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Abstract

Let M,, := CP?#nCP? for 0 < n < 8 be the underlying smooth manifold of a degree 9 — n del
Pezzo surface. We prove three results about the mapping class group Mod(M,,) := mo(Homeo™t (M,,)):

1. the classification of, and a structure theorem for, all involutions in Mod(M,,),

2. a positive solution to the smooth Nielsen realization problem for involutions of M,,, and

3. a purely topological characterization of three remarkable types of involutions on certain M,
coming from birational geometry: de Jonquiéres involutions, Geiser involutions, and Bertini
involutions.

One main ingredient is the theory of hyperbolic reflection groups.

1 Introduction

A del Pezzo surface is a smooth projective algebraic surface with ample anticanonical divisor class.
Any del Pezzo surface is isomorphic to CP' x CP!, CP?, or Blp CP? where P is a set of n points (with
1 < n < 8) in general position (no three collinear points, no six coconic points, and no eight points
on a cubic which is singular at any of the eight points); see [Dol12, Proposition 8.1.25]. The degree of
the del Pezzo surface Blp CP? is 9 — | P|, the degree of CP! x CP! is 8, and the degree of CP?is 9.
The smooth 4-manifolds underlying del Pezzo surfaces are well-understood; we call such man-
ifolds del Pezzo manifolds. The blowup of CP? at a finite set P of n points is diffeomorphic to the
smooth 4-manifold -
M,, := CP?#nCP?.

In particular, the smooth 4-manifold underlying a del Pezzo surface of degree 1 < d < 9is My_g4 if
d # 8 and M; or M, := CP! x CP! if d = 8. Therefore, the manifolds M,, for 0 < n < 8 and M, make
up the list of all del Pezzo manifolds.

In this paper we relate a property (which we call irreducibility) of elements of the mapping class
group Mod(M) := mo(Homeo™ (M)) for all del Pezzo manifolds M to the classification of conjugacy
classes of order 2 elements of birational automorphisms of CP?. In doing so, we realize all order 2
mapping classes of del Pezzo manifolds by order 2 diffeomorphisms coming from a construction that
we call complex equivariant connected sums. This yields an affirmative solution to the smooth Nielsen
realization problem for involutions of del Pezzo manifolds, which is different from the solution for
some other 4-manifolds; for example, Farb—Looijenga ([FL21]]) study the Nielsen realization problem
for K3 surfaces and show that not all order 2 mapping classes of K3 surfaces can be smoothly realized
by involutions (or even by diffeomorphisms of finite order). See Remark[I.7]below.

Irreducibility of mapping classes. Let M be a del Pezzo manifold and let s be the intersection
form for M. If there exist (41,(Q1) and (As, Q2) where A, is a free Z-module and @; is a symmetric
bilinear form on A; with an isometry

L (A1 ® A2, Q1 @ Q2) = (H2(M3Z),Qur)



then there exists a natural induced inclusion
Aut(Ay, Q1) x Aut(Az, Q2) — Aut(Hy(M;Z), Q).

By theorems of Freedman ([Fre82]) and Quinn ([Qui86]), there is an isomorphism ® : Mod(N) —
Aut(H2(N;Z),Qn) given by ®([f]) = f. for any closed, oriented, and simply connected 4-manifold
N. Hence if (A;, @Q;) for i = 1,2 is of the form (Hz(N;,Z),Qn,) for such 4-manifolds N;, there also
exists a natural induced inclusion

ts : Mod(N7) x Mod(N3) < Mod(M).

Definition 1.1 (Irreducibility). Let M be a del Pezzo manifold and let ¢ € Mod(M). Suppose there
exists a del Pezzo manifold N and some k € Z-,( such that there is an isometry

v: (Ha(N; Z) & Hy(#KCP% 2), Qn & Q ) — (Ha(M;Z), Qu)

and g is contained in the image of .. Then g is called reducible. Otherwise, g is called irreducible.

Equivalently, g is reducible if there is some isometry ¢ as given above such that under this isom-
etry, g preserves Hy(N;7Z) and Ho(#kCP?;7Z) when considered as an automorphism of Hy(M;Z).
The restriction of g to Hy(#kCP?; Z) acts an element of the finite group O(k)(Z) := O(k) N GL(k, Z).

Involutions in the plane Cremona group. On the other hand, we consider the mapping classes
of automorphisms of complex surfaces induced by involutions in the plane Cremona group. It is
known that there are three types of conjugacy classes of involutions of birational involutions of CP?;
they are represented by de Jonquiéres involutions, Geiser involutions, and Bertini involutions. This
classification was first given by Bertini in 1877 ([Ber77]) and proven later by Bayle-Beauville ([BBOQ]).
The Geiser and Bertini involutions lift to complex automorphisms of del Pezzo surfaces of degree 2
and 1 respectively. The de Jonquiéres involutions lift to complex automorphisms of blowups of CPP*
at finitely many points; because these points are not necessarily in general position, de Jonquiéres
involutions do not generally lift to automorphisms of del Pezzo surfaces. We prove in Subsection
that the mapping classes of these involutions as diffeomorphisms of del Pezzo manifolds are
irreducible.

Main results. Our main result is a classification of irreducible mapping classes of order 2 of del Pezzo
manifolds.

Theorem 1.2 (Characterizing de Jonquiéres-Geiser-Bertini). All mapping classes of Mod(My) and
Mod(M.,.) are irreducible. For 1 < n < 8, an order two element g € Mod(M,,) is irreducible if and only
if there exists a complex surface Blp CP? with | P| = n such that

1. g is realized by a complex automorphism of X = Blp CP? induced by a de Jonquiéres involution of
(algebraic) degree d > 2, a Geiser involution, or a Bertini involution)'| where P is the set of its base
points, or

2. g is realized by an order 2 anti-biholomorphism given by a composition f o T, where T is an order 2
anti-biholomorphism of Blp CP? induced by complex conjugation on CP? and f is an automorphism
of Blp CP? induced by a de Jonquiéres involution of (algebraic) degree d > 2, a Geiser involution, or a
Bertini involution, where P is the set of its base points.

There is an index 2 subgroup Mod ™ (M,,) of Mod(M,,) for which the following simpler version of
Theoremholds; see Deﬁnition for a precise description of Mod ™ (M,,).

1See Section|3.3|for definitions of these involutions.
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Figure 1: The equivariant connected sum (N1#(G x Nz),G) where G = (g) = Z/2Z. If N; is a del
Pezzo manifold and Ny = CP?, the action of G on N;#(G x N3) induces a reducible mapping class.

Theorem 1.3 (Irreducibility classification for Mod+(Mn)). For 1 < n < 8, an order two element g €
Mod™ (M,,) is irreducible if and only if g is realized by a complex automorphism of a complex surface X =
Blp CP? induced by a birational automorphism of CP? of one of three types of conjugacy classes of involutions
(de Jonquiéres of (algebraic) degree d > 2, Geiser, and Bertini) where P is the set of its base points such that X
is diffeomorphic to M,,.

Using the theory of hyperbolic reflection groups and Carter’s classification of conjugacy classes
of Weyl groups ([Car72]), we enumerate the conjugacy classes of involutions in Mod™ (M,, ), of which
we study the irreducible ones to prove Theorem We then extend Theorem [1.3]to Theorem[1.2]by
exhibiting some birational involutions of CP? that commute with complex conjugation.

In their classification of conjugacy classes of order 2 elements of Cr(2), Bayle-Beauville ([BB0O])
study pairs (S,0) where S is a rational surface and ¢ € Aut(S) has order 2. Such a pair is called
minimal if f : S — S’ is a birational morphism such that there exists an involution ¢/ € Aut(S’) and
foo =o' o fthen f is an isomorphism. Bayle-Beauville classify all minimal pairs (.5, o) ([BB0O, The-
orem 1.4 and Proposition 1.7]); applying this classification yields the following simple reformulation

of Theorem

Corollary 1.4 (Minimal pairs). Let M be a del Pezzo manifold An order 2 mapping class g € Mod™ (M) is
irreducible if and only if it is realized by a minimal pair (S, o) where S is diffeomorphic to M.

Up to conjugacy, every mapping class of a del Pezzo manifold M is specified by an irreducible

mapping class of some del Pezzo manifold and an involution in O(k)(Z) acting on Hy(#kCP?; Z) for
some k > 0. Theorem[I.2]shows that mapping classes of order 2 are built out de Jonquiéres, Geiser,
and Bertini involutions and involutions of My and M,. In Section 4.1) we describe the construction
of complex equivariant connected sums that builds smooth involutions representing reducible mapping
classes out of biholomorphisms or anti-biholomorphisms of order 2 that represent irreducible map-
ping classes. See Figure (1| for an example of an equivariant connected sum. The smooth Nielsen
realization problem for involutions then follows from Theorem 1.2}

Corollary 1.5 (Nielsen realization for involutions). Let M be a del Pezzo manifold. Any order 2 element
g € Mod(M) is realized by a smooth involution. In fact, g is realized by a complex equivariant connected sum.

Remark 1.6. The main results of [Lee21|] show that finite subgroups G < Mod(M;) and maximal
finite subgroups G < Mod(Ms3) have lifts to Diff " (M) and Diff ¥ (M3) respectively under the map
7 : Diff ¥ (M,,) — Mod(M,,) if and only if they are realized by a complex equivariant connected sum.
Corollary [1.5is an analogous statement for the case G = Z /27 and any del Pezzo manifold M.



The construction of complex equivariant connected sums is necessary in the solution for the
smooth Nielsen realization problem. For all n > 1, there exist mapping classes g € Mod(M,,) of or-
der 2 that cannot be realized by complex automorphisms of any complex structure on M,, by [Lee21),
Theorem 1.8] even though they can be realized by complex equivariant connected sums.

Remark 1.7. A special case of Corollary [1.5|says that for any Dehn twist T’ about a (—2)-sphere in any
del Pezzo manifold M, there is an order 2 diffeomorphism of M isotopic to T'. (For the case M = Mo,
this is the statement of [Lee21) Corollary 1.3].) In contrast, Farb-Looijenga ([FL21} Corollary 1.10])
shows that the isotopy class of any Dehn twist about a (—2)-sphere in a K3 surface is not represented
by any finite order diffeomorphism.

Related work. This paper is a followup to [Lee2l]. As described in Remark we examine a
similar phenomenon in [Lee21] in which finite subgroups of the mapping class group of del Pezzo
manifolds of high degree are realized by diffeomorphisms if and only if they are realized by complex
equivariant connected sums.

As noted above, Bayle-Beauville ([BB00]) prove the classification of order 2 conjugacy classes of
the plane Cremona group. Their proof involves studying minimal pairs (.S, f) where S is a rational
surface and f € Aut(S5) is an involution. We only invoke the classification (of minimal pairs or order
2 conjugacy classes in Cr(2)) of Bayle-Beauville in the proof of Corollary [T.4}

Hambleton-Tanase ([HT04, Theorem A]) show that if G = Z/pZ acts smoothly on #nCP? for
N > 1and pis an odd prime then there exists an equivariant connected sum of linear actions on CP*
with the same fixed-set data (see [HI04] for the exact description of this data) and the same induced
action on Hy(#nCP? Z). Corollary of our paper is similar in flavor in that all involutions on
Hy(M:;Z) for del Pezzo manifolds arise from a complex equivariant connected sum. However, our
methods are much more elementary than those of Hambleton-Tanase ([HT04]) who utilize the theory
of equivariant Yang-Mills moduli spaces; conversely, our methods do not yield as much information
about the fixed sets of such involutions.

The Nielsen realization problem for 4-manifolds was first studied by Farb-Looijenga in their re-
cent paper [FL21]]. Specifically, Farb—Looijenga study the case of K3 surfaces and solves the metric
and complex Nielsen realization problem for all finite groups as well as the smooth Nielsen realiza-
tion problem for Z/2Z.

Outline of this paper. In Section2Jwe outline the tools necessary to enumerate and study involutions
in Mod(M) and to realize these mapping classes in Diff " (M). Section [3|is dedicated the proof of
Theorem More specifically, Sections [3.2| and [3.4 analyze involutions contained in some index 2
subgroup Mod ™" (M) < Mod(M) for each del Pezzo manifold M. Section 3.3 describes and examines
the three types of conjugacy classes of involutions in the plane Cremona group. Finally, Section
extends the result for Mod ™ (M) to Mod(M). Finally, Section contains the proof of Corollary
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2 Mapping class groups of del Pezzo manifolds

In this section we outline some tools used to study the mapping class groups of del Pezzo manifolds
in this paper.



2.1 The mapping class group

The Mayer-Vietoris sequence implies that Ho(M,,; Z) = Hy(CP*; Z)® Ha(CP?; Z)®" forany 0 < n < 8
and gives a natural Z-basis {H, E1, ..., E, } with intersection form Qs, = (1) ® n(—1). The group
Aut(H2(M;Z), Q) is the indefinite orthogonal group O(1,n)(Z), i.e. by theorems of Freedman
([Fre82]]) and Quinn ([Qui86]),

Mod(M,,) = O(1,n)(Z).

Next, consider M = M, := CP' x CP'. The lattice (Ha(CP' x CP*;Z), Qcp1 xcpt ) has two isotropic
generators S; and S with Qcp1 xcp1 (S1,S2) = 1 coming from the factors of the product CP' x CP*.
We will identify Aut(H»(M;Z), Q) and Mod (M) for all del Pezzo manifolds M in this paper.

Let0 < k <mnandletwy,...,v,_x) denote the orthogonal Z-basis of Hy(#(n — k:)(CIP’2; Z). There
is an isometry

we: (Ho(Mys Z), Qur) & (Ha(#(n — K)CP% Z), Q) = (Ha(Myi Z), Qus, )
suchthatforl <i<kand1<j<n-—k,
we((H,0)) = H, w((E,0)) = E; tk((0,v5)) = Eyy-

Moreover, there is an isometry

v (Ho(Mes 2), Qur,) & (Ha(#(n — )P Z), Q) = (Ha(Myi Z), Qus, )
such thatfori=1,2and2<j<n-—1,
t((S;,0)) = H — E;, t((0,v1)) = H — Eq — B9, 1((0,v3)) = E145,
where S; and S; denote the two isotropic generators of Hy(M,; Z) as above.

Definition 2.1. There exist induced inclusions

(tx)« : Mod(My) x Mod(#(n — k)CP?) < Mod(M,,)

for0 <k <nand .
Ly : Mod(M,) x Mod(#(n — 1)CP?) — Mod(M,,)

by theorems of Freedman ([Fre82]) and Quinn ([Qui86])); see the discussion preceding Deﬁnition
The inclusions (i)« and ¢, are called standard inclusions.

Note that for n > 2, M,, is diffeomorphic to (CP' x CP*)# (n— 1)CP?). Applying [Wal64a| Theorem
2] to M,, with this diffeomorphism yields the following statement. (The same statement holds for M,
M,, and Mj; for example, see Lemma[4.3})

Theorem 2.2 (Wall, [Wal64a, Theorem 2]). For M = M, or M,, with 2 < n <9, the restriction of
7 : Homeo™t (M) — Mod (M) to the subgroup Diff* (M) < Homeo™ (M) is surjective.

Remark 2.3. Theoremcannot be extended to manifolds M,, for n > 10; Friedman-Morgan ([FMS88)
Theorem 10]) show that the image of the quotient 7|p;g+(az,) Diff " (M,,) — Aut(Ho(M,;7Z), Qar,)
has infinite index in Aut(Hz(M,,;Z), Q) for all n > 10.
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Figure 2: The Coxeter diagrams for O (n, 1)(Z) for 2 < n < 9. For fixed n, we refer to the specified
Coxeter system as (W (n), S(n)).

2.2 Coxeter theory and the group O"(n, 1)(Z)

Fix 2 < n < 9 and consider the symmetric, bilinear form on R"™! defined by

Rn((xvala s »mn); (yﬂayla s ayn)) = —ZoYo + T1y1 + - + Tn¥Yn.

We identify R"*! with Hy(M,,; Z) @ R such that the ordered Z-basis {H, E1, ..., E,} is identified the
given ordered basis of R"*!. Then R, is precisely the bilinear form —@);s, extended R-linearly. For
any v € Z"t! C R with R, (v,v) = %1, £2, a reflection Ref, about v defines an involution in
O(n, 1)(Z) by

2R, (v, w)

R, (v,v) v

For any n > 0, let 0" (n, 1)(Z) be the index 2 subgroup of O(n, 1)(Z) defined

Ref, (w) == w

0t (n,1)(Z) :={Ac O(n,1)(Z): A(H) = aH + b Ey + -+ b,E,, a > 0}.
Wall gives explicit generators of O (n, 1)(Z) for 2 < n < 9 in terms of reflections:
Theorem 2.4 (Wall, [Wal64b, Theorems 1.5, 1.6]). Forn =2,
07(2,1)(Z) = (Refy 1 g, +E,, Refg, _g,, Refg,).
For3 <n <9,
01 (n,1)(Z) = (Refy 1 g, 4+ Byt 55» Refp, gy, Refp, m,, ..., Refg, g, Refg ).

Remark 2.5. Another way to phrase the first equality of Theoremis that 07 (2,1)(Z) is the triangle
group A(2,4, c0). This formulation is classical, shown by Fricke in [Fri9l} p. 64-68].

It is straightforward to show that O™ (n, 1)(Z) is the Coxeter group corresponding to the Coxeter
system (W (n), S(n)), where

S( ) — {RefH*EI*Ew RefEl*Ew Resz} ifn=2,
' {RefoElengy RefEl,Ew RefETEw ey laefEnile717 RefEn} if 3 S n S 9.

The Coxeter diagrams for (W (n), S(n)) with 2 < n <9 are given in Figure[2]

Let V;, be the R-span of {a : s € S(n)} on which O (n, 1)(Z) acts by the geometric representation of
(W(n),S(n)) and let B, be the standard symmetric bilinear form of V,, (see [Hum90])). The signature
of B, is (n, 1); the submanifold

Hn = {U = (’UO,. . .,’Un) € Rn+1 * Vo > 07 B7L(U7U) = _1}



with the metric induced by B, is isometric to hyperbolic n-space (see [Thu97, Chapter 2]). There is an
isometry F,, : (V,,, B,) — (R""!, R,,) given on the basis elements of V,, by F,,(aget,) = R, (v, v)*%v.
One can check that F},(s - v) = s- F,,(v) forallv € V,, and s € S(n).

The fact that O™ (n, 1)(Z) acts on H" by isometries via the geometric representation of (W (n), S(n))
allows for an easy classification of involutions in O™ (n, 1)(Z).

Lemma 2.6. Fix 2 < n < 9. Suppose g € OT (n, 1)(Z) has finite order.

1. Up to conjugacy in OT (n,1)(Z), the element g is contained in a subgroup G, := (s € S(n) — {Ref, })
for some Ref,, € S(n) — {Refg, g, }

2. Suppose that there does not exist any isometries
v (Ha (N3 Z), Q) @ (25, k(1)) — (Z"F", Ry).

where k > 0 and N is some del Pezzo manifold such that g preserves the images of each summand under
t. Then g € G, up to conjugacy in O (n, 1)(Z).
Proof. 1. The fundamental domain of the action of O* (n,1)(Z) on H" C (R"*!, R,,) is given by
P:= () {v€H":Ry(v,s) <0}

seS(n)

by [Vin72, Proposition 4, Table 4], after conjugating the generators .S(n) by the element w €
O™ (n, 1)(Z) which negates each E; and fixes H. If U C V,, denotes the Tits cone of (W (n), S(n))
then P is contained in —U :={u € V,,: —u € U}.

The subgroup (g) = Z/2Z acts on H". The group (g) must fix a point p € H" because H" is
finite-dimensional and contractible. It must also fix the point —p in the Tits cone U. By [Hum90,
Theorem 5.13], the stabilizer of —p in O™ (n, 1)(Z) is

Wr:=(selCSn))

for some I C S(n), up to conjugation in O" (n, 1)(Z). If I = S(n) then the only fixed point of
Wy in V is 0, which is not contained in H". If I = S(n) — {Ref g, _g, }, the fixed subspace of W;
in V is R{H — E:}, which has empty intersection with H". Therefore, g € G, for some v such
that Ref,, € S(n) — {Refg,— g, }.

2. By the first part of this lemma, g € G, up to conjugacy in O"(n,1)(Z) for some v € S(n) —
{Ref g, —p, }. For all decompositions of Z"*! given below, the restriction of R,, to the last sum-
mand is diagonal and positive definite.

(a) If v = Ey — E5 then G, preserves the summands in the decomposition
7" =7{H - E,, H — E;} ®7Z{H — FEy, — Es, Fs, ..., E,}.

Note (Z{H — E1, H — E>}, R,) & (Ho(My;Z), — Qs )-
(b) If v = E3 — E4 then G, preserves the summands in the decomposition

Zn+1 = Z{H, El, E27 Eg} EBZ{E47 ce ETL}

Note (Z{H7 E17 E27 E3}7Rn) = (HQ(M3aZ>7 _Q]Wg)'

(c) If v=H — Ey — Ey — E3 then G,, preserves the summands in the decomposition
7" = Z{HY ® Z{E, ..., E,}.

Note (Z{H}, R,) = (H2(Mo; Z), — Q1 )-



(d) If v = Ej — Ej41 with k > 4 then G, preserves the summands in the decomposition
Zn+1 = Z{H7 Ela RS Ek} D Z{Ek—‘rla cee En}
Note (Z{H, E1, ceay Ek}, Rn) = (Hg(Mk; Z), _QMk)'

All subgroups G, with v # E,, preserve some orthogonal decomposition of (Z"*!, R,) speci-
fied in the statement of the lemma. Therefore g must be contained in Gg,,. O

In the rest of the paper, we often consider the image of the subgroup O™ (1,7)(Z) < O(1,n)(Z) in
Mod(M,,) under the isomorphism @ : O(1,n)(Z) — Mod(M,,).

Definition 2.7. For any 0 < n < 9, let Mod™ (M,,) denote the index 2 subgroup O™ (1,n)(Z) of
Mod(M,,) under the isomorphism ® : O(1,7)(Z) — Mod(M,). Let Mod™ (M,) denote the index 2
subgroup (c¢) = Z/2Z of Mod(M,) under the isomorphism Aut(Hy(M,;Z), Qur,) — Mod(M., ), where
¢ is the map swapping the isotropic generators Sy and Sy of Hy(M,; Z).

With this definition in hand, we reformulate Lemma as a statement about irreducibility of
mapping classes.

Corollary 2.8. Let 2 < n < 9 and let ® denote the isomorphism O(1,n)(Z) — Mod(M,). If g €
Mod ™ (M,,) is irreducible then g € W,, := ®(Gp,) < Mod ™t (M,,).

Proof. There is an equality of subgroups O(1,n)(Z) = O(n,1)(Z) < GL(n+1,Z) and an isomorphism
® : O(1,n)(Z) = O(n,1)(Z) — Mod(M,,). If g € Mod™ (M,,) is irreducible then there does not exist
any isometry

v: (Hy(N;Z), —Qu) & (Ha(#kCP?; Z) ) = (Ho(Mn; Z), —Qur,) = (Z"*, R,,)

) _Q#kW
such that @1 (g) preserves the image of each summand (H»(N;Z), Qn) and (H> (#k@; Z), Q#k@)
under ¢. Lemmaimplies that ®~!(g) € Gg, . O

For any reflection Ref,, € O(1,n)(Z), we also denote the corresponding mapping class ®(Ref,)
by Ref, in the rest of the paper.

3 Order 2 elements of Mod(M,,) with1 <n <8

The goal of this section is to prove Theorems|[I.3|and[1.2land Corollary

3.1 The Weyl group W(E,,)

Let X be a del Pezzo surface diffeomorphic to M,,. By [Dol12, p. 378], the action of any complex au-
tomorphism f € Aut(X) on Hy(M,;Z), denoted by f. € Aut(H2(M,;Z), Qnr,, ), leaves the canonical
class Kx € Hy(M,;Z) invariant. The canonical class is givenby Kx = —3H + > ., E.

The restriction of Q s, to E,, := (Z{Kx})* turns E,, into an even, negative-definite lattice if n < 8
by [Dol12, p. 361]. For n > 3, there is a Z-basis of E,,

{H—E1—Ey—E3, By — Es, ..., By — B}

([Dol12] Lemma 8.2.6]) and for n = 2, there is a Z-basis {H — E; — E3, Ey — E3} of Ey. Define the
Weyl group W (E,) to be the subgroup of Mod(M,,) generated by the reflections Ref, for v in this
basis. Observe that W (E,,) coincides with the subgroup W), containing all irreducible involutions



of Mod™*(M,,) as considered in Corollary Moreover, W, is the stabilizer of Kx in O(1,n)(Z) by
[Dol12, Corollary 8.2.15] and

W3 =2 W (Ay) x W(Ay),

Wy =2 W(Ay),

W5 = W(Ds),

W, =2 W(E,) for6 <n <8.

Remark 3.1. The subgroup of W,, generated by the reflections Refp, forl <k <n-1is

isomorphic to S,, via its action on the set {E1, ..., E,}.

Eyq1

3.2 Involutions in Mod™* (M,,) forn = xand 0 < n < 4

In this section we examine the order 2 elements of Mod ™ (M) for M = M, with 0 < n < 4 and
M = M.. We account for the only irreducible mapping classes of order 2 in Mod ™ (M) for M = M.,
or M,, with 0 < n < 4 in the following lemma.

Lemma 3.2 (n = *and 0). Let M = My or M... Any g € Mod(M) is irreducible.

Proof. There does not exist ¢ € Hy(M;Z) such that Qas(c,c) = —1. Therefore, there is no isometric
embedding

(Hy(#kCP?* Z), Q#k@) = (H2(M;Z),Qum)
for any £ > 0. O
The rest of the mapping classes of order 2 considered in this section are reducible.

Lemma33 (1 <n<4). Letl1<n<4 Ifge Mod+(Mn) has order 2 then g is reducible.

Proof. The group Mod™ (M;) is generated by Refp,. The group Mod " (CP?) is trivial and the image
of the standard inclusion

Lx : Mod™ (CP?) x Mod(CP?) < Mod™ (M)

is precisely Mod™ (M} ). Therefore, any g € Mod™ (M) is reducible.
The group W, < Mod+(M2) is generated by Refg, g, and Refy_g, —g, which commute in
Mod™ (M>). The image of the standard inclusion

1, : Mod (M,) x Mod(CP?) — Mod* (M)

is precisely W5. Then because any g € W is reducible, Corollaryimplies that any g € Mod ™ (M)
of finite order is reducible.

The group W3 < Mod™ (M3) is given by (Refy_g, g, g,) X (Refp, _g,, Refg, _g,). The group
(Ref g, —g,, Refg,_g,) is isomorphic to S3 so the elements of order 2 are conjugate in S3 to Refg, _g, .
Therefore, any g € W35 of order 2 is conjugate to Refy_g,—g,—p, cRefg, _g, or Refg, _g, in Ws.
Replace g with its conjugate Refy_g, —g,— g, o Refg, g, or Refg, _ g, and observe in both cases that
g preserves Z{H — E1, H — Ey}. Therefore, g is reducible because it is contained in the image of the
standard inclusion L

Lx : Mod ™ (M,) x Mod(#2CP?) < Mod™ (Ms3).

Because any g € W3 of order 2 is reducible, Corollaryimplies that any g € Mod ™ (M3) of order 2
is reducible.



By the proof of [Dol12, Theorem 8.5.8], the group Wy < Mod ™ (M,) is isomorphic to S5 generated
by the subgroup S4 = (Refg,_g,, Refg,_g,, Refg,_g,) and an element of order 5. This means that
any g € Wy of order 2 is conjugate in W, to an element in S4. The image of the standard inclusion

Ly : Mod ™ (CP?) x Mod(#4CP?) < Mod™ (M)
contains Sy < W, meaning that g is reducible. Then because any g € W, of order 2 is reducible,
Corollary 2.8|implies that any g € Mod™ (My) of order 2 is reducible. O

3.3 Irreducible mapping classes and involutions in the Cremona group

The smallest integer n > 1 such that there exist irreducible mapping classes of order 2 in Mod™ (M,,)
is n = 5. In order to discuss these irreducible classes, we first need to consider some classical involu-
tions in the plane Cremona group Cr(2), i.e. the group of birational maps of CP2. Conjugacy classes
of involutions in the plane Cremona group are classified by the following theorem.

Theorem 3.4 (Bayle-Beauville, [BB00, Theorem 2.6]). Every birational involution of CP? is conjugate in
Cr(2) to one and only one of the following:

1. a de Jonquiéres involution of degree d > 2,
2. a Geiser involution, or
3. a Bertini involution.

We now briefly recall the definitions of these involutions.

3.3.1 deJonquiéres involutions

This description of de Jonquiéres involutions follows the exposition of [Bla07, Example 3.1]. Fix g > 1
and ay, ..., a2, € Cdistinct withm = g+ 1. Consider the map ¢y : CP! x CP* --» CP' x CP' defined

@Yo : ([Xl ZXQ], [Yl : YQD —> <[X1 ZXQ],

Y2 ﬁ (Xl — aiXQ) : Yl ﬁ(Xl — ang)]> .

i=m-+1 =1

The map ¢y is rational and defined on the open set U, which is the complement of the set of 2m
points

P={p;=(la;:1],[1:0)): 1 <i<m}U{p; = ([a; : 1],[0: 1)) : m+ 1 < i < 2m}.

Then ¢y lifts to an automorphism ¢ of X := Blp(CP' x CP') of order 2. Let ¢; denote the homology
classes of the exceptional fibers over p; € P forall 1 < i < 2m and let S;, .52 denote the homology
classes of X coming from the first and second factors of CP' x CP' respectively. Then Hy(X;Z) =
Z{S1,52,€1,...,€e2m} With Qx (Sk,e;) = 0and Q x (Sk, S¢) =1—0e forallk, ¢/ =1,2and 1 < i < 2m.

Consider the projection map pr, : CP' x CP' — CP"' onto the first coordinate which extends to a
map pr: X — CP'. Then prog = pr because pry oo = pry; see Figure 3|for an illustration. The fiber
of pr over any ¢ € CP! with ¢ # [a; : 1] for all i is pr—'(¢) = {¢} x CP* in X, which represents the
homology class S. The map ¢ restricts to a complex automorphism of each fiber pr—!(¢) = {¢} x CP*
and so ¢.(S2) = S2. Over any [a; : 1] € CP!, the fiber pr—1(p;) is a bouquet of two CP!, ie. two
copies of CP' intersecting transversely at one point. One component is the exceptional fiber e; and
the other component is the strict transform of the line pr, Y(p;) in X. Because ¢ swaps these two
components, ¢, (e;) is equal to S — e;, the homology class of this strict transform.

The homological data described above determines the action of ¢, on Hy(M,;Z).
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Figure 3: The action of a de Jonquiéres involution ¢ of Blp(CP' x CP') and the conic bundle pr :
Blp(CP' x CP') — CP' preserved by ¢. Each (vertical) line in the figure above represents a complex
submanifold of Blp(CP' x CP') isomorphic to CP'; they are labelled with their respective homology
classes. Each vertical connected component represents a fiber of the map pr. The singular fibers are
two copies of CP' intersecting transversely at one point; there are | P|-many singular fibers.

Lemma 3.5. Let n > 5 be odd and let g1, g2 € Mod(M,,). Consider some primitive C; € Ha(M,;Z) and
some Z-submodule N; := Z{C;,vi,... v} _} of Hy(M,;Z) for i = 1,2 such that the restriction of Q s, to
N, with respect to the given basis is (0) @ (n — 1)(—1). If

9i(Ci) = C; gi(vi) = Ci — v,
foralll <k <n-—1landi = 1,2 then g and go are conjugate in Mod(M,,). In particular, any such ¢,

is conjugate to [¢] where  is the de Jonquiéres involution on X = Blp(CP' x CP') defined above where
|P|=n—1.

Proof. For each i = 1, 2, there is an orthogonal decomposition

Hy(M,; Z) = Z{vh, ..., v\ } ® Z{C;, ¢4, vi}

where ¢; € Z{v}, ..., vi,_,}* is such that Qu, (Ci,¢;) = 1 which exists by unimodularity of Qy,
restricted to Z{v}, ..., vi_,}+. By adding appropriate multiples of C; and v} to ¢;, we may assume
that with respect to the Z-basis (C;, ¢;, vt),

01 0

QMn|Z{Ci,ci,v{} =(10 0

0 0 -1

There is another orthogonal decomposition
Hy(Mpn; Z) = 2{C; = 05, ..., Ci = vy, 1} ® Z{Ci, ¢ —vf — -~ —v;,_y, Ci — i}

The only automorphism of Z{C;, ¢;, vi} preserving Q, and fixing C; and v} is the identity. This
uniquely determines g; since g; restricts to an isometry

9i : Z{Cs, ci, vi} = Z{Ci, ¢; — v} — - — 0]

n—1»

C; —vi}
with respect to the restrictions of Q»s, satisfying
9i(Cy) = C; gi(”i)
Finally let ® € Mod(M,,) such thatforall1 <k <n-—1,
®(vy) = vi, O(Cy) = Cy, D(cy) = ca.
Then g, = ® 1o gy 0 ®. O

i
Oi — V1.

11



The birational involution ¢¢ has (algebraic) degree m + 1. Because m = g + 1 > 2 in all construc-
tions in this paper, any de Jonquiéres involution that we consider has degree d > 2. Moreover, ¢ is
birationally equivalent to the de Jonquiéres involutions of [BB00, Example 2.4(c)]. In the following
lemma, we consider an explicit birational equivalence with an automorphism f of a surface Blp, CP*.

Lemma 3.6. For any odd n > 5, there exist Py C RP? C CP? with |Po| = n and an involution f €
Aut(Blp, CP?) conjugate to a de Jonquierés involution o described above in Cr(2) such that

1. Hy(Blp, CP*Z) = Hy(Blp(CP' x CP'); Z) as Z[G]-modules with G = 7./2Z acting by ([f]) and
{[¢]) respectively,

2. f commutes with the anti-biholomorphism 7 : Blp, CP* — Blp, CP? induced by complex conjugation
on CP?, and

—1

3. [f]is conjugate to Hk L (Refy—py o —Ean iy ©Ref By —Eyy .y ) in Mod(M,,) after identifying M,, =
Blp, CP?.

Proof. Letay,...,an,—1 € R be distinct and let ¢y and P C CP' x CP! be defined as above. Fix some
p = ([a:1],[b:1]) with a,b € Ry and a # a; for all i such that ¢o(p) = pandletg; = [0:0:1],

= [0: 1 :0]. Consider the Hirzebruch surfaces Fy = CP' x CP' and F; = Blg, CP?. There is an
isomorphism Bl, Fy = Bl, ,, CP? which can be seen by explicitly writing

Bly, 4, CP? = {([A: B],[C: D],[X : Y : Z]) : A(X+Y)—aBY = C(X+Z)-bDZ = 0} C CP'xCP' xCP?
and noting that the projection map onto the first two factors defines a blowup ¢ : Bl,, 4, CP* — Fy
which is an isomorphism onto Fy — {p}. Let 1 : Bl,, 4, CP*> — F; be a blowup given by projecting
onto the first and third factors. The exceptional divisor of 1, is the strict transform of pry ! ([a : 1]) in
Bl, Fy.

The rational map F : Fy --+ F; givenby F = 1501/, * is the elementary transformation centered at
p (cf. [Dol12| Section 7.4.2] or [BB0Q, (2.5)]) and is a morphism restricted to Fo—{p}. Note that ¢); L(p)
is not contained in the exceptional divisor of ). Hence I’ extends to Blp Fy --+ Blp(p)Fy; also
denote this map by F. The maps ; and ¢, similarly extend and fit into the following commutative
diagram:

S := Blypyup Fo

Let e € H3(S;Z) denote the exceptional divisor over p. Let ¢ be the automorphism of Blp F
induced by ¢. Because ¢(p) = p, the map ¢ extends to an involution ¢ of S. Because ¢ preserves
the fibers of pr, the map ¢ descends to an involution f of Blp(py F1. Note that f and ¢ are conjugate
in Cr(2) since f = F o p o F~! as birational automorphisms of CPP?. There are isometries

(Ho(S;Z),Qs) = (Ha(Blp Fo; Z), QBip 7o) © (Z{e}, Qslziey)
(Ha(Blppy F1;Z), QBip(py Fy) © (Z{S2 — €}, Qslz(s,-c})

where the action of [¢] on H;(S; Z) restricts to the actions of [¢] and [ f] on Ha(Blp Fo; Z) and Hy(Blp(p) F1;7Z)
respectively. The Z[([#])]-submodule N := Z{Ss, ey, ...,e,_1} is contained in both Hy(Blp Fy;Z)

and H(Blp(pyF1;Z). Because the actions of [f] and [go} agree on N, Lemma [3.5[shows there is an
isometry

1%

v: (Ha(BlpFo; Z), @iy v,) — (H2(Blpp) F1;Z), QBly py 7y )
which is also a Z[G]-module isomorphism with G = Z/2Z acting by ([f]) and ([¢]) respectively.
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Note that F' o 79 = 7 o F' where 1y : Fy — Fy and 7 : F; — F; are diffeomorphisms induced by
complex conjugation of the coordinates of CP' and CP? respectively. Then 7, commutes with ¢ and
F(P)C RP? C CP? because P C Fy is pointwise fixed by 79. Moreover, 7 commutes with FopoF~1,
meaning that f must commute with 7 as a diffeomorphism of Blg(p) CP? — Bl F(P) CP?.

Consider

n—1

g = H (RefH*Ele%*Ezk-;-l ORefE2k*E2k+1) € MOd(Mn)
k=1

Note that each reflection in g fixes H — E;. Also,
g(EQk-‘rl) = RefH_El_EQk_E2k+1 ORefE2lc_E2k+1 (E2k+1) = RefH—El—EQk—E2k+1 (EQk) =H — Ey — Egpt1,
g(EQk) = RefH—El_EZk_E2k+1 © RefE2k_E2k+1 (EQk) = RefH_El_EZk_E2k+1 (E2k+1) =H — Ey — Ey.

Let g1 = gwithCy = H — By € Hy(M,,;Z) and v}, = Eg4q € Ho(M,,;Z) forall1 < k <n—1. Lemma
B.5implies that g, [f], and [¢] are conjugate in Mod(M,) = Mod(Blg(p) F1) = Mod(Blp Fo). O

In the next two lemmas, we consider the action of ¢, on Ha(M,,;Z).

Lemma 3.7. Let n > 5 be odd and let ¢ € Aut(Blp(CP' x CP')) be the de Jonquiéres involution. Identify
Blp(CP' x CPY) = M,, and let G = ([¢]) = Z/27 < Mod™ (M,,). As a Z|G]-module, Hy(M,;Z) =
Z|G)®% @ C®("=3) where C = 7 as a Z-module and G acts by negation on C and

Hy(M,;Z)¢ = 7{S5, 25, —e; — -+ —ep_1}.

Proof. The fixed set of ¢ is a smooth curve I with a surjective morphism I' — CP' of degree 2 ramified
over (n — 1)-points (see [Bla07, Example 3.1]); I is a curve of genus “5

2. There is an isomorphism
Hy(M,;7) = 7% & C%° @ Z|G)®"

as Z[G]-modules for some ¢, 7, ¢ € Z by [Edm89, Proposition 1.1] where C' = Z as Z-modules and ¢,
acts by negation in C. By [Edm89, Proposition 2.4], 5y(T') + 52(I') =t + 2 and 3 (') = ¢ where 5;(T")
is the kth mod 2 Betti number of I'. Therefore ¢t = 0 and ¢ = n — 3 so that

Hy(M,; Z) = Z[G)#? & ¢®(=3)
as Z|[G]-modules. As Q[G]-modules,
Hy(My);Q) = (C®Q)*" ) 9 Q.
A calculation shows that S; and 25; — e; — - - - — e, are fixed by G. Therefore,
Hy(M,;7)¢ = QSs, 28, — ey — -+ —en_1} N Ho(My;Z) = Z{S5, 251 —e1 — - —ep_1}. O

Lemma 3.8. Let n > 5 be odd. If ¢ and f are de Jonquiéres involutions on some Blp, (CP* x CP') = M,
and Blp CP? = M,, respectively then [¢], [f] € Modt (M,,) are irreducible.

Proof. Suppose there exists some k with 1 < & <n — 1 and an isometric embedding

v (Ha(#(n — K)CP% 2), Qi) < (Ha(Myi Z), Q)

such that ¢, restricts to an automorphism of the image. Let vy,...,vs_, denote the orthogonal Z-

basis of Hy(#(n — k)@, Z); note that Qar,, (¢(v;), t(vj)) = —6;5 forall 1 < i,j < n — k. Because ¢,
acts as an element of O(n — k)(Z) on the image of ¢,

s« (t(v1)) = t(vy), —t(v1), or ¢(v;) for some i # 1.

We address the three cases separately.
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1. Suppose there exists some ¢ € Hy(My;Z) such that Quz, (c,c) = —land p.(c) = c. lf p.(c) = ¢
then ¢ € Hy(M,,; Z)“. Compute that the restriction of Qxs, to Ha(M,;7Z)% is

(0 2 {0 1
Hy(Mn;2)S = | 9o —(n—1) =2 1 _nT_l

with respect to the Z-basis of Hy(M,;Z)¢ given in Lemma Therefore, Qs (z,2) = 0
(mod 2) for all 2 € Hy(M,;Z)%. This is a contradiction because Q2(c, c) = —1.

QJVI n

2. Suppose there exist some c1,co € Ho(My;Z) such that Qu,, (ck,ce) = —0ke and ¢, (c1) = co.
Then Qar, (c1 — ca,¢1 — c2) = =2 and py(c1 — ¢2) = —(c1 — ¢2). Since p,(S2) = Sa,

c1 —C2 € Z{SQ}J— = Z{Sg,el, .. .,en_l}.

Then
c1 —cg = aSy + (1) e, + (=1)%e;

some a,ay,a; € Zand 1 < k,j <n — 1 because Qu, (c1 — ¢2,¢1 — ¢2) = —2. Moreover,
c14 ¢o € Hy(M,; )¢ = 7{S5,25) —e1 — - —en_1}
where the second equality holds by Lemma However, forany A, B € Z,
(1 —c2) + (ASa + B(2S) —ey — -+ —en_1)) ¢ 2Ha (M5 Z).
This is a contradiction because (¢1 — ¢2) + (¢1 + ¢2) = 2¢1 € 2H2(M,,; Z).

3. Suppose there exists some ¢ € Hy(M,;Z) such that Q,(c,c) = —1 and ¢.(c) = —c. Then
c € Z{S>}* because ¢.(S2) = Ss. The only elements of = € Z{S}* with Qx (z,r) = —1 are of
the form z = aS, + e for some a € Z and 1 < k < 2m because Z{S>}* = Z{Ss,¢e1,...,eam }.
On the other hand, if

—aSy Fep = pi(aSe £ ex) = aSy £ (S2 — ex)
then a + 1 = —a. This is a contradiction since a € Z.

Therefore, [¢] is irreducible in Mod™ (M,,). Because Hy(M,;Z) as a {f.)-module is isomorphic to
Hy(M,;Z) as a {¢.)-module by Lemma [f] € Mod™(M,,) is irreducible as well. O

3.3.2 Geiser and Bertini involutions

In this section we describe the Geiser involution v : X7 — X7 and the Bertini involution 5 : Xg — X3
for any del Pezzo surface X,, diffeomorphic to M,, for n = 7 and 8; we follow the exposition of
[BBOO].

Let X7 = Blp CP? with P a set of 7 points in general position in CP?. For any p € CP? — P, the
pencil of cubic curves passing through the points P U {p} has a ninth base point g. Themap v : p — ¢
defines a birational map ~ : CP? --» CP? and induces an order 2 automorphism of X, which we
also denote by 7. Another way to construct this map is to consider the linear system |—K x| which
defines a double covering f : X7 — CP? branched along a smooth, quartic curve C of genus 3. Then
«v is the nontrivial deck transformation of this branched cover, and the fixed set Fix(v) in X7 is C.

Let X3 = Blp CP? with P a set of 8 points in general position in CP?. Consider the linear system
|-2K x, | which defines a double covering f : Xg — Q onto a quadric cone Q C CP? branched
along the vertex v of () and a smooth, degree 6 curve C of genus 4. Then f is the nontrivial deck
transformation of this branched cover, and the fixed set Fix(v) in Xg is C U {q}, where ¢ is the ninth
base point of the pencil of cubics defined by P.
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By [Dol12) p. 410], the Geiser involution ~ acts on Ha(X7;Z) & H?(X7;Z) = Pic(X7) by negation
and is the product of seven, pairwise-commuting involutions in W7. By [Doll2, p. 414], the Bertini
involution 8 acts on Ho(Xg;Z) = H?*(Xs;Z) = Pic(Xs) by negation and is the product of eight,
pairwise-commuting involutions in Ws.

We conclude this section by noting that [y] and [3] are irreducible elements of Mod™(M,,) for
n = 7, 8 respectively.

Lemma 3.9. The mapping classes [y] € Mod™ (M) and 3] € Mod™ (My) are irreducible.
Proof. Let G = ([7]) and Gg = ([5]).

1. If v € Hy(M7;Z) is fixed by G7 then consider Ho(M7;Q)%". There is a decomposition of
Hy(M7; Q) as a Q[G~]-module

Hy(M7;Q) = Q{Kx,} ©Er ®Q

and Hy(M7;Q)% = Q{Kx,}. Taking intersections with H>(Mz7;Z) on both sides shows that
Hy(M7; )97 = Z{Kx, }.

2. The restriction of Qs to Z{Kx,} is unimodular so there is an orthogonal decomposition of
Hy(Ms;Z) as a Z|Gg]-module as

Hy(Mg;Z) 2 B @ Z{Kx,} = C®®* @ Z.

In both cases, Ha(M,,; Z)¢" = Z{Kx, }. If g = [y] or g = [B] is reducible, there are two possibilities:

1. There exists some ¢ € Hy(M,;Z) such that Qs (c,c) = —1 and g(¢) = £e. If g(¢) = ¢ then
¢ = aKx, for some a € Z. However,

Qu, (aKx,,aKx,) = a*(9—n) > 0.

Because Q) (¢, ¢) = —1, this is a contradiction. If g(c) = —c then ¢ € E,,. This is a contradiction
because E,, is an even lattice.

2. There exist some ¢y, co € Ho(M,; Z) such that Q s, (ck, ce) = —dge and g(c1) = co. Then e+ €
Hy(M,,; Z)%", meaning that ¢; + ¢ = aKx,, for some a € Z and

Qum, (aKx, ,aKx,) = a2(9 —n)>0.

Because Q s, (¢1 + c2,¢1 + ¢2) = —2, this is a contradiction. O

3.4 Involutions in Mod™ (M,,) for5 <n <8

With the discussion of conjugacy classes of involutions in the plane Cremona group above, we are
ready to continue analyzing the cases 5 < n < 8. The next lemma gives a criterion for reducibility of
mapping classes g € Mod(M,,).

Lemma 3.10. Let g € Mod(M,,). Then g is reducible in the following cases:
1. if n < 7 and there exists ¢ € Ho(M,,; Z) with Qur, (¢, ¢) = 1 such that g(c) = ¢

2. if n < 8 and there exists c1,co € Ha(My;Z) with Qur, (ckyce) = 1 — Oe such that g(cy) = cq or
glcr) =cp fork =1,2;

3. if n < 9 and there exists ¢ € Ho(My; Z) with Qur, (¢, c) = —1 such that g(c) = c.
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Proof.

1. The restriction of the intersection form @ s, to Z{c}* is unimodular and negative-definite
by [GS99, Lemma 1.2.12]. For n < 7, there is only one unimodular and negative-definite sym-
metric form of rank n, and so there is an isometry

L Hy(CP* Z) & Ho(#nCP% Z) — Hy(M,: 7)

such that t(H) = c and the image of Hy(#nCP?; Z) under ¢ is Z{c}*. Then g is contained in the
image of ¢, because g preserves Z{c}* and Z{c}. Therefore, g is reducible.

The restriction of the intersection form @y, to Z{c1,c2}* is unimodular and negative-definite
with rank n — 1 by [GS99, Lemma 1.2.12]. Because n — 1 < 7, there is only one unimodular and
negative-definite symmetric form of rank n — 1. Therefore, g is reducible by the same reasoning
as the proof of (T).

The restriction of the intersection for Q s, to Z{c}* is unimodular and indefinite with signature
(1,n — 1) by [GS99, Lemma 1.2.12]. If n # 2 then the signature o(Qns, |z{c}+) = 2 — n is not
divisible by 8, so the lattice (Z{c}*, Qur,|z{+) is odd by [G599, Lemma 1.2.20]. There is an
isometry

i Hy(M,_1;Z) ® Ho(CP* Z) — Hy(M,;7)

such that the image of Hy(M,_1;7Z) under ¢ is Z{c}* and the image of H,(CP? Z) under
v is Z{c} by [GS99, Theorem 1.2.21]. If n = 2 then the signature o(Qur,[z(3+) = 0. So
(Z{C}l,QM"|Z{C}L) & (Hy(M;Z),Qum) for M = M, or My because these are the only two
indefinite lattices of rank 2. There is an isometry

L Hy(M;Z) & Hy(CP?,Z) — Hy(Mo; 7)

such that the image of Ha(M;Z) under ¢ is Z{c}* and the image of H» (W, Z) under ¢ is Z{c}
by [GS99, Theorem 1.2.21].

Therefore, g is contained in the image of ¢, so g is reducible. O

One way to determine all conjugacy classes of W5 = W(Ds) of order 2 is to consult [Car72}

Table

3], but we apply [Car72, Lemma 5] instead. We first determine the maximal set of mutually

orthogonal roots of E5, up to Ws-action.

Lemma 3.11. Up to Wi-action and up to sign, the unique maximal set of mutually orthogonal roots of E; is

Proof.
roots

S={H-FE -E;,—F3,H—-FE, —E;— FE5, Ey — E3, B, — Es}. (1)

Let S be a maximal set of mutually orthogonal roots of E5. By [Doll2, Proposition 8.2.7], the
of E; are of the form E; — E; and £(H — E; — E; — E}) for i, j, k distinct. The group W; acts

transitively on the roots by [Dol12, Proposition 8.2.17], so we may assume that «; = H — £y — Ey —

Es €
1.

S.

Suppose ag = H — E; — E; — E, € S with oy # as. Because Q5(aq, a) = 0, up to relabeling
the vectors E;, we may assume that oy = H — E; — E4 — Es. No other roots of the form
H — E; — E; — E}, are orthogonal to both o; and as.

If ag = E;, — E; € S, then {i,j} = {2,3} or {4,5}. Since E; — E3 and E, — Es are orthogonal,
we see that the set S as given in (1) is the unique maximal set containing multiple roots of the
form H — El — E2 — Eg.

Suppose there are no other roots of the form H —F; —E; —E, € S.If E;— E; € S, either {i,j} =
{4,5} of {7, 7} € {1,2,3}. Without loss of generality, we may assume that E; — F3, By — E5 € S.
No other roots of the form E; — E; are orthogonal to all elements of S. This set S is then
contained in the maximal set given in (T). O
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Proposition 3.12. There is exactly one conjugacy class of irreducible involutions in Mod™ (Ms), and the
elements of this conjugacy class are realized by de Jonquiéres involutions of (algebraic) degree 3.

Proof. The group W; is the Weyl group W (Ds5) = (Z/2Z)* x Ss. Consider various subsets I of
the maximal mutually orthogonal set of S as in (1), up to Ws-orbits. For each I C S, consider
g = HaEI Refa S W5.

1. If I = S then
9= (Refg_p,—p,—g, oRelp,_g,) o Refg, —g,—p, oRelg,_p, ).

By Lemmas[3.6|and g is irreducible and realized by de Jonquiéres involutions of degree 3.
2. 1fI={H—FE,—FEy;—E;5, H— E; — E;— E5} then g(¢) = cwith ¢ = 2H — E; — E3 — E5 because

c € Z{I}*. Because Qs(c,c) = 1, Lemma implies that g is reducible.
3. IfI C{H — Ey — Ey — E3, E; — E3, E4 — E5}, then g is in the image of the standard inclusion

L, : Mod(M3) x Mod(#2CP?) < Mod(Ms).

Therefore, g is reducible.

4. fI={H - E, — Ey— E3, H— E, — E4 — E5, E5 — E5} then consider
oy :=H — Es € Z{H — E; — B, — E5, By — E3}*.
Let oy :=2H — Ey — E» — E3 — E5 and compute that

g(al) = RefH7E17E2*E3 (041) = Q2.
By Lemma [3.10(2) , g is reducible because g(o1) = as.

Any element of order 2 in W5 can be written as a product of reflections about mutually orthogonal
roots by [Car72| Lemma 5]. Hence, we have shown that there is a unique irreducible conjugacy class
of order 2 in W5 and this class is realized by a de Jonquiéres involution of degree 3. Corollary
then implies that this is the only irreducible conjugacy class of order 2 in Mod ™ (M5). O

For the rest of this paper, we use the list of conjugacy classes of each W, given in [Car72]. The
classification of [Car72] is stated in terms of a graph I' (called Carter graph) that one can associate to
each conjugacy class C of W, (cf. [Car72, p. 6]). We briefly describe the Carter graph of a conjugacy
class C of order 2 here:

Let g € C have order 2. Write g € W, as a product of reflections Ref,, where Qas, (vi, v) = —2
for all 1 < k < m. We can make the roots {v, ..., v,,} mutually orthogonal to each other by [Car72,
Lemma 5]. Then a Carter graph of C is I' = (A;)™ which has m vertices and no edges; this is the
Dynkin diagram of the Weyl subgroup (Ref,,,...,Ref, ) = W(A;)™ of W,,. A conjugacy class C
may have more than one Carter graph.

Throughout the rest of this section, we use the notation

Qi 1= H — Ei — Ej — Ek S Hg(Mn,Z)
for 1 <1i,j, k < n distinct.
Lemma 3.13. Any element g € Mod ™ (Mg) of order 2 is reducible.

Proof. Consider the set
S ={a123, 1a5, Ex — E3, By — Es}

of four mutually orthogonal roots of Eg. According to [Car72| Table 9], the conjugacy classes of order
2 are in bijection with the graphs I" = (A4;)™ with 1 < m < 4. Therefore, such conjugacy classes
are represented by elements of the form [].; Ref, for some I C S. All such involutions g satisfy
g(Es) = Eg, making them reducible by Lemma . O
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Proposition 3.14. There are two conjugacy classes of irreducible involutions in Mod™ (M) and the elements
of these conjugacy classes are realized by de Jonquiéres involutions of (algebraic) degree 4 and Geiser involu-
tions.

Proof. Consider the set of mutually orthogonal roots
S ={au27, agar, aser, By — Ea, B3 — Ey, E5 — Eg, 2H — Ey — -+ — Eg}.

According to [Car72, Table 10], the Carter graphs of the conjugacy classes of order 2 are of the form
I' = (A;)* for some 1 < k < 7. Each graph

D= A, (A1)% (A1), (A1)°, (A)T
has a unique associated conjugacy class of order 2 in W7. Each graph
I = (41)% (A)*
has two associated conjugacy classes of order 2 in W7.

1. The conjugacy classes of I' = A; and I' = (A;)? are represented by g = Refp,_pg, and
g = Refg, g, oRefp,_g, respectively. In both cases, g is reducible by Lemma [3.10(1) because
g(H)=H.

2. The conjugacy class of I' = (A;)® is represented by g = [],; Ref, with
I = {ai23, a145, Bz — B3, B4 — E5, Eg — Er}.
Then g is in the image of the standard inclusion
Ly : Mod™ (Ms) x Mod(#2CP?) < Mod ™ (My).
Therefore, g is reducible.
3. The conjugacy class of I' = (A;)° is represented by g = [, Ref, with
I ={ai27, azar, aser, B1 — Eo, B3 — Ey, E5 — Eg}.
By Lemmas (3.6{and g is irreducible and realized by a de Jonquiéres involution of degree 4.

4. The conjugacy class of I' = (A;)7 is represented by g = [],.s Refa. Then g acts by negation
on E; and is realized by the Geiser involution as described in Section By Lemma gis
irreducible.

The remaining two cases are I' = (A4;)3 and (A;)*.

1. There are two conjugacy classes of order 2 associated to I' = (A;)?. Consider the two elements

hi1 = Ref o Ref o Ref

h2 = 1:{efE1,E2 C>].:iefE3,E4 ORefE5,E6 .

@127 Q347 Q5677

Letay =2H — E; — E5 — E5 — E7 and as = H — E7 and note that hq(a;) = «; foreach i = 1,2
because
a1, ag € Z{a27, azar, aser}t.

Because Qs (g, p) = 1 — dxe, Lemma [3.10(2) shows that h; is reducible. Moreover, hs is
reducible by Lemma [3.10|(1) because ho(H) = H; the subspace fixed by h; is

Hy(M7;2)\"2) = Z{H, E:} & Z{E\ + Ez, Es + E4, Bs + Eg}.
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Suppose h; and hy are conjugate in Mod(M7), so that there exist some ¢, co € Ha(Mr; Z)WA‘>
such that Q7(c;, ¢j) = Q7(, o) for all 4, j. Then

3

ci = AiEr + (Z B; 1 (Eog—1 + E2k:)> +C:H
k=1

for some A;,B; ;,,C; € Z fori = 1,2 and k = 1,2,3 with C? = A? + 222:1 B7,.. Taking
both sides mod 2, we see that C; = A; (mod 2) for i = 1,2 so that C1C — A1 43 = 0 (mod 2).
However, Q7(c1,c2) =1 and

3
Q7(01702) =—A145 + (Z _2B1,kB2,k> + C1Cy = —A1A5 + C1Cy (mod 2).
k=1

This is a contradiction. Therefore, both h; and hy are reducible and are not conjugate to each
other in Mod(My).

. There are two conjugacy classes of order 2 associated to I' = (A4;)*. Consider the two elements

h1 = RefEI,E2 ORefE3,E4 ORefE6,E7 ORefH,EleZ,E

5

hQ = (RefH—El—E‘g—E3 oRefE2_E3) o (RefH_El_E4_E5 oRefE4_E5).

Then h; and hy are in the image of the standard inclusion
Ly t Mod™ (Ms) x Mod(#2CP?) < Mod ™ (M-)

because h; and hy both preserve Z{ Es, E;}. Therefore, hy and hy are both reducible.

By Lemmas3.6|and 3.8} the restriction of hs to t(Hy(Ms; Z)) is irreducible and realizable by a de

Jonquiéres involution. Moreover, hs restricts to a trivial action on ¢(Ho(#2CP?; Z)). By Lemma
there is a decomposition as a Z[(hz)]-module

Ho (M7 Z) = o(Hy(Ms; 7)) o o(Ha(#2CP?; 7)) = Z[(ho)]®2 @& C%2 @ 732

where C' 2 Z as a Z-module and hy acts by negation on C. On the other hand, the Z[({h,)]-
module structure of Hy(Mg;Z) is

Hy(M7;Z) = Z{H — Ey, H — B} ®Z{H — E| — Es, FEs} ®Z{Es3, E,} ®Z{Eg, B} = Z[(h1)]®*.

If hy and hy are conjugate in Mod(M7) then the Z[(h1)]- and Z[(he)]-module structures of
Hy(M7;Z) agree. Therefore, hy and hs are not conjugate in W and the two conjugacy classes
of order 2 associated to I' = (A;)* are represented by hi and ho.

Therefore, the conjugacy classes of the Carter graphs I' = (A;)® and (A;)7 are the only two irreducible
conjugacy classes of order 2 in W7 and they are realized by a de Jonquiéres involution f of degree 4
and a Geiser involution v respectively. By Lemmas[3.7/and

Hy(M7;Z)) = 722, Hy(Mr2)0 =17

so [f] and [4] are not conjugate in Mod(My). Corollary 2.8 then implies that these are the only two
irreducible conjugacy classes of order 2 in Mod™* (M7). O

Proposition 3.15. There is exactly one conjugacy class of irreducible involutions in Mod™ (Ms) and the
elements of this conjugacy class are realized by Bertini involutions.
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Proof. According to [Car72, Table 11], the Carter graphs of the conjugacy classes of W of order 2 are
of the form I' = T'(A4;)* for some 1 < k < 8. Each graph

= Ar, (A% (A1), (A1), (A)°, (A1), (Ar)°
has a unique associated conjugacy class of order 2 in Wg. The graph
I=(4)*
has two associated conjugacy classes of order 2 in W.

1. The conjugacy classes of I' = (A;)* for 1 < k < 7 and k # 4 are represented by g = []
for some

acl Ref‘l

I C {aia7, azar, aser, By — Ba, B3 — Fy, E5 — Eg, 2H — Ey —--- — B,
Then g(Es) = Es and therefore g is reducible by Lemma .10|3).
2. There are two conjugacy classes of order 2 associated to I' = (A4;)*. Consider
h1 = Refg, g, oRefp,_g, oRefg,— g, oRefy_E,—E,—E-
he = (Refy_p,—p,—p,oRefp,_p,) o Refy_g,—p,—E, oRefg,_g.).

Both hy and hy are reducible by Lemma [3.10(3) because h;(Es) = Es for i = 1,2. By the same
proof as in the analogous case in Proposition [3.14} h; and hy are not conjugate in Mod(Ms).
Therefore, the two conjugacy classes of order 2 associated to I' = (A;)* are represented by h;
and ho.

3. The conjugacy class of I' = (A;)? is represented by g which acts by negation on Eg and fixes
3H — Ey —---— Eg. The involution g is realized by the Bertini involution as described in Section

By Lemma[3.9} g is irreducible.

Therefore, there is a unique irreducible conjugacy class of order 2 in Wy and this class is realized by
a Bertini involution. Corollary 2.8 then implies that this class is the only irreducible conjugacy class
of order 2 in Mod ™ (Mj).

We conclude by combining all of the lemmas above to prove Theorem

Proof of Theorem Lemma shows that each involution in Mod+(Mn) of 1 < n < 4isreducible.
Lemma and Propositions [3.12] 3.14] and [3.15 show that the only irreducible involutions g €
Mod ™ (M,,) for 5 < n < 8 are those conjugate to the mapping classes of involutions on some X =
Blp CP? induced by de Jonquiéres (of degree d > 2), Geiser, and Bertini involutions where P is the
set of its base points. Suppose g € Mod™*(M,,) is realized by such an automorphism § of X via the
diffeomorphism ¢ : M,, = X. Forany f € Mod™ (M,,), there exists a diffeomorphism F' € Diff (M)
with [F] = f by Theorem Hence f~'gf € Mod™(M,,) is realized by § via the diffeomorphism
poF: M, — X. O

Before considering the extension of Theorem|I.3|to Theorem|I.2} we consider the notion of minimal
pairs considered by Bayle-Beauville ([BB00]) in their classification of conjugacy classes of involutions
in Cr(2). A pair (S, o) where S is a rational surface and ¢ is an involution of S is called minimal if any
birational morphism £ : S — Sy such that there exists an involution o of Sy with F oo = 0 0 F'is
an isomorphism. Corollary [1.4]is a reformulation of Theorem [I.3|using this language.

20



Proof of Corollary[T4] Let M be a del Pezzo manifold and let g € Mod™ (M) be an irreducible mapping
class of order 2. By Theorem g is realized by an involution ¢ of a rational surface S diffeomor-
phic to M. If (S, o) is not minimal then there exists some smooth rational curve E C S such that
Qum([E),[E]) = —1 satisfying o(E) = E or ENo(E) = (0 by [BB00, Lemma 1.1]. In both cases,
M = M, for some 1 < n < 8. In the first case, [0] is reducible by Lemma [3.103). In the second
case, M = M, for some 5 < n < 8 by Theorem[1.3] Note that Z{[E], 0.([E])} is a Z-submodule of
Hy(M;Z) preserved by [o] to which the restriction of Qs is unimodular of signature (0,2). Then
(Z{[E),0.([E])}*, Q) is preserved by [o] and is a unimodular lattice of signature (1,n — 2); it is
isometric to (Hy(M,,—2;Z), Qu,_,)- Hence [o] is reducible. Therefore, (S, o) must be minimal if [o] is
irreducible.

Now suppose (S, 0) is a minimal pair where S is a rational surface diffeomorphic to some del
Pezzo manifold M and o is an involution of S. All possible pairs (S, o) are listed in [BB00, Theorem
1.4]; we consider each case (i)-(vi) separately.

(i) There exists a smooth CP'-fibration f : S — CP' and an involution 7 of CP' such that f oo =
7 o f. Because S is a simply connected, geometrically ruled surface, it must be isomorphic
to a Hirzebruch F,, for some m > 0 by [G599, Theorem 3.4.8]. If m > 0 then any complex
automorphism o of S must preserve the unique irreducible curve C of S with self-intersection
number —m (given by a section of f) and o must also fix the homology class [F] of the fiber F
of f. Because [F] and [C] span H»(S;Z), this implies that [c] = Id € Mod(M) so [o] does not
have order 2. If m = 0 then S = CP' x CP' is diffeomorphic to M.. Any element of Mod(M..)
is irreducible by Lemma

(ii) There exists a fibration f : § — CP' such that f o 0 = f; the smooth fibers of f are diffeomor-
phic to CP' on which ¢ induces a nontrivial involution and any singular fiber is the union of
submanifolds diffeomorphic to CP' exchanged by o meeting at one point.

Suppose f has s-many singular fibers with s > 0. By the proof of [BB00, Theorem 1.4], any
singular fiber contains an exceptional divisor. Blowing down one of the components (call it e;
for 1 <i < s)in each singular fiber yields a Hirzebruch surface F,,, with a birational involution.
This means that if Sy € H2(S;Z) is the class coming from a fiber of f : F,, — CP! then

U*<SQ):527 U*(ei):S2*€i
forall 1 < i < s. Because Hy(S;Z) = Z{S1,5s,€1,...,es}, Lemmas B.5 and 3.8 imply that
[0] € Mod(M;41) is irreducible.

If s = 0 then the same argument as in case (i) holds because f is a smooth fibration.

(iii), (iv) The surface S is isomorphic to CP* or CP' x CP'. Lemma shows that [¢] € Mod(M) is
irreducible.

(v), (vi) The surface S is a del Pezzo surface of degree 2 or 1 and f is the Geiser or Bertini involution
respectively. Lemma[3.9shows that [o0] € Mod(M) is irreducible. O

3.5 Extension to Mod(M,,) for1 <n <8

In this section we compare the involutions g € Mod(M,) to involutions of Mod™ (,,) to prove
Theorem [1.2] The following lemma will be used to construct involutions realizing irreducible order
2 elements g € Mod(M,,) — Mod™ (M,,).

Lemma 3.16. Let P be a finite subset of 4 < n < 8 points in general position contained in RP*> C CP? and
let 75 : CP? — CIP? be the map given by complex conjugation of the coordinates. Let f : Blp CP? — Blp CP?
be a complex automorphism of order 2 induced by a birational map fo : CP*> ——» CP? with base points given
by P and let 7 : Blp CP* — Blp CP? be the map induced by 9. Then T and f commute.
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Proof. For any polynomial F' € C[X,Y, Z], write F € C[X,Y, Z] to denote the polynomial obtained
by conjugating the coefficients of F. There exist homogeneous polynomials F, G, H € C[X,Y, Z] of
degree m such that

folg) =[F(q) : G(q) : H(q)]
for all g ¢ P. Then gy := 79 fo7o is given by

If ¢ € CP? such that g, is not defined at ¢ then

70(0) = 70(F(q)) = F(70(q)).

Similarly, G(79(¢q)) = H(70(¢q)) = 0 and so 79(q) € P. Therefore, ¢ € P because the points of P are
fixed by 79. This shows that gy is birational and lifts to an automorphism g of Blp CP2.

By construction, g = 7 f7 as a diffeomorphism of Blp CP?. The action of g« on Hy(Blp CP?; Z) co-
incides with the action of f, because 7. acts by negation on Hy(Blp CP?, Z). Therefore, f = 7f7
because the homomorphism Aut(Blp CP?) — Aut(Hs(Blp CP?*;Z), Qg cp2) is injective ([Doll2)
Proposition 8.2.39]). O

We finally extend Theorem [1.3]to prove Theorem[1.2}

Proof of Theorem Let —I € Mod(M,,) denote the mapping class which acts by negation on Hy(My; Z),
and let —g = (—I) o g for any g € Mod(M,,). If g preserves some Z-submodule N < Hy(M,;Z) then
—g preserves N as well. Therefore, g is reducible if and only if —g is reducible.

Let g € Mod(M,,) be an irreducible element of order 2. If g € Mod ™ (M,,) then Theorem shows
that g is realized by a de Jonquiéres (of degree d > 2), Geiser, or Bertini involution. If g ¢ Mod™ (M,,)
then —g € Mod™*(M,,). Theorem shows that —g is realized by de Jonquiéres (of degree d > 2),
Geiser, or Bertini involutions.

1. If —g is realized by Geiser or Bertini involutions then let X = Blp CP* where P is a set of n
points in general position contained in RP? C CP?. Let f be the Geiser or Bertini involution of
X and let 7 be the diffeomorphism of X induced by complex conjugation on CP?. By Lemma
f o7 has order 2 in Diff " (M,,). Then [f o 7] = g because [r] = —I and [f] = —g.

2. If —g is realized by de Jonquiéres involutions then Lemma shows that there exist X =
Blp CP? where P is a set of n points in RP? C CP? and an automorphism f € Aut(X) in-
duced by a de Jonquiéres involution that commutes with the anti-biholomorphism 7 induced
by complex conjugation on CP?. Therefore, f o 7 has order 2 and [f o 7] = g. O

4 The smooth Nielsen realization problem for involutions

In this section we describe a construction that we call complex equivariant connected sums and use it to
prove the smooth Nielsen realization problem for involutions (Corollary|[1.5).

41 Complex equivariant connected sums

Finding representative diffeomorphisms of a mapping class g of order two has distinct flavors de-
pending on the irreducibility of g. We define complex equivariant connected sums in order to realize
order 2 reducible mapping classes of del Pezzo manifolds. The definition here is specialized to
G = 7Z/27 and is a special case of equivariant connected sums which appear in [HT04, (1.C)]. For a
more general description, also see [Lee21} Section 2.2].

Let Ny, No be smooth manifolds and let G = Z/2Z. Consider diffeomorphisms g; € Diff " (V;)
of order two for i = 1,2. Suppose there are points p; € N; for i = 1,2 such that p; is fixed by
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Figure 4: The equivariant connected sum (N, #N2, G) where G = (g) = Z/2Z.

all g; and the tangent representations G; — SO(T},,N;) are equivalent by an orientation-reversing
isomorphism T}, N; — T,,N3. By the equivariant tubular neighborhood theorem, there exist G-
invariant neighborhoods of p; € N; for each i = 1,2 which we can identify G-equivariantly. The
G-equivariant identification of the neighborhoods of p; and ps in N; and N, forms a connected sum
N1#N, with a natural smooth action of G. The G-manifold (N;1#Ns, G) is called an equivariant
connected sum. See Figured for an illustration.

Consider G x N,. Suppose there exist points p; € N; which is not fixed by g; and any ps € Ns.
The G-equivariant identification of the neighborhoods of the points in the G-orbit {p1, g1(p1)} of
p1 € N and the neighborhoods of the points G x {p2} in G x N3 is denoted (N1#(G x Nz), G) and
is also called an equivariant connected sum. See Figure|[T]for an illustration.

With these definitions in mind, we define a complex equivariant connected sum.

Definition 4.1. Let M be a smooth, oriented manifold and let G = Z/2Z < Diff*(M). The pair
(M, Q) is called a complex equivariant connected sum if one of the following holds:

1. M = N or N where N is a complex manifold and N is the same manifold with the opposite
orientation; each g € G' < Diff () is biholomorphic or anti-biholomorphic,

2. (M,G) = (N1#N,, G) is an equivariant connected sum where (N1, G) and (N3, G) are complex
equivariant connected sums, or

3. (M,G) = (N1#(Z/2Z) x N», Q) is an equivariant connected sum where (N1, G) is a complex
equivariant connected sum.

If Go < Mod(M) is a finite group such that there exists a complex equivariant connected sum
(M,G) and G < Diff* (M) is a lift of G, under the quotient 7 : Homeo™t (M) — Mod(M) then we say
that Gy is realizable by a complex equivariant connected sum. The following lemma is used in realizing
reducible mapping classes of order 2.

Lemma 4.2. Let M and N be smooth 4-manifolds and let fy; € Diff ™ (M) and fn € Diff ™ (N) be diffeomor-
phisms of order 2 fixing real surfaces Spy € M and Sy C N respectively. There is an equivariant connected
sum (M#N, <f>) where <f> = Z/QZ such that f|]y[,pg]\4#]\/ = f]u and f|N,qg]yj#N = fN with pE S]u
and q € Sn. Moreover, f fixes a real surface in M#N.

Proof. Fix far- and fn-invariant metrics on M and N. For any p € Sy, the action of d,, far on T, M
fixes T},Syr C T, M and acts by negation on 7},S3; C T,,M. Similarly, the action of d, fx on T, N fixes
T,Sy C T,N and acts by negation on 7,S% C T, N for all ¢ € Sx. There is an orientation-reversing
isomorphism ¢ : T,N — T,,M taking T,,Sn to 1,5y in an orientation-reversing way and taking 7;,.S ﬁ
to T,,S7; in an orientation-preserving way. By construction, (fi/) — SO(T, M) and (fn) — SO(T,N)
are equivalent by the orientation-reversing isomorphism ¢ which forms the equivariant connected
sum (M#N,Z/2Z). Moreover, Sy #Sny C M#N is a real surface fixed by the resulting smooth
7/2Z-action. O
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4.2 The proof of Corollary|1.5
The following lemma forms the base case of the inductive proof of Corollary

Lemma 4.3. Let M = My or M,. Any element g € Mod (M) is realizable by order 2 complex equivariant
connected sum fixing a real surface.

Proof. Note that Mod(My) = Mod(CP?) = {£1d}, where the nontrivial element acts on H,(CP?;Z)
by negation. Then [f_] = —Id € Mod(CP?) where f_ is the involution [X : YV : Z] — [X : Y : Z]
given by complex conjugation and fixes a real surface in My. Moreover, [f;] = Id € Mod(CP?) where
f4 is the involution [X : Y : Z] — [-X : Y : Z] which also fixes a real surface in Mj.

Note that Mod(M,.) = (c1, c2) = (Z/2Z)? where

/-1 0 /01
a=lo -1)0 271 o
with respect to the Z-basis (51, .S2) of Hy(M,; Z). Define

fo (XYL W Z) = (X Y], W Z)),  feo,([X:Y],[W:2])=(W:Z],[X:Y])

The group (f.,, fe,) < Diff*(M,) is a lift of Mod(M.) under the quotient map 7 : Homeo™ (M) —
Mod(M,) with w(f.,) = ¢; for each ¢ = 1, 2. It is straightforward to check that all nontrivial elements
of (fc,, fe,) fix a real surface in M,. The identity element is realized by f, : M, — M, where
fo([X :Y],[W:Z]) = ([-X : Y], [W : Z]) which fixes a real surface in M,. O

The inductive step is handled by the lemma below. The proof is straightforward but included for
the sake of completeness.

Lemma 4.4. Fix n > 1. Suppose any h € Mod(Mjy,) of order dividing 2 is realizable by an order 2 complex
equivariant connected sum fixing a real surface for all 0 < k < nand k = *. If g € Mod(M,,) is a reducible
element of order dividing 2, then g is realizable by an order 2 complex equivariant connected sum fixing a real
surface.

Proof. Suppose g is contained in the image of a standard inclusion
L : Mod(Mj,) x Mod(#(n — k)CP~) — Mod(M,)

for some k < n. Suppose g = i.(h1, he) with (hy, he) € Mod(M},) x Mod(#(n — k)@) Any order 2
element hy € Mod(#(n — k)CP?) satisfies:

h2 : El — Eji or :tEl

forall 1 <i < n—kand some j; # i. Because h, preserves Z{ E;, E;, } or Z{ E;}, we may assume that
k =n — 2 or n — 1 respectively. Without loss of generality, suppose hq(E1) = E3 or ha(E71) = £E;.

Let (My, (h)) be an order 2 complex equivariant connected sum (where £ is a diffeomorphism of
M, fixing a real surface S C M) such that [h] = h4.

1. Suppose k =n — 1. If ho(Eq) = E; thenlet f : CP? — CP? with f (XY Z] e [-X Y 7).
If ha(E1) = —E; then let f : CP? - CPPwith f: [X:Y : Z] = [X:Y : Z]. In either case, f
fixes a real surface in CP?. There is a complex equivariant connected sum (M,,_ #CP?, Z/27)
fixing a real surface realizing (hy, h2) by Lemma

2. Suppose k = n — 2 and ho(E1) = Es. Then (M,—2#((Z/2Z) x @),Z/QZ) gives the desired
complex equivariant connected sum.
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Any reducible g € Mod(M,,) of order dividing 2 is conjugate to some gy € Mod(M,,) contained in
the image of a standard inclusion ¢,; let g = f~'gof for some f € Mod(M,,). By Theorem there
exists a diffeomorphism F € Diff " (M,,) with [F] = f. If (M,,, G) is a complex equivariant connected
sum realizing go then (M,,, F~'GF) is a complex equivariant connected sum realizing g. O

With the inductive step in hand, we prove the smooth Nielsen realization problem for involutions
on del Pezzo manifolds.

Proof of Corollary[I.5] We will show that for any del Pezzo manifold M, any g € Mod(M) of order
dividing 2 is realized by a complex equivariant connected sum of order 2 fixing a real surface.

The claim holds for M = M, and M, by Lemma Fix 1 < n < 8 and suppose that the claim
holds for M = M;, for all 0 < k < n. We will prove the claim for M = M,,.

Let g € Mod(M,,) be an element of order dividing 2. If g is reducible then g is realized by a
complex equivariant connected sum of order 2 fixing a real surface by Lemma

Suppose g is irreducible. If g € Mod™ (M) then Theorem 1.2|shows that g is realized by a complex
automorphism of some Blp CP? = M induced by de Jonquiéres, Geiser, or Bertini involutions. All
such automorphisms fix a complex curve in Blp CP?. If g ¢ Mod™ (M) then Theorem [1.2 shows
that g is realized by some anti-biholomorphism f of order 2 of a complex surface Blp CP* = M and
—g is represented by an automorphism of Blp CP? induced by a de Jonquiéres, Geiser, or Bertini
involution.

To show that f fixes a real surface in M, we apply the Hirzebruch G-signature theorem ([HZ74,
Section 9.2, (12)]) which says that if f, is a smooth involution of M then

20(M/(fo)) = o(M)+ Y _ defc
C

where

1. o(M/(fo)) is the signature of the restriction of Qs to the fixed subspace of Hy(M;R) under
(fo)« (cf. [HZ74} Section 2.1, (22)]),

2. o(M) is the signature of the 4-manifold M, and

3. the sum ). def( is taken over the 2-dimensional components of the fixed set of f and def¢
denotes the quantity called the defect of C. To be precise, the statement of the Hirzebruch G-
signature theorem also involves defects def, associated to isolated fixed points p. However,
def,, = 0 for all isolated fixed points p when f;, has order 2. See [HZ74, Section 9.2] or [Lee21)
Remark 4.4] for more details.

We compute 20(M/(f)) and o(M) in each of the three cases.

1. Suppose —g € Mod(M,,) is represented by a de Jonquiéres involution f and n = 5 or 7. By
Lemma 3.7} the Z[(g)]-module structure of Hz(M,;R) is isomorphic to

Hy(M,;R) = C%? g R®"1

where C = R as an R-vector space and g acts by negation. Moreover, this decomposition must

be orthogonal and
C@Q = R{SQ, 251 — €1 — = €n_1}.

With respect to this basis, the restriction of Q, to C%? is

Qu,|co2 = ((2) _(n2_ 1))
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which has signature 0. The signature of a direct sum of orthogonal subspaces is the sum of the
respective signatures, meaning that

1—n=o0(M,)=oc(C%)+ U(Hz(Mn;R)<g>) = o (M, /(f))

The G-signature theorem implies that

> defc =20(M,/(f)) — o(My) =1—n #0.
C

Therefore, there exist real surfaces C C M,, fixed by f.

2. Suppose —g € Mod(M,,) is represented by a Geiser or Bertini involution f and n = 7 or 8
respectively. There is an orthogonal decomposition

Hy(M,;R) = R{Kx, } G, ® R;

here, —g acts by negation on E,, and fixes R{Kx, }. Therefore,

Hy(M,;R)9 =E, @ R.

The restriction of s, to E,, is negative-definite so o(M,,/(f)) = —n. The G-signature theorem
implies that

> defc =20(M,/(f)) = o(My) = —n — 1 #0.
C

Therefore, there exist real surfaces C C M,, fixed by f.

Therefore, any g € Mod(M,,) of order dividing 2 is realized by a complex equivariant connected sum

of order 2 fixing a real surface. The corollary now follows by induction on 7. O
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