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QUANTITATIVE MARKED LENGTH SPECTRUM RIGIDITY

(M, g) closed negatively curved Riemannian manifold

» Marked length spectrum (£)

function whose values are lengths of closed geodesics
» Rigidity

Lg=Lg, = 9 =90

» Quantitative rigidity

Lg=~Lgy, = g=Jo



THE MARKED LENGTH SPECTRUM

Setting: (M, g) closed negatively curved Riemannian

manifold

Fact: Every closed curve in

M is freely homotopic to a @
unique closed geodesic

Definition:

. conjugacy length of closed
L:g . H

class in (M) geodesic



MARKED LENGTH SPECTRUM RIGIDITY

Question: What does L, tell us about g?

Conjecture (Burns—Katok ‘85):

If (M, g) and (N, go) have r11(M) = n1(N) and Lg = Lg,,
then g is isometric to go.



DYNAMICAL SYSTEM

o' : T'"M — T'M geodesic flow
—
v/ p'v

sec(M) <0 = ¢'isan Anosov flow

{w|w tangent to a closed geodesic}
is dense in T'M

Anosov closing lemma



DYNAMICAL SYSTEM

(M, g) and (N, go) with fundamental group I
Let ', y' geodesic flowson T'"M, T'N

Fact: £, = L,, = ¢'and y'are conjugate, i. e.
there is a homeomorphism F: T'"M — T'N

such that F(otv) = W F(v).




KNOWN ANSWERS

Lo=Lg, = g =Jo

» dimension 2 (Otal ‘90, Croke ‘91)

» dimension at least 3, go locally symmetric
(Hamenstadt ‘97, Besson—Courtois—Gallot ‘95)

» locally (Guillarmou-Lefeuvre '18)



KEY QUESTION




SOME ANSWERS

» Local case (Guillarmou—Lefeuvre '18)
Estimate 1|9 — QOHH—%(M) in terms of Lg/Lg, — 1,

requires ||9 — gol/cx small

» Surfaces
constant curvature (Thurston ‘98)

best Lipschitz constant for L, (f:(y))
)

¢ :(M,g) = (N,go) - yESI:;lI()M) Lg(y
homotopic to f

variable curvature (B '22)

Lipschitz constant depends continuously
on L4/Lg, near 1



LOCALLY SYMMETRIC SPACES, DIMENSION AT LEAST 3

Theorem (B '22)

If (N, go) is locally symmetric withdim(N) > 3 and (M, g)
satisfies —b* < sec(M) < 0 and

L
(g L )
‘CQ

then thereis F: M — N and C = C(n, nq(N), b)with

1—Ce/80Y) L hot. <||dF|| <1+ Ce"/80 D) L hot



LOCALLY SYMMETRIC SPACES, DIMENSION AT LEAST 3

» Same volume (Hamenstadt '97)

If the geodesic flow of (N, go) has C' Anosov splitting,
then L4, =Ly, = volys(M) = volg, (N)

» Isometry (Besson—Courtois—Gallot '95)
If (N, go) is locally symmetric and dim(N) > 3 then
voly (M) = volg, (N)

h(g) = h(go) —> (M, g) isometric to (N, go)



VOLUME ESTIMATE

Theorem (B '22)

If the geodesic flow of (N, go) has C'*9Anosov splitting
and (M, g) satisfies

VOlQo (N)
volg (M)

(1 —Ce?)(1 —¢)" < < (T+Ce%)(14¢)".

For N locally symmetric, (1 = Ce) becomes (1 & C(n)e?)



VOLUME ESTIMATE

voly(M) is determined by u(T'M),

L GM =T'M/ ~
where U is Liouville measure

du = dA x dt

Liouville Lebesgue
currenton gM measure on orbits

GM = OM x OM \ A



VOLUME ESTIMATE du = dA X dt

Orbit equivalence F(op'v) = ¢* ) F(v) (Gromov)

~ ~

M N

Replace b(t,v) with ac(t,v) / b(s,v)



