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Abstract

We give a new proof of the orientation reversibility of chordal Loewner energy by reversing
the orientation of a chord in partial increments. This fact was first proved by Yilin Wang
[Wan19a] using the reversibility of chordal Schramm-Loewner evolution (SLE) along with
the interpretation of Loewner energy as the large deviation rate function of chordal SLE
as kK — 0. Our method is similar in spirit to Dapeng Zhan’s proof [Zha08] of chordal SLE,
reversibility for k € (0, 4], though it is purely deterministic. As a key step in our proof, we
establish that a minimimal energy chord among those passing through a fixed finite set of
points is a piecewise hyperbolic geodesic.

1 Introduction

The Loewner energy of a chord is defined as the Dirichlet energy of the driving function of the
corresponding Loewner chain. It was introduced in independent works by Friz and Shekar [FS17]
and Yilin Wang [Wanl19a], the latter of whom considered it in the context of large deviations
for a family of random curves called the chordal Schramm-Loewner evolution! (SLE,) as x —
0. Loewner energy has since been identified in terms of various geometric and probabilistic
quantities, hinting at a deeper connection between these fields. We refer the reader to the
survey articles [Wan22, Wan24| for various perspectives on Loewner energy.

Let v be a simple curve from 0 to oo in the upper half-plane H = {z € C : Imz > 0}. We
parameterize v by Ry = (0,00) so that, if g, : H\ v((0,¢]) — H is the unique conformal map
with the normalization g;(z) —z — 0 as z — 00, then the expansion g;(z) = 2z +2a;2~ 1 +O(27?)
as z — oo satisfies a; = t for every t > 0. By Carathéodory’s theorem, we can extend g; to
the prime ends of R U~((0,t]). Let A\ := g¢(7(t)), which we call the driving function of . The
Loewner energy of v is defined as
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if t — )\; is absolutely continuous and the energy is set to be infinite otherwise.

Loewner energy is defined to be a conformally invariant quantity, which is natural given the
conformal invariance of chordal SLE,. That is, if D C C is a simply connected domain and ~
is a crosscut (henceforth called a chord) from a prime end a to another prime end b, we define
the Loewner energy of v as

Ipap(7) = TH0,00((7)) (1.2)

where [0, is defined as in (1.1) and ¢ : D — H is a conformal transformation with ¢(a) =0
and ¢(b) = oo. It is straightforward to check that this definition does not depend on the choice
of such map ¢.

A fundamental property of Loewner energy, called reversibility, is that the Loewner energy of
a chord does not depend on the choice of its orientation. It is not obvious a priori that the two
quantities are related due to the directionality in the definition of Loewner energy. If v is a chord
in H going from 0 to oo, let ¥} denote the same chord in the reverse orientation, going from
%) = T (t(v") =
R). The map

oo to 0 in H. If we denote ¢ : z — —1/z, we see from (1.2) that Iy o 0(7
I IAR|2dt where A} is the driving function corresponding to the curve u(y
(A)tefo,00) — (AM)tef0,00) induced by reversing of the chord is rather intricate and there does
not exist an explicit formula except for extremely simple examples. Nevertheless, Wang showed
in [Wan19a] that the Loewner energy of v® is equal to that of 7. The purpose of this article is
to give another proof of this fact.

Theorem 1.1 (Reversibility). Let D be a simply connected domain and let a and b be any two
distinct prime ends of D. For a chord v in D from a to b, let Y& be the same chord with its
orientation reversed to trace from b to a. Then, Ip.qp(Y) = ID;b,a(VR)-

Let us briefly describe previous proofs of Loewner energy reversibility and explain how ours
differs from them. The original proof in [Wan19a] relied upon the reversibility of chordal SLE,
for k € (0,4], which was first established in [ZhaO8] and proved subsequently with different
methods in [MS16,LY21]. By interpreting Loewner energy I~ as the large deviation rate
function as K — 0 for chordal SLE, in H from 0 to co, Wang showed that a finite-energy chord
must have the same Loewner energy in the reverse orientation.

Wang gave a deterministic proof of Theorem 1.1 in [Wan19b] through an identification between
It1,0,00(7) and the Dirichlet energy of log | f’|, where f is the uniformizing map on each component
of H\ ~. The reversibility of Loewner energy follows immediately since f does not depend on the
orientation of the chord . Based on this result, she revealed in the same work an unexpected
link between Loewner chains, conformal welding, and the Kahler geometry of the Weil-Petersson
Teichmiiller space.

The key difference in our proof of Loewner energy reversibility from the previous deterministic
one is that, rather than “lifting” v to the space of chords without orientation, we consider a
“continuous” reversal of its orientation. In particular, our proof is based on the commutation
relation for Loewner energy (Theorem A), which says that the order in which we calculate
the total energy of two non-intersecting Jordan arcs does not change this quantity. Despite
being closely related with the commutation relation for chordal SLE [Dub07], this identity was
obtained deterministically in [Wan19a] from the definition (1.1) of Loewner energy through a



careful calculation identifying how the driving function of one curve changes when the other
curve is grown first.

1.1 Proof overview

Here is an overview of our proof of Theorem 1.1. Given a chord + in a simply connected domain
D from a to b, we approximate it with chords which pass through finite subsets of its trace and
satisfy energy reversibility. In particular, given a finite subset z C =y, we choose a chord 7y, with
minimal energy among those which pass through z between a and b. Using an inequality version
of the commutation relation for simple curves terminating at the same point (Lemma 3.1), we
identify that v, is piecewise geodesic relative to z. This means that z partitions v into simple
curves 71, ..., such that each v is a hyperbolic geodesic in the domain D \ (|J itk 7v;). The
commutation relation further implies that the Loewner energy of any piecewise geodesic chord
is invariant under reversing its orientation (Proposition 3.4). As z becomes dense in +, the
Loewner energy of v, increases to that of y; this holds in both directions, thus proving that the
Loewner energies of v and its orientation reversal are the same.

Our proof technique can be applied to show that when z contains n > 2 points, a Loewner
energy minimizer within each isotopy class of chords relative to z is piecewise geodesic. There
are infinitely many such isotopy classes, as can be seen via an identification with the elements
of the braid group on n strands (see Remark 4.2).

Theorem 1.2. Given a chord v in D between prime ends a,b passing through a finite set of
points z C D, let X(D;a,b, z,7v) be the set of chords in D between a and b that can be obtained
through an isotopy of v leaving z U {a, b} pointwise fized. Then, given any chord v and a finite
subset z C vy, there exists a chord y™" € X(D;a,b;z,v) such that

ID;a,b(’Ymin> — X(Diéll;z » ID.ap(7y) < 0. (1.3)

Moreover, if Y™™ is any chord in X (D;a,b;z,v) satisfying (1.3), then it is piecewise geodesic

relative to z.

In the case that z contains a single point z1, the piecewise geodesic property as well as the
uniqueness of the energy minimizing chord passing thorough this point was verified by an explicit
identification of this chord in [Wanl19a, Prop. 3.1] via SLEg; large deviations and in [Mes23,
Thm. 3.3(i)] via deterministic Loewner chain calculations. In fact, it was shown in [MRW22,
Thm. 3.9] that this is the unique C'' chord which is piecewise geodesic relative to z;. Based on an
analogous result for the case of loops [BJM™], we conjecture that when z contains more than one
point, there exists a unique Loewner energy minimizer within each isotopy class X(D;a,b; z,7)
and it is the unique C' chord in this isotopy class which is piecewise geodesic relative to z.

Remark 1.3. Our proof of Loewner energy reversibility is closely related to the proof of chordal
SLE, reversibility for x € (0, 4] in [Zha08]. Zhan establishes this fact by constructing a coupling
of an SLE, chord v going from x; to x5 in the domain H for fixed x1, x5 € R with another SLE,
chord 7, in H between the same endpoints in reverse direction so that both traverse the same
random set of points z C H visited by 1 at stopping times t; < --- < t,,. In fact, the reverse



chord 7, is constructed by replacing each curve vi([tg—1,tx]), as k decreases from n + 1 to 1,
with a reweighted version of chordal SLE,; going from 7 (tx) to 71 (tx—1) in the complement of
71([0,tx—1]) and the already constructed part of o (cf. proof of Proposition 3.4). The random
set z is taken to become denser and denser on 71, ultimately converging to a coupling where the
two SLE, chords are almost surely orientation reversals of each other.

The relation to our proof of Loewner energy reversibility is that, conditioned on the points z,
the law of the chord 71 (resp. 742) in the above coupling is that of a chordal SLE, curve in H
from z1 to o (resp. x2 to 1) conditioned to pass through z. Since Ipy, », (resp. [wz, z,) is
the large deviation rate function for the chordal SLE, curve in H from x; to xo (resp. z2 to x1),
when we take the k — 0 limit for this coupling conditioned on the points z, the SLE, chord

71 (resp. 72) should converge to the energy minimizing chord 7™ among those going from x;

to z2 (resp. 7" from z2 to x1) in H while passing through z. Given the uniqueness of "

and " (which we do not claim but expect to be true for a general sequence z), we know
from their piecewise geodesic property (Proposition 3.4) that these are orientation reversals of
each other. That is, v; and o are random perturbations of the same piecewise geodesic chord
passing through z. The proof of Loewner energy reversibility in [Wan19a] essentially proceeds
by taking z to become dense on 71 and 7;, in which case the limits of ¥"™ and 74" have the
same trace due to the Jordan curve theorem.

Here is an overview of the rest of this article. In Section 2, we define and discuss the proper-
ties of the partial Loewner energy of a simple curve, which can be considered as that of the
chord obtained by completing it with a hyperbolic geodesic. We also collect some results about
topologies on the space of chords. In Section 3, we first establish an inequality version of the
commutation relation for Loewner energy and then use it to prove Theorem 1.1. We prove
Theorem 1.2 in Section 4.
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2 Preliminaries

Given a simply connected domain D C C = C U {o0} with distinct prime ends a and b, we
denote by X' (D;a,b) the space of chords in D (i.e., Jordan arcs v in D with 0y C D) from a to
b. We consider these chords modulo orientation-preserving reparameterizations. In particular,
X(D;a,b) and X (D;b,a) differ in the orientations of chords. Since our notation for Loewner
energy already contains information about the orientation of the chord, we denote orientation
reversals implicitly in the rest of this paper. That is, if v € X(D;a,b), then Ipy 4(7) should be



understood as the energy of the reversed chord 4% € X(D;b, a).

If D is a bounded Jordan domain, we endow X (D;a, b) with the topology induced by the Haus-
dorff distance on the (closure of) chords. For a general simply connected domain D conformally
equivalent to the unit disk D := {|z| < 1}, we choose any conformal map ¢ taking D onto D
and endow X (D;a,b) with the pullback of the Hausdorff topology on X (ID; p(a), ¢(b)). We will
make heavy use of the following fact that Loewner energy is lower semicontinuous with respect
to the Hausdorff topology on chords.

Lemma 2.1 (([PW24, Lem. 2.7]). The map Ip.qp : X(D;a,b) = [0,00] is lower semicontinuous,
and its sublevel set {y € X(D;a,b) : Ip.qp(y) < ¢} is compact for any c € [0,00).

In fact, if (Y")nen is a sequence of chords in X(ID; —1,1) with sup,cy In;—11(7Y") < ¢ < o0,
then there exists a corresponding sequence of homeomorphisms @, : D — D, with o,|sp equal
to the identity and v" = @,([—1,1]) for each n € N, such that p, converges uniformly along
a subsequence to some self-homeomorphism ¢ of D. Moreover, v := p([-1,1]) € X(D;—1,1)
satisfies In,_11(y) < c.

The convergence in the latter half of the above lemma was established within its proof in [PW24].

2.1 Energy of a simple curve and hyperbolic geodesics

In these subsection, we expand the definition of Loewner energy to curves that end in the
interior of the domain and obtain its addtivity property (2.6). We then recall basic properties of
hyperbolic geodesics that we use in our proof. The facts surveyed here can be found in [Wan19a].

Let v : [0,T] — HU {0} be a Jordan arc (henceforth called a simple curve) with v(0) = 0 and
T € (0,00). For each t € [0,7], we consider the unique conformal map g, : H \ ~([0,¢]) — H
with hydrodynamic normalization: i.e., satisfying

gi(z) —2z2—0 as z— oo. (2.1)

The half-plane capacity of the curve v([0,t]), which we denote hcap(y([0,¢])), is defined via the

gt(z):z+}WM+O<1> as z — 00. (2.2)

expansion
2 22
We can reparametrize v on the interval [0, $heap(y)] so that heap(v([0,t])) = 2t for every ¢,

which we call the (half-plane) capacity parameterization of 4. For the rest of this subsection,
we assume that v is in capacity parameterization with T' = %hcap(y).

We call the family of maps (g¢);c(o,r) the Loewner chain corresponding to the curve v, and define
the driving function of the curve 7 as the continuous function ¢ — A\, := g(7y(¢)). For every
point z € H \ {0}, the map ¢ +— g;(2) is continuously differentiable and satisfies the Loewner

equation
2
Orgi(2) = ————
tgt( ) gt(z) — )\t

on the entire interval [0, 7] if z ¢ 7, or on the interval [0,T}) if z = v(T}) for some T, € (0,T].

(2.3)



Definition 2.2. Given a simple curve v in H starting at 0, we define its Loewner energy targeted

1 /T
Iy0,00 () == 2/
0

where A is the driving function of the curve v (in capacity parametrization). The integral above

at oo as
2

ad (2.4)

dt

is set to be infinite if \; is not absolutely continuous in ¢.

This extends the definition (1.1) for the Loewner energy of a chord in X' (H; 0, co), which amounts
to the case T' = oo. For a simple curve « in an arbitrary simply connected domain D starting
from a prime end a, we define its Loewner energy targeted at a prime end b so that it is
conformally invariant:

ID;a,b(’Y) = IH;O,OO((P(’Y)) (25)

for any conformal map ¢ : D — H with ¢(a) = 0 and ¢(b) = oo, analogously to (1.2).

If v:[0,7] - HU{0} is a simple curve with v(0) = 0 in half-plane capacity parameterization,
then, for each s € (0,7), the image v* := gs(v([s,T])) — As is also a simple curve in H starting at
0. Its half-plane capacity parameterization is given by v°(t) = gs(v(s +t)) — As on the interval
[0, T — s], and the corresponding driving function is t — A5 — As. We thus have

2 T
Tisow) = [ e+ [ M dt = T2, 5) + T e () 00

= T5,0,00(Y([0, 5])) + ey ((0,))5(s),00 (V([5, T1))

for each s € (0,T), as was observed in [Wan19a]. This additivity property (2.6) can be stated
for more general domains via conformal invariance (2.5), which naturally leads to the idea that
the partial Loewner energy Ip.,p(v1) of a simple curve ; in a simply connected domain D
starting at a prime end a and ending at { € D represents the Loewner energy of the chord
v U~y € X(D;a,b) obtained by completing ~; all the way to the prime end b by a chord
vo € X(D\71;(,b) with zero energy. Such zero energy chords are hyperbolic geodesics and they
are central to the theory of Loewner energy.

Definition 2.3. The hyperbolic geodesic in a simply connected domain D C C from a prime
end a to another prime end b is the image ¢ (iR ) of the imaginary axis under a conformal map
¢ :H — D with ¢(0) = a and ¢(c0) = b. Note that this specifies a unique chord in X(D;a,b).

For instance, the hyperbolic geodesic in H between z,y € R is the semicircle with the interval
between z and y as its diameter. The hyperbolic geodesic v in D from a to b has the following
useful properties that follow immediately from its definition.

e The hyperbolic geodesic 7 is the unique chord in X' (D;a, b) with Ip., () = 0. Any other
chord in X(D;a,b) has positive (or infinite) Loewner energy Ip.qp.

e The reversed chord 4® is the hyperbolic geodesic in D from b to a. Hence, it makes sense
to omit the orientation and call v the hyperbolic geodesic in D between a and b.

e Given any parameterization v : (0,7) — D with y(0) = a and v(T) = b, for each t € (0,7,
the curve v(¢,T') is the hyperbolic geodesic in D \ v([0,t]) between ~(t) and b.



Let us say that a chord v € X(D;a,b) has a geodesic tip if we can decompose it into simple
curves 7 and 7, joined at ¢ € D such that -, is the hyperbolic geodesic in D \ 7; between ¢
and b. (Note that by the third bulleted observation above, a chord v € X(D;a,b) has a geodesic
tip if and only if, given any parameterization v : (0,7') — D with v(0) = a and y(7T") = b, there
exists a time s € (0,7) such that the following is true: for every ¢ € [s,T'), the curve v([t,T]) is
the hyperbolic geodesic in D \ 7([0,t]) between ~(t) and b.) Then,

Ipap(Y) = IDiap(11) + Ip\yic p(12) = IDwap(71) = IDiap (1) + ID\yib.c(72) (2.7)

by (2.6) and the first two bulleted observations above. Here, we already see that when computing
the Loewner energy of a chord with a geodesic tip, we can reverse the orientation of this tip.
The the key idea in our proof is to generalize this to the case that the hyperbolic geodesic is in
a middle part of the chord (see Lemma 3.1).

2.2 Identifying chords via hulls

In our proof of the “commutation inequality” (Lemma 3.1), we will need to identify the Hausdorff
limit of chords using the convergence of the hulls that they generate. For concreteness, let us
consider chords in the upper half-plane H between two points on R. Given v € X (H;z,vy),
by the Jordan curve theorem, H \ 7 consists of exactly two connected components: a bounded
component D, and an unbounded component U,, both of which are simply connected domains.
Moreover, 0D, = v U [z,y] where [x,y] C R denotes the closed interval between x and y even
when z > y. We define the hull generated by the chord v as the closure K, := Diy in H = HUR.
Since 0K, NH = 0D, NH = v, a bounded chord in H can be uniquely identified by the hull it
generates.

Lemma 2.4. Suppose (7" )nen is a sequence of chords in H between two fized points x,y € R
such that sup, ey Iiz,y(7") < 00. Then, there exists a subsequence y™ which converges to some
chord v € X(H;x,y) in the Hausdorff distance and, furthermore, the corresponding hulls K.y
converge to K., in the Hausdorff distance.

Proof. Without loss of generality, assume x < y. Fix a Mobius map f : D — H with f(—1) ==
and f(1) = y. By Lemma 2.1, for each n, there exists a homeomorphism ¢,, : D — D such that
©n|op is the identity map and ¢, ([—1,1]) = f~!(v,). Furthermore, we can find a subsequence

¢n, which converges uniformly to a homeomorphism ¢ : D — D. Then, 7, converges to
v:=(foy)([-1,1]) € X(H;z,y) in the Hausdorff distance.

Denote by D the lower half-disk {z € D : Im(z) < 0} and note that the bounded connected
component of H\ 7, is (f oy, )(D). Since the homeomorphisms fop,, : D — HU{co} converge

uniformly, the hulls K, = (f o ¢, )(Dy) = (fopn,)(D) also converge in the Hausdorff distance
to K, = (D). O

Our definition of the hull K, generated by a bounded chord « in H is in agreement with the
following more general definition of a hull in H. Let C be the space of non-empty closed subsets
of H. The set of compact H-hulls is defined as

K:={K €C: K is bounded, H \ K is simply connected, and K "H = K}.



Indeed, since D, is bounded, K, is bounded. Moreover, Ky NH = D, U (0D, NH) = D, U~,
so H\ K, = (H\v) \ D, = U,, which is simply connected. Also, K, NH = D, Uy =
K, U (yU{z,y}) = K,. Thus, the hull K, defined as the closure of the bounded component of
H \ 7 in H is an element of K.

For each hull K € K, there exists a unique conformal transformation gy : H\ K — H such that
gk (2) — 2z — 0 as z — 00, which we refer to as the mapping-out function of K. This induces the
following alternative topology on X which is natural from the perspective of Loewner chains.

Definition 2.5. Let (K"),cn be a sequence compact H-hulls. We say that K™ converges to
K € K in the Carathéodory topology if g;(i converges to g;{l uniformly away from R. This
means that for every € > 0, g;(i converges uniformly to 91_(1 on {z€C:Imz > e}.

An equivalent geometric definition is available via Carathéodory kernel theorem (see, e,g., [Bel20,
Sec. 3.3]), from which the following topological lemma follows. This allows us to identify the
limiting chord in Lemma 2.1 through the Carathéodory limit of the hulls.

Lemma 2.6 ([PW24, Lem. 2.3]). Let (K")nen be a sequence in K. If K™ converges to K € K
with respect to the Carathéodory topology and to a compact set K* C H in the Hausdorff distance,
then H\ K coincides with the unbounded connected component of H\K*. In particular, if K* € K,
then K = K*.

3 Proof of reversibility of chordal Loewner energy

In this section, we first establish the inequality version of the commutation relation for Loewner
energy when two curves are joined at the same endpoint (Lemma 3.1). Based on this result,
we show that a minimal energy chord passing through a fixed finite set of points is piecewise
geodesic, and the Loewner energy of any piecewise geodesic chord is invariant under reversing
its orientation (Proposition 3.4). We use this to give a proof of Theorem 1.1 at the end of this
section.

3.1 A commutation inequality

The starting point of our proof of Theorem 1.1 is the following commutation relation for Loewner
energy given in [Wan19a, Cor. 4.4].

Theorem A. Let D be a simply connected domain and a,b be distinct prime ends. Suppose
is a simple curve D from a to v(S) € D, and n is a simple curve in D from b to n(T) € D with
yNn=g. Then,

IDiap(7) + Ip\yip.4(8) (M) = IDw,a (1) + Ip\pam(r) (7)- (3.1)

In other words, we can compute the joint Loewner energy of v and 1 by computing the energy
of either ~ or 7 first, then adding the energy of the other curve in the complement of the first.
The main restriction in Theorem A is that the curves v and 7 cannot intersect, even at their
endpoints. Nevertheless, we can deduce from it a “commutation inequality” satisfied by two
curves terminating at the same interior point.



Lemma 3.1. Let D be a simply connected domain with distinct prime ends a and b. Suppose v
and n are disjoint simple curves in D starting from a and b, respectively, except that they both
terminate at ( € D. Then,

ID;b,a(n) < ID;a,b(7> + ID\'y;b,C(n)' (3'2)

Furthermore, if n has a geodesic tip when considered as a chord in D\ vy from b to ¢,% then

ID;b,a (77) + [D\n;a,C (7) < ID;a,b(’Y) + ID\'y;b,((ﬁ)‘ (33)

Proof. Take any continuous parameterization n : (0,7] — D with n(0) = b and n(T") = ¢. For
t € (0,T), since v and n((0,¢]) do not intersect, the commutation relation (Theorem A) states

ID;b7a (n([oﬂ t])) + ID\n([O,t]);a,n(t) (7) = ID;a,b(’y) + ID\v;b,C (n([ov t])) (34)

Note from the definition of the Loewner energy of a curve (2.4)-(2.5) that

lim Ippa(n([0,1])) = Ippa(n) and  lim Ipyyc(n([0,2])) = Ip\yc(m).  (3.5)

=T~ t—T—

We thus obtain

tEIII}— ID\n([O,t]);a,n(t) (’Y) = ID;a,b(rY) + ID\'y;b,C (77) - ID;b,a (77) (36)

The first inequality (3.2) follows from the simple observation that the left-hand side of (3.6)
must be nonnegative by the definition of Loewner energy.

If we furthermore had

Ip\niac(7) < tgr%l_ Ip\n(0,0):a.m(t) (V) (3.7)

then we would obtain the second inequality (3.3) from (3.6). For the rest of this proof, we prove
the inequality (3.7) in the case that n € X(D \ 7;b, () has a geodesic tip. That is, suppose there
exists Ty € [0,7) such that n([Tp,T]) is the hyperbolic geodesic in D \ (y U n([0,Tp])) between
n(Tp) and ¢ = n(T'). By the conformal invariance (2.5) of Loewner energy, we may assume that
D =H,a=1,and b= 0. Let us further assume that 7 is in half-plane capacity parameterization
and let (gt>te[0,T] be the Loewner chain corresponding to the curve 7. As illustrated in Figure 1,
let us denote
7= gy Un((T, 1)) € X(H; e, Ar)

where Ay := ¢;(n(t)) is the driving function of the Loewner chain and z; := ¢;(1). Note that
x; and Ay are continuous real-valued functions satisfying \; # x; for ¢ € [0,T]. For each ¢, let
or(2) = (2= A\t)/(x¢ — A\¢) be the conformal automorphism of H sending the triple (A\¢, 24, 00) to
(0,1,00) and denote

5= pilnt) € X(H;0,1).

2That is, n can be partitioned into simple curves 71, from b to an intermediate point ¢ € , and 72, from £ to
¢, such that 72 is the hyperbolic geodesic in D \ (yUn1) between £ and (.



[

1 0 1 0 1

Figure 1 Proof of Lemma 3.1. Let (gt)te[O,T] be the Loewner chain mapping out 7, and denote
by ¢ the chord remaining after mapping out v Un by g;. Let 4’ be the image of 7 under an
affine transformation that maps the endpoints of the chord to 0 and 1. The hulls enclosed by
4t converges in the Carathéodory topology to that enclosed by v, and the chords A! converge
along a subsequence to some 7* € X (H;1,0) in Hausdorff distance. We have 7* = o1 (77) from
Lemma 2.6.

For t € [Ty, T), since n([T,t]) is the hyperbolic geodesic in D \ (v U n([0,¢])) between ¢ = n(T)
and 7(t), we have

Ti1,0(7") = Tz p (V1) = Ty (oa)stnn (Y U n([T 1))
= Ti\n((0,):1,0(6) (Y) + LT\ (yun(o,4))¢n(ey (0([T2])) (3.8)
= Ti\n((0,8);1,m(2) (7)-

From (3.4), we have

Ti0,1(7") = Ivn(o.):1,00 (V) < Tr,0(y) + Iimy0,c(n) =: ¢ (3.9)

for all t € [Ty, T]. The lemma holds trivially if ¢ = oo, so let us assume ¢ < co. By Lemma 2.1,
there exists a sequence (t)gen increasing to T' and a chord 4* € X (H; 1,0) such that '+ — &*
and Ky, — K5+ in the Hausdorfl distance.

We claim that 4% = 37, for which it suffices to show 7* := @El(’y*) = ~7. Recalling that
xt, — o7 and Ay, — Ar, the affine maps ¢;, converge uniformly on bounded subsets of H to
¢r. Thus, the rescaled hulls K ¢ = 4,0,;1 (Ks1,) converge to Ko« = @El(K@*) in the Hausdorff
distance. On the other hand, observe that if fr : H\ K,r — H is the mapping-out function of the
hull K= (i.e., the unique hydrodynamically normalized conformal map), then f; := frogrog,” Lis
the mapping-out function of the hull K.:. We see from the Loewner equation (2.3) that g; — gr
uniformly away from R as ¢ — T~. Since fr o gr is hydrodynamically normalized, we conclude
that ft_1 — fr ! yniformly away from R and thus K.+ — K. r in the Carathéodory topology as
t — T7. By Lemma 2.6, Ky« = K, r and hence v* = 0K« NH = 0K, r NH = T as claimed.
In particular,

Taa.0(7) = T 0(v") = Timyg1,c(7)-
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Finally, by Lemma 2.1,

m Ty ((0,0);1,n1) (7). (3.10)

T = In10(7") < liminf g1 o(3%) = lim Iy 0(3Y) = i
m1,¢(7) = Tr,0(37) < imin H;1,0(7) Jim m;1,0(7") N

This conclusion is equivalent to (3.7) by the conformal invariance of Loewner energy. 0

3.2 Piecewise geodesic energy minimizers

Let D be a simply connected domain with two distinct prime ends a and b. Recall that X (D;a, b)
is the set of all chords in D from a to b. Given a finite set z C D, let

X(D;a,b;z) ={v € X(D;a,b) : 2z C v} (3.11)

be the set of chords in D from a to b passing through all points in z. We first observe that there
exists a Loewner energy minimizer on this set.

Lemma 3.2. Given any finite z C D, there exists a chord Y™™ € X(D;a,b; z) such that

miny . — inf  Ip.gp(y) < oo. (3.12)

Ipan(y
bl YeX (D;a,b;z)

Proof. Without loss of generality, let D be a bounded Jordan domain. The existence of a finite-
energy chord in X' (D;a, b; z) is given in [Wan19a, Lem. 3.3]. Let us thus take a sequence of finite-
energy chords (v")nen in X'(D;a,b; z) whose energies decrease to inf,cx(pia,bz) IDab(7) < 00.
By Lemma 2.1, there exists a subsequence y"* which converges in the Hausdorff distance to some
chord v™* € X(Dja,b). We furthermore have Ip.,,(v™") < liminfy_q Ip.ap(y™). Observe
that max,e, min, e min |2 —w| is bounded above by the Hausdorff distance between 4"+ and ymin
for every ng. Since the latter converges to 0 as k — oo, we have z C ™. O

The key observation in our proof of Theorem 1.1 is that the energy minimizer in Lemma 3.2
has the following property, which was introduced in [MRW22] for the case of Jordan curves.

Definition 3.3. Let z C D be a finite set. We say that a chord v € X(D;a,b; z) is piecewise
geodesic relative to z if z partitions v into simple curves 1,72, ...,v, such that each ~; is a
hyperbolic geodesic of the domain D \ (v \ k).

In other words, a chord 7 : [0,1] — D U {a, b} visiting z U {a,b} at times 0 = tm < t; < --- <
tn—1 < t, = 1 is piecewise geodesic relative to z if, for every k = 1,...,n, the chord v([tx_1, tx])
is the hyperbolic geodesic in D \ v([0, tx—1] U [tk, 1]) between 7 (tx—1) and (k).

Proposition 3.4. Let D be a simply connected domain with distinct prime ends a,b and let z
be a finite subset of D.

1. If v is a chord in X(D;a,b;z) satisfying Ip.ap(v) = infyex(piapz) IDiab(n), then v is
piecewise geodesic relative to z.

2. If v € X(D;a,b;z) is piecewise geodesic relative to z, then its energy is invariant under
the reversal of orientation. That is, Ip..p(V) = IDp.a(7)-

11



ID;a,b (Uigk '71') IDk§b>2k (Uj2k+1 77]') ID;a,b (Uigk—l Yi IDk—1§b7zk—1 (szk 77]')

V4 zZ,
Zho1 & k41 Zho1 & ki1

Mk+1

Vi

Figure 2 An orientation reversal step in the proof of Proposition 3.4. Left: The curves
Vk+1s-- -5 Ynt1 to the right of z; have been replaced with ng41,...,7n+1 in the previous steps.
The orange curve ni41 is a hyperbolic geodesic in the complement of black and purple parts
of the chord. Right: We replace the purple curve 7, with a hyperbolic geodesic 7 in the
complement of black and orange parts of the chord. The total energy of the curves in the right
figure is less than or equal to that in the left figure. Moreover, if 4 # 1, then the inequality is
strict.

Proof. Take an arbitrary chord v € X(D;a,b; z) and let 21, 22, ..., 2, be the enumeration of z
in the order visited by . For each k = 1,2,...,n 4+ 1, let us denote the part of the chord
between zp_1 and zj as v (where z9 = a and z,+1 = b). We shall reverse the orientation of ~y
inductively, finishing with a chord n € X(D;b, a; z) with Ip; o(n) < Ip.qp(7y). Furthermore, we
will show that the inequality is strict if -y is not piecewise geodesic relative to z. Let us denote
Dy, := D\ (U< i) for the rest of this proof.

e In the first step, replace v,41 with the hyperbolic geodesic in D,, from b to z,, which we
denote 7,,41. Since Ip, b 2, (Mm+1) = 0, we have

ID;a,b(V) = ID;a,zn < U 'Yi> + IDn;zn,b (’Vn—&-l)
i<n

(3.13)
> ID;a,zn < U ’Yz) + IDn;b,zn (nn+1>-
i<n
Here, the inequality is strict if 4,41 is not a hyperbolic geodesic (i.e., 7,41 is not the
orientation reversal of 7,11). Note that (U<, 7i) U nn+1 € X (D;a,b; 2).

o Let £k € {1,...,n}. Suppose we have replaced each v; satisfying j > k with a curve n;
between z;_1 and z; so that (U< 7:) U (Ujsg41 7)) is a chord in X (D;a,b; z). Suppose,
furthermore, that ng1 is the hyperbolic geodesic in Dy \ (U 5512 7;) between zj4; and
Zg+2, and

IDiap(7) 2 IDia,z, ( U %) + IDk;b,Zk< U 77j>- (3.14)
i<k F>k+1

Now, replace v with the hyperbolic geodesic in D1\ (szkJrl n;) from 2, to 21, which
we denote 7y; see Figure 2 for an illustration. Since szk 41 7; has a geodesic tip as a

12



chord in Dy, Lemma 3.1 implies

1D 1z (%) +IDy \ b,z ( U 77]')

j>k+1
2 Ipy bz < U nj) + IDk—l\(UjZ;H.l 05)3%k—1:%k (’Yk) (3.15)
j>k+1
> IDy_yib2 < U 77j> + IDkfl\(szk-H M5)3%ks2k—1 (nk) =1Ipy 1bz 4 ( U 77j>-
j>k+1 ik

Note that the second inequality in (3.15) is strict if v, is not a hyperbolic geodesic (i.e.,
7Yk is not the orientation reversal of 7). The new chord (U;<;_1 ) U (U5 n)) satisfies
the induction hypothesis since it passes through all points in z and, combining (3.14) and
(3.15), we have

ID;a,b (’Y) > ID;a,zk ( U ’Yz) + ]Dk;b,z;C ( U ﬁj)

i<k J>k+1
= ID;a,Zkfl ( U ’Yz) + IDk,l;zk,l,zk (’Yk) + IDk;b,zk < U 77j> (316)
i<k—1 J>k+1
2 fD;a,zk_1< U ’Yz‘) T 1Dy bz ( U 77j>~
i<k—1 i>k

After completing this above reversal procedure all the way from k = n + 1 to kK = 1, we are
left with a chord 7 := U?;l nj € X(D;a,b; z) satisfying Ippq(n) < Ip.ap(y). By construction,
if «v is not piecewise geodesic relative to z, then we cannot have n, = 7, modulo orientation
for all k. In this case, we have a strict inequality Ip.pq(n) < Ip.p(y). Applying the above
inductive reversal procedure again to n, we obtain a chord 4 € X' (D; a, b; z) such that Ip., »(7) <
Ippa(n) < Ip.ap(y). Hence, if v minimizes the energy Ip.,, among chords passing through z,
then it must be piecewise geodesic relative to z.

If ~ is piecewise geodesic relative to z, then 1 = 4, modulo orientation in each step of the above
reversal procedure. Then, the chord n that we obtain through the reversal procedure is simply
7 in reverse orientation and we have Ip. o(7) < Ip.ap(y). Note that the piecewise geodesic
property of v is invariant under reversing its orientation, whence Ip.o(v) > Ip.ap(y) as well.
We conclude that Ip.q5(7) = Ipp.a(7y) if 7 is piecewise geodesic. O

We note that the loop version of Proposition 3.4 was given in [RW21, Prop. 2.13] using the
root-invariance of loop Loewner energy. The latter fact was proved in the same work using the
the chordal reversibility as a preliminary.

The final input needed for our proof of Theorem 1.1 is the following consequence of the Jordan
curve theorem.

Lemma 3.5. Let D C C be a bounded Jordan domain and suppose v and 7y are chords in D
between distinct boundary points a and b. If v C 7, then v = 7.
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Proof. Suppose, for contradiction, that there is a point z € 4\ 7. It must be in D since
Y\ D =~v\ D = {a,b}. By the Jordan curve theorem, D \ v has two connected components, say
U and V, such that DNOU = D NIV = v\ {a,b} (see, e.g., [Pom92, Prop. 2.12] for a proof).
Let U be the component containing z.

Now, D \ 74 also has exactly two connected components, say U and V. Since D \y C D\~,
the two components U and V are each a subset of either U or V but not both. However,
zey=DnN oU = DN 0‘7, which means that both U and V are subsets of U. This implies
V C 7 and hence V C D N AU, which is a contradiction since VN (DNAU) Cc VN (DNT) =
VNn{Uuy) =g. O

We are now ready to prove the orientation reversibility of chordal Loewner energy.

Proof of Theorem 1.1. Without loss of generality, assume that D is a bounded Jordan domain.
Suppose v is a chord in D from a to b with Ip.q(y) < oco. Choose an increasing sequence
z! € 22 C .- of finite subsets of yN.D such that U,,>1 2" is dense in ~. For instance, we can take
any continuous parameterization v : [0,1] — DU{a, b} and set 2" = {(j/2") : j=1,...,2"—1}.
By Lemma 3.2, for each positive integer n, we can find chord 4" € X' (D; a, b; 2") which minimizes
the energy Ip.,; among those passing through 2". By Proposition 3.4, each +" is piecewise
geodesic relative to z" and hence

Ipp.a(Y") = Ipiap(Y") < Ipiap(y) < o0. (3.17)

By Lemma 2.1, there exists a subsequence 7™ which converges to a chord n € X(D;b,a) in the
Hausdorff distance, which furthermore satisfies

Ipp.a(n) <liminf Ipy (™) = liminf Ip.q p(v"™) < Ipas(7)- (3.18)
k—oo k—oo

We claim that n = v modulo orientation. Note that for every z € z™ and ng > m, since
2™ C 2™ the distance between z and the chord n is bounded above by the Hausdorff distance
between " and 7. Taking n; — oo, we see that every z € |J,,~; 2™ is in n. Since |J,,,~; 2™
is dense in v and 7 is closed, we have v C n and thus v = 7; by Lemma 3.5. Thergfore,
Ippa(v) < Ipap(y) and, changing the roles of a and b, we conclude Ip.qp(v) < Ippa(7y) as
well.

This proves the theorem if either Ip.,,(y) or Ip;.q(7) is finite. It is trivially satisfied when the
energy is infinite in both orientations, so Ip.q»(v) = Ipp.q(7y) for any v € X(D;a,b). O

4 Energy minimizers for isotopy classes of chords

Let D be a simply connected domain with distinct prime ends a and b. Given z = {z1,...,2,} C
D, recall that X(D;a,b;z) is the set of chords in D from a to b which visits all points in z.
We say that two chords 9,71 € X(D;a,b; z) are isotopic relative to z if there exists an isotopy
between them that fixes z pointwise: i.e., a continuous map F' : [0,1] X 79 — D U {a,b} with
F(0,7) = 70 and F(1,79) = 71 such that, for every s € [0, 1], we have F(s,v) € X(D;a,b;z)
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and F(s, z) = z for each z € z. This is an equivalence relation; let us denote
X (D;a,b;z,7) :={y € X(D;a,b;z) : v and v are isotopic relative to z}. (4.1)

Note that this isotopy class is preserved naturally under conformal transformations: that
is, if f : D — f(D) is a conformal map, then v € X(D;a,b;z,79) if and only if f(y) €
X(f(D); f(a), f(b); f(2), f(70))-

We note that an isotopy between two chords 7y and ~; relative to z extends to an ambient
isotopy of D relative to z, where by D we mean the union of D with the set 9D of its prime
ends. The converse relationship is clear: if there exists an ambient isotopy between two chords
relative to z, then they are isotopic relative to z. Let us denote by Homeo(D, K) the space
of self-homeomorphisms of D which restrict to the idenity map on K C D, equipped with the
compact-open topology.

Lemma 4.1. If two chords vp,v1 € X(D;a,b;z) are isotopic relative to z, then there exists a
continuous map F : [0,1] x D — D such that F(s,-) € Homeo(D, z U dD) for each s € [0,1],

F(0,-) is the identity map, and y1 = F(1,7o).

Proof. Without loss of generality, assume that D is the unit disk D and denote z = {z1,...,2,}.
Choose € > 0 such that the closed disks Ba.(zj) are contained in D and disjoint from each other.
It is straightforward to find a family of maps (¢,), indexed by w = {wy,...,w,} satisfying
maxy, |wg — 2x| < €, with the following conditions: ¢, is the identity map, ¢,, € Homeo(D, D)
for each w, and ¢y, (wy) = 2, for each wy € w. Furthermore, we can choose these maps so that
W > ¢y is continuous with respect to the Hausdorff distance on the domain and the uniform
norm on the codomain.

Let vy : [0,1] — D U {a,b} be a continuous parameterization of a chord in X(D;a,b, z) with
tr := (v0) (2 for each z € z. We claim that there exists a § > 0 (depending on 7g) so that the
following is true: if v1 : [0, 1] — DU{a, b} is a parameterized chord with sup,c( 1 [70(t) =71 (2)| <
0 and 7 (tx) = zx for every k, then there exists an ambient isotopy F as in the statement of the
lemma. By the Schoenflies theorem, we can choose § > 0 such that for any such ~y, there is f €
Homeo(D, D) with sup, 5 | f(z) — x| < £ and 71 = foro (see [Pom92, Cor. 2.9 and Thm. 2.11]).
Since Homeo(ID, 9D) is locally contractible [HD58], f extends to an isotopy F' : [0,1] x D — D
from the identity map to f such that F(s,-) € Homeo(ID,0D) and sup, g |F(s,2) — x| < € for
every s € [0,1]. Then, ﬁ(s, ") 1= Pp(s,z) © F(s,°) is the desired ambient isotopy between 7o and
~1 leaving z pointwise fixed.

Now, given any vy, € X (D;a,b; z,70), choose an isotopy H : [0,1] x v — DU{a, b} from ~p to 11
leaving z pointwise fixed and denote 7,(t) := H(s,t). By the previous paragraph, there exists
a ds > 0 for every s € [0,1] such that 73 is ambient isotopic to 75 through Homeo(D, z U dD)
whenever |5 — s| < ds. This gives an open cover of [0, 1], so we conclude that ~; is ambient
isotopic to 7o through Homeo(D, z U OD). O

Remark 4.2. All chords in X'(D;a,b) are isotopic to each other by the Jordan curve theorem.
When z contains 1 < n < oo number of points, by Lemma 4.1, the collection of isotopy classes
of chords in X (D;a,b; z) relative to z correspond to the mapping class group of a disk with n
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punctures. This can be further identified with the braid group on n strands (see, e.g., [FM12, Sec.
9.1]). As such, there is a unique isotopy class relative to z when z consists of a single point, but
the number of isotopy classes relative to z is countably infinite when z contains more than one
point.

Proof of Theorem 1.2. If z = @, then v™" is the hyperbolic geodesic in X' (D; a, b) and the claim
is trivially satisfied. Let us thus consider the case that z contains n > 1 points and show that
there exists a chord in X' (D;a, b; z,7) with finite energy. The proof is by induction on n.

e If z contains a single point z1, then there is a unique isotopy class of chords in X' (D;a,b)
passing through z; relative to this point. In this case, y™" with finite energy was uniquely
identified in [Wan19a, Prop. 3.1] using the interpretation of chordal Loewner energy as
the large deviation rate function of chordal SLE and again in [Mes23, Thm. 3.3(i)] using
a deterministic Loewner chain argument.

e Let n > 2 and suppose there exists a finite energy chord passing through any set of n — 1
points in D with any given isotopy class. Let z; and z9 be the first and second points of
z visited by -y, respectively. Let 9 be the part of v until it visits z1, let 71 be the part
between z; and z2, and finally let v be the rest of v after it visits zs.

Using the result for n = 1 case referenced above, let us replace vg U~y; with a finite energy
chord n in X (D \ 72; a, z2) passing through z;. Let ny be the part of this curve up to its
visit to z1 and 77 be the remaining part from z; to zo. Note that we can find an isotopy
between o U~ and 1 in D \ 72 fixing z; and extend it to one between v and n U 2 in
D fixing z. That is, nU~e € X(D;a,b;z,7). Moreover, since Ip\,.q.2, (10) < 00, we have
Ip.ap(m0) < 0o by [Wanl9a, Lem. 4.3].

We now recall the induction hypothesis to choose a chord 7 € X (D\no; 21, b; 2\{z1}, mUY2)
with finite energy. Then, by the additivity (2.6) of Loewner energy, we have

Ip:ap(10 Y1) = IDia,z (110) + ID\ngiz 5(71) < 00 (4.2)

Furthermore, 19 U 7 is isotopic to 1 U v relative to z, so we have found a finite-energy
chord in X(D;a,b; z,7) as claimed.

Let us assume D = D, a = —1, and b = 1 and choose a sequence of finite-energy chords
(Y™)men in X(D;—1,1;2,v) whose energies decrease to the infimum energy in this isotopy
class. By Lemma 2.1, for each m, there exists ¢,, € Homeo(D,dD) with ¢,,([-1,1]) = ™.
Moreover, along a subsequence, ¢,,, converges uniformly to some ¢ € Homeo(ID, dD). Since D

is compact, cp;kl — o1

uniformly as well, which implies that ¢} (z) converges in the Hausdorff
distance. Then, we can pick a sequence of homeomorphisms 1,,, € Homeo(D, 0D) converging
uniformly to the identity map such that 9., ([—1,1]) = [=1,1] and (¢m, © ¥m, ) 2 (2) = ¢ 1(2)
for every my. Letting v™i := ([—1,1]), we see that ¢, 0y, 0@~ 1 € Homeo(D, zUdD) maps
™I to 4™k and these homeomorphisms converge uniformly to the identity map as my — oo.
Since the identity component of Homeo(ID, 2UdD) is homotopically trivial [Ham62], we conclude
i e X(D; —1,1;2,7). Since y™ — 4™ in the Hausdorff distance, we obtain (1.3) by the
lower semicontinity of Loewner energy (Lemma 2.1).
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The claim that an energy minimizer of X(D;a,b; z,7) is piecewise geodesic relative to z follows

from the fact that the manipulations in the proof of Proposition 3.4 do not change the isotopy

class. O

References

[Bel20] Dmitry Beliaev. Conformal maps and geometry. Advanced Textbooks in Mathematics. World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2020.

[BJM*] Mario Bonk, Janne Junnila, Donald Marshall, Steffen Rohde, and Yilin Wang. Piecewise
geodesic Jordan curves II: Loewner energy, complex projective structure, and new accessory
parameters. In preparation.

[Dub07]  Julien Dubédat. Commutation relations for Schramm-Loewner evolutions. Comm. Pure Appl.
Math., 60(12):1792-1847, 2007.

[FM12]  Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49 of Princeton
Mathematical Series. Princeton University Press, Princeton, NJ, 2012.

[FS17] Peter K. Friz and Atul Shekhar. On the existence of SLE trace: finite energy drivers and
non-constant k. Probab. Theory Related Fields, 169(1-2):353-376, 2017.

[Ham62] Mary-Elizabeth Hamstrom. Some global properties of the space of homeomorphisms on a disc
with holes. Duke Math. J., 29:657-662, 1962.

[HD58]  Mary-Elizabeth Hamstrom and Eldon Dyer. Regular mappings and the space of homeomor-
phisms on a 2-manifold. Duke Math. J., 25:521-531, 1958.

[LY21] Gregory F. Lawler and Stephen Yearwood. A new proof of reversibility of SLE, for k < 4,
2021. arXiv:2111.06960.

[Mes23]  Tim Mesikepp. A deterministic approach to Loewner-energy minimizers. Math. Z., 305(59),
2023.

[MRW22] Donald Marshall, Steffen Rohde, and Yilin Wang. Piecewise geodesic Jordan curves I: weldings,
explicit computations, and Schwarzian derivatives, 2022. arXiv:2202.01967.

[MS16]  Jason Miller and Scott Sheffield. Imaginary geometry II: reversibility of SLE,(p1;p2) for

€ (0,4). Ann. Probab., 44(3):1647-1722, 2016.

[Pom92] Ch. Pommerenke. Boundary behaviour of conformal maps, volume 299 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1992.

[PW24]  Eveliina Peltola and Yilin Wang. Large deviations of multichordal SLEg, real rational func-
tions, and zeta-regularized determinants of Laplacians. J. Fur. Math. Soc. (JEMS), 26(2):469-
535, 2024.

[RW21]  Steffen Rohde and Yilin Wang. The Loewner energy of loops and regularity of driving func-
tions. Int. Math. Res. Not. IMRN, 2021(10):7715-7763, 2021.

[Wan19a] Yilin Wang. The energy of a deterministic Loewner chain: reversibility and interpretation via
SLEo. J. Eur. Math. Soc. (JEMS), 21(7):1915-1941, 2019.

[Wanl9b] Yilin Wang. Equivalent descriptions of the Loewner energy. Invent. Math., 218(2):573-621,
2019.

[Wan22] Yilin Wang. Large deviations of Schramm-Loewner evolutions: a survey. Probab. Surv.,

19:351-403, 2022.

17



[Wan24] Yilin Wang. From the random geometry of conformally invariant systems to the Kéahler
geometry of universal Teichmiiller space. Notices Amer. Math. Soc., 71(6):732-739, 2024.

[ZhaO8]  Dapeng Zhan. Reversibility of chordal SLE. Ann. Probab., 36(4):1472-1494, 2008.

18



	Introduction
	Proof overview

	Preliminaries
	Energy of a simple curve and hyperbolic geodesics
	Identifying chords via hulls

	Proof of reversibility of chordal Loewner energy
	A commutation inequality
	Piecewise geodesic energy minimizers

	Energy minimizers for isotopy classes of chords

