
③

Recall : V real v. sp . of din l
,

Tl finite set of linear hyperplanes s
.

t every Conn .

component ol U :
 =

V ' ↳ H C chamber ) has I walls
.

So if

Sf
V is the unit sphere rel some inner product ( more in musically the space of rays

in V )
,

then Ll I S defines a triangulation E ofSu .

In case Ll is the set of reflection hyperplanes of a Coxeter group W this is called the

Coxe#of W
. Write Bv for the unit ball C so 2? f- Sv) i more intrinsically cone ( Sv)

.

,
)

.

Inter merlon
.

To every s
.

s
. alg group G fly . closed field there is associated its

Tiscomplex ,
a simple ex . on which C- acts Chinnici ally )

.

If is of dim I =
.

rk

(f)
- I

.

It

is a union of sub can .pkKes

isomorphic
to the Coxeter caudex of the Weed group of G

;

these are called apartments .

Quillen proved that Tca ) has the homotopy here ofa bouquet

of It ) - spheres ; the apartments provide generates of Me ,
CFla ) )

.

ELI
: Let N be a carrier vector space ol dm Lti

.
The Tib ComplexT.GL( N ) ) = : T ( N )

has a vertex Hf ) for every purer subspace of
F € L

.

A
"

flag
"

of miner subspaces

ofFf - . . §EEL
defines an r - smnkxandeach r - suplex of JIN ) is of this four .  

An
apartment is given

by a decomposition N
= Loto - - - ① he nito a - dm Subspaces .

For even off If { o , . ,
l } ,

Lz :
 =

, Ez Li defines aalexr CLI ) . The full carb complex Echo , .

, Le ) C TCN )
on

this vertex set is an apartment .
To Dee it is isomorphic to the Coxeter complex of Se

,

Clt ) - simplex of the Coxeter complex c- chamber of the Sen - arrangement . Such

a chamber is given by some re

Seti
.

Xrco
, Cura ,

c - - - C note ) .

Thi defines

the @- s ) - Shun let Loco,
c Loco,

+ Long

,
a .  - L Loco , t - - t Loyer ) oh E (Loi

.

,
Le

-

D
.

Deligne 's proof of his theorem is

inspired
(

but
not based ) on this construction

.

We give
- .

the main idea .
It uses induction an l=dimV

. ( For l = I the theorem is clear
.
)

A simplex T of I corresponds to a face Fr C V ( here a

fee always open in its linear

span so that the faces decompose V ) .

Note :
Star Co ) defines an open convex nbhd Star (E)

of tf in V .



④
Let Vo

,
e

:  = ( starts ) t AN ) n Ve = §tart ) tri V ) n U H
HEH Q

Consider HIE

Uga C Ve C Ye I U { He : HEH
,

H2 F }

The

composite

mcluhan is a http equivalence .

So Vq ¢ CVL is wyectve on My . ⑨

If Cfo > denote the real man of Fr , they

Vei
U { He : HEH

, H2 F } - , Velez ,
n u { He KF . >

a
: HEH

,
HDF }

I

is also a http equiv -The induction hypothesis therefore implies that Von
,

¢
is a spherical ②

a-

Now let ¥ be a universal cover - Must show that

Tais
contractible

u
"

Will do this by Ludvig a Levay coveringItof Te whose
v -

¢

nerve is contractible
.

1- If U is an men covering of a paracompact space X
,

then a partition of 1

subordinate
to U defines a map X - s Nerve th ) whose homotopy here ii mdep of the partition of i

If U is a Leroy covering (meaning: every nonempty intersection iscontractible) ,
then

according to A .

Weil this is http equivalence . ]
Note that U

, Fg =
V - Seo } .

We therefore first focus on Venti U
.

① and ② imply that each connected component of it
' Vo

,

is contractible
.

let U be the collector of heh connected canpenents with r running over

Manhunt
E

.

Sue Lf tf = Visio } ,
the union of these open subsets is ti

'
. ( Vesti V )

. In fact
-

U is a Levay covering of ti
' ( Vet VIV ) and the construction shows that

we have a pryickn Nerve ( U 'Y→ E ( pre image of aah - Sinan tea is a

Umm of h - surplices )
.

Deligne
-

proves that Nemeth ) has the homotopy tyre of a bouquet of Cft I - spheres

.  6 Swith each sphere mapping lsouraphically auto v

To cover n
- ' I

fit
) also

, we define for

every
chamber C of Tea contractible nbhd

Ugg of FIC in Vf : let

Dc
be

.

the set
'

of l
open half specs in V s t

.

C =

fazed
.

Go each 3D dehner a wall of C)
.

We let D

%2 %

Xp = { retry : if not D
,

then ye D for all DED }

"

"

C E Dz



⑧
Nose Fic C Vg ,

C Va . Every fiber of

@trty7eVgohskeViianenewn4cuters.e
char of members

ofDc ⇒ Vga is contractible .
Hence each connected carry.intof

IT ' ( V I maps won onto Ugg .

We add these to U -

-
this given the Levay

-
.

cueing U
. The inclusion Nerve Al I C Nerve Ill ) has the effect of "

caring off
'

the

~

&- I ) - spheres in Nerve ( U ) that prevent it from being contractible
.

Question

( A' Campo) Does there emitter Ve a complete metric of noviny .

curvature ?

Corresponding question for I :( Charney ) .

.

Is E a CAT CD space ?

A yes answer would lead to interesting geneuhrcten :

Let  SLC V be open convex
,

Ll a collector of linear hyperplanes in V
,

loe
. finite on R and such that Cf ) isSatisfiedfor every cha . Component ol V.

.  =

A U H .
Then Ve :  = t .FAV) I Ya !f¢ is a spherical .

had

( This would givecorrespondingresults for arbitrary Coxeter groups and theirArtingroups)Combinatorialconstruction

of

Nemeth
)÷A positivegallery G of length d in I is a sequence ol max surplices

Go
9 . . . od Such that of ,

and If have a common @-21 - suplex .

If o is a (mad@A - turn lex and

car
or

is a Cls ) - smnlex
,

q
the @ Lawyer ¢#- a Picture onSvopposite or iv. r .

t
.

re
.

'

a

Then have two galleries connecting r with

re
.

We declare

these to be

equivalent
. This generates an equivalence relation

among the

positive
galleries bomb . version of the braid relations ! ) Note

that this

equivalence

relation does not change to and Td -

surplice - al

Fire a awnlex a of E
.

We define a

]
Etc ) over 2 by gluing the I

.

M . galleries starting at : an Q- t ) - suplex ol Ece ) over an @- I) - Annua or of

I is given by h positive

fakery
of q . . . of with e a face of of and 1=0 .



RTs

⑧
EEEEI.EE#EiEtz-

i§¥#E¥
'

We regard of
'

. . .of ,
as dehmng the samesimplexaero

.

if they become

equivalent after pre composing pros . galleries in Star Cc) .Deligneproves

① Etc) has the homotopy here of a bouquet of 7 - spheres

② Let ve E be a vertex
.

Choose a vertex T of Nerve I U'D over v
.

Then we have a natural embeddingEhr ) ↳
.

Neve v - T

③ we can find E. , VT . . . . . \q£ demon
emerge ELF )

such that
EE

, ) CECE ) c
.

. YEGD s Nerve CU

'D
.

Hence Nerve I U

!
has also the http here of a bouquet @ 7 - spheres -


