 we have (6,a) > 0 for all « € /T and
(6,8) > 0 for some f € I1.
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Problem 47. An indecomposable root system 4 contains a unique maximal
with respect to /7 root 6 and 6 = ), . pn,a, where n, are positive integers.

Let 4 be an indecomposable root system. Problem 47 implies that the unique
maximal root J € 4 is the largest element of this system. The root § is called the
highest root and ag = —9 the lowest root of A. If IT = {«,,...,a,}, then [T =
{29, 01,...,04} is called the extended system of simple roots (extended base) of 4.
Problem 46 implies that /7 is an indecomposable linearly dependent admissible

root system. The Dynkin diagram of /7 is called the extended D ynkin diagram of
A.

When 4 is a root system of a simple noncommutative algebraic group G (or

Lie algebra g) one speaks about the extended system of simple roots and the
extended Dynkin diagram of G (or g).

Example 3. Extended Dynkin diagrams of simple classical Lie algebras are of
the following form (each diagram contains / + 1 vertices; in the right column the
standard notation for each diagram is given):

(63

sl (C), 1> 2 : ~.. A

sl,(C) o, =D AL

502,41 (C :>*—O‘ - —0==0 BV
oy
$0,,(C), 1 =4 >>—%>— ~<< DY

5}321(@), =2 oy O==0— -+ + —O—0OE—D0 Cl(l)
The extended Dynkin diagram for G, is of the form
OoE===—0 o qu_l )

Example 4. Reversing orientation of multiple edges in the diagrams B{", C,
G4 (ie. passing to the dual root system, Problem 44) we get the following
connected Dynkin diagrams (the first two have [ + 1 vertices):

AR 1 :>o—0. . —0&=D0

D, 1=2 &=0—0— - - - —0—0=20

D o—o&=D
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It is easy to verify that these diagrams also correspond to admissible systems of
vectors obtained from the bases IT of root systems 4 of types C,, B,, G, by
adjoining the roots —(g; + &,), —é&;, —(20; + ;) respectively (in notation of
Examples 2 and 1 of 2°). The adjoined root is the smallest of the roots of the
minimal length in 4. The left-end vertex of the Dynkin diagram corresponds to
it (for AL, any of the two left-end vertices).

Example 5. Adjoining the vector —2¢, to the base of the root system of type
B, we also get a linearly dependent admissible system of vectors. Its Dynkin
diagram is of the form

AP 1>2 O=—230—0— - - - —0—O0=—>0
and the adjoined vector corresponds to the left-end vertex of the diagram.

6°. Cartan Matrices. Here we will find out which matrices might serve as
matrices of admissible systems of vectors. Clearly, the matrix A(I") = (a;) of an
admissible system of vectors I = {y,,...,7,} has the following properties:

)a,=2@0=1,...,s)

2) ifi # j then a; < 0 and if g; = 0 then a; = 0;

3) a;€ Zand my; = aza; = 0,1,2,3 or 4.

Together with A(I") we will also consider the matrix G(I") = (g;), where
g;; = cos 0; and 0; is the angle between y; and y;. This is the Gram matrix of the
normalized system of vectors /|y, 1, - -5 Vs/|Vsl-

Problem 48. The elements of G(I”) are of the form

gp=1(0=1,...,5), gij = ‘“%\/ mi; (i #J)- (5)

Therefore we have one more property of A(I): ‘

4) a symmetric matrix (g;) whose elements are defined by formulas (5) is
positive semi-definite, i.e. determines a positive semi-definite quadratic form.

A square matrix 4 = (a;;) is admissible if it satisfies 1)-4). An admissible matrix
is called a Cartan matrix if the corresponding matrix (g,;) = G(A) is positive
definite (which is equivalent to its invertibility) and an affine Cartan matrix if
G(A) is singular.

The above makes it clear that the matrix A(I") of a linearly independent
~admissible system of vectors /" is a Cartan matrix and the matrix of a linearly
dependent admissible system of vectors is an affine Cartan matrix. In particular,
the Cartan matrix A(IT), where II is a base of 4, corresponds to any root system

4, and if 4 is indecomposable the affine Cartan matrix A(I") corresponds to it.
 Notice that to any admissible matrix 4 = (a;) we may assign the Dynkin
diagram which uniquely determines the matrix up to the same permutation of
rows and columns. In this correspondence the vertices of the diagram correspond
to the columns of 4 and the edges are constructed by the rules 2), 3) given
in 5°,
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Clearly, if A is an admissible matrix then so is AT and G(A4) = G(A") while the
Dynkin diagram for A” is obtained from the Dynkin diagram for 4 by reversion
of the orientation of the edges. If 4 = A(I"), where I"is an admissible root system,
then A = A(I"Y) (see Problem 44). A principal submatrix of an admissible

matrix A is obviously admissible; a subdiagram of the Dynkin diagram of 4
corresponds to it.

We say that the matrix A is decomposable into the direct sum of A, and A, if
there exists a permutation of rows and the same permutation of columns that
4,

0 4,
any matrix uniquely presents as the direct sum of indecomposable matrices (we
assume that the matrices are considered up to the same permutation of rows and
columns). A splitting of the Dynkin diagram into the union of its connected
components corresponds to this decomposition, if the matrix is admissible.

Now we will prove that any admissible matrix is a matrix of an admissible
system of vectors. '

reduces A to the form < ); and A is indecomposable otherwise. Clearly,

Problem 49. Any positive semi-definite symmetric matrix G of order [ is the
Gram matrix of a system of [ vectors of a Euclidean space. The rank of this
system of vectors equals rk G.

Problem 50. Let the Dynkin diagram of an admissible matrix 4 do not contain
cycles and let u,, ..., u; be a system of vectors of a Euclidean space E whose
Gram matrix is G(A4). Then there exist p; > 0(i = 1,...,1)such that 4 is the matrix
of the system y; = p,uy, ...,y = pu, and (3, ;) € Q for all i, j.

Before we consider the case when the Dynkin diagram contains a cycle, let us
make the following remark. If B is a principal submatrix of A, then G(B) is a
principal submatrix of G(A). Therefore if A is a Cartan matrix then so is B.
Furthermore, if 4 is an indecomposable affine Cartan matrix then applying
Problem 45 to the system of vectors whose Gram matrix is G(4) we see that any
proper principal submatrix of 4 is a Cartan matrix.

Problem 51. If the Dynkin diagram of an indecomposable admissible matrix
A contains a cycle then 4 = A(IT), where [T is the extended system of simple roots
of sl,4;(C), [ > 2, and the Dynkin diagram is of the type 4! (see Example 3 of 5°).

Problem 50 and 51 immediately imply

Theorem 11. Any admissible matrix A is the matrix of an admissible system of
vectors I' = {y,...,} of a Euclidean space such that (y,, 7)€ Q for alli, j.

Corollary. If A is an admissible matrix of order | then detA >0 and A is a
Cartan matrix if and only if det A > 0.

Notice also the following fact.

Problem 52. If the Dynkin diagram of an indecomposable admissible matrix
A contains an edge of multiplicity 4 then A4 is an affine 2 x 2 Cartan matrix.
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7°, Classification. In this section we will classify (up to an isomorphism) all
admissible systems of vectors. With Theorem 9 this implies the classification of
root systems.

As follows from Theorem 11 the classification of admissible systems of vectors
is equivalent to the classification of admissible matrices or of Dynkin diagrams
corresponding to these matrices. It suffices to list all the indecomposable admissi-
ble systems, i.e. connected Dynkin diagrams. For brevity we will call the Dynkin
diagram of a Cartan matrix a Dynkin diagram and the Dynkin diagram of an
affine Cartan matrix an affine Dynkin diagram. The rank of a diagram is the rank
of the corresponding admissible system of vectors (or the admissible matrix). For
a Dynkin diagram the rank equals the number of its vertices and for a connected
affine Dynkin diagram it equals the number of its vertices minus 1 (see Problem
44).

Each connected Dynkin diagram is denoted by a symbol of the form L;, where
L is a Latin capital and [ is the rank of the diagram. This notation will be
introduced during the classification. We already know the following connected
Dynkin diagrams: 4, (I > 1), B (I = 1), C,(I = 1), D, (I = 3), G, (see 5°, Examples
1, 2). The Dynkin diagrams of the first four series are called classical; they
correspond to the classical complex Lie groups SL;.;(C), SO;.,(C), Sp(C),
SO,,(C) respectively.

G, is the first example of a nonclassical Dynkin diagram. Note that 4, = B, =
C,,B,=C,, A3 = D;.

Each of the listed above Dynkin diagrams L, can be extended to a connected
affine Dynkin diagram L{! of rank [ by adjoining one vertex (see 5°, Example
3). Other connected affine Dynkin diagrams are listed in Examples 4, 5 of 5°.
Notice that the connected affine Dynkin diagrams are denoted by the symbols
L¥, where k = 1, 2, 3 and [ coincides with the rank of the system if k = 1 but
does not coincide with the rank for k > 1. The meaning of this notation will be
explained in §4.

Notice the following properties of Dynkin diagrams which are consequences
of Problems 51, 52 and Remarks in 6°:

(D1) Any subdiagram of a Dynkin diagram is a Dynkin diagram.

(D2) A diagram obtained from a Dynkin diagram (or an affine Dynkin dia-
gram) by reversing orientation of all its edges is a Dynkin diagram (affine Dynkin
diagram).

(D3) The multiplicity of an edge of a Dynkin diagram equals 1, 2 or 3.

(D4) A Dynkin diagram does not contain cycles.

(D5) An affine Dynkin diagram is not a Dynkin diagram and vice versa.

(D6) Any proper subdiagram of a connected affine Dynkin diagram is a
Dynkin diagram.

(D7) The multiplicity of an edge of a connected affine Dynkin diagram of
rank > 1 equals 1, 2 or 3.

(D8) Thediagrams A{! (I > 2)are the only affine Dynkin diagrams with cycles.

Problem 53. The only Dynkin diagrams of rank 1 and 2 are 4,, A,, B,, G,.
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The only connected affine Dynkin diagrams of rank 1 are the following ones:

AP = AP =0

The following proposition describes all the three-vertex diagrams we are
interested in:

Proposition 1. Any connected Dynkin diagram of rank 3 is one of the diagrams
As, By or C5. Any connected affine Dynkin diagram of rank 2 is one of the diagrams

AL, D, AP, G, DR,

Proof. By Problem 49 a linearly independent system of vectors u,, u,, u; in
the three-dimensional Euclidean space E3 whose Gram matrix is G(A) corre-
sponds to a Dynkin diagram of rank 3 (or to a 3 x 3 Cartan matrix A). The
angles between these vectors are 0; = n — n/n;;, where the values of n,,, n, 5, n,,
can be only 2, 3, 4, 6. The planes orthogonal to u; cut out a trihedron whose
bihedral angles are m/n,,, n/n,3, n/n,;. Notice that the bihedral angles of a
trihedron are the angles of a spherical triangle and the latter exists only if the
sum of its angles is greater than 7. Therefore 1/n, + 1/n,3 + 1/n,5 > 1. Only
the following two sets of n;/s satisfy this inequality (under the assumption of
indecomposability): {2,3, 3} and {2,3,4}. The corresponding sets of m;s are
{0, 1,1} and {0,1,2}. The Cartan matrices with such numbers m;; correspond to
the root systems A5, By, C;.

Similarly, a connected affine Dynkin diagram of rank 2 determines a rank 2
system of vectors u,, u,, us in E®. The sum of the angles 0; = n — m/n; between
Uy, Uy, Uz 18 27 implying 1/n,, + 1/ny5 + 1/n,5 = 1. Only the following sets of
nu’s satisfy this equation: {3,3,3}, {2,4,4}, {2,3,6}. The corresponding sets of
my’sare {1,1,1}, {0,2,2}, {0, 1,3}. All affine Dynkin diagrams with such m,/s are
listed in the statement of Proposition. []

Proposition 1 and (D1), (D3), (D6) 1mply

Corollary. A connected (affine) Dynkin diagram of rank 3 contains only the
edges of multiplicity 1 and 2.

Problem 54. The sum of multiplicities of the edges that originate at a vertex
of a connected Dynkin diagram of rank > 3 does not exceed 3. The same applies
for the connected affine Dynkin diagrams of rank 3 if we exclude the diagrams
B(l) A(?-) D(l)

A vertex of a diagram connected with more than two vertices is called a branch
vertex and a vertex connected with exactly three vertices by edges of multiplicity
1 a simple branch vertex. It follows from Problem 54 that a branch vertex of a
Dynkin diagram is always simple. The same applies to the connected affine
Dynkin diagrams except D§", B§", 42

The branch vertices and multiple edges of a diagram will be called its singu-
larities.
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Problem 55. A connected Dynkin diagram may possess no more than one
singularity. The only connected affine Dynkin diagrams with at least two singu-
larities are the diagrams B (I > 3), C!V (I > 2), DV (I = 5), D3} (I = 2), AY
(1=2),A%, 1=3)

It easily follows from (D4) that the connected Dynkin diagrams without
singularities are the diagrams A,, [ > 1. Similarly, properties (D8) and (D5) imply
that the connected affine Dynkin diagrams without singularities are the diagrams
A1 > 2. By Problem 55 it only remains to list the diagrams containing exactly
one singularity. We may assume that the rank of the diagram is > 3 and the
singularity is either a simple branch vertex or an edge of multiplicity 2 (see
Corollary of Proposition 1).

A connected Dynkin diagram of rank > 3 with a singularity different from B,
C,, D, should contan a subdiagram of the form

O O O O O
l or o—-~0&—10———-oO0

The same applies to any connected affine Dynkin diagram of rank > 3 with
exactly one singularity which is either a simple branch vertex or a double edge.
Consider the following diagrams with [ vertices which for the indicated values of
[ are not classical Dynkin diagrams:

E,l>6: o—o—I——O‘—o———o

F,l=4 0—O&—=—0—~0— - - - —0—0
EFY, 1= 4 o—0=—30—0— - - —0—0

Denote by 6(L) the determinant of the admissible matrix with Dynkin diagram L.

Problem 56. 6(E,) = g — I, 6(F,) = 6(F,") = 5 — . The diagram E, is a Dynkin
diagram for [ = 6, 7, 8, F, and F,¥ are Dynkin diagrams for [ =4 and F, = F,’.
The diagrams E, = E{, Fs = F{Y, FY = E), are connected affine Dynkin dia-
grams.

Problem 57. The diagrams E¢ and E are subdiagrams of the following con-
nected affine Dynkin diagrams

1).
ED: o

O O——O—0
Q
o
EY:.  o—o0o—0—0—0—0
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Problem 58. Any nonclassical connected Dynkin diagram of rank > 3 is one
of the diagrams Eg, E,, Eg, F,. Any connected affine Dynkin diagram with one
singularity which is a simple branch vertex or a double edge is one of the diagrams
EL ED EWY FV ED.

Let us summarize the obtained results.

Theorem 12. The connected Dynkin diagrams are exhausted by the diagrams A .
(=1,B(>1,C(=1),D (>3),E(=678), F, G, (scc Table 1). The
connected affine Dynkin diagrams are exhausted by the diagrams L{" where L, is
a connected Dynkin diagram of rank | and the diagrams AZ)_, (1 > 3), AQ (I > 1),

D2, (1 = 2), E?, D} (see Table 6).

The Dynkin diagrams Eq, E,, Eg, F, and G, are called exceptional. We have
not decided yet if the first 4 of them are the Dynkin diagrams of some reduced
root systems. One can show that this is actually so e.g. by explicitly constructing
the corresponding root systems (in § 3 we give another proof making use of Lie
algebras).

Problem 59. The systems of vectors of the types Eg, E,, Eg, F, given in Table
1 are the reduced root systems with the Dynkin diagrams Eg, E,, Eg, F,,
respectively. Their extended Dynkin diagrams coincide with the diagrams E{",
EQ, Q. FLL,

As a result of the classification of reduced root systems we get the following
theorem.

Theorem 13. The indecomposable reduced root systems are exhausted up to an
isomorphism by the systems of the types A, (I > 1), B,(1=>2), C,(l = 3), D, (I > 4),
Eq, E4, Eg, F,, G, of Table 1. ‘

Now list the nonreduced indecomposable root systems.

Problem 60. If 4 is an arbitrary root system then 4, = {x e 4: ta ¢ 4} is a
reduced root system, indecomposable if and only if so is 4. The root systems 4
and 4, have the same Weyl chambers, the same bases and the same Weyl groups.

Problem 61. If 4 is a nonreduced indecomposable root system then 4, is of
type B,.
Problem 62. Prove the following theorem:

Theorem 14. The only indecomposable nonreduced root system of rank | is the
root system of type BC, (I > 1), the union of the systems B, and C, (see Table 1).

8°. Root and Weight Lattices. Let I be a finite-dimensional vector space over
R. As we know (see Problem 1.2.30), any discrete subgroup of the vector group
V' is a free abelian subgroup whose basis is a linearly independent system of
vectors. Such subgroups of V will be called lattices.

Let /" be a lattice in ¥ such that ¥V = (I">. Then the subgroup of V*

I'*={AeV* Ax)eZforall xe I'}
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is also a lattice and generates V*. Indeed, let e, ..., e, be a basis of I'; by the
definition this basis is a basis of V. In V*, consider the dual basis e%, ..., e} given
by the formulas ef(e;) = ;. Then, clearly, e, ..., ey is a basis of I"*. The lattice
I'* is naturally identified with the group Hom (I, Z); it is called the dual lattice
of I". If we naturally identify V with (V*)*, then I is identified with (/7*)*.

Let I" = I" be two lattices in V. Then I/I"is a finitely generated abelian group
which can be described as follows. Consider a basis y,, ..., y, of /" and a basis J,,
..., Jnof I'. Then

= ¥ (i=1,..10),

1<j<m

where C = (c;) is a matrix with integer entries. It is known (see [3]) that

r« @ z,ez,

1<i<s

where m,|m,|...|m, are the invariant factors of C different from 0 and 1. In
particular, if | = m then [/I"is finite and

\T/I'| = |det C|.
Problem 63. If "< I are lattices in V = (I") = (I") then I'* < I'* and
I/r ~rr*
Let 4 be a root system in a Euclidian space E. Denote by @ the additive
subgroup of E generated by 4. If IT is an arbitrary base of 4 then I7 is a basis of

the abelian group Q. Therefore Q is the lattice with basis /7. It is called the root
lattice.

Further, let E = (4) and set
P={yeE: (ylayeZ forall oe4}.

Let IT = {ay,...,0,}. Determine 7; € P by the formula

(milog) = 0y
Clearly, P is a lattice with basis =,, ..., m;; this lattice is called the weight lattice
and its elements are called weights. The weights 7, ..., 7, are called fundamental

weights (with respect to IT). Simple roots are expressed in terms of fundamental
weights by formula

=y a;m, (6)

1<<!

where 4 = (a;j) is the Cartan matrix of 4.

Problem 64. The lattices Q and P are invariant with respect to the Weyl group
w.
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The definition of a root system implies that Q = P. The group n(4) = P/Q is
called the fundamental group of A.

Problem 65. The fundamental group n(d4) is isomorphic to Di<ics L,
where m; are the invariant factors of the Cartan matrix 4 of 4 different from 1. In

particular,
|m(4)| = det A.

In Table 3 are listed the fundamental groups n(4) of all indecomposable
reduced root systems 4 calculated with the help of Problem 65. Notice that n(4)
is a cyclic group in all cases except when 4 is of the type D,,, s > 2.

Consider also the dual root system 4V < F = E*. The root and weight lattices
Q" < PV in the space F correspond to it. By Problem 64 they are invariant with
respect to the Weyl group W = (W V)",

Problem 66. 0¥ = P* PV = Q* n(4") ~ n(4).

By Problem 1.29 our constructions are applicable in the case when 4 = 4;; is
a root system of a semisimple algebraic group G with respect to a maximal torus
T. As we have seen in 1.4°, the group Z/(T) is identified with a lattice in the space
E = t(R)*. Its dual lattice Z(T)* < (R) coincides with t(Z).

Problem 67. Q c 2(T) =« Pand Q¥ = {(Z) < P".

Notice that the lattices P, Q, P¥, Q are determined by the root system
4 = 4, which, as we have seen above, does not depend on the choice of an
algebraic group G with tangent algebra g. At the same time, Z(T) and t(2)
depend, in general, not only on g but also on the global structure of G. In § 3 we
will show that a connected semisimple algebraic group G is determined up to an
isomorphism by the root system 4, and any of the lattices Z(T), t(Z).

If p is a linear representation of a semisimple Lie algebra g then @, < P (see
Problem 1.43), i.e. any weight of p is a weight in the above sense.

Exercises

Let E be a finite dimensional Euclidian space, O(E) the group of all its
orthogonal transformations and I(E) the group of its isometries. If @ < E is a
finite system of nonzero vectors then Aut 2 denotes the group of all automor-
phisms of € in the sense of 1°. In Exercises 3—-19 we assume that 4 is a root
system in E and I7 a fixed base of 4. We denote the Weyl group of 4 by W and
the Weyl group of the dual root system by W ; the root and weight lattices are
denoted by Q and P, respectively.

1) If 2 is indecomposable then Aut Q = O({22)).

2) If Q is admissible then Aut Q is isomorphic to the group of automorphisms
of the Dynkin diagram of Q.

3) The scalar product in E may be redefined so that in the new Euclidian space
E, the system 4, would become a root system and Aut 4 = O(<{4)).

4) If « € IT then r, maps 4%\ {a, 2a} into itself.

5) Let 4 be reduced and p = 3) ,. 4+ & Then ry(p) = p — fand {p|f> = 1 for
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all § € I1, hence p coincides with the sum 7n; + --- + 7, of all fundamental
weights.

Let 4 be reduced, we WV and t = I(w) (cf. Problem 38). Then t coincides
with the number of the « € 4™ such that w(x) < 0.

A root system 4 is indecomposable if and only if W acts irreducibly on
4.

An indecomposable reduced root system contains roots of only one or two
different lengths and the Weyl group acts transitively on the set of all roots
of the same length.

Roots of the maximal and minimal length of an indecomposable reduced
root system 4 form two root systems 4,,,, and 4,,;, of the same rank as 4.
If 4 contains roots of two different lengths then 4, and 4, are determined
by the following table:

4 B,l=2 C,l=2 F, G,
Aoin D, A, + -+ A, (Il summands) D, A,
A iax Ay + -+ A, (I summands) D, D, A,

(we denote D, = 4, + A,).

Under the conditions of Exercise 9 the highest root of 4 belongs to 4,,,,. In
Ao there exists a unique maximal element (the highest short root).

The indecomposable components (4"); of the root system dual to 4 are
(4;)Y, where the 4; are the indecomposable components of 4. If 4 is an
indecomposable root system different from B, and C,, n > 3, then 4" ~ 4.
Moreover, BY ~ C,. '

Under the conditions of Exercise 9 (4,,,)" = (4" )min and (4,;,)" =
(4" )max- If oo 1s the highest root (with respect to I7) then oy is the highest
short root (with respect to /7 V) and vice versa.

The group W does not contain reflections with respect to hyperplanes
different from P,, o € 4.

Ifwe WY preserves y € E then w can be presented as a product of reflections
r, (@ € 4) each preserving .

Autd = WY x AutIl.

If Aut/7 is trivial then —e e W. (Hint: make use of the opposite Weyl
chamber.)

Calculate the Weyl groups W of g = $0,(C) (n = 3), sp,,(C) (n = 1) and
compare the results with Table 4. Prove that —e € Wif g = sl,(C), $0,,,,(C)
(n=1),50,,(C)(n>1)and —e ¢ Wif g =sl,(C)(n > 3)and g = s04,.,(C)

n=1)

Each automorphism a € Aut 4 transforms the lattices Q and P into them-
selves and therefore induces an automorphism d of the group n(4). Ifae W
then d@ = e. This implies that if —e € W then the order of any element of n(4)
s < 2.
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19) Let 4 be an indecomposable reduced root sytem. Then —e ¢ W if 4 is of the
type A, (n = 2), D,,., (n > 1), Eg and —e € W otherwise.

An algebraic subgroup P of a connected algebraic group G is parabolic if G/P
is a projective algebraic variety. The corresponding subalgebra p of the tangent
algebra g of G is also called parabolic.

20) A subgroup P < G is parabolic if and only if P contains a Borel subgroup
of G. A parabolic subalgebra of a semisimple Lie algebra is regular.

Let G be a connected reductive complex algebraic group, T a torus in G and
X, € t(R). Consider the root decomposition of g with respect to T and let H, N*,
P* be the connected algebraic subg.oups of G corresponding to the algebraic
subalgebras b = @, )=0 8> 1" = @pyixp)»0 8, and p* =h@n™.

21) P™ is a parabolic subgroup of G.

22) P* coincides with its normalizer; the coset space G/P™ is simply connected.

23) P* is the semidirect product of the reductive subgroup H and the unipotent
normal subgroup N*.

24) If a(x,) # Ofor all @ € 4(T) then H = N(T)n P* and H coincides with the
centralizer of T.

Let T be a maximal torus in a connected reductive algebraic group G, 4, the
corresponding root system and /T < 4, a base. Let M < II be a set of simple
roots. Denote by 4% (M) the set consisting of all positive roots and the negative
roots which are linearly expressed in terms of simple roots from M.

25) The subset A*(M) = A is closed.

Set pM = g(4™ (M), 1) (see Exercise 1.21).

26) The connected algebraic subgroup P™ of G corresponding to p™ < g is
parabolic; any parabolic subgroup is conjugate to a unique subgroup of this
form.

27) Any parabolic subgroup of G can be obtained by the method described just
before the Exercise 21, where for T one can take a maximal torus.

28) Let g be a semisimple complex Lie algebra. Select basis elements e, € g,
(xe4d,) as in 1.6°. Set h =), 4+ h,. Then h = ;_prsh,;, where r; are
positive integers. If - = e :

ev =Y nep eo= Y ney,
Bell pell

then <h,e,,e_) is a simple three-dimensional subalgebra of g (called the
principal three-dimensional subalgebra).

A subsystem I" of a root system 4 is called symmetric if —a € I' for any a e I'.
Asin §1 I'is called closed ifa, fe I', o + € 4 imply a + B € I'. Exercises 1.21,
1.22, 1.24, 1.25 determine a one-to-one correspondence between the classes of
conjugate semisimple regular subalgebras of a semisimple Lie algebra g and the
closed symmetric subsystems of 4, considered up to the action of the Weyl group.

In Exercises 29-38 4 denotes a reduced root system. A subsystem I" = 4 is
called a n-systemif « — f ¢ A for any a, f € I'. For any subsystem M « 4 denote
by [M] the set of all roots 4 which are linear combinations of the roots of M
with integer coefficients. Let [ be the rank of 4, W its Weyl group.
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29) Any n-system is an admissible system of vectors.

30) Any symmetric closed subsystem M < 4 is a root system. Any base I = M
is a n-system and M = [I"]. Conversely, if I" = 4 is a linearly independent
n-system then M = [I"] is a symmetric closed subsystem and /" is a base of
M.

31) Linearly independent n-systems I',, I, = A4 can be transformed into each
other by an element of W" if and only if so can [/, ] and [1,].

32) Let I" = 4 be a linearly independent n-system. Then the system I obtained
from I” by adjoining the corresponding lowest roots to some of its indecom-
posable components is also a n-system.

33) Any indecomposable 7-system is isomorphic either to a base or to an
extended base of a root system.

34) If I = 4 is indecomposable and admissible then /™ is a n-system.

35) Any linearly independent n-system in 4 is contained in a linearly independent
n-system consisting of [ elements.

Let I'< 4 be a linearly independent n-system and I” a n-system obtained by
adjoining to an indecomposable component I'; of I" the corresponding lowest
root a. Set I = I'\{a}, where a € I';. One says that the n-system I is obtained
from I" by an elementary transformation.

36) We have [I'] < I" and these systems coincide if and only if o occurs in the
expression for —a, with coefficient 1.

37) Any linearly independent n-system in 4 consisting of | elements can be
obtained from a base /7 = 4 by a sequence of elementary transformations.

38) f 4=4,0---u 4, is a decomposition of 4 into indecomposable com-
ponents then a subsystem M < 4 is symmetric and closed if and only if
M ~ 4;1s a symmetric closed subsystem of 4; foranyi=1,...,r.

In Exercises 39-43 we assume that 4 is indecomposable, /7 = {ay,..., 0} its
base, «, the lowest root, —ay = Yy ;< moy, 1= {0, 01,...,0,}.

39) We have n; = 1< [T\{a;} is a base of A< there exists we WV such that
w(IT) = IT and w(a,) = «;.

40) Any maximal symmetric closed subsystem of 4 is of rank [ or [ — 1.

41) Let I = 4 be a linearly independent n-system consisting of [ elements. If [ 1]
is a maximal closed symmetric subsystem of 4 then I” is obtained from a
base /T c 4 by applying one elementary transformation.

42) Let I' = IT \{a;}, where i > 0. A symmetric closed system [/"] is maximal if
and only if n; is prime. (Hint: see [5], § 8.3).

43) Let I = 4 be a linearly independent n-system of [ — 1 elements. A symmetric
closed subsystem [I"] is maximal if and only if I" = IT\{o;}, where IT is a
base of 4 and n; = 1.

Hints to Problems

2. Similar to Problem 1.35.
Make use of Problems 1.31, 1.32.

~
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Let (o, f) > 0. By Problem 8 we may assume that {«|f) = 1 which, thanks
to Problem 1, implies & — f8 = ry(a) € 4.

Let p, g be the maximal nonnegative integers such that f — pa, f + qa € 4.
Problem 9 implies that the a-string through f has no gaps (i.e. f + ko€ 4

11

13.
14.

15.

17.

18.

19.

20.

22.

23.

for all k, —p < k < q). Since the a-string is invariant with respect to r, (and
therefore r(ff + qo) = f — pa), then p — g = {f|a).
Make use of formula (1). In particular, prove that

(rtz(ﬁ))v T_-ra"(ﬂv) ‘(OC,/)))GA

Consider the cases o — fe€ 4" and « — f € 4~ and apply Problem 9.

Set v =a,v; + -+ au;, =byv; + -+ by;. Considering (v,v) we derive
from (vi,,0;,) <0 that v = 0 and (i,,v;,) =0 for all p, q. Let u be a vector
such that (u,v;) > 0 (i = 1,...,s). Then (u,v) = 0 implies a, = b, = 0 for all
b, q.

Let C, = {x € F: a(x) > 0 for all « € II(C)}. Clearly, C c C,. But C, c F,,
and C, is convex and therefore connected, hence C = C,.

By Problem 16 C is a nonempty connected subset of F,.,. Therefore C = C;,
where C, is a Weyl chamber. Clearly, the set 4™ of positive (with respect
to IT) roots coincides with the set of C,-positive roots implying 17 < I1(C,).
Therefore IT = I1(C,) and by Problem 15 C = C;.

Let x € F be such that a(x) > Oforall o € IT(C). If we fix x, € C then Problem
15 implies that x + (x,/n) € Cforalln = 1, 2,.... Therefore x € C. Applying
Problem 16 to the restrictions of linear forms of I7(C)\{a} onto the hyper-
plane P, for some o € I1(C), we see that P, n C contains a nonempty open
set, i.e. P, is a wall of C. Conversely, if P is a wall then P contains an open
ball U such that U < C\C < | J,c 5y Po- We see that P < | )¢ ) Py There-
fore P coincides with one of the hyperplanes P,.

Within the open set F\ ge 4.52c, Py choose a ball U such that U n P, # 0.
The component U; = {x € U: a(x) > 0} of U\P, is contained in a Weyl
chamber C for which P, is a wall. By Problem 18 o = ¢f8, where § € I1(C) and
¢ > 0. Next apply Problem 2.

If (o, f) < Oforall § € 11, we get a contradiction with Problem 14. Next apply
Problem 9. Since all the coefficients of the expression of & — f in terms of
simple roots should be of the same sign, then o — f§ > 0.

LetIl c Adbeabase. If4 =4, 04, whered, # J,4, # &,and (a, ) =0
forallaed,,fed,then I =IInd,)u(IInA4d,). Wehave I n 4, #
and ITn 4, # & since 11 1s a basis of {4). Conversely, let Il = I, u II,,
where 1T, # (4, I, # (& and (a,§) = 0 for all « € 11, f € IT,. Denote by 4,
the set of roots of 4 linearly expressable in terms of I7; (i = 1,2). Let us show
that 4 = 4, u 4,. If this is not so, Problem 21 implies that there exist
aed,nA"andBe Il,(orae A, 4" and f € IT;)suchthaty = o + B e 4.
Since o — f3 ¢ 4, then («, f) > 0 by Problem 10. Contradiction.

To prove the linear independence of I7 first show that the statement of
Problem 13 holds for /7 and then apply Problem 1.
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Make use of Problem 18.

By Problem 1.26 (n*,n*) =0 hence n* is a solvable Lie algebra. Since
b*/n* ~1t, then b* is also solvable. Clearly, n* = [b*,b*] implying the
unipotence of n*.

Since b* o t, then any subalgebra h = g containing b* is of the form | =
b* @ @aed: d_,, where §_, is a subspace of g_,. The existence of simple
three-dimensional subalgebras constructed in 1.6° implies that [ cannot be
solvable except for h = b*. To prove the second statement of the problem,
it suffices to notice that if §_, # 0 then [§_,,t] = g_, £ b™.

Problem 25 implies that TN* = T x N* is an algebraic subgroup of B*.
This subgroup coincides with B* since b* is its tangent algebra.

If By, B, are the Borel subgroups corresponding to the Weyl chambers C,,
C, then B, = B, implies that the unipotent radicals of these subgroups
coincide. Making use of Problem 27 we deduce that the sets of C,-positive
and C,-positive roots coincide. Now apply Problem 15.

By Theorem 3.2.12 there exists g € G such that gBg™ = B*. Then gTy™!
B* and by Problem 3.2.23 there exists b € B* such that b(gTg ' )b™' = T
Set a = bg.

The algebraic group N™ NG, = H is unipotent and therefore irreducible
(Corollary 2 of Theorem 3.2.1). On the other hand, its tangent algebra is
n~ nb" = 0. Therefore, H = {e}. By Problem 2.1.20 o,: N~ — N7 (p) is an
isomorphism. Since g = b" @ n~, then dimD = dim N~ = dim N~ (p) and
the orbit N™(p) is open in D.

Consider the manifold G/N(B) endowed with a quasiprojective algebraic
variety structure such that the canonical G-action on it is algebraic. By
Problem 25 N(B)° = B. Therefore, it suffices to prove that G/N(B) is simply
connected which one does as in the proof of Theorem 4.

By Problem 3.2.21 the subgroup Ng(T) is irreducible and it is contained in
the centralizer of T. Now, apply Problem 1.28. »

First prove that the centralizer of T is contained in N(B™).

The elements of WV are expressed by matrices with integer entries in the
basis consisting of simple roots.

First prove that the set obtained by deleting from F the union of all the
pairwise intersections of the hyperplanes P, (« € 4) is simply connected.

Let C and C' be two Weyl chambers and C = C,, C,, ..., C, = C' the
sequence of Weyl chambers constructed in Problem 35. We may assume that
II = ITI(C). By induction in r prove the existence of w e W’ such that C' =
w(C). Let exist wy € W’ such that wy(C) = C,_,. Let p,, where o« € 4 and
30 ¢ 4, be the common wall of C,_, and C, = C'. Then wg'(p,) = p,,, where
o € I1. Furthermore, r, = wor(,lowg1 e W' and (r,wy)C = C'.

It suffices to prove that r, € W’ for any o € 4. For this make use of Problems
19 and 36.

We may assume that E = {4, E' = (4'). Problem 1 implies that r,,, =
or,p ! for any a € I1. Applying Theorem 7 we see that the map wi— pwe ™!
is an injective homomorphism of the Weyl groups WY — W'Y corre-
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sponding to 4 and 4'. By the same Theorem 7 any a € 4 presents in the form
o« = w(y), where we WY, y e IT1. Hence ¢(a) = (owo™')(@(y)) € 4". Making
use of Problem 1 again, it is easy to show that {@(a)|@(f)) = {a|B) for all
a, f € 4. When 4’ is a reduced root system and /1" = ¢(I1) is its base, apply
the above to ¢ .

Make use of Theorem 6.

Let ne N(T) and let the corresponding transformation w map the Weyl
chamber C into itself. Then nBn~' = B, where B is the Borel subgroup
corresponding to C. Applying Theorem 4 and Problem 1 we see thatne T

and w = e. Thus W” acts simply transitively on the Weyl chambers. Since
any transitive subgroup of a simply transitive group coincides with the latter,
we have W = W".

If Dynkin diagrams of the systems I = {y,...,7,} and I'"" = {y},..., 9} are
isomorphic then there exists a bijection ¢: I — I"" such that ¢(y;) = v}, a; =
aj; (i,j = 1,...,r), where a; = (3|, ai = <yil7;>. We may assume that y,,
..., 7, is a maximal linearly independent subsystem of /. Considering the
principal minors of A(/")and A(I™') it is easy to see that y}, ..., y,is a maximal
linearly independent subsystem of 1.

Therefore there exists a linear isomorphism f: {I") — {I"") such that
f(:) = @(y;) fori=1,...,r. We then prove that this holdsfori=r + 1, ...,
s, too. For this it suffices to verify that for any k such that r + 1 < k < s the
coefficients c; in the expression y, = Y ;<< ;% are completely determined
by the principal submatrix of A(I") corresponding to the subsystem y;, ...,
7., . But these coefficients constitute the unique solution of the system
ZlSiSr lyyes =y (= 1,...,7).

Make use of (1). _

Make use of Problem 14.

Make use of Problems 9, 10 and 20. :

The inequalities n, > 0 follow from Problem 45 applied to the system
ITu{—4}. If &' is another maximal root then it follows from Problem 46
that (§',6) > 0. If 6 # 6’ then with the help of Problem 9 we get a contradic-
tion.

Let b be a bilinear form in R' with matrix G in the standard basis ey, ..., ¢,.
Consider the images of the vectors ey, ..., e, in the space E = R!/N where
N is the kernel of b.

It suffices to consider the case when A4 is indecomposable. Foranyi =2, ...,
[ there exists a unique sequence of numbers 1 = iy, iy, ..., i, = i such that
Qi #0forp=0,1,...,k— 1. Set

a; (G -n Ay )
pizjxl i Ther (122), p =1

A1i, Qiyiy -+ Ay i

and note that p?/p? = a;/a;; for any i, j. Since p? € Q, then (y,,7;) € Q for all
ij.

If the Dynkin diagram is a cycle then
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m : 2 ay, 0 a
18 ay, 2 ... 0 0
ul ;
A= ]
Iy
0 0 2 ;-1
a,; 0 ... a, 2
yl
Ip and m,,, mys, ..., M_ , My, are positive integers. Since the sum of all
T et elements of a positive semi-definite matrix is nonnegative, we get from
T 5) 1= (/mys 4o Smy + /my) = 0. It follows that my, = =
T, m,_, ;= my; = 1. In general case make use of the fact that any principal
: submatrix of 4 is a Cartan matrix.
re j 54. Notice that otherwise there can be found a subdiagram of one of the types
= : listed in the statement. Next, make use of Proposition 1 and properties (D1),
. ; (D5), (D6).
1e 55. Notice that any diagram with two or more singularities contains one of the
al subdiagrams listed in the problem.
56. Make use of Corollary of Theorem 11 and the recurrent formula 6(L,) =
at 28(L,-;) — 6(L,_,), where L, = E,, F, or F}".
. 57. Prove that the corresponding matrices are not invertible.
1e ; 58. Make use of Problem 56, 57 and properties (D1), (D5), (D6).
od 60. The system 4, is reduced thanks to Problem 2.
., ‘, 61. In 4,, select a base I1. Theorem 7 implies the existence of « € /7 such that
- L 20eA. If BeIl, B #aand (o, B) # O then {fla) = 2{f|2a) = —2 so that
|B|? = 2|a|?. Theorem 13 implies that the type of 4, is B;.
62. Make use of Problem 61 and prove that 4\4, is the set of all doubled short
roots from 4. ’
63. Notice that the invariant factors of a matrix with integer entries are preserved
m ; under transposition.
16 ' 65. Follows from (6).
c- 66. First prove that P = (Q ¥ )*. The fact that fundamental groups are isomorphic
' follows from Problem 63.
2. ‘ 67. Make use of Problems 1.34 and 66.
re
» “ § 3. Existence and Uniqueness Theorems
a ,

In this section we will prove that any Cartan matrix (see 2.6) corresponds to the
root system of a unique (up to an isomorphism) semisimple complex Lie algebra.
After that we will study connected complex semisimple Lie groups globally. In
particular, we will prove that all these groups are algebraic and we will classify
ul ] them up to an isomorphism. We will also describe irreducible finite-dimensional
linear representations of connected complex semisimple Lie groups. Everywhere
except 1° the ground field is C.
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1°. Free Lie Algebras, Generators and Defining Relations. Let a be a Lie
algebra over k, X < a a subset. Denote by b the intersection of all subalgebras
of a containing X. Clearly, b is the smallest subalgebra of a containing X; it is
called the subalgebra of a generated by X. In particular, if b = a then one says

that X is a system of generators of a; this means that there is no proper subalgebra
of a contaning X. In what follows we will consider the case when X = {x,,..., x, |
is finite. A Lie algebra admitting a finite system of generators is called finitely
generated. For instance, any finite-dimensional Lie algebra is finitely generated.

Problem 1. A set x,, ..., x, is a system of generators of a Lie algebra a if and
only if each element of a is a linear combination of elements of the form

[...,[[xil,xiz],xh],...],xim] (I <iy,... i, <n). (1)

Let us now construct an important example of a Lie algebra with a given system
of generators X = {x,,..., x,}. Define by induction non-associative words in the
alphabet X in the following way: a word of length 1 is any element x; € X; a word
of length m > 1 is a pair (y,z), where y and z are words of length p and ¢
respectively for p > 1, g > 1, p + g = m. Thus the set X, of words of length 1
coincides with X and the set X,, of words of length m > 1 is defined by induction
as follows:

X,= [] X,xX,

ptq=m

In the set My = [ [, X,, there is a binary algebraic operation assigning to each
ye€ X, and ze X, the word (y,z) € X,,,. Let us consider the corresponding
algebra k[My] over the field k. This is the vector space over k consisting of
elements of the form ) . M, C:Z, Where ¢, ek, ¢, =0 for all z except a finite
number, and endowed with a multiplication which extends by linearity the
operation in My. The algebra k[ M, ] is called the free algebra over k generated
by the set X. The set My is its basis over k.

Problem 2. Let 4 be any algebra over k with fixed elements a,, ..., a,. Then
there exists a unique algebra homomorphism ¢: k[M,] — A4, such that ¢(x;) =
a;foranyi=1,...,n

Denote by I the two-sided ideal of k[ M ], generated by elements of the form
xpx; and (x;x;)x, + (%) x; + (%, X;)x;, where 1 < i, j, k < n. The algebra

I(X) = I(xy,...,%,) = k[My1/I

is, clearly, a Lie algebra. It is called the free Lie algebra generated by X (over k).

Problem 3. Let a be any Lie algebra over k, with fixed elementsa,, ..., a,. Then
there exists a unique Lie algebras homomorphism ¢: I(x,,...,x,) — a, such that
¢(x;) = a;forany i = 1,..., n. Every finitely generated Lie algebra is isomorphic
to a quotient of a (finitely generated) free Lie algebra.
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Let a be again an arbitrary Lie algebra over k and X a subset of a. Consider
the intersection i of all ideals of a containing X; this is the smallest ideal of a
containing X. We say that i is generated by X.

In particular, let ( f;), . ; be a family of elements of a free Lie algebra I(x,..., x,)
and i the ideal of [(x,,...,x,) generated by this family. The quotient algebra
I(xy,...,x,)/t is called the Lie algebra with generators y; = x; +1(j=1,...,n)
and defining relations f(y,...,y,) =0 (@ € I).

2°. Uniqueness Theorems. Let g be a complex semisimplé Lie algebra, t its
maximal diagonalizable subalgebra, IT = {a,,...,a,} a system of simple roots of
g with respect to t. Under the notation of 1.4° and 1.6° set

hi=h,,e;=e,, fi=e_, i=1,...,1).

Let A = (a;) be the matrix of I7; we will call it the Cartan matrix of g.

Problem 4. The elements h;, ¢;, f; (i = 1,...,1) form the system of generators of
g and satisfy

[hi hi] =
[hne:l i€ = =0, [hiafj] + ajifj =0, (2)
le. fi]—h; =0, [e,f;]=0 for i#]j.

The system {h;,e;, fi:i = 1,...,1} is called the canonical system of generators
of g associated with t and /1.

Now denote by § = §(A) the Lie algebra with generators h,é, fii=1,..10
and defining relations obained from (2) by replacing h;, e;, f; by h;, é . 1
respectively. Problems 3 and 4 imply that there exists an epimorphism 7: § — g
such that

A

ah)=h, w@)=e  w(f)=rf. (3)

In particular, the elements A, ..., A, are linearly independent. The subspace t
generated by them is a commutative subalgebra of §.
Denote by fi*(ft ") the subalgebra of § generated by é,, ..., é (resp. fi, ..., f).

Problem5.§ =t + A" + fi".

For any a € t* set
§, ={xe§ [hx]=a)xforallhe f} (4)

Problem 6. § = P, §,. §o = 1.

Problem 7. Any ideal of § is the sum of its intersections with the subspaces g,.
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Problem 8. Among the ideals of § that do not contain any A,, there exists the
largest ideal m and m = m* @ m~, where m* = m A fi* are ideals of g

Problem 9. Kern = m.

Therefore g ~ g/m. Since m is determined uniquely we have proved the
following

Theorem 1 (The first uniqueness theorem). A semisimple Lie algebra is deter-
mined uniquely up to an isomorphism by its Cartan matrix (or Dynkin diagram).
More precisely, if g and § are semisimple Lie algebras with canonical generators
{hie, (1 <i<D)} and {h,é,fi(1 <i< 1)} respectively and equal Cartan ma-
trices then there exists a (umque) isomorphism @: g —§ such that ¢(h;) = h,,

ole) =&, o(f) = f;

Now let p: g —gl(V) be a finite-dimensional linear representation, D,
weights system. Each weight 1€ P and, in particular, each weight 1e d5 1s
completely determined by the integers A(h;) = (A|a;> (i = 1,...,1) which are its
coordinates in the basis of fundamental weights 7, ..., 7, (see 2.8°).

The numbers A(h;) are called the numerical labels of A.

Let V = @1e¢ V, be the weight decomposition. A weight vector ve V, is
called a highest vector if

plejv=0 for i=1,...,1 (5)

The corresponding weight 4 € &, is called a highest weight of p.

Example. If p = ad for a simple Lie algebra g then the root vector e, corre-
sponding to the highest root (see 2.5°) is a highest vector and the highest root
0 is a highest weight of the representation.

Problem 10. For any weight A e @, there exist simple roots iy -5 0 SUch
that A + o; + -+ + a;_is a highest we1ght In particular, a hlghest welght exists
for any ﬁn1te-d1mens1ona1 p.

Fix a highest weight 4 € @, and a highest vector v, € V. Denote by A, the
numerical labels 4(h;) of the hlghest weight. Consider the vectors

=p(fe)pfiJoa (A<ip. i <D vy =0, (6)

Clearly, v;, ; € Vi, R and

ik

p(h)vg = Ajvg,

PV, oy = (M= ay; — - —ay v,

PV, o = Vi (7)
ple)vg = 0,

ple)vi, . s, = Oy, p(h;) + p(fi)pe))v;, .
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These relations imply that the subspace of V' spanned by v; ;. , vy is p(g)-
invariant.

An element 1 € t(R)* is called dominant if (A, o;) = 0 (i = 1,...,1). This means
that 4 belongs to the closure of the Weyl chamber C corresponding to the base
af ... 0q of 4y

Problem 11. Any highest weight 4 is dominant, i.e. 4; > 0.

Now suppose that p is irreducible. Clearly, in this case v; _; for all k and vy
generate V.

Problem 12.If p is irreducible and A is its highest weight then dim V; = 1. Any
other weight A€ @, is of the form A=A —o; — - — oy, where «; € I1. The
representation p has a unique highest weight.

Now we wish to prove that an irreducible linear representation p is determined
uniquely up to an equivalence by its highest weight. For this we will make use
of the following construction.

Consider a vector space V over C with basis {4, 0; ;01 <iy,....5 <Lk>=1].
Define a linear representation p = p 4 of the above Lie algebra § in V by deter-
mining it on generators by formulas (7) with hy, e;, f;, v;,. i, vz and p replaced
by h;, &, f:, 0i,.i,» vy and p respectively. (The latter of these formulas should be
considered as a recurrent definition of p(é;)).

Problem 13. Prove the existence of p 4.

For an arbitrary 4 € i* set .

V,={veV:phyv = Ah for all h e t}. (8)
Clearly,
=@V 9)
Aet*

Problem 14. Among the subspaces of ¥ invariant with respect to p(d) and not
coinciding with V there exists the largest subspace M.

Problem 15. There exists a unique linear map p: ¥ — V with the following

properties:
a) pliy) = vy
14
k
Ly
V.

b) The diagram

plx)
EE—

v
pJ
14

commutes for any x € § and p(V) =
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Problem 16. Ker p = M,

Problem 17. The ideal m is contained in the kernel of the induced representation
of §in V/M,

Thus p uniquely determines a linear representation of the Lie algebra §/m = g
in /M. This representation is completely determined by A, and the statement
b) of Problem 15 implies that it is equivalent to p if we identify §/m and g with
respect to the above isomorphism. Therefore the following theorem holds.

Theorem 2 (The second uniqueness theorem). An irreducible finite-dimensional
linear representation of a semisimple Lie algebra is determined uniquely up to an
isomorphism by its highest weight.

In what follows we will often make use of the following method of describing
irreducible linear representations of a semisimple Lie algebra g: on the Dynkin
diagram of g mark the numerical labels of the representation above the corre-
sponding vertices. By Theorem 2 the obtained diagram, called the diagram of
this representation, determines it uniquely.

3°. Existence Theorems. Let A = (a;;) be an arbitrary [ x | matrix over C and
A =(Aq,...,4,) an arbitrary set of [ complex numbers. Exactly as in 2° we can
construct the Lie algebra § = §(A), the vector space V and the linear representa-
tion p = p4: § — gl(V) (it does not matter here whether 4 is a Cartan matrix and
whether A, are nonnegative or integer).

Clearly, the statements of Problems 5, 7, 13, 14 and formulas (5) and (9) remain
true. The algebras t, i™ and fi” are defined as in 2° but the linear independence
of the elements A, ..., h, has to be proved.

Problem 18. The elements h,, ..., h, are linearly independent.

This implies that if A is invertible then the statements of Problems 6 and 8
remain true. , '

In what follows let 4 be invertible. Construct the quotient algebra g = g(4) =
§/m and the quotient space V = V(A4) = V/MD, where m and M are defined
as in 2°. Denote by n: § — g and p: V — V the natural maps. Set

h=nh), e =n@), fi=nulf), t=nd),
:n(ﬁi)’ UQ=p(ﬁQ)’ Uil...ik=p(ﬁi1...ik)'

Finally, denote by p’ the linear representation of § in V induced by p. By
construction p’ is irreducible.

Let us decompose V into weight subspaces with respect to p’(f). Namely, for
any A € t* set

V,={veV:p'(hyv= A(hvforall he f}

Clearly, V, = p(V,). It follows from (9) that
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V = @ Vl)
ieQ
where Q@ = {1 e B v, £ 0}
On t, define the linear functions o, ..., o, and A4 setting

o(h) = ay,  A(h) = 4, (10)
Clearly, vg e V.

Problem 19. We have dim V, = 1. Any element 1 € 2 presents in the form
A=A —a —- - — o, IV, contains a nonzero element annihilated by all p'(¢;)
then A = A (cf. Problem 12).

Problem 20. dim ¥, < oo for all 4 € Q.

Problem 21. p'(m) = 0.
This shows that p’ determines an irreducible linear representation p = p(A):

g — gl(V).
Problem 22. Any nonzero element of g contains at least one of the elements ;.

Problem 23. If xen™ and [¢;,x] =0 (i=1,...,1) then x = 0. Similarly, if
yentand[f,y]=0(@(=1,...,])then y =0.

Suppose now that A4 is a Cartan matrix and the numbers /; are nonnegative
integers. Our aim is to prove the following statements:

1) V and g are finite-dimensional;

2) g is semisimple and its Cartan matrix coincides with A;

3) The numerical labels of the highest weight of p(A) are 4;.

These statements obviously imply the following theorems.

Theorem 3 (The first existence theorem.) Any Cartan matrix is the Cartan
matrix of a semisimple Lie algebra.

Theorem 4 (The second existence theorem.) For any semisimple Lie algebra g
and any dominant weight A € p there exists an irreducible finite-dimensional linear
representation p(A) of g with highest weight A.

Theorems 3 and 1 imply in particular that each of the exceptional Dynkin
diagrams E¢, E,, Eg, F,, G, (see 2.7°) is a Dynkin diagram of a uniquely
determined noncommutative simple Lie algebra. These Lie algebras are called
exceptional and are denoted in the same way as their Dynkin diagrams. Their
dimensions are listed in Table 1. The root systems of these Lie algebras are the
root systems corresponding to the exceptional Dynkin diagrams whose existence
has been established by an explicit construction in § 2.

First of all let us prove that V is finite-dimensional. Problem 20 implies that
it suffices to prove the finiteness of 2.

In f*, consider the subgroup

L={yet:yh)ezi=1,..,1}
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Clearly, L is a lattice in its real linear span E. Furthermore, the elements o, . .
o, and A defined by formula (10) are contained in L.

Problem 24. Q < L.

Since A is invertible, o, ..., o, constitute a basis of E over R. Theorem 2.9
implies that there exists a positive definite scalar product (-, -) on E such that
{ayloy;» = ay; for all i, j. Let r; be the orthogonal reflection in E with respect to
the hyperplane orthogonal to o;. Problem 2.1 implies that r,(L) = L. Therefore
the group W generated by r; (i = 1,..., 1) is finite (cf. Problem 2.34). Now let us

prove that Q2 is W-invariant.

Problem 25. [ék,(adﬁ)’”*i“ﬁ] = [ﬁ,(ade) 4i*1¢.1 =0 for any i #j and
any k.

Problem 26. (ad ;)" f, = (ad ¢;)"**'e; = 0 for any i # j.

Problem 26 implies that

pd )" " f) = ad p(fj) " p(f) =0 (i #)). (1

Problem 27. Let p and g be two elements of an associative algebra such that
(ad p)'q = 0. Then any product of them containing m factors equal to p and n
factors equal to g presents as a linear combination of products of the form
p'qp'q...p'gp'o where [; 2 0, Y ocicu i =m, I, < lfori=1,...,n.

A linear operator p is locally nilpotent if for any vector v there exists m such
that p™v = 0. (If p acts on a finite-dimensional space then p is nilpotent.)

Problem 28. p(f,)" vy = 0.

Problem 29. p( f;) and p(e;) are locally nilpotent in V.

Denote by g the subspace of g spanned by h;, ¢;, f;. Clearly, this is a subalgebra
isomorphic to sl, (C).
~ Problem 30. The space V splits into the direct sum of finite-dimensional
subspaces invariant with respect to p(g?) (for a fixed i).

Let p; be a liear representation of sl,(C) in V which sends the matrices h, e, {
in p(h;), p(e;), p(f:), respectively. By Problem 30 there exists a linear representation
R;: SL{(C) — GL(V) preserving the finite-dimensional subspaces appearing in
thls problem and such that dR = p; in each of these subspaces. Set

()

Let us extend r; onto i by linearity and denote the dual reflection in { also by
r.. Since m: t — t (by the definition of m) is an isomorphism, we will identify tand
t with the help of .

Problem 31. w,p(h)w; ! = p(r(h) (he t = D).
Problem 32. We have V, ;, = w;V, for any A € t*; in particular, r,(Q) =
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Problem 33. For any y € E there exists w € W such that (w(y),«;) = 0 for all
i=1,...,1L
Problem 34. We have (4, 1) < (A4, A) for any 4 € Q.

Therefore, 2 is a bounded subset of L and hence it is finite. We have proved
that V is finite-dimensional. Now let us go over to studying g.
For o € t* set

9, = {x € g: [h,x] = a(h)x for all h € t}.

Clearly,
3=t® P g,

a#0
Problem 35. If 4; # 0 for all i then Kerp = 0.
Problem 36. The Lie algebra g is finite-dimensional and semisimple.
Problem 37. The subalgebra t is a maximal diagonalizable subalgebra of g.

Problem 38. The linear functions «,, ..., o, on t = t form a system of simple
roots of g with respect to t and {h;,e;, f;(1 <i <)} is a canonical system of
generators.

Problem 39. The Cartan matrix of {ay,...,a,} coincides with the Cartan matrix
of g.
Problem 40. The weight A is the highest weight of the linear representation p.

Example. Let g = sl,(C). By theorems 4 and 2 there exists a unique up to an
equivalence irreducible representation p, of g with the diagram

k
o] (12)

where k is an arbitrary nonnegative integer. Let V' be the space of this representa-
tion. The highest weight of p, is of the form 4 = koa/2 where o is the positive root
of sl,(C). By Problem 12 all the weights of p, are of the form A4 — s = (k — 2s)a/2
where s is an integer. Since the system of weights @, is symmetric (Corollary of
Theorem 1.5), we have 0 < s < k so that

@, ={py/2:p=kk—2,..2—k, —k}.

The weight basis consists of the vectors of the form v; __; determined by (6). Here
itisclear thatdim V, = 1forall 1 € @, _and that as the weight vectors we can take

UVjesy = pk(f)st (S = Oa la- ..,k),
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where v, is a highest vector. Therefore dim ¥V = k + 1 and
Pl@)vgg =5k —s+Nvg1p  (s=1,...,k)
pu(e)vy = 0.

For k = 0 we get the trivial one-dimensional representation, for k = I tie
standard representation in C2, for k = 2 the adjoint representation.

4°. The Linéarity of a Connected Cdmplex Semisimple Lie Group. Let G be 4
connected semisimple algebraic group over C, T its maximal torus, Q < P < {(R)*
the root and weight lattices of the root system 4 (see 2.8°).

Theorem 5. The group G is simply connected if and only if
Z(T)=P. (13)

First we prove the sufficiency of the condition (13) and then we apply it io
prove Theorem 6. The latter proof will also imply the necessity of this condition.

Let {a;,...,a} be a system of simple roots of G with respect to T, G¥ = G
the three-dimensional subgroup of G corresponding to «, (see 1.6°), T*® the
maximal torus of G belonging to T.

Problem 41. Under condition (13) all groups G* are simply connected.
Problem 42. Under the same condition T = T x --- x T,

Problem 43. For any connected reductive algebraic group G the homomor-
phism i,:m,(T) - n,(G) generated by the embedding of the maximal torus
i: T — G is surjective.

Therefore it suffices to prove that (13) implies i, = 0. To do this consider the
diagram

i

T=T0x ... x TO y G

P e i m
GV x - x GO
where i%: T® — G® is an embedding and m(g,,...,q,) = g .., (see Problem
1 g 1---9
42). Clearly, the diagram commutes, hence i, = m*(l‘” x - x i), but i =0

by Problem 42. Therefore i, = 0 and the sufﬁc1cncy of (13) is proved.

Theorem 6. Any connected semisimple Lie group admits a faithful finite-
dimensional linear representation.

Corollary. Any connected semisimple Lie group admits a unique structure of an
algebraic group.
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Problem 44. Reduce the proof of the theorem to the case of a simply connected
group.

Problem 45. For any semisimple Lie algebra g there exists a linear representa-
tion p whose weights generate the weight lattice P of the root system 4. Such a
representation p is always faithful.

Now we will prove Theorem 6 for a simply connected semisimple group G.
Let g be the tangent algebra of G. By Theorem 1.2.6 there exists a linear
representation R of G such that dR = p is the representation of g satisfying the
condition of Problem 45. Let us prove that R is faithful. Clearly, R(G) is a
connected algebraic group with tangent algebra p(g) ~ g. If we identify the
maximal diagonalizable subalgebra t of g with p(t) with the help of p, the weights
of p are identified with the weights of the identity representation of R(G) which
are the differentials of characters of the maximal torus of R(G). Therefore R(G)
satisfies the condition (13) and is, as we have already proved, simply connected.
Thus the covering R: G — R(G) is bijective. Theorem 6 is proved. []

If G is a simply connected semisimple algebraic group then Problem 45 implies
the existence of a representation R of G whose weights generate P. Therefore,
(13) holds thereby completing the proof of Theorem 5. []

5°. The Center and the Fundamental Group. Let T be an algebraic torus, t its
tangent algebra. We will now establish a one-to-one correspondence between
the finite subgroups of T and the lattices in {(R) containing t(Z). To this end
consider the homomorphism &: t — T defined by the formula

&(x) = exp(2mix). : (14)

Problem 46. Ker & = t(2).

Problem 47. For any finite subgroup S = T its pre-image & (S) is a lattice in
t(R). The map S+ &~ (S) establishes a bijective correspondence between finite
subgroups of T and lattices in t(R) containing t(Z). We also have

S ~ & 1S)/(2).

Now apply these considerations to calculate the center and the fundamental
group of a semisitnple Lie group in terms of the lattice of characters of its maximal
torus. Recall (see Theorem 2.6) that the center Z(G) of a connected semisimple
Lie group G is contained in any its maximal torus T. Consider, as in 2.8°, the
root and the weight lattices Q < P < t(R)* and their dual lattices Q¥ < PY <
t(R).

Theorem 7. Let G be a connected semisimple Lie group, T its maximal torus.
Then & Y(Z(G)) = P" and

Z(G)~ P /{(2) = Z(T)/Q.
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Problem 48. Prove this theorem.

Corollary. If G is a simply connected semisimple Lie group then Z(G) ~ P/Q =
(4¢)-

Problem 49. Let G, G be connected semisimple Lie groups and let a homomor-
phism p: G — G be a covering. If T = G and T = G are maximal tori then p(T)
and p~'(T) are maximal tori of G and G respectively. If T = p(T), we have the
commutative diagram

'f LN T
& é (15
t 2,

where dp is an isomorphism and where & and & are defined by (14).

Theorem 8. Let p: G — G be a simply connected covering of a semisimple Lic
group G. Then & ' (Ker p) = t(Z) and

m(G) > t(2)/Q" ~ P(Z(T)).
Problem 50. Prove this theorem:.

6°. Classification of Connected Semisimple Lie Groups. In this section we will
prove the following two theorems.

Theorem 9 (The global uniqueness theorem.) A connected semisimple Lie group
G is determined uniquely up to an isomorphism by its Dynkin diagram and the
character lattice Z(T) of a maximal torus T = G. More precisely, if G,, G, are
two connected semisimple Lie groups, T; = G; their maximal tori, IT, the correspond-
ing systems of simple roots then for any isomorphism . IT1; — IT, whichmaps 4 (1)
onto Z(T,) there exists an isomorphism ®@: G, - G, mapping T, onto T, and
inducing .

Theorem 10 (The global existence theorem). Let 4 = E be areduced root system,
Q c P c Eitsroot and weight lattices. For any lattice L < E suchthatQ < L = P
there exist a connected semisimple Lie group G, its maximal torus T and a root
system isomorphism Ag; — A mapping Z(T) into L.

Proof of Theorem 9 is based on the following problem.

Problem 51. Let G, G, be two connected semisimple Lie groups, T, = G, their
maximal tori. For any isomorphism ¢: g, — g, such that ¢(t,(2)) = t,(Z) there
exists an isomorphism @: G, — G, such that d® = .

Problem 52. Prove Theorem 9.
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To prove Theorem 10 consider a semisimple Lie algebra g whose Cartan
matrix coincides with the Cartan matrix of 4 (see Theorem 3). By Theorem 2.9
we may identify 4 with the root system 4, with respect to a maximal diagon-
alizable subalgebra t. Let G be a simply connected Lie group with the tangent
algebra g, T = expt a maximal torus and &: t » T the homomorphism defined
by formula (14). Set N = &L*), where L* = P is the dual lattice of L. By
Theorem 7 N < Z(G). The group G = G/N is the desired one. In fact, L* —
&7(N) since Q¥ = Ker & by Theorem 5 and L* > Q. Considering diagram
(15), where T = T/N and p: G — G is the natural homomorphism, we see that
t(Z) = L* and therefore 2(T) = L.

Notice that a lattice L such that Q « L < P is completely determined by the
subgroup L/Q of the finite group P/Q = n(4). Therefore the classification of
connected semisimple Lie groups can be given in terms of subgroups of n(4).
(Notice that by Theorem 7 the group L/Q is isomorphic to the center of the
semisimple Lie group G corresponding to L.) Let us give the corresponding
formulation in terms of Cartan matrices.

Let A be an [ x | Cartan matrix. Then its rows generate a lattice Q ,in R such
that Q, = Z'. Set n(A4) = Z'/Q . By an isomorphism of Cartan matrices A, and
A, we will mean a pair of identical permutations of rows and columns of A,
that transforms 4, to 4,. Any such isomorphism determines an isomorphism
m(Ay)— (A,).

Problem 53. There is a bijection between the connected semisimple Lie groups
G (considered up to an isomorphism) and the pairs (A4, Z), where A4 is a Cartan
matrix and Z is a subgroup of n(A), considered up to an isomorphisms of Cartan
matrices A that transform subgroups Z into each other. If a pair (4,Z) corre-
sponds to G then A is the matrix of g and Z = Z(G).

Example 1. Let g be a simple Lie algebra. Let us see what the classification of
connected Lie groups G with the tangent algebra g looks like. If g # Dy, 5= 2,
then n(4,) is a cyclic group. Therefore any of its subgroups is invariant under all
the automorphisms of the group n(4g). Therefore in this case G is determined up
to an isomorphism by g and the center Z(G) which may be isomorphic to an
arbitrary subgroup of n(4,).

Example 2. Let g = D,, = s0,,(C), s > 2. Then n(d,) ~ Z, ® Z,. Clearly, for
n > 3 the only nontrivial automorphism of the Dynkin diagram (or the Cartan
matrix) permutes the summands of this direct sum. Therefore there exist exactly
two nonisomorphic connected Lie groups G with the tangent algebra so, (C)
(s > 3) and the center Z(G) ~ Z,. Furthermore, for g = D, the automorphism
group of the Dynkin diagram, isomorphic to S;, acts as the automorphism group
of the group Z, @ Z,. Therefore, in this case there exists a unique connected Lie
group with the given center.

7% Classification of Trreducible Representations. Let G be a connected semi-
simple Lie group. To any finite-dimensional linear representation R: G - GL(V)
ne can associate a representation p = dR: g — gl(V) of the tangent Lie algebra
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g. The weight system @, of R with respect to a maximal torus T < G coincides
with the weight system @&, with respect to the corresponding subalgebra t of g.
The highest vectors and the highest weights of R are the highest vectors and the
highest weights of p. If R is irreducible then so is p and Problem 12 implies that

R possesses a unique highest weight 4 € Z(T). By Problem 11 A is dominant.
The diagram of an irreducible linear representation R is the diagram of p.

Theorem 11. An irreducible finite-dimensional linear representation of a con-
nected semisimple Lie group G is determined uniquely up to an equivalence by its

highest weight. For any dominant character A€ Z(T) there exists an irreducible

finite-dimensional linear representation of G with highest weight A.
Problem 54. Prove this theorem.

Example. Since SL,(C) is simply connected, it has a representation R, with
diagram (12) such that dR, = p, (k is any nonnegative integer). Clearly, R,(— E) =
E if and only if k is even. Therefore the irreducible representations of SO;(C) ~
SL,(C)/{ £ E} are determined by diagrams (12) with arbitrary even k > 0.

Now, introduce lowest weights which are sometimes more convenient than
highest weights. Let R be a finite-dimensional linear representation of a con-
nected semisimple Lie group in a space ¥ and p = dR the corresponding tangent
representation. A lowest vector of R (or p) is a (nonzero) weight vector v € V such
that p(f;)v =0 (i = 1,...,[). The corresponding weight is called a lowest weight.
For instance, the lowest root of a simple Lie algebra (see 2.5°) is the lowest weight
of its adjoint representation. Let us establish the connection between the highest
and the lowest weights of a representation.

Let C, be the Weyl chamber corresponding to a base II. Denote by w, the
(unique) element of W sending C, to the opposite Weyl chamber — C,. Clearly,
wg = e.

Problem 55. The transformation ‘w, sends the highest weights of the represen-

tation R (or p) into the lowest weights and vice versa. If n, € N(T) is an element

such that (Adny)|t(R) = w, then R(n,) transforms the highest vectors in the
lowest ones and vice versa.

Problem 55 implies that the properties of the lowest weights are completely
similar to the known properties of the highest weights. Thus, any weight A of a
representation R is expressed in the form 4 = M + o; + '+ + o, , where M is a
lowest weight and a;, € I1. If R is irreducible then there exists a unique lowest
weight M € &g, dim VM = 1 and the representation is determined by M uniquely
up to an equivalence.

Exercises

1) The Lie algebra ft™ of Problem 5 is freely generated by the elements ¢, ...,
é, (i.e. there exists an 1somorphlsm [(xl, ..,X;) — fi* sending x; to é;). Simi-
larly, i~ is freely generated by f}, s i

2) The relations of Problem 26 together with relations (2) form the complete
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set of defining relations of a semisimple Lie algebra g. (Hint: See [17],
Appendix to Ch. VI).

3) Under the notation of 2° v € ¥, belongs to MY if and only if p4(é;)v € M)
for all i. (This gives a recursive method for constructing M1

4) Under the notation of 2° let 4 be a highest weight of p and 4 a dominant

weight of the form A —o; — - , where «; € I1. Then i€ @,. (Hint:
present A — A as the sum of a mlmmal number of positive roots: 4 — 4 =
B + -+ + B, and then by induction in k prove that 4 — f; — -+ — f, e @,))

Since any weight of p can be transformed into a dominant weight by a
transformation from the Weyl group, we have a method for recovering all the
weights of a representation from its highest weights.

In Exercises 5)-14) R stands for a finite-dimensional linear representation of

a connected semisimple Lie group G in a space V, p = dR: g — gl(V') the corre-
sponding tangent representation, /7 a system of simple roots of G.

5) We have @, = — ®g, where R* is the representation dual to R. If R is the

irreducible representation with the highest weight 4 and the lowest weight

M then R* is the irreducible representation with the highest weight — M =

—'wy 4 and the lowest weight —4 = —'wy M, where w, € W is the element
defined in 7°.
6) The transformation v = —'w, is an automorphism of /1. If g is simple and

different from sl,(C) (n = 3), 504,,,(C) and E¢ then v = e. For the remaining
simple Lie algebras v is determined by the only nontrivial symmetry of
the Dynkin diagram of /7. If g is not simple then v acts on /T componentwise.
(Hint: apply Exercise 2.19).

A representation R is called self-dual if R* ~ R.

7) If g is a simple Lie algebra different from sl,(C), (n = 3), s04,+,(C) or E4 then
any irreducible representation of g is self-dual. For the remaining three types
an irreducible representation is self-dual if and only if its numerical labels
are symmetrically located on its Dynkin diagram.

8) Let H be the three-dimensional connected simple subgroup of G corre-
sponding to the principal three-dimensional subalgebra h = g (see Exercise
2.28). If R is an irreducible representation with the highest weight 4 and the
lowest weight M then there exists in V' a subspace invariant and irreducible
with respect to R(H) and containing V4, V). In this subspace, R induces an
irreducible representation R,, of H, where m =Y, g1, 4,.

9) A linear representation R is self-dual if and only if there exists a non-
degenerate bilinear form on V invariant with respect to R(G).

10) Iffor an irreducible representation R there exists a nonzero bilinear form on
V invariant with respect to R(G) then this form is non-degenerate and either
symmetric or skew-symmetric; any two invariant bilinear forms are propor-
tional to each other.

A linear representation R is called orthogonal if it preserves a non-degenerate
symmetric invariant bilinear form and symplectic if it preserves a non-degenerate
skew-symmetric invariant bilinear form. Any self-dual irreducible representation
is, clearly, either orthogonal or symplectic.
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11) The representation R, of SL,(C) is orthogonal if k is even and symplectic if
k is odd. Any irreducible representation of SO4(C) is orthogonal.

12) Let R be an irreducible self-dual representation with highest weight 4 and
A, = A(h,)(x € IT) the numerical labels of the highest weight. R is orthogonal
if ¥ 4emt.A, is even and symplectic if this number is odd. Here , are the
coordinates of the vector 2pY = Zaezt; aY in the basis 11V = {h,: a € IT}.
Thanks to Exercise 2.5p" = ), g 7,v, where m,. € t(R) are the fundamental
weights of the root system 4.

13) Deduce from Exercise 12 the following rule for determining whether a
self-dual irreducible representation of G is orthogonal or symplectic. Find
the sum of numerical labels of the highest weight corresponding to the black
vertices in the connected components of the Dynkin diagram of G of the
types indicated below (other types give zero contribution). The representa-
tion is orthogonal if and only if this sum is even and symplectic if it is odd.

A4q+y O—0—: - —e@—:--—0—o0 (the black vertex is the middle one).

Big+15 Bage2 oO—o0— - - - —o=>8

Cyy e—0—o— - —e=—0
Crgt1 &—O0—e— - - —Ot—2
Dyg+2 o—o0— - —<<:
2
E; o0—o0 I —O0—8
-14) Express the criterion of Exercise 12 in the following form: let z, € Z(G) be -
the element defined by the formula

zo = 6(p") = expmip");

an irreducible self-dual representation R is orthogonal if R(zy) = E and
symplectic if R(zq) = —E.

A connected semisimple Lie group G is called a group of adjoint type if it
satisfies either of the following equivalent conditions: Z(T) = Q or Z(G) = {e}
or n,(G) = n,(dg).

15) For any semisimple Lie algebra g there exists a unique up to an isomorphism
group of adjoint type with the tangent algebra g. Such a group is the adjoint
group Ad G for any connected Lie group G with the tangent algebra g.

16) Any self-dual irreducible linear representation of a group of adjoint type is
orthogonal. '
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Let G be a connected semisimple Lie group, R4, ..., R,, its linear represen-
tations, R = R, ...R,,.

17) The weights of R are of the form 4, + - -+ 4,, where 4; € @, . Then
V), ® @V, c(V®® Vit 44,

18) 1f v, is a highest vector of R; then v, =v,, ® " Qv Isa highest vector
of R.

Suppose G = G; x *** x G, where G;’s are simple groups.

For any irreducible representation R;: G;— GL(V;) we can define an irre-
ducible representation R;: G — GL(V)) setting Ri(g;,...,9,) = Ri(9).

19) Let R;: G; —» GL(¥)) be an irreducible representation for each i =1, ..., m.
Then R, ... R, is an irreducible representation of G in the space V; ® - ®
V... Recover its highest weight from the highest weights of Rs.

20) Conversely, any irreducible representation of G factors into the product of
R;s obtained by the above method from some irreducible representations
R; of G,. The representations R; are determined uniquely.

Let TPV be the p-th tensor power of a vector space V. Let APV and S”V be its
exterior and symmetric powers. Any representation R: G — GL(V') induces the
p-th tensor power TPR = R” in the space T?V, the p-th exterior power AR in
APV and the p-th symmetric power SPR in S?V.

21) T?R ~ A*R @ S?R. (For p > 2 the similar statement is false!)

22) Find the representations of the tangent algebra g corresponding to 4”R and
SPR.

2) Viy Ao AV, APV )i Vi Vi, € 8PV g

24) If v, is a highest vector of R, then v is a highest vector of S’R and its weight
18 pA.

25) Let R be an irreducible representation with the highest weight 4 and
{vy,...,v,}, wherev; € V, , alinearly independent system of its weight vectors
with the minimal possible sum ), ¢; <, ht(4 — 4;), where ht(y) (the height of
a weight y € P)is the sum of coordinates of y in the basis consisting of simple
roots. Then v; A -+ A v, is a highest vector of A”R.

26) The diagrams of the identity representations Id of the classical simple Lie
groups are the following:

SL,(C), n > 2: o0—o0— —0—o0
SO2,+1(C),n = 2: o0—o0— —0=—0
SO, (C): o

SOLCLn>3 b o <

sz,,(C), n 2 1: o0 -——C){:-:O
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27) For the indicated values of p the representations A” Id are irreducible and
their diagrams are the following;

SL,(C),n>2: O o oo p<n—1,
SO,,.(C), n = 2: OO s —— -+ —o=30 p<n—1,
50,0 n>3 o o ... L _O<‘; p<n—2

(the unit occupies the p-th place.)

28) The representation S” Id of SL,(C) is irreducible for all p, its diagram is
6—o0—+—o—o and §” Id ~ R, forn = 2.

29) Using Theorem 5 prove that SL,(C) and Sp,,(C) are simply connected and
n,(80,(C)) = Z, for n = 3.

In Exercises 30-33 R is a locally faithful linear representation of a connected

semisimple Lie group G, p = dR, T a maximal torus of G.

30) If we identify t(R)* with its image with respect to ‘p~! then the character
lattice Z'(R(T)) is identified with the sublattice L, = Z(T) generated by the
weights of R. The lattice Ly is generated by the lattice Q and all highest (or
all lowest) weights of R, and the dual lattice is of the form

LE = {xep": A(x) € Z for all the highest (lowest weights of R}
31) Z(R(G)) = p"/LE = Lg/Q;  KerR = LE{/H(Z) = %(T)/Ly.
32) A representation R is faithful if and only if its weights generate 2(T) or if
L} = t(2). :
33) R(G) is a group of adjoint type if and only if Ly = Q. If R is irreducible
then this is equivalent to the fact that the weight system &, contains a zero
weight.

Denote by Spin,(C) the simply connected covering group for SO,(C),
nz=3.
34) We have the following isomorphisms:

Spins(C) = SL,(C),
Spin,(C) = SL,(C) x SL,(C),
Spins(C) = Sp,(C),

Sping(C) = SL,(C).




if

§3. Existence and Uniqueness Theorems 199

35) A connected semisimple Lie group admits a faithful irreducible representation

if and only if its center is cyclic.

36) The following representations of Spin,(C) are faithful:

10.

11.

13.
17.
18.
21.

23.

O—O— - - - for odd n

1
—0=0
1
o———o——0< forn=4k + 2, ke”Z
1
—o< + o——o———-o< forn=4k, keZ

1
Hints to Problems

By induction in the length m of a word verify that the words of the form (1)
constitute a subalgebra of a.

Make use of Problems 1.44 and 2.21. A

Making use of Problem 1 and relation (2) show that t 4+ fi" +fi” is a
subalgebra of g§.

The identity §, = { follows from the invertibility of 4 and the linear indepen-
dence of the elements A;.

First prove that the ideal m = § does not contain any h, if and only if
m~ 1= 0. Then show that any ideal m is of the form m = &, m N §,. To
prove that m¥ are ideals notice that

[/, i*]ct+r", [é.alci+n.

Follows from the fact that any non-zero ideal of g contains at least one of
the elements h;. ’

Apply Problem 1.25 (more precisely, its generalization to any linear represen-
tations of g).

Let r, = r, be the reflection corresponding to the root a;. By Problem 1.40
r(A4) = A — A;0; is a weight of the representation p in the subspace spanned
by the vectors v; _; ,vg. By Problem 1.250v; ;€ VA_,,[I,l —may, This implies
that 4; > 0.

Make use of Problem 3.

Follows from the commutative diagram of Problem 15.

Make use of the existence of the representation p, for any A4, ..., 4,.
Problem 8 implies that the subspace p'(m~)(V) is g-invariant. Ifp'(m™)#0
then p'(m™)(V) = V, vy € p'(m™) (V) which contradicts Problem 19. To prove
that p’(m*) = 0 consider the subspace ﬂxem* Ker p'(x) invariant with respect
to g and containing vg.

Prove that the elements of the form (ad f;)...(ad f,-p)(ad h;,)...(ad h; )(x)
(p,q = 0) form an ideal of g belonging to n".
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27. Expanding (ad p)'q = 0 we see that the product p'q is presented in the desired
form.

28. The vector v = p(ﬁ)”"“vg is obviously a weight vector of weight A —
(4; + 1)a;. By a straightforward verification p(e,)v = 0 for all k. Problem 19
shows that v = 0.

29. For p(e;) this is clear from Problem 19. To prove the local nilpotency of p(f;)
consider the subspace U, = ( J,, Ker(p(f;))". Problem 28 shows that U, # 0.
By a straightforward verification U is invariant with respect to p(h,) and
p(e,) for all k. Finally, with the help of formula (11) and Problem 27 applied
to p = p(f;) and q = p(), it is not difficult to show that U, is invariant with
respect to p(f,) for any k. This implies that U, = V.

30 It suffices to prove that any weight vector belongs to a finite-dimensional
subspace invariant with respect to p(g”). Let 2 € Q. Consider the subspace

U=V,® (@ p(e.-)'"Vr) @ (@ p(fi)"'Vr).

It is easy to verify that U is invariant with respect to p(g"”’) and Problems 20
and 29 imply that U is finite-dimensional.

31. It suffices to consider two cases: h = h; and o;(h) = 0. In the first case the
statement of the problem reduces to the statement concerning SL,(C) which
can be verified directly. In the second case it is necesary to prove that p(h)
commutes with w; but this follows from the fact that p(h) commutes with
p(hi)v p(ei)’ p(f;)

33. In the orbit of y under W, choose an element y, with the minimal sum of the
coefficients in its linear expression in terms of a,, ..., o, and consider the
elements r,(y, ).

34. Thanks to Problems 32 and 33 we may assume that (4,0;) > 0 for all i.
Making use of Problem 19 we get (4 — 4, 1) > 0.

35. Under the conditions of the problem h ¢ Ker p for any i. Then apply

- Problem 22. -

36. Let a be a commutative ideal of a and a 3 0. By Problem 22 k; € a for some
i but then e; = 4[h;, ¢;] € a contradicting the commutativity of a.

38. Make use of Problem 5 and linear independence of the forms a, ..., a,.

41. The group G* is the image of the simply connected group SL,(C) with
respect to the homomorphism @, = &, (see 1.6°); it is simply connected if
and only if @, is injective, ie. t, = @, (—E) # e. It is easy to see that t, =
exp(nih,). The condition (13) implies the existence of a character y € Z(T)
such that (dy)(h) = 1. Then y(z,) = exp(ni(dy)(h)) = — 1 so that t, # e.

42. Clearly, T = T™"... T". Let 1, € T™ be elements such that ¢, ..., = e. Con-
dition (13) implies the existence of characters y; € Z(T) (i = 1,..., i), such that
dy; = m; (fundamental weights). We have y,(t;...1,) = x,(t,) = 1. Let t, =
exp(2nic,hy), where ¢, € C. Then y,(t,) = exp(27ic,)so thatc, € Zand 1, = e.

43. Make use of Theorems 1.2.4, 2.4 and Problem 2.27.

44. Make use of Theorem 3.1.10.

|
:




45.

48.
49.
50.
51

52.
53.

54
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Such is e.g. the sum of the irreducible representations with highest weights
Ty,..., mexisting thanks to Theorem 4. The representation is faithful thanks
to Problem 1.39.

Make use of the fact that Z(G) = {expx: xet, e = 1 forall a € 4,}.
Make use of the relation Ker p = Z(G).

Make use of Diagram (15).

Let p;: G, — G; be a simply connected covering of G, (i = 1,2) and T. < G,
T; = G, the maximal tori corresponding to t;. The isomorphism ¢ determines
an isomorphism &: G, — G, such that the diagram

P

T, T

where &, & are defined as in (14), commutes (see Problem 49). Theorem 8
implies that @(Ker p,) = Ker p, so that @ determines the desired isomorphism
.G, - G,. _

Make use of Theorem 1 and Problem 51.

Let A be the Cartan matrix of g. It follows from (2.6) that the isomorphism
7' — P sending the set (k;,..., k) to ¥ | <;<; k;7; maps Q, onto Q and there-
fore induces an isomorphism 7(A4) — n(4,). With the subgroup Z(T)/Q <
n(4,) associated is an isomorphic subgroup Z < m(A). Theorems 9
and 10 imply that the correspondence G+ (A, Z) determines the desired
bijection.

The uniqueness of the representation with given highest weight follows from
Theorems 2 and 1.2.4. Let A € Z(T) be a dominant character. By Theorem
4 there exists an irreducible finite-dimensional linear representation p: g —
gl(V) of g with the highest weight 4. By Theorem 1.2.6 p = dR for an
irreducible representation R: G — GL(V), where G is a simply connected
covering group of G. By Theorem 8 the kernel of the covering ¢: G — G is
of the form Ker ¢ = &(t(Z)). On the other hand, it follows from Problem 10
that @z € 2(T) whence we derive that R(Ker ¢) = e so that R determines the
desired linear representation R: G — GL(V).

. Let B* and B~ be the Borel subgroups of G corresponding to the Weyl

chambers C, and —C, (see 2.3°). It follows from Problem 1.24 that

‘nyB*ng' = B~ and nyB ng' = B*.
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§4. Automorphisms

In this section we study automorphisms of the complex semisimple Lie alge-
bras. First we prove that the group of outer automorphisms (see 1.3.10°) of 4
semisimple Lie algebra is isomorphic to the group of automorphisms of its
Dynkin diagram. We then study semisimple automorphisms of a semisimple Lie
algebra g up to conjugacy in Aut g. The main result is an explicit description of
classes of semisimple automorphisms whose eigenvalues are of absolute value .
This description, involving the affine Dynkin diagrams, is due (in case of periodic
automorphisms) to V.G. Kac, but its proof presented in this book essentially
differs from the original one (for an exposition of the latter see [6]) and goes back
to the well-known paper by F.R. Gantmacher [38]. Especially important for us
is the description of classes of involutive automorphisms since it will be used in
Ch. 5 in the classification of real simple Lie algebras. At the end of the section
we consider semisimple automorphisms of simply connected semisimple Lie
groups and we prove that the set of fixed points of such an automorphism is
connected. All Lie groups and Lie algebras are defined over C; (-, -) denotes the
Cartan scalar product on a semisimple Lie algebra.

1°. The Group of Outer Automorphisms. Let g be a semisimple Lie algebra. In
this section we calculate the group Autg/Int g of its outer automorphisms (see
1.3.10°). As it is known, Aut g is a linear algebraic group whose tangent algebra
is the algebra of derivations der g. The ideal ad g < der g is isomorphic to g and
therefore is algebraic. Clearly, the corresponding connected algebraic normal
subgroup of Aut g coincides with Int g.

Let b be a maximal diagonalizable subalgebra in g. Let 4, be the root system
with respect to b and I7 = 4, a base. Each automorphism 6 € Aut g is the dif-
ferential d@ of an automorphism @ of the connected algebraic group G with the
tangent algebra g (e.g. of the automorphism @(a) = §af~! of G = Int g). Applying
Problem 1.24 we see that if 6(b) = b then 6(h(R)) = h(R) and '0(4,) = 4,. Since
0 preserves the Cartan scalar product, ' € Aut 44. Now consider the subgroup

Aut(g,b, IT) = {0 € Autg: 0() = b,'0(IT) = IT).

Assigning to an automorphism 6 € Aut(g, b, IT) the automorphism (‘0|17)"! e
Aut IT we get a homomorphism

n: Aut(g, b, IT) —» Aut I1.
Let us prove that # is surjective. For this fix a canonical system of generators
{h,e,,e_n(a € IT)} of g associated with §) and I7 (see 3.2°). By Theorem 3.1 for

any t € Aut /7 there exists a unique automorphism ¢ € Aut(g, b, I7) such that

f(ha) = hr“l(a)’ f(ea) = er"(a)a f(e—a) = e-—r“(o’z’) (O( € H) | (])
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Clearly, the map {: t+> 1 is a homomorphism of Aut /7 into Aut(g,b IT) such
that n{ = id. We see that  isomorphically maps the subgroup AutlT =Im{ c
Aut(g, b, IT) onto Aut I1. Tt is also clear that

Aut(g, b, IT) = Kern x Aut I7.

Denote by H = exp ad h the maximal torus of Int g corresponding toad ) ~ b.
Clearly, H < Kery.

Problem 1. Keryn = Aut(g,b, I7) nIntg = H, therefore Aut(g,b, /1) =H %
Auat 11,

Now we extend 7 to a homomorphism of the whole group Autg onto Aut /7
(the extended homomorphism will be denoted by the same letter 7).

Problem 2. Autg = Aut(g,b, I7)- Int g.
Problems 1 and 2 imply
Theorem 1. Autg = Intg x Aut I1. In particular, Autg/Intg ~ AutZl. The

corresponding homomorphism n: Aut g — Aut IT coincides with n: 0+ (‘0|11 )"t on
Aut(g,b, I7).

Problem 3 (Corollary). The group Int g coincides with the identity component
of Autg and the different connected components of Aut g are the sets n i) =
(Int g) for different T € Aut IT. The Lie algebra der g coincides with ad g.

2°, Semisimple Automorphisms. Let 6 be an automorphism of a semisimple
Lie algebra g which is a semisimple linear transformation, g(4) = gthe eigenspace
of 6 corresponding to A € C*. Then
g= @ 9.

AeC*

Problem 4. [g(1), (1)1 < g(Au) for any 4, u € C*. In particular, g(1) = {x € g:
f(x) = x} is a subalgebra of g.

®

Denote g(1) by g°.

Problem 5. (g(4), (%)) = 0 for any 4, u such that Ap # 1. The scalar product is
non-degenerate on g(4) + g(1/4) for any 4 e C*.

Theorem 2. If g # 0 is a semisimple Lie algebra and 0 € Aut g is a semisimple
automorphism then g° # 0.

Proof of this theorem is an immediate corollary of the following Problems 6-9.

Problem 6. Any nilpotent element x € g presents in the form x = [x, y], where
VEgQ.

Problem 7. If ¢° = 0 then g(4) does not contain non-zero nilpotent elements
for any A € C*.
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Problem 8. If 4 € C* is not a root of 1 then g(4) consists of nilpotent elements.
If all eigenvalues of # are roots of 1 then, clearly, 6™ = e for certain positive
integer m so that all eigenvalues are of the form ¢!, where ¢ = e27i/m,

Problem 9. If 6™ = ¢ and g(¢') = 0 for 0 <! < k < m then g(¢*) consists of
nilpotent elements.

Problem 10. The subalgebra g’ is a reductive algebraic subalgebra of g.

Our aim is the classification of semisimple automorphisms up to conjugacy in
Aut g. The first step in this direction is the proof of the fact that any semisimple
automorphism 6 is conjugate to an element of Aut(g, b, I7 ) where b and IT are
defined in 1°. For this we make use of ¢°. Let t be a maximal diagonalizable
subalgebra of g° and 3(t) its centralizer in g.

Problem 11. The subalgebra 3(t) is invariant with respect to 0 and is a maximal .

diagonalizable subalgebra of g.

Problem 12.In t, there exists an element regular with respect toh; = 3(t). There
exists a system of simple roots /7, of g with respect to by; such that ‘9(/7,) = I1,.

Problem 13. There exists a € Int g such that afa™! € Ht < Aut(g, b, IT), where
T = 5(0).

Therefore it suffices to consider automorphisms taken from cosets H? — tH,
where 7 are different elements of Aut I7. Denote by T, the subtorus of H which
is the identity component of the subgroup Z() = {he H: tht™! = h}. Clearly,

T, = exp(adt,), where t, = " = h n g°. Now we wish to show that any element
of TH is conjugate to an element of the subset £T..

Problem 14. The subspace Im(‘c — ) = b coincides with t:. The torus H locally
splits into the direct product of tori: H = T,H,, where H; = {t"'hth™': he H}.

Problem 15. For any 0 e tH there exists he H such that hOh™ etT,. In
particular, tH consists of semisimple automorphisms. ~

Problems 13 and 15 imply

Theorem 3. Any semisimple automorphism 0 € Autg is conjugate to an auto-
morphism from the set tT,, where t = y(8), T, = exp(ad b°).

Problem 16. If automorphisms a,, a, € Aut g are conjugate in Aut g then #(a,),
1(a,) are conjugate in Aut 77. Conversely, ift, = 0t,07!, where t,,1,,0 € Aut 11,
thent,T,, = 6(¢, T, )6 .

Theorem 3 and Problem 16 imply that the problem of classification of semi-

simple automorphisms of g up to conjugacy reduces to the following two
problems:

a) find the conjugacy classes of Aut I7;
b) for some representatives 7 of various conjugacy classes of Aut 77 classify the
elements of 17T, up to conjugacy in Aut g.
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Problem a) belongs to the theory of finite groups. We will only consider this
problem for simple Lie algebras g, when it is trivial. Most of this section is devoted
to the solving of Problem b).

Let again t € Aut I1. Consider the automorphism 7 and the subspace t, = b
Let r: h* — t* be the restriction map. Clearly, r(44(h) U {0}) = 4(t,) L {0}.

Problem 17. dim t, equals the number of orbits of the cyclic group {t) in II.
For a, f € IT we have r(x) = r(f) if and only if « and f belong to the same orbit.
If o € 44(b) and r(a) € r(IT) then o € II. The different elements of IT, = r(IT) form
a basis of t* and each element of r(4,), the set coinciding with A(t,), is expressed
in terms of elements of I1, with integer coefficients of the same sign. The central-
izer 3(t,) coincides with §. For any 6 € tH the subalgebra t, is a maximal diago-
nalizable subalgebra of g°.

Problem 18. Let automorphisms 0,, 6, € tT, be conjugate in Autg, ie. 0, =
g0, g7 for some g € Aut g. The automorphism g can be chosen so that g(t,) = t,,
gtg~' e tT..

In Aut g, consider the subgroup S, = () T,. Clearly, S, = {t) x T,. Therefore
S, is a quasitorus in Autg and S? = T, (see 3.2.3°). Let N, be the subgroup of the
normalizer N(S,) of S, in Aut g consisting of g € N(S;) such that a(g) transforms
T, into itself, i.e. induces the identity automorphism of S,/T,. Let , be the group
of automorphisms w(g) of S, induced by the automorphisms a(g) for g € N..
Problem 18 implies

Theorem 4. Two automorphisms 0,, 0, € £T, are conjugate in Autg if and only
if 0, = w(B,) for some w € Q,.

To describe the orbits of the group Q, on the set 1T it is convenient to go over
to the simply connected covering space a of the manifold £T;, which is an affine
space with the associated vector space t,. Here, instead of ,, the group of trans-
formations of a covering the transformations from €, is to be considered. This
group turns out to be very close to the group of affine transformations generated
by reflections with respect to some affine hyperplanes. These hyperplanes corre-
spond to some affine functions on a, which will be called affine roots of the pair
(g, 7). The following two subsections are concerned with the construction of affine
roots and the corresponding root decomposition.

3°. Characters and Automorphisms of Quasi-Tori. Consider an algebraic quasi-
torus of the form

S=<d) xT,

where T = S is a torus and a an element of order k. Let t be the tangent algebra
of the groups T and S. As we have seen in 3.3.2°, any character y of T is uniquely
determined by its differential d,y € t*. We want to show that any character of
the quasi-torus S is determined by a family of affine functions on an affine space
with the associated vector space t.
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Denote 4 = aT and let 7:a — 4 be a covering with the simply connected
covering space a. Observe that t may be considered as the simply connected
covering space of T, the covering&:t— T being defined as €(x) = exp(2mix). Let
pu: T x A— A be the natural simply transitive action of the group T on 4, je.
u(t,b) = bt. Fix a point g e a, such that (@) = a. By the property (F ) of simply
connected coverings (see 1.3.3°) there exists a unique differentiable map ji:
t X a— acovering i and such that 7(0,4) = 4. '

Problem 19. The map /i is a simply transitive action of the group t on a and
thus defines on a g structure of an affine Space with the associated vector space
t. The action j does not depend on the choice of a point a such that n(d) = a.

Denote by ¢.: a — q the translation by x e t, i.e. set

L) =ia(xy)  (xetye a).

A character 1 e & (S) is uniquely determined by its values on A. In fact, if 4] 4
is known, then so is A(a) e C* and for any te T we know A(r) = Alat)A(a)™.
Consider the covering &: C — C* defined by the formula €(z) = 2miz. By the
property (F) of simply connected covering spaces there exists a differentiable
function 1: a —» C covering A. This function is uniquely determined by its value

-~
Py

A(@) which is chosen Up to an arbitrary integer summand.
Problem 20. Any function J covering A € Z(S) is an affine function with the

~ 1
linear part di e t* and i) e EZ' Conversely, an affine function ¢: a0 - C such

1 . : . .
that ¢(4) e X Z whose linear part is the differential of a character of T covers some

character of the quasi-torus S.
Set

a(R) = {yea: i(y) € Rforany le Z(S)}.

Problem 21. We have a(R) = {t,(d): x e t(R)}. Thus a(R) is a real affine space
with the associated vector space t(R). Each function A covering le I (S) is
completely determined by its restriction to a(R).

Therefore, to each character A€ Z(S) we have assigned a family of rea] affine
functions on a(R), any two of them differing by an integer summand. Any of these
functions 4 completely determines /.

Similar considerations may be applied to the automorphisms of the quasi-

this sort is uniquely determined by its restriction to A. Moreover, the transforma-
tion ¢|A admits a covering @: a — a, which is uniquely determined by its value
®(d) = z. The element z € q may be an arbitrary element satisfying n(z) = o(a).




sted
sted
Let

le.
ply

and
ace

Al A
)7L
the
ble
lue

the

ich

ice
' 1S

ine
2se

1S1-

of
1a-
lue

its
ed

o]

§4. Automorphisms 207

4°. Affine Root Decomposition. Now we consider the quasi-torus S, = (1) X
T., where 1 is a fixed automorphism of a system of simple roots /7 (see 2°). The
tangent algebra of S, is ad t,. It is convenient to identify it with t, with the help
of the isomorphism ad. Thus in our case t = t,.. We also have A = 1T, a = £.

For any affine space B over a field k denote by B” the vector space of all affine
functions B — k. Clearly, dim B” = dim B + 1. If ¢: B, — B, is an affine map of
affine spaces then the formula ‘

(‘p(@))(x) = ale(x))

determines a linear map ‘o: By’ — B;".
Let ¥ < Z(S) be the set of all weights of the identity representation of S in g.

Then

g=@P g

e

~ where g* # 0 is the weight subspace corresponding to 4. The affine functions

1 € a(R) corresponding to the weights A € ¥ will be called affine roots of the pair
(g, 7); the set of all affine roots will be denoted by 4* = a(R)". Since the affine
root A covering a weight 1 is completely determined by its linear part o = d4 and
the number s = (@), we write 1 = (a, 5). Clearly, here o € 4(t,) U {0} is a weight

. . ) . -1 .
of the identity representation of Int(g) with respect to T, and s € EZ’ where k is

the order of t. We will write gI = g*. If (a,5) € 4" then (o, s + m) € A"foranyme Z
and g% = g™ We have g = ) ;. s°6°

Problem 23. 4° generates a(R)".

Problem 24. If ¢ = (a, 5) € 47 then g° = g, N g(&*), where g, is the root subspace
corresponding to o € @,, and g(e°) is the eigenspace of ¢ with ¢ = e*™*. Further-
more,

ge)= Y ¢, 8= ) ¢

£=@.s) £=(.s)
Problem 25. For any &, n € 4° we have

E+n T
. cg ifé+ncd.
[s%g"19 _ :

=0 otherwise.

The roots with zero linear parts are called imaginary and the other roots are
called real ones. Denote the sets of imaginary and real roots by 4j, and 4,
respectively. Problem 24 implies that

h= Y o

sedin
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It turns out that the real roots have a number of properties similar to the usys]
Properties of roots and weights. To prove this we will make use of some three-
dimensional subalgebras of g as in 1.6°. For any ¢ = (a,s), 1 = (B,1) € 4° write
(& n) = (& B), <&In> = {a|B). If ¢ € A7, then the element hy € 1,(R) determined by
(1.5) will also be denoted by he.

Problem 26. For any ¢ € 4° we have —¢ e A°, If { € 47, then [g%,g7¢] = Chey.

Let e, € g%, e_, e g7¢ be elements such that Lese_s] = hy. Then the map
e sl,(C) — g defined by the formulas

!/fg(e) = €, Ye(f) = €_s ‘/’c(h) = h‘é

is an isomorphism of s[,(C) onto the subalgebra {ege_gh:y g
Let £ € 4}, n € A°. The set {led " {=n+1 (I € 2)} is called the E-string of

r

roots through .

Problem 27. Let £ ¢ 4i.. Then the &-string of roots through # € 47 is of the
form {n + IE(—p <1< )}, where p, g > 0 and P—q==lE>. I (n, &) < 0 then
n +éeA’,andif(q,f)>0then11——§e.d‘.

Problem 28. For any ¢ € 47, we have dim o°=11f¢e A, ce Rthen ¢ e A
ifand only ifc = —1, 0, 1.

Problem 29. Under the notation of Problem 28 we have (ad e:)PTIgTre £ 0. 1f
Cedi andn,n + & e A then [g% "] # 0 and if ¢ + n € 45, then [gf, g"] = g5+,

In g, consider the reductive algebraic subalgebra gf = g(1). By Problem 17
t. = g»% is a maximal diagonalizable subalgebra of g°. Problem 24 implies that

¢’= P ¢ 2)
&=(a,0)

Problem 30. The subalgebra g has the zero centralizer in g and, 1in particular,
is semisimple. The system I, = r(IT) is its system of simple roots with respect to
t.. The root system 44t coincides with the set of o e t(R)* such that (a,0) e a4z,

A root ¢ = (a,5) € A" is called positive if either s = 0 and « belongs to the set
A4z of positive (with respect to I1,) roots of g¥ or s > 0. If A is the set of all
positive roots then 4™ = A4 {0} U (—4). A positive root is called simple if it
does not split into the sum of two positive roots. Let IT* « A™ be the system of
simple roots. Clearly, (,0)e I"ifae IT,.If ¢, nell"and £ # 5 then ¢ — neda.

Problem 4 applied to 6 = ¢ implies that for any s = m/k, where m € 7, the
adjoint representation of g in g transforms the eigenspace g(e*) of £ into itself.
The corresponding representation of g° in g(¢*) will be denoted by ad,. Clearly,
(w)ed <=ac ®,,.. Now we will establish the relationship between simple roots
and lowest weights of the representations ad,. (See 3.7°.)

Problem 31. The lowest weights of all representations ad; are non-zero.
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Problem 32. If (o, s) € 77 and 5 > 0 then o is a lowest weight of the representa-
tion ad,. In particular, IT* < A4,. If « is a lowest weight of ad,, then (0 —o,s) ¢
A" for all o' € Ay, If, moreover, (B,t) ¢ A for all f # 0 and 0 < ¢ < s then y =
(o,s) € I17 and e, is the corresponding lowest vector.

Problem 33. Any £ € 4™ presents in the form ¢ = Y yemk,y, where k, arc
non-negative integers.

5°. Affine Weyl Group. Let again a be the complex affine space covering the
manifold 4 = £T,, a(R) its real form defined in 3°. Notice that the associated
vector space t,(R) is a Euclidean space with respect to the Cartan scalar product
on g. So a(R) is an affine Euclidean space. Denote by I(a(R)) its group of motions.

Let O, be the set of all affine transformations & of a covering the transforma-
tions w|A, where w € Q.. By Problem 22 we may identify Q. with the corre-
sponding set of transformations of a(R).

Problem 34. The set O, is a subgroup of I(a(R)). The natural homomorphism
O, - Q. is surjective and its kernel is {t,: x & t,(Z)}.

Problem 35. For any w e &, we have w(4") = 4" If w = ar)(\g-j, where ge N_,
then g(g°) = g™ "'© (¢ e 47).

The definition of &, easily implies that Theorem 4 can be reformulated as
follows:

Theorem 4'. The automorphisms 0, = n(y,), 0, = n(y,), where Vi, Vs €, are
conjugate in Autg if and only if y, = w(y,) for some we Q..

Each real root ¢ € 4}, determines the hyperplane P, = {yea(R): &(y) = 0} in

a(R). The connected components of the set a(R\{Jee 4, P will be called chamberf.

Clearly, the chambers are open convex sets in a(R). Problem 35 implies that €,

~ permutes the hyperplanes P; and chambers. Let us show that it acts transitively

on the set of all chambers. To this end denote by r: the orthogonal reflection
with respect to the hyperplane P, where ¢ € 4}, and prove that r, € Q..

- Consider the homomorphism ¢, = (ad) - y;: s1,(C) » ad g (see Problem 26)

and denote by @,: SL,(C) — Int g the Lie group homomorphism such that d®, =

' 0 1
¢§.Letn¢=¢¢<<_1 O))elntg.

Problem 36. We have ne(t;) =t. If = (a,s) then n/t(R) coincides with the
reflection r, with respect to the hyperplane Ker a.

~ Problem 37.1f £ = (o, s) then

herefore n, € N,. The reflection re covers the transformation w(n,) and there-

re belongs to ..

Let W, be the subgroup of 3, generated by the reflections r, for all ¢ € 4F,. The
up W, is called the affine Weyl group associated with t e Aut 7.
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Now we will establish certain properties of the affine Weyl groups similar to
those of the Weyl groups (see 2.4°). In precisely the same way as for the Weyl
chambers we define the notion of a wall of a chamber.

Problem 38. The walls of any chamber are of the form P,, where e 4] .
Conversely, any hyperplane P;, ¢ € 4}, is a wall of a chamber.

Theorem 5. W, acts simply transitively on the set of all chambers. If Dy is a fixed
chamber and P; , ..., P; , where ¢, ..., { € AL, are its walls then the reflections

Te,s -, I, generate the group W..

Theorem 6. The closure D of any chamber D is a fundamental set for the group
W., i.e. intersects each orbit of this group at a single point.

Problem 39. Let y,, y, € D, where D is a chamber, and let w € &, be such that
y, = w(y;). Then w can be chosen so that w(D) = D.

Now, show that the system of simple roots I7° defined in 4° determines a
chamber D, in the same way as any system of simple roots of a usual root system
determines a certain Weyl chamber (see 2.2°). Set

Dy = {yea(R):y(y) > Oforall ye IT*}. (4)

Let us prove that D, # (. From formula (2) we see that the correspondence
ar>(a,0) is a bijection of the root system A of g® with respect to t, onto the
subset of affine roots of the form (o, 0), & # 0. The bijection x > ¢,(d) of the space
t.(R) onto a(R) maps the hyperplane P, = Ker a onto P, o, and the Weyl chamber
{x € t,(R): «(x) > O for all a € I1,} onto an open cone C, < a(R) with vertex a.
Clearly, Dy o U N C,y # .

Our arguments also imply that the Weyl group W(qg') of g° is identified with
the subgroup of W, generated by the reflections of the form r, (), (¢,0) € 4;...

Problem 40. The set D, defined by (4) is a chamber. We have
Dy = {yea(R):y(y) > 0forallye IT*}.

The chamber D, defined by formula (4) will be called the fundamental chamber.

Cleary, any element x € t, is uniquely expressed in the form x = u + iv, where
u, v € t,(R). We will write u = Re x, v = Im x. Any y € a is uniquely expressed in
the form y = t,,(z), where v € t (R), z € a(R). We write z = Re y.

An automorphism 6 € 1T, will be called canonical if 6 = 7(y) where y € a and
Re y € D,. Theorems 4, 6 and Problem 39 imply.

Theorem 7. Any automorphism from 1T, is conjugate to a canonical automor-
phism. If canonical automorphisms 8, = n(y,)and 0, = n(y,), where y; € i, Re V€
D, (i = 1,2), are conjugate then there exists a motion w € Q, mapping D, onto itself
such that w(Re y,) = Re y,.

Let us consider the case T = id. In this case (R) coincides with the Euclidean
vector space h(R) considered as an affine Euclidean space. The system of real
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roots is of the form

45 = {(o,5): 0 € 45,5 € Z}.

We will denote the group W, by W. It contains the Weyl group W of the root
system 4 as a subgroup.

Problem 41. r, yr, = t_, foranyoe d;and se Z.

Problem 42. The group W splits into the semidirect product W = Q" »x W
(here Q is identified with the corresponding group of parallel translations in the

space h(R)).

Problem 43. Let 7 = id and let D be an arbitrary chamber. Then the set D A oY
consists of a single point.

6°. Affine Roots of a Simple Lie Algebra. In this subsection we assume that g
is simple and we find an explicit form of the system of simple roots I7° and the
fundamental chamber for all 7 € Aut IT.

Problem 44. For any t € Aut /7 the algebra g is simple.

The groups Aut /T of all simple Lie algebras are listed in Table 3. This list
shows that a non-trivial automorphism t € Aut I7 exists only when g is a Lie
algebra of type A, (n > 2), D, or E,4. For all these algebras except D, there exists
a unique automorphism t # id of order 2. If g = D, then in Aut 7 ~ S5 there
exist, beside {id}, two classes of conjugate elements containing all elements of
order 2 and 3 respectively. Thus k can only equal 1, 2, 3.

Problem 45. The set 4}, is the cyclic subgroup of a(R)" generated by the root
(0, 1/k).

Let IT* = 4° be the system of simple roots defined in 4°. Problem 27 implies
that (&, #7) < Ofor any &, n e IT7, & # y. Therefore the linear parts of the roots of
IT* (non-zero by Problem 32) are different and constitute non-acute angles. Let
¥ < A(t,) be the system of linear parts of affine simple roots.

Problem 46. Let IT, = {a,,...,0,}. The system of simple roots I7* is of the
form IT* = {yo,7;,..., 3}, where y; = (¢,,0) (j = 1,...,n), y, = (ag, 1/k), ag is the
(unique) lowest weight of the representation ad, - The system ¥ = {ag,a,,...,
o} is indecomposable. The system I7° is linearly independent and forms a basis
of a(R)". If 7 = id then «y is the lowest root and ¥ = T is the extended system
of simple roots of g.

Problem 47.

%= — ) no, (5)

where n; are positive integers. If we set n, = 1 then

Y. my; = (0, 1/k). (6)

0<j<!
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Problem 48. The matrix 4 of ¥ with the elements a; = {a;la;> is an indecom-
posable affine Cartan matrix.

Recall that all indecomposable affine Cartan matrices were listed in 2.7°. Now
we will find the affine Dynkin diagrams corresponding to the automorphisms
T € Autll. It suffices to choose a representative of each conjugacy class of
elements of Aut /1.

Problem 49. To the above mentioned automorphisms t € Aut /7 the affine
Dynkin diagrams denoted in Table 6 by L® where L, is the type of a
simple Lie algebra g and k is the order of T correspond. Thereby, to the identity
automorphism of the system of simple roots of L, the extended Dynkin diagrams
LY corresponds.

In Table 6 listed are also the numbers m; defined in Problem 47. By Problem
2.43 these numbers are uniquely determined by ¥ as non-zero and non-negative
relatively prime coefficients of a Z-linear relation between the elements of this
system.

Problem 49 implies that any connected affine Dynkin diagram corresponds
to an automorphism 7 associated with a simple Lie algebra. Therefore there
is a bijection between the automorphisms of the systems of simple roots of
simple Lie algebras considered up to conjugacy and the connected affine
Dynkin diagrams.

Problem 50. The fundamental chamber D, is a simplex and under the notation
of Problem 46 it is determined by the inequalities

The walls of D, are the hyperplanes P, (j=0,1,...,1).

7°. Classification of Unitary Automorphisms of Simple Lie Algebras. An auto-
morphism 6 € Aut g is called unitary if 6 is semisimple and all its eigenvalues u
satisfy [u| = 1. For instance, any automorphism of finite order is unitary. In this
section we will describe the classes of conjugate unitary automorphisms of simple
Lie algebras g. By theorem 3 and Problem 16 it suffices to consider the unitary
automorphisms taken from the sets £T,, where 7 runs over the set of representa-
tives of classes of conjugate elements of Aut I7, I being a system of simple roots
of g, and by Theorem 7 we may confine ourselves to canonical automorphisms.

Problem 51. An automorphism 6 = n(y), where y € q, is unitary if and only if
Y € a(R). In particular, the canonical unitary automorphisms are the automor-
phisms of the form n(y), where y € D,,.

Let g be simple. Then by Problem 46 the system of simple roots II° = A" is of
the form 177 = {y,,y,,...,7,}, where

Yo = (aO’ l/k), yj = (OCj,O) (] = 1791)

Clearl
uet(l

Ac
numesl
to this
on the
a simf
are ca
diagre

Pro
where
by iso

No

The
and n
isomo;
tween
type 1
k. Uni
are K
diagrc

Prc

Pro
t(R)*
that #

For
numb
hand,
Probl
Bell
any o

Pro

there -



»v < v

w

§4. Automorphisms 213

{oty,...,0,} = II, is a system of simple roots of g’. An element u € a(R) is com-
pletely determined by the real numbers u; = y;(u) (j = 1,...,1). Set uy = yo(y). By
(6) we have

nu; = 1/k. (7)

0<j<!
Thanks to Problem 40 the condition y € D, is expressed in the form

w>0 (j=0,1,...,0. (8)

J

Clearly, for any u; e R (j = 0,1,...,1) satisfying (7) and (8) there exists a unique
u € t(R) for which y,(u) = u; (j = 0,1,...,]).

A connected affine Dynkin diagram whose vertices are endowed with real
numerical labels u; satisfying (7) and (8), where k is the number corresponding
to this diagram, will be called a Kac diagram. Clearly, the Kac diagrams based
on the affine Dynkin diagram corresponding to an automorphism t € Aut 77 for
a simple Lie algebra g depict different elements of D, < a(R). Two Kac diagrams
are called isomorphic if there is an isomorphism of the underlying affine Dynkin
diagrams such that the corresponding vertices are endowed with the same labels.

Problem 52. If g is simple and canonical automorphisms 6, = n(y,), 8, = n(y,),
where Re y;, Rey, € Dy, are conjugate in Autg, then Re y,, Re y, are depicted
by isomorphic Kac diagrams.

Now we formulate the main result of this section.

Theorem 8. Let g be simple. Then two unitary canonical automorphisms 7(y,)
and n(y,) are conjugate in Autg if and only if y,, y, € D, are depicted by
isomorphic Kac diagrams. Therefore there exists a bijective correspondence be-
tween the classes of conjugate unitary automorphisms of a simple Lie algebra of
type L, and the classes of isomorphic Kac diagrams of types L® for all possible
k. Under this correspondence with the classes of inner automorphisms associated
are Kac diagrams of type L'V and to the classes of outer automorphisms Kac
diagrams of types L'* and L correspond.

Proof is based on Problems 53-56.

Problem 53. Let g be simple and let { € Aut ¥ be a linear transformation of
t,(R)*. Then there exists an automorphism n € N, of g commuting with £ such
that 'n = { in t,(R)*.

For any a € 4(t,) set k, = dim g,. Problems 24 and 28 imply that k, equals the
number of residue classes s + kZ € Z/kZ such that («,s/k) € 4°. On the other

~ hand, k, coincides with the number of f € 4,4 such that r(f) = a. If « € 11, then
- Problem 17 implies that k, is the length of the orbit with respect to {t) of any
~ Be Il such that r(f) = «. In particular, k,|k. If g is simple then k, = 1 or k for
anyaefll,.

_ 1
Problem 54. Let v € t,(R) be a vector such that a(v) € k—Z for all « € I1,. Then

 there exists x € h orthogonal to t, such that v — x € §(2).
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Problem 55. Let v € t,(R) satisfy the conditions of Problem 54. Then 1, = gmqj)
for some he HN N..

Problem 56. Let a motion w e I(a(R)) be such that ‘w(I1°) = IT*. Then w € ..

Proof of Theorem 8. By Problem 52 it remains to prove that if y, and y, are
depicted by isomorphic Kac diagrams then n(y,) and n(y,) are conjugate. The
isomorphism of the Kac diagrams determines an affine transformation w of a( R)
such that y, = w(y,) and ‘w(IT%) = IT*, and that the corresponding linear trans-
formation { belongs to Aut ¥. By Problem 53 { is an orthogonal transformation,
hence w is a motion. By Problem 56 we &, and the theorem follows from
Theorem 4'. []

A special class of unitary automorphisms is formed by the finite order auto-
morphisms.

Problem 57. Let g be a simple Lie algebra, m a positive integer. The order of
a unitary canonical automorphism 6 € Aut g equals mif and only if the numerical
labels on the corresponding Kac diagram are of the form u; = s;/m, where s;

(j=0,1,...,1) are non-negative relatively prime integers, such that
m=k Y ns,. 9)
o<l

Problem 57 implies that the Kac diagram corresponding to a periodic auto-
morphism is completely determined by the underlying affine Dynkin diagram
and a set of relatively prime non-negative integers s,, s,, ..., s,. If we want to
classify automorphisms of order m they should satisfy condition (9).

8°. Fixed Points of Semisimple Automorphisms of a Simply Connected Group.
Let G be a simply connected semisimple complex Lie group. Recall (see 1.2.10°)
that the group Aut G of automorphisms of G is naturally isomorphic to the group
Aut g of automorphisms of its tangent algebra. By Corollary of Theorem 3.6, G
is an algebraic group and by Theorem 3.3.4 any automorphism of G is poly-
nomial. An automorphism @ of G is called semisimple if so is the corresponding
automorphism 6 = d® € Autg.

The aim of this subsection is to prove that the algebraic subgroup G° = G
consisting of the fixed points of a semisimple automorphism & € Aut G is con-
nected. By Problem 1.2.31 the tangent algebra of this subgroup coincides with
g°. Applying Theorem 2 and Problem 10 we see that G® is reductive and of
positive dimension if G # {e}.

Theorem 9. If @ is a semisimple automorphism of a simply connected semisimple
Lie group G then G®is connected.

Let g be a semisimple element of G. Then the inner automorphism a(g) is
semisimple so that the subgroup Z(g) = G*® is reductive. By Corollary 1 of N
Theorem 3.3.9 there exists a maximal torus H of G such that g € H < Z(g)°. An
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element g is called regular if H = Z(g)° and singular otherwise. Clearly, the
regularity (or singularity) of an element is preserved under the action of any
automorphism of G. In particular, two conjugate semisimple elements of G are
either simultaneously regular or simultaneously singular. Therefore in order to
describe the set of singular elements it suffices to describe singular elements
belonging to a fixed maximal torus.

As above, consider the covering &:h — H defined by the formula &(x) =
exp(27ix). Problem 3.46 and Theorem 3.5 imply that Ker & coincides with the
lattice Q" generated by the dual root system 4 (b). For any a € 4 and se Z
denote by P, ,, the hyperplane in b (not in h(R) as in 5°), defined by the equation
a(x) + s = 0. Clearly, x € P,y <> Rex € P, yand Imx € P, o) = F,.

Problem 58. An element &(x), where x € ), is singular if and only if x € P,
for some a € 4, and s € Z.

Proof of Theorem 9. By Theorem 3.2.1 every unipotent element of an algebraic
group belongs to its identity component. Thanks to the Jordan decomposition
(The(gem 3.2.6), it suffices to prove that every semisimple element g € G® belongs
to (G°)°.

First let g be a regular element of G and H = Z(g)° the unique maximal torus
that contains it. Then @(H) = H. Consider x € [ such that g = &(x). Problem 58
implies that Re x belongs to one of the chambers D into which the space h(R) is
divided by the hyperplanes P, ;. Since the boundary of every chamber contains
an element of 0¥, we may assume that 0 e D. The identities &(0(x)) = O(&(x)) =
&(x) imply that y = 0(x) — x € Q. Clearly, 0 transforms b(R) into itself, permutes
the hyperplanes P, ,, and the chambers. Since y = 6(Re x) — Re x, the chamber
6(D) = D + y contains on its boundary the points 0 and y of the lattice Q.
Problem 43 implies that y = 0. Therefore x € b and g € £(b°) = (H®)° < (G®)°.

Now consider the general case. Set U = Z(g)°. Then &(U) = U. A maximal
torus of U? will be denoted by S.

Problem 59. The group H = (Z(g) n Z(S))° is a maximal torus of G containing
g and S.

Let us prove that the coset gS = H contains a regular element. Let all elements
of this coset be singular. Choose x € b such that g = &(x). Then by Problem 58
the plane x + s is contained in one of the hyperplanes P, .

Problem 60. If x + s = P, ,, then G = H.

Since G is a simple three-dimensional subgroup, this contradicts Problem
59. Therefore there exists s, € S such that gs, is a regular element. Since gs, € G®
the above implies that gs, € (G®)°. Therefore g€ (G®)°, too. Theorem 9 is
proved. []

This proof is due essentially to A. Borel. For another proof of this theorem (in
a somewhat more general setting) see [48].

Concluding, let us show how to calculate the subalgebra g’ for a unitary
canonical automorphism 6 of a simple Lie algebra g with the help of the Kac
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diagram. Let ug, uy, ..., u, be the numberical labels of the Kac diagram of 6 such
thatu; =-- =y, =0 and the other u; # 0.

Problem 61. dim Z(g°) = n — ¢ and the derived algebra (g%’ is a semisimple
subalgebra of g whose system of simplerootsis {a; ,..., a; }. The Dynkin diagram
of (g°) is the part of the Dynkin diagram of the system ¥ = {og, 000,00 0,
formed by the vertices with the numbers i 1> ---» i, and the edges that connect
these vertices.

Exercises

In exercises 1-4 the notation of subsections 2°—5° is used.

1) If y € a(R) is stable with respect to some w e W, then w is the product of
reflections with respect to the hyperplanes P; passing through y.

2) The group W, does not contain reflections with respect to the hyperplanes
different from p: (£ € 47,).

In Exercises 3-16 we assume that g is simple and we use the notation of 6°
and 7°. In particular, ¥ = {o0,a,...,00} and 4 = (a;) is the matrix of ¥. As it
is known, the angle between ; and «; equals 6, = n(1 — 1/n;), where n,; = 1,
n;=2,3,4,6, o (i #j), if my = aza; =0, 1, 2, 3, 4 respectively. Set r=r,
(i=0,1,...,1). By Theorem 5 and Problem 46 the r’s generate W,

3) The generators r, (i = 0, 1,..., I) of W, satisfy the relations

(rirj)n'.j =e (11)

foranyi,j=0,1,..., nsuch that n; < 0.

Consider the group W with generators 7; (i = 0, 1,..., 1) and defining relations
(11) with r; replaced by #.. Denote by ¢ the homomorphism of W onto W, sending
fi in r;. Consider an auxiliary topological space X = (W x D,)/S, where W is
assumed to be endowed with the discrete topology and S is the equivalence
relation defined by the formula 4

(0, %) ~ (whyX) if () = x

extended via transitivity. Determine the W-action on X by setting

wi(w, x) = (w;w, x)
and the map n: X — a(R) by setting

n((w, X)) = p(w)x.
Finally, let Y be the set of points of a(R) that belong to the intersections of
no more than two hyperplanes P; and set X, = n1(Y).

4) The space X, is pathwise connected and the map n: X, — Y is a covering.

5) Themapmrisa homeomorphism and ¢ is a group isomorphism. The relations
(11) are defining relations for Ww..

»

10
11

Eu
the
12
13
14
15

16)
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6) The vertices of D, are the points ¢ xa> (o € I1,), where {X,},. 7, is the

kn,
basis of the lattice t,(Z) dual to IT, and n, is the same as n; (see (5)).

7) The group &, coincides with the subgroup of motions w e I((R)) such that
'Ww(AY) = 4" :

8) Let 4 < t,(R) be the lattice consisting of v € t,(R) such that a(v) € . Z for all

a

;3 a € I, (see Problem 54). Let us identify A4 with the group of translations ¢,

(v € A) of {(R). Then A is a normal subgroup of @, and @, = 4 x Q,, where

‘5 Q, is the stabilizer of 0 in &, isomorphic to the group of orthogonal
transformations of t(R) induced by the automorphisms of g commuting
with 1.

9) We have W, = A, x W(qg%), where 4, c A is the sublattice with the basis

, 1
{;;— B0 0 € 170}. B

10) The elements e, (i = 0,1,...,1) generate the algebra g.

11) Let 6 be a unitary canonical automorphism of g, and u, u;, ..., u, the corre-

~ sponding numerical labels of the Kac diagram. Denote by ad, the adjoint
representation of g in the eigenspace g(e*™™) of 6. Any &, € ¥ is a lowest
weight of ad, . I s, is the minimal of s > 0 such that g(e*™*) # 0 then s,
coincides with one of the u;, the lowest weights of ad, are the «; such that
u; = sy and the lowest vectors are the e,

In Exerc1ses 12—-16 we assume that 7 = 1d In this case t,(R) coincides with the
Euclidean vector space h(R) considered as an affine space. The normalizer of
W = W, in I(H(R)) is denoted by N(W). The lattices in b(R) are identified with
the corresponding groups of translations.

12) W=W x QY, N(W)=Autd, x p¥ = G,

13) N(W) = AutiT x W.

14) The group Aut /7 coincides with the group of motions of h(R) transforming
D, into itself.

15) Aut fT = AutIT x L, where L is a commutative normal subgroup isomorphic
to n(4,) ~ m,(Int g).

16) The group n(4,) acts simply transitively on the set {o; e f7:n,=1}. In
particular, the number of elements of this set equals |(dg)l.

Hints to Problems

1. Tt suffices to prove that Kern < H. If 6 € Kery, then 0]h = e, fe,
e_, = c,'e_, (a € IT), where c, € C*. With the help of Theorem 3.1 verify
that 6 = exp(ad x), where x € by is an element such that a(x) = logc, (« € IT).
2. Make use of the fact that Intg acts transitively on the set of pairs § = b,
where b is a maximal diagonalizable subalgebra and b a Borel subalgebra
of g.
3. If (Autg)® +# Intg then the algebraic group (Autg)® is reducible since by
Theorem 1 it is the union of a finite number of disjoint algebraic varieties:
cosets modulo Int g. Concerning the last statement see 1.2.10°.
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Make use of Problem 1.6.

If x € g is nilpotent and z € 3(x) then (ad x)(ad z) is nilpotent implying (x, z) =
0. The invariance and non-degeneracy of the scalar product imply that
3(x)t = Im(ad x) so that x e Im(ad x).

If x € g(4) is nilpotent then by Problem 6 x = [x, y], where y € g. Taking
Problem 4 into account we may assume that y e g(1). If x 0 then y # 0.
Fora giveninteger i,0 < i < m, select a positive integer r such that k(r — 1)<
m — i < kr. Thenkr + i = m + t, where 0 < t < k, implying (ad x)|g(¢’) = 0.
Make use of Theorem 1.1 and Problem 5. To prove the algebraicity note that
ad(g’) is the tangent algebra of the algebraic subgroup {g € Int g: g6 = 6.
Since 3(t) is reductive (see Problem 1.28), it suffices to prove that 3(t) = 0.
Notice that 0(3(t)') = 3(t) and apply Theorem 2 and the equality 3(t)° = t.
If t consists of singular elements then t « Kera for some root o€ 4(l),)
contradicting Problem 11. Take for I7; the system of simple roots corre-
sponding to a Weyl chamber in b, intersecting with t.

Take for a an automorphism sending b into b, and transforming the Weyl
chambers corresponding to /7 and I7; one onto another (see Theorem 2.7).
Make use of the fact that g: h— £ 'hth™! is an endomorphism of the torus
Handd,g="7 —e.

Let 8 = th, where h € H. Applying Problem 14 and expressing & in the form
h=tt7"h th' = t7'h,tth{', where t € T,, h, € H, we see that h;'0h, € tT..
Under the isomorphisms h(R)* — h(R) and t,(R)* — t,(R) associated with the
Cartan scalar product (see 1.4°) the automorphism z: h(R)* — h(R)* is iden-

. : . . 1
tified with £ = 77! and r with the averaging operator = = — Y. £’ wherce
0<j<k—1

k is the order of 7. Clearly, the different elements n(up) (B € IT) form a basis
of t,(R). This implies the statements on dim t, and (/7). Since each y € dg 1s
expressed in terms of /7 with the coefficients of the same sign, r(y) is expressed
in terms of 71, with the coefficients of the same sign. In particular, r(y) # 0
for all y € 4. Therefore 3(t,) = b and 3(t,) ng® = t, for any 0 € tH.

Make use of the conjugacy of the maximal diagonalizable subalgebras of ¢%2.
Follows from the fact that 4(t,) generates t,(R)* (see 1.4°) and that (0, 1) € 4".
Similar to Problems 1.27 and 1.30.

Similar to Problem 1.42.

Similar to the proof of Theorem 1.6.

Similar to Problems 1.43 and 1.44.

The description of the root system 4¢ given in the prgblem follows from (2).
To prove that 7] is a system of simple roots for g°, it suffices (thanks to
Problem 17) to verify that /T, = 44 Butif f e ITthen x = Y o<1 €up # 0
and x € g*®-9 implying r(f) € 44:. If z € 3(g°) then by Problem 17 z € b, and
[z,x] = 0 implies f(z) =0 forall e II,ie. z = 0.

Let x, be a lowest vector of the representation ad, corresponding to the
weight 0. Then [e,, x,] = 0 for all a € 45z Indeed, if this is not so then the
system of weights of the representation of the three-dimensional subalgebra
Chy,e,, e, in the invariant subspace spanned by the vectors (ad e,)™x, (see




34.

36.
37.

38.
39.
40.

43.
44.

46.

47.

48.

50.

52.

53.

54.

§4. Automorphisms 219

3.2°) is not symmetric. Therefore x, belongs to the centralizer of ¢ con-
tradicting Problem 30.

Use the invariance of the Cartan scalar product with respect to all auto-
morphisms.

Similar to Problem 1.37.

Verify that t@.(x)t™" = @.(cxc” Yforall x € s1,(C), where ¢ = diag(e
This implies that ®,(g)t™" = P(cgc™") for all ge SL,(C). Settmg g=

ms nis)

0 1 : :
( ) 0) we get (3). Since r, is the linear part of the affine transformation

., (3) implies, by Problems 22 and 36, that n(r,(y)) = n.n(y)n;* for y € a(R).
Similar to Problems 2.18 and 2.19.

Use Theorems 5 and 6.

To prove that D, is a chamber make use of Problem 33. The formula (4) is
proved similarly to the corresponding statement of Problem 2.18.

Make use of the inclusion @V < W and Theorem 6.

Identifying r with the projection 7: h(R) — t,(R) (see Hint to Problem 17) it
is easy to show that (r(«),r(8)) = 0 for o, f € IT if and only if the orbits of o
and f are orthogonal to each other. By Theorem 2.2 this implies the statement
of the problem.

By Problem 45, g(e) # 0. If a, is a lowest weight of the representation ad,
then 7, = (&g, 1/k) € IT* (Problem 32). Since I, is indecomposable and o, #
0, we see that ¥’ = {ag,ay,...,o} is indecomposable. By Problem 2.45 the
indecomposable component of ¥ containing ¥’ coincides with ¥ implying
¥ = ¥’ The linear independence of I7° follows from Problem 33 and from
the equality dima(R)" =1 + 1.

Problem 17 implies validity of the expression (12), where n; € Z. Since ¥ is
indecomposable, Problem 2.45 implies that n; > O for all j.

The admissibility of ¥ follows from Prob]em 217.

Problem 2.18 implies that the P, (j = 1,...,1) are the walls of the chamber
D,. Formula (5) implies that CO NP, # @ Therefore p,, is also a wall of
this chamber.

By Problem 5 there exists w € &, such that w(Re y,) = Re y, and w(D,) = D,.
Applying Problems 46 and 28 we see that w determines an automorphism
of the Dynkin diagram of ¥ which is an isomorphism of our Kac diagrams.
Notice that {(/1,) = 4,4t In case T = id this is obvious since ¥ = T (Problem
46). If 7 # id then { = id except for the cases when ¥ is of the type A%, or
D{%) (see Table 6). In the latter two cases the only nontrivial automorphism
{ is the transposition of o, with one of the roots a; € I1,. As is clear from
Example 4 in 2.5°, we have a, € 4,:. Theorem 2.9 implies that { € Aut 4
and {(/1,) is a base of 44 Applying Theorem 3.1 we get an automorphism
u € Aut(g’) transforming t, into itself and such that ‘u = { on t*. Incaset = id
the desired automorphism is u. If 7 # id and ¢ # id then g is of the type B,
or C, (see Table 7). By Theorem 1 all automorphisms of g° are inner ones so
that y extends to an automorphism of g commuting with .

We have b(Z) = Q*, where Q is the root lattice in h(R)*. If {z;: fe [T} is a
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basis of h(Z) dual to /7 then the elements x, = Z,(,,)=a zg (o € I1,)) form a basis
of the lattice t,(Z) dual to I1,. It is directly verified that x,/k, — z; € thif
a = r(p). Foreach a € IT, choose § € ITsuch that r(f) = o.Ifv € t (R) satisfies
the conditions of the problem it presents in the form v =), 11, la(ke) 7 X4,
where [, € Z, implying v — Y, ;7. l,z5 € 7.
Problems 54 and 14 imply that v = ‘tzx — x + z, where x e}, z e h(2). If
h = £(x)e H then hth™ = £&(v), so that he N,. It is easy to verify that
w(h) = yt,.
Let s € O(t.(R)) be the linear part of w. Then ¢, € Aut . By Problem 53 s
extends to an automorphism (denoted by the same letter) belonging to N,
and commuting with £. Express w in the form w = t,0, where ¢(d) = d and
t,(d) = w(d). Clearly, o covers the transformation w(s) so that ¢ € Q_. To show
that t, € Q, it suffices to verify that v satisfies the conditions of Problem 55.
We may assume that v # 0. Then ‘w(y;) = y, for some j > 0. We deduce from
this that a;(v) = 1/k, o;(v) = O for i # j. If k = 1 then the needed conditions
are clearly satisfied. If k > 1 then k = 2 (see Hint to Problem 53). Since
s'o; = oy and since s commutes with £, we have 3q, N g(—1) = s(g™) # 0.
Therefore (a;, 1/2) € 4% implying k,, = 2,and v satisfies the desired conditions.
Apply the following statement, which is a consequence of Problem 2: if
Ced and & =Y ¢ kv, where kje Z then 0|g* = c-id, where ¢ =
e?™ Lo<s<tks?; Formula (9) follows from (7).
Show that the tangent algebra of the subgroup Z(&£(x)) coincides with b @
u(x) e Z Sa-
l@c{u)ce from Problem 1.28 and the fact that Adg is a semisimple auto-
morphism of the Lie algebra g that H is reductive. Let H = VZ,,, where V
is a connected semisimple normal subgroup and Zj the identity component
of the center of H. Then S = Zy. Clearly, @(V)= V. If dim V > 0 then
dim V® > 0 (Theorem 2) contradicting the maximality of the torus S in U°.
Therefore H = Z is a torus. Making use of Problem 3.3.26 we see thatg € H
and H is a maximal torus. '

See hint to Problem 58.

By Problem 10 ¢’ is a reductive algebraic subalgebra and by Problem 17 t,
is its maximal diagonalizable subalgebra. If 6 = n(u), where u € D,, then
=t @) cuez8 =t @Y sy, 8% where A, = {Ee A Eu)=0}. It is
clear from (9) that 4, consists of the roots expressed in terms of Vips oo Vi,
only. By (8) ¢ <[, hence {a;,,...,a;} is a linearly independent system. This
implies that the linear parts of roots from 4, constitute the root system for
g’ and {o; ..., } is its base.




