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For this lecture

0 . Recalling IP
"

basics

A- EP
"

IP
"
:
-

- op"= { G- lines in }
=

'

-90} /at #
7. ( Zo

, - --,Zn)= (c) Zo , . _Azul
closed

• IP
"

is an n- dim 'T complex manifold

( Zn - dim, oriented real manifold)

• P' = Epl I S2

-
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• Vc
'
a hyperplane .

→ hyperplane HCIP
"

via

it :
'
- { u}→ P

"

ITCV ) = gpn
-1

• IP
"

= { [ Xo : - - . : xD : ✗◦ to} u {[o:X ,
: -- : ✗is}

{ [ I :X ,
:-. : xD : xiec} U 1pm

'

= % "hyperplane
^ at x"

Ent '
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QP
"

• Hi ( IP
"

; 2) = {
≥ i=ñ .

- - in

0 i odd

thePac - .
.

hyperplane
class

Hzk ( IP
"

i 21=-2 generated by
" line " in 1pm [ IP

"

]
↑

the image
◦Fant * til -dim

linear subspace of
+ ' under

IT :
'

- Go]→ IP
"

• dual view : 3 nice 2-form

WFS - Fubini -study as on IP
"

[Wfs] :-. PD ([ it ]) E HYMIE )
% hyperplane class

"

Thu Kahler class of IP
" "
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• PD ([ it] )E HYP? a) = Hon /HIP?≥)
,
≥ )

is given by
"

Tako intersection #

with H " :

Hz ( IP
"

;2)→ I

[ ×] → [×] • EH]
I
aig

int . #

[ ×] → SWFS
✗

PD ( [ Hin - -
-Ntr]) = [ WE?

Wpf - - - NWFI

upn -r r timers

** ( IP
"

i 21 = I[wF☐hw;)
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projvtivuvar.it#LctFECEXo,--,Xif(dy:--homog.uf
dusted

dog ( ✗% . - - ✗it :=Eai

V-dEG* FC >xo , _ . ,7Xn)=7ᵈFCXo , _ . -,Xn)

2-(F) : - { [ Xo: - - :×n] : Fcxo
,
_ . ,✗J=o} ≤ IP

"

is well - defined

DIF .

A PIJ . Variety is

✗ : - 2- (F, , . .. ,Fm)=Z(Fin - - - NZCFM )

≤ pn Fiacco
,
_

'
✗Did ;)

◦ ✗ is compact

• ✗ is hip-roof dv¢inÑ
if ✗= 2- (F)

,
FEEEXo.rs/D(d)
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If ✗ is a hypersurface

• ✗ is sm (Pro's . var .) if it is

Nsa a submanifold of IP
"

⇔ V- [ao : - - - ian] EX

IFT

[2¥ ,( ao ) - - can)
- - - 2%✗n(ao , _.,a

4- [o _ . _ . 0]

Rxmw In the space of all dvsro#
d hyporfsurfaccrs ,

the condition

of being smooth is generic

E# Fcxo
,
- _.

,
XD : = ✗it . . _ +✗nd

p
"

s 2-(F) = Fermat hypersurface
is smooth

( Cn - is -din closed, complex)manifold
d≥'

[ 0%0×0 . . _

◦%) = [d✗ÉdÉ . _ . . dxi
"]

=/ [o - r - o]
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Call it ✗

Theme 1 : The ma!pnRrty distinguishing
the topology of a smooth pros .

Variety ( r- dimensional) anons all

smooth Zr - dim .

,
closed

,
oriented

manifolds is :

an ✗ comes with

i : ✗→ 1pm

I #WKEHZKCX ;2) !

Equivalently [✗ AH] EHzaimcxs-zlx.tl

[✗ NHNH
'] Eltrdimx -4
:

Thoms #2 : solutions of polynomial Equations
are governed by the topology

of the Zero - sets
.

E Recall FTA : Fcztanznt - - - Taitt
Go

Then f- has n Zeros counted a:{ E

with multiplicity
fat =

a.g. f(2-1=2-312--172A-a
,
AEG

-7 - 5 Zeros



I. Conflux curves in P2
7×3 y - (411-+1)+41-245=0 how

many
and ×

>

+ -13 _ ✗42=0 Common

solutions ?
CX >HEE

.

homogenize

,,,,,
, >×,yz , , ,,⇒µ,,µ

944,2-1 = X't -132-4 _

x-iz-l-ojfts.rs =2-=\ ↳ original polys

2-(F)
,
2-(g) ≤ IP

≥
- { [× :-c :D}U{ [× :-|:B

£2

◦ 2-(F)
,
2-(g) are complex curves

&
When 2-(F)

,
2-(g) Smooth , You

got 2 I -dim complex submanifolds
of ypz
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⇔

I 2-(F) nZCg) / = ?

Q2⇒ ZCFI ± Eg what is g ?

If F Az:g=
depends only on

smooth dog (F)

• If f and g have a common factor
,

ˢ→
Foxy

,
E) = d(× ,-1,2-1 BLATZ)

9 = d. 8

⇒ 2- (f) n 2- (g) > 2- (4)

0 Many

solutions
.

rBeZont}Thmi- Suppose F. g. EQEX ,-1,2-7
are homogeneous of degrees d , , dz .

Assume f- and 9 have no common factor .
Then 2-(F) n 2- (9) is finite ,

and has

. d.dz Elements counted with Mutt
.

. For generic F) 9 , / 2- (F)nZGX-d.de
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proofing

① 2- (F) CIPZ →
%
,p
'

[ 2-( F)] E Hz (PTI ) = { [ H]>

↑
so line in

[ 2-(F)] = r . [ It] are.

{ [o :✗*:Z]}
What is r?

For a generic line Lcp
'

z☒
12-4%4 = digf by

FTA" liner
t bezant

"

= FTA

FCX ,-1,2-1=43+2×-1742-2
lino '{ [o :y:z]} n -2CF) = { [① :-c : Z) : 42-2--0 }
-

P' = EU Pt . at a
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Since for 2 Complex submanifolds17%1139 AP ,B9cmP+e
⇒ signs a)

1--1-1

On the other hand
, basic intersectiontheory

⇒ [ 2) • [ZCFI] ILNZCFII

↑ = dxg (F) by
alg int abort
#

⇒

[ L] . ( r[ 2]) = drgcf )

⇒
'

r=drscF )
=L P2

⇒ F- dvscf)

ix. [2-4^-1]=4 f) [ L]

② [ 2- (F)] . [ 2-( g)] = EII
Assumes

ZE Zcfln 2-(g)

2-(F)
AZ(g)

= El ¥.int-fix
= / 2-(f) 72-671

Thus 12-(+772-6) / = [ zcp-B.Eza.jp
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⇒
by ① = ( dog (F)[L)) • (dogG)[D)

= ckrglflckrslg) . [D◦[# ,
☐

Next time : degree - genus Formula

☆


