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.
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holon line bundle Ltm
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a sheaf : sheaf of holon
.

local sections ( I )
M

This is a sheaf of On - modules
,

locally hee oh rank I

f
Conversely such a

sheafdefines
a

hol
. linebundle up to room .) If r is a whom sethu of L to

freed
not exist ! )

then this gives advisor devco ) : a
formal 7thnear

combination

of humour faces .

• r is holon ⇐

din
Cr ) 30 Call coettzo )

. . if 5,51 are nomen whom .

Seekins
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then rt
= for for some heroin
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function far M

and then du Cr
' ) =

din Co) t div Cf ) .

.
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pane
divisor
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divisor
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Claud
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NV , On
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only demands on the isomorphism here

The first Chan class of a lure bundle
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Pic ( or ) - Z
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hour

.
Its pre composite with
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,

the Poincare
'

dual .

of its fundamental class ,
PD CDT
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Remark :
for every n > 2 there emirs a couple a tons Cl
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KI - span at an IR - bans )

whimno humour feces at all. and so
Clem)Finn .Min at case .
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Yet Prc ( M ) can be shown to be nonzero ( itcontains a copy of the dual of M )

We call Sc, ( I )
"

the

degrees
,

devoted des ( L )
.
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Bane fact : TCM ,
L ) I = space of hot

.
of sections ol L ) is finite

dimensional
Assume M corrected and

diner
( M , I ) z ,

.
Let Go, . . ,Fg ) be a basis of MM . L ) .

Put

F-n ( L) :  = { see M : on Into toe MCM ,
L ) }

= { ne M : Oi Into iron .

,
d }

This is a closed analytic subset of M,Rn CL ) I M . Collect all the uneducable

components of . Fml L ) of Cochin I and find a divine

Do
so such that duct ) 3
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of LGD ) =L oomf -Do) hi L then induces an room .
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,
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the
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,

in co din 32 .
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" )

,
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.
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.

{
dinars

so for L } e- Bd ( more a- musically IPHOCMIL ) )

D - hu nephew defining D - Do

The left hand side

has
therefore the shnhve of a projective grace ; it is called

the complete linear systemdefined
by L

.

-

Gf special interest :

I = top exterior power of the holomorphic

cotangent
bundle

,
also denote Rmn

This is called the cauoocnicalbundle-olM.IT complete linear system is

called the canm' M .

The dual of the car anointed bundle ( = top ext . power of hot . tangent bundle )

is called the anti canonical bundle of M is it Ones us the anticancer Cal system

-

Det
.

L is veryif OIL is an embedding

L is ample if Egar is an embedding for some r 3 I
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L ample implies that M can be realised as a closed analytic subset of some

some projective space .
By a theorem oh Chow

,
Mi , then automatically

Zari
she closed .

This makes M a complex projective manifold .

Chow 's theorem

also implies that if two complex prog manifolds are cibiholemaphic ,
then they

are isomorphic as algebraic vanities .

So M is then a prog
' manifold in a

Unique way .

We say that M is a Fano manifold if its anti canonical bundle is ample .=Basic example :
P

"

is a Fano variety .

Ib degree is Cnut
.

-

In fact its anti canonical system consists of the hypersurfaceof degree not .

Ifor n = 2 this is the bin
. system of cubic curves

play Ip
9 Go.

.

2
, :3 ] m Emon .

a degree s ] has degrees .

linear system of cubic curves

In dimension I
,

D
'

is hi fact the only example : if C is a connect conn .

Riemann

Surface of germs g ,
then the canonical bundle of C

, Rc is ample for g 32

and its dual
,

the sheaf of holan
.

vector fields has no seekers I o .  .

For g = I

both bundles are hind I hence not annie ) .

A Fano manifold of complex din 2 is also called a Beltway .

Most of

these are obtained from blowing up points oh a IP ?

Let us see
What the effect of blowing up a point is on the anti canonical system .

S a complex surface , p c- S §

÷
Blp CS )

#
S

.

E exc . cure of 1st kind

u

④
EEP

'

,
E .

I
= - I -

E p

It w is a 2 - form on S with w c p ) to
,

then n
* w it a 2 - from in

I which

vanishes with order I along E
.

So Rj = HRs CE )
.

Hence ol we dnahre

Dig  = TERI C - E )
,

and we find that

T ( S
, Rj ) e { se r Is , Rs ) : sept o }

.

So if Ng is very ample ,
then the anti can . system of I is a hyperplane

in the anti can system of S
,

The classification of Del Perro surfaces is then oven by the foll .

then
.
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A Del Perro

surfaces
is

either
E Pk IP '

Chas
degree 8) or is obtained

@

from hpd by blowing up r points pm . , Pr C-
1132

in
gem .

position
foe rep )

.

✓

When r =3
,

a
, .

.

,
I

, Rg is very ample and embeds S in a
PT

-

has
a surface

of degree D -
r

.

In general pos -
means here

gotO

. no 3 points on a line
.

q
. no 6 on a comic

• no
8 on a

singular
cubic

with
one of the points singular ,

the this :

&
The anti canonical pug .

realizations can be described concretely as follows

IP
'

x IP '
Ce IPO enwihedded by polynomials wi 20,2 , ,

Wo ,
W

,
of degree 2 m

-

born 20,2 ,
and Wo , Wi .

re 36 : S - IP
' smooth cubic gear face ,

each line L of S is an eneephcnial

↳ 3) curve of the 1st kind :
l - l = - I and I

.

c
,

C- Rs ) = - I
. ( The

6 enc .
curves of a blowup realization S - IP

' will be among Them )

AS Sci Ipt intersection of two quadrics Canoe intrinsically : the quadrics m Pd

( GM containing S form a pencil and their common intersection is S )

re a S obtained from blowing up the points ol a coordinate system of 182
:

↳ M
El : o :o)

,
[ oil : es

, [ o : o : , ]
,

[ : I i 13
.

It has harder to bnc .
armes of

the him huid
.

. The group
Aur CS ) is isomorphic to the alternating group Us

Thru group act transitively on the cell
.

ol en c
. curves

.

r = 7 Then Rj is not annie
,

but the anti can . system detmer a

( BD morphism S - IPZ which is finite of degree 2 and whose

ramification hours is A smooth quartic awe . Conversely every smooth

quartic cure hi IPZ determines a Del Perro surface of degree 2 .

r =P Then In CRJ ) is a angle

point
{ p } and we get a mermen on

8 - { pyre IP !

S 5 If we blow up this point we

/¥p ←  HEgie an elliptic Abraha which has the

£
encenharal diner E as a section

- Ipl
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- Let pi . . . , yore D2 and be S In P2 be obtained from blowing

up these points .

We denote the conveys .

inc
. curves Eh

,
Er

.

Theydehne

classes em .
,

er C- HTS )
.

If l #n
* Chie in IPZ ) c- HYS )

,
then

¥
; en . , er ) is a basis ol NYS ) whose intersection urchin is ( I'

.?
,

)

Then re :  = 3L - e , - . .  - er E H2 ( S ) is the first class oh He antimonial bundle -

None that K - he = g- r .So r E 8 ⇐ k . he > o ←→
set pos .

definite -

If we assume r > 3 ,then ret has basis

&- e,-eez-ez,ee-ee,ee-ee- - -

, eh ,
- er )

" 11 11 It
/ .

- n

do I
,

% or
-

These element have the remarkable presents that din ai - - 2 and for itj ,

ai  oxj E { on } .

We can make An ni terse chin graph with vertices labeled by

do- - - are ,
and vertex ai connected with vertex Rj City

'

) if dig
. =L :

di LL 23
-Tyre- -

- .  -•←'

to

For r ⇐ 3
, t ,

5
,

6,7 ,
8 Hui is the Dynkin diagram of Aix Az , Ap , Dg ,

Eg , Ez , Ep .

To be precise , every a e H
'

(s ) with a . k so
,

2 . 2=-2 determines an orthogonal reflection

Sa : he H' ( S ) - N t C x. nsa which fine , re
.

We may regard the set Rg C HGS ) of

shek a as a root system ( in some generalised sense ) I forred this see is finite

For 3 E r EP

of
the type listed ,

um Go ,
. . . are , ) defining a system ol

Ample roots and its Weyl group WIRD G- group generated be the sa 's ) is the

0 ( tics ) ) -
stabilizer of k .

Moreover
,

W IRg) acts transitively on

Eg is { cents ) : e. E -
- I

,
E. re } C

" potential anaphase classe 's' )

And even simply transitively on the collection of sequences CEm .

, Er ) E E
"

that

are pairwise perpendicular : Cio Ej = o for all i
, j

-
.

The For 3 s res ,
S is a del Retro surface cos each Ef Eg is the class of

an encephcnaal curve . If S is such a surface ,

then
each exceptional sequence

( En . .
er ) defines a blow .

down S - 5km
-

E) =P ?@ ad so W (Rs) permutes

these blow downs simply transitively ) -

The reflection in di lien . in - i ) has merely

the effect of renumbering ( e
; and eit ,

are exchanged) ,
but do can be realised
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