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ABSTRACT. We consider two families X, of varieties on which the symmetric group S,
acts: the configuration space of n points in C and the space of n linearly independent
lines in C™. Given an irreducible S,-representation V', one can ask how the multi-
plicity of V' in the cohomology groups H*(X,;Q) varies with n. We explain how the
Grothendieck—Lefschetz Fixed Point Theorem converts a formula for this multiplicity to
a formula for the number of polynomials over F, (resp. maximal tori in GL,(F,)) with
specified properties related to V. In particular, we explain how representation stability
in cohomology, in the sense of [CF] and [CEF], corresponds to asymptotic stability of
various point counts as n — oo.

1. Introduction

In this paper we consider certain families X7, Xo,... of algebraic varieties for which
X, is endowed with a natural action of the permutation group S,,. In particular S,, acts
on the complex solution set X,,(C), and so each cohomology group H(X,(C)) has the
structure of an S,-representation. We will attach to X,, a variety Y, over the finite field
F,. The goal of this paper is to explain how representation stability for H(X,(C)), in
the sense of [CF] and [CEF], corresponds to asymptotic stability for certain counting
problems on the Fg-points Y, (F,), and vice versa.

We will concentrate on two such families of varieties in this paper. The first family is
the configuration space of n distinct points in C:

Xn(C) = PConfy(C) = {(21,...,2n) | 2 € C, 2 # 2;}

In this case Y,,(F,) is the space Conf, (F,) of monic squarefree degree-n polynomials in
[F,[T]. The second family is the space of n linearly independent lines in C":

Xn(C) = {(Ll, cooyLy) | L; aline in C", L,...,L, linearly independent}

In this case Y, (IF,) is the space parametrizing the set of maximal tori in the finite group
GL,(F,). In both cases, the action of S, on X,,(C) simply permutes the points z; or the
lines L;.

The relation between X,,(C) and Y;,(F,) is given by the Grothendieck-Lefschetz fixed
point theorem in étale cohomology. For any irreducible S,-representation V,, with charac-
ter xp, the Grothendieck—Lefschetz theorem with twisted coeflicients V;, can be thought
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of as a machine that, under sufficiently nice geometric circumstances, converts topological
input to algebraic output, as follows:

Multiplicity of V;, in H'(X,,;Q)| 2 |Point count in Y;,(F,) weighted by xn,

Thus every representation V,, corresponds to a different counting problem or statistic
on Y,(F,). For the two families of varieties we consider, the situation is so favorable
that the input and output can even be reversed, allowing us to draw conclusions about
cohomology from combinatorial point-counting results; this is certainly not the case in
general.

Representation stability. We can further ask about the asymptotics of these statistics:
for example, how does a given statistic for squarefree polynomials in Fy[T] vary as the
degree of the polynomial tends to co? The answer is provided by representation stability.

The cohomology groups H*(X,(C); Q) were studied for both of these families in [CF]
and [CEF] (among many other papers), where we proved that these cohomology groups
are representation stable as n — oo. This implies that the multiplicity of any irre-
ducible S,,-representation (suitably stabilized) in H'(X,,(C)) is eventually constant. Via
the Grothendieck—Lefschetz theorem, representation stability for H'(X,,(C)) implies an
asymptotic stabilization for statistics on Y, (F,) as n — oc.

Our first result makes this connection precise for the first family, relating the coho-
mology of X,,(C) = PConf,(C) with statistics on Y, (IF,) = Conf, (F,), the space of monic
squarefree degree-n polynomials f(T') € Fy[T].

If f(T) is a polynomial in F,[T7], let d;(f) denote the number of irreducible degree i
factors of f(7T). For any polynomial P € Q[z1,x2,...], we have the “polynomial statistic”
on Conf,(F,) defined by P(f) = P(di(f),d2(f),...). Similarly, let xp(c) be the class
function xp(c) = P(ci(0),c2(0),...) on Sy, where ¢;(o) denote the number of i-cycles of
o. We define the degree deg P as usual, except that degxy = k.

THEOREM 1 (Stability of polynomial statistics). For any polynomial P € Q[z1,x2, . ..

the limit
{(xp, H'(PConf(C))) := lim (XP» XHi(PContn(C))) g

exists; in fact, this sequence is constant for n > 2i 4+ deg P. Furthermore, for each prime
power q:

n

Tm gt Y () = 3 (- A EC©)
feConfr (Fq) i=0 q

In particular, both the limit on the left and the series on the right converge, and they
converge to the same limit.

Theorem 1 is proved as Proposition 4.3 below, as a special case of the more general
Theorem 3.13 for arbitrary Fl-hyperplane arrangements. We also have an analogue of
Theorem 1 for asymptotics of polynomial statistics for maximal tori in GL,(F,;), which is
proved as Theorem 5.6.

Table A gives a sampling of the results that we will explain and prove in this paper.
Formulas (1)-(5) in each column are obtained from the Grothendieck—Lefschetz theorem
with V,, equal to the trivial representation, the standard representation C", its exterior
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power /\2 C"™, the sign representation, and the n-cycle character, respectively. In particu-
lar, Formulas (1)-(3) can be seen as applications of Theorem 1 with P =1, P = X1, and
P = ()gl) — Xo respectively. One key message of this paper is that representation stability
provides a single underlying mechanism for all such formulas.

Counting theorem for
maximal tori in GL,, [F,

Counting theorem for
squarefree polys in F,[T]

(1) # of degree-n squarefree # of maximal tori in GL, F,

polynomials = ¢ — ¢"~! (both split and non-split) = q"2_”

(2) expected # of linear factors

1l 141
q+q2 q3+ qn—2

expected # of eigenvectors in Fy
=l+i4 5+

expected excess of irreducible
vs. reducible quadratic factors

1_ 3,4 _ 4
ﬁ = — = —_—— —
q q2 + 3 q4

q
as n — oo

q q q

q
5 7 8 8
+=—-—%+-—=+--

expected excess of reducible
vs. irreducible dim-2 subtori
1,1 2 2
K +3(T2 +3q73 +4(74 4
tstEs Tt T ET

_

as n — oo

# of irreducible factors is more
likely to be = n mod 2 than not,

with bias +/# of tori

# of irreducible maximal tori

# of irreducible polynomials = &(q —1)(®—=1)--- (¢t —1)

n
n/d n n<—n
= Y 5~ 4 ~
Table A

The formulas in Table A are by and large not original to the present paper. The
formulas in the left column can be proved by direct means, and Lehrer has also analyzed
them in the light of the Grothendieck—Lefschetz formula [Le, Le3, Le4, KL|. In contrast,
the formulas for maximal tori in GL,, F; may be known but are not so easy to prove. For
example, formula (1) is the GL,, case of a well-known theorem of Steinberg; proofs using
the Grothendieck—Lefschetz formula have been given by Srinivasan [Sr] and Lehrer [Le2].

(4) discriminant of random squarefree
polynomial is equidistributed in F;
between residues and nonresidues

(5) Prime Number Theorem for F,[T7:

Outline of paper. This paper has two goals: 1) to provide a readable introduction to
the connections between topology and combinatorics given by the Grothendieck—Lefschetz
theorem, and 2) to emphasize the stabilization in these formulas as n — oo, and its
connections with representation stability in topology. Although the details of our approach
differ somewhat from the previous literature, our real aim is to make these connections
accessible to a wider audience.

In the remainder of this introduction we give a detailed description, without proofs,
of the connections between topology and combinatorics that lead to formulas like those
in Table A. In Section 2 we give an introduction to the Grothendieck—Lefschetz theorem,
with examples of its application to Theorem 1. In Section 3 we prove a general version
of Theorem 1 for hyperplane complements that can be generated in a uniform way by a



4 THOMAS CHURCH, JORDAN S. ELLENBERG, AND BENSON FARB

finite set of “generating hyperplanes”. In Section 4 we focus on the configuration space
PConf,,(C) and prove the formulas (1)-(5) on the left side of Table A, as well as formulas
for more complicated statistics. In Section 5 we establish the analogue of Theorem 1 for
maximal tori in GL, Fy, and prove the formulas on the right side of Table A.

1.1. Relating topology and combinatorics. There are three distinct types of
stability present in the formulas in Table A, and each corresponds to a different topological
phenomenon. We will describe each type of combinatorial stability in turn, and for each
we will highlight its reflection on the topological side.

Independence of ¢ and rational cohomology. First, the formulas in Table A are
independent of ¢ in some sense. Of course these point counts are not literally independent;
we can check by examination that there are 18 squarefree cubic polynomials in F3[T]
(recalling our convention that squarefree polynomials are always taken to be monic):

T34+ T 5 —-T
T3+T+1 T3+T -1 T3 —-T+1 T3 -T-1
T34+T2-T T3 —T2_T T3+T%+1 T3 -T2 +1
T3 -T2 -1 T3+T*+T+1 T°—T?>+T+1 T3+T>-T+1

T34+T24+T -1 T34T%2-T—-1 T?°-T24+T7T—-1 T3-T%2-T-1

If we were to carry out the same count in F;1[7] we would find 1210 squarefree cubic
polynomials, not 18. But once we notice that 18 = 3% — 32 and 1210 = 112 — 112, we see
that these counts depend on ¢ in exactly the same way. In fact, formula (1) in Table A
says that the number of squarefree cubic polynomials in F,[T] is always ¢° — ¢°.

The same independence arises in many common point-counting situations: for exam-
ple, the number of lines in Fg is ¢>+q+1, no matter what g is. The GrothendieckLefschetz
theorem explains these coincidences as reflecting the underlying topology of the complex
points of an algebraic variety. In particular, we can match the terms occurring in each
point-counting formula with those rational cohomology groups that are nonzero, providing
a surprising bridge between topology and arithmetic.

As a simple example, consider the problem of counting the number of lines in Fg; that
is, the number of points in the projective space Pz(Fq). The corresponding variety is CP?,
the topological space of complex lines in C3. It is easy to compute by hand that

H(CP?) =Q, H*(CP*)=Q, H'(CP*)=Q,
and these three nonzero cohomology groups correspond to the three terms of the point-
counting formula
[P?(Fy)| = ¢” +q+1.
For the count of squarefree cubic polynomials in [F,[T], the corresponding variety is the
topological space of squarefree cubic complex polynomials, which we denote by Confs3(C):
Confs(C) = {f(z) = B b2 fez4d |b,c,d € C, f(2) is squarefree}

By considering the coefficients (b, c,d) € C3, we can identify Confs(C) with the comple-
ment in C? of the discriminant locus, where b?c? — 4¢® — 4b3d — 27d? + 18bcd = 0. By
a direct calculation we find that H°(Conf3(C)) = Q and H!(Conf3(C)) = Q, but that
all other cohomology groups vanish. These two nonzero cohomology groups correspond
respectively to the two terms of the formula (1):

| Conf3(F,)| = ¢* —¢* +— H°(Conf3(C)) =Q, H'(Conf3(C))=Q
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Asymptotics of counts and homological stability. A second form of stability in the
formulas in Table A is that they are in some sense independent of n. As before, we know
that the counts cannot literally be independent of n. Nevertheless, the single formula
q" — ¢"~ ! gives the number of all squarefree degree-n polynomials in F,[T] for all n > 2.

The set of all squarefree, degree n polynomials in C[T] is the complex algebraic variety

Conf,(C) = { f(2) € C[T]| deg f(z) =n, f(2) is squarefree}.

The stability of the formula ¢" — ¢"~! as n increases reflects homological stability for the
topological spaces Conf,(C): Arnol’d proved that for any n > 2 the space Conf, (C)
has the rational cohomology of a circle. Therefore for any n > 2 there are two nonzero
cohomology groups of Conf, (C), which correspond to the two terms of the formula (1):

|Conf,(F,)| =¢" —¢* +— H°Conf,(C)) =Q, H'(Conf,(C))=Q

This situation is simpler than most, since here we have not just stability of cohomology,
but actually vanishing of cohomology: for i > 2 we have H*(Conf, (C);Q) = 0 for all n.
In general, homological stability for a sequence of spaces X,, only means that H'(X,)
is independent of n for n > i. A more representative example is given by the number
of lines in IE‘Z“ as n varies. The corresponding topological space is CP", the space of
complex lines in C"t!. These projective spaces do exhibit homological stability, since
H*(CP") = Q[z]/(2"*!) with # € H?(CP"). Working degree-by-degree, this means that
H?F(CP") = Q for all n > k, while H?**1(CP") = 0 for all n > 0. Therefore the n + 1
nonzero cohomology groups of CP™ correspond to the n + 1 terms of the point-counting
formula.

P (F)=¢"+¢" '+ 4+q+1 +— H™CPY)Y=Q, k=0,1,....,n—1,n.

Under this correspondence, the stabilization of H?*(CP") for n > k corresponds to the
stabilization of the ¢"* term on the left side once n > k.

Combinatorial statistics and representation stability. Both of the previous types
of stability are well-understood, both on the topological and combinatorial side. Our focus
in this paper is on a new kind of combinatorial stability, whose topological reflection is
the representation stability of [CF] and [CEF]. The rest of the introduction will be spent
explaining this connection.

The new feature here is that we are not just counting squarefree polynomials, but
certain combinatorial statistics associated to them. Let us focus on formula (2) on the
left side in Table A. This formula says that if a squarefree polynomial of degree n over F,
is chosen at random, we can expect that it will have slightly less than 1 linear factor on
average. For example, for the squarefree cubic polynomials in F3[T’] that we listed above,
the number of linear factors is:

3: T3 —-T

1: T3-T%2-T T3 +T+1 T3 4+T -1 T3 4+T2-T 3 +T
T3 4+T%2+1 T3 -T2 -1 T34+T24+T+1 T3 —-T%24+T7T-1

0: T3 —-T+1 T3 -T-—1 T3 -T2 +1 T3 -T2 4+T+1

T34+T2—-T+1 T3+T%24+T7—-1 T34+T2-T—-1 T3-T2-T-1
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Therefore if we randomly select from these 18 possibilities, the expected number of linear
factors that our chosen polynomial will have is

B-1)+(2:00+(1-9)+(0-8) 12 2 _1 1

18 18 3 3
For the 54 squarefree quartic polynomials in F3[7T], we would find that none has three
linear factors, 9 have two linear factors, 24 have one linear factor, and the remaining 21
have no linear factors at all. (Of course, no squarefree polynomial in F3[T'] can have four
linear factors, since there are only three elements of F3 which could be its roots!) Thus

the expected number of linear factors in this case is
(3-0)+(2-9)+(1-24)+(0-21) 42 7 1 1 1

54 “5 9 379
For the 162 squarefree quintic polynomials the same computation of the expectation would
take the form:

(3-3)+(2-24)+ (1-63)+(0-72) 120 20 1 1 1

162 Tl T2 39 ar

For the 146,410 squarefree quintic polynomials in Fq1[7], the computation is a good deal
more complicated, now involving polynomials with up to five linear factors. Yet the
formula (2) tells us that the expectation must work out to exactly

134200 1220 1 1 1

146410 1331~ 11 + 121 1331°

Twisted cohomology. Topologically, these formulas are still explained by the cohomol-
ogy of Conf, (C), but now with certain twisted coefficients, which we now describe.
Given a squarefree degree-n polynomial f(T') € C[T], its set of roots

R(f)={reCl|f(A) =0}
varies continuously as we vary f(7'). Therefore the space V of pairs

V= { (f(T) € Cont,(C), h: R(f) > Q)}

has a continuous map V' — Conf,(C) given by (f(1),h) — f(T). Since |R(f)| = n for all
f(T) € Conf,(C), we can think of V" as a vector bundle Q" — V — Conf,(C), where the
fiber over f(T') € Conf,(C) is the Q-vector space of functions on the set of roots R(f).

Note that there is no natural choice of ordering for the roots in R(f), so we cannot
find a global trivialization of the vector bundle V. However for small deformations f:(T")
of the polynomial f(T), the set of roots R(f:) is close to R(f), and so we do have a
canonical identification between R(f) and R(f;) by which we can transfer h: R(f) — R
to hy: R(f;) — R. For example, there is an “obvious” bijection between the roots of
(T —1)(T-2)(T —3) and (T —2.01)(T — 3.01)(T" — 1.01), even though we cannot talk
about the “first root” of either polynomial. This gives V the structure of a flat vector
bundle (also called a local system) over Conf,,(C).

We denote by H*(Conf, (C); Q") the twisted cohomology of Conf,,(C) with coefficients
in V; it is these cohomology groups that correspond to the counts of linear factors in the
formula (2). For example, we will compute in Section 4.2 that H*(Conf5(C); Q%) =

Qfori=0 Q*fori=1 Q>fori=2 Q*fori=3, Q fori=4,
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and 0 for 7 > 5. This corresponds to the fact that the total number of linear factors over
all squarefree quintic polynomials in F3[T] is

3% — 2.3 + 2.3 - 2.3 + 3=120
while in Fq1[7T] the total number is

11° — 2.11% + 2-11° — 2-11%2 + 11 = 134200.

These are precisely the numerators of the fractions % and ﬁéi?g that we computed

above. (The denominators arise because the natural quantity to count is the ezpected
number, rather than the total number, of linear factors.) These computations allow us
to give another derivation of some recent results of Kupers—Miller [KM], in relation to a
prediction made by Vakil-Wood [VW]; see Section 4.2 for details.

Combinatorial statistics and local systems. At this point, one should ask why the
twisted coefficient system Q™ corresponds to the number of linear factors of a polynomial
in F,[T7], rather than some other statistic.

Let g(T') € Conf, (F;) be a squarefree polynomial with coefficients in F,. The Frobe-
nius map Froby: Fq — Fq defined by x — 2 fixes exactly the elements of F, C Fq. Since
Frob, fixes each of the coefficients of g(7'), it therefore must permute the set of roots
R(g) = {\ € F,| g(\) = 0}. If 0, is the permutation of the roots R(g) induced by Froby,
each length-k orbit of R(g) under o4 corresponds to a single irreducible factor of g(7")
of degree k. In the language of Theorem 1, the number of degree-i factors of g(T') was
denoted d;(g), while ¢;(c) denoted the number of i-cycles in 0. We can summarize this
discussion as

di(g) = ci(ag).
In particular, the number of linear factors of g(7T') is ¢1(0y).

This permutation of the roots has a parallel in the topological picture: any loop
() = fi(T) in Conf,(C) beginning and ending at f(7") induces a permutation o, of
the roots R(f), by continuing the identification R(f) ~ R(f:) around the loop 7(t). Our
construction of V' guarantees that the monodromy . : Vy — V; given by transporting the
fiber V; along this loop is the matrix representation of the permutation o.,. In particular,
the trace xv(v) = tr~, is the number of fixed points ¢ (o) of the permutation o.,. This
is why the coefficient system V' corresponds to counting linear factors, rather than some
other statistic.

Finding appropriate coefficient systems. In general, say that we want to understand
the polynomial statistic P(g) = P(di(g),d2(g),...) of g(T') € Conf,(F,) for some polyno-
mial P € Q[X1, Xo,...]. Then we need to find a coefficient system W on Conf,,(C) for
which trvy,: Vy — Vy is given by xp(o,) = P(ci(oy),c2(0),...). Once we've found
W, the expected value of the statistic P(g) can be read off the twisted cohomology
H*(Conf, (C); W). Fortunately, we can do this for any statistic! It is actually not possible
to realize every polynomial statistic itself by a single coefficient system, but we can always
express it as a linear combination of statistics for which the necessary coefficient system
can be constructed.

Irreducible versus reducible quadratic factors. In the formula (3) of Table A we
compare the numbers of irreducible versus reducible quadratic factors; we’ll refer to the
difference of these statistics as the quadratic excess of a polynomial. An irreducible qua-
dratic factor of g(T') corresponds to a pair of roots {\, A} which are exchanged by Froby,
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or a 2-cycle of 4. In the same way, a reducible quadratic factor corresponds to a pair of
roots which are each fixed by Frob,, or a pair of fixed points of o,. Therefore the statistic

we are looking for is P(g) with P = ( D — Xo.

This is realized by the coefficient system W = /\2V. The fiber W has basis ey A ey
for each pair A # )\ of roots in R(f), and the monodromy ~, permutes these basis
elements according to the action of o on R(f). If A and X\ are both fixed by o we have
ex Aeyx — ex Aey, while if A and N are exchanged by o we have ey A ey — —ex Aey.
Therefore the trace xw(y) = trvy.: Wy — Wy is given by

# fixed points of o,

xw(v) = ( 5

) — # transpositions of o, = <Cl (207)) —c2(0y) = xp(oy)

as desired. Therefore topologically, the quadratic excess can be computed from the coho-
mology H'(Conf,(C); A*Q™).
For a concrete example, we can compute that H?(Confs(C); A*Q°) =

Ofori=0, Qfori=1, Q*fori=2 Q°fori=3, Q?fori=A4,

and O for ¢ > 5. This tells us that the total quadratic excess of squarefree quintics in [F[T]
will be

¢t — 4¢3 +5¢* — 2¢q.

Dividing by |Conf;(F,)| = ¢° — ¢*, we find that the expected value of the quadratic excess
gl 3 1 2

1S a qg + q3 .

Twisted homological stability. Finally, we arrive at our real focus in this paper:
the stabilization of formulas such as (2) and (3) as n — oo. If we extended the above
computations of quadratic excess to polynomials of higher degree, we would find:

total: expectation:
1 3 2
n=>5: ¢ — 4¢3 +5¢° — 2¢ - -5+
qa g q
1 3 4 3
n==06: ¢ —4¢* +7¢% — 74* + 3¢ i e
qa g q q
1 3 4 4 4
n="7: " —4¢" +7¢" —8¢° + 8¢ — 4q S-S
qa g q q q
1 3 4 4 5 5
n=_§: q" —4¢° +7¢° — 8¢* + 9¢3 — 10¢® + 4q ——S+t=3-3t+tF" %
qa g q q q q
We see that these formulas are converging term-by-term to
1 3 4
(6) qnfl_4qn72+7qn73_8qn74+'” and 7_724_73_74_’_” ’
q 4q q q
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as claimed in (3). Just as the stabilization of simple point-counts was explained by homo-
logical stability, the term-by-term stabilization of these statistics corresponds to a stabi-
lization of twisted cohomology:

H'(Conf,(C); A*’Q") = Q foralln>4
H?(Conf,(C); A*Q") = Q*foralln>5
H3(Conf,(C); A’Q") = Q" forall n > 6
H*(Conf,(C); A’Q") = Q®foralln>7, and so on.

We can also approach this connection from the other direction, as we do in Section 4.3:
the formula (6) can be proved directly via analytic number theory, which then yields a
proof that the stable twisted cohomology is as we’ve claimed here.

Representation stability. There remains one final layer to uncover. The quadratic
excess and number of linear factors are not the only statistics that stabilize as n — oco. In
fact, any statistic built as a polynomial in the counts of the numbers of factors of various
degrees will stabilize in the same way. On the topological side, this means that the twisted
cohomology of Conf,,(C) must stabilize not just for the coefficient systems Q™ and /\2(@”,
but for /\kQ”, Sym* Q", and many other natural sequences of coefficient systems. What
is the underlying explanation?

Given a squarefree polynomial f(7) € Conf,(C), the n-element set of roots R(f) =
{A € C|f(N\) = 0} varies continuously, describing an n-sheeted cover of Conf, (C). This
cover is not normal, and its Galois closure is an Sp,-cover of Conf, (C). The resulting
Sp-cover is the hyperplane complement

PConf,(C) = {(A1,..., M) | X € C, Ai # Aj}

covering Conf, (C) by sending (A1, ..., A,) to the polynomial f(T) = (T'— A1) --- (T'— \,)
with those roots. Lifting f(T") to (A1,...,A,) € PConf,(C) amounts to choosing an
ordering of the roots, and the deck group S,, acts on PConf, (C) by permuting the ordering.

When pulled back to the cover PConf, (C), the twisted coefficient systems Q" and
/\QQ" become trivial vector bundles with a nontrivial action of the Galois group S,
i.e. representations of the group S,. The rational cohomology H!(PConf,(C)) is also a
representation of S, via the action of the deck group, and the transfer map for the finite
cover PConf,(C) — Conf,(C) gives natural isomorphisms

H'(Conf,(C); Q") ~ H'(PConf,(C)) ®s, Q"
H'(Conf,(C); \’Q") ~ H'(PConf,(C)) ®s, A*Q"
H(Conf,(C); V,) ~ H'(PConf,(C)) ®s, Vi

Every S,,-representation is self-dual (since every element o € S,, is conjugate to its inverse),
so the dimension of such a tensor product is the inner product of S,,-characters

dim(V ®@g, W) = dim(Homg, (V,W)) = (xv, xw)s,-

We think of this inner product as the “multiplicity of W in V', as this is the case when W
is irreducible. Therefore the stabilization of twisted cohomology of Conf, (C) that explains
formula (1) amounts to the statement that for each ¢ > 0 the multiplicity of Q" in the
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Sp-representation H!(PConf,(C)) is eventually constant. Similarly, the stabilization of
formula (2) means the multiplicity of A%Q" in H?(PConf,(C)) is eventually constant,
and so on. This property of H(PConf,(C)), that the multiplicity of natural families of
representations is eventually constant, is precisely the representation stability introduced
and proved in Church-Farb [CF].

Character polynomials and FI-modules. What makes a family of .5,,-representations
W, “natural” in this way? There are many possible answers, but for us we ask that their
characters are given by a single polynomial P simultaneously for all n. For example, we
saw earlier that the character of Q" is given by xx, for all n > 1, and the character of
/\ZQ” is given by x ()X for all n > 1. Therefore the multiplicities that we are interested

in will be inner products of the form (xp, H (PConf,(C)))s, -

Analyzing how multiplicities (xp, V,)s, change as n — oo is one of the main rea-
sons that we introduced FI-modules in [CEF]. An FI-module bundles a sequence of
Sp-representations such as V;,, = H'(PConf,(C)) into a single mathematical object V =
H(PConf(C)), in such a way that representation stability for V;, is equivalent to finite
generation for V. One of the main theorems of [CEF] states that for any fixed character
polynomial P and any finitely-generated FI-module V', the inner products (xp, V,)s, are
eventually constant.

We have finally found the common cause underlying the stabilization of the combina-
torial formulas in (2) and (3): it is the fact [CEF, Theorem 4.7] that H*(PConf(C)) is a
finitely-generated FI-module. And just as the formulas in (2) and (3) converged to a fixed
power series as n — 0o, the same will be true for any polynomial statistic.

Error bounds and stable range. Theorem 1 states that the normalized statistic
g "> F(T)eCont (Fy) P(f) converges to a limit L, but says nothing about how fast this
statistic converges to the limit. It turns out that bounding the error term of this conver-
gence is closely related to the question of a stable range for representation stability, as we
briefly explain. We prove Theorem 1 by first establishing the exact formula on the left
(Proposition 4.1), and then proving that it converges to the limit L on the right.

n i > 7
(7) g " Z P(f) _ Z <XP;H (PCOHan«C)»Sn . <XP7H (PC(:nf((C))) - I
- (—9) n—o0 £ (—9)
f(T)eConfy (Fq) =0 i=0
In Sections 3 and 4 we will find two obstacles governing the speed of this convergence. First,
we must eliminate the possibility that the inner products (xp, H(PConf,(C)))s, could
grow exponentially in ¢; without this, the series defining L may not even be convergent!
For general hyperplane complements this is a real obstacle, but for PConf,, (C) we will be
able to bound these inner products using known results. Once this is dealt with, we still
need to know how large n must be take before (xp, H (PConf,(C)))s, stabilizes to the
limiting value {xp, H*(PConf(C))).

In general, the range n > N; for which some cohomology group H’ is equal to its
limiting value is known as the stable range; if there exist K and C so that H' stabilizes
for n > K -i+ C, we say the problem has a linear stable range. Define the degree
of P € Q[X1,Xy,...] as usual, except that deg X; = k. From [CEF, Theorem 4.8|
and Proposition 3.9, one can show that (xp, H*(PConf,(C)))s, is constant for all n >=
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2i + deg P. One can then deduce from (7) that

" Y PU)=L+0 ) = Lo,
f(T)eConf, (Fq)

Such a bound on the error term, of the form L + O(g™*"), is called a power-saving bound.
This discussion shows that any linear stable range n > Ki+C for (xp, H'(PConf, (C)))s,
1

implies a power-saving bound for the count ¢7" }° P(f), with ¢ = &.
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Michael Lugo, and Akshay Venkatesh for useful conversations on the subject matter of the
paper. The first author was supported by NSF grant DMS-1103807, the second author
was supported by NSF grant DMS-1101267, and the third author was supported by NSF
grant DMS-1105643.

2. The twisted Grothendieck—Lefschetz Formula

The Grothendieck—Lefschetz formula is a device that relates the topology of algebraic
varieties over the complex numbers to the number of points of varieties over finite fields,
thus providing a surprising bridge between topology and arithmetic. The goal of this
section is to give an introduction to the Grothendieck—Lefschetz formula by working it out
explicitly in a few basic examples.

2.1. Background on Grothendieck—Lefschetz. X (F,) as set of fixed points.
We begin with a variety X defined over the finite field IF;,. The main arithmetic invariant
of X is its number of F,-points, | X (F,)|. It is a fundamental observation that one can
realize X (F,) as the fixed points of a dynamical system as follows. Since X is defined over
[F,, we have the geometric Frobenius morphism Frob,: X — X, which acts (in an affine
chart) on the coordinates by = — z?. If F, is the algebraic closure of Fy, the morphism
Frob, acts on the set X (F,) of F,-points of X. A point x € X (F,) will be fixed by Frob,
if all of its coordinates are fixed by x +— 29, i.e. if all its coordinates lie in [Fy, i.e. if x lies
in X(F,). Therefore we have

X(F,) = Fix (Frobg: X (F,) — X(Fy)).

Grothendieck—Lefschetz formula. For an endomorphism f: Y — Y of a compact
topological space Y, the classical Lefschetz fixed point formula lets us count the fixed
points of f in terms of the induced action of f* on the cohomology H*(Y; Q). Specifically,
it says that for nice maps f,

(8) #Fix(f:Y = Y) =) (1)t (f: H(Y;Q)).
i>0

Grothendieck’s great insight was that the fixed points of Frob, could be analyzed in
the same fashion. Since X (F,) is finite and X (F,) is totally disconnected in the standard
topology, it might seem strange to talk about the “topology” of X. But Grothendieck
showed that the variety X in fact has a cohomology theory with many of the familiar
properties of the classical theory, called the étale cohomology H gt(X ;Qp). (For experts,
we write H ét(X ;Qp) as an abbreviation for H ét(X /Fq;(@g), the étale cohomology of the

base change X?q of X to F,. As always, we fix ¢ prime to q.) For readers unfamiliar with
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this definition, it can be taken as a black-box; étale cohomology should be thought of as
an analogue of singular cohomology that can be defined purely algebraically.

The key consequence is the Grothendieck—Lefschetz fixed point theorem, which re-
lates the fixed points of a morphism f: X — X with its action on the étale cohomology
H',(X;Qy), exactly in accordance with the usual Lefschetz fixed point formula. Applying
this to the Frobenius morphism Frob, gives the following fundamental formula, which
holds for any smooth projective variety X over [Fy:

(9) [X(F,)| = # Fix(Frob,) = 3 (~1)"tr ( Frob, : Hj,(X:Qy))

>0

Of course (9) is only as good as our ability to compute H%,(X;Qy) and the trace of
Frobenius on it. For general varieties X this can be very difficult: indeed the last part
of the Weil Conjectures to be proved was a bound on the eigenvalues of Frob, when X is
smooth. Even after the formula (9) was established, it was almost a decade before this
bound was proved by Deligne, completing the proof of the Weil conjectures. Fortunately,
the varieties considered in this paper are extremely special, and in particular Frob, will
always act on HZ(X;Q) by a specific power of g. This reduces the computation of
tr(Frob, : HL(X;Qy)) to determining the dimension of H%(X;Q,). We will do this by
comparing it with the Betti numbers of a manifold, where we can apply tools of topology.

Comparison between F, and C. If X is defined over Z or Z,, we can reduce X modulo
p to obtain a variety over F,,, and thus over [, for any q = p¥. This puts us in the above
situation, so we can study X (F,) via the étale cohomology H%,(X; Q). On the other hand,
by extending the scalars from Z to C, we can look at the complex points X (C), which is
a compact complex manifold (possibly with singularities, if X is not smooth). This leads
(in a nontrivial way) to a comparison map

(10) ex: Hy(X g 5 Qo) — H'(X(C); Qy).-

Under favorable conditions (which obtain in the cases we study in the present paper) the
comparison map cx is an isomorphism.

Non-compact varieties. For a non-compact space Y, we know that the Lefschetz for-
mula does not hold as stated in (8); we must look instead at the compactly-supported
cohomology H!(Y;Q). Similarly, if X is not projective we should replace H% (X;Qy) in
(9) by the “compactly-supported étale cohomology”. But when X is smooth we can skirt
this issue by using Poincaré duality, obtaining the following formula valid for any smooth
X:

(11) | X (F,)| = # Fix(Froby) = ¢™™ X "(~1)" tr (Frob, : H4,(X;Qy)Y)
>0

Example (Squarefree polynomials over F,;). The number of monic squarefree degree-
n polynomials over F, is well-known to be ¢" — ¢" . As a first warmup, we will describe
how this computation can be derived from the Grothendieck—Lefschetz formula (11).

In the introduction, we introduced the space Conf,, of monic squarefree degree-n poly-
nomials. Let us be more precise about what this means. We can identify the space D,
of monic degree-n polynomials with A” by T 4+ a1T" ' 4+ --- 4+ a,, < (a1,...,a,). The
condition for a polynomial f(T') to be squarefree is the non-vanishing of its discriminant
A(f). Since the discriminant A(f) is given by an integral polynomial in the coefficients
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ai,...,an, the complement Conf, := A" — {A = 0} is a quasiprojective variety, and in
fact a smooth scheme over Z.

To count the number # Conf, (IF,) of monic squarefree degree n polynomials over Fy,
we will use the Grothendieck—Lefschetz formula (11). We will show below at the end of the
proof of Theorem 3.7 that Frob, acts on H ét(Confn; Q) by multiplication by ¢* (see also
the discussion following Proposition 3.3). Therefore it remains to compute the dimensions
of Hét(Confn; Qp).

Over an algebraically closed field such as C, we can identify Conf,,(C) with the “con-
figuration space” parametrizing n-element subsets of C (whence the name). This identi-
fication sends the squarefree polynomial f(7') € Conf, (C) to its set of roots. Using this
description of Conf, (C), Arnol’d [Ar] proved that for n > 2:

Q =0
H'(Conf,(C);Q)=¢Q i=1
0 +>2

If Conf,, were a smooth and proper scheme over Spec Z, one would know immediately
that the comparison map between the étale cohomolgy and the complex cohomology (with
¢-adic coefficients) was an isomorphism. But Conf,, is not proper (i.e. Conf,(C) is not
compact, essentially), which presents a technical difficulty. In the case of Conf,,, it turns
out that the comparison map is still an isomorphism, as was shown by Lehrer in [Le].
This uses the fact (discussed in Remark 3.14 below) that Conf,, is the quotient of a
hyperplane complement by a finite group, and that in both the complex and étale contexts
the cohomology is determined by the combinatorics of that arrangement.

We therefore have that HY,(Conf,; Q) = H},(Conf,; Q) = Q, while H,(Conf,; Q) =
0 for ¢ > 2. Since Frob, acts on Hét(Confn;Qg) by ¢*, and thus on lﬁlét(Confn;@g)v by
g%, we conclude that

1 1=
tr (Frobg : H,(Conf,;Q)Y) =< ¢! i=1
0 1> 2

Conf,, is n-dimensional, being an open subvariety of A", so the Grothendieck—Lefschetz
formula (11) gives

# Conf,(F,) = # Fix[Frob,: Conf,(F,) — Conf,(F,)]

=q" Z(—l)itr(Frobq . H%,(Conf,; Q)")

>0
= ¢" ((tr(Frob, : HY(Conf,;Q,)") — tr(Frob, : Hj(Conf,; Qp)"))
n—1

=q¢"(1-q¢ ) =q¢"—¢q

This agrees with the well-known value of # Conf,,(F,).

2.2. Twisted coefficients. Much more subtle counts of F;-points can be obtained by
using a version of Grothendieck—Lefschetz with twisted coefficients. For any appropriate
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system of coefficents F on a smooth projective variety X defined over F, (namely a so-
called ¢-adic sheaf), we have a version of (9) with coefficients in F:

(12) > tr(Frobg |Fy) =Y (—1)"tr (Frob, : Hy(X; F))
zeX(Fy) i

If Frob, fixes a point = € X (F,), it acts on the stalk F, of F at x, and the local contribu-
tions on the left side of (12) are the trace of Frob, on each of these stalks. On the right
side we have the étale cohomology of X p_ with coeflicients in F, which may again be
taken as a black box. For non-projective X we must again correct the formula (12), either
by considering the compactly-supported version of H ét(X ; F), or via Poincaré duality.

In the remainder of this section we give an example of how the formula (12) may
be applied to Conf,. First, we describe the space PConf,,, and how PConf,, arises as a
covering space of Conf,,.

PConf,, as a cover of Conf,,. Recall that D,, is the space of monic squarefree degree-n
polynomials, and consider the map

m: A" — D,
defined by
e (xla"wxn) '_>f(T> = (T—$1)<T—$n)
Since  is invariant under permutation of the coordinates x;, it factors through the quotient
A"/S,. In fact m induces an isomorphism A"/S, — D,, as follows. The S,-invariant
functions on A™ form the ring of symmetric polynomials Z[z1, . .. ,xn]S”. As a function of

the roots z;, the coefficient a; is & the ith elementary symmetric function e;(z1, ..., xy).
The fundamental theorem of symmetric polynomials states that

Zlzxy,. .. ,$n]S” =Zle1,...,en] = Zlay,...,a),

giving the isomorphism A"/S,, — D,.

Under this map 7, what is the preimage of Conf,, = D,, — {A = 0}7 The discriminant
A(f) vanishes exactly when f has a repeated root, so the preimage of {A = 0} will be the
set of all (z1,...,x,) € A" for which two coordinates z; and x; coincide. In other words,
if we define PConf,, :== A" — {z; = x;}, then PConf,, is the preimage of Conf,, under 7.
Since PConf,, is defined in A™ by the nonvanishing of integral polynomials, PConf,, is a
smooth n-dimensional scheme over Z.

Since S, acts freely on PConf,, (by definition!), restricting = to a map PConf,, — Conf,,
gives an étale Galois cover with Galois group S, (acting on PConf, by permuting the
coordinates). On the topological side, PConf, (C) is the cover of Conf, (C) corresponding
to the kernel of the representation 71 (Conf,(C)) — S,, sending a loop of configurations
to the permutation it induces on the n points.

REMARK 2.1. The discussion above shows that Conf, can be identified with the quo-
tient Conf,, ~ PConf, /S, as an algebraic variety. However for readers not familiar with
scheme-theoretic quotients, we emphasize that the k-points Conf, (k) are not just the
quotient PConf, (k)/Sy of the k-points of PConf,,.

For an algebraically closed field k, there is no discrepancy: PConf, (k) parametrizes
ordered n-tuples (z1,...,2,) of elements z; € k and Conf, (k) parametrizes unordered
n-element sets {x1,...,z,} C k, exactly as one would expect.
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The difference arises for fields k that are not algebraically closed. For example, the
polynomial 72 + 1 € R[T] is squarefree, so it defines a point in Confy(R). However,
this polynomial is not in the image of any (x1,x2) € PConfs(R), since we cannot write
T? +1= (T — 21)(T — x3) for any x1, 29 € R. For a more drastic example, the F,-points
Conf,(F,) parametrize monic squarefree degree n polynomials in [F,[T], and this set is
always nonempty. (For example, either 7" — T € F,[T] or T" — 1 € F,[T] is always
squarefree, depending on whether p|n or not.) But when n > p the set PConf, (F,) is
empty, since choosing more than p distinct elements of IF,, is impossible!

We can understand Conf, (k) by relating it to Conf,(k), as the subset of points that
are defined over k. The catch is to describe what it means for a set {x1,...,z,} C k to
be “defined over k”: it means not that each x; lies in k (i.e. is invariant under Gal(k/k)),
but that the set {x1,...,7,} is invariant under Gal(k/k). For example, the set {i, —i}
is invariant under Gal(C/R) (i.e. by complex conjugation), so the corresponding point in
Confy(C) should give a point in Confe(R)—and indeed it does, namely the polynomial
T? +1 € R[T).

We can see this concretely for a squarefree polynomial f(7') € Conf,(F,). Since f(T)
is squarefree, it must have n distinct roots A1,..., A, in Fq. But since f(7') has coefficients
in IF,, it is invariant under Frob, (which topologically generates Gal(F,/F,)), so the set of
roots {A1,..., A, } must be invariant under Frob,. Conversely, given any set {x1,...,z,} C
F, which is taken to itself by Frob,, the polynomial f(T) = (T — zy)--- (T — ) is fixed
by Frob,, and thus has coefficients in IF,.

Twisted statistics for Conf,. Using the surjection m(Conf,(C)) — S,, any finite-
dimensional representation V of S,, over Q lets us build a vector bundle (with flat connec-
tion) over Conf,,(C), whose monodromy representation is the composition 71 (Conf, (C)) —
Sy, — GL(V). Since the cover PConf,, (C) — Conf,(C) corresponds to the kernel of this
surjection, any bundle we build in this way will become trivial if we pull it back to
PConf,(C). (The assumption that the representation V is a Q-vector space is not really
a restriction at all, thanks to the fact that every representation of 5, in characteristic 0 is
defined over Q; for example, any representation of S, on a C-vector space arises as V ® C
for some representation of S,, on a Q-vector space V.)

The same constructions can be done in the algebraic setting: the Galois S,,-cover
PConf,, — Conf,, gives a natural correspondence between finite-dimensional representa-
tions of S, and finite-dimensional local systems (locally constant sheaves) on Conf,, that
become trivial when restricted to PConf,. Given a representation V of S, over Q, let
xv: Sp — Q be its character, and let V denote the corresponding local system of Q-
vector spaces on Conf,. An important technical point is that in fact V arises from an
f-adic sheaf, since V' can be defined over Z, but we will not stress this point further.

If f = f(T) € Conf,(F,) is a fixed point for the action of Frob, on Conf,(F,), then
Frob, acts on the stalk V; over f. This action can be described as follows. The roots
of f(T) are permuted by the action of Frobenius on F,, which determines a permutation
oy € Sy, (defined up to conjugacy). The stalk Vy is isomorphic to V', and in some basis
for V', the automorphism Frob, acts according to the action of oy. (This is explained in
more detail in the latter part of the next section.) It follows that:

tr(Frobg : V¢) = xv(0oy)
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The Grothendieck—Lefschetz formula (12) becomes in this case (via Poincaré duality)
the equality

(13) Z tr (Frobg [Vy) = ¢" Z(—l)i tr ( Frobg : H%,(Conf,; V)Y)
feConfy, (Fq) i

As before, we will see that Frob, acts on H’,(Conf,;V) by ¢'. It thus suffices to know
the dimension of the cohomology group H%(Conf,;V). We will prove below that this
dimension can be computed as

dimg, H,(Conf,; V) = (V, H (PConf,(C); Q)) s,
is the usual inner product of S,-representations V' and W:
(V,W) = dimc Homg, (V, W)

Combining all these observations, the Grothendieck—Lefschetz formula becomes the
following fundamental formula:

(14) > xvlop) =D (-1)'¢"{(V, H(PConf,(C); Q)) ¢

fE€Cont,, (Fy) i

Here (V,W)g

n

n

We will prove a generalization of this formula as Theorem 3.7.

Note that when V is the trivial representation we have xy(of) = 1 for all f, and
so (14) reduces to the previous untwisted Grothendieck—Lefschetz formula (9). Formula
(14) converts various counting problems about polynomials over F, to the problem of
understanding the decomposition of H*(PConf,(C); Q) as S,-representations.

Example (counting linear factors). Let W = Q™ be the standard permutation rep-
resentation of S,,. Then yw (o) is the number of fixed points of o. Over each fixed point
f = f(T) € Conf,(F,), the roots fixed by the permutation oy € S, (i.e. fixed by Frob,)
are those lying in [F,. The set of such roots corresponds precisely to the set of linear factors
of P. We thus have

xw(oy) = the number of linear factors of f(T').
In Proposition 4.5 we will prove that for each i > 1 we have

0 forn<ijg
(W, Hi(PConfn((C);Q»Sn =491 forn=i+1
2 form>i+2

Applying (14) thus gives that the total number of linear factors of all monic squarefree
degree-n polynomials over I, equals

> xwlop) =Y (-1)q" (W, H (PConf,(C); Q)
feConf, (Fq) i
=q¢" 20" +2¢" P -2" P+ F2° £2¢° F ¢

n

To obtain the expected number of linear factors, we simply divide by the cardinality
of Conf,(F,). Since this was determined above to be ¢" — ¢"~!, we conclude that the
expected number of linear factors is

1 1 1 1
l1-——-—4—=—-——=4+--- %
¢ ¢ ¢ "

2
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This can be widely generalized: in fact for any statistic s(f) on polynomials f(7") only
depending on the lengths of the irreducible factors of f, we can find a representation V'
(or a difference of two representations) that allows us to calculate FeConfn (Fy) s(f) via
topology; see §4.

3. Hyperplane arrangements, their cohomology, and combinatorics of
squarefree polynomials

In [CEF] the theory of various “FI-objects” (e.g. Fl-spaces, Fl-varieties, FI-modules)
was developed in order to better understand infinite sequences of such objects. In this
chapter we introduce the notion of “FI-complement of hyperplane arrangement”, or “FI-
CHA?” for short. These are, roughly, complements of those hyperplane arrangements that
can be generated in a uniform way by a finite set of “generating hyperplanes”. Applying
the cohomology or étale cohomology functor will then give an FI-module (in the sense
of [CEF], and defined below). We can then deduce strong constraints on these étale
cohomology groups from the results of [CEF].

We then explain the direct connection of these cohomology groups to moduli spaces
of monic, squarefree polynomials, proving a general theorem that converts the stability
inherent in FI-modules to the stability of combinatorial statistics for squarefree polyno-
mials over F,. In Section 4 we will apply this general theorem to obtain precise answers
to a variety of counting problems in Fy[T’].

3.1. FI-hyperplane arrangements. We briefly recall the basic definitions and no-
tation for FI-modules from [CEF]. We denote by FI the category of finite sets with
inclusions, and by FI°? its opposite category. We denote the set {1,...,n} by [n]. A
functor from FI (respectively FI°?) to the category of modules over a ring A is called an
FI-module (respectively FI°’-module) over A. If V' is an FI-module, we denote by V,, the
A-module V ([n]). Since Endpr([n]) ~ S,, each A-module V,, has a natural action of S,,.

Let R be a ring and let L = {Li,..., Ly} be a finite set of nontrivial linear forms
over R in variables z1, ..., x4 containing the form x; — z5. For each n, each L;, and each
injection f: [d] < [n] we have a linear form sz in x1,...,x, defined by

Li(z1,... 2) = Li(zsy, - - Tf(a))-
(We could relax the condition that the forms L; involve the same number of variables, in
which case f would range over inclusions f: [d;] < [n], but for readability we will stick
to the simpler situation.) Each such form determines a hyperplane H Zf in affine n-space

A% defined by the linear equation L{ = 0. We define the hyperplane complement A(L)y,
as the complement of this hyperplane arrangement:

A(L)n = Al — | JH]
fii

Not all hyperplane arrangments can be built in this way from a “generating set” L, but
many of the most familiar hyperplane arrangements can. Some simple examples:

e L = {x; — x2}. In this case we have only one form L; = x1 — x3, so an inclusion

f:[2] < [n] determines the form L{ = Ty1) — Tf2). As f ranges over all

inclusions, we obtain the arrangment of hyperplanes x; — x; = 0 for i # j €
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{1,...,n}, usually known as the braid arrangement. The hyperplane complement
A(L)y, is the space

A(L)n = {(ml,...,xn) EA%‘%‘ # T fori#j}

of n-tuples of distinct points in A', which was denoted by PConf,, in §2.2.

o L = {1 — x2,21 + x2,21}. In this case we obtain the braid arrangement of
type By, consisting of the hyperplanes x; —x; = 0 and 2; +x; = 0 for i # j €
{1,...,n} together with the coordinate hyperplanes z; = 0 for i € {1,...,n}.
The hyperplane complement

A(L)n = {(21,...,2n) € AR | @i # 0,23 # xj,@; # —ax; for i # j}

parametrizes n-tuples of nonzero points in Al disjoint from each other and from
their negatives.
o [ ={x1 — 2,21 — 222 + z3}. In this case the hyperplane complement

A(L), = {(ml,...,xn) € A%‘xi # x5, + xj # 2y, for i # j # k:}
parametrizes n-tuples of distinct numbers in R no three of which form an arith-
metic progression.

For any L, the action of S, on A% by permuting the coordinates permutes the set of

hyperplanes Hlf , and thus induces an action of S,, on A(L),. But there are also maps
between the different A(L),, for different n, and in fact the ensemble of all these schemes
and maps forms an FI°P-scheme.

PROPOSITION 3.1. There exists an functor A(L) from FIP to the category of schemes
over R which sends [n] to A(L), and sends g: [m] — [n] to the surjection (x1,...,zy) —

(g(1)s - Tg(m))-

We call A(L) the FI-CHA determined by L; here “FI-CHA” is an abbreviation for
“FI-complement of hyperplane arrangement”.

PROOF. An injection g: [m] < [n] determines a surjection ¢g*: A" — A™ which sends
(T1, .. 2n) t0 (Tge1y,- -, Ty(m)), and this assignment is obviously functorial. Moreover
the form L{: A™ — A from the definition of A(L),, is just the composition of f*: A" —
A4 with the original linear form L;: A? — A!. Tt follows that g* (L{ ) = Lfof , so the

preimage of Hf under g¢* is the hyperplane Hfof , demonstrating that g* restricts to a
map g*: A(L), — A(L)q. O

Composing the functor A(L) with the contravariant functor “étale cohomology” thus
gives the following.

COROLLARY 3.2. Let A(L) be an FI-CHA. The étale cohomology groups H% (A(L)y; Qp)
fit together into an FI-module over Qy. We denote this FI-module by H%,(A(L); Q).

3.2. Etale cohomology of hyperplane arrangements. The following facts on
the étale cohomology of the hyperplane complements A(L),, whose analogues for complex
hyperplane arrangements are well-known, were proved over a general base field by Kim [Ki|
(see also Lehrer [Le]). If X is a variety over a field k, by H’,(X;Qy) we always mean the
cohomology H%,(X /7 Qe) of the base change X7.
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Let k be a field, and let L: A® — A! be a nontrivial k-linear form. If H C A" is the
hyperplane L = 0, this form restricts to a map L: A” — H — A' — {0}. The fibers of this
map are A"~ ! so on cohomology L induces a isomorphism

L*: HY(AY — {0}; Q) 3 HL(A™ — H).

PROPOSITION 3.3. Let k be a field, and fix a prime ¢ different from the characteristic
of k. Given a finite set of hyperplanes Hy, ..., Hy, in A" defined over k, let A be the
complement A = A" —|J H;. Then:

(i) HL(A; Q) is spanned by the images of the m maps
Hy(A™ — Hj) = Hy(A; Qo)
induced by the inclusion of A into A™ — H; for j=1,...,m.
(ii) H,(A;Qy) is generated by HL,(A;Qp) under cup product.

Let k = F, and suppose that L is defined over F,. Let Frob,: A — A be the Frobenius
morphism. (In this paper we always mean the geometric Frobenius morphism, which acts
on the coordinates of an affine variety over I, by raising the coordinates to the gth power.)
A consequence of Proposition 3.3 that will be crucial for us is:

The induced action of Froby on HY,(A;Qp) is scalar multiplication by q'.

For those familiar with the terms, this follows from Proposition 3.3 as follows. Let
Q¢(1) denote the 1-dimensional Galois representation given by the cyclotomic character,
let Qp(n) == Q(1)®", and let Q;(—1) denote the dual of Q,(1). It is well-known that
HL(AY — {0};Qr) ~ Qu(—1), so Proposition 3.3(i) implies that H%(A; Q) ~ Qu(—1)%"
for some by. By Proposition 3.3(ii) it follows that H,(A; Q) &~ Qu(—i)®* for some b;.
The geometric Frobenius morphism Frob, is known to act by ¢! on Qy(1), so it acts by
¢ on Q(—1i), as claimed.

Finitely-generated FI-modules. Suppose that V is an FI-module with each V,, finite
dimensional. Then V' is finitely generated [CEF, Definition 2.16] if there are finitely many
elements v1,..., v, € Vg such that each V,, is spanned by the images f.v; induced by all
inclusions f: [d] < [n].

PROPOSITION 3.4. Let A(L) be an FI-CHA over a field of characteristic # £. Then
HY(A(L); Q) is a finitely generated FI-module for each i > 0.

PROOF. For each form L;: A? — Al let w; € HL(A(L)4; Q) be the image of the map
Li: Hy(AY — Hj) — Hi(A(L)g; Qo).

We begin by showing that the FI-module H}(A(L); Q) is finitely generated by these
classes wi,...,wWn.
For each f: [d] < [n], let wf € HL(A(L)n; Q) be the image of the map

LI HY(A™ — HI) — HEL(A(L)n; Qo).

Proposition 3.3 implies that H},(A(L),; Q) is spanned by the classes wf as [ ranges

over all inclusions f: [d] < [n]. Since Lj-c = f*oL;, naturality implies that w]f = f*w;. This
shows that H}(A(L),;Q;) is spanned by the images f*w; of the finite set wy,...,wy, €
HL(A(L)4;Qy), as desired.
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Proposition 3.3(ii) now implies that H% (A(L); Q) is a quotient of \'HY,(A; Q), which
is finitely generated by [CEF, Proposition 2.62]. O

COROLLARY 3.5. Let A(L) be an FI-CHA over a field of characteristic # £. Then the
sequence HY,(A(L),; Q) of Sy-representations is uniformly representation stable in the
sense of [CF].

PRrOOF. It was proved in [CEF, Proposition 2.58] that if V' is a finitely generated
FI-module over a field of characteristic 0, then the sequence V,, of S,-representations is
uniformly stable. O

Applying the representation stability from Corollary 3.5 to the trivial representation,
we conclude that the dimension of the S,-invariant subspace H%,(A(L)n; Q)" becomes
independent of n for large enough n. Transfer implies that

Hy(A(L)n/Sn; Qo) = Hg(A(L)n; Qo)™

Therefore, to understand the consequences of Corollary 3.5, we first describe the quo-
tient spaces A(L)y/Sp.-

DEFINITION 3.6. For any FI-CHA A(L), the symmetric group S,, acts on the scheme
A(L), € A™. We denote by B(L),, the quotient scheme B(L),, := A(L)y/Sn-

For L = {x; — x2}, we saw in Section 2.2 that the quotient of the hyperplane com-
plement PConf,, = A(x; — x2), by S, was the moduli space Conf, = B(x; — z2), of
squarefree polynomials. For any FI-CHA A(L), we have assumed that L contains the form
x1 — x2; therefore all points (z1,...,2,) € A(L), must have x; # x;, so S, acts freely on
A(L),,. Moreover we can restrict the covering map PConf,, — Conf,, to A(L),, C PConf,,.
This identifies the quotient B(L),, with an open subspace of Conf,,. For any field k, the
points B(L), (k) are in bijection with the set of monic squarefree degree-n polynomials
P(T) € k[T] with the property that no subset of the roots of P (taken in the algebraic
closure k) satisfies any of the linear relations in L;.

For example, when L = {z1 — 9,1 + 2,2} the points of B(L), (k) are precisely the
monic, squarefree, degree n polynomials not divisible by T or by T? — a for any a € k.
When L = {z1 — z9,21 — 222 + x3} the points of B(L), (k) are the squarefree, degree-n
polynomials having no three roots in arithmetic progression.

3.3. Point-counting for FI-CHAs. Let L be a collection of linear forms defined
over [F, so that the schemes A(L) and B(L),, are defined over F,. The Fy-points B(L), (F,)
form a finite set, consisting of the monic squarefree degree-n polynomials in F4[T] whose
roots do not satisfy any of the relations in L.

Counting squarefree polynomials. We can count the number |B(L),(F,)| of such
polynomials in terms of the étale cohomology of B(L),, via the Grothendieck—Lefschetz
fixed point formula. We will see below that in this case this becomes the formula

B(L)a(Fg)| =Y _(~1)'q" " dim Hy(B(L)n; Qo)

By transfer, the dimension of H%(B(L),; Q) is the dimension of the S,-invariant sub-
space of H% (A(L)n; Qe), and Corollary 3.5 states that this invariant subspace becomes
independent of n for large n. This seems to show that the right hand side of

W = 3 (1) dim Hi(B(L); Q)
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converges to a fixed power series as n — 0o. However, we need a bound on these dimensions
(e.g. as in Definition 3.12); otherwise the power series itself need not converge, for example!

Counting other statistics. If y is a class function x: S, — Q, we can consider x as a
function on the finite set Conf,(IF,) as follows. Given f(T) € Conf,(F,), let ¢ € S, be
the permutation of the roots R(f) = {x € Fy|f(z) = 0} induced by Frob,. This depends
on an ordering of the roots, so oy is only well-defined up to conjugation; nevertheless, we
can define
X(f) = x(oy)

since  is conjugacy-invariant. Note that each k-cycle in the cycle decomposition of o
corresponds to a degree k irreducible factor of f(T).

If V' is any S,-representation over a field of characteristic 0, we denote by (x, V) the
standard inner product of x with the character of V'; we sometimes refer to (x, V') as the
multiplicity of x in V since this is true when both are irreducible, by Schur’s lemma. We
write (x, H'(A(L),)) as an abbreviation for the inner product (x, H%,(A(L)n; Qr)). We
remark that this inner product lies in Q, since every representation of S, is defined over
Q; furthermore, at least for the FI-CHA A(z; — x2) considered in §4, this inner product
is independent of /.

Our main general tool for studying the statistics of various sets of squarefree polyno-
mials over [F, is the following.

THEOREM 3.7 (Point counts for hyperplane arrangements). Let L be a collection
of linear forms defined over Fy, and let x be any class function on S,. Then for eachn > 1,

(15) Yoo X =D (G HI(AL)))

F(T)eB(L)n(Fq) g

PROOF. Since both sides of (15) are linear in x, and since the irreducible characters
give a basis for class functions on S, it is enough to prove that (15) holds when y is an
irreducible character of S,, (i.e. the character of an irreducible representation).

The Galois Sp-cover A(L),, — B(L), yields a natural correspondence between the
set of (conjugacy classes of) finite-dimensional representations of \S,, and the set of (iso-
morphism classes of) those finite-dimensional local systems on B(L),, that become trivial
when restricted to A(L),,. Given an irreducible character x, let V' denote the correspond-
ing irreducible representation of S,,, and let V denote the corresponding local system on
B(L),.

Applying the Grothendieck—Lefschetz formula to the local system V relates the action
of Frob, on the stalks V; with its action on the étale cohomology with coefficients in V),
via the following formula:

(16) > tr(Frobg : Vy) = (=1)/ tr (Frobg : H](B(L)n; V))
FeB(L)n(Fq) J
The left side is easy to analyze: each stalk V; is isomorphic to the representation V', and
Frob, acts according to the action of oy € S,,. Since x is the character of V, we see that
tr(Frobg : V¢) = tr(oy : V) = x(f), showing that the left sides of (15) and (16) coincide.
It remains to simplify the right side of (16). Let V denote the pullback of V to
A(L),. Transfer gives an isomorphism HZ(B(L)n; V) ~ HL(A(L)n; V)5*. But V is trivial
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on A(L),, so we have B
HI(A(L)n; V) = HL(A(L)n; Qo) © V
as Sp-representations. Combining these gives

HI(B(L)n; V) ~ (HI(A(L); Qp) © V)" & HI(A(L)n; Qp) ©gps,] V-

In particular, ' '
dim(HZ(B(L)n; V)) = dim(HZ (A(L)n; Qr) ®qys,) V)
Since V is self-dual as an S,-representation, HI(A(L),;Qy) ®qs,] V is isomorphic to

Homgys,) (V, Hg(A(L)n)), whose dimension is given by the inner product (x, HZ (A(L),)).
Since A(L),, is smooth of dimension n, Poincaré duality provides an identification

HZ"H(A(L)n; Qo) = Hom (H(A(L)n; Qe); Qe(—n)).
Since the Sy,-action on Q(—n) is trivial, this yields (x, H2""*(A(L)n)) = (x, H,,(A(L)»)).
Moreover, by Proposition 3.3(ii) the action of Froby on H% (A(L)n; Q) is multiplication

by ¢, and the action on Qu(—n) is multiplication by ¢", so it follows that Frob, acts on
H2""{(B(L); V,,) by multiplication by ¢"~¢. Putting this all together, we find that

tr (Frobq : Hg”_i(B(L)n; V)) = q”_i(X, Hl(.A(L)n»
Substituting this into (16) yields the desired formula. O

3.4. Stabilization of point counts. We now consider the stabilization of the point
count ¢~ "|B(L),(Fq)| as n — co. We also describe certain families of statistics x,: S, — Q
for which the sum ¢~" ) FEB(L)n(Fy) Xn(f) will similarly stabilize. These sequences will
always stabilize “formally”, but to obtain actual convergence we require a condition on
the growth of the representations H'(.A(L),,); see Definition 3.12 for the precise definition.

Recall from the introduction that a character polynomial is a polynomial

Pe @[Xl,XQ,...].

Such a character polynomial P simultaneously determines a class function P,: S, — Q
for all n in the following way. For each k > 1, define the class function ¢: S, — Q by
setting cx (o) equal to the number of k-cycles of o. The assignment Xy — ¢ extends to a
ring homomorphism from Q[X7, Xs,...] to the ring of class functions on S,,, under which
P € Q[Xy, X2,...] is sent to the class function P, : S,, — Q defined by

Pa(0) = P(c(0), c2(0), .. ., cn(0)).

DEFINITION 3.8 (Sequence X, given by character polynomial). A sequence of
characters x,: S, — Q is given by a character polynomial (resp. eventually given by a
character polynomial) if there exists P € Q[X1, X, ...] such that x,, = P, for all n (resp.
for all n > N for some N).

If it exists, this character polynomial P is uniquely determined. We will sometimes
write (P, @)y, as shorthand for the inner product (P,, @) of S,-characters.
The expectations of character polynomials

E Palo) = 1 3 Palo) = (P, 1)

oc€ESh =
n

compute the averages of natural combinatorial statistics with respect to the uniform dis-
tribution on S,,. For example, the well-known fact that a randomly chosen permutation
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o € S, has 1 fixed point on average says that (Xi,1), = 1 for all n > 1. Similarly, the
fact that a random permutation in S, has % k-cycles on average says that (X, 1), = % for
all n > k (for n < k, of course, there are no k-cycles at all). More complicated character
polynomials still express natural statistics: for example, if P = (X5 — 1), then (P, 1), is
the variance of the number of transpositions X, and it is not hard to calculate that this
isequaltoifor1§n<4and%f0ralln24.

In these examples the expectation is independent of n except for some finite initial
segment. In fact this is a general property of character polynomials, as the following
proposition shows. The degree deg P of a character polynomial P € Q[Xi, Xs,...| is
defined in the usual way, except that X; is defined to have degree 1.

PROPOSITION 3.9. Given two character polynomials P,Q € Q[X1, Xa,...], the inner
product (P, Qn) of Sp-characters is independent of n once n > deg P + deg Q.

PROOF. Since (P,, Q) = (P, - Qn, 1), it suffices to prove the proposition in the case
when @ = 1. In this case the inner product (P,, 1) is just the average

1
(P,,1) = E Po(0) = — > Pu(o).
0ESh
Given a sequence p = (f1, pi2, - - - , i) of non-negative integers with puy > 0, we define the
character polynomial (if ) as the product of binomials

()= GG ()
) \p) \ e p )
The leading term of the character polynomial (if ) is a nonzero multiple of X{" X42 - - X/,

0 (f) has degree |u|, where |p| := >4 - p;. Modulo polynomials of degree < m, the ()If)
with || = m project to a basis for the monomials of degree m. By induction, we see that
a basis for the character polynomials of degree < n is given by all the (if ) with |u| < n.

By the linearity of expectation, it suffices to prove the proposition for P = (f )

When n = |pl, the class function P = (): ) takes only the values 0 and 1, since the only
way P, (o) can be nonzero is if o has cycle type p (i.e. has exactly p; i-cycles). Thus the
expectation is just the proportion of permutations lying in this conjugacy class. It is easy

Iul

to check that this conjugacy class has size ‘£-, where z, = [[, i"¢ - p;!. Therefore n = |p

implies <(i§), 1)n = i

Now consider arbitrary n > |u|. For each o € S,, the value of P,(o) is the number of
ways to choose py 1-cycles from o, puo 2-cycles, etc. For each such choice, the union of the
supports of these cycles determines a subset S C [n] with |S| = |u|, and conversely such a
choice is determined by a subset |S| = |p| for which the restriction o|g has cycle type pu.
Thus by linearity of expectation we can write

(P, 1) = 'Z Z du(o, S
" oS 15—l

where 6,,(o, S) is equal to 1 if 0(S) = S and J|5 has cycle type ,u, and equal to 0 otherwise.
Exchanging the order of summation yields - o Z|S| 1l > ves, Ou(0,S). The inner sum
simply counts the number of permutations o with o|g of cycle type p. Such a permutation
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is determined independently by o|g, for which there are % possibilities by the previous

paragraph, and by o|p,_g, for which there are (n — |u|)! possibilities. Since the inner sum

does not depend on S, the outer sum reduces to multiplication by (
subsets 5. We conclude that

1 n! ! 1

() n== 7 (= |u)l = —

e R TR )T e B

for all n > |u|, as desired. O

|Z‘), the number of

REMARK 3.10. We saw above that the number of i-cycles X; has mean 1/i for n > i.
The formula ((if ) )n = i from the proof above allows us to compute the higher moments

of this statistic. Working equivalently with the factorial moments, we have

Xi 1 (1/4)" .
prm— = > . .
E(k) 7 X foralln > k-1

It is well-known (and easy to check) that the factorial moments of a Poisson distribution

with mean 6 are equal to ek—l?. This means that with respect to the uniform distribution on
Sn, as n — oo the random variable X; converges in some sense to a Poisson distribution
with mean 1/i. Moreover, the fact that

X 1 1/7)H X;
E ( )::H(/Z> :H]E ( Z> for n > |u|
O'ESTL /.L Z/J, ,uz‘ O'Esn //Lz

) %

means that the random variables X; become independent Poisson in the limit. This picture
is well-known to probabilists; see [Ta] for an extensive history going back over 300 years.

It was proved in [CEF, Theorem 1.6] that if V' is a finitely-generated FI-module over
a field of characteristic 0, then the characters xy, are eventually given by a character
polynomial. Therefore Proposition 3.9 implies that for any fixed character polynomial P,
the inner products (P, V,,) are eventually independent of n. Applying this to H ét(A(L); Qe)
using Proposition 3.4 yields the following corollary.

COROLLARY 3.11. For any character polynomial P, the inner products
(P, Hy(A(L)n; Q)
are eventually independent of n.

DEFINITION 3.12 (Convergent FI-CHA). We say an FI-CHA A(L) over k is con-
vergent if it satisfies the following two equivalent conditions:

1. for each a > 0 there is a function Fy(i), subexponential in i and not depending on n,
which bounds the dimension of the S,_,-invariant subspace

dim H.,(A(L)p; Q)%= < F, (i) for all n and 1.

2. for each character polynomial P € Q[X1, Xs,...| there exists a function Fp(i), subex-
ponential in ¢ and not depending on n, such that:

(P, Hiy(A(L)y; Q)| < Fp(i) for all n and i.
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We can see that these conditions are equivalent as follows. The character of the
permutation representation Q[S,/S,—4] is given for all n by a! - ();'1)7 0 from VSn—a a
Homyg,, (Q[S),/Sn—al, V) we see that

dim(V=m=e) = (al(X1), V).

This shows that the second condition implies the first.

For the converse, for each partition A F d, let xx: S¢ — Q be the corresponding
irreducible character of S;. Define the character polynomial Py = Z‘ y=d X/\(Cu)():)7
where ¢, € Sy is a permutation with cycle type pu. The character polynomial Py is the
unique character polynomial P of degree < d for which P; = x) and P, =0 for n < d. It
also has the property that (Py, V), is a nonnegative integer for any S,-representation V,
because (Py, V), is the multiplicity of the irreducible Sy-representation Vy inside VSn—d,
In particular, if dy = dim V) we have

> dy(Py, V) = dim V-t
A-d

This corresponds to the fact that the sum >  dyx) is the character of the regular repre-
sentation, so that > dyP\ =d!- ()21). This formula implies that (Py, V) < dim VS»— for
any S,-representation V', so the first condition implies the second for the P,. The second
condition for arbitrary P follows, since any P is a finite linear combination of the Pj.

THEOREM 3.13 (Character polynomials for convergent arrangements). Let L
be an FI-CHA over F,, and denote by (P, H'(A(L))) € Q the limiting multiplicity

(PHI(A(L))) = Tim (P, Hiy(A(L)n: Qo).

If A(L) is convergent, then for any character polynomial P:

a7) Hmg Y (= (- BEAED
feB(L)n(Fq) i=0 a

In particular, both the limit on the left-hand side and the infinite sum on the right exist.

The special case of Theorem 3.13 when P = 1 demonstrates the existence of the limit
: -n
Jim g™"|B(L)n ().

PROOF. Given P, let Fp(i) be the subexponential function whose existence is guar-
anteed by Definition 3.12. Since |(P, H.,(A(L)n; Q)| < Fp(i) for all n, the stable multi-
plicity is also bounded: ’(P, H’(A(L)M < Fp(i). Since Fp(i) is subexponential, the sum
S 2o(—a) P, H'(A(L))) on the right side of (17) is absolutely convergent.

By Theorem 3.7, the terms appearing in the limit on the left side of (17) are given by

" Y. P(N) =D (—0) (P HY(AL); Qu))
fFEB(L)n(Fq)

Given a threshold I > 0, choose IV large enough so that for all n > N and all i < I we
have

(P Hy(A(L)n; Qe)) = (P, H'(A(L)))
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Therefore for any n > N, the difference between the nth term on the left of (17) and the
claimed limit is equal to

o0

Y O ((PHAL)) — (P Hyg(A(L)n; Qo))

i=1+1

In absolute value, this sum is bounded by >°7° ;. (Fp(i) + Fp(i))g~*. The convergence of
the series Y Fp(i)/q' means that this bound goes to zero as I — co.Therefore by taking
n sufficiently large, the left side of (17) approaches the right side, as desired. g

The problem, of course, is to determine to what extent the FI-CHAs of interest satisfy
the convergence condition in Definition 3.12. For example, is this condition satisfied for
the FI-CHA A(z1 — x2, 21 — 222 + x3) parametrizing squarefree polynomials with no three
roots in arithmetic progression? Here our knowledge is somewhat lacking. Below we will
give many examples that are convergent. It is possible that all FI-CHAs defined over
finite fields are convergent, but we emphasize that a generic FI-CHA over C should not
be convergent, so if true this property is a special feature of FI-CHAs over finite fields.

REMARK 3.14 (Stable multiplicities may depend on p). We conclude this section
with a warning. In the next section, we consider the FI-CHA A(z — x2) over F,, and find
that the stable multiplicities (P, H*(A(x1 —x2))) do not depend on the characteristic p. In
general, if we start with any FI-CHA defined over the integers, we can reduce it modulo
any prime p to get an FI-CHA defined over F,. However, the situation for A(x; — x2)
is special: in general one should not expect the stable coefficients (P, H'(A(L))) to be
independent of the prime p, as we now explain.

The cohomology of the complement of a hyperplane arrangement is determined by the
combinatorics of the intersection lattice of the hyperplanes. This lattice consists of all the
subspaces arising as intersections of various hyperplanes, under the relation of contain-
ment. For A(z; — x3), = PConf,, the intersection lattice can always be identified with
the lattice of partitions of {1,...,n} under inclusion, no matter what field we work over.
But for other FI-CHAs, if this intersection lattice is different in different characteristics,
one should not expect the cohomology to remain the same. This situation can and does
occur, even for quite natural FI-CHAs, as the following two examples illustrate.

ExAMPLE 3.15. For any finite field of characteristic p # 2, the proportion of monic,
squarefree polynomials with no three roots in arithmetic progression is strictly less than
1. But over a field of characteristic 2 this proportion is 1, since three distinct numbers
cannot be in arithmetic progression modulo 2: if xo = z; +y and x3 = 9 + y, then
x3 = x1 + 2y = x1. In terms of the FI-CHA A(x; — z2,21 — 2x9 + x3), this can be seen
from the fact that the form x; — 2x; + x), coincides with x; — x}, in characteristic 2, so the
intersection lattice is obviously not the same as in characteristic 0.

ExaMPLE 3.16. We emphasize that the differences of intersection lattices need not
be merely a matter of some finite set of primes being “bad”. Consider the FI-CHA
A(z1 — 2z2). The hyperplanes associated to A(x1 — 2x3), include

1 —2x9=0, x9 —223=0, ..., z, —221 =0
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Over C, these n hyperplanes intersect transversely: indeed their intersection is the sub-
space where
T =29 =4dxg = =21y, =2y,

which is clearly trivial. The same argument shows that these hyperplanes remain trans-
verse whenever 2" is not congruent to 1 mod p, which is the case for all but finitely many
p. But when p|(2" — 1), the last linear equation is redundant with the first n — 1, and
so the intersection of the n hyperplanes has codimension at most n — 1. Of course, every
prime p is a divisor of 2" — 1 for some choice of n, namely the multiplicative order of
2 in F;. Since the FI-CHA A(z1 — 2x2) involves all n simultaneously, one should not
expect the intersection lattice attached to A(z1 — 2x2) modulo p to be the same as that
of A(x1 — 2x9) modulo p’ unless 2 has the same multiplicative order mod p and mod p/,
a very unusual occurrence.

4. Statistics of squarefree polynomials and the cohomology of the pure braid
group

In this section we explain how to go back and forth between the answers to statistical
questions about squarefree polynomials over a finite field, on the one hand, and the FI-
modules arising from the cohomology of the pure braid group, on the other. This line
of reasoning (without the connection to FI-modules) was initiated by Lehrer; see e.g.
[Le3, KL, Led4]. The counting theorems presented here are for the most part not new.
The main point here is to elucidate the close connection between the asymptotics of
arithmetic statistics over function fields and the Fl-structure on the cohomology of the
pure braid group.

4.1. Cohomology of the pure braid group. Recall that PConf = A(z; — z2)
is the FI°P-scheme consisting of hyperplane complements PConf,, = A" — [ J{z; = z;},
whose points parametrize ordered tuples of distinct points in A!. The quotient Conf, =
PConf,, /S, = B(x1 — x2), is the space of monic, squarefree, degree n polynomials.

In this specific case, the intersection lattice of the hyperplane arrangement PConf,
can be computed directly. The subspaces of A™ arising as intersections of the hyperplanes
x; = x; are in bijection with set partitions of the set [n] = {1,...,n}. Given a partition
[n] = S1U---USy,, the corresponding subspace is defined by the equations x; = z;
whenever i and j lie in the same block Si. For example, the partition [5] = {1,4}U{2,3,5}
corresponds to the subspace where x1 = x4 and x9 = x3 = x5.

This description shows in particular that the intersection lattice of PConf,, is the same
whether the hyperplanes are considered over C or over a finite field ;. It follows from
the results of Lehrer in [Le] that the comparison map

Hét(PConfn/Fq ;Qy) — H'(PConf,(C); Q)

is an isomorphism of S,,-representations. In fact, the naturality of the FI-maps PConf,, —
PConf,, implies that there is an isomorphism of FI-modules

H,(PConf 5 ;Qq) ~ H'(PConf(C); Q).

Over C, a monic squarefree degree-n polynomial is determined by its set of roots, an
unordered set of n distinct points in the complex plane. Therefore the complex points
Conf, (C) can be identified with the configuration space of n distinct points in the plane.
This space is well-known to be a K(m,1) (Eilenberg-Mac Lane) space with fundamental
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group the braid group B,. In particular, this means that H'(Conf,(C)) ~ H*(B,). The
finite cover PConf, (C) is also a K(m, 1) space, with fundamental group 71 (PConf,(C)) =
P, the pure braid group, which sits inside the braid group as an index-n! subgroup:

(18) 1—-P,—-B,—S,—~1

In the same way, the cohomology H*(PConf,(C); Q) can identified with the group coho-
mology of the pure braid group P,. This identification is Sp-equivariant with respect to
the action of S, on H*(P,) coming from (18). Therefore Theorem 3.7 takes the following
form.

PRrROPOSITION 4.1 (Twisted Grothendieck—Lefschetz for Conf,,). For each prime
power ¢, each positive integer n, and each character polynomial P, we have
n
Y P =) (-1 P H (P Q).

feConfy (Fq) 1=0

For example, when P = 1, the inner product (P, H(P,;Q)) is the multiplicity of
the trivial S,-representation in H'(PConf,(C);Q), which by transfer is the dimension of
H'(Conf,(C); Q). Arnol’d proved that for n > 2 this dimension is 1 for i = 0,1 and 0 for
i > 1. So one recovers from Proposition 4.1 the well-known fact that for all n > 2,

|Conf, (Fq)| = Z 1=q"—q"".
FEContn (Fy)

In other words, the number of squarefree monic polynomials of degree n equals ¢ — ¢" 1.

We give another exact computation of this sort in Section 4.2 below.
We can also describe the limits of such statistics as n — oo as in Theorem 3.13. To
do this, we must first verify that the FI-CHA PConf,, is convergent.

PROPOSITION 4.2 (PConf, is a convergent FI-CHA). For any field k, the FI-CHA
PConf,, over k is convergent in the sense of Definition 3.12.

PROOF. By the discussion above, it suffices to prove that for each a the dimension of
the invariant cohomology H*(P,;C)%—« is bounded uniformly in n and subexponentially
in 4. Lehrer-Solomon in [LS] provide an explicit description of H*(P,;C) as a sum of
induced representations

H'(P,;C) = @Pnd3;, (&)
nw

where p runs over the set of conjugacy classes in S, of permutations having n — ¢ cycles,
cy is any element of the conjugacy class u, and &, is a one-dimensional character of the
centralizer Z(c,) of ¢, in S, described explicitly below.

We will discuss this description in great detail in the next section, but for now it
suffices to remark that a permutation ¢, decomposing into n — ¢ cycles must have at least
n — 2i fixed points. This implies that the centralizer Z(c,) contains the subgroup S,_2;.
Therefore the dimension of the S,,_,-invariants in the induced representation Ind%&c#) (&n)

is bounded above by the number of double cosets in S,,—\ Sy /Sn—2i, which is polynomial
in 4. Indeed, it is equal to the number of maps f: {1,...,a} — {1,...,2i,x} such that
lf71()| < 1 and |f~1(x)] < n — 2i; for fixed a this is bounded by a constant times the
number of subsets of {1,...,2i,%} of size < a, which is O(i%).
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The summands contributing to H* correspond to conjugacy classes ¢y in Sy, decompos-
ing into n —i cycles, which are in bijection with partitions on ¢ (by recording length — 1 for
each cycle). Since the number of partitions of ¢ is subexponential in ¢, and the contribution
of each summand to H*(P,;C)®"~« is polynomial in i, this completes the proof. O

We proved in [CEF, Theorem 4.7] that H'(PConf,(C); Q) is given for all n > 0 by a
single character polynomial @ of degree < 2i. Therefore Proposition 3.9 yields the first
claim of the following proposition. Since PConf,, is a convergent FI-CHA, Theorem 3.13
gives the second claim, which relates the limiting statistics of squarefree polynomials with
the representation-stable cohomology of the pure braid group.

PROPOSITION 4.3. For any character polynomial P, the inner product
(P, H'(PConf, (C); Q)
is independent of n for n > 2i + deg P. Furthermore, if we let
(P, H'(PConf(C))) = lim (P, H'(PConf,,(C); Q)) = lim (P, H'(P,; Q)),

then for each prime power q, we have:

DD DI CHED BEIEALUELS

n—00 ¢ q*
feConfy, (Fq) =0

In particular, both the limit on the left and the series on the right converge.

In Section 4.3 we compute the limiting values of such statistics for some explicit char-
acter polynomials P. Moreover, using Proposition 4.3 it is also possible to deduce results
about the representation-stable cohomology from these computations.

4.2. The standard representation. The number of linear factors of a polynomial
f(T) € Fy[T] is the number of fixed points of the permutation o; induced by Frobenius
on the roots of f(T'). If one thinks of this permutation as something like a “random
permutation”, one would expect the average number of fixed points to be 1.

This expectation might be supported by the fact that an arbitrary polynomial has
precisely 1 linear factor on average. To see this, note that for fixed x € I, the number of
polynomials f(7") with f(x) = y is the same for every y € I, (consider the family f(T")+ z
for z € Fy). Therefore for each x, the chance that f(z) = 0 is 1/¢; summing over the ¢
possible roots x shows that the average number of roots overall is 1.

However, we shall see that the average number of linear factors of a squarefree poly-
nomial is in fact not 1, but approaches

1 1,1 1
19 —l——+ 5 -5+
(19) 1+ ¢ ¢ ¢

as n — o0o. In other words, a squarefree polynomial has slightly fewer linear factors on
average than do arbitrary polynomials. On reflection, one can see why: the squarefree,
degree n polynomials that are multiples of a linear polynomial L can all be written as Lg
with degg = n — 1, but there is a further condition on g beyond the requirement that
it be squarefree; it must be coprime to L. We refer to the work of Arratia, Barbour,
and Tavare [ABT] for a much more refined analysis of the distribution on permutations
coming from random polynomials over [Fy; in short, one has that these permutations are
“equidistributed with respect to long cycles.” Statistics like X7, on the other hand, which
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are sensitive to (very!) short cycles, may diverge from the corresponding statistics for the
uniform distribution on permutations, as we see in the present case.

We begin by giving a precise computation of the average number of linear factors.
This establishes the formula (2) from Table A in the introduction. As we will see, this
computation is quite involved; in the next section we will see that an answer only as
n — oo can be obtained more quickly.

PROPOSITION 4.4 (Expected number of linear factors). The expected number of
linear factors for a monic squarefree degree-n polynomial f(T') € F,[T] is

1 1
l— 4= =k —
q q2 qn—2

The proof of Proposition 4.4 rests on the following computation of (X1, H'(P,; Q)).

PROPOSITION 4.5. For each i > 1,

0 forn<i
<X1,Hi(Pn;Q)> =<1 forn=i+1
2 form>i+2

We will derive Proposition 4.5 from the description by Lehrer-Solomon [LS] of H*(P,; C)
as a sum of induced representations, one for each conjugacy class ¢, in S,,. The conjugacy
classes ¢, contributing to H*(P,;C) are those decomposing into n — i cycles. Lehrer-
Solomon [LS] prove that

(20) @ IndS )

where the one-dimensional characters ,: Z(c,) — C* are described as follows. Let p;
be the number of j-cycles in ¢,, so n =) j - puj. The centralizer Z(c,) is the product of
wreath products Z/jZ1S,, = (Z/jZ)"i x S,,;, where the S, factor acts by permuting the
j—cycles in the decomposition.

On each Z/jZ factor, the character &, sends a generator to 7; = (—1)7F1e?m/3; we
will need only that n; # 1 except when j = 2, so &, is nontrivial on all Z/kZ factors with
k > 3. For j odd the character &, is trivial on the subgroup S, while for j even, §,
restricts to S),; as the sign representation S, — {£1} C C*. As long as pz > 1, this
makes the representation &, nontrivial on the Z/27 S,,, factor as well. We remark that
although every representation of S, can be defined over Q, the characters &, cannot be.

Proposition 4.5 is immediate from the following lemma, which shows that the only two
summands of the right-hand side of Equation (20) that contribute to (X1, H'(P,;C)) are
cp=(1 -i+1)and ¢, = (1 --- 9)(i+ 1 i+ 2), which contribute when n > i+ 1 and
when n > ¢ + 2, respectively.

LEMMA 4.6. For alln > 1 and all conjugacy classes ¢, the inner product (X1, IndZ(C (&n))
equals 0 except in the following cases (the last two entries apply to k > 3):
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Cu Z(cy) <X1,Ind§?0#)(§u)>n
H° id Sn =1 n>1
H! (12) Z)27 X Sp—2 =1 n=2
=2 n>3
H? (12)(3 4) )27 S2 X Sp—4 =1 n>4
HEL (1 k) ZJKZ x Sy, =1 n>k
H* (1 k)(k+1k+2) Z/kZXZ/2Z X Sy__2 =1 n>k+2

n

)

PROOF. Since X7 is the character of the permutation S,-representation V =
the inner product (X7, Indg’écu)(@» computes the dimension of Homg, (Ind?(‘cu)(fu),

The defining property of Ind implies:

)

C
CTL

HomSn (Ind;?c‘t) (f#)? Cn) ~ HomZ(CM) (5#7 Cn) .
In other words, we seek to compute the dimension of the £,-isotypic component
Vo ={veC"|o-v=_Eu o)y Yo Z(c,)}

Let eq,...,e, be the standard basis for C". Consider a factor Z/kZ < Z(c,) generated
by a k-cycle. The representation V' = C™ restricts to this subgroup as C* @ C®"~*  where
CF denotes the regular representation of Z/kZ. In particular, in the case k& > 3 when
the character &, is nontrivial on Z/kZ, the §,|7,,z-isotypic component is one-dimensional.
Explicitly, if Z/kZ is generated by the k-cycle (1---k) and &, sends this generator to the
root of unity ng # 1, then Véulz/iz is spanned by vy = nke1 + mies + -+ n’,jek.

Any other cycle in ¢, will fix the vector vi. If ¢, contains another l-cycle Z/IZ for
I > 3 (whether k = [ or not), the factor Z/IZ cannot act on vy, by n; # 1, and so V& = 0.
Similarly, if ¢, contains more than one 2-cycle, the factor Z/271 S, cannot act on vy, by
the sign representation of S,,,, and so again V& = 0. This rules out all conjugacy classes
containing a k-cycle with & > 3 except those of the form (1 --- k) and (1 --- k)(k+1 k+2).

Furthermore, if ¢, contains more than three 2-cycles then Z(c,) has a subgroup of the
form 7Z/27.1S3. The character , restricts to the subgroup Ss as the sign representation.
The representation V = C" restricts to this subgroup as C?@C3@®C" %, where C3 denotes
the permutation representation of S3. Since the sign representation of S35 does not appear
in C? or in the trivial representation C, we conclude that V¢ = 0 in this case. This rules
out all conjugacy classes containing only 2-cycles except (1 2) and (1 2)(3 4).

It is now easy to verify the claimed multiplicities in the remaining cases. For ¢, =
(1 --- k), we already saw that V% is 1-dimensional, spanned by vy = npe; + --- + n’gek.
This vector is also fixed by S2 X S,_r_2 < S,_k, and so the same vector v spans %%
for ¢, = (1 -+ k)(k+1k+2). For ¢, = (12)(3 4), one can check by hand that V'
is 1-dimensional and spanned by e; + ez — e3 — e4. Finally, for ¢, = (1 2) we find that
a basis for V& = V/52%5n-2 g given by e; 4+ ez and e3 + - - + e,. The latter only occurs
when n > 3, so for n = 2 we have dim V%2*%-2 = dim V*2 = 1, while for n > 3 we have
dim V52X9n-2 = 2 as claimed. O

ProOOF OF PrROPOSITION 4.4. We apply Proposition 4.1 to the character polynomial
Xj. For ¢ = 0 we have (X1, H(P,;Q)) = (X3,1), =1 foralln > 1; for 1 < i<n—2we
have (X1, H"(P,; Q)) = 2 by Proposition 4.5; and for i = n—1 we have (X1, H'(P,; Q)) = 1
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by Proposition 4.5. Finally H!(P,;Q) = 0 for i > n. Proposition 4.1 thus gives
(21) Yo X)) =q"-20""+2¢" -2+ 20 2247 T g,
feConf, (Fq)

where + = (—1)™. This formula is equivalent to Proposition 4.4, as can be seen in multiple
ways. For example, multiplying (21) by 1+ ¢! gives ¢" — ¢"~! 4+ ¢ ¥ 1. Factoring this as
(¢" — ¢ 1) (1 £ ¢~ (1), this shows that (21) is equal to
1 iq—(n—l)

1+q7!
Dividing (21) by |Conf,(F,)| = ¢" — ¢" ! gives:

SXi(f)  1+g ™V
|Conf, (Fy)| 144!

(qn _ qn—l)

as claimed in Proposition 4.4. O

Proposition 4.4 and Occam’s razor. Before moving on, we point out that Proposi-
tion 4.4 allows us to give another perspective on the recent results of Kupers—Miller [KM].
In that paper they consider the space Conf,, (C%) parametrizing configurations of n distinct
points in C¢, where one point is labeled and the other points are indistinguishable. Their
results concern the stable cohomology H(Conf’(C%); Q) := lim,,_,, H*(Conf’ (C?); Q) for
i > 0. Verifying Vakil-Wood’s Conjecture H from [VW], they prove that the stable di-
mension dim H?(Conf’(C%); Q) is periodic in i. Moreover, Kupers-Miller prove that this
dimension is 2 when i = (2d — 1)k, and 0 otherwise.

We can give another proof of Kupers—Miller’s result in the case d = 1 using Propo-
sition 4.4, and in fact compute the unstable cohomology of Conf] (C). In this case their
result says just that dim H?(Conf’(C); Q) = 2 for all i > 0. We can identify the space
Conf’,(C) with the space of degree-(n + 1) polynomials of the form f(T) = (T —x)?- g(T),
where ¢g(7T') is a squarefree polynomial coprime to T'—x. (The double root x is the labeled
point, while the n — 1 roots of g(T') are the indistinguishable points.) This shows that
Conf’ (C) is the quotient of PConf,(C) by the subgroup S,,_1 < S,,. Therefore by transfer,
we have an isomorphism

H'(Conf! (C); Q) ~ H'(PConf,(C); Q)*~1.

As we used in the proof of Lemma 4.6, dim V-1 = (X7, V). Therefore Proposition 4.5
shows that

dim H*(Conf},(C); Q) = (X1, H'(PConf,(C);Q)) =2 foralln >i+2.

We remark that the results of [KM] violate a tentative prediction of the stable Betti
numbers made in [VW, Eq. 1.50]; for example, for d = 1 this “motivic Occam’s Razor”
would have predicted that dim H'(Conf’(C); Q) = 2 when i = 0,1 mod 4, rather than for
all ¢ > 0.

We point out that this application only required the computation of the stable multi-
plicities (X1, H(PConf(C); Q)), not the exact computations of Proposition 4.5. Therefore
the appeal to Proposition 4.5 could be replaced by the L-function argument given in Sec-
tion 4.3 below, which also yields the stable multiplicities.
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4.3. Using L-functions to compute representation-stable cohomology. The
average number of linear factors of a squarefree polynomial, in the limit as the degree goes
to 0o, can also be computed by a direct counting argument in the style of analytic number
theory. In this section we sketch this computation.

The zeta function of F,[T]. The chief actor in the story is the zeta function ((s) =
Cr,7)(s) of the ring F,[T]. This is an analytic function of a complex variable s, which for
Rs > 1 is defined as the Euler product

1
C(S) = H 1 — q—sdegP
P
as P = P(T) ranges over monic irreducible polynomials in Fy[T]. Since every monic

polynomial factors uniquely as a product of monic irreducible polynomials, we can expand
(1 . q—sdegP>—l =14 q—sdegP + q—25degP 4.

Multiplying out gives the equivalent formula

SOED R
!

where here f = f(T') ranges over all monic polynomials in F,[T].

The definition of the zeta function (g [7)(s) parallels the classical definition of the
Riemann zeta function (z(s) from analytic number theory, with the monic irreducible
polynomials in F,[T] naturally standing in for the prime numbers in Z. In the classical
case, (z(s) is defined by a Euler product or sum which converges for s > 1; it then
extends to a meromorphic function on the whole complex plane by analytic continuation.
The same thing is true for (g, 7] (s), except that in this case we can describe the resulting

meromorphic function directly: it is (p (7](s) = Indeed this is true almost by

1
17(11—3 .
definition; there are ¢"* monic polynomials of degree n, so

(e} e}

_ _ _ 1

D N Y
f n=0 n=0 q

The L-function of Conf, (F;). We define the L-function L(s) as a weighted version of
the zeta function, where we only count those monic polynomials f(7') that are squarefree.

L(S) — Z q—sdegf — Z Z q—ns

f squarefree n feConfn(Fq)

Every squarefree monic polynomial factors uniquely as a product of irreducible polynomi-
als, but now with the condition that no factor appears more than once. Therefore L(s)
can be broken up as an Euler product

(22) L(s) = [ J(1 +q7>%")
P

1_q2k

over monic irreducible polynomials P = P(T) in F,[T]. Since 1 + ¢* = =

we can
rewrite this as:

L( ) _ H 1 _q—2sdegP C(S) _ 1 _q1—2s
§) = 1_q75degP - C(QS) - 1_qlfs

P
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Finally, we define the weighted L-function L(X1,s) by:

LXps)= D, X(fg=sl=3 >  X(He™

f squarefree n feConf,(Fq)

This is a “weighted” version of L(s), with each squarefree polynomial weighted by its
number of linear factors. By standard analytic number theory techniques, the average
value of X1 (f) on squarefree polynomials f is given by the ratio of the residue of L(X7, s)
at s = 1 to that of L(s). Since this “average” is over polynomials of all degrees at once, in
the notation of the previous section this will correspond not to the average for any finite
n, but to the limiting statistic

X
i > reContn(Fy) X1(f)
n—00 |Conf, (F,)]|

The statistic X1 breaks up as a sum X1 =3 5. Xfx), where X{x)(f) takes the value
1 or 0 depending on whether 7" — z divides f(T") or not. This lets us write L(X1,s) =
erFq L(Xfm), s), where

Lx{? )= > X{P(p)g

f squarefree

The presence of the 0-1 variable Xfx)( f) has the effect that this sum includes only those
terms for which 7' — x divides f(T):

L= Y g
f squarefree

(T=2)|£(T)

But this is very close to the definition of L(s), differing only in one local factor of the
Euler product (22). Specifically, the Euler factor of (22) at P =T — z is 1 4+ ¢~*, where
the first term corresponds to polynomials f(7') with P ff and the second term to those

polynomials with P|f. Therefore the difference between L(s) and L(Xfx),s) is just to
replace 1 + ¢~° by ¢~ ° in the Euler product; in other words
—S8

x —S —sde, q
L(x{",s)=q H (14+q*98F) = ﬁL(S)
P#T—x q

Since the L-function L(X }x), s) does not depend on z € F,, this gives

L(Xs)= Y LX) =S 12

1 —s
z€F, z€Fy Ta

—S —S

L(s) = g——L(s)

“ g

Therefore the desired ratio is L(X1,s)/L(s) = ¢'=*/(1 4+ ¢*). In particular, the residue
at s = 1 is just the limit as s — 1, which as claimed in (19) is
qgi—s 1 1 1

li = =1—- — - ...
N ¢ P
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4.4. L-functions for other statistics. We saw in the previous subsection that a
computation of the cohomology of the pure braid group, as in Proposition 4.5, yields
information about PConf, (F,) for every ¢, as in Proposition 4.4. On the other hand, for
a fixed character polynomial P, the coefficients (P, H'(PConf(C))) in Proposition 4.3 are
determined if we know the value of > (—¢q) (P, H'(PConf(C))) for every prime power q
(or even infinitely many ¢). It follows that we can go in the other direction, computing
the dimensions of cohomology groups by means of counting points over finite fields. In
this context, this observation is due to Lehrer [Le].

To see how this works, consider the character polynomial P = ();1) — Xo. This gives
the character of the S,-representation A2Q", where Q" is the permutation representation
of S,, with character X;. Just as above, we can study the L-function

P = 3 P =% S P

f squarefree n  feConfy(Fq)

The weighting factor P(f) here is the difference between the number of reducible quadratic
factors of f and the number of irreducible quadratic factors.

We can compute an explicit closed form for L(P,s) along the same lines as we did
above for L(X, s); namely, we can break up L(X3,s) as a sum over irreducible quadratic

polynomials g(7") of L(Xég)7 s), the L-function counting squarefree polynomials divisible
by a fixed irreducible quadratic g(T"). By analyzing local Euler factors, we find that

—2s

LX), s) = #q_%us).
Since there are (%) = 1(¢? — ¢) irreducible quadratics in F,[T], this gives
1/.2 q >
L(X2,s) = 5(q" — Q)Tq_%L(S)-
Thus we have
L(Xa,s) 4 q? qg—1 P —q

lim ——=2 = 1% — = =

s—1 L(s) 2@ —a)g +q? 20q+qgt) 2(+1)
The quantity on the right hand side is the average number of irreducible quadratic factors
of an squarefree polynomial over F,. (As ¢ — oo this average approaches 1/2, agreeing
with the number of length-2 cycles of a random permutation.)

The same computation can be carried out for ()gl); now we sum over squarefree re-
ducible quadratic polynomials (7" — x)(T — y). But the L-function counting squarefree
polynomials divisible by (7" — x)(T — y) is obtained from L(s) by changing two local fac-

q—S q—S
W . 14+q—*

tors from 1+ ¢~ % to ¢~° and therefore is equal to L(s). Since there are again

2(¢* — q) squarefree polynomials (T — z)(T — y) in F,[T], this gives
X 1 q—25
L((7).8) = 5(a* = Q)WIJ(S)'

Therefore we find that the residue at s =1 is

X1 s —2 2 _
ligﬂlL((LzEg))v )zé(q2—q)( q _ d—q
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Putting these together, we find that the average value of P(f) = (X 12(f )) — Xa(f) converges

to
1 1
(@ =0) ((q+1)2 ) q2+1>

as deg f — oo. Note that this expression is negative, with leading term —1/¢; that is,
a squarefree polynomial tends to have slightly more irreducible quadratic factors than
reducible ones, and this bias decreases as ¢ grows.

We can transfer this counting statement to a computation of stable cohomology. From
the computations above, we have

L(P,s) = 5(¢* = q)q** ((1 +2_s)2 -7 +1q_2s> L(s)

By definition of L(P, s), the sum of P(f) over the squarefree polynomials f(7") € Conf™(F,)
is the coefficient of g™ when the above expression is expanded in ¢~°. One can expand
by hand to check directly that this coefficient is

(—q 4T3+ 8¢ —9¢ P +12¢7 8 — 157 T+ 16¢78 + 1772 — 20710 4 .. )
In other words, these numbers give the stable value of the multiplicity of A*Q™ in H(P,):

21 if 2 =0 mod 4
. 2t—1 ifi=1mod4
((5) = Xo, H(PConf(C))) = 4 if i = 2 mod 4

2t4+1 ifi=3mod4

Dividing the power series above by |Conf, (F,)| = ¢" — ¢"~! gives the expression given
in (3) from Table A in the introduction. The same computation can be carried out from
the Lehrer—Solomon description of the cohomology of the pure braid group, as we did
for P = X, in Proposition 4.5 (and even the unstable multiplicities for finite n can be
obtained in this way), but the necessary analysis is more complicated.

4.5. Beyond character polynomials. Methods similar to the above can be used
to study the statistics of arithmetic functions on the space of squarefree polynomials that
are not character polynomials.

The Mobius function. For example, let @ be the Mobius function on squarefree monic
polynomials over F,; that is, u(f) is (—1)? where d is the number of irreducible factors in
f(T'). When q is odd, u(f) can also be expressed in terms of a Legendre symbol:

ot - ()

where Ay is the discriminant of f(7), which is necessarily nonzero because f(7') is square-
free. In other words, the Mobius function keeps track of whether the discriminant of f is
a quadratic residue.

The Mébius function is directly related to the action of Frobenius on the roots of f(7).
This action determines a permutation oy in \S,,, where n = deg f, defined up to conjugacy.
The sign (o) of this permutation is (—1)® where a is the number of even-length cycles
in oy. The cycles in oy correspond bijectively to the irreducible factors of f. So if b is
the number of odd-length cycles in oy, then (1) = y(f) by definition. On the other
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n

hand, since b is congruent to n mod 2, this implies that e(oy) - (—1)" = p(f). In other
words

(23) (—1)%8 u(f) = e(oy).

From the perspective that the action of Frobenius on the roots is something like a
“random permutation” in S,,, one might expect u(f) to take the value 1 about half the
time, and indeed this is the case. As in the cases above, this can be proven either by
an L-function argument or by a computation in stable cohomology of the pure braid
group. We adopt the latter approach, which has the additional benefit of proving that
w(f) is 1 exactly half the time, not just in the limit. We will need the following result of
Lehrer-Solomon [LS, Proposition 4.7].

LEMMA 4.7. The sign representation € does not appear as an irreducible constituent
of H*(Pp; Q) for any i or any n > 2.

In fact, the total cohomology H*(P,;Q) is known to be isomorphic to two copies of
Ind?;’ Q, so by Frobenius reciprocity we have (¢, H*(P,;Q))s, =2 (¢,1)s, = 0.
Given Lemma, 4.7, it is then immediate from Proposition 4.1 that for all n > 2,

(24) >ouf)=o.

feConf, (Fy)

When ¢ is odd, this means that the discriminants A(f) of the degree-n squarefree poly-
nomials f(T') € Fy[T] are exactly evenly distributed between quadratic residues and non-
residues, verifying (4) from Table A in the introduction.

Irreducible and almost-irreducible polynomials. How many of the monic squarefree
polynomials of degree n are irreducible? Since irreducible polynomials in Fy[T] are the
analogues of prime numbers in Z, this question is the Fy[T| version of the prime number
theorem. More generally: for a given k, how many of the monic squarefree polynomials of
degree n have no irreducible factor of degree less than n/k? When k = 1, this reduces to
counting irreducible polynomials.

The answer to this question is known, by work of Panario and Richmond [PR, Th].
Here we will explain how to prove results of this kind fairly simply, with explicit error
terms, using the mechanisms of representation-stable cohomology for the pure braid group
described here.

Let xx: Sn — {0,1} C Q be the class function for which yx(c) = 0 if o contains a
cycle of length < n/k, and xx(oc) = 1 if every cycle of o has length > n/k. Our aim is
then to estimate

Do k() =D (=)' xw H (Pas Q)

feConf, (Fy) =0

and compare it to |Conf,(F,)| = ¢" — ¢"~!. We first note that the contribution of H’ to
the above sum is zero for all small positive 7.

LEMMA 4.8. When 0 < i < n/2k we have
(X, H' (Po; @) = 0.
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PROOF. It is shown in [CEF, Theorem 4.7] that the Fl-module H'(P,;Q) is in fact
an FI#-module. This implies by [CEF, Theorem 2.67] that the character of H*(P,;Q) is
given by a single character polynomial Q; for all n > 0 (not just for large enough n). For
instance, Qo =1, Q1 = ()gl) + X9, and we computed in [CEF, Eq. 2] that

Q2 = 2<)§1> + 3()21) + <);1>X2 - ()§2> - X3 — Xy.

The degree of the character polynomial (); coincides with the weight of the FI-module
H'(P,;Q) as defined in [CEF, Definition 2.50]. The Fl-module H!(P,;Q) is finitely
generated by H'(Py; Q) ~ Q, so by [CEF, Proposition 2.51] the weight of H'(P,; Q) is at
most 2. Since H'(P,;Q) is a quotient of the ith exterior power of H'(P,;Q), its weight
is at most 2¢ by [CEF, Proposition 2.62], so deg Q; < 2i.

The fact that @; gives the character of H!(P,;Q) for all n > 0 implies that for i > 0
the polynomial @); has no constant term (meaning that @;(0,0,...) = 0). This is easiest

to see in two steps: first, note that the dimension of H*(P,;Q) is given by
dim H'(P,; Q) = Q;(id) = Q;(n,0,0,...).

But for n = 0 the group P, is trivial, so dim H*(P,; Q) = 0 for i > 0, verifying the
claim.

Now let o € S,, be a permutation with yx(o) # 0, so that no cycle of ¢ has length
shorter than n/k. We have that X1(0) = Xa(0) = ... = X(,/p)—1(0) = 0. It follows that
Q(o) = 0 for any character polynomial of degree less than n/k with no constant term.
When computing the inner product (xx, @) for such @, in every term xx(o)Q(o) one or
both of the factors is 0, so we have (xx, Q) = 0. When 0 < ¢ < n/2k we saw above that
Q; has degree < 2i < n/k and has no constant term, so (xx, @) = 0 as claimed. O

We now need to bound the contribution of the larger values of 7. Our main tool is the
following lemma.

LEMMA 4.9. Let x be a class function on Sy, such that |x(o)| <1 for allc € S,,. Then
|06 HY (Po; Q)| < p(29)

where p(m) is the partition function. Also,

> [ H (P Q)] < pln).

- Proor. We will need the explicit Lehrer-Solomon description of the Sj,-action on
H'(P,;Q). Recall from (20) that H*(P,;C) decomposes as a sum over conjugacy classes
¢, with n — 7 cycles of Ind%zc, )(fu), where £, is a complex 1-dimensional representation.

By Frobenius reciprocity, the inner product (x, Indg?cu)(gu» s, is equal to

1
<X’Z(cu)7£M>Z(c#) :m Z X(U)éu(g)7
oc€Z(cu)

which is evidently bounded in absolute value by 1. Thus the value of (x, H'(P,;Q)) is
bounded above by the number of conjugacy classes ¢, with n—i cycles. Any such conjugacy
class has at least n—2i fixed points, which is to say the sum of its nontrivial cycle lengths is
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at most 2i. Therefore the number of such ¢, is bounded by p(2i), the number of partitions
of 2i. Of course, the total number of conjugacy classes ¢, is p(n). O

Combining Lemmas 4.8 and 4.9 gives the following.

PROPOSITION 4.10 (No small factors vs. no small cycles). Let k be an integer.
Let ®(n, k) be the number of monic, squarefree, degree n polynomials over F, with no
prime factor of degree less than n/k. Let w(n, k) be the proportion of permutations in Sy,
with no cycle length shorter than n/k. Then

O(n, k) = m(n, k)q" + O(q"~"/**p(n))
where p(n) is the partition function and the implied constant is absolute. In particular,

holding k fixed,
lim (ng "®(n,k)) = lim n-w(n,k).

n—0o0 n—0o0

Implicit in the second part of the proposition is the fact that lim,,_,o, n - m(n, k) exists.
In fact, this limit is known to converge to k - w(k), where w(k) is the Buchstab function,
which approaches e™ as kK — co. So one can also write

®(n, k) = (k/n)w(k)q" + o(q"/n)

as n — oo with k fixed, as Panario and Richmond do in [PR, Theorem 3.4]; however,
m(n,m) and ¢ "®(n,k) converge to each other more quickly than either one does to
kw(k)/n, so the formulation used here gives a better error term.

Proor. By Proposition 4.1 we know that

k)= > xklf) =D (=)' xhs H (Pa; Q).

feConfy (Fq) 1=0

The contribution of H° (Pn) to this alternating sum is precisely ¢" times (xx, 1) = 7(n, k).
By Lemma 4.8, each H*(P,) with 0 < ¢ < n/2k contributes 0. This leaves the values of i
greater than or equal to n/2k, for which Lemma 4.9 gives

3 It H' (P @) < ().

This immediately gives the first claim. The limit in the second claim then follows from
the fact that p(n) grows subexponentially with n. O

In case k = 1, Proposition 4.10 says that the number of irreducible monic polynomials

of degree n is approximately ¢"/n with an error term at most on order of q"/? (note that

if we set N = ¢", this approximation is 10{; ~ > Just as in the usual Prime Number Theorem

over Z). In fact, there is a well-known exact formula for the number of such polynomials:

(25) Z M(Z/E) i
Ln

One can reproduce the formula (25), which appeared as (5) in Table A in the in-
troduction, by computing the inner products (xi, H'(P,;Q)) using the Lehrer-Solomon
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description, as we now sketch. Most summands of (20) will not contribute, since most cen-
tralizers Z(c,) do not contain an n-cycle. The only conjugacy classes which do contribute
are those contained in the centralizer of an n-cycle; since this centralizer is generated by
the n-cycle itself, the conjugacy classes it contains are precisely the products ¢ of ¢
disjoint 7-cycles. The summand of (20) for ¢(;) contributes to H "~4(P,;Q), and thus its

contribution to (25) is weighted by ¢¢. All that remains is to verify that

)f(m =(-1) M

Ind?"
<X17 n Z( n

€
This is straightforward but requires a case-by-case analysis of the specific characters §,,
so we do not carry out the full computation here.

The exact formula for ®(n,1) can be used, with some care, to reproduce Proposi-
tion 4.10: note that both m(n, k) and ®(n, k) can be expressed as sums over partitions of
n into parts of size no smaller than n/k, and it follows from (25) that the proportion of
polynomials with irreducible factor degrees ni,...,n, is very close to the proportion of
permutations in S, with cycle lengths ni,...,n,.

We remark that the asymptotic behavior of the partition associated to a random
squarefree polynomial is also discussed by Kowalski and Nikeghbali in [KIN, §6]. They
observe the same phenomenon; that irreducible factors of large degree are governed by
the same statistics that govern long cycles in random permutations, while the irreducible
factors of small degree may behave differently. It would be very interesting to understand
the extent to which the refined probabilistic phenomena they study can be understood in
terms of cohomology of moduli spaces.

Polynomials with factors of distinct degrees. Another interesting case is the enu-
meration of monic squarefree polynomials in which the degrees of all irreducible factors
are distinct. Let Dy(n) be the number of degree n polynomials in F,[T] with all irreducible
factors of distinct degree. Then the asymptotics of Dy(n) can be studied just as above,
with yx replaced by the characteristic function of the subset ¥ = ¥, of S, consisting of
permutations with distinct cycle lengths. We will be able to bound the contribution of
{xs, H'(P,;Q)) large i just as above, but in this setting there is no vanishing statement
like Lemma 4.8. Still, the arguments above show the following:

PROPOSITION 4.11 (Degree n polynomials with distinct irreducible factors).
There are real constants ag, a1, as, ... such that, for each q, we have

D

n—oo g™

al a9
:a0+7+72+
q q

Proor. We define
a;i = (=1)" lim (xs, H'(Pn; Q).

To show that this limit exists requires some combinatorial argument, since xx is definitely
not given by a character polynomial; however, once the limit is known to exist, Lemma 4.9
implies that |a;| < p(2i). For example, ap = lim(xy,1) = lim % is the probability that

a random permutation has distinct cycle lengths, which known to converge to e™7.
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By Proposition 4.1 we have

qanq(n) — Z(_l) <Xna HZq(ZPna Q)> )
1=0

For each fixed k, the truncated sum ¢~ Zf;ol(—q)i(xn, H'(P,;Q)) approaches Zf:_ol a;q”"
as n — 0o. Moreover, the contribution of the cohomology of larger degree is

o0

Y D(=a) " (s H (P Q)

i=k

which is bounded in absolute value by > o2, p(2i)g~* by Lemma 4.9. Thus

oo o0
. -n = N i
Tim ‘q Dy(n) = aig™'| <2 p(2i)g .
i=0 i=k
Since the quantity on the right approaches 0 as k& grows, and k was chosen arbitrarily, this
completes the proof. O

This conforms with [FGP, Theorem 6], which gives an infinite product formula for
limy, 00 7" Dgy(n) and shows that this limit converges to e™” as ¢ — oo.

Statistics uncorrelated with characteristic polynomials. We have seen so far that,
with respect to many natural statistics, the distribution of degrees of irreducible factors of
random squarefree polynomials behave like the cycle lengths of random permutations “up
to O(%)” ; for example, the average number of linear factors of a squarefree polynomial is
1-— é + q% + - -+, while the average number of fixed points of a permutation is exactly 1.

On the other hand, there are some statistics whose limiting asymptotics for poly-
nomials behave ezactly like the limiting asymptotics for the corresponding functions on
permutations. For example, the probability that a permutation has an even number of
cycles is 1/2, and we proved in Lemma 4.7 and (24) that the probability that a random
squarefree polynomial has an even number of prime factors is 1/2 as well.

What distinguishes the two kinds of statistics? The following gives a partial answer.

DEFINITION 4.12. Let (xn)nen be a sequence of class functions y, on S, satisfying
Ixn(o)] <1 forall o € S,. We say that the sequence of class functions x,, is uncorrelated
with all character polynomials if the limit

x = lim (xp, 1)n
n—oo

exists, and furthermore for every character polynomial P we have

im (X, Py = 1im (xn, Dn(1, Py = lim (z, P),

n—o0 o0

This condition on ¥, can be thought of as saying that with respect to all finite moments,
Xn behaves like x times the uniform distribution.

PROPOSITION 4.13. Assume that x, is uncorrelated with all character polynomials,
with average value x = limy,_o0(Xn,1). Then for every q, the average of xn(f) over
all monic squarefree degree-n polynomials f(T') in Fy[T]| approaches the same limit x as
n — 00.
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An natural example of a sequence Y, uncorrelated with all character polynomials is
the characteristic function x, = x4, of Ay, in which case we of course have x = 1/2,
since (x4,,1) = 1/2 at each finite limit. In this case Proposition 4.13 reproduces in the
limit the fact demonstrated in (24), that half of all squarefree polynomials have an even
number of irreducible factors. An elementary but slightly more involved argument shows
if S7(14) denotes the set of permutations whose number of cycles is divisible by 4, then the
characteristic function y, = x 5@ is uncorrelated with all character polynomials. In this
case the inner products (XS(4), f> vary with n, but as n — oo they converge to z = 1/4.
Therefore the proportion of gquarefree polynomials whose number of irreducible factors is
a multiple of 4 approaches 1/4 as n — oc.

The function X7, by contrast, fails to satisfy the conditions of Definition 4.12. For
one thing, it is not uniformly bounded, but, more importantly, it is clearly not uncor-
related with P = X itself: we have (Xi, X;) = 2 for all n > 2, which is not equal to
(X1,1)(1,X;) =1-1 =1. And, indeed, we have seen that the average value of X;(f)
depends on ¢, though it approaches the corresponding random permutation statistic as
qg — oo. Note that by Remark 3.10, X; is uncorrelated in the limit from any charac-
ter polynomial involving only X5, X3, ...; this shows that Definition 4.12 really must be
satisfied for all P.

5. Maximal tori in GL,(F,)

Our goal in this section is to present in some depth another example of how represen-
tation stability for the cohomology of a complex variety is reflected in the combinatorial
stability of associated counting problems over a finite field. Here we will have cohomology
of flag varieties on the one hand, and counting problems for maximal tori in the finite group
GL,(F,) on the other. The results of this section are in large measure already proved in
[Le2]; our goal here is to explain the relationship between the results and representation-
stable cohomology, and to emphasize the analogy between the questions here and those
about squarefree polynomials.

5.1. Parameterizing the set of maximal tori in GL, (F,). For any variety X one
can define

PConf, (X) = {(z1,...,2y) € X |z; # x;}

and its quotient Conf,(X) := PConf,(X)/S,. Many of the results from the previous
sections can be extended in some form to this situation. However, the étale cohomol-
ogy of PConf, (X) will be much more complicated in general than it was for PConf, =
PConf,(A!), thanks to the contribution of H 5(X;Qy). In particular, for most varieties
over [F, the action of Frob, on HZ%,(X;Q) is much more complicated than just multi-
plication by a power of ¢ (and in fact is quite difficult to compute, even when X is
1-dimensional), so no simple formula like Theorem 3.7 will be possible.

However, for projective space P™ it is true that Frob, acts on each H EZ(Pm, Q¢) by
q*, so we could hope for a complete answer in this case. In this section we will consider a
variant of PConf,,(P™), where we require that points be not just distinct, but in general
position.

DEFINITION 5.1. Let P"~! be the (n — 1)-dimensional projective space as a scheme
over Z. For any field k the k-points P"~!(k) can be identified with the set of lines in the
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n-dimensional vector space k". Inside the n-fold product (P"~1)", we define:
T, = { (Li,...,Ly) ‘ Li,...,L, € P"! are lines in general position}

For lines Li,...,L, € P" (k) to be in general position means that the corresponding
lines in k™ are linearly independent, and thus give an internal direct sum k" = L1®- - -G L,,.
We may consider 7, as a smooth scheme over Z (this is not obvious, but can be deduced
from [Fu, Proposition 9.1.1].) The natural action of S, on (P" )" by permuting the
factors preserves ’7} (and in fact restricts to a free action on ’7}) We define 7,, to be the
quotient ﬁ/Sn

Remark. Just as we saw in Remark 2.1, the k-points 7, (k) are not just the quotient of
T (k) by S,. Instead the k-points 7, (k) correspond to sets {L1,..., L, } of lines in general
position in k" for which the set of lines is invariant under Gal(k/k), not each line itself.
For example, the lines L; = ((1, i)) and Ly = ((1, —4)) in C? are in general position, and
the set {L1, Lo} is invariant under complex conjugation, so it corresponds to a point of
T2(R). As we now explain, such Gal(k/k)-invariant sets correspond naturally to mazimal
tori defined over k.

The variety of maximal tori. Given a line L in k™, let G, be the group of automor-
phisms of £™ that preserve L; this is an algebraic subgroup of GL,, defined over k. For
example, for L = ((1, 0)) in C?, we have

c= 0} .

GL_{C:‘ Z)e@m

Given a set L = {L1,..., L,} of n lines in general position in k™, let

GL=Gr,N---NGyL,

be the subgroup of GL,, preserving each line in L.

The key property is that if the set L is preserved by Gal(k/k) for some subfield k C k,
then the group Gp, will be invariant under Gal(k/k). By Galois descent, Gy, is thus
defined over k. For example, consider the lines L1 = {(1, i)) and Ly = ((1, —i)) in CZ.
The individual subgroups G, and G, are not defined over R; indeed we have

b btc— (ad)i}

GL1 = { <C d) € GL»
b
Gr, = { <C d) € GLy

But their intersection Gy, is equal to

b—i—c:—(a—d)z’}
a b
GLZGLlﬁGL2 = ¢ d € GLy

a=d, | _ a b
el SRS
and thus is defined over R.

In general, a torus in GL,, over k is an algebraic subgroup of GL,, defined over k£ which
becomes diagonalizable over k. A torus is mazimal if it is not contained in any larger torus.
Each maximal torus in GL,, over k becomes isomorphic to G,,®" over k. The groups Gy,
above are all maximal tori, since with respect to a basis x1 € Lq,...,x, € L, they consist
just of diagonal matrices. Conversely, if T' is a maximal torus in GL,, over k, then its n

Q

Q
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eigenvectors (which are obviously in general position) define a set Ly = {L1,...,L,} in
k™. Since T is defined over k, the property of being an eigenvector of T is preserved by
Gal(k/k), so the set Ly is preserved by Gal(k/k). This gives the following description,
analogous to the identification of Conf,, (k) as the space of squarefree polynomials in k[T].

OBSERVATION 5.2. The k-points Tp(k) parametrize mazimal tori over k in GL,,.

We recall some well-known facts about tori (see e.g. [Bo2, II1.8]). A torus T is k-split
if it is isomorphic over k to a product of copies of G,,. For any torus T over k, there exists
a finite Galois extension of k over which T" becomes split. All maximal tori are conjugate
in GL,, over k, and all k-split maximal tori are conjugate in GL,, over k. A torus over k is
wrreducible if it is not isomorphic over k to a product of tori. Every torus T over k factors
uniquely (up to reordering) as a product of irreducible tori over k.

5.2. Twisted Grothendieck—Lefschetz on 7,. Observation 5.2 tells us that the
Fq-points 7,(F,) parametrize the set of maximal tori 7" defined over F, in GL,. Such a
torus T determines a subgroup T'(F,) of the finite group GL,(FF;), which is why the space
Tn(Fq) has been of interest to finite group theorists.

Consider a maximal torus 7" in GL,, defined over F,. Since T is defined over F,, the
Frobenius map Frob, preserves T' and thus permutes the eigenvectors Ly = {L1,..., Ly,}.
This defines a permutation or € S, defined up to conjugacy, and the cycle type of or
corresponds to the factorization of T" into irreducible factors. For example, if T is F,-
split then o7 = id; if T" splits as a product of an [Fg-split torus with two 2-dimensional
irreducible tori and one 3-dimensional irreducible torus, then op = (1 2)(3 4)(5 6 7).

We can count the number |7, (F,)| of maximal [F-tori in GL,,(F,) via the Grothendieck—
Lefschetz formula, relating this to the cohomology H,(7,; Q). Moreover just as we did
in Section 3.3, we can count more interesting statistics for maximal F,-tori via the action
of S, on the cohomology H;ﬁt(ﬁ; Qy) of the cover 7,,. To understand H;ft(ﬁ; Qp), we will

relate it to the singular cohomology of ’ﬁ((C), which is well-understood.
Given a class function x on S, and a maximal torus T € T,(F,), we write x(T") for

X(or). The co-invariant algebra R[xy,...,x,] is the quotient

Rlzy1, ..., xn) = Qlz1, ..., 70|/ In,
where I,, is the ideal of Q[z1,...,x,] generated by all symmetric polynomials with zero
constant term. Since I, is a homogeneous ideal, the natural grading on Qz1,..., ]

descends to a grading
R[.’L‘l, ceey xn] = @Ri[xl, e ,a;n].

The main theorem of this section is the following analogue of Theorem 3.7. This result
was first proved by Lehrer as Corollary 1.10" in [Le2]. Unlike the argument we give here,
Lehrer’s proof did not invoke the Grothendieck—Lefschetz theorem.

THEOREM 5.3. Let x be any class function on S,. Then the sum of x(T') over all
mazimal tori T € Tp(Fy) is equal to

(26) ST ox@=3"¢" T Rl @)
TeTn(Fq)

Our proof of Theorem 5.3 depends on a number of lemmas connecting 7, (F,) with the
flag variety F,,(C) = GL,(C)/B.
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LEMMA 5.4 (Borel). The cohomology H*(T,(C); Q) is concentrated in even degrees,
and there is an Sy -equivariant isomorphism

PRrROOF. For each ¢ = 1,...,n there is a natural line bundle £; over 7,, whose fiber
over L = (Ly,...,Ly) is L;. Specializing to T,,(C) this yields a complex line bundle
L; — T(C), whose first Chern class is an element ¢;(£;) € H2(T,(C); Q).

Sending x; — ¢1(£;) determines a map Q[z1,...,z,] — H*(T,(C); Q). Borel [Bol]
proved that this map is surjective with kernel I,,. In other words, it gives an isomorphism
Rlzy,...,xy) =~ H*(ﬁ(@);@), which clearly takes R;[x1,...,xy] to HQi(ﬁ((C);Q). See
[Bol] or [Fu, Proposition 10.3] for a complete proof. O

LEMMA 5.5 (action of Frobenius). There is an Sy -equivariant isomorphism
H(To g, Qo) = H' (Ta(C); Qo).
The Frobenius morphism Frob, acts on HQZ( n/F, :Qp) by multiplication by q'.

ProOOF. There is always a comparison map cz: Het( n /7, Q) — HY(T,(C); Qyp),

which is Sp-equivariant because since the action of S, on 7, is algebraic. (We are us-
ing here that 7,, has a suitable model over SpecZ,.) It would be immediate that cF is
an isomorphism if ﬁ were smooth and projective, but it is not, so we use the following
argument taken from Srinivasan [Sr, Th 5.13]. Let F,, be the flag variety whose k-points
Fn(k) are in bijection with complete flags (0 < V; < --- < V,, = k™); this is a smooth
projective variety. There is a natural map : 7,, — F,, defined by

w: T = Fo (Li,...,Ly) = (L1 S L1® Ly < L1 ® -+ P Ly)

The fibers of 7 are isomorphic to A(g), S0 the map n*: H;ft(}"n/?q; Q) — Hzt(ﬁ/ﬁq? Qp)isa
Galois-equivariant isomorphism. As for singular cohomology, the fibers of the induced map
7,(C) — F,,(C) are isomorphic to C(®) and thus contractible, so 7*: H*(F,(C); Q) —
H*(T,,(C); Q) is also an isomorphism. Since J;, is smooth and projective (even over
SpecZjy) the comparison map cr: H.,(F, n/F, :Qp) — HY(F,(C);Qy) is an isomorphism.
Therefore we have:

H ( n/F, 7@@)4>H1( n/ﬁqSQé)

HY\(Fu 5,3 Qo) — H (Fa(C); Qo)

This demonstrates that ¢z is an isomorphism of vector spaces. (The action of S, on T
does not descend to F, so it is important that we already know cz to be Sp-equivariant.)
Finally, the existence of the Schubert cell decomposition of F,, implies that Frob, acts on
HZ%(F, /F, ;Qp) by multiplication by ¢* (see [Sr, Th 5.13]); since 7* is Galois-equivariant,

the same claim for H 2 ( n/F, ; Qp) follows. O

PROOF OF THEOREM 5.3. Just as in the proof of Theorem 3.7, it suffices to prove (26)
for the character xy of an irreducible S),-reprentation V. Let V denote the corresponding
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local system on 7, which becomes trivial when pulled back along the Galois S,-cover
T — Tn. The fixed points of the Frobenius morphism Frob,: 7,(F,) — T.(F,) are
precisely the F,-points 7,(F,). Moreover, each stalk Vr is isomorphic to V, and for
T € T,(F,) the action of Frob, on Vr is by the permutation or, so its trace is

tr (Frobg: Vr — Vr) = xv(o7) = xv(T).

Since 7T, is an open subvariety of (P"~1)" it has dimension n(n — 1) = n? —n, as does its
quotient 7,. Since T, is smooth of d1men810n n? — n, we can use Poincaré duality as in
(11) to write the Grothendieck—Lefschetz formula as

(27) > o) = qv > (=1)7 tr (Froby : HL(To: V)Y).

TeTn(Fq) J
As in the proof of Theorem 3.7, transfer gives an isomorphism

Hét(’ﬁﬁ V) ~ Hi’t(,ﬁﬁ QZ) ®Q[Sn] V.

By Lemma 5.4 and Lemma 5.5, this is only nonzero for j = 2i; in this case H%(7T,;V) is
acted on by Frob, by multiplication by ¢*, and its dimension is

dim HZ (To: V) = (xv, H3 (To: Qo)) = (xv, Rilz1, - -, 7).
Therefore (27) becomes

Z xv (T Zq (Xv, Ri[z1,..., 2n])
TeTn(Fq)
as claimed. O
We also have the following analogue of Proposition 4.3. It was proved in [CEF,

Theorem 3.4] that the coinvariant algebras R[z1,...,z,] can be bundled together into a
graded FI-module R = €, R; such that that each graded piece R; is finitely generated as an
FI-module. Therefore the results of [CEF] imply that for any fixed character polynomial

P and any i > 0, the inner product (P, R;[x1,...,zy]) is eventually independent of n. We
denote this stable multiplicity by

<P7Rz> = 11_>H1 <Pa Ri[xlw : axn]>

THEOREM 5.6. For any character polynomial P and any prime power q, we have:

lim ¢~ 3 P(T):Z(—1)i<P’f">

n—00 4 q
TeTn(Fq) i=0

In particular, both the limit on the left and the series on the right converge.

This theorem is proved in exactly the same way as Theorem 3.13, using Theorem 5.3
in place of Theorem 3.7. One does need the analogue of the convergence condition
in Definition 3.12. But the results of [CEF] imply that there is a constant « such
that (P, Rj[x1,...,zy,]) = (P,R;) for all i < an. Since R[z1,...,x,] is a quotient of
Clz1,...,x,), it is enough to observe that the degree-i piece of Clzy,...,z,]%—* grows
subexponentially. On the other hand, since the total algebra R[zq,...,xy] is isomorphic
to Q[S,] [Ch], the overall contribution of all R;[z1,...,z,] for i > an is bounded by
g (P, Q[Sy]) =n-q *"P(n,0,0,...) which goes to 0 as n — oo.
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5.3. Specific statistics for maximal tori in GL,(F,;). The twisted Grothendieck—
Lefschetz formula also lets us compute certain statistics of maximal tori in GL,, (IF;) explic-
itly for fixed n, not just in the limit as n — co. The results of this section can be obtained
by other methods, but we include them as examples of how the Grothendieck—Lefschetz
formula may be applied.

Explicit formula for (yy, R;). To make use of Theorem 5.3, we need to be able to calcu-
late the multiplicities (xv, R;i[x1,...,2zy]). Chevalley [Ch] proved that when the grading
is ignored, R[z1,...,%y,] is isomorphic to the regular representation CS,,. Therefore each
irreducible S,,-representation V) occurs in R[z1,...,z,] with multiplicity dim V), and we
would like to know how these dim V), copies are distributed among the

Rilz1, ..., xn) = H?(To; Q) = HZ(Fn(C); Qo).

The answer is given by the following theorem of Stanley, Lusztig, and Kraskiewicz—
Weyman; see, e.g. [Re|, Theorem 8.8.

The irreducible S,-representations V) are in bijections with partitions A of n. A
standard tableau of shape X is a bijective labeling of the boxes of the Young diagram for A
by the numbers 1,...,n with the property that in each row and in each column the labels
are increasing. The descent set of such a tableau is the set of numbers i € {1,...,n} for
which the box labeled i + 1 is in a lower row than the box labeled . The major index of
a tableau is the sum of the numbers in its descent set.

The following theorem is sometimes stated with the assumption ¢ < (g), but the same
formula holds in general, as can been seen by applying Poincaré duality to F,.

THEOREM 5.7 ([Re, Theorem 8.8]). For any i, any n, and any X\ b n, the multiplicity
(Vx, Ri[x1,...,zy,]) of Vi in Ri[x1,...,xy,] is the number of standard tableauz of shape A
with major index equal to i.

We begin with the easiest case, which is the case when V), is the trivial representation.
The following theorem was first proved by Steinberg, and has been reproved many times;
a proof using the Grothendieck—Lefschetz formula was given by Srinivasan [Sr, Theorem
5.13], and a closely related proof is given in [Le2, Corollary 1.11].

n

THEOREM 5.8 (Steinberg). For any prime power q, there are q”2_ mazimal tori in

GLn(F,).

PRrROOF. A maximal torus T' € 7, (F,) is defined by the subgroup T'(F,) of GL,(F,),
so the number in question is |7, (Fy)|. Let V() = Q be the trivial representation of S, so
that the character xq is just the constant function 1. This corresponds to the partition
A = (n) whose Young diagram is just n boxes in a single row. The only standard tableau
of this shape is [1]2] - {n], which has major index 0. Thus (Q, R;[z1,...,x,]) = 0 except
for i = 0, when it equals 1. (In retrospect this is obvious, since R[x1,...,x,] is defined
by killing all Sj,-invariant polynomials.) This tells us that none of the étale cohomology
beyond HY, contributes to |75, (F,)|. Theorem 5.3 therefore gives:

Tn(Fq)| = Z 1:an2_n_i<Q,Ri[$1,...,xn]>:q”Z_”+0+...+O 0

TeTn(Fq) i

Applying the Grothendieck—Lefschetz formula with nontrivial coefficients gives us a
more detailed picture of the typical maximal torus in GL,(F,). For example, we have
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the following, which verifies (2) from Table A in the introduction; we emphasize that we
abuse notation by writing “number of eigenvectors” for the number of lines in P”_l(Fq)
fixed by 7', which is always between 0 and n.

THEOREM 5.9 (Expected number of eigenvectors). The expected number of eigen-

vectors in Fy" of a random maximal torus in GL,(F,) equals 1 + % + q% + e+ qnl,l .

PRrROOF. Let Q" be the permutation representation of S,,, whose character g~ (o) is
the number of fixed points of 0. We saw above that for a torus 7" over [y, the fixed points
of o correspond to 1-dimensional subtori; when 7" is maximal these are in bijection with
lines in F," fixed by T'. We are trying to compute the ratio between total number of such
cigenvectors for all maximal tori, which is 3 rcr v,y xv (1), divided by the total number

of maximal tori, which by Theorem 5.8 equals q”Q_”.

The permutation representation Q™ is not irreducible, so to apply Theorem 5.7 we
decompose it as the sum V{,,)®V|;,,_1 1) of the trivial 1-dimensional representation V(,, and
the (n — 1)-dimensional representation V{,,_; ;). A Young diagram of shape A = (n —1,1)
has n — 1 boxes in the top row, and one box in the second row. There are precisely n — 1
standard tableau Y1, ..., Y,_1 with this shape, with Y; being the unique standard tableau
of this shape with ¢ + 1 in the second row. The major index of Y; is clearly 4, since 7 is
the only descent in Y;. Theorem 5.7 thus implies that (V{,_1 1), Ri[r1,...,2n]) = 1 for
each 1 <i < n—1, and is 0 otherwise. Since we found in the proof of Theorem 5.8 that
(Viny, Rilz1, ... 2n]) = 1 for i = 0 and = 0 for all > 0, we conclude that:

1 for0<i<n
0 forn<i

<Qn,Ri[aﬁ1, . ,xn]> = {

Theorem 5.3 thus gives, as claimed:

YT (M) =30 QN Rilen, el = TgT 4D D
T€Tn(Fq) i

Remark. Once again, we emphasize that some of these counting statements are also
accessible by more elementary means, once Steinberg’s theorem is given. For instance, the
expected number of [F-eigenvectors of a random torus is the expected number of splittings
of V into a direct sum Vy @ W preserved by the torus such that dim V{; = 1. This number
can be broken up as a sum over such splittings. For each such splitting of V =~ V& W
with dim Vy = 1, the number of tori compatible with the splitting is just the number
of maximal tori in GL(W), which by Steinberg’s theorem is ¢"°3"t2 The number of

n—1¢"—1
-

such splittings is ¢ 7 So the total number of compatible pairs of a splitting and a

compatible torus is

q" -1

1-1/q

Dividing by the total number of tori q”L" one finds that the mean number of splittings
per torus is

q(n2f2n)

as shown in Theorem 5.9.
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We can also use twisted Grothendieck—Lefschetz, as we did for squarefree polynomials
in §3, to compute the expected difference between the number of reducible 2-dimensional
factors of a random torus and the number of irreducible 2-dimensional factors, which
verifies (3) from Table A in the introduction.

THEOREM 5.10 (Reducible versus irreducible 2-tori). Fiz a prime power q. Given
a torus T € Tp(Fy), let Ry (T') (resp. I,(T")) denote the number of reducible (resp. irre-
ducible) 2-dimensional subtori of T over F,. Then the expected value of the function
Ry — I, over all mazimal tori of GLy,(F,) approaches
L, 1,2,2, 3,3, 4,4,
e ¢ ¢ ¢ @ ¢ T ¢
as n — oo.

PROOF. The desired statistic is given by the character v (T) with V = A?Q", so

we need to compute ( /\2(@”,Ri[x1, ..., Zp]). This representation decomposes into irre-
ducibles as /\2(@" = Vin—1,1) ® Vin—2,1,1)- We computed in the proof of Theorem 5.9 that
(Vin—1,1), Ri[z1, ..., z5]) = 1 for each 1 <4 <n — 1, and is 0 otherwise.

To compute (V(n,ZLI),Ri[xl,...,xn]>, we again apply Theorem 5.7. The possible
standard tableau of shape (n — 2,1,1) are Yy for each 1 < s < ¢t < n, where Yy is the
tableau:

1]2]-{n]

S/

]
with s’ := s+ 1 and ' := ¢ + 1 missing from the first row. The descents of Yy; are s and ¢,
so Y has major index s + ¢. Theorem 5.7 then implies that (Vi,_211), Ri[1,...,2Zxs]) is

the cardinality of the set {(s,¢)|1 < s <t <n,s+t=1i}. Once n > i the condition t < n
is irrelevant, and this cardinality is just LZEIJ Putting these computations together,
we conclude that for 1 < i < n we have (A\°Q", Rilx1,...,x,]) = 1+ |5 = |2
(and for larger i the cardinality is < L%J, so there is no issue about convergence as in
Definition 3.12). Therefore Theorem 5.3 gives:

Y (@) =3 a NQ Rilans )

TeTn(Fq) i
=q¢ '+ q?+2¢7+2¢ +3¢°+3¢+--+0(¢")

Letting n — 0o, we obtain the claimed result. O

Other statistics. As in Section 3, we need not limit ourselves to character polynomials.
For instance, we can consider the average value of the sign of op; by contrast with polyno-
mials, where this average was exactly 0, we see a bias in favor of even permutations. The
following proposition, which verifies (4) from Table A in the introduction, can be deduced
from a formula of Srinivasan [Ca, Corollary 7.6.7]; it is also proved directly by Lehrer in
[Le2, Corollary 1.12].

PROPOSITION 5.11 (Parity bias for number of irreducible factors). The number
of irreducible factors in a maximal torus in GLy,(Fy) is more likely to be = n mod 2 than

Z n mod 2, with bias exactly q(g> (the square-root of the number of mazximal tori q”Q_").
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PROOF. As in (23), we have e(or) = (—1)"u(T), where p(T') is 1 or —1 depending
on whether T has an even or odd number of factors. Here ¢ is the sign representation of
Sp, which corresponds to the partition n = (1,...,1). The only standard tableau of this
shape has i in column 7. Therefore its descent set is {1,...,n — 1}, and its major index is
142+ -+ (n—1) = (}). Theorem 5.3 therefore gives as claimed

ST =T e R, w)) = ¢ (3) = ¢(a). O
TeTn(Fq) i

Finally, we discuss various versions of the “Prime Number Theorem” by analogy with
the corresponding discussion in §3. The following proposition, which verifies (5) from
Table A in the introduction, can also be proved directly (see [Le2, Lemma 1.4]).

PROPOSITION 5.12 (Prime Number Theorem for maximal tori). Let 7(gq,n) be
the number of irreducible maximal tori in GL,,(Fy). Then

¥

n

(=) =1)-- (" " =1)

We first need the following identity of characters. Let x1: S, — {0,1} be the class
function from Lemma 4.8, taking the value 1 on n-cycles and 0 on all other elements.

m(gq,n) =

LEMMA 5.13.
n—1
1
xi=—-> (=1xv where Vi, = A" (Q"/Q)
k=0

This identity is well-known to representation theorists, but we will give a topological proof.

PrOOF. Consider the torus T" = R"/Z", with its 1-dimensional subtorus A =
{(t,...,t)}. The action of S, on T™ by permuting the coordinates descends to an ac-
tion on the (n — 1)—dimensional torus T"/A. This action has the key property that if
o € Sy, decomposes into i cycles, then the fixed set Fixqn a(c0) is the union of finitely
many (i — 1)-dimensional tori. We can describe these fixed sets explicitly as follows.

It is trivial that Fixpn (o) is an i—dimensional torus, consisting of those vectors whose
coordinates are constant on each subset determined by a cycle. For example, if ¢ =
(1 23)(45 6) then Fixpn(o) is the subtorus {(x,z,z,y,y,y)}. The fixed set Fixyn (o)
always descends to an (i — 1)—dimensional torus contained in Fixpn /A (o). This need not
exhaust Fixpn/a (o), though. For example, the 2-dimensional torus

{(zz+ 2+ 2 yy+5,y+32)}

upon which o acts by rotation descends to a 1-dimensional torus in T"/A which is fixed
by o, different from the previous one.

However, any vector v € T" which descends to Fixpn (o) satisfies o - v = v + A for
some A € A. If m is the order of o, the identity v = ¢ - v = v + mA implies mA = 0.
Then muv satisfies 0 - mv = mv + mA = mwv. Thus for any o, the degree (n!)" isogeny
T™ — T™ given by multiplication by n! takes the preimage of Fixyn a (o) onto Fixyn (o).
(This is certainly overkill; in fact multiplication by n suffices, since we can check that
the existence of such a v implies that ¢ is a product of m—cycles.) Thus the preimage of
Fixtn/a(0) is a union of finitely many i-dimensional tori, each of which descends to an
(i — 1)~dimensional torus in Fixpn A () as claimed.
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a

In particular, if o is an n—cycle we must have A = (%, ..

., ) for some a € Z/nZ.

For o = (1 --- n), say, the fixed set Fixqn a(c) consists of the n points represented by
2 (n=1)
{(0,2,2¢, . 222} for a € Z/nl.

Since a union of positive-dimensional tori has Euler characteristic 0, we see that
X(Fixo) = 0 unless o is an n—cycle, in which case x(Fixo) = n. This is exactly the
class function nx(,). By the Lefschetz fixed point theorem,

n—1
nxm)(0) = x(Fixo) = Ztr (U*\Hk(T"/A; Q)
k=0

As S,-representations we have H'(T";Q) ~ Q", with A representing the unique trivial
subrepresentation. Therefore H'(T"/A;Q) is isomorphic to the standard representation
Vi =Q"/Q of S,,. As with any torus, we have

HY(T"/A;Q) =~ AN'HY(T"/A;Q) = A(Q"/Q) = Vi
Therefore the Lefschetz formula becomes the desired formula

n—1
nX(n) = Z XV, - OJ
k=0

PROOF OF PROPOSITION 5.12. With the character x; defined as in Lemma 5.13, we
have 7(q,n) = ETeTn(qu) X1(T). Therefore Theorem 5.3 gives

n-—n

q i
(28) m(g,n) =~ Z(—l)kq Vi, Ri[z1, - 2n]).
ik
The representation Vj is irreducible with partition (n—k,1,...,1), and its Young diagram

is the hook A, with n—k boxes in the first row, followed by a column of k& boxes. A standard
tableau of shape )\ is determined by the labels of the k£ boxes in the column. The descent
set of such a tableau is easy to describe: s is a descent if and only if s + 1 labels a box in
the column. Therefore a standard tableau of shape A\ is determined by its descent set .S,
which is a k-element subset of {1,...,n — 1}.

To sum up, each subset S C {1,...,n — 1} occurs as the descent set of a unique
standard tableau of shape \; when k = |S|, and for no other shape Ay, and its major
index is ) | g 5. Then we can rewrite (28) as:

2

qn —n
w(gn) = S (1)l Seese
Sc{1,...,n—1}
This sum can be factored over j € {1,...,n — 1} as
n—1 A
Z (—D)lgZsess = TT(1 - ¢7)
Sc{1,..,n—1} j=1
Pulling a factor of ¢/ out of q”2_” foreach j=1,...,n — 1 gives
)

m(g:n) = = —(¢=1)(¢" = 1) (¢"" = 1)

as claimed. 0
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