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Formal Laurent Series

Let Fy be a finite field with g elements.
Let Fg((x)) be the field of formal Laurent series over Fg,

Fq((x)) := {x "(@p +ax +axx*+...):n > 0,a; € Fg}.

The field Fy(x) of rational functions can be naturally identified
with a subfield of Fq((x)).



Fq(X) C Fq((X))

How do we express f(x) € Fq(x) as a formal Laurent series?

Ex. Letqg = 2.
X—+1
X2 4+ x+1

X+1=(1+x+x*)(ap+ax +ax>+...)
= ag + (ap + a1)x + (@ + a1 + a2)x% + (a1 + a» + a3)x> +.

—ag+aX+aX>+...

.. an satisfies a linear recurrence a, = a,_1 + ap_o Withag = 1
and a; = 0.

.. ap is eventually periodic.



Theorem (Characterization of Rational Functions)

A formal Laurent series x"(ag + a1x + ax? +...) € Fg((x)) is a
rational function if and only if (ap) is eventually periodic.



Algebraic Laurent Series

[Fq((x)) is uncountable, hence most elements are transcendental
over Fg(x).

However, there are many f(x) € Fq((x)) which are algebraic over
Fq(x).

Ex. Let f(x) € F2((x)) be the series f(x) = >, anx" where

an = 1+ #71's in the binary expansion of n mod 2.

fO)=1+x+x°+x5+x°+ ...

Then y = f(x) is a solution of

1+x)°%2+(1+x)?%y+x=0.



Algebraic Laurent Series?

Question: How to characterize the algebraic
formal Laurent series?

Christol (1979) answered this question in terms of formal series
generated by finite automata!



g-Automatic Sequences

A sequence (ap) C Fq is called g-automatic if there exists
1. Afinite set M with an action by the free semigroup A*,
where A ={0,1,2,...,9 — 1},
2. A start state s; € M, and
3. Adual state A : M — T,

such that if we view n as an element of A* by expressing n in
base g, then
an = A(n - so)

The set M with this action and extra data is called a finite
automata with output.*



g-Automatic Sequences

Ex. The sequence
an = 1+ #71's in the binary expansion of n mod 2 is 2-automatic
generated by the following automata.

Q A
-0 0

S~



Important Footnote*

When we encode a natural number n as a word in
{0,1,...,9 —1}* in order to define a g-automatic sequence,
which direction do we read the word?

It doesn’t matter!

Lemma

If (an) is a g-automatic sequence produced by an automata M
with one reading convention, then there is another automata M
producing the same sequence with the opposite reading
convention.



Theorem (Christol, 1979)

A formal power series f(x) = >~ bnx" € Fq((x)) is algebraic
over Fq(x) if and only if (by) is a g-automatic sequence.




Proof of Christol (Automatic —> Algebraic)

Suppose (by) is g-automatic, produced by the automata M.

For each state s € M, let

fs(x) == > x" € Fq(x).
nzgs

If the state t; transitions to s under the letter a; for 1 <i < k, then

k k
fs(x) =) Xy (x9) =Y~ xfy (x)7
i=1 i=1
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Proof of Christol (Automatic —> Algebraic)

k k
fs(x) = DX (x) = 3~ xfy (x)°
i=1 i=1

fs € <fs‘,71,f§2,...,fgn>

2 2 2

fs,fg€<f§1,f§2,...,f§n>
d+1 | qd+1 d+1
e ).

= f5(x) is algebraic over Fqy(x) for each s € M.

o, f9 18 1 e (fd

Hence,

f(x) = bax" =) " A(n-so)x" =Y A(s)fs(x)

n>0 n>0 seM

is algebraic over Fg(x).



Proof of Christol (Algebraic — Automatic)

For 0 < a < q, let 4, be the Fy-linear operator

)= bax" 2% 6f(x) =Y bayqnx”.

n>0 n>0

qg—1
f(x) = x25,f(x9) 52(gf%) = da(g)f.
a=0

If w=ag+aiq+axq%+...+acgk let

5W:53ko“'05310530.

Swf(X) = by gesinX™.

n>0

Hence §,f(0) = by,.



Proof of Christol (Algebraic — Automatic)

Let M have
» Start state f(x),
» Dual state ¢ : g(x) — ¢(0), and
> A*actbya-g(x) = dag(x).

We have shown that this automata produces the sequence (b,)
of coefficients of f(x), thus it remains to show that we can
choose such an M with finitely many states.



Proof of Christol (Algebraic — Automatic)

Suppose f(x) € Fy((x)) is algebraic over Fy(x).
Thus {f(x)qk : k > 0} is linearly dependent over Fg(x).

9 = cf7" 4+ of? 4 cgf?

i+d—1

FI7" = 5of9 = (501)fY + (S0c2)fT" + ... + (6ocq)f?

WLOG: f = ¢f% + cof © + ... + cgf™,
with ¢;(x) € Fq[x].



Proof of Christol (Algebraic — Automatic)

Let B = max; deg cj(x) and let M be the Fg-vector space spanned
by hi(x)f(x)? with h;(x) € Fg[x] of degree at most B for
0<i<d.

Sa(hof + mf9+ ..+ hgf?") =
da((hoct + h1)fq + ...+ (hocqg + hd)fqd) _
Sa(hoCr + h)f + ... + 6a(hoCq + )™ € M
since
2B

deg da(hoCi + hj) < ? <B.

Therefore 6,(M) C Mforall0 <a < gq.



Proof of Christol (Algebraic — Automatic)

M is a finite dimensional vector space over I, hence is a finite
set.

Since f € M and M is closed under the action of A*, it follows
that M is a finite automata with output that produces (by).
Therefore (b,) is g-automatic. [J



Application: Transcendence Criteria

Corollary

If the coefficients of f(x) € Q((x)) belong to a finite set, then
either f(x) € Q(x) or f(x) is transcendental over Q(x).

Pf: If f(x) is algebraic over Q(x), then the reduction of f mod p
is algebraic over F(x) for almost all primes p.

Christol implies that the sequence (b,) of coefficients of f(x) is
p-automatic for almost all primes p.



Application: Transcendence Criteria

Hence we can choose two sufficiently large primes for which
the coefficients (b,) are all distinct modulo each prime.

Theorem (Cobham)

If (bn) is a sequence valued in a finite set X which is g1 and g,
automatic for multiplicatively independent g, and q», then (b,) is
eventually periodic.

Therefore (b,) is eventually periodic, which implies that f(x) is
rational. [J



