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Abstract

We derive the variational formula of the Loewner driving function of a simple chord
under infinitesimal quasiconformal deformations with Beltrami coefficients supported
away from the chord. As an application, we obtain the first variation of the Loewner
energy of a Jordan curve, defined as the Dirichlet energy of its driving function.
This result gives another explanation of the identity between the Loewner energy and
the universal Liouville action introduced by Takhtajan and Teo, which has the same
variational formula. We also deduce the variation of the total mass of SLEg,3 loops
touching the Jordan curve under quasiconformal deformations.

Mathematics Subject Classification Primary 30C55 - 30C62; Secondary 30F60 -
60J67

1 Introduction

One hundred and one years ago, Loewner introduced [14] a method to encode a sim-
ple planar curve by a family of uniformizing maps (called the Loewner chain) which
satisfies a differential equation driven by a real-valued function. This method has
become a powerful tool in geometric function theory. It was instrumental in the proof
of Bieberbach conjecture by De Branges [5] (which was also the original motiva-
tion of Loewner) and was revived around 2000 as a fundamental building block in
the definition of the Schramm-Loewner Evolution [18]. On the other hand, quasi-
conformal mapping is one of the fundamental concepts in geometric function theory
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and Teichmiiller theory. Thus, we find it natural to investigate the interplay between
quasiconformal maps and the Loewner transform. We will further comment on the
motivation of this work and discuss follow-up questions in Sect. 4. We mention that
analytic properties of the Loewner driving function have been investigated in, e.g., [0,
12, 13, 15-17].

Our first result shows how quasiconformal deformations of the ambient domain
H = {z € C: Im(z) > 0} affect the driving function of a simple chord in H connecting
0 to oco.

Theorem 1.1 Let 1 be a simple chord in (H; 0, 00) under capacity parametrization
andv € L*(H) be an infinitesimal Beltrami differential whose support is compact and
disjoint from . For e € R such that ||ev| s < 1, let Y®" be the unique quasiconformal
self-map of H with Beltrami coefficient ev such that ¥°"(0) = 0 and ¥’ (z) — z =
O (1) as z — oo. Denote the capacity and driving functions of the parametrized chord
Y onin (H, 0, 00) by a®¥ and A*’, respectively. Then,

IAEY 2 / }2 1
! = _“Re / v(z)(ﬂ - —)dzz (1.1)
9 |o—o "4 H g@—A  z
and
dac” 1
il = —Re/ v(2)(g)(2)* — 1)d*z (1.2)
de |9 T H

where d*z is the Euclidean area measure, A. is the driving function of 0, g. is the
Loewner chain of n.

Our proof relies on the simple but crucial observation that the Loewner driv-
ing function and the capacity parametrization of the curve can be expressed by
the pre-Schwarzian and Schwarzian derivatives, respectively, of well-chosen maps
(Lemma 2.1).

We extend our considerations to the Loewner driving function associated with a
Jordan curve y C C = C U {00}, now defined on R instead of R. The loop driving
function was defined in [21] and can be thought of as a consistent family of chordal
Loewner driving functions. See Sect. 3.1 for the precise definition. We point out that
for a given Jordan curve, there are a few choices we make to define its driving function
t > A

e the orientation of y;

e apoint on y called the root, which we denote by y (—o0) = y(4+00) (we also use
y (£00) when we do not emphasize the difference between the start point and the
end point of the parametrization);

e another point on y, WhiE:h we call y (0);

e a conformal map Hy : C \ y[—o00, 0] — C \ R4, such that Hy(y(0)) = 0 and
Hy(y (400)) = 00, where y[—o0, 0] denotes the closed subinterval of y (as a set)
going from the root to y (0) following the orientation of the curve.
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Quasiconformal deformation of the chordal Loewner driving function...

Then, we can complete the continuous parametrization of y on (—o0, 0) U (0, +00)
in a unique way such that for each s € R, the chord y (- + s) traverses the simply
connected domain C . y[—00, s]in capacity parametrization. ! Moreover, the chordal
driving function of y (- +s) in C~ y[—o0, s]is given by .45 — Ay (see Lemma 3.2).

If the orientation and the root of y are fixed, different choices of y (0) and Hy result
in changes to the driving function of the form

A= (he2pg) — he2y) (1.3)

for some ¢ > 0 and s € R. Such transformations do not change the Dirichlet energy
of . Rather surprisingly, the Dirichlet energy of the loop driving function does not
depend on the choice of the root or the orientation either, as shown in [17, 20]. These
symmetries are further explained by the following theorem.

Theorem 1.2 (See [21]) The Loewner energy of y, defined as
L 1 oo 2
roy=5 [l (1.4
2 )

equals 1 /1 times the universal Liouville action S introduced by Takhtajan and Teo in

[19], defined as
S(y) —/ ‘f—<z> d2z+/ e
D* | &

Here, f : D — Qand g : D* — Q* are conformal maps such that g(c0) = 00, Q
and Q* are respectively the bounded and unbounded connected components of C\ y,
and g'(00) = lim,_, o0 g’(2). If v passes through oo, we replace y by A(y) where A
is any Mobius transformation of C sending y to a bounded curve.

2
d*z + 47 log (1.5)

g'(c0) |

Remark 1.3 Although it may not be so apparent from (1.5), it will follow immediately
from the definition of the loop driving function and (1.4) that / L is invariant under
Mobius transformations of C. See Remark 3.4. A Jordan curve for which S is finite is
called a Weil—Petersson quasicircle.

Using Theorem 1.1, we obtain in Sect. 3 the following first variation formula of the
Loewner energy. This formula coincides with that of the universal Liouville action S
in [19, Ch.2, Thm. 3.8] divided by , thus giving another explanation of the identity
It = S/m. This variational formula was crucial in [19] to show that S is a Kihler
potential of the Weil-Petersson Teichmiiller space.

Theorem 1.4 Let u € L™ (C) be an infinitesimal Beltrami differential with compact
support m(C\y Fore € Rwith |lept]loo < 1, let 0®* : C — Cbe any quasiconformal
mapping with Beltrami coefficient . Let y* = w®**(y). Then,

1 For the simplicity of notation, we assumed here that the capacity parametrization of y is bi-infinite. See
Footnote 3 for further details regarding this assumption.
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di 1L(y8“)=—iRe[ / 1w@L1f " 2) d%z + f u(z)ﬂg‘l](z)dzz], (1.6)
€le=0 T Q Q*

where f and g are the conformal maps in Theorem 1.2 and ./[¢p] = ¢" /¢’ —
(3/2)(¢" /¢")? is the Schwarzian derivative of ¢.

In the language of conformal field theory, this theorem states that the holomorphic
stress-energy tensor of the Loewner energy is given by a multiple of the Schwarzian
derivative of the uniformizing map on each complementary component of the curve.

Remark 1.5 The Loewner energy of y®* does not depend on the choice of the
solution w®* to the Beltrami equation, as all such solutions are equivalent up to post-
compositions by Mobius transformations of C.In[19], s is an L2-harmonic Beltrami
differential supported on only one side of the curve y. Here, we allow the support of
1 to be on both sides of y but require it to be disjoint from y.

Since the support of w is away from y, there exists a (not necessarily simply
connected) domain D containing y such that D N supp(u) = . In particular, w®#
is conformal in D. In [22, Thm.4.1], the second author showed that the change of
the Loewner energy under a conformal map in the neighborhood of the curve could
be expressed in terms of the SLEg,3 loop measure introduced in [26], which is the
induced measure obtained by taking the outer boundary of a loop under Brownian
loop measure [9, 11]. Combining this with Theorem 1.4, we immediately obtain the
following variational formula for the SLEg,3 loop measure.

Corollary 1.6 For every domain D containing y such that D N\supp(u) = &, we have

4 W (yH, o (D); C)

de |,

=3iRe [ / @)L Nz) d*z + f u(z)ﬂ[g‘ﬂ(z)dzz] (1.7)
T Q Q*

where W (y*, o®*(D)¢; C) denotes the total mass of loops intersecting both y*!* and
the complement of w®*" (D) under the SLEg3 loop measure on C.

2 Deformation of chords in the half-plane
2.1 Variation of the chordal Loewner driving function

Letn : (0, +00) — H be a continuously parametrized simple chord from 0 to co. For
general ), there exists a unique conformal map H \ 7(0, ] — H with the expansion

2al 1
z+—+4+0 — ] as z—> 00
Z z
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Quasiconformal deformation of the chordal Loewner driving function...

where a; > 0 is a constant known as (one-half of) the half-plane capacity of the curve
n[0, t]. We call t > a; the capacity function of . Let us denote Ty := lim;—, 1~ a; €
(0, +00]. 2 After an appropriate time change, we may assume that 7 is parametrized
by its (one-half) half-plane capacity: i.e., a; = t. The family of uniformizing maps
g - H~ n(0, t] — H satisfying

2t 1
gt(Z)=Z+Z+0Z_2 as z — oo

under this capacity parametrization is called the Loewner chain corresponding to 7.
The function [0, Ty) — R, t +— A; := g:(n(¢)) is called the driving function of the
curve 7.

We consider deformations of n under quasiconformal self-maps of H. Let v €
L°°(H) be a complex-valued function with compact support in H \ 7. The measurable
Riemann mapping theorem states that for ¢ € R with |¢] < 1/||v||cc, there exists a
unique quasiconformal self-map " : H — H which solves the Beltrami equation

#Y = (ev)d Y 2.1

and has ¥¢(0) = 0 and ¥®"(z) — z = O(1l) as z — oo. We adopt the following
notations, illustrated in Fig. 1.
e Denote the deformed chord by n®” := ¥*Y o 1.
o Letg/” : H~ n°¥(0, t] — H be the Loewner chain associated with the deformed
curve n¢'[0, t].
e Denote the driving function of 7°¥ by A7V := g7"(n°" (¢)).
e Note that n°” is not necessarily parametrized by its half-plane capacity. Denote
the capacity function of #°V[0, ¢] by a;”, so that g7V (z) = z + 2af"z‘1 +0(zZ ™D
as z — oo.

This section aims to prove Theorem 1.1. For this, we first express A7 and a;" in
terms of the pre-Schwarzian and Schwarzian derivatives of an appropriately conjugated
Loewner chain (Lemma 2.1). We then find the first variations of these derivatives using
the measurable Riemann mapping theorem (Proposition 2.2).

The centered Loewner chain

f1(@) = g1(2) — Ay, (2.2)
satisfies f;(n(z)) = 0 and
2t 1
f;(z)zz—kt—f—?—f—O(Z—z) as z — oo. 2.3)
Let ((z) := —1/z be the inversion map. Define the inverted Loewner chain by
1

fi@) =10 fiou(z) = (2.4)

Cfi(=1/2)

2 See [8, Thm. 1] for an example where T4 < co.
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Tt
Fig.1 A commutative diagram illustrating the quasiconformal maps and related Loewner chains in Sect. 2.1.

The gray shaded areas denote the support of the Beltrami differentials. The arrows in red are quasiconformal
maps, and those in black are conformal maps

0

T~hen, ﬂ : H\(tog(O, t]) — His the uniformizing map with normalization f,(O) =0,
f/(0) =1, and f; (¢t o n(t)) = oco. Combining the expansion (2.3) of f; at co with
(2.4), we see that as 7z — 0,

1

— 72+ 0E =202+ 0. 25
—z7l =, =2tz 4 02 M+ O )7+ 0(2). 25)

fi(z) = —

Similarly, define
fE(2) = g5"(2) =A% and fV(2) :== o £ 0 1(2). (2.6)

A calculation analogous to (2.5) using the series expansion of g7 at oo leads to
FY @) = 2= A2+ () =245 + 0z as 7 — 0. 2.7)

By the Schwarz reflection principle, f; and ff ¥ extend respectively to conformal maps
on C~.¢(n(0, t]Un(0, ¢]) and C~ ¢ (n® (0, t]Un?v (0, t]), where - denotes the complex
conjugate. In particular, they are conformal in some neighborhood of 0.

Recall that the pre-Schwarzian (also known as non-linearity) and Schwarzian
derivatives of a conformal map ¢ are, respectively,

7" " 3 7\ 2
No=L" and ygo:‘p—/—-(g”—/) . (2.8)
% ¢ 2\g

The chain rules for the pre-Schwarzian and Schwarzian derivatives are
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Nfogl=(Nfogg +#g and F[fogl=(Ff)og))+ ¢ (29)
for any conformal maps f and g such that f o g is well-defined.

Lemma 2.1 Consider f, and ff Y as conformal maps extended by reflection to a neigh-
borhood of 0. Then,

A = —%ﬂf,(O), AV = —%/ff“(O), and af’ = —%Yff”(O). (2.10)

Proof The lemma follows from inspecting the coefficients of (2.5) and (2.7). O

Let e, be the Beltrami coefficient of the quasiconformal map
= P oto Y oto fl =10 oy o £ ot 2.11)
In particular, 1}8‘7‘1 = 1o Y¥* o is the quasiconformal map which deforms ¢ o 77 to
ton®”. Note that y*" is conformal in a neighborhood of 0 and satisfies " (0) = 0,
(¥*")'(0) = 1, and y*" (00) = oo.

Proposition 2.2 Let v; be the Beltrami differential defined above. Then,

oY _ ERe/ Uy (2) — Vo(2) &2z
e |,_g 7 H 23
BTN AT
= - Re/HUo(Z)<ﬁ(Z)3 Z3>d z
__% ft/(z)z _l) 2 212
= nReAﬂv(z)(—ft(Z) . d°z (2.12)
and
da;” _ lRe/ Ve (z) — Vo(2) e
1 _(H@F 1N
= Re/HUO(Z)(f;(z)“ z4>d z
= lRef V(@) (f (2)* — 1) d%z. (2.13)
b4 H

Proof of Theorem 1.1 1t suffices to substitute f;(z) = g;(z) — A, in Proposition 2.2. 00

Proof of Proposition 2.2 We can extend VeV to a quasiconformal self-map of the Rie-
mann sphere C = C U {00} by reflecting it with respect to the real axis. The Beltrami
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coefficient for this extension of /" is b, where

v (z) ifz e H,
V:(z):=140 ifz e R, (2.14)
v (z) if z € H*.

Then, by the measurable Riemann mapping theorem,

o £ . 1 1
Y =¢ — —/ D1 (2) (— -—— %) d’z + o(e) (2.15)
T Jc z—2¢ Z z
locally uniformly in ¢ € C as ¢ — 0. Moreover, since 9, commutes with d; when

applied to ¥¢" and D, has a compact support in C ~. {0}, we have

. 2 (D 4 v
A e T I A
de |, wJc z s H <
. 6 1 12 v
L __/ b g, __Re/ O e
0€ |,—g 7 Jc 2 T H <

Since £V = % o f, 0 (Y¢%) "  and Y% (z), f;(z), and Y*™ (z) all behave as z+0(z)
as z — 0, we have from Lemma 2.1 and the chain rules (2.9) that

<241 = N JO) = AGTO) + A Fi0) = A T0)

= N PE(0) — 20 — N PE0(0), (2.18)
—12a;" = .7 f"(0) = LY (0) + 7 fi(0) — LY (0)
= yl/ff”’ (0) — 12t — LY (0). (2.19)

Combining these with (2.16) and (2.17), we obtain the first equalities in (2.12) and
(2.13).

Observe that ¥*" = fV o Y*0 o ft’], where f” and ff] are conformal maps.
Hence, by the composition rule for Beltrami coefficients,

L ~ f-;/(z)Z
= = . 2.20
v (f1(2)) = vo(2) EE (2.20)
Substituting (2.20) into (2.16) and (2.17), we have that
£ 2
2l o) = -2 Re / () 2L 2, (2.21)
de e=0 T H t(Z)3
9 10 = — 2 Re [ 50 1@ g2
5% szoyllf 0) = - Re/HUO(Z)f;(Z)“ d-z. (2.22)

We thus have the second equalities in (2.12) and (2.13).
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Finally, recall that %" = ; o ¥¢" o 1. Since the inversion map (({) = —1/¢ is
conformal,

It

To(—1/6) = v(©) (2.23)

Recall that f;(z) = —1/f;(~1/2), and hence f{(z) = f/(—1/2)/(zfi(=1/2))*
Substituting z = —1/¢ in (2.21) and (2.22), we obtain the final equalities in (2.12)
and (2.13). O

2.2 Variation of chordal Loewner energy

Let n : (0,74) — H be a simple chord from O to oo parametrized by half-plane
capacity (i.e., a; = t) and t +— A, be its Loewner driving function. The Loewner
energy of n (resp. the partial Loewner energy of n up to time 7 € (0, 7)) is

c 1 [, c 1T,
I“(n) == Ay dr  resp. I~ (0, T) == Ay dt
2 Jo 2 Jo

if A is absolutely continuous and A is its almost everywhere defined derivative with
respect to 7. We set IC(n) = oo if A is not absolutely continuous. If Ic(n) < +o00,
then Ty = +o0; see [23, Thm. 2.4].

We also define the Loewner energy of a simple chord n in a simply connected
domain D connecting two distinct prime ends a, b as

15,0, = 1%(p(m)

where ¢ is any conformal map D — H with ¢(a) = 0 and ¢(b) = oo. The partial
Loewner energy in (D; a, b) is defined similarly.

When ), is absolutely continuous, we can compute the first variations of 17" and
a;”.

Proposition 2.3 Foralle € (—1/||vllco, 1/lIVlloo), the functionst — A" —r; andt +—
a;” are continuously differentiable. Furthermore, if t — A; is absolutely continuous,
then t — A7V is also absolutely continuous and, for almost every t,

vt L f@* L f (z)z)
9e |,y —Re /H u(z)<12f[(z)3 23, o) 4 (2.24)
and
da”)  _ 4 fl@?*
de |omp R / VG )fz(z)2 (2.25)
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Proof From the Loewner equation d;g;(z) = 2/(g:;(z) — A;), we have

2/

0 (fi(@) +A) = - @
t

and 9 f/(z) =

z
ft(Z)

Recalling ft (z) = —1/ fi:(—1/z), it follows that ft’ (z) is continuously differentiable in
t.From (2.14) and (2.20), we see that (¢, ¢) > &1y is continuously differentiable. Then,
MY =k = =g (NP0 = AP O) andaf” —1 = — 5 (LY (0) =S Y(0)
are continuously differentiable in the same variables [1].

We can check directly from the integral representations of 9.4 ¢ (0) and
0. &8 U (0) that they are continuously differentiable in 7. If A; is absolutely con-
tinuous, then we have from (2.12) that for almost every ¢,

Gy
de

I A 0 I I A O))
om0 2 dedt em0 2 dtde Y

_.2 f/<z>2) 2
= Re/Hv(z)at( @ d°z.

Similarly, (2.13) implies

HEV
da;

oe

_ ! Re/ v(2) 3 (f/ (2)%) d’z.
e=0 T H

Using the formulas for 9, f; and 9; f/ above, we have

, f(2)? (f/(z)2> fl@* . fl2?
) 2) = 4L d o (= = 6L pPEA R
(@) =45 and T @ T e
This completes the proof. O

Proposition 2.3 allows us to compute the first variation of the chordal Loewner
energy for a finite portion of the chord n®”.

;orollary 24 Let T € (0,T4). Suppose A; is absolutely continuous on [0, T] and
A € L2([0, T1). Then,

(2
Jj:’t 83 A’z (226)

de

C/ ev 12 T,
I~ (0, T) = —Re/ V(Z)/ At
T H 0

e=0

Proof From Proposition 2.3, we see that ()lf”)z /atY is integrable on [0, T'] whenever
le] < 1/]v|leo- Moreover, we obtain that for almost every ¢ € [0, T],

245,
= Re [ v(z)
e=0 T H

d

de

isv 2 X 3).\8‘)
( ! ) :2)\,1 !

S EV
£=0 a; de

ft/(Z)
J1(2)

S EV
2004

22
3dz.

e=0 " de
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Since v is compactly supported in H \ 7, the integral on the right-hand side is contin-
uous in ¢ and hence bounded on [0, T']. Using the Leibniz integral rule, we conclude
dady

that
1 T 2 1 T ()'\’81))2
IC Y 0’ T —— d ev _ 1 dr
0. 7)) = 3 /0 Gafv| 4 =3 /0 =

T ' 1002
—rcao e [ 2Re| [ v a o+ oo
0o T H fi(@)

ase — 0. |

3 Deformation of Weil-Petersson quasicircles

In this section, we consider the Loewner chain for a Jordan curve by conjugating the
chordal Loewner chain by z > z2. This simple operation relates the integrand in (2.26)
to a Schwarzian derivative (Proposition 3.8) which leads to the proof of Theorem 1.4.

Convention. We take the branch of the complex square root function ,/z (or Z1/%)
on C to be the one with the image in HU R,..

3.1 Loop driving function

We first recall the definition of the Loewner driving function for a Jordan curve. See
Fig. 2 for an illustration of the maps used in Sect. 3.

Let y : [—o0, +00] — C be a Jordan curve where y(—o00) = y(4+00). We
choose a family of uniformizing maps H; : C \ y[—o0,t] — C ~ Ry such that
H:(y(t)) = 0 and H;(y (+00)) = oo for each ¢t € R. Note that each H; is unique up
to a real multiplicative factor. We fix a consistent normalization such that for every
s <t,Ho H;l(z) = 7+ 0(z) as z — o0. Note that it suffices to fix the map Hy and
then normalize H; for ¢ # 0 so that H; o H; ! has the correct asymptotic behavior.
This is possible since if we write

hi=H o Hy' and fi(2) = Vhi(22), 3.1)

then f; is a conformal map taking a some neighborhood of oo in H to another neigh-
borhood of co in H. Schwarz reflection applied to f; in a neighborhood of co shows
that f; is holomorphic at co. Normalizing %, as above is equivalent to normalizing f;
such that f;(z) = z+ O(1) as z — oo.

Definition 3.1 Define the (loop) driving function ¢t + A, and the (loop) capacity
function ¢ + a, from the expansion

2al 1
ﬁ(Z)=z—k;+7+0<W> as z — oo. (3.2)
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ool
0
*,[J/,E
vt
—

fi
£

|
-
}

o

Fig. 2 A commutative diagram illustrating the quasiconformal maps and related conformal mapping-out
functions in Sect. 3. The gray shaded areas denote the support of the Beltrami differentials. The arrows in
red are quasiconformal maps, and those in black are conformal maps

We always have Agp = a9 = 0 and r — a, is continuous and strictly increasing.
If a4 - 400 when t — =00, then we can reparametrize y such that a; = ¢ for
every 1 € R. In this case, we say that y is capacity-parametrized by R.> We remind
the reader that the capacity parametrization and the corresponding driving function
depend on the choices of the orientation of y, y (£00), ¥ (0), and Hy.

The reader may wonder about the different behaviors of the map f; depending on
the sign of ¢, which seem to give a different meaning to the term “capacity.” This
difference is not fundamental as the designation of the point of zero capacity on y is
artificial. We shall view the capacity given by f; as the “relative capacity” with respect
to our choice of the part y[—o0, 0]. Precisely, it means the following.

Lemma 3.2 Suppose y is a Jordan curve, capacity-parametrized by R, with driving
function t — \,. Then, for every s € R, \/Hs o y (- + 5) defined on Ry is a simple
chord in (H; 0, co) parametrized by capacity. Moreover, its chordal driving function
is given by A5 — Ag.

Proof When s = 0, n(-) = +/Hpo y(-) is a simple chord in H from 0 to co. For
t > 0, the conformal map &, takes Hy(C ~\ y[—o0, t]) onto C ~ R. Hence, f; is a
conformal map from H ~\ 7(0, 7] onto H. Therefore, when ¢ > 0, (3.2) simply means

3 Similar to the chordal case, a general Jordan curve y may not have infinite capacity at either end of the
root. A priori, a; — T+ ast — £o00 where T4 € (0, +o00] and T— € [—o0, 0). In other words, y may be
capacity-parametrized by a strict sub-interval of R. However, we show in Lemma A.1 that if / Ly) < +o0
(see Definition 3.5), then the capacity parametrization of y must be defined on all of R. Throughout Sect. 3,
we assume that y is capacity-parametrized by R.
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that 2a, = 2t is the half-plane capacity of 1[0, ¢] and (A;);>0 is the chordal driving
function of n by (2.3).

For general s € R, we note that (f;4s o fs_l)zzo is a centered Loewner chain
associated with the curve /H; o y (- + s5). Moreover, (3.2) implies

2(a;45 — a 1
ft+s0f;1(1) =z — (Ar+s —)»s)-i-%—i-O(Z—z) as 7 — 00

for all + > 0. Thus, f — A;q5 — Ay and t +— a,4 — a, are respectively the driving
function and the capacity function corresponding to the chain (f;4s o fs‘l),zo. In
particular, the assumption a, = ¢ for all # € R means that the chain (f;4 o f;]),zo
is also in capacity parametrization. O

Remark 3.3 The loop driving function generalizes the chordal Loewner driving func-
tion. If 5 is a simple chord in (H; 0, co) with driving function A : Ry — R, then the
Jordan curve y := r](~)2 U R, with the same orientation as n (from 0 to 00), root co,
y(0) = 0, and Hy(z) = z, has the driving function (Ar)rer Where &, = A, if 1 > 0
and A, = 0ifr <0.

Remark 3.4 Let y be a Jordan curve capacity-parametrized by R using the conformal
map Hy.If A : C — CisaMaobius transformation, thentheloop? — y(f) := A(y (¢))
has the same driving function as y when we choose its capacity parametrization using
the conformal map Hy = Hy o A~!. Moreover, the conformal maps corresponding to
H, and h; for y are I:It = H,0A ! and ﬁ, = ﬁt o FIO_I =H; o HO_1 = h;. Hence,
the map f; remains unchanged, and so are the capacity and driving functions.

Definition 3.5 The Loewner energy of a Jordan curve y is
1 [T,
IM(y) = —/ ifdr,
2 )

where (A;);er is the driving function of y described above. See also Lemma A.1.
Theorem 1.2 shows that this energy does not depend on the parametrization of the
curve (but we will not use this fact in our proof).

The next corollary is immediate after Lemma 3.2.

Corollary 3.6 Foralls < t, the partial chordal Loewner energy of y (s, t] in the simply
connected domain C \ y[—o0, s] is given by

C 1 ! 12
1€ oG =3 / hrdr

where the slit domain C ~. y[—o00, 5] is always understood with the two marked prime
ends being the two ends of y[—o0, s].

Proof 1t suffices to notice that v/Hy(-) maps C y[—00, 5] conformally onto HL.
Hence, the partial chordal Loewner energy of y (s, ] in C \ y[—o00, s] equals that
of «/H;(y (s, t]) in H, which has the driving function r + Ayy, — A, defined for
r € [0, — s] by Lemma 3.2. ]
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3.2 Variation of Loewner energy for a part of the quasicircle

We now consider deformations of a Jordan curve y. Let u € LOO(@) be a complex-
valued function with compact support in C - y. For e € R with |lepllco < 1, let

:C > Chbea quasiconformal homeomorphism which satisfies the Beltrami
equatlon

do = (ep)d 0™
Denote the deformation of y under the quasiconformal map w®* as
e = w** o y.
Again we choose a family of uniformizing maps H* : C \ y#*[—o0, 1] — C~ R4
with H " (y#*(t)) = 0 and H " (y®*(4+00)) = 0o, normalized so that H" o w®* o
H,_l(z) =z+o0(z)asz — ooforeacht € R.

We define analogously the chains (hf“ )ier and ( ff“ )teR, the driving function
(A;");er, and the capacity function (a;");cg. That is,

ht = H" o (Hé")_l and £ (z) = \/m

Then, by our choice of normalization, ;" (z) = z + o(z) and f " (z) = z+ O(1) as
7 — oo. We define A;" and a;" from the expansion

2a 1
@y =z-2" 4+~ +0< )asz—>oo.

Remark 3.7 The map w®*, and hence the Jordan curve y**, is unique only up to a
post-composition by some Mobius transformation. The choice of w®#* does not affect
our analysis, because the first step in it is always to apply the appropriately normalized
uniformizing map H " from C~ y&H[—o0, t] onto C \ Ry.

In this subsection, we translate Corollary 2.4 into an analogous formula for the
Weil-Peterson curve y and its deformation y*#. The following is the main result.

Proposition 3.8 Suppose s < t and 1€ (y (s, t]) < oo. Then,
C\y[—o0,s]

i c
de |, C\y“‘

(VE"[S 1) = 2 Re/ W) (S H(z) — S Hy(2)) d*z.
T C~y

(3.3)

The following lemma is a straightforward calculation used in the proof of Proposi-
tion 3.8.
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Lemma 3.9 Suppose A; is absolutely continuous. Then, for each z € Hy (C N V), the
Schwarzian % h;(z) is absolutely continuous in t. Moreover, for almost every t,

3 ()% .

a
Eﬁﬂh,(z) = _—4h,(z)5/2)w' (34)

Proof From the relation
Fhisu(2) = LThegu 0 by 1 (2)) - ()% + S hy(2),

we deduce

9 9
2 Shi(z) = —
o’ @ =g

, ) _
(Lhiu(@) — Lhi(2) = hj(2)* - ol Slhivuoh; N (2)).
0 Uly=0

u= u=

Hence, it suffices to show that

0

3
o Mo b () = d
u

o 4k, (2)3%

(3.5)

To see this, note that fu ‘= fr4uo f,_1 solves the Loewner equation (see Lemma 3.2)

~ 2 .
Oy u( ): = — AMtu-
Su(z 7. t+

Since 7, (z) == hyqu o h,_1 (z) = ﬂ(ﬁ)z, we have
duhi(2) = 2fu(N2D)0u fu(V2) = 4 = 20 1uh(2)'2.

Then, because ﬁo(z) =2z

(S hu(2)) . i am 35

v (duhu(@)],_y)" =4 =242 = ~ i (3.6)
Replacing z in (3.6) with /,(z), we obtain (3.5). This completes the proof. m]
Proof of Proposition 3.8 Let us first consider the case s = 0. Letting n(t) =

Hpoy(t)andn®(t) = \/Hé“ o yeli(t) = \/H(f“ o wf" o y(t),wehave n® = Yfon

where ¥¢(z) = \/ (Hog o wth o Hy 1)(zz). Let ev be the Beltrami coefficient corre-

sponding to the quasiconformal map ¥¢ : H — H. Let eug denote the Beltrami
coefficient of Hy" o w®* o Hy ' Then, v(¢) = ot (1 12/¢2).
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Substituting this v into (2.26) and letting ¢ = /z, since f;(¢) = Vhi(Z) and
@)/t = hi(2)/vhi(2), we get

de

2 1©)?
I1€mf O, T _—R/ f Ay 2 dr d?
(0, T) e | v® | hiSrrdrde

3 / nz)? .,
= —Re uo(z)/ h——2—dr d?z
' Jour, o Thi(2)3?

Applying Lemma 3.9, we have

e=0

i 4 (S h
o 1o, T])Z——Re/ ol )f W)
&le=0 0 C\R4+ ot
- _iRe/ po(2)SLhr(z) d*z.
T C\Ry

Recalling our definition of &40, we have wo(Ho(2)) = u(z)(H}(2)?/|Hj(2)|*). More-
over, from Hy = ht o Hy, we have

Shr(Ho(2)) - Hy(2)* = S Hr(z) —  Ho(2).

Hence,
/ eno(z)Lhr(z) d’z = / en () (S Hr(z) — L Hy(z)) d’z.
C\R+ (C\)/

Therefore, the case s = 0 holds. In fact, this implies (3.3) for any s € R because the
parametrization of y is arbitrary up to translations as discussed in Lemma 3.2. O

3.3 Variation of the loop Loewner energy

The goal of this subsection is to prove Theorem 1.4. Let H : C~ y - C\R
be any conformal map which maps Q — H and Q* — H*. Note that the map H;
restricted to © coincides with £~! (as in Theorem 1.4) post-composed by a Mébius
transformation, so . H oo|lq = [ f~']. Similarly, ¥ H oo lo* = .Z[g~']. In view
of Corollary 3.6 and Proposition 3.8, it suffices to show thatas s — —ooandt — +o0,
we have

/ (@) (L H(z) — S Hy(2)) d*z — / 1(2)-S Hioo(2) d*z,  (3.7)
C~\y C~y

and

drsr)?

&
da*

dast

&
da*

—+00
dat* — i /
& e=0J —00

r

dat™. (3.8)

r

t
& 5:0-/3‘

d
d
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For this, we need a few lemmas.

Lemma 3.10 Suppose y (00) = oo. Then, . H; — 0 locally uniformly ass — —oo.

Proof Given any R > 0, there exists a large negative s such that for s < s, we have
y[—o0, s]N{z : |z] < R} = &. Then, Hy is conformal on RID. By the Nehari bound,

6
(R(1 — |z]2/R?))’

|7 Hy (2)| <

for every z € RD. The right-hand side of the inequality tends uniformly to O as
R — +00 on any compact subset of C. O

Lemma 3.11 Suppose y(+oo) = oco. Then, S H; — ¥ H oo locally uniformly on
C\yast— +oo.

Proof Choose either component of C ~. y and call it U . Let us denote by yY (s)
the prime end of y (s) as viewed from U .

Let y; = y[—o00, t] and denote by th = USE(_OOJ) yY (s) the prime ends of y,
accessible from U4 . Let I'; be the hyperbolic geodesic in C \ y; connecting y (¢) and
y (400). Let U; be the component of C ~\ (y; U I';) such that the prime ends of y; as
viewed from U; comprise y,U. Observe that if hm(z, D; -) is the harmonic measure on
the domain D as viewed from z € D, then z € U, if and only if hm(z, C \ y;; y[U) >
1/2.

We claim that if 7 € Ujoo, then z € (Jyoo [ \;»7 Us- Suppose z € Uyoo. Choose
a sufficiently small constant a € (0, 1) such that hm(0, D ~ [a, 1], [a, 1]) > 1/2.
Since y (+o00) = oo, for all sufficiently large r+ > 0, we can find R > 0 such that
¥t N Bar(z) # @ but y (¢, +00) N Br(z) = &. Then,

hm(z, €~ yi: ) = hm(z, Br(2) ~ w3 7,”) = hm(z, Br(2) N 1 ).
By the Beurling projection theorem,

hm(z, Br(z) ~ ¥, ) = hm(0, RD \ [aR, R]; [aR, R])
=hm(0,D \ [a, 1]; [a, 1]) > 1/2.

This completes the proof of the claim.

Note that H, is a conformal map which sends C\ (y; UT;) onto C \ R. Then, by the
Carathéodory kernel theorem, H, post-composed with an appropriate Mobius trans-
formation converges locally uniformly on Ut to Hioo as t — oo. Consequently,
SH; — /" Hico locally uniformly on Uyo as 1 — 00. An analogous argument
applies to the other component of C \ y. O

Proof of Theorem 1.4 Given y (00) = oo, the limit (3.7) follows by applying Lem-
mas 3.10 and 3.11. Otherwise, choose a M6bius map A : C — C so that A(o0) =
Y (£00).If Hioo : C\y — C\Risaconformal map as in the theorem statement, then
H.oo0A isaconformal map from C .y onto C\R with.”[HoA] = .7 H-(A’)?. The
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pullback A* 1 of 11 under ¢ satisfies u(A(z)) = (A*u)(2)(A(z))%/|A’(2)|*. Letting
¢ = A(z), we have

f WO Hooo(0) d2 = / A*pu(2).SH o Al(2) dz,
C~y C~A-loy

so we can consider the curve A~! o y instead.

To show (3.8), it suffices to prove that we can switch between the integral over
t € (—oo, +00) and the derivative in €. To this end, we prove that the following
integral is absolutely convergent:

+00 9 )'\5/1« 2
/ I "W) dt < +o0. (3.9)
—00 85 e=0

Recall from the proof of Corollary 2.4 that for ¢ > 0,

B G 24k / H@* 5
9|, df“ = Re Hv(z) @)} d<z (3.10)

where v is the push-forward of the Beltrami differential © under the map / Hp as
displayed in Fig. 2. Using Lemma 3.2 and the composition rule (2.20) for Beltrami dif-
ferentials, it is straightforwqrd to check that (3.10) is true for all t € R. From Lemma 2,
the assumption that fjozo |A;|?dr < oo, and the Cauchy—Schwarz inequality, it fol-

. 102
lows that [ |3, -2

fi(@)3
v is compactly supported and ||v||oo < 00. Therefore, for any —oco < s <t < +o00,

dt is finite and locally uniform in z. This implies (3.9) since

9 LA L) f(GEM)2 Ly (G2
R o r“’ _ — En dr = —_ Tdr
de e=07Ys dar de e=07Ys ar N de e=0 dr
(.11

Letting s — —oo and t — +00, by the dominated convergence theorem and (3.9),
we conclude (3.8). This proves Theorem 1.4 as explained at the beginning of the
subsection. O

4 Remarks and open questions

While Loewner chains have been studied extensively due to their applications in the
study of Schlicht functions and, more recently, in that of Schramm-Loewner evolution
(SLE), their infinitesimal variations seem to have been overlooked. Our investigation
of this topic is motivated by an effort to understand the large deviations of SLE at a
deeper level. Roughly speaking, an SLE curve is a non-self-intersecting curve whose
Loewner chain is driven by a constant multiple of Brownian motion. We refer the reader
to the textbooks [2, 7, 10, 25] for detailed introductions to SLE and its applications.
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Theorem 1.2 implies that the Loewner energy is at the same time the action
functional of an SLE loop [4, 20] and the Kihler potential on the Weil-Petersson
Teichmiiller space To(1) [19, 21], thus building a bridge between two fundamentally
different perspectives on the geometry of the space of Jordan curves in C. On the
SLE side, Jordan curves are viewed as dynamically growing slits, which are naturally
described through the language of Loewner chains. The link from SLE to Loewner
energy comes from stochastic analysis and the fact that the action functional of a
Brownian motion is its Dirichlet energy. On the Kihler geometry side, there are no
dynamics. Instead, all geometric structures are expressed infinitesimally on the tangent
spaces of Tp(1). The reason behind the fact that the action functional of SLE coincides
with the Kéhler potential of the unique homogeneous Kihler metric on 7y (1) remains
a mystery. See [24] for an expository article on this link.

Our motivation lies in building tools that can be used to reconcile these two distinct
viewpoints. The current work serves as the first step in one of the possible directions to
this end by elucidating which infinitesimal variations of the Loewner driving function
correspond to those on 7p(1). Natural questions going forward are how the complex
structure, the symplectic form, the Weil-Petersson metric, and the group structure
on Tp(1) are encoded in the Loewner driving function. Through these identifications,
there is hope to build a more robust connection between random conformal geometry
and Teichmiiller theory and shed new light on their relationship.

There are yet other possible avenues in the study of quasiconformal deformations
of SLE. For example, there is an interesting open question [3, Conj. 7.1] to identify
the conformal dimension of SLE, which is the minimal Hausdorff dimension of the
image of an SLE curve under quasiconformal mappings. The relevance of our work
in this direction is that some of our results are sufficiently general to be applied in
this context. For instance, the variational formula for the Loewner driving function
(Theorem 1.1) does not assume any regularity on the driving function, so it can be
applied even when the driving function is a Brownian motion. On the other hand, there
is room for improvement in our results. The most obvious limitation is that we require
the support of the Beltrami differential to be away from the curve so as not to deal with
improper integrals. The deformations we considered in this work are thus conformal in
a neighborhood of the curve, and in this regard, we are still in the same setup as in the
conformal restriction of SLE considered in [9]. To understand general quasiconformal
deformations of SLE, we need to allow the supports of Beltrami differentials to touch
the curve. We think this is an interesting question that may require taking into account
the stochastic nature of SLE.
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A Appendix: Large time behavior of finite-energy Loewner chains

A priori, a Jordan curve may have finite total capacity. However, we now show that if
a Jordan curve has finite Loewner energy, then its capacity must be infinite at both its
initial and terminal parts.

LemmaA.l Lety : [T-,T+] — C be a Jordan curve parametrized by capacity,
where T_ € [—00,0), T4+ € (0, +oo] and y (T-) = y(T4) is the root. More precisely,
this means that there is a conformal map Hy : C -~ y[T-,0] — C ~ Ry such
that for a; deﬁned as in Definition 3.1, we have a; = t for all t € [T_,T4+]. If

(y) =1 [ a2 dr < oo, then T = —o0 and Ty = +oo.

Consequently, the capacity parametrization of a finite-energy Jordan curve must take
all of R as its domain, which justifies the formula in Definition 3.5.

Proof If the Loewner energy of the chord y (0, 7.;) traversing the domain C~ y[T-,0]
is finite, then its total capacity 74 must be infinite by [23, Thm. 2.4]. By definition,
this chordal Loewner energy is bounded above by the loop Loewner energy I (y).

Let us now consider T_. By Carathéodory’s theorem, the conformal map +/Hy from
(C N\ [T, 0] onto H extends continuously to a bijection between the prime ends of
C~ y[T_,0] and R U {c0}. Note that ~/Hy(y(0)) = 0 and /Ho(y(T_)) = 0o, and
for each t € (T—, 0), one of the prime ends at y(¢) is mapped to a point x; € Ry.
Let f; and X; be defined as in (3.1) and (3.2). By Lemma 3.2, the Loewner equation
or f1(2) =2/ fi (2) — )lt holds for # € (T—, 0) as well. This implies

4(Re f;(2))?

T 24 (Re f;(2)).
t

0
o (Re fi@)? =

(See (A.3) below.) For T € (T—, 0), we deduce from above using Schwarz reflection
that

d(f; (x7))?

T =4 -2\ fi(xr), te(T,0]. (A.1)
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Assume, for the sake of contradiction, that / L(y) < 4ooand T > —oo. Since
fr(xr) = 0, we deduce from (A.1) using the Cauchy—Schwarz inequality that

0. 3/ 0 3
sup |f,<xT>|254|T|+2</ Mdr) (/ |ﬁ|2dr>
te[T,0] T T

1

2

54|T|+2\/1L<y)|T|< sup |f,<xT>|2) .
te[T,0]

Completing the square in the above inequality, we obtain

2
rP = sup fiGnP = IT-1(24+1E0)) (A2)
te[T,0]

By assumption, the right-hand side of (A.2) is a finite quantity independent of 7' €
(T—, 0). This is a contradiction since ¢ — x; maps [7_, 0] onto [0, +oc]. O

The following lemma is used in the proof of Theorem 1.4 to switch the order
between the derivative and the integral in (3.8). Note that if A; = 0 for all 7, then
fi(2) = V22 + 4¢. In particular, f,(z)>/(4t) — 1 and 2|¢|'2|f/(2)] — last —
+o00.

Lemma 2 Lety be a Jordan curve with I (y) < oc. Let H, and f; be the uniformizing
maps defined in Sect. 3.1. Then, as t — o0, f;(2)?/(4t) — 1 and If/ (@] =
|£| =12+ W) Jocally uniformly for z € HO(@ N V).

Proof The starting point of this proof is similar to that of Lemma A.1. Let us denote
fi(z) = us + vy, where u; € R and v > 0. The real and imaginary parts of the
Loewner equation 9, f;(z) = 2/ f;(z) — A, correspond to

2uy . . 2v;
3 5~ )\t and Uy = — 5 3 (A3)
uy + v up +v;

Uy =

Let us consider the t — +o00 limit first. Given ¢ > 0, since y has finite Loewner
energy, we can choose a large Ty so that f;o *© )\12 dr < €. Since

2 2
duy  du;

dr _u,2+v,2

- 2)."tuts

for Tp <t < T, we have

T2 T
up <uj, +4 = dr+2 | gl d
To Uy — 7V Ty (A4)

T | 1/2 T 1/2
§u270+4(T—T0)+2<[ Afdt) (/ u,zdt> .
To To
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Hence,

172
sup u% < uzTO +4(T — Ty) + 2<8(T —Ty) sup u%) .
1e[Ty.T] 1e[Ty.T]

Completing the square, we obtain

2 12 2 12 1/2
sup u; < (uz,+ @ +e)(T —To)) "+ (e(T —To)) .
tel[Ty,T]

Then, there exists a 77 > Ty such that for all T > T,

sup uf < uj, +4(1+e)(T — Tp). (A.5)
telTy,T]

Now, from

d(u,2 — vtz)

=4 — 2uy,
dr tUt

BR 2
5 Re(fi(2)7) =

we have

T

IRe(fr(2)%) — 4T| < [Re(fr, (2))] +4To +2 /T gt dt
0

1/2
< IRe(fr,(2)*)| + 4Tp + 2<S(T —Ty) sup uf) )
telTo,T]

Substituting (A.5), we can find a T > T such that for all T > T,
Re(fr(x)?) —4T| < 5./T.

Since the choice of ¢ was arbitrary, we conclude Re( f; (2)%)/(4t) — 1 ast — +o00.
As for Im( f; (2)%) = 2u,v;, note that (A.3) implies v; is monotonically decreasing.
Hence, (A.5) implies Im( f;(z)%)/t — 0 as t — +o00. Combining the limits of the
real and imaginary parts, we obtain f;(z)?/(4t) — 1 ast — +00. Moreover, since
f1,(z) = ur, +ivy, depends continuously on z whereas Ty was chosen independently
of z, the limit we proved converges uniformly on each compact subset of Ho((@ NY).
Let us now consider the t — —oo limit. This time, since the Loewner energy of y

is finite, we can find a large negative To such that f fgo th dt < ¢.Hence, (A.4) implies
that there exists a 7~”1 < f‘o such that for all T < 7~‘1 s

sup u,2 < uzfo +4(1 +¢&)|T — Tol.

te[T,T1]
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Again, we have

~ . 1/2
[Re(fr(2)*) — 4T| < [Re(f1,(2)*)| + 4 To| + 2(e|T —Tol sup u?) ,
te[T,Tp]

and choosing ¢ to be arbitrarily small, we obtain Re( f; (2% /(4t) > last — —oo0.
For the imaginary part of f;(z)%, we consider

0 dQu;v;) .
Elm(ft(z)z) = —dtt = 2.

Since Re(f;(z)%) = utz - vl2, we have that as T — —o0,

sup v2 < sup [Re(fi(2)H)|+ sup u? < (8+o(1)T].
te[T,Tol tel[T, o] te[T,Tol

Hence, using the Cauchy—Schwarz inequality as above, we have

T
m(fr (%] < [Im(f7 (%] +2 fT vl dr = o(T)

as T — —oo. Therefore, f,(z)z/(4t) — 1 ast — —oo. Again, this limit converges
uniformly on compact subsets of H since fTo (z) depends continuously on z and Ty
can be chosen independently of z on a compact set.

Finally, to estimate | f/(z)[, consider the equation

at fz/ (Z) 2

a / — = —RC—=
5, 10g /i (@] —Re( 1@ )_ G

As t — =00, the right-hand side behaves as (—1/2 + o(1))t~!. We thus obtain
If/ ()] = |t|71/2+°M) as claimed. O
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