MURPHY’S LAW FOR GALOIS DEFORMATION RINGS
ANDREEA IORGA

ABSTRACT. In this paper, we prove, under a technical assumption, that any semi-direct
product of a p-group G with a group ® of order prime to p can appear as the Galois group
of a tower of extensions H/K/F with the property that H is the maximal pro-p extension of
K that is unramified everywhere, and Gal(H/K) = G. A consequence of this result is that
any local ring admitting a surjection to Zs or Z; with finite kernel can occur as a universal
everywhere unramified deformation ring.

1. INTRODUCTION

Let p be a prime. Let ® be a finite group of order prime to p, and let G be a finite p-group
with an action of ®. Throughout this paper, ® will be fixed, and G will represent any p-group
with an action of ®. Let I' = G x ® be the semi-direct product of G and . For any number
field F, let L,(F') denote the maximal unramified p-extension of F. If ® is the trivial group,
Ozaki’s Theorem (Theorem 1 in [12]) states that any p-group I' = G can be written as the
Galois group of L,(F')/F, for some totally complex number field F. A recent paper by Hajir,
Maire and Ramakrishna ([6]) provides two extensions to Ozaki’s result: the base field can
have arbitrary signature, as long as its class number is prime to p, and the degree of the new
field over Q@ can be controlled. In this paper, we prove a different generalization in the case
of regular primes:

Theorem 1. Let p be a prime. Let ® be a group of order prime to p. Assume there exists
an extension of number fields L/E such that

e L/E is Galois with Galois group P,

o I contains p,, and is totally imaginary if p = 2,
e L has class number prime to p,

e L/E satisfies property P below.

For any p-group G with an action of ®, there exist extensions of number fields H/K/F such
that

(1) H/K is the maximal pro-p extension of K that is unramified everywhere,
(2) Gal(H/K) = G,

(3) Gal(H/F) =T, where ' = G x @,

(4) H/F satisfies property P below.

Definition 1.1. We say that an extension of number fields L/ K has property P if for all
primes p of K, and P | p, either Ly/K, is unramified or Ly/K, is tamely ramified with
ramification index e and e | (¢ — 1), where ¢ is the cardinality of the residue field of K.

When & is trivial, we can recover Ozaki’s result in the case when p is a prime such that
Q(¢p) has a finite extension with class number prime to p (note that this includes regular
primes); a similar hypothesis is present in the first version (arXiv:0705.2293) of Ozaki’s paper

[12]. The proof of this theorem is presented in Section 2, and it is inspired by Ozaki’s theorem
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and techniques. Throughout this paper, we will present the similarities and differences
between our methods and Ozaki’s methods.

A motivating example and a consequence of Theorem 1 is Theorem 2 below. Consider a
continuous absolutely irreducible residual Galois representation p: Gp — GL2(F,). One can
associate to p a number of deformation rings. These pro-represent functors of deformations
from the category C of local Artinian rings (A4, m) with A/m =TF,.

Definition 1.2. Consider a deformation p: Gp — GLa(A) of p for a finite (A, m). It factors
through some finite group, and the fixed field of the kernel is a finite extension; call it F'(p).
We say that p is unramified if the extension F'(p)/F(p) is unramified everywhere.

The functor on C which sends A to the unramified deformations D(A) is pro-representable
by a universal deformation ring. We are interested in the following question:

Question. What possible rings R can occur as universal everywhere unramified deformation
rings of such p?

Assume that the image of p has order prime to p, so its projective image is & = Ay, Sy, As
or a dihedral group (Proposition 16 in [14]). The Unramified Fontaine-Mazur Conjecture
(Conjecture ba in [3]) predicts that all @p—points will have finite image. Moreover, the
tangent space to any @p—point with finite image will be trivial by class field theory (proof
of Proposition 10 in [1]), and thus conjecturally such a ring has a unique map to @p. The
expectation is then that R is a ring admitting a map R — Z, with finite (as a set) kernel I.
In this paper, we prove the following:

Theorem 2. Let R be any local ring admitting a surjection to Zs or to Zy with finite kernel.
Then R is a universal everywhere unramified deformation ring.

This result can be seen as an example of Murphy’s Law for moduli spaces, an idea
introduced by Ravi Vakil in [16]: all possible singularities occur inside deformation spaces.
When considering unramified deformation rings, the analogue of this is to say that all finite
artinian local rings appear as unramified Galois deformation rings.

We now outline the structure of the proof, and the differences and similarities to Ozaki’s
methods. The proof of Theorem 1 is done by induction, as follows. Since ® acts on the
p-group G, it must preserve the centre Z(G) and the p-torsion of the centre of this group. It
follows that each such p-group fits into an exact sequence of p-groups

1=V -G —G—1,

where V' is a central subgroup of exponent p on which ® acts by an irreducible representation.
Therefore, there exists a sequence of p-groups

G=G, >G4 — - —Gy=1,

where each map is surjective and ker(G; — G,;_1) = V at each step. It follows that there
exists a sequence of surjections

r=1r,—-I,41—>---—=Iyg=9,

such that the kernel at each step is isomorphic to V', where I'; = G; x ®. The base case
of the inductive process is the assumption of Theorem 1. The inductive step follows from
Proposition 2.2, whose proof is presented in Section 6. Just as in Ozaki’s case, the extensions
are constructed using Kummer Theory. The main difference between our proof and Ozaki’s is
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that we are not working with p-groups, but with p-groups with a ®-action. Thus, we need to
construct a big number of primes satisfying a series of congruence conditions. Constructing
enough primes relies on the fact that the base field has a large enough degree over Q. To
ensure this, we perform a series of base changes using Proposition 2.1, whose proof is presented
in Section 4. The proof relies on the theory of modular representations of F,[I']. Finally, the
proof of Theorem 2 can be found in the last section. In fact, Section 7 presents a proof that
works in general for any prime p > 5 with the assumption that there exists a ®-extension of
Q(¢p) with class number prime to p that satisfies property P.

2. STRATEGY FOR PROVING THEOREM 1

Theorem 1 can be derived from the following two propositions, which will be proved in
Sections 4 and 6.

Proposition 2.1. With the above notation, let K/F be a Galois extension of number fields
with Galois group ® satisfying:

o The extension L,(K)/F is Galois and has Galois group isomorphic to I' = G x ®,
The field F' contains the group p,, and is totally imaginary iof p = 2,
Every prime of F' lying over p splits completely in L,(K),
The extension F/Q satisfies [F: Q] > 2(2d(G) 4 r(G) + d(®)), where d(G) and r(G),
respectively, are the minimal numer of generators and relations of a group G.
Then there exists a cyclic extension F'/F of degree p such that if K' = F'.K, then: F' N
L,(K)=F, L,(K') = F'.L,(K) and Gal(L,(K")/F') = T'. Moreover, if the initial extension
K/F satisfies property P, then the new extension K'/F' also satisfies property P.

Proposition 2.2. Let K/F be a Galois extension of number fields satisfying the four condi-
tions of Proposition 2.1 and property P. Assume ® acts irreducibly on a p-group V. Then
for any exact sequence of groups

1=V sT"—=>T =1,

there exists a finite extension of fields K'/F'" such that
(1) F C F' and K C K',
(2) The extension K'/F" is Galois and has Galois group isomorphic to @,
(3) The extension L,(K')/F" is Galois and has Galois group isomorphic to 1",
(4) Every prime of F' lying over p splits completely in L,(K'),
(5) The extension L,(K')/F' satisfies property P.

The proof of Theorem 1 is inspired by Ozaki’s results, and follows from Propositions 2.1
and 2.2 by induction. Recall that for a p-group G with a ®-action, we have an exact sequence
of p-groups

G=G,—>G,1— - —Gy=1,
where each map is surjective and the kernel at each step is isomorphic to V. If I'; = G; x &,
then we have a sequence of surjections

r=1r,—-1,1—--—=I'y=9,

with ker(I'; — I';_1) =2V, for 1 <i < n. The assumption of Theorem 1 is the base case of our
inductive proof. At step i, we can assume that we have a Galois extension K;/F; satisfying the
conditions of Proposition 2.1 for GG; and I';. Using Proposition 2.1 repeatedly, we can construct
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a finite extension F} of F; such that if K] = F/.K;, then F/NL,(K;) = F;, L,(K]) = F!.L,(K;),
and Gal(L,(K)/F!) = T';. Moreover, repeatedly constructing extensions using Proposition
2.1, we increase the degree [F}: Q], while keeping 2(2d(G;+1) + r(Git1) + d(P)) unchanged.
Thus, we can also assume that [F]: Q] > 2(2d(G;41) + 7(Giy1) + d(P)). Since this extension
K|/ F! satisfies the conditions of Proposition 2.2, there exists a finite extension K;iq/Fi+1
such that Fi/ C E+17 KZ/ C Ki+1> Gal(KiH/FZ-H) = (D, Gal(Lp<Ki+1)/F’i+1) = Fi+17 every
prime of Fj;; lying over p splits completely in L, (K1) and L,(K; 1)/ Fit1 satisfies property
P. Therefore, we have obtained fields F' = F,,, K = K,, and H = L,(K,,) with the desired
properties.

3. TOOLS FOR THE PROOF

In this section, we present some facts that will be useful later in the paper. Most of these
results can either be found in [12] or are generalizations of results in [12]. We will follow
Ozaki’s notation.

Suppose F' is a number field. Let U,(F) be the pro-p-part of the local unit group of
the complete field F}, of F' at p and U(F) = @,,U,(F). We embed the unit group of the
localisation OF,, of the maximal order Op of F' at p diagonally into U(F') as usual, and let
U,y (F') be the submodule of U,(F) consisting of all the elements u such that F,({/u)/F, is
unramified; let U'(F) = @,,U, (F). Since we have that U(F)? C U'(F) C U(F), we can
define R(F) =U(F)/U(F)? and R'(F)=U(F)/U'(F).

Lemma 3.1. If K/F is a Galois extension with Galois group ® as above, then
(1) RO = B, 0] 9% and R(K) = 5,(a]l* 9
(2) R(Ly(K)) = F,[T]" U+ and R'(L,(K)) = F,[T]F 9,
where s is the number of primes of F lying over p.
Proof. By definition, U(F) = @p,Uy(F) = ©p)pOr, @z, Zp. Tensoring with F, we obtain that
P mdptl
(05, 2, 2,) / (0%, 2, %) = Fp*, where dy = [Fy: @] Note that 3, dy = [F: Q).

It follows that R(F) = FY @* Similarly, R'(F) 2 Ff* 9.

Because every prime of F' lying over p splits completely in K/F, we have a natural
isomorphism of ®-modules U(K) = Z,[®] ®z, U(F) and U'(K) = Z,[®] ®z, U'(F), which
shows that R(K) = F,[®]" @+ and R/(K) = F,[®]F: 9.

Similarly, since every prime of F' lying over p splits completely in L,(K)/F, we obtain that
R(L,(K)) = F,[[]F 94 and R(L,(K)) = F,[[]7 9. .

Lemma 3.2. Let p be any prime number, F' a number field with L,(F) = F and S a finite
set of primes of F'. We denote by Fg/F the mazimal elementary abelian p-extension of F
unramified outside S. For any prime v of F', denote by D, the decomposition subgroup of
Gal(Fs/F) at the prime v. We assume that the map

P Ha(D,, Z) — Hy(Gal(Fs/F), Z)

induced by the natural inclusion D, C Gal(Fs/F) is surjective. Then L,(Fs) = Fs.
Proof. See Lemma 7 in [12]. O

Corollary 3.3. Let S and Fs be as in Lemma 3.2. If Fs/F is a cyclic extension, then
L,(Fs) = Fs.
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The following is a variant of Lemma 9 of [12], which only applies to M = L,(K). Our
modification works for both M = L,(K) and M = K.

Lemma 3.4. Let L,(K)/F be an extension as above. Let M = K or Ly(K), and let M /M
be any finite abelian extension linearly disjoint from the mazximal abelian extension of M
unramified outside p. Then for any u € R(M) and any T € Gal(M /M), there exist infinitely
many prime ideals AOyy of Oy such that AOyy is prime to p, (A mod U(M)P) = u in R(M),
and (MO, M /M) = 7.

Proof. Let L be the maximal elementary abelian p-extension of M which is unramified outside
p, and let H be the maximal elementary abelian p-extension of M unramified everywhere.
Then we have the following exact sequence

05, ®F, = R(M) 2 Gal(L/M) L Gal(H/M) — 1,

where the map p: R(M) — Gal(L/M) is the map induced by class field theory, and the third
map is the natural surjection f: Gal(L/M) — Gal(H/M). Let 0 = p(u) € Gal(L/M). Let
N be the maximal unramified abelian extension of M. Note that L and N are linearly disjoint
over H, and let L be their compositum. Observe that L and M are linearly disjoint over M.
Let & € Gal(L/M) be an element with the properties that res(5) [,= ¢! and res(¢) |y= 1.
Such an element exists because L and N are linearly disjoint over H, and the restrictions
o' € Gal(L/M) and 1 € Gal(H/M) agree on H/M, since res(c™!) |z=res(1) |5 if and only
if 07! € ker(f) = Im(p), which is true by construction.

By the Chebotarev density theorem, there are infinitely many degree one primes a of Oy,
not lying over p such that (o, L/M) = & and (o, M/M) = 7. The first condition implies
that (o, L/M) = 0= and (o, N/M) = 1. The second property implies that « is a principal
ideal in Oy, so there exists Ay € M such that a = AgO);. Combining this with the first
condition, we obtain that Ay = Ae, for some ¢ € Oj; and some A € M. The element A
has the properties (A mod U(M)?) = u in R(M) and (AQ,;, M /M) = 7, which is what we
wanted. 0J

4. PROOF OF PROPOSITION 2.1

In this section, we provide a proof for Proposition 2.1, which is our version of Proposition
1 in the first version of [12]. Our proof follows the idea of Ozaki’s proof, modified to work
in our situation. More explicitly, in his proof, Ozaki uses the theory of F,-representations
of p-groups G, while we have to use the theory of [F,-representations of groups of the form
G x @, where GG is a p-group and ® is a group of order prime-to-p. Throughout this section,
assume that the conditions of Proposition 2.1 hold.

We would like to find an element A of L,(K) such that

(1) The ideal AOy, (k) is a prime ideal of degree 1, not lying over p.
(2) If S denotes the set of primes of L,(K) dividing n = Ny (x)/r(A), then L,(K)(¢/n)

is the maximal elementary abelian p-extension of L,(K) unramified outside S.

Lemma 4.1. Assume such an element A exists. Let F' = F(¢/n), with n as above. Then
F'/F is an extension that satisfies Proposition 2.1.

Proof. Since nOp is a prime ideal of O, it follows that ¢/n € F', so I is a degree p extension
of F. Let K/ = K.F'. The fields K and F’ are linearly disjoint over F', so K'/K is a degree
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p extension. We want to prove that F' N L,(K) = F, L,(K') = F'.L,(K), and that the
extension L,(K")/F’ is Galois with Galois group isomorphic to I'.

Consider F' N L,(K). This is equal to F' if F' C L,(K); otherwise, it is equal to F.
Assume F” C L,(K). By construction, this implies that K’ C L,(K). But L,(K) is the
maximal unramified p-extension of K, and K’ is a ramified p-extension of K, so they must
be linearly disjoint over K, and K’ ¢ L,(K). It follows that our assumption was false, and
so I’ N L,(K) = F, which proves the first part.

Using the previous part, we observe that F'.L,(K) = L,(K)(yn) and K'.L,(K) =
L,(K)(¢/n). By construction, L,(K)(y/n) is the maximal elementary abelian p-extension of
L,(K) unramified outside S, so Corollary 3.3 tells us that L,(L,(K)(¢/mn)) = L,(K)(¢/mn). On
one hand, since K’ C K'.L,(K), we must have L,(K') C L,(K'.L,(K)) = K'.L,(K). On the
other hand, K'.L,(K) is an unramified p-extension of K’, so K'.L,(K) C L,(K'). Combining
these remarks, we obtain that L,(K') = K'.L,(K) = F'.L,(K), proving the second part.

Finally, consider the following diagram

Ly(K') = F'.L,(K)

p(K)/ \F’
~

Since the extension L,(K)/F' is Galois and has Galois group isomorphic to I, it follows
that L,(K')/F’ is Galois and Gal(L,(K')/F') = Gal(F'.L,(K)/F') = Gal(L,(K)/F) = T,
which is what we wanted.

To conclude the proof, assume that the initial extension K/F has property P. Let p’ be
any prime of F’ and p be a prime of F' below p’. Let e and €’ be the ramification indices of
pin K/F and of p’ in K'/F’ respectively. Let ¢ and ¢’ be the number of elements of the
residue fields of F}, and Frf,, respectively. Since the order of ® is prime to p, we must have
that e = ¢/, and ¢’ = ¢ or ¢’ = ¢”. Since K/F has property P, then either e =1 or K,/F,
is tamely ramified with e | (¢ —1). It follows that either ¢’ = e = 1 or K,/F}, is tamely
ramified with ¢’ | (¢ — 1) | (¢’ — 1), so the new extension K’/F’ has property P. O

L

Now, assume that A has property (1). Let S be the set of primes of L,(K) dividing 7. If
L,(K)(¢/a)/L,(K) is unramified outside S, for some a € L,(K), then

a mod L,(K)? = (¢ mod Ly(K)**) + Y a,(cA mod L,(K)*"),
oel
with a, € F,, € € OF ;). Since L,(K)(¥/a)/L,(K) is unramified at the primes above p, it
must be true that
(e mod U'(L,(K))) + ZaJ(UA mod U'(L,(K))) = 0.
oel

If this equation only holds for € € (OZP(K))p and a, = a, Yo € I, for some a € F,, then

a mod U(L,(K)) = CLZO’(A mod U(L,(K))?) =a(n mod U(L,(K))P).

cel’
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Thus, ¢/a € L,(K)(¢/1), so condition (2) also holds.

Let E = E(Ly(K)) be the image of the map Of ) @ F, = R'(L,(K)). The extension
Ly(K)(¢/€)/Ly(K) must be ramified at some prime lying over p, for any € € OF 1 \(OF )7,
so this map is injective: E = OF ) ® F,. It follows that the map OF ) @ F, — R(Ly(K))
is also injective, and by abuse of notation we denote its image by F.

The following Lemma represents a key step in the proof of Proposition 2.1. It is a variation
of Lemma 8 in [12] and it is inspired by Lemma 2 in the first version of the same paper. The
main difference between Ozaki’s proof and our proof comes from the fact that F,[G] is a
projective indecomposable F,[G]-module, and this doesn’t remain true if we replace G by
['=G x ® (for G a p-group and ® a prime-to-p group). To deal with this, we turn to the
theory of modular representations for groups of the form G x ® ([17]) and we make use of
some of the ideas that appear in Section 6 of [5].

Lemma 4.2. Let N be the kernel of the projection R(L,(K)) — R'(L,(K)). Then there
ezist free F,[I'|-modules M, N, Q of R(L,(K)) such that

o R(L,(K))=M®N®Q and R'(L,(K)) =M @ Q.

e C M.

e ranky, ) Q > 3[F: Q] — d(G) — r(G).

Proof. Note that IF,[I'] is a Frobenius algebra, so injective F,[[']-modules are the same as
projective F,[I']-modules (see Section 8.5 in [17]). In particular, any free F,[I']-module is
injective.

Since ® has order prime to p, the projective indecomposable F,[I']-modules Pg are in a
one-to-one correspondence with the simple F,[®]-modules S (Proposition 8.3.2 in [17]). It
follows that IF,[I'] can be decomposed as a sum of projective indecomposable modules

FP [F] = @ Pgs)
S simple
where n, = dimp(S), D = Endg, ) S.
From Section 8.5 in [17], we know that any F,[I']-module has a unique injective hull. Let
M = ®&P¢* be the injective hull of the F,[[']-module £. Consider the following diagram

i e
j L g

R(Ly(K))

The F,[I']-module R(L,(K)) is free by Lemma 3.1, so it is injective. The map 7 is the usual
inclusion map from E to R(L,(K)). The map f is the essential monomorphism E — M.
Since R(L,(K)) is an injective F,[T']-module, there exists a map g: M — R(L,(K)) such
that g o f =14. Moreover, since f is an essential monomorphism, the map g is injective. Let
M, =1Im(g) C R(L,(K)); the module E can be seen as a submodule of M.

By definition of N, we have a short exact sequence of F,[I']-modules

1= N — R(L,(K)) = R(L,(K)) — 1.
Since R'(L,(K)) is a free module (Lemma 3.1), this sequence splits. It follows that N is a

stably free F,[[']-module, which implies that N is a free F,[I']-module, of rank s (Example
4.7(3) in [10]).
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Consider the intersection M; N N. Let Soc(M; N N) be the socle of M; N N. For details
about this notion, see Section 6.3 of [17]. Since F,[I'] is an Artinian ring, every nonzero
module has a simple submodule. It follows that if M; NN is nonzero, then Soc(M; N N) must
be nonzero. Moreover, M; N N is a submodule of M;. Using the facts that Soc £ = Soc Mj,
Soc K C K and Soc K = K N Soc My, for all submodules K of M;, we obtain

Soc(My N N) = (M;NN)NSoc M

= N N Soc M;

= NNSock

CNNE

=0.
It follows that M; NN = 0, so M; + N is a direct sum in R(L,(K)). Since M; & N is a
projective [F,[[']-module, it must also be injective, so the following exact sequence splits:

1= M &N — R(L,(K)) = R(L,(K))/(M; & N) — 1.

Let Q1 = R(L,(K))/(M; & N). This is a projective F,[I']-module, so it can be written as
Q= @Pgs with the property that ag + fs = [F': Q] - ns.

We would like to estimate 8s. Let r = rankp,j¢) E© = rankp, ¢)(E%)* = ranks, ¢)(E*)c-
Thus, F,[®]" - (E*)¢. By Nakayama’s Lemma, F,[I']” — E*. Taking duals and using the
fact that F,[I'] is self-dual, we obtain that E = E** < F,[T']". Since M is the injective
hull of E and F,[I'] is an injective module, we obtain that M < F,[I']", which implies that
ags < ng-r, so it is enough to estimate r. To compute this rank r, we follow the idea in
Section 6 of [5].

On one hand, from the exact sequence

0= OF o/t = OF ey = OF ey/p = 0,
we derive the sequence
(OZP(K)/MP>G - (OZP(K))G - (OZP(K)/Z))G - HI(G» OEP(K)/MP)'
We observe that
* (OZP(K)/Z?)G = E°,

i (OZP(K))G/(OZP(K)/MP>G = (0g)/(Ok/1p) = OIX(/Ofxfp7
so the sequence becomes

(1) 05/0F — E¢ - HY(G, O;P(K)/up).
On the other hand, from the exact sequence
0— pp — OEP(K) — OEP(K)/MP — 0,
we get the exact sequence
(2) Hl(G7 OEP(K)) — Hl(Gv OZP(K)//JJP) — HZ(G7/1’I7>'

The p-group G acts trivially on p,, so for i = 1,2, the groups H*(G, y,,) describe the generators
and relations of G.

Now, if j: Clg — Clg, (k) is the map induced by the inclusion K < L,(K), then
HY(G, OZ,,(K)) = ker j (see 2 in [8]). Moreover, ker j is equal to the p-primary part of Cly,
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which is isomorphic to Gal(L,(K)/K)* = G, by class field theory. From the semisimple
version of Dirichlet’s unit theorem (Theorem 6.1 in [5]; for a proof, see Theorem 6.1 in [4])
and the fact that F' is totally imaginary, we obtain that

y 1
(3) rankp, 9](Ox /O") < §[F Q.
From (1), (2) and (3) it follows that
r = ranky, (g)(E) < rankg,[¢)(O}/O%F) + d,H' (G, O} )/ H)
< ranky (¢(O%/OF) + d,H (G, OF K)) +d, H*(G, 1)
1
< 1P Q4 d(6) +r(G).

where d), is the usual p-rank, and d(G) and r(G) are the number of generators and relations

of G. Therefore:

Bs = [F: Q] ng—asg
>[F:Q|-ns—ng-r
1
> 7 Q) ns = ns- (5P Q] +4(6) +1(6))

2

We can thus choose ¢ > ([F: Q] — d(G) — r(G)) such that @ := ©Pgs" is isomorphic to
a submodule of ();. This new module @ is a free F,[I'l-module of rank t. Moreover, it is
injective, so P = ()1/Q is a projective F,[I'|-module with @1 = Q & P. Let M = M; & P.
Then

> ng (E[F: Q| - d(G) — r(G)) |

R(LK)=Mi& N =M NeQeP=M&NGQ,
with &£ C M and rankg, i ¢ > %[F Q] — d(G) —r(G).
Since M is a stably free F,[[']-module, we can conclude that it is a free F,[I']-module, so
the proof is complete. O

The only thing left to show is the existence of a prime A of L,(K) with properties (1)
and (2). The proof follows the steps of Proposition 1 in the first version of [12]. Let M
and Q = @._, F,[T]g be the F,[[]-submodules of R(L,(K)) given by Lemma 4.2. Then, by

assumption,

t> —[F: Q] — d(G) — r(G) > d(G) + d(®) > d(T).

N —

Let {01, ...,04} be a system of minimal generators for ', d = d(T"). Let u = 3. (0, —1)g; €
Q C R(L,(K)). By Lemma 3.4 for M = L,(K), there exists AOy, (k) a prime of degree 1, not
lying over p, such that u = (A mod U(L,(K))"). Assume that there exist ¢ € Of . and

a, € F, such that (¢ mod U'(L,(K))) + Zag (oA mod U'(L,(K))) = 0. Observe that:

el
e ¢ mod U(L,(K))? + ZaU(UA mod U(L,(K))?) € N;
UEF
Zaa (oA mod U(L Zaa ou) € Q;

el cel
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o ¢ mod U(L,(K))? € E C M.

By Lemma 4.2, it follows that ¢ mod U(L,(K))? =) .ras(cA mod U(Ly(K))?) = 0. On

one hand, since U(L,(K))?NO} 1 = O 4, it follows that e € O” . On the other hand,

Y wer Go(0A mod U(Ly(K))P) = 0 implies > %U[Z?:l(ai —Dai] =, cr to(ou) = 0.
This implies Y .pa,0(0; —1) =0, forall 1 <i<d,so )  ra,0(r—1)=0,forall7eT,
meaning that a, must be constant for all o €I, i.e. a, = a € F, for some a € F,. We have
thus shown that A has properties (1) and (2), so the proof is complete.

5. EMBEDDING PROBLEM

In this section, we introduce some results about the embedding problem, used in the proof
of Proposition 2.2. A detailed exposition of this can be found in [11].

Let F' be a number field and let Gz be the absolute Galois group of F. Let K/F be a
finite Galois extension with Galois group G. For an extension of finite groups (¢): 1 - A —
E — G — 1, the embedding problem (G, ¢) is defined by the diagram

¢

1 > A »y B ——— G > 1,

where ¢ is the canonical surjection. A continuous homomorphism ¢: Gp — FE is called a
solution of (Gp,e¢) if it satisfies the condition 7 o 1) = ¢. A solution v is called a proper
solution if it is surjective. If (¢) is a nonsplit extension, then every solution of the embedding
problem is a proper solution (Satz 2.3 in [7]). We are only interested in the case when the
extension is nonsplit, so we can assume that if a solution to the embedding problem exists,
then it is proper. This is the same as finding an extension M/F containing K/F such that
Gal(M/F) = E compatibly with Gal(K/F) = G. When such a solution exists, we say that
(G, e) is solvable.

For each prime p of F', we denote by F, (resp. K,) the completion of F' at p (resp. of K at
a prime above p). Let G, be the absolute Galois group of F,, Gy = ¢(GF,) C G (which is
isomorphic to the decomposition group of p in Gal(K/F)) and E, = 7*(G,) C E. Then the
local embedding problem (G, ,¢;) is defined by

Gr,

p

l@v
Tp

1 y A > by > G > 1,
We have the following results from [11] (Satz 2.2, Satz 4.7, Satz 5.1).

Theorem 5.1. Let (Gp,e) be an embedding problem with abelian kernel A. If the map
H*(Gp, A) = [[ H* (G, A)
peP

is injective, then the embedding problem (G, €) has a solution if and only if the local embedding
problems (Gr,,,) have solutions, for all p € P. Here P is the set of primes of F.
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Theorem 5.2. If A is a trivial finite G-module (i.e. A =7/nZ) or A is the dual of one (i.e.
A = ), then all maps

H(F,A) — [[ H'(F, A), ¢>0,
p

are injective. Here we have H1(F, A) = HY(GFp, A).

Theorem 5.3. If K,/F, is a cyclic extension of local fields, then the following conditions
are equivalent.

(1) Every embedding problem corresponding to the extension K,/F, with an arbitrary (not
necessarily abelian) kernel A of exponent n is solvable.
(11) Every n-th root of unity in F, is the norm of an element of K,.
This is always true if K,/ F, is unramified.
If K,/ F, is tamely ramified with ramification index e, then (i) and (ii) are true if and only
ifn'e| (¢ — 1), where n' = lee p*™ and q is the number of elements of the residue field of
F,.

Going back to our case, consider the following embedding problem:
Gr
1 > V > I y I > 1,

with Gal(L,(K)/F) =T = G x ®, Gal(K/F) = &, and K/F satisfies property P (which
implies that L,(K)/F also satisfies this property). By Theorem 5.3, all the local embedding
problems have solutions, so in order to use Theorem 5.1, we need to prove that the map

H*Gp, V) = [[ H(GR,. V)

peP

is injective. Note that V' is not a trivial IF,[I']-module, so we can’t apply Theorem 5.2 directly.
Consider the following commutative diagram

H*Gp,V) — [[H*(GR,. V)

l p
res l
res

H*(Gg,V) — [[H* (G, V)
p

Using spectral sequences, we can prove that H?(Gg,V)® = H?(Gp, V), so the map on the
left is injective. Similarly, it can be proved that the map on the right is injective. Since
K = err’o, where p: Gp — GLy(F,) is irreducible and has image ®, the adjoint action

coming from G is killed on Gk, so
H*(Gk,V) = H*(Gk,Fy),

where n = dimg, V. So by Theorem 5.2, the map on the bottom is injective. It thus follows
that the top map is injective, and so Theorem 5.1 applies.



12 ANDREEA IORGA

On one hand, if the group extension is split, we claim that a solution to the embedding
problem is given by M = L,(K)(¢/a1,. .., ¢/a,)/F, with a1,...,a, € K, and Gal(M/F) =
[V xI'. On the other hand, we claim that any two solutions differ by a split extension.
To summarize:

Proposition 5.4. Let K/F be an extension with Galois group ® that satisfies property P.
Consider the extension L,(K)/F with Galois group I'. The embedding problem

1-V-oI'>T—>1

always has a solution. Furthermore, if L,(K)(¥/oq, ..., ¢/on)/F is a solution, with a; €
L,(K)*/L,(K)*?, then all the other solutions are given by L,(K)(¢/araq, ..., ¢/aa,)/F,
where a; € K>/ K*?, oga; # 0 in Ly(K)*/L,(K)*?, and Gal(K (/a1 ..., ¥/a,)/F) =V x &.

6. PROOF OF PROPOSITION 2.2

In this section, we will provide a proof for Proposition 2.2. The proof can be split into two
cases: when the following sequence splits or when it doesn’t split:

1>V ->I">T-—>1.

The case when the extension does not split will use the embedding problem combined with
the case when the extension splits, and will be treated at the end of this section. Assume
first that the sequence splits. In this case, I" = V x I', and we can work over K.

Let n = dimg, V and let m = |®[. Let g1,..., g, be generators of the action of ® on V. Let

T = %. We can assume that [F': Q] > 2d(T + 2), where d = d(®) is the number

of generators of ®, by replacing F' with some finite extension of F’ given by Proposition 2.1.
Recall that Proposition 2.1 constructs a new extension that satisfies property P if the initial
extension satisfied this property. Note that R(L,(K))® = R(K) and R'(L,(K))¢ = R'(K)
as F,[®]-modules, N¢ 2 ker(R(K) — R'(K)), and (O} ® F,) N QY = 0, where @Q is the
[F,[I']-module obtained in Lemma 4.2. Let {o1,...,04} be a generator system of ®. The free
F,[®]-module Q¢ can be written as Q¢ = @._, F,[®]q;, with ¢ > d(T + 2).

Using Lemma 3.4 applied to M = K, we obtain primes \;Of that are completely split in
L,(K)/K, and satisty N()\;) =1 (mod p) and

d
A mod UK = (14 0;)qu-1)a+j

j=1

in R(K), for 1 <1i <T. Moreover, we can also assume that the primes of F' below \; split
completely inn K/F

Since ® has order prime to p, the F,[®]-module R(K') can be decomposed as a direct sum
of isotypic components:

R(K)=Ewm,
W
where each W is a simple F,[®]-representation. Each a € R(K) may therefore be written as
a =Y aw, where ay € W™ . The isotypic projection Py of R(K) onto W"W is given by
the formula I
im .
Fw = | @ | - dimp, End W QEZ(DXW(Q )9
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where x is the character of W. This is a modified version of Theorem 8 in [15] that
works for (not necessarily algebraically closed) finite fields. Note that Py (Py(a)) = aw if

U=MW and PW(PU(a)) =0if U 2 W. To ease notation, we will write nyy = M—WE&Q'
P

We can then write Py (a an wg(a). Note that since V' is an absolutely irreducible
ged
[F,[®]-representation, n,y is well-defined and nonzero in F,,.
Let (ay,...,an,b1,...,b,) and (z1,...,Zn, Y1, - ., Yn) be two nonzero elements of (Z/pZ)*"
that are not multiples of each other. This pair generates a (Z/pZ)?-subgroup of (Z/pZ)*".

There are % subspaces spanned by such a pair, i.e. (Z/pZ)*-subgroups; label them

)
from 1 to % For each such pair, choose a prime )\, from the ones constructed above

(we can do this since T' = %) and define v; and 15 to be products of conjugates

of \¢, with 1 < ¢ < T, with the properties that the exponents of g;*(\e), g5 '(Ae), ... g7 (M)
in vy are ai,...,a,, and the exponents of g, (\¢), g5 (\e), .. g7t (o) in vy are by, ..., by,

respectively. Write a; ¢ = a;, bj ¢ = b;, x;y = ;, and y, o = vy;. Let v = H Hg )%t and
i=1 ged

HHg Dot Write g;(1y) = /\ ‘wip and g;(1s) = )\ &g, for all 1 <4 < n, with w; e

i=1 ged
and &; ¢ not divisible by A,. For each ¢, let 7, be a non p-power modulo A,. Lift this 7 to a
principal ideal x, in Og. We distinguish two cases, each containing two subcases:

(1) If a; 0 # 0, for some i, let

_ ) mieaie — wigag,, it g #£i
Cie = £l
07 rjy=nu,
dje = Yjeaie — ;0bj e, for all j.
Since (a1py- -5 Aney b1 ey, bne) and (T1 e, .., gy Yie, - - -, Ynp) are not multiples of

each other, at least one of ¢;, and d;, is nonzero.
(a) If ¢j, # 0, for some j # i, let

Wiy if k=i
T . .
Ape =< e Wiy ifk=j
Ckygc,i _ .
Kk, 7' -w,, otherwise.
dy, gcje
Bk,g =Ky gk(? for all k.

(b) If d;, # 0, for some j (possibly j = i), let

wi ! itk=1
k.0
Ape = cked , )
Kk, 7" -w., otherwise.

1 . .

B Ko &y ifk=j

ket = dped;y .1 )
Ky &gy Otherwise.
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(2) If b; ¢ # 0, for some 1, let
Cie = Tebie — Yieaje, for all

g, — & Yitbie = Yiebjp,  forj#i
3t 0, if j = 1.

Since (a1,0,- -5 e, b1y, bne) and (T1 e, ..., gy Yig, - - -, Ynp) are not multiples of
each other, at least one of ¢;, and d;, is nonzero.
(a) If dj, # 0, for some j # 1, let

creds ) _
Apo=r, 7 -wk}, for all k.
1 . .
3 1 itk=1
Bre =4 Fe- gk,g ifhk=j

died; ) .
Ky fk,é otherwise.

(b) If ¢j, # 0, for some j (possibly j = i), let

1 . .

K+ Wiy ifk=y

Ak,ﬁ = Cklcj_t} -1 .
Ky 7w otherwise.

¢ K,
&5 itk=1
Brye = di gc ]

y k,lcj,g -1 .

Ky - &g otherwise.

Let R = Hg;l(/\g). We would like to construct a prime a of Ok with a = g; '(A;)
il

(mod g; *(\¢)), for all i and £. Since the ideals g; ' (\)Ox are pairwise coprime, the Chinese
remainder theorem tells us that constructing such an « is equivalent to constructing an
« that satisfies a specific congruence modulo ROk, say a = r; (mod R), compatible with
a = g '(Aiy) (mod g;'()\)). Similarly, to construct a prime § of O with 8 = g; *(Biy)
(mod g; '()\)), it is enough to construct a prime 8 with a specific compatible congruence
modulo ROk, say 8 = ry (mod R). Use the existence theorem of class field theory to
construct an abelian extension M /K whose Galois group is in a natural correspondence with
the ray classes modulo ROg. Use Lemma 3.4 with M = K again to find two primes a and
of Ok that split completely in L,(K)/K, prime to p, such that

a mod U(K) = —Py(1) + Z Py (Z(l + Uj)QTd+j>

W4V j=1
and
d
B mod U(K)" = —Py(vs) + Z Py (Z(l + Uj)CI(T+1>d+j>
W#V j=1
in R(K), and
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Observe that while taking projections Py (v1) and Py (v2) modifies the exponents of the
primes g(A) in 14 and v, those exponents still appear as the exponents of some other primes.
In other words, if (ay, ..., an, by, ..., b,) generates a Z/pZ subgroup of (Z/pZ)*", then there is
a prime g;(\;) such that the the exponents of g7 (g;(\e)), 95 (g:(\e)), - - ., g (gi(Ag)) in vy are
ai,...,a, and the exponents of g;'(g;(A\e)), 95 (g:i(Ne))s - - ., g7 (gi(Ne)) in 1 are by, ..., by,.

Note that K*/K*P is an F,[®]-module, so we can consider the projections to the V-
eigenspace of v1a and v, 3. Construct K to be the Galois closure of K ({/ Py (v1a)) over F, and
K5 to be the Galois closure of K ({/ Py (v»f3)) over F. Then Gal(K,/F) = Gal(Ky/F) =V x®.
Moreover, since Py (v1a) = 0 in R(K), every prime lying over p in K splits completely in
K,/K. The same holds true for K,/K. Consider their compositum K = K;.K, and let
L = K.L,(K). We claim that:

e The extension L/L,(K) is unramified at p.

e Recall that g(«), g(8), g(\;) split completely in L,(K)/K by construction, for all
ge®and1<i<T. Let S be the set of primes of L,(K) lying above these primes.
Then L/L,(K) is the maximal elementary abelian p-extension of L,(K) which is
unramified outside S.

e All the (Z/pZ)?*-subgroups of Gal(L/L,(K)) appear as decomposition groups of some
prime in L,(K) lying over g()\;), for g e ® and 1 <i <T.

Consider Py (v a) in R(K). By construction, Py(rja) = 0 in R(K), so it must remain
trivial in R'(K). Similarly, Py(120) = 0 in R'(K). It implies that K;/K and K,/K are
unramified at p, and thus K /K is unramified at p. Combine this with the fact that L,(K)/K
is unramified everywhere to conclude that I = K.L,(K)/L,(K) is unramified at p.

To show that L is the maximal elementary abelian p-extension of L,(K) unramified outside
S, it is enough to show that K is the maximal elementary abelian p-extension of K unramified
outside S = {g(a), g(B),g(N\i) | g € ®,1 <i < T}. This is true because S represents the set
of primes of L,(K) lying over the primes in S, and all the primes in S split completely in
L,(K)/K.

To this end, consider an elementary abelian p-extension of K unramified outside .S, call it

K(¢/7)/K. Then

v=n- HHg D [T g(e) [T 9(8) mod K>,

=1 ged ged ged

for some n € O and ay, by, cq; € Z, for 1 <7 < T and g € ®. Since K(y/7)/K is unramified
at p, it follows that v = 0 in R'(K), so v € NY. Thus Py (vy) = 0 € R(K), for all W, which
in turn means that Py (y) = 0 € R/(K). From construction, g(\;), g(a),g(8) € QY C R'(K).
Moreover, since n € 0% ® F,, and O @ F, intersects Q¥ and N¢ trivially, it follows that
n=0in R(K), son € O, since nis a global unit.
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On one hand, consider Py (7), for W # V:

0=Pv(v) = > (Z Coh=1 ° nh,Wg()\i>>

1=1 ge® \hed

+ Z <Z Agp-1 - nhwg(a))
ged \hed

£y (z b -nh,wg<5>)
ged® \hcd

By construction, \;, &, 3 and their conjugates are all linearly independent in Q¢, so it follows
that their coefficients have to be 0:

E Npw * Cgp—1,4 = 0,

hed
E Npw - agh_1 = 0,
hed
E npw - bgh—l = O,
hed

forall 1 <¢<T and g € ®.
On the other hand, recall that Py (1) = 0 and Py (158) = 0 in R(K). Consider Py (7):

0= PV(’Y) = Z Z (Z npv (Cgh—l,i - Z(bgT—lyTh—l,i + agT_leh_l7i>>> g<)\z)

i=1 ge® \hed €D

Using the same argument as above, we observe that

Z nh,V(Cghfl,i - Z(bgfrflyﬁrl,i + anglehfl,i)) - 07
hed TED
forall 1 <i<T and all g € ®.
Finally, putting these things together, we obtain that

v = [ o(Pr(ma)® ] g(Pv(»28))’ mod K,

ged ged

meaning that K (/) C K, which proves the maximality of K, and concludes the proof for
the second claim.

Just as above, we observe that it is enough to prove the third claim for K /K, the statement
for L/L,(K) following from it, since g();) splits completely in L,(K)/K, for all g € ®
and 1 <i < T, and Gal(L/L,(K)) = Gal(K/K). The following short lemma proves this
statement for K /K.

Lemma 6.1. All the (Z/pZ)?-subgroups of Gal(K/K) appear as decomposition groups of
some g;(Ag), for 1 < <T andi=1i({).
Proof. Take a (Z/pZ)?-subgroup N of Gal(K/K); note that there are T = @D —p)

(p*=1)(p*—p)
of them. Assume that N is generated by (ai,...,apn,b1,...,b,) and (T1,..., Tp, Y1, -, Yn)
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with (a1, ...,a,,01,...,0,) # 0, (X1, ..., Tp, Y1, -, Yn) # 0, and (aq,...,an,b1,...,b,) and

(1, Tp,Y1,--.,Yn) are not multiples of each other. From the above discussion, we know
that there is a prime A = g;()\,) such that the exponents of g; '()\), g5 (A\), ..., g1 ()\) are
ai,...,a, in vy, and by, ..., b, in vy, respectively. This implies that the inertia subgroup

corresponding to A in Gal(f(/K) is generated by (aq,...,a,,b1,...,b,). Moreover, the prime
A satisfies

a=g; (4 (mod g;'(N),
B=g;(Bje) (mod g;'(N)),

for all 1 < j < n, which implies that the fixed field of inertia is nontrivial, but the fixed field
of N is trivial. Thus, the decomposition group of A is isomorphic to N. This concludes the
proof, since N was chosen arbitrary. 0

We claim that the extension L/L,(K) satisfies the conditions of Lemma 3.2, with S instead
of S. We know that L,(L,(K)) = L,(K) and we have just proved that L is the maximal

elementary abelian p-extension of L,(K’) unramified outside S, so the only thing left to prove
is that the following map is surjective

P Ha(D., Z) — Hy(Gal(L/L,(K)), Z),

where the sum is over all the primes of L,(K). The key fact is that for a finite abelian
group G, the homology group Hy(G,Z) is isomorphic to the second exterior power of G,
2

/\(G) (Lemma 5 in [13]). Recall that Gal(L/L,(K)) = Gal(K/K) = (Z/pZ)**; assume
that Gal(L/L,(K)) is generated by {7, 7s,...,7,}. Consider the (Z/pZ)*subgroups of

Gal(L/L,(K)) generated by pairs of two elements in {7y, ...,7s,}. There are n(2n — 1) of
them; call them Ay, Ay, ..., Ayon—1). In particular, Ayy; = (7, 7;+;), where i ranges from 1

to2n —1and k= 2n(i —1) — 1 <5 <2n —i.

Note that T = % > n(2n — 1), for all primes p. From the fact that the
decomposition subgroups D, exhaust the (Z/pZ)*-subgroups of Gal(L/L,(K)), as v ranges
over all the primes in .S, it follows that there are primes v; € S such that D,, = A;, for all
1 <i<n(2n—1). Note that these primes are primes above g(\;), g(a), g(8). Consider the

following intersections:

Bi=D,, NDy,N---ND,, =Z{(n)=7/pZ
By =D, ND,, N---ND,, .= (n) =7Z/pZ

Byy =Dy, s N Dy, NN Dy = (1o,) 2 L.
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The groups B; span the group Gal(L/L,(K)), so there exists a basis {z1,...7s,} of
Gal(L/L,(K)) such that z; € B;. Now,
2
1,29 € Dy, = 21 N9 € /\Dv1
2
21,23 € Dy, = 1 N3 € /\Dv2

2

Ton—1, Tan € Dvn(gn_l) = Tan—1 A Loy € /\ D’Un(gn_l)J

2

which implies that (x; Az, | i < j) C P /\ D,,, where the sum is over all v; with D,, = A;,
2

for 1 <i < n(2n —1). On the other hand, (x; A z; | i < j) spans /\Gal(ﬂ/Lp(K)), which

2 2 2
implies that /\ Cal(L/L,(K)) C @ /\ D,, C @ /\ D,, so we must have equality. Thus,

the map in Lemma 3.2 is surjective, proving that L,(L) = L.

Let L, = K,.L,(K) and Ly = K5.L,(K). Then L = L,.L,. Note that Gal(L,/F) =
Gal(Ly/F) =2V x ' 21", by the discussion preceding Proposition 5.4. Let K’ be the Galois
closure of K ({/ Py (1) Py (123)~1) over F. We would like to show that there exists F”/F that
satisfies the conditions of Proposition 2.2. Since Gal(K'/K) = V and Gal(K'/F) =V x ®
by construction, we have the following exact sequence

1 — Gal(K'/K) — Gal(K'/F) = Gal(K/F) — 1.

Recall that V' is a p-group and & is a group of order prime to p, so this sequence splits, and we
can view Gal(K/F) = ® as a subgroup of Gal(K'/F). Let F’ = K'®. The extension K'/F’
is Galois and has Galois group ®. Moreover, K C K’ and F' C F’. By construction, F'/F
and Ly /F are linearly disjoint, and Li.F’ = L;.K' = L, so Gal(L/F") = Gal(L,/F) = T".
We claim that L,(K’) = L. Since L is an unramified p-extension of L,(K).K’ and L,(K).K’
is an unramified p-extension of K’ it follows that L C L,(K'). Combining this with the fact
that Lp(f/) = L, we conclude that L = L,(K"). Moreover, every prime of F’ lying over p
splits completely in L. To finish the proof in the case of a split extension, we have to prove
that L,(K")/F' satisfies property P. Since L,(K")/K’ is everywhere unramified, we only have
to prove that the extension K'/F’ satisfies property P. Since Gal(K'/F’) = Gal(K/F) = ®
has order prime to p, and F’/F' is a p-extension, this argument is similar to the one at the
end of the proof of Lemma 4.1, and will be omitted.

If the extension
1-V-osI'—>T =1

is not split, we cannot work over K anymore. However, the proof is similar. We begin by
proving the following lemma, which is a variation of Lemma 6 in [12]. In fact, we can recover
Ozaki’s lemma from the following result in the case of ® =1, V = Z/pZ and u, C K. The
proof is similar to the proof of Lemma 4 in the first version of Ozaki’s paper, the main
differences coming from the [F)-dimension of V' and the action of ® on V.
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Lemma 6.2. For any group extension
1=V T"=T—1,

there exists a finite extension F'/F such that if K' = K.F', then
(1) L,(K') = L,(K).K' and L,(K') = L,(K).F'; hence Gal(L,(K')/F") = Gal(L,(K)/F)
and every prime of F' lying over p splits completely in L,(K’).
(2) There exist global units e1,€3,....6n € Of 4y (n = dimg, V) such that the field
extension L,(K')(/e1, ..., ¥/en)/F" is Galois with Galois group isomorphic to I'.

Proof. By Proposition 5.4, there exists a Galois extension L/F containing L,(K) such
that Gal(L/F) = I". Let oq,...,q, be the Kummer generators of L/L,(K), so L =
L,(K)(¢/ay, ..., ¥ay,). Since K C Ly(K) C L and K/F is Galois, the extension L/K must
be Galois, so (a; mod L,(K)*P) € (L,(K)*/L,(K)*?)¥ where G = Gal(L,(K)/K). Thus,
a;Or, (k) = Aa;, for A; an ideal of Or,(x) and a; an ideal of Of. Let h be the class number
of L,(K); so (h p) = 1. Then, Ar = — A iOL, (K, for some A; € L,(K), which implies that
afOLp(K) A? h. Let a) = a and al = OéhA P, Then a, = o 101, (k) is an ideal of O, and
L = Ly(K)(¢/ar, .. ¢/am) = Ly(K) 3/ .. )
Let p® be the exact power of p d1V1d1ng the order of the ideal class [o}]x. Then [of]}
has order prime to p. Let e = maxe;, and note that [ag]’; has order prime to p. By using
Proposition 2.1 repeatedly we obtain an extension F’/F of degree p¢ such that if K’ = K.F’,
then
e K'NL,K)=K and F'NL,(K)=F,
o L(K') = Ly(K).K' and Ly(K") = L,(K).F"
o Gal(L,(K")/F') =T
Denote by j: Clg — Clg the map induced by the inclusion K C K’, and by N: Clg —
Clk the norm map. The natural restriction Gal(L,(K")/K’) — Gal(L,(K)/K), which is an
isomorphism, induces an isomorphism Gal(L,(K")/K')* = G®. Then the order of ker N is
prime to p by class field theory. Thus, since N o j([a/]x) = [a/]%, the order of j([a!]x) € Clk,
say m;, is prime to p. Let m = lem(m;), so m is prime to p. Let a/" = a,Ok, for some
a; € K. Then a;0x = o/m(’)L (k7). Thus, there exists ¢, € OF K such that o™ = ale;.
Note that L,({/a}, ..., ¥/al) = Ly,(/af™, ..., {/al™), so we can replace ol by o™
Recall that (o mod L (K’)Xp) (L,(K ) JL,(K")*P)¢ as a subgroup Smce the ex-
tension L,(K')(%/a, ..., ¥/al)/F’ has Galois group I, it follows that (o) mod L,(K')*P)
has an actlon of I'= G x & and, as an F,[I']-representation, it is isomorphic to a copy of
the projective cover of V; call it V. Hence, Gal(L,(K')(%/al, ..., ¢/aZ)/F') is isomorphic
to Gal(L,(K")(X/ Py (), ...,/ Py(al))/F'), so we can replace a; by Py (o) = Py (ae;) =
Py (a;) - Py(e:). Note that Py (a}) = Py (a})I¢, since o} € K'*. Since (Py(a})) is isomorphic
to a subrepresentation of V' in K'*/K"*? and V is an irreducible F »[P]-representation, either
(Py(a})) =V or (Py(a;)) = 1. The latter implies that Py (a}) = 1, for all ¢, which in turn
implies that P (o)) = Py(e;), which finishes the proof: L,(K')({/Pv(a4), ...,/ Pv(cal,))/F’
is the desired extension. On the other hand, the former implies that (Py(a})) = V, so
Gal(K'({/Pv(a}), . .. {/Pv(ag))/F’) =V x ®. Then, by Proposition 5.4, the Galois group
of L,(K')({/Py(a}),...{/Py(al))/F" is isomorphic to V x T Putting all this together, we
can conclude that Gal(L,(K") {/PV (1), ... &/ Pv(en))/F') = d
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Note that from construction, it follows that (e1,...,g,) = (o(e1) | 0 € I'), as represen-
tations. Moreover, the new extension L,(K')(¢/€1,. .., ¥/c,)/F' satisfies property P except
possibly at the primes above p.

Just as before, construct primes \;, in K’, for 1 < ¢ < T, and «, in K’ with the
same properties. The primes «, 3, \; are in K’, so just as in the previous case, the Ga-
lois closure of K1 = K’ ( Pv<V1a)) over F' has Galois group V x ®. Define the field

»(K') (/€1 Py (o), f/engn (Py (1)), and use Proposition 5.4 and Lemma 6.2 to
observe that the Galois group of Li/F"is T". Construct Ky and Ly in a similar manner. Let
K be the Galois closure of K'( {/PV a)Py(vef)~1) over F” and let L = L;.Ly. Construct a
field F just as in the previous case. Then the new extension L/F satisfies the conditions of
Proposition 2.2. Note that property P is now satisfied, since there is no ramification at the
prime p.

7. PROOF OF THEOREM 2

Let R be any local ring admitting a surjection to Z, with finite (as a set) kernel /5. Assume
we have an absolutely irreducible residual representation

¥ Gp — GLy(F,),

whose image is @, a group of order prime to p. Note that the projective image ® of this
representation is Ay, Sy, Ss or a dihedral group. Since ® has order prime to p, it lifts to a
representation ® C GLy(Z,). Let T' denote the inverse image of this group inside GLy(R); it
lives inside a split exact sequence

1= 14 My(Ig) »T =& — 1.

The group [ admits a natural residual representation via 1, call it p: [ — GLy(F,), which is
absolutely irreducible, so a universal deformation ring R; exists. The aim of this section is to
show that R; = R.

Firstly, note that T’ admits a deformation to GLy(R) by construction, so R; — R, so there
exists an ideal J C Rj; such that R;/J = R. The general case can be reduced to the case
when J is finite, so from now on, we will assume that J is finite. To prove that R is universal,
it is enough to prove that for every local ring S with the following properties

e There exists a finite ideal Ig such that S/Is = Z,;
e S — R, )
e There is a lift I' = GLy(S5),

there exists a map R — S that makes the following diagram commute:
GLs(R

Before proving our main result, we need to introduce several lemmas. From now on, assume
that R and S are local rings with the following properties:

(1) There exist finite ideals Is C S and Ip C R such that R/Ir = S/Is = Z,.
(2) S — R.
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Since S — R and the ideals I and Iy are finite, it follows that there exists a finite ideal
J C S such that S/J = R.
We will use the following notation:

o If A is a local ring, let m4 denote the maximal ideal of A.
o Let FS =1+ Mz(]s)
e For an ideal I C S, let I'; = 1 + My ().

Lemma 7.1. Let S and R be as above. Suppose that dimp, J = 1 and suppose that there
exists some 0 # x € J such that x is sent to 0 under the map mg/(m%,p) — mz/(m%, p).
Then there exists a subring S C S such that S’ = R.

Proof. Take generators 7, ..., T4 of mp/(m%,p) and lift these generators to mg/(m%, p) and
then to S. Denote the lifts to S by z1,...,x4. Consider the subring S’ of S generated by
these lifts.

Firstly, we claim that x ¢ S’. Suppose otherwise, so x = ag + a1x1 + . .. agry + o, where
a € m%, a; € Z,. Since z,x;, « € mg, it follows that ag € mg N Z, = (p). Recall that under
the map

ms/(mg, p) — mp/(mg, p),

T =ap+ Y ax; +a=> az; (in mg/(m%,p)) is sent to 0. Since T; generate mp/ (Mm%, p),
this is true if and only if a; = 0 € mp/(m%,p), for all 4, which is true if and only if
a; € Z,N (m%,p) = (p). Thus, x € (m%, p), which is a contradiction. So z & S’, which implies
that " — R.

On the other hand, there is an isomorphism on cotangent spaces induced by this inclusion
S’ < R. In particular, the map on cotangent spaces is surjective, which implies that the
original map must be surjective. Thus, the map from S’ to R must be an isomorphism. []

Lemma 7.2. Let S and R be as above and suppose that dimg, J = 1. Then exactly one of
the following holds:

o [['s,I's]T% contains T';.
e S = Rlx]/(x? px), for some x € S.

Proof. Note that [['s,T's]T'% = L2 prg)s s0 if J C (I%,pls), then the first statement holds.

Assume now that J is not a subset of (I, pls). So, there exists x € J such that = & (I3, pIs).
Moreover, z € (m%,p). Thus, under the map

ms/(m%"p) — mR/(m?%p);

the nonzero element x is sent to 0. From Lemma 7.1, we know that there exists a subring
S" C S such that S’ = R and = ¢ S’. Consider the map S’[z] — S: it is a surjection and
px, x? are elements of the kernel. Thus S = S’[z]/(2?, pr) = R[z]/(2?, px). O

Lemma 7.3. Let S and R be as above. IfT'; C [I's,['g|I", then there is no lift r— GL2(S5).

Proof. Suppose that I'; C [['s, T's]T% and suppose that there is a lift I' — GLy(S). Then, we
have the following commutative diagram:
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I's
VAN
s F(Ts
\: 2

I'r

)

where F'(I's) = T's/[I's, I's]I's is the Frattini quotient.

Since I'y C [I's, T's]T'% = ker ¢, it follows that v has to factor through I'r, which implies
that I'r 2 I'r — F(I's) must be surjective, so 'r — I's — F(I'g) must be surjective. Since
F(T's) is the Frattini quotiont of I's, we obtain that I'y — I's must be surjective, but this is
impossible, since I'g has fewer elements than I's. Therefore, there is no lift to GLy(.S) in this
case. 0

Lemma 7.4. Let R and S be as above. Assume, moreover, that J is an F,-vector space of
dimension n. Then exactly one of the following is true:

(1) There is no lift T — GLy(S);

(2) S = Rlxy,...,x,]/(zx,pz;), for some z; € S.

Proof. This will be proved by induction on n = dimg, J.
Base case: n = 1. By Lemma 7.2, we know that exactly one of the following holds:
(1) I'y cC [FS,FS]FZ
(2) S = R[x]/(2?, px), for some x € S.
If (1) is true, then by Lemma 7.3, there is no lift T — GL2(S). If (2) is true, there is nothing
to prove. This concludes the base case.

Inductive step: suppose the result is true for m < n and consider the case n = dimy, J.
Suppose J = (x1,...,2,), for some x; € S. Let S; = S/(x1). Apply the base case to
S, Sy and (z) instead of S, R and J to obtain that either there is no lift I' — GLsy(S)
or S = S[z1]/(x%, pxy). If the former is true, then the proof is complete. Assume that
S = Sy [x1]/ (2%, pr1). By construction, S; still surjects onto R with kernel J; = J/(z;). Note
that dimg, J; < n = dimg, J. By induction, we know that S| = R[x,,...x,]/(ziz;, prs).
Putting these two things together, we obtain that S = R[zy,...x,]/(xz;, px;). |

Proposition 7.5. Let R and S be two local rings as above. Then there exists a splitting
R—S.

Proof. Let I be the kernel of R — Z,, Is be the kernel of S — Z,, and J be the kernel of
S — R. We will prove this result by induction on ¢(5), where we define ¢(S) = ¢(Is), the
length of the ideal Is.

Base case: £(S) = ¢(R) + 1. Replacing S by S/mg/J, if necessary, we can assume that .J is
an [F-vector space. We can do this, because to find a lift to .S, it is enough to find a lift to
S/mgJ. Then the condition ¢(S) = ¢(R) 4 1 translates to dimg, J = 1, and this follows from
the base case in Lemma 7.4.

Inductive step: suppose true for £(S) < N; we would like to prove that for £(S) = N there
is a splitting R — S. If S — R has kernel .J, then

S S/mgJ — S/J = R.
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Let 8" = S/mgJ. Then S’ is a local Z,-algebra with maximal ideal mgs = mg/mgJ. Moreover,
there is a surjection from S’ to R with kernel J' = J/mgJ. This new local Z,-algebra has
the following properties:

o S'/J =R;

L] mS/J = O;

o J'is a S/mg = F,-vector space.
Thus, by Lemma 7.4, it follows that exactly one of the following is true

(1) There is no lift I' — GLy(S");
(2) "= Rlxy,...,z,)/(xiz;, px;), for some z; € 5.

If there is no lift to GLy(S”), then there’s no lift to GL2(.S), so there’s nothing to be proved.
The second case gives us a splitting R < S’. We are in the following situation:

S —"

\
I

S’
J
R

Let S” = 77 '(R) C S. Then ¢(S") < {(S), so by induction there is a lift R — S”. Then we
can conclude that there is a lift

R—S5"— S,

where the first map comes from the induction step and the second map comes from the
definition of S”. O

We can now prove Theorem 2. Recall that at the beginning of this section we assumed
the existence of an absolutely irreducible residual representation ¢: G — GLy(F,), whose
image is ®. From this, we obtained a short exact sequence

15G—>T > d—1,

and a residual representation 7: I' — GLy(TF,). We have already proved that R is the universal
deformation ring of p. To prove that R is a universal everywhere unramified deformation
ring of some residual representation, we need to find extensions H/K/F with Gal(H/F) =T
and H/K the maximal everywhere unramified pro-p extension of K. The existence of such
extensions is given by Theorem 1, under the assumption that there exists a ®-extension of
Q(¢p) with class number prime to p that satisfies property P. We claim that we can reduce
the problem to ®, the projective image of ®: consider the following exact sequence

1 5G>T &1

and its projective image

1--G—=T—=o—1.
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We are in the following case

To prove that there exists a lift Gp — I, take two compatible set theoretic lifts. The centres
Z(T') = Z(®) are equal, so the 2-cocyles will be the same. Since any set theoretic lift to ® is
a homomorphism, it follows that the lift to I must be a homomorphism, and we are done.

To finish the proof of Theorem 2, we constructed extensions with the desired properties
for p = 5 and p = 7 (see the two examples below) using GP/Pari ([2]) and the Database
of Number Fields https://hobbes.la.asu.edu/NFDB/ ([9]). Note that this proof works for
any regular prime p > 5 under the extra assumption that there exists a ®-extension of Q((,)
with class number prime to p that satisfies property P.

Ezample. Let p =75 and ® = A, = SLy(F3) (so ® = Ay). Let E = Q(¢;) and let Ly be the
Galois closure of the field defined by the following polynomial over Q:
2® — 5% — 32° 4 282" — 122% — 802” + 256.
This field has an intermediate field L, which is the Galois closure of the field defined by
2" — 212% — 3z + 100.
Let L = E.L; and L = E.L;. Then L is a subfield of L and Gal(L/E) = SLy(F3) — Ay =

Gal(L/E). We used GP/Pari [2] to show that the class numbers of both L and L are prime
to 5 and that both L/E and L/FE satisfy property P. This concludes the proof for p = 5.

Ezample. Let p =7 and ® = A, = SLy(FF3) (so ® = A,). Let E = Q(¢;) and let Ly be the
Galois closure of the field defined by the following polynomial over Q:
2% — 27 — 112° 4 132° + 322" — 412° — 2327 4 322 — 1.
This field has an intermediate field L, which is the Galois closure of the field defined by
ot — 23— 112° 4 4z + 12.

Let L = E.Ly and L = E.L;. Then L is a subfield of L and Gal(L/E) = SLa(F3) — Ay =
Gal(L/E). We used GP/Pari [2] to show that the class numbers of both L and L are prime
to 7 and that both L/E and L/FE satisfy property P. This concludes the proof for p = 7.
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