


E. Example : 143 Surfaces (Farts - looijenga -
"

Nielsen
. . .

"

)

Definition
.
Let M be a closed complex

surface
.

M is a 143 surface if :
-

(i) a. (M) = 0

(ii) M admits a nowhere vanishing holomorphic
2- form ( in local coordinates 1-2

, ,zz ) e.g.dz ,̂ d7z)
Huh?

Enriques - Kodaira Trichotomy ( H - ohotomy ) of

closed complex surfaces

like :
g-
- O l . Rational : P' xp

'

,

IPZ
(and ruled)

g=l 2. Complex tori = -1
"

,
K3 surfaces !

g±2 3. General type :(e.g.
①"-1¥. )

and blowups of them
.



EI. Let Nld :=a smooth degree d hypersurface EP
>

= {Exo : . . . :X, ] : F(✗o , . .. .kz) = 0

for smooth F- c- ① Go
,
- i.
×}I[d) }
T

homogeneous
tact . 114

,

=p
'

M
,

= P' xp
'

M
}
= Bl
{P . , . . :p,}

( IP)

My = K3 surfaces

M
d±5

= general type

sidebar
.

smooth cubic surface SE IPs

has 27 lines

• S ± Blqp
, ,
. . . ,p,}

( PZ ) {pi } in general pas .diffeo
- pi =/ Pj
- no 3 collinear



e.←
=P
'

- not all 6 on

a conic

*

'

eco lij * Where are the 27

* lines ?
es 3

e
"

6 exceptional divisors

15=19 ) strict transforms Ñij of lij
6 strict transforms of conics Ci --1

,
. ..

.
6

-

27 lines !

Topology of K3 surfaces

1. M complex ⇒ M orientable ⇒

Holm , -1) E He,(NI , -1) = ⇒ Qµ unimodular
PD

a.(M) --0 ⇒ 1-1,114,11=-1-1,114 , I) = 0 .

2. Hodge theory ⇒ a . Qm even

b. Qµ, indefinite

c. Qiu has o - type (3,19 )



closed 1C -surface

Propositions M a#⇒ M has a unique

holomorphic 2-form up to scaling . any
holo

.

PR00 Locally W
,

= f. (z , ,z ,) dz , ndzz
" 2- form

Wz = f-
,
(Z

, , Zz) dz , ^dzz
nowhere = 0

2- form

consider the function

M-a.CI/Z,,Zz)l-Yf(Z,,Z.z)fz(Z,,Zz)
Bounded

,
well - defined

,
holomorphic ⇒ constant

.
El

Max

principle
seen through Hodge theory :

H1N1
,
G) = It"(M) ④ H'

"
(M) ⑤ H "YM)
-s - 1-1

holon . type 11,1) anti - holom .

Classification of even
,

unimodular
,

indefinite

quadratic forms ⇒

Qiu = a Egl- 1) + but
(ft)

p E

o = (0,8) 0=4,1)



④ U
⑦3

so for K3s : Qµ, = Egl- 1)
0+2

since a(0,8) + b( 1,1 ) = (3,19 )

Examples of K3 surfaces

1. Smooth quartic surfaces in IP
}

Fermat
I cubic

e.g. { [xo : . -. :X, -1 : ×
,

"
= 0}

2. 2 - sheeted branched covers of IPZ
,

branched

over a smooth sext:c curve C.

NI = 143 surface !

2:|

Pbc branch locus

3. Kummer surfaces : A- = %
.

complex torus
,

an abelian
group

under addition mod A-

16 2- torsion points :
e.g. A = ①%I[ i] ' = %[ i] ✗ %I[it



AGI = { I
- torsion pts } • •

in A

T
= { ( E, , . . . , -4 ) : c-

i
c- { 0 , I } } ±,

example

Let Iii :-. Be
AGI

A

• i : A → It :(z
, ,z, ) '→ C- 2-

,
,
-

Zz)

{it acts on A with Fix set = 1-127

' i induces an involution of Ñ
.

Nl := Kum (A) = ÑY;). is a compfle-xanif.la!
a K3 surface

t

Analogy of latte example 0¥
in complex dimension I

ta
-⇒

t

tile ;) - Tie:) = -2
.



4. M = ✗znX
, ,

✗
g.
C- IP

"

smooth

hypersurface of degree j , is a K3 surface !

Theorem ( Kodaira
,

1964) : All K3 surfaces

are diffeomorphic !

Proof : Not explicit . It


