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Abstract

Given a smooth, oriented, simply-connected 4-manifold M, the homological Nielsen real-
ization problem asks: when does a finite group of isometries G < O(Hy(M;Z)) preserving
the intersection form lift isomorphically to a finite group of orientation-preserving diffeomor-
phisms? We study this question for the smooth, positive-definite 4-manifolds M,, := #,CP?.
Even though every isometry of Hy(M,;Z) is induced by some orientation-preserving dif-
feomorphism, not necessarily of finite order, we show that Nielsen realization is sparse: as
n — oo, a random subgroup of O(Hy(M,;Z)) is asymptotically almost never realizable in
Diff* (M,,); the same is true for random odd order elements of O(Hs(M,;Z)). We present
both positive realization results in certain cases and a range of obstructions to realization in
other cases. The proofs combine equivariant connected-sum constructions, fixed-point theory
for group actions on 4-manifolds, finite group actions on surfaces, analytic combinatorics, and
previous work of Hambleton—-Tanase [HT04].

1 Introduction

Let M be a closed, oriented smooth 4-manifold. Its orientation-preserving diffeomorphism group
Diff* (M) acts on Hy(M;Z) respecting the intersection form

Q : Hy(M;Z) x Hy(M;7Z) — Z.
This action gives a natural representation

7 Difft (M) — O(Hy) = O(Ha(M, 7Z), Q)
[ = fs: Ho(M;Z) — Hy(M;Z)].

One version of the Nielsen realization problem asks: for which finite groups G < O(H),) does
7| admit a group-theoretic section? If such a section exists we say G is realizable in Diff* (M).

We say ¢ € O(H)y) is realizable if (¢) < O(H)y) is realizable.

'Department of Mathematics, University of Chicago. epesikoff @uchicago.edu. Personal webpage


https://math.uchicago.edu/~epesikoff/

In this paper we consider this homological Nielsen realization problem for the closed, simply-
connected, oriented, positive-definite 4-manifolds M,, = #,CP?. Baraglia showed [Bar] that
for these manifolds M, the map 7 is surjective for all n > 1; in fact, he shows that the map
mo(Diff " (M,,)) — O(H,y,) splits for all n > 1. (This is substantially weaker than Nielsen re-
alization, since finite order isometries need not be induced by finite order diffeomorphisms. But
in particular Nielsen realizability is a conjugacy invariant in O(H,;, ).) Note that there is a stan-
dard basis for Hy(M,,;Z) given by the hyperplane classes {ey, ..., e,} in each copy of CP?. In
this basis, the intersection form () is given by the identity matrix /d,,; in other words, O(H ) is
given by the group of integral isometries O(n, Z) of R with its usual inner product. It is standard
that O(H ;) can be thought of as the group of signed n-by-n permutation matrices on the basis
{e1,...,e,}. In this representation, let S,, < O(H},, ) denote the subgroup of matrices with totally
positive sign, and let G,, < O(H},, ) denote the diagonal subgroup. In particular, G,, = (Z/27)".
We then have

O(Hpy,) = 0(n,Z) = G, X S,.

Recall that Nielsen realization for surfaces always holds: any finite group of mapping classes lifts
to an isomorphic finite group of orientation-preserving diffeomorphisms [Ker83]. (See Remark 2
below for why this is an appropriate analogue of our homological question in the surface case.)
Nielsen realization is also often true on del Pezzo and K3 surfaces [FL24; Lee24; LLR]. Similarly
in the case of our manifolds M,,, many subgroups H < O(H,,,) are realizable in Diff*(M1,).
When n = 2 or n = 3 all cyclic subgroups of O(H),,) are realizable in Diff* (M), and when
n < &, all cyclic subgroups of S, < O(H),, ) are realizable in Diff" (M,,). (See Proposition 4.1
and Proposition 3.4.) In fact, we justify the following observation below by Theorem 2.1 and in
Section 3.1 by previous work of Hambleton—Tanase [HTO04].

Observation. At least 2™ elements of O(Hyy,) are realizable in Diff* (M,,), and at least 2°"~!
subgroups of O(Hyy,) are realizable in Diff*(M,,). Even up to conjugacy, there are at least
c1n?log(n)? realizable elements of O(Hyy,) and at least con® realizable subgroups, for some con-
stants cq,co > 0.

In contrast to all the above, the main result of this paper (Theorem 1.1 below) is that the generic
element (resp. subgroup) of O(Hyy, ) is almost never realizable in Diff* (M,,). To make this pre-
cise, we use the following notions of randomness.

Convention on Randomness. A random element of a finite group H, satisfying a condition (),
means a uniformly chosen element of {h € H : h satisfies )}, and similarly for random sub-
groups. When we say up to conjugacy, we use the uniform measure on conjugacy classes (of ele-
ments or subgroups) in H satisfying the given condition. For a sequence of such random choices
depending on n, we say that an event occurs asymptotically almost never if its probability tends
to 0 as n — oco. We say it occurs asymptotically with probability at most P if the corresponding
limsup is at most P.

For a subgroup H < G, < O(Hyy, ), let the rank of H, or Rk(H ), denote its Fo-rank (equivalently,
log,(|H|)). In particular, G,, < O(Hy, ) has subgroups of rank 7 for all 0 < r < n. We now state
our main theorem.



Theorem 1.1. (Main Theorem) Ler n > 1.

1. Random elements of odd order in O(H);,) are asymptotically almost never realizable in
Diff*(M,,) as n — oco. The same holds for random elements of odd order in S,, < O(Hyy,).

2. Random subgroups of O(Hyy,) are asymptotically almost never realizable in Diff " (M,,).
The same is true up to conjugacy.

3. Let H< G, < O(Hy,). If Rk(H) < 2 then H is realizable in Diff" (M,,). In contrast, H
is not realizable in Diff " (M,,) if either:

(a) nis odd and Rk(H) > 4, or
(b) Rk(H) > 8 + log, n.

4. Fix some k > 4. Then a random rank-k subgroup of G, < O(Hyy,) is realizable in
Diff* (M,,) with asymptotic probability at most 27F.

Theorem 1.1 summarizes our main results but omits several refinements that we prove through-
out the paper. For example, we prove that random 2-subgroups of S,, < O(H),, ) and random
abelian subgroups of O(Hyy,,,,) are both asymptotically almost never realizable (Theorem 3.3
and Theorem 4.2(3), respectively).

Our analysis splits naturally into three settings: first G,, < O(Hyy, ), then S, < O(Hyy, ), and
finally the whole group O(Hy, ). In each setting, we first present constructions for realizing certain
elements, then obstructions to realizing other groups satisfying some hypotheses, and finally in the
case of asymptotic non-realizability statements, we show that these hypotheses are suitably generic.

Remark 1. By part 3 of Theorem 1.1, the diagonal subgroup G,, < O(H,;,) exhibits a sharp
transition in small rank: all subgroups of rank at most 2 are realizable, while for odd n, no subgroup
of rank at least 4 is realizable. Thus rank 3 is the only unresolved boundary case in this regime. In
Section 2.1, we explicitly construct an infinite family of realizable rank-3 subgroups.

Remark 2. For M any closed, oriented, simply-connected smooth 4-manifold, the map 7 : Diff" (M) —
O(H,y) factors through the topological mapping class group Mod(M) = mo(Homeo™ (M)).
Work of Freedman [Fre82], Quinn, Gabai-Gay-Hartman-Krushkal-Powell, Kreck, and Perron (see
[Gab+] and the references therein) shows that the action of Mod(M) on Ho(M;7Z) gives an iso-
morphism

¢ : Mod(M) = O(Hyy).
Consequently, the homological Nielsen realization of this paper is equivalent to the problem of
lifting from Mod (M) to Diff* (M).
Remark 3. There are several other variations on the Nielsen realization problem. For example,
one might also wonder about lifting from Mod(M) to Homeo™ (M), or from the smooth mapping
class group 7o(Diff* (M)) to Diff* (M). For the manifolds M,,, working either with the smooth

mapping class group or with Homeo™ (M) leads into a deep world of exotic phenomena, which is
not our primary focus here. Both 7y (Diff " (M,,)) and the Torelli group

T(M,) = ker [mo(Diff " (M,)) — O(Hy, )]
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remain poorly understood; examples of exotic phenomena on M, have been found [EdmO05] but
are far from being comprehensively classified.

Outline of the Paper. In Section 2 we examine the lifting inside the reflection subgroup G,, <
O(Hy,,). We open with a series of increasingly general geometric constructions for realization
and then present classical tools for obstructing realization. We then prove refinements of parts 3
and 4 of Theorem 1.1. In Section 3 we examine the lifting inside the permutation subgroup S,, <
O(H ). We review previous work of Hambleton—Tanase [HT04], which provides constraints and
constructions for cyclic realization. We then prove the sparsity of realizable odd order elements of
Sn < O(H)y,) by combinatorial and analytic methods. After proving an analogous sparsity result
about 2-subgroups of S,, < O(H)y, ), we give realization constructions based on regular polytopes.
The section concludes with an obstruction to realizing large subgroups Sy < S, < O(Hyy,). In
Section 4 we provide a geometric construction to realize certain cyclic subgroups which do not lie
in either G,, or S,, < O(H,y, ). In particular, cyclic Nielsen realization holds generally on M, and
Ms. Finally, we prove parts 1 and 2 of Theorem 1.1.

Obstructions to realization draw on several different sources: fixed-point and signature con-
straints in dimension four, including the Hirzebruch G-signature theorem and results of Edmonds
[Edm89] from Smith theory and representation theory; finite group actions on surfaces, including
the 84(g — 1) theorem; combinatorial and analytic estimates for partitions and permutations; group
cohomology; and work of Hambleton—Tanase [HT04] proven using equivariant Yang-Mills moduli
spaces.

Related work. In dimension 4, recent work of S. Lee and Lee-Lewis-Raman studied Nielsen
realization problems for Del Pezzo surfaces [Lee24; Lee23; LLR]. In particular, our constructions
below were first inspired by those in [Lee24]. Farb-Looijenga [FL24] studied Nielsen realization
problems for K3 surfaces. Using techniques such as Seiberg-Witten invariants, Baraglia-Konno
[BK23], Konno [Kon24], Arabadji-Baykur [BA25], and Konno-Miyazawa—Taniguchi [KMT24]
have also achieved non-realization results in dimension 4.

Baraglia [Bar] studied the manifolds nCP?#,,CP? and their mapping class groups; in particu-
lar, he gave an obstruction to Nielsen realizing a certain class of subgroups which inspired part of
our proof of Theorem 2.1. Hambleton-Lee [HL95] and Hambleton—Tanase [HT04] studied cer-
tain rigidity phenomena on the manifolds nCP?, and their results provide essential input into the
asymptotic non-realizability statements for S,, < O(Hy,, ), Theorems 3.1 and 3.3. In a slightly
different direction, Edmonds [EdmO05] studied locally linear, cyclic, pseudofree actions on nCP?,
obstructing some and finding a non-smoothable example.
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2 Realization in G,, < O(Hy;,))

The main goal of this section is to prove the following theorem. For an element ¢ € G, let
{(¢) denote the number of (—1)s in its diagonal permutation matrix. Recall that for H < G,, =
(Z/27Z.)", its rank denotes its dimension as an Fa-vector space

Theorem 2.1. Letn > 1, and let H < G, < O(Hyy,).

1. If Rk(H) < 2, then H is realizable in Diff" (M,). Equivalently, any subgroup of G, <
O(H)y,) generated by at most two elements is realizable in Diff " (M,,).

2. In contrast, H is not realizable in Diff " (M,,) if any of the following hold.

(a) Rk(H) > 4 and n is odd.
(b) Rk(H) > 4 and there is some ¢ € H with (n—{(¢)) = 1 (mod 2), where {(¢) denotes

the number of (—1)s in its matrix representation.
(c) Rk(H) > 8+ logy(n).

In particular, Theorem 2.1 implies part 3 of Theorem 1.1. We prove the first part of Theorem 2.1
by constructing explicit realizations with equivariant connect sums. These methods generalize
in Construction 3 below to construct certain realizable subgroups of G,, < O(Hy,,) of rank 3.
Also notice that by counting subspaces of F' of ranks 1 and 2, there are at least 2" elements of
O(Hyy,) and 22"~ subgroups of O(Hyy,) which are realizable in Diff " (1,). Since conjugation
by O(Hy,, ) acts on a subgroup H < G,, < O(H)y,) by permuting the standard coordinate basis of
F» = @, counting subspaces up to this S,,-action shows that at least con® subgroups of O(Hy,, )
are realizable in Diff* (M),).

Since the group G,, < O(H,,,) satisfies one of the hypotheses of part 2 of Theorem 2.1 for n > 4,
we have the following corollary.

Corollary 2.2. Forn > 4 the group O(Hyy,) is not realizable in Diff " (M,,).

To conclude the section, we show the following result, which in particular implies part 4 of
Theorem 1.1.

Proposition 2.3. (Probabilistic non-realizability for subgroups of G,, < O(H,;,))

1. Fix some k > 4. Then a random rank-k subgroup of G, < O(Hy,) is realizable in
Diff* (M,,) with asymptotic probability at most 27F.

2. A random subgroup of G,, < O(Hyy,) is asymptotically almost never realizable in Diff*t (M,,).

3. A random subgroup of G, < O(Hyy,) with rank at most log, n is asymptotically almost
never realizable in Diff " (M,). In fact, the probability that such a random subgroup is
realizable in Diff* (M,,) is O(n™1).

In Section 2.1, we present three increasingly general constructions for realization and use them

to prove the first part of Theorem 2.1. In Section 2.2, we exposit a few useful tools for obstructing
realization. In Section 2.3, we give proofs of Theorem 2.1, Corollary 2.2, and Proposition 2.3.
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2.1 Three constructions for realization

We present three realization constructions of increasing complexity and generality. We then use
them to prove the first part of Theorem 2.1.

Construction 1. Consider a single copy of CP? with some fixed projective coordinate system
[X : Y : Z], and define the following self-diffeomorphisms.

fx: (XY Z]|»[-X:Y:Z]
JIX:Y : Z)—=[X:Y:Z].

We construct a model of M, with the following property: the map fx on one CP?-component
extends naturally as a smooth involution which on the other copy acts as J. Conversely, J on the
first copy should extend as fx on the second.

We can see this construction in two ways; one is more abstract and provides a cleaner proof of
its validity, and the other is a more concrete picture using local coordinates. Both are useful to
consider going forward, so we present both viewpoints.

Method 1: We follow an argument of S. Lee [Lee24], which we exposit here for clarity.

Lemma 2.4 ([Lee24], Lemma 3.2). Let M and N be closed, simply-connected oriented smooth 4-
manifolds. Let Gy = (Z,/27)* < Diff " (M) and G = (Z/27)* < Diff " (N), and fix a group iso-
morphism ¢ : Gy — Gy. Suppose there exist p € Fix(Gy) C M and q € Fiz(Gy) C N, and
for any h € Gy, let Fy, and Fyy,y denote the connected components of p, q in Fix(h), Fiz(¢(h)),
respectively. Assume further that Fj, and Fy,y are each 2-dimensional. For some pair of genera-
tors f, g of G, assume that Fy 0 Fy and Fy ) N Fyy) are 1-dimensional.

Then there exist diffeomorphisms h#¢(h) of Diff" (M#N) for all h € Gy such that (h#¢(h) :
h € GM> = Gy, and

[h#to(h)] = ([l [¢(h)]) € Mod(M) x Mod(N) < Mod(M#N).

Proof sketch. Fixing G, (resp. G)-invariant metrics on M (resp. V) gives tangential repre-
sentations py 1 Gy — SO(T,M) = SO(4) and py : Gy — SO(T,N) = SO(4) by acting
on the tangent space. Note these representations are injective because an isometry of a compact
manifold is determined by its action on a point and a frame. By hypothesis, dim (7, M) =
dim(T,N¢~) = 1, and so —1 is not in the image of either py/, p-

There is a unique faithful representation (Z/27)? — SO(4) with image avoiding —I, up to con-
jugation in SO(4). Then pyy, px are equivalent by an orientation-reversing isometry 7,M — T, N,
or an orientation-preserving isometry 7, M — Tq_N. Hence this constructs the desired connect sum
of maps with its sought properties. 0

Now simply apply Lemma 2.4 to the manifolds M/ = CP?and N = CP*. Let G, = (fx, J) and
Gn = (J, fx). Notice that although we defined the maps fx and J on CPP?, they are still perfectly



well-defined and orientation preserving on the flipped manifold CPP?. Consider the isomorphism
Gy — Gy induced by fx — J, J — fx. Notice that

Fiz(fx)={[0:Y:Z]}u{[1:0:0]} = CP'U {p}
Fiz(J)={[X:Y :Z]: X,Y,Z € R} = RP?
Fiz(J)NFiz(fx)={0:Y :Z]:Y,Z e R} = 5*

Letting p and ¢ lie at [0 : 1 : 0] in their respective coordinate systems then fulfills the requirements
of Lemma 2.4 and produces the sought diffeomorphisms on CP?*#CP? = CP?*#CP? = M,.

Method 2: Construct a local model of a neighborhood of the connect sum, as follows. Around
the point [0 : 0 : 1], there is an affine chart in the X, Y; coordinates on one ball, and coordinates
X5, Y, locally in the other copy of CPP?. To form the sought connect sum, cut out this coordinate
ball from each copy of CP? and glue their boundary spheres by a particular orthogonal orientation-
reversing map . It is more convenient to construct ) by identifying the balls themselves, and then
to restrict to the boundary. On each ball, there is the real ordered basis (ReX;, ImX;, ReY;, ImY;)
in the respective coordinate systems. Then v is given by the matrix

_ o O O
o O = O
o = O O
o O O

That is, identify the two X -axes Re X and ImX on one side with the two imaginary axes ImX and

ImY on the other. Since det(A) = —1, it reverses orientation and gives the connect sum M. From

this local model, it is clear that fx on one side corresponds to complex conjugation on the other.
Note that along with 1), there is another map 7 given in the same local chart by the matrix

-1 0 0 0
T 0 1 00 7

0 010

0 0 01

identifies fx on one side again with fx on the other, and similarly for conjugation J. Call the
gluing by A a nontrivial or ‘hinge’ connect sum, the gluing by 7" a ‘trivial’ or ‘standard’ connect
sum. See Figure 1.

Construction 2. Consider a single copy of CP? with some fixed projective coordinate system



4 Im Y] 4 Im Y2
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Figure 1: Trivial vs Hinge connect sum

[X : Y : Z], and define the following self-diffeomorphisms.

fx: XY : Zl—[-X:Y:Z]
[ X:Y:Zl=»[X:-Y: 7]
f2: XY : Z]l—»[X:Y:-Z]
JIX:Y: Z)—~[X:Y:Z]
JUAX Y 2= [X:Y: 7]

where X denotes reflection of X about the imaginary axis (which is then conjugate to conjugation
by multiplication by 7). Define Y and Z similarly.

Note that all five maps commute and that fx fyy = fz. Also note that fx, fy, fz act by +1 on
Hy(CP? Z), and J and J' act by —1. The fixed set of the group (fx, fy,.J) is the three points
1:0:0],/0:1:0],and [0 : 0 : 1]. We describe a construction of A, which attaches three
additional copies of CIP? to one central copy at neighborhoods of those points [1: 0: 0], [0 : 1 : 0],
and [0:0: 1].

The resulting construction has the following properties: label each of the three attached copies
of CP? as My, My, and M, according to their attaching points. Let M. denote the central
component. The maps fx, fy, fz, J extend to the manifold M, as follows.

1. fx extends as conjugation on My, as J' on Mz, and as fx on M.

8



2. fy extends as conjugation on Mz, as J' on My, and as fy on My.
3. [z extends as conjugation on My, as J' on My, and as f on M.

4. J extends to fx on M, fy on My, and f; on M.

In particular, in the basis ([M.], [Mx], [My], [Mz]) where [-] denotes the hyperplane class of that
copy of CP?, these functions act by

10 0 0 1 0 0 0
01 0 0 0 -1 0 0
(Fx). = 00 —1 0 (Fr). = 0 0 1 0
00 0 -1 0 0 0 —1
1 0 0 0 100 0
0 -1 0 0 0 100
(f2)« = 0 0 —1 0 () = 0 010
0 0 0 1 0 00 1

To achieve this, simply attach each of the three copies Mx, My, My at the three fixed points of
the action, all by nontrivial hinge connect sums.

fZ conjugates

o conjugates ———>

fX conjugates

Figure 2: Construction 2

Construction 3. Extend the ideas of Construction 2 from a local to global model, as follows. A
copy of CP?, endowed with some projective coordinates [X : Y : Z], comes equipped with three
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fixed points of the group of diffeomorphisms (fy, fy,.J) which are called its coordinate points.
Given two copies of CIP?, they can be connected to each other in a neighborhood of respective
coordinate points, via either the hinged or standard connect sum from Construction 1. By a CP?-
tree, denote a copy of M,, given locally in projective coordinates on each copy of CP?, and where
different copies are connected at respective coordinate points by hinge or standard connect sums
in this way. Such a CPP*-tree gives an adjacency graph whose vertices are the copies of CP* and
where edges denote a local connect-sum. (We can also choose to 2-color the edges to distinguish
trivial and hinge connect sums.) Any such CP*-tree of size n yields an action of (Z/27)* < G,, =
(Z/27)™ on M, induced by {fx, fy,.J) on any given copy of CP2. A chain of CP*s is a CP*-tree
whose associated adjacency graph is a path.

U1 U3
V2
V4
® Us
®
V6

Figure 3: An example of Construction 3, with its adjacency graph to the right. The graph does not
depend on whether connect sums are trivial or hinged

Example 1. The group G5 = (Z/27)3 is realizable in Diff* (Ms3). To see this, consider a chain of
three CP*s, with both connect sums hinged. Then the group (fx, fy, J) on any given copy induces
precisely a realization of G3 in Diff" (M3).

Example 2. Call two subgroups of G,, = (Z/2Z)" < O(Hy,) permutation-equivalent if there
is an isomorphism between them induced by some permutation of the standard basis vectors
€iy ... ey of Hy(M,;7Z) (the hyperplane classes of each CP?). Clearly, realizability is invariant
under permutation-equivalence.

Consider G4 generated by reflections ey, ey, €3, €4 on the standard basis vectors of Hy(M,,;7Z).
To apply Construction 3 in a nontrivial way (i.e., to actually realize a group of rank 3), our con-
figuration graph of connect sums must contain a vertex of degree 3. Then there is only one valid
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tree to consider up to tree isomorphism, the star graph. By considering different choices of stan-
dard and hinged connections along each edge, Construction 3 realizes two different groups up to
permutation-equivalence. By choosing all three edges hinged (as in Figure 2), realize the group
(e1, eses, esey) where e denotes reflection on the central copy of CPP?. Choosing only two hinged
connections and one standard, realizes the group (eq, s, e3e4), where here ez and e, reflect on the
two copies of CIP? which are linked by a standard connection.

Similarly, consider G5 with standard generators ey, ..., e5. There is similarly only one graph
on five vertices with degree at most 3 and containing a vertex of degree 3. (For example, begin
with the star graph of size 4 and connect an additional vertex to one of its leaves.) Then by direct
computation, Construction 3 realizes precisely the following groups on Mj5, up to permutation-
equivalence:

(61, €2, e36465>7 (61, €2€3, 64€5>, (61, €2€3, €3€4€5>7 (6162, €364, €4€5>-

One other application of Construction 3 is to prove the first part of Theorem 2.1.

Proof of the first part of Theorem 2.1. Realize arbitrary H < G,, of rank 2 in Diff*(1,) as fol-
lows. Consider two generators of H, called ¢ and o). Let Sy = {ey,...,e,} N V_1(¢), where
V_1(¢) denotes the (—1)-eigenspace of ¢. In other words S, is the set of basis vectors reflected by
¢. Define S, similarly. Now define sets

A =85\ Sy, B =25\ 8y, C =558y, D=(5U5).

First, assume that D # @. Start with a chain of | D| CP?s, all attached trivially. Then to a leaf
N of the chain, attach two more trivially-connected chains of lengths |A| and | B|, each via a hinge
sum. Finally, to any available member of the original chain, attach with a hinge sum a trivially
connected chain of length |C|. Then use fx and fy on N to realize H.

In the case that | D| = 0 but |C| # 0, the construction is similar. Start with a chain of |C'| CP*s
using all trivial connect sums, and to a leaf NV attach trivially-connected chains of lengths |A| and
| B|, each via a hinge sum. Then use J fx and J fy on N to realize H.

If |C| = |D| = 0, then simply begin instead with Construction 1, and attach trivially connected
chains trivially to either starting copy of CP?, of lengths |A| — 1 and | B| — 1, respectively.

Of course, it cannot be that |C| = |D| = |A| = 0, since then ¢ would act trivially and hence is
the identity in H.

O

Remark 4. No subgroups H < G,, < O(Hyy,) of rank at least 4 can be realized in Diff " (M,,) via
equivariant connect sums of CP?. For example, Wilczynski and Hambleton-Lee proved that any
finite group acting effectively by orientation-preserving diffeomorphisms on CP? and trivially on
its homology must embed into PG'L(3, C) (for example, see [MZ09]). Since the (Z/27Z)* embeds
into PGL(3,C) only if k& < 2 and since Aut(Hy(CP?, Z); Z) = 7./27, then (Z/27)* does not act
effectively on CPP%.
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Figure 4: Realization in rank 2, as in the proof of the first part of Theorem 2.1. Hinge connect
sums are marked in red

2.2 Tools for obstructing high rank realization

We introduce a few tools for obstructing realization in G,,. Let G = Z/pZ act by orientation-
preserving diffeomorphisms on a smooth, closed, oriented 4-manifold M. Its fixed set M¢ C M
is then a disjoint union of isolated points and embedded surfaces (see e.g. [FL24], Proof of Lemma
3.5 (3)).

2.2.1 Betti numbers of M€

The action of G on M induces an action of G on Hy(M;Z). By [Edm89], Hy(M;Z) decomposes
into a direct sum of indecomposable representations of three types: trivial of dimension one, cyclo-
tomic of dimension p — 1, and regular of dimension p. Note that the representations of cyclotomic
type (resp. regular type) need not be isomorphic as G-representations to Z[(,] for ¢, a primitive
pth root of unity (resp. to Z[G|), when p > 23. However, this paper only uses small primes p < 23
in all applications. Notice that in dimension 2, a trivial representation is given by the matrix (1), a
cyclotomic representation is given by (—1), and a regular representation is given by the matrix

U_G) é)
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Proposition 2.5 ([Edm89], Proposition 2.4). Let G = Z/pZ act by orientation-preserving diffeo-
morphisms on a smooth, closed, oriented 4-manifold M. Let t be the number of trivial summands
and c the number of cyclotomic summands in Hy(M; 7).

1. If M® # & then
(a) B1(MY) = c and
(b) Bo(MC) + Bo(MT) =t +2,
where 3;,(M%) denotes the kth mod-p Betti number of M.

2. The Euler characteristic x(M®) =t — ¢ + 2. In particular; ift — c + 2 # 0, then M© # &
and part (1) applies.

2.2.2 The Hirzebruch G-signature theorem

Again, let M be a smooth, closed, oriented 4-manifold on which G = Z/pZ acts by orientation-
preserving diffeomorphisms. At an isolated point p € M, the G-action on T),M preserves a com-
plex structure compatible with the ambient orientation and hence is described by a 2-dimensional,
reducible complex representation of the form

9 € G:(21,22) = (x1(9)21, x2(9)22)

for two nontrivial complex characters x1, x2 of G. However, presentation is not unique, since the
conjugate complex structure also has this property (and no other complex structures), for which
the characters are (7, xz). Then define the signature defect at z by

_ (1+x1(9) (1 +x2(9) (1+¢)(1+¢9)
o= D ()i —xale) ~ 2= (=00 =cn)

geG\{1} ¢epp\{1}

The second equality follows because G has prime order, and so xo = x{ for some ¢ € [F7, and both
characters are generators of the group of characters of G.
For each 2-dimensional path component C' C MY, let

p’—1

d@fc = (C -C ),

where C' - C' denotes the self-intersection of C' with itself. When C' is orientable, this is simply
equal to the standard intersection product [C] - [C] for [C] € Hy(M,Z) the homology class of
C' as an embedded surface. In the non-orientable case, there is still a sensible self-intersection
number as follows. Isotope a second copy of C'in M so that it is transverse to its original position;
denote this isotoped surface by C”. Now consider an intersection point z € C' N C’, and note that
T.M = T,C & T,C". A choice of basis (z1, z3) for T,C induced a basis (z], z}) for T,C" since
(" was produced by an isotopy of C'. Hence define the signed self-intersection of C' at z to be the
orientation of the basis (z1, 29, 21, 25), relative to the ambient orientation on M. By construction,
this sign is invariant both under a change of basis for C' and under a reordering of C' and C".
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(Clearly, this construction reduces to the standard intersection sign in the orientable case.) Define
C - C to the sum of local self-intersection numbers.

Since M /G is a rational homology manifold, it has a well-defined signature o(M/G). In
practice, we identify this signature with the signature of the restricted intersection pairing on
Hy(M;R)®. We can now state the main theorem.

Theorem 2.6 (Hirzebruch G-Signature Theorem, see e.g. [HZ74], (12) on page 177). Let M be a
closed, oriented 4-manifold on which G = Z./pZ acts by orientation-preserving diffeomorphisms.
Then

p-o(M/G) —o(M) =) def. + ) defc,
z C
where the sums range over all 0- and 2-dimensional path components of M€, respectively.

2.2.3 Finite group actions on surfaces

In particular, the proof of Theorem 2.1 eventually reduces to finite group actions on surfaces. For
a fuller exposition of the theory of finite groups acting on surfaces, see [FM12]. Recall that if a
finite group G acts on the genus-g surface S,, then the action can be isotoped so that G acts by
isometries in some hyperbolic metric. Then the following two theorems control the size of groups
that act faithfully on .S,.

Theorem 2.7. If X is a closed hyperbolic surface of genus g > 2, then
|[Isom™ (X)| < 84(g — 1).

Theorem 2.8. Let X be a closed hyperbolic surface of genus g > 2. Then any element of
Isom™ (X)) has order at most 4g + 2.

When g = 1, recall that if (Z/27Z)* acts faithfully on the torus 72, then k < 4. For g = 0,
uniformization gives that if (Z/2Z)" acts faithfully on the sphere S?, then k < 2.

Recall that the non-orientable surface NV, of (non-orientable) genus g > 0 is defined to be the
connect sum of ¢ copies of RP. Note that X(N,) = 2 — g, and hence its orientation double cover
is Sg—1. As such, any group acting faithfully on N, has an index 2 subgroup which acts faithfully
on Sy_i.

2.3 Proving Theorem 2.1 and Proposition 2.3

The proof of the second part of Theorem 2.1 requires several steps, but the core strategy is the fol-
lowing: Suppose H < G,, is realized in Diff " (M,,). First, show that there is some element ¢ € H
whose fixed set includes either an isolated point or a surface of low genus. Second, analyze the
action of H on the fixed set of ¢ in order to bound the size of H, noting that H must act faithfully
on M,.

To start, note the following obstruction to free actions in G,.
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Lemma 2.9. Let n > 1. No order 2 ¢ € O(Hyy,) can be realized by a smooth involution in
Diff* (M,,) which acts freely on M,,.

Proof. Suppose ¢ € O(H,y,) does have a free-acting representative f € Diff*(M,,). (In partic-
ular, f, = ¢.) In the language of Proposition 2.5, let ¢, ¢, and r refer to the number of trivial,
cyclotomic, and regular summands of ¢. Thent 4+ 2 — ¢ = 0, and ¢ + ¢ + 2r = n. The quotient
manifold has rational homology

Hy(M,/f;Q) = Hy(M,;Q)?,

by transfer. Then the rank of Hy (M, /f; Q) = ¢ + r. Since signature is multiplicative in covers,
o(M,/f)=oc(M,)/2 =n/2. Then

n=t+c+2r=t+{t+2)+2r=2(t+r+1),

which contradicts ¢t + r = n/2. So ¢ has no free-acting involution representative. [

We also record the following combinatorial lemma. Recall that ¢(¢) for ¢ € G, < O(Hyy,)
denotes the dimension of its (—1)-eigenspace V_1(¢) < Hy(M,; Q).

Lemma 2.10. Let n > 1. When Rk(H) > 1, there is some ¢ € H such that {(¢) < 2n/3.

Proof. Note that £(¢) = n — dim(Hy(M,; Q)‘?)). Suppose that there are two nontrivial elements
1 # ¢,1p € H such that ¢(¢),l(¢)) > 2n/3. Then {(¢tp) = L(¢) + L(y) — 2t, where t =
dim(V_1(¢) N V_1(¥)). Also, t > £(¢) + £(x)) — n by a pigeon-hole argument, and so

Uo) < (@) +L(¢) — 2((9) + £(¢)) — )
= 2n — (((¢) + £(v))
<2n—4n/3
=2n/3.

]

The next lemma serves to convert fixed-set data into a bound on the size of a realizable subgroup
H < G,.

Lemma 2.11. Let n > 1, and let f € Difft(M,) be a diffeomorphism realizing some ¢ €
G, < O(Hy,). Fix some surface type appearing in Fix(f), and suppose Fix(f) contains k
disjoint surfaces of that type. Then there exists a surface S C Fix(f) of the given type such that
}Stabg(f])) > omax{0.RK(H)=v2(k)} yyhere vy (k) denotes 2-adic valuation.

Proof of Lemma 2.11. Suppose H is realized by some H < Diff" (M,,). Consider the set Ag of all
surfaces of the given type in Fiz(f). Note that H must act on Ag with f acting by the identity. We
show that the action of H on Ag has an orbit of size at most 2mn{Rk(H)v2(k)} and then the claim
follows by the orbit-stabilizer theorem.
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Let {C;} be the orbit sizes, and let C' = min{C;} be the size of the smallest. Since H is a 2-
group, C' must be a power of 2 which is smaller than (or equal to) the size of all other orbits. Then
C|C; for all i. Then C| ), C; = k. Since C'is a power of 2 dividing &, and C' divides | H| by the
orbit-stabilizer theorem, then C' = 2" for some < Rk(H ) and r < vy(k). The result follows. [

The next proposition provides the main input needed to prove Theorem 2.1. It first shows that if
H < G, is realizable in Diff" (M), some element ¢ € H must be realized by a diffeomorphism
whose fixed set contains a connected component of uniformly bounded complexity. Then the
theory of group actions on surfaces bounds the size of this realizable H in terms of the fixed-set
data of this element ¢. Some of the proof of the following lemma was inspired by [Bar], Section
6.

Proposition 2.12. Let n > 1, and let H < G,, with Rk(H) = m. Assume H is realizable in
Diff " (M,,) as some group H < Diff*(M,,).

1. There is some ¢ € H such that the fixed set Fix(f) of a diffeomorphism f realizing ¢
contains either an isolated point, S*, T?, Sy, RP?, Ny, N3, or Ny, where N, denotes the non-
orientable surface of genus g.

2. If the fixed set Fix(f) contains k isolated points, then m < 4 + vy(k), where vy denotes
2-adic valuation. If the fixed set Fix(f) contains k components all diffeomorphic to the
same one of S*,T? Ss, or N, for some g < 4, then m < c + vo(k), where c is the largest
integer such that (Z/27)°~" acts faithfully on the given surface type. (Note that c is some
finite constant depending on the surface type. In particular, c < 8 in all cases.)

Proof. We first prove part 1 of the statement. By Lemma 2.10, let ¢ € H with £(¢) < 2n/3 in the
language of the proof of Lemma 2.10, and suppose f is a smooth involution realizing ¢. If Fix(f)
contains isolated points, then part 1 is satisfied immediately, so assume it does not. Rephrase the
proposition statement as follows: Fiz(f) contains a compact surface .S with 51(S) < 4, where
B1 denotes the first Betti number with [, coefficients. By the classification of surfaces, this is
equivalent to the original statement.

Since ¢(¢) < 2n/3, then for ¢, ¢ < 2t, where ¢, are in the language of Edmonds Proposi-
tion 2.5. In particular, each surface contributes 2 to Sy (Fiz(f))+ o (Fiz(f)). Since o ( Fiz(f))+
Bo(Fiz(f)) = t + 2, then there must be (¢ + 2)/2 surface components. (In particular, if ¢ is odd,
we must be in the isolated fixed point case.) Then by a pigeon-hole argument, one of these surface
components S must have 3;(S) < 4, since ¢ = 31 (Fiz(f)).

We now prove the second part of the proposition. The key observation is that for each fixed
surface S in Fiz(f), the stabilizer Stabs(H) which fixes S set-wise, must act almost faithfully
on S, with the kernel of the action on S being only (f) itself. To see this, suppose there is f #
g € Stabg(H) which fixes S pointwise. Since the order |g| = 2, then g must act by —1 on the
normal bundle of S. Of course f also fixes S pointwise. Then fg acts trivially on .S and its normal
bundle. Since any isometry (and hence any finite order diffeomorphism by averaging a metric) is

determined by its action on a point and a frame, fg must be the identity. But since f~! = f # g,
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there is a contradiction. Hence Stabs(H)/(f) acts faithfully on S. Then Lemma 2.11 implies the
sought statement m < ¢ + vy (k).

All that remains is the universal bound on the constant c. Any diffeomorphism of a non-
orientable surface N, lifts to a diffeomorphism of its orientation double-cover S, ;. On S? and
T? (and by extension RP? and N, by passing to the orientation cover), uniformization gives the
desired bound. Then apply the 84(¢g — 1) theorem for hyperbolic surfaces on the other surface
types. [

Now the proof of Theorem 2.1 follows quickly from Proposition 2.12.

Proof of Theorem 2.1, part 2. We need to show that each of the following three conditions in the
theorem statement prohibits realization in Diff* (M7, ):

1. Rk(H) > 4 and n is odd

2. Rk(H) > 4 and there is some ¢ € H with (n — {(¢)) = 1 (mod 2), where ¢(¢) denotes the
number of (—1)s in its matrix representation.

3. Rk(H) > 8+ log,(n).

Obstruction given the third condition follows directly from Proposition 2.12, by taking a uni-
versal bound over all surface types, and noting that in the language of that proposition, vy (k) <
log, (k) < logy(n).

Obstruction in the second case follows by noting that this condition ensures that Sy(Fiz(f)) +
Ba(Fiz(f)) = n—{(¢p)+2 is odd, and hence there must be an odd number of isolated fixed points.
Then by orbit-stabilizer, there must be some global fixed point of H since H is a 2-group. Finally,
note that (Z/27Z)™ — SO(4) precisely for m < 3.

For the first condition, reduce to the second. When 7 is odd, then the second condition asks for
¢ € H with even length. But notice that if ¢,¢» € H both have odd-length, then ¢ has even
length. So for odd n, every subgroup of G, of rank at least 2 has an even-length element. [l

Proof of Proposition 2.3. By the first condition in part 2 of Theorem 2.1, all three statements are
trivial for odd n. Assume then that n is even.

Let a,, denote the probability that a random rank-% subgroup of G,, is realizable in Diff* (11,).
We show that lim sup,, a, < 27%, where a,, denotes the realizable proportion of rank-k subgroups
of G,,. By the second condition of 2 of Theorem 2.1, any realizable subgroup of rank £ must have
all elements of even length; call such a subgroup even. Note that the number of even subspaces
of F} of dimension & is equal to the total number of subspaces of F5 ' of dimension k, since the
even elements of [F] are precisely the kernel of the linear map which sends an element to its mod-2
Hamming weight. Then the even proportion P.(n) of rank-k subgroups is

")y 2R
(2)2 2n—1

Then since a,, < P.(n), then lim sup,, a,, < 27*.

P.(n, k) = ( ~ 27k,
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Let b, denote the probability that a random subgroup of G,, is realizable in Diff " (M,,). To show
lim,, b,, = 0, apply the third condition of part 2 of Theorem 2.1 since subspaces of F} are almost
never of rank at most 8 + log, n.

To show the third part, let P.(n) denote the even proportion of subgroups of (G, whose rank is at
most N := |log, n|. By the logic of part a, it suffices to show that

X ()
Yo (i), "

And this is true because to first order each sum is simply given by its dominant term, and

P.(n)

(n]:fl)Q _ 2r N —1 2—N _ n—l
(]T\L/)Q 2n—1 '

Then lim,, ,, ¢, < lim,,_,, P.(n) = 0, where ¢, denotes the probability that a random subgroup
H < G, with rank at most log, n is realizable in Diff" (M,,). O

3 Realizationin S, < O(Hy;,)

This section analyzes realizability inside the permutation subgroup S,, < O(H,,); to do so, we
rely strongly on a result of Hambleton—Tanase [HT04]. We explain the result fully below, but
informally, it says:

Suppose o € S, < O(Hyy,) has odd order, and suppose that o is realizable in Diff " (M,,).
Then o can be realized using an equivariant connected sum of 1 < j < n copies of CP?,
on each of which the action is linear (i.e., a diagonal matrix action on standard projective
coordinates of each copy).

Hambleton—Tanase package the realizability question into a combinatorial question. On the one
hand, their theorem specifies exactly which odd order permutations are realizable: one enumerates
all possible relevant combinatorial objects for all permutations, and then checks if a specific per-
mutation has combinatorial data in that list. On the other hand, their formulation does not give an
easily computable criterion to determine realizability of a large permutation. The first goal of this
section is to prove the following theorem, which implies a piece of part 1 of Theorem 1.1.

Theorem 3.1. (Asymptotic non-realizability in S, < O(H,,,): cyclic groups)

1. Random elements of odd order in S,, < O(Hyy, ) are asymptotically almost never realizable
in Diff*t(M,,).

2. Lett : N = Z> satisfy

) =o ()

logn

Up to conjugacy, random odd order elements of S,, < O(Hy, ) with at most t(n) fixed points
as permutations are asymptotically almost never realizable in Diff* (M,,).
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We prove Theorem 3.1 in Section 3 via results on partition and permutation statistics. The proofs
follow by relatively standard methods in those fields, but it is notable that analytic number theory
or probabilistic arguments would be relevant to a Nielsen realization problem. The bound in The-
orem 3.1 (2) only uses some small portion of the available information, albeit some of the most
accessible information. In fact, we suspect that very few permutations are realizable for large n,
even up to conjugacy.

Conjecture 3.2. Up to conjugacy, random elements of odd order in S,, < O(H,y, ) are asymptoti-
cally almost never realizable in Diff* (M,,).

To pair with Theorem 3.1 about odd order cyclic groups of S,, < O(H);, ), we prove the following
analog about 2-groups in S,, < O(Hyy, ).

Theorem 3.3. (Asymptotic non-realizability for S,, < O(H,,,): 2-groups)
1. Random 2-subgroups of S,, < O(Hy, ) are asymptotically almost never realizable in Diff ™ (M,,).

2. Up to conjugacy, random 2-subgroups of S,, < O(Hyy,) are asymptotically almost never
realizable in Diff" (M,,).

In both settings, the asymptotic realizable probability is 0(6*6”2) for some constant c > (.

Proposition 3.14 below presents some simple constructions based on regular polytopes for realizing
certain other subgroups of S,, < O(Hy,, ). Corollary 3.16 demonstrates certain non-realizable
elements of S,, < O(Hy,,), in particular at least one for each n > 15. Finally, Proposition 3.17
below obstructs a certain class of large subgroups of S,, < O(Hyy, ), defined in its statement.
Together, these statements imply the following.

Proposition 3.4. For n < 8, all cyclic subgroups of S, < O(Hyy,) are realizable in Diff* (M,,).
In contrast, for any n > 15 there exists a cyclic subgroup of S, not realizable in Diff*t (M,,). When
n > 8, the group S, < O(Hyy,) itself is not realizable in Diff " (M,,).

In Section 3.1, we briefly present some work of Hambleton—Tanase [HT04]. We then state
two propositions and use them to prove Theorem 3.1, before proving these two propositions. In
Section 3.4, we prove Theorem 3.3. Finally in Section 3.5, we present a set of related constructions
realizing certain non-cyclic subgroups of S,, < O(H},, ), together with an obstruction for many
large non-cyclic subgroups.

3.1 Odd order elements

We now introduce some results of Hambleton—Tanase [HT04], in which the authors examine faith-
ful Z/mZ-actions on M, for odd m. Some of the nomenclature is our own, in order to exposit
only what is needed here. Let ¢ denote a generator of Z/mZ, and let (,, be a primitive mth root
of unity. On a fixed copy of CP? with projective coordinates [X : Y : Z], an action of Z/mZ is
called a standard linear action if it is of the form

1
t ¢ € PGLsC < Difft (CP?)
Cb
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in projective coordinates, for some fixed a, b € Z with (a, b, m) = 1. Note that any standard linear
action of ¢ acts trivially on H,(CP?;Z) and fixes the three coordinate points px = [1 : 0 : 0],
py =[0:1:0],and pz = [0:0: 1]. At py, consider the affine chart {[1 : Y : Z] : Y, Z € C},
identified with C?> by [1 : Y : Z] + (Y, Z) € C?. Identifying C? with the complex tangent space
T{0,0)C? in the usual way, observe that ¢ acts on T, CP? by the matrix

dt,, = (Ca <b> € GL(T,,CP?).

Similarly using affine coordinate charts {[X : 1: Z] : X, Z € C}atpyand {[X : Y : 1] : X, Y €

C} at py gives
—a —b
dtPY = (C Cb_a) 7dtpz = (g Ca—b) :

To record this data, we say that the points px, py, pz have the rotation numbers (a,b), (—a,b—a),
and (—b,a — b), respectively. Sometimes, for clarity, we write (a, b; m) for (a, b). Note that these
rotation numbers are well-defined modulo m up to the relations (a, b) = (b,a) = (—a, —b). Con-
sider a point p € CP?; a calculation shows that the orbit of p under a standard linear action as

above has cardinality in the set {1, m, o Tan)? o) }.

Now use standard linear actions to construct M,, with a (Z/mZ) action as follows. First, consider
two copies of CP?, each with a standard linear action such that one has rotation number (a, b) at
some coordinate point p;, and the other has rotation number (—a, b) at some coordinate point ps.
Then there is a natural (Z/mZ)-equivariant connect sum CP?#CP? formed locally in neighbor-
hoods of p; and p,. Note that Z/mZ acts trivially on H,(CP*#CP?;Z). More generally, form
M;, as a connect sum of k copies of CP? with standard linear Z/mZ-actions, where each connect
sum is formed at coordinate points in distinct copies of CPP? with respective rotation numbers of
the form (a, b) and (—a, b).

Note that the action of Z/mZ on Hy(Mj; Z) is trivial. These k copies of CPP? are called central,
and this Mj, is called the central core. Now let p € M, for k > 0 with Z/mZ-orbit O,, of size r.
Then form the manifold M, as a (Z/mZ)-equivariant connect sum by gluing one copy of CP?
to M, at each p’ € O,. These r copies of CP? are called peripheral; their r hyperplane classes
in Hy(Myy,; Z) now form a single Z/mZ-orbit, and they are permuted cyclically by the action of
t. (See Figure 5.) Inductively, we may attach equivariantly additional peripheral copies of CP?
onto the existing one. For more details, see the notion of admissible trees [HT04]. Alternatively
when k = 0, glue copies of CIP? equivariantly to a fixed orthogonal Z/mZ action on S*, which can
always be uniformized to take the form of rational rotations in each of two orthogonal 2-planes.
Any M,, formed in this way from central and peripheral copies of CP? is said to carry a standard-
linear action (or for short, M, is standard-linear). In either case, this construction arranges the
copies of CP? into a tree 7', and let T denote the tree of central copies.

In particular, notice that any permutation action on Hy(M,; Z) with at most two non-trivial cy-
cle lengths is realizable by a standard-linear action. Furthermore, any two elements 0,7 € S,, <
O(Hyy,) with inequivalent cycle types are non-conjugate in O(H},, ). The number of such permu-
tations is at least c;n?(log n)? for some constant ¢, and so at least as many pair-wise non-conjugate
elements of O(H,y, ) are realizable in Diff" (M,).
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Figure 5: A standard-linear action on Mg

Finally, we state a (rephrased version of) a main result of Hambleton—Tanase [HT04].

Theorem 3.5 (cf [Theorem A; HT04]). Let G = Z/mZ act faithfully by diffeomorphisms on M,
form,n > 0and m odd. Let Fix(G) C M, be its fixed set, and let pg; : Hy(M,,; Z) — Ho(M,,;7Z)
be its permutation action on homology. Then there exists a standard-linear action of H = Z./mZ.
on M, with Fix(H) its fixed set and py : Ho(M,; Z) — Hy(M,;Z) its action on homology, such
that the following two properties hold.

1. There is a diffeomorphism ¢ : Fix(G) — Fix(H). Furthermore, ¢ can be extended to
amap ¢ - Ng — Ny between tubular neighborhoods N¢ of Fiz(G) C M, and Ny of
Fiz(H) C M,, such that at each p € Fiz(G), ¢ induces an isomorphism between the
actions G — GL(T,N¢) and H — GL(T}, Np).

2. Additionally, pc = pp.

In other words, Theorem 3.5 shows that if an element o € S,, < O(H,,,) of odd order m can be
realized at all in Diff* (M), then it can be realized standard-linearly. Furthermore, the original
realization and the standard-linear realization have the same fixed set data and homological actions.
Hambleton—Tanase prove Theorem 3.5 by studying an equivariant Yang-Mills moduli space and
constructing a cobordism between the two realizations.

The following lemma and corollary provide the key reduction for proving Theorem 3.1, as it puts

a necessary condition on any realizable permutation. Then Proposition 3.8 and Proposition 3.9
quantify the proportion of partitions and permutations which satisfy this condition, respectively.
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The proof of Theorem 3.1 can then be assembled from these results.

We now extract from Hambleton—-Tanase [HT(04] a simpler necessary condition for realizability
in Diff* (M,,) which is strong enough for the asymptotic result below. Let o € S, have odd order

Y

m, and write 7 = (o) = C,,. If o has a cycle of length d, then the corresponding transitive Z[r]-
summand of the permutation module (i.e., Hy(M,,;Z) with the action of C,, by permuting the
standard basis) is Z[r /14|, where 7y < m is the unique subgroup of order m/d. Let C,,, (o) denote
the number of d-cycles in a permutation in o € S,,, and C ,,(\) similarly for partitions A of n.
Define
S(o) :={ma <m: Cyn(o) >0},

and let ;1(o) denote the number of maximal proper elements of S(o), where maximality is with
respect to inclusion among elements of S(o) \ {7}.

Lemma 3.6. Suppose o € S, < O(Hyy,) has odd order and is realizable in Diff " (M,,). Then
p(o) < max{2,3C (o)}

Proof. Let 1 = (o) = C,,. By Theorem 3.5, the given smooth 7-action has the same induced
permutation action on Hy(M,,;7Z) as a standard linear action. Hambleton—Tanase encode such
equivariant connected sums by admissible weighted trees 7" which exactly characterize standard
linear actions as summarized above. Following [HT04], write Ho(M,,; Z) as a permutation module

Hy(M,; Z) = €P Zlr /7o),

Ta €S

where S is the set of stabilizer subgroups for the standard basis elements of Hy(M,,;Z). Since
X (T) has the same permutation action on homology as the original action, this set S is precisely
S(o).

First suppose 7 ¢ S(), or equivalently C ,,(c) = 0; that is, there are no central copies of CP?.
Lemma 1.13 of [HT04] says that in this case S has at most two maximal elements. Since 7w ¢ S,
all maximal elements of S are proper subgroups of 7. Hence (o) < 2.

Now suppose © € S(o), let h = C},,(0); in other words, there are h > 0 central CP?s. Let
7 € S(0) \ {r} be a maximal proper subgroup, and suppose it is nontrivial (f any such 7 is trivial,
the statement follows immediately). By Lemma 1.12 of [HT04], proper nontrivial subgroups in S
arise from edges

€: v — v,

such that m; > m; = |7| and such that the fixed set MY contains a 2-sphere at the vertex v;.
Since m; | m;, the subgroup 7 is contained in the subgroup ; associated to v;. If m; # , then 7;
is a proper element of S(o) strictly containing 7, contradicting maximality of 7. Therefore m; = T,
and so v; is a vertex of the central subtree 7j.

By the definition of the edge operation in the admissible weighted tree, the attaching point on
the initial side is chosen in the exact isotropy stratum corresponding to 7. Therefore 7 must occur
as an actual proper isotropy subgroup on the linear CP*-vertex v; € Ty. A linear action on CP?
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has at most three nontrivial proper isotropy groups, corresponding to the three invariant coordinate
lines. Hence each vertex of 7y accounts for at most three nontrivial maximal proper elements of
S(o). Since Ty has h = C4 ,,(0) vertices, we get (i(0) < 3h = 3C ,,(0). O

Define
P,(0) = #{p < (logn)® : pis an odd prime and C,, ,(c) > 0}.

The restriction that p < (logn)? is not actually needed for the following corollary, but it will be
useful computationally later on to prove Proposition 3.8.

Corollary 3.7. If o € S, < O(Hyy,) has odd order and is realizable in Diff* (M,,), then
P,(0) < max{2,3C,(0)}.

Proof. If C,,,(0) > 0, then S(o) contains the subgroup of 7 = (o) of order m/p. This subgroup
has prime index p in 7, hence is maximal proper in the subgroup lattice of m. Therefore it is
maximal proper in S(o). Distinct primes p give distinct subgroups of orders m/p. Thus P,(c) <
u(o), and the result now follows from Lemma 3.6. O

For 0 € {1, %} , let P, o be the probability distribution on odd order permutations o € .S,, given by

gelo)

Pro(o) =
" ZTESn, 7 odd order 96(7—) ’

where ¢(o) denotes the total number of cycles of 0. The case § = 1 is the uniform distribution on
odd order elements of S,,, and the case § = % will be useful for Theorem 4.2. The following two
propositions provide the key estimates for proving Theorem 3.1.

Proposition 3.8. For 0 € {1, 1}, under P, 4, P, (0) — 0o in probability, while C ,(c) is bounded
above in probability in the following sense: if u, — oo for u, € Z, then P, o(C1, > u,) — 0.
Consequently,

P, (P.(0) < max{2,3C),(0)}) — 0.

Proposition 3.9. Let t : N — Z~q satisfy t(n) = o (y/n/logn) . Let X be chosen uniformly among
partitions of n into odd parts satisfying Cy ,,(\) < t(n). Fix constants 0 < a < b, and define

Pn:={p: pprime and ay/n <p <by/n}, R,(N\):=#{p € Pn: Cpn(N) > 0},

Then
P(R,(\) < max{2,3C,(\)}) — 0.

Equivalently, with probability tending to 1, R,,(\) > max{2, 3C ,,()\)}.

We prove Proposition 3.8 and Proposition 3.9 in the following two subsections, but first we use
them to prove Theorem 3.1.
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Proof of Theorem 3.1, assuming Proposition 3.8 and Proposition 3.9. First we prove part 1. Choose
o € S, uniformly from the set of odd order elements. This is the distribution IP,, ;. By Corollary
3.7, every realizable odd order ¢ satisfies P, (0) < max{2,3C},(c)}. But Proposition 3.8 with
6 = 1 says that

P,1 (P.(0) < max{2,3C},(0)}) — 0.

Therefore the probability that a uniformly random odd order o € S, is realizable in Diff " (M,,)
tends to 0.

Now, we prove part 2. Let A be chosen uniformly among odd partitions of n satisfying C; ,,(\) <
t(n). By Lemma 3.6, every realizable odd order conjugacy class satisfies 4(\) < max{2, 3C1 ()}
Hence every realizable odd order conjugacy class satisfies R, (\) < max{2,3C} ,(\)} because
every prime part of size p counted by R,,(\) contributes a distinct maximal proper stabilizer sub-
group of 7 of index p. But Proposition 3.9 says that, among odd partitions with C ,,(\) < ¢(n),
this inequality holds with probability tending to 0. Therefore the realizable proportion among such
conjugacy classes tends to 0. [

3.2 Proving Proposition 3.8

Let
al? = Z ).
O'GSn
o odd order
Then
(0) k 6/2
an’ x 1+
SO =ew |0 T = (1)
n>0 k>1
k odd
Let ®) 6/2
©._ G _pom (1E2
= — ) (1
For 0 < s < n, define
y o d®
An,s = (n>5 7(19) .
Since o) = n!ozg;), this is equivalently
o
Ané)s — _n-s
; 0“(19)

Lemma 3.10. Uniformly for 6 € {1, 3}, we have
Ane’l =1+0(s/n)+ O(n_a)
for 0 < s <n/2. Inparticular, Agfl = O(1) for 0 < s < n/2. Moreover,
AY = O(n)

n,s

forall0 < s < n.
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Proof. Lety = 0/2,s0 7y € {3, 1}. We estimate the coefficients of
1+z\”
F = .
o(z) (1 — :L’)

Fp(r)=(1+2)1—-2)""=27(1-2)"+0((1—2)"7).

Near x = 1,

The binomial coefficient estimate gives

- ['(n+7) 1 -1 —2
2"(1—x) 7 = = n’ +0(n).
e S A Ve K
The singularity at z = —1 contributes only O(n~""!), since near x = —1 the factor (1 — )77 is

analytic and nonzero while (1 + )" has exponent +7. Therefore

27
(0) y—1 y—2 —v—1

Equivalently,

Q= 2 -
W=y (L 0m™),

because 0 = 2v. If 0 < s < n/2, then

04(9) n— s\ 71
Ane?s = n(_)s = ( ) (1 + O(n_e)) =1+ O(S/n) + O<n_9)-
) an n
Finally, for arbitrary 0 < s < n, note that 0 < 0 < 1, so ane_s < (n — s)!, and hence oz,(fls < 1.
Since ozq(f) > n7!, we get
)
A 0) _ Qp s < nl—'y < n.

n,s a%@)

O

Now let kq, ..., k. be distinct odd integers, and let jq,...,j. > 0. Set s = 2;1 7ik;. The usual

factorial-moment count gives
r 0 Ji
= — AO)
(H (ki))
=1

Indeed, choosing a specified k;-cycle contributes the usual factor 1/k;, and now also contributes
the cycle-weight factor 6.

r

H(Ckz,n)h

i=1

Enﬁ

First consider C' ,,. If u,, — oo, then for n large we may assume u,, < n/2. Using

(CLn)Un

]'{Cl,nzun} S U | Y
n-.
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we get
Enﬁ[(cl,n)un] _ eunAng,Ln

Up,! !

IP)nﬁ(C(l,n > un) < — 0.
Thus C ,, is bounded above in probability. Now let
P, = {p < (logn)?: pisan odd prime},

and for p € P,, define I, == 1c, ,~0y. Then P, = > I,.
We first estimate P,, (C),,, = 0). Inclusion-exclusion and the factorial-moment formula give

[n/p] GJA(G)
Boo(Cp = 0) = Y (1) 52,

—
=0 'y
Comparing with
00 ' 09j
—0/p _ Z(_l)]_
e .
' 9
=0 Py

and using Lemma 3.10 in the range jp < n/2, gives
P, o(Cpp = 0) = e 7+ O(n™?)

uniformly for p € P,,. The tail jp > n/2 is negligible because p < (logn)?, while j! grows faster
than any power of n, and so the bound 4%, = O(n) suffices.

n,jp
Similarly, for distinct p, ¢ € P,,,
Ppo(Cpn = Cyn = 0) = e /P01 1 O(n9).

Then

Summing over p € P,,, Mertens’s theorem gives

0
E,.o[P.] = Z (]; +0(7%) + O(n_(’)) = 0logloglogn + O(1).
PEPR

In particular, E,, 4[P,] — oo. For the variance, since /,, is an indicator,

The two-variable estimate gives
Cov(1,,1,) = O(n™%)

uniformly for distinct p, ¢ € P,,. Thus

Var, g(P,) < E,g[P.] + O(|P,[*n~%) = O(E,4[P,)]).
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By Chebyshev’s inequality,

4 Var, ¢(P,)

Pro | Pn <
¢ ( Enﬂ [Pn]Q

Hence P,, — oo in probability.

Finally, set

Then u,, — co. With probability tending to 1,

Cl,n < Up
and 1
P, > §]En’9[Pn].
For large n,

%Emg[Pn] > max{2, 3u,}.
Thus, with probability tending to 1,
P, > max{2,3C, . }.
Equivalently,

P,o (P, <max{2,3C,}) — 0.

3.3 Proving Proposition 3.9
Let g>5(/V) denote the number of partitions of /V into odd parts all of which are at least 3. Thus

> e =T 1=

N>0 j>3
7 odd

We first record the coefficient estimate needed below.

Lemma 3.11. Let A = 7r/\/§ Then
g>3(N) = KN~/1eAVN (14 O(N~2))

for some constant K > 0. Consequently, for every fixed B > 0, uniformly for 0 < s < Bv/N,

(N —5) _ o (_ 21‘%) (14 0p(N"2)).
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Proof. Let goqqa(/N) denote the number of partitions of /V into odd parts. The classical asymptotic
for odd partitions gives

Goaa(N) = KoN VN (1 O(NY2)), A=7/V3.

Since excluding parts of size 1 corresponds to multiplying the generating function by 1 — z, we
have

¢>3(N) = goaa(N) = goaa(IN — 1).

Moreover, ( )
Godd (N — 1 A _1
—_— =1 - ——+ O(N).
doaa (V) v O

Hence
g>3(N) = KN“/4eAYN (14 O(N-1/2))

for some K > 0.
Now let 0 < s < BvV'N. Then

g=3(N —s) _ (N _ S)_5/4 exp (A(\/Ni—S— \/N>) (1+05(N""2).

g=3(N) N
Since N 51
(F57)  —reosv
and .
N —s— N:—2\/N+O (N~Y2),
we get

~3(N — s As ~1/2
e = o () (1 05V,

]

We now prove Proposition 3.9. Fix 0 < r < ¢(n), and condition on the event C ,,(\) = . After
deleting the r parts of size 1, the remaining partition is uniformly distributed among partitions of
N = n — r into odd parts all of which are at least 3. Since

logn

rgt(m:o(

we have N ~ n, uniformly for 0 < r < ¢(n).
Let X, denote the random variable R, (\) under this conditional distribution. For p € P, the
probability that p appears as a part is

P(Con(A) > 0| Crn(A) =7) =
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By Lemma 3.11, uniformly for p € P, and 0 < r < t(n),

>3(LV — A —1/2
B = (<) o).

Since a\/ﬁ <p< b\/ﬁ and N ~ n, this probability is bounded above and below by positive
constants depending only on a, b. Therefore, by the prime number theorem,

E[X,.]= Y %&)w = #P, <

PEPn

uniformly for 0 < r < t(n).
Next we estimate the variance. For distinct p, g € P,,,

P(Cpn(A) >0, Cyn(A) >0 | Cr(AN) =7) =

Again by Lemma 3.11,

>3 —r A e

while

qz?’(N — p) qu(N - Q) = ex _A(p + CJ) n-1/2
ng(N) qu(N) - Xp < 2\/N ) (1 + O< )) :

Thus, uniformly for distinct p, g € P,

Cov (L(c,,.>01, Licy >0} | Cr =7) = O(n~1?%).

Since the variables 1¢, , -0} are indicators,

> Var(lyc,,s05 | Cin = 1) < E[X,,,].

pEPn
Therefore
Var(X,,,) <E[X,,]+O ((#Pn)zn_l/z) .
Using
P = Y
logn
we obtain
Var(X,,) =0 (YY) 1o (- Y Zo (V)
’ logn (logn)? logn
uniformly for 0 < r < ¢(n). Since
E[X,,] < YT
logn



Chebyshev’s inequality gives

1
P (Xm < §E[Xn’r] | Cin = r) — 0

uniformly for 0 < r < ¢(n). Hence, uniformly for 0 < r < t(n),

X, 3 0
logn
with probability tending to 1.
Since
i) =o (%),
logn

we get, uniformly for 0 < r < ¢(n),
P(X,, <max{2,3t(n)} | Ci,=1) — 0.
Averaging over 0 < r < t(n), this gives
P(R,(\) <max{2,3t(n)} | CrLn(A) < t(n)) — 0.
Since C ,(A) < t(n) under the conditioning, we have
max{2,3C} ,(A\)} < max{2,3t(n)}.
Therefore

P(R,(N\) < max{2,3C1,(\)} | Cin(A) < t(n)) — 0.

3.4 Proving Theorem 3.3: 2-subgroups of S,, < O(H);,)

In this subsection, let G < S,, < O(Hy,, ) with |G| = 2™.

Proposition 3.12. If G < S, < O(Hy;,) with |G| = 2™ is realizable in Diff* (M,,), then there is
a subgroup H < G such that log, |H| > m — log,(n) and either

1. H embeds into SO(4)

2. there is an exact sequence
l-K—-H—=L—1

with K cyclic, and L embeds into O(3).

If n is odd, then G embeds into SO(4).
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Proof. Assume G is realizable in Diff"(M,,). First, no order 2 element ¢ € G has a realizing
representative f € Difft (M,,) which acts freely on M,,, for any n > 1. For contradiction, assume
¢ € G has arealization f € Diff"(M,,) acting freely on M,, with |¢| = 2. Let k denote the number
of 2-cycles in ¢ as a permutation. In particular, dim Hy(M,,; R)'?) = n — k. Then the G-signature
theorem, Theorem 2.6, gives

n—2k=2n—k) —n=>Y def. +» defc =0.
z C

Thus n must be even, and ¢ must have a cycle type of only 2-cycles. But now in the language of
Proposition 2.5, X(Méﬁ) =t—c+2=0—0+42#0,andso M cannot be empty.

Since G is a 2-group, it has nontrivial center. Let ¢ € Z(G) have order 2. Since no realization
f € Difft(M,) of ¢ acts freely, by Proposition 2.5, M/ consists of & isolated fixed points and s
2-spheres. If £ > 0, then by Lemma 2.11, there is a subgroup H < G with

logy | H| > m — va(k) > m — logy(k)

such that H fixes a point p and hence embeds into SO(4). Similarly, if s > 0, then there is a
subgroup H < GG with
log, [H| > m — va(s) = m — log,(s)

such that H fixes some 2-sphere, setwise. The kernel K of the action of H on this sphere S can
have at most one element of order 2: if two involutions each act fixing a sphere S pointwise, they
must each act on the normal bundle NS C T'M,,|s by (—1), and hence they must be equal. Since
K is a 2-group, it must then be cyclic since it embeds into SO(2). Observe that L embeds into
O(3) by uniformization. To conclude the first claim, note that k, s < n.

If n is odd, then n — 2k is also odd, and so f fixes an isolated point. The result follows. O]

Lemma 3.13. If G < S, < O(Hyy,) with |G| = 2™ is realizable in Diff* (M,), then G has a
generating set with at most [log, n| + 5 elements.

Proof. By Proposition 3.12, there is a subgroup H < G such that log, |H| > m — log,(n) — 1
and either H embeds either into SO(4), or H/K for K cyclic embeds into O(3). In particular,
|G : H] < 2n. By the classical classifications of finite subgroups of O(3) and SO(4) (for example,
via its universal cover SU(2)), H is then generated in either case by at most 4 elements. Since H
and G are 2-groups, inclusion H < (' can be refined to a chain of inclusions

HSHISH'SHT’:G7
where [H;,1 : H;] = 2, and where
r =log,|G : H] <log,(2n) =1+ log, n.

Each successive group H; can be generated by adding one additional element to a generating set
for H; ;. Then G is generated by at most [log, n| + 5 elements. O
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Proof of Theorem 3.3. We prove the first part, about 2-groups of S,, < O(Hy,, ). Let A, denote the
total number of 2-subgroups of S,,. Let k,, = [n/2], and let E,, denote the number of subgroups
of some maximal elementary abelian 2-group C’§" < S,. Such subgroups correspond to Fy-vector
spaces of 5. If k,, = 20 for{ € Z,leta =b= (. Ifk, =20+ 1,leta = L and b = £ 4 1. Then
the graphs of distinct linear maps F§ — [} give distinct subspaces of IF;“”. There are 2% such maps
and ab = | k2 /4], and so
k2 n?
log, A, > log, E,, > {ZJ =1 + O(n).

Let B,, denote the total number of 2-groups which are generated by a set of size at most log, (n)+
5. Lemma 3.13 implies that any 2-group in S,, < O(Hy;,) which is realizable in Diff* (M,,) fits
this criterion. Then B,, is bounded from above by the number of ordered ([log,(n)] + 5)-tuples of
elements in S, which is (n!)[°&2(M1+5 Then log, B, < ([logy(n)] + 5)log,(n!) = O(n(logn)?)
by Stirling’s approximation. Comparing bounds on A4,, and B, gives B, /A, = O(e~“"") for some
constant ¢ > 0.

Now we prove the second part, about conjugacy classes. Let C), denote the total number of
conjugacy classes of 2-subgroups of .S,,, and let D,, denote the total number of conjugacy classes of
2-groups which are generated by at most log, (n)+5 elements. It suffices to show that D,,/C,, — 0.
Simply observe that log D,, < log B, = O(n(logn)?), and logC,, > log(4,/n!) > dn* —
O(nlogn) for some constant ’. The result follows.

]

Remark 5. There are precisely two non-conjugate subgroups of O(H},, ) abstractly isomorphic to
the symmetric group S,,. Along with the standard copy made up of the usual n-by-n permutation
matrices, there is also the group of signed permutation matrices H = {(—1)Sgn(0)0'}gegn§o( Hu,)
for o € S, < O(Hyy,) a totally positive permutation matrix and sgn (o) its sign as a permutation.
Since the map 7 : Diff " (M,,) — O(H),, ) is surjective for all n > 1, then Nielsen realization is
a conjugacy invariant in O(H,,, ). Furthermore, the odd order elements of H coincide precisely
with the odd order elements in the standard copy of S,, < O(Hy, ). In particular, Theorem 3.1 and
Theorem 3.3 hold equally true considering H instead of S,, < O(Hyy, ), and hence they hold for
any subgroup of O(H),, ) abstractly isomorphic to .S,,.

3.5 Other realizations and obstructions in S, < O(H),, )

First, considering regular polytopes proves the following proposition.

Proposition 3.14. In the following, any embedding Sy, x Sy < S,, < O(H)yy,) is taken to be the
permutations on disjoint sets of k and { out of n letters. The inclusion Dy, < Sy is also taken to be
the standard embedding.

1. The product of dihedral groups Dy, x Dy < S X Sy < Skie of order 4k( is realizable in
Diff " (Mj, ). The product of cyclic groups Cj, x Cy < Si X S¢ < Spye < S, < O(Hyy,) is
realizable in Diff ™ (M,,) for all n > k + L.
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2. Let G be the isometry group of a platonic solid or the orientation-preserving isometries of
any regular 4-dimensional polytope, embedded as a subgroup of the permutations of its k
vertices G < Sy, < S,, < O(Hyy,). Then G is realizable in Diff " (M,,).

In the case of a platonic solid, let H be its orientation-preserving isometries. Then for any
0 >0, the group H x Cy < Sy x Sy < Sy is realizable in Difft (M. ).

The group K of all isometries of a regular 4-dimensional polytope with k vertices is re-
alizable in My, as is the group of all orientation-preserving isometries of a 5-dimensional

polytope.

3. Let G be the orientation-preserving symmetry group of a regular 5-cube or 5-orthoplex,
embedded into the permutations S,, of its n vertices, and hence into O(Hyy,) under the
natural embedding. Then the group G is realizable in Diff* (M,,). In particular, n = 32 or
n = 10 in this setting.

4. The group S, < O(Hyy,) is realizable in Diff* (M,) for all n < 5. The group Ag is
realizable in Diff " (Ms).

Proof.

1. Model M, by connect summing k copies of CI?* onto a central S* at regular intervals
around a geodesic S' C S%, and / copies at regular intervals around an orthogonal geodesic
S < S*. Then rotations of S* induce an action of D, x D,, which extends over connect-
sums to all of M.

2. Realization of G in Diff " (M,,) follows simply by rigid rotations of S*, by connect summing
copies of CP? in neighborhoods of the vertices of such regular polytopes on S*. Realizing
H x Cy follows similarly, positioning the points in a platonic solid and a circle on orthog-
onal equatorial subspheres S® and S in S*. Realizing K again is simply achieved by rigid
rotation of S%.

3. Again, realize G in Diff*(M,,) by rigid motions, using a model where the n copies of CP
are glued symmetrically at the vertices of an inscribed cube or orthoplex in S*.

4. For n = 2,3,4,5,6, model M, by connect summing n copies of CP? onto a central S* at
neighborhoods of the vertices of an inscribed regular (n — 1)-simplex. Hence by isometries
of the round S, realize A,,, the orientation-preserving isometry group of the (n—1)-simplex.
For n = 2,3, 4,5, the vertex points can be chosen to lie on an equatorial S* C S*. Hence,
first reflect S* C R® through a 4-plane, which induces an orientation-reversing isometry
of S3, and then reflect S* through the 4-plane containing that S®. In this way realize any
isometry of the (n — 1)-simplex by an orientation-preserving diffeomorphism of S* which
extends to a diffeomorphism on M, inducing the corresponding permutation.

]
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Remark 6. Proposition 3.14 generalizes in several elementary but cumbersome-to-state ways. For
example, consider connect summing a copy of M; at each vertex of a platonic solid with & vertices.
This then gives a realizable subgroup Sy < Sor < S, < O(Hyy,).

In the rest of this section, we prove Proposition 3.4.
Lemma 3.15. Suppose o € S,, < O(Hyy,) is of odd order m and realizable in Diff* (M,,).

1. Suppose o has no fixed points as a permutation. If the cycle type of o contains two prime
lengths p,q > 1 which are minimal under divisibility among all cycle lengths, then every
cycle length in o other than p and q is divisible by pq.

2. Suppose o has a single fixed point as a permutation. Then it cannot simultaneously have
cycles of lengths 3, 5, and 7.

Proof. By Theorem 3.5, it suffices to show for standard linear actions. First suppose that o has no
fixed points. Then the standard-linear model has empty central core, so it is built from an orthogo-
nal Z/mZ-action on S*, followed by equivariant connected sums along orbits. Write the two non-
trivial rotation weights on S* as a,b € Z/mZ, and let o(a) = m/(a,m),o(b) = m/(b, m) denote
their additive orders. The initial nontrivial orbit lengths on S* are o(a), o(b), and lem(o(a), o(b)).
Since the action is faithful, m = lem(o(a), o(b)). Every later vertex of the admissible tree lies
over an earlier one, and its orbit length is a multiple of the orbit length of its predecessor. Thus a
minimal nontrivial cycle length must already occur among the initial orbit lengths above. If two
distinct primes p, ¢ occur as minimal nontrivial cycle lengths, then, after relabeling the two rotation
planes, o(a) = p, 0(b) = q. Hence m = pq. A branch lying over an orbit of length p has stabilizer
of order g, so all orbit lengths in that branch are either p or pg. Similarly, a branch lying over an
orbit of length ¢ has all orbit lengths either ¢ or pg, and a branch lying over a generic orbit has orbit
length divisible by pq.

Now assume that the central core consists of exactly one copy of CPP?. A standard linear action
on this copy has the form ¢ — diag(1, (%, ¢®) in projective coordinates, and the three distinguished
orbit lengths from which peripheral branches may begin are the additive orders in Z/m of (a, b, a—
b). If cycle lengths 3, 5,7 all occurred, then, after relabeling a, b, a — b, there would be elements
x,y € Z/m of additive orders 3 and 5 such that x — y has additive order 7. But in a cyclic group,
the difference of elements of prime orders 3 and 5 has order 15. Indeed the subgroup they generate
is cyclic of order 15, and x — y projects nontrivially to both the order 3 and order 5 factors. This is
a contradiction. 0

Proposition 3.4 then follows by combining the following two propositions.

Corollary 3.16. All cyclic subgroups of S,, < O(Hyy,) are realizable in Difft (M,,) for1 < n < 8.
When n > 15, there exists a non-realizable cyclic subgroup.

Proof. Allo € S, for n < 8 are of cycle types with at most two distinct cycle lengths greater than
1 and hence can be constructed as in case (1) of Proposition 3.14.
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Now say n > 15 is odd. If 15 { (n — 8), then the permutation of cycle type (3,5, n — 8) is not
realizable in Diff " (M,,) by the first part of Lemma 3.15. If 15 | (n — 8), then n = 2 (mod 3), and
son — 10 = 1 (mod 3). Then 21 { (n — 10). Consider the permutation (3,7,n — 10) and apply
Lemma 3.15.

For n = 16, consider the permutation with cycle lengths (1, 3,5, 7) and apply Lemma 3.15.

When n > 18 is even, consider the permutation with cycle lengths (3,5,7,n — 15) and apply
Lemma 3.15. [

For large n, Theorem 3.1 shows that realizing all of S,, < O(Hyy,) at once is impossible. In fact,
such an obstruction begins at least at n = 8.

Proposition 3.17. Let n > 8, and pick some k with k — 2 > max{n/2,5}. Consider a subgroup
Sy < S, < O(Hyy,) given by permuting some choice of k standard basis elements of Hy(M,,;7)
(i.e., hyperplane classes of CP%s). Then the group S}, is not realizable in Diff* (M,,). In particular,
the group S,, < O(H\yy,) is not realizable in Diff* (M,,) for any n > 8.

Proof. Consider the permutation (12) € Sy, and suppose it is realized by an order 2 diffeomor-
phism f € Difft(M,). By Proposition 2.5 with p = 2, we have ﬁl(Mflf)) = 0, and hence
MY consists only of isolated points and spheres. Let ¢ denote the number of spheres. Since
Bo(S?) + B2(S?) = 2, then 0 < ¢ < n/2. Now consider the subgroup Sy, o < S; which permutes
the last k£ — 2 basis vectors.

By the G-signature theorem, Theorem 2.6, applied to the group (f),

n—2=2n-1)—n=>» def.+» defc=» 0+>» C-C.
z C z C

Since n — 2 > 0 and the signature defect of a point is 0 when p = 2, then there must be 2-
dimensional components. That is, ¢ > 0.

Notice then that Si_, acts on the finite set of ¢ spheres. The kernel of this action is thus either
trivial, Aj;_o, or S;_». Since ¢ < k — 2, the action cannot have trivial kernel. Thus A;_» fixes an
f-fixed sphere set-wise. But if & — 2 > 6, then A;_, cannot act effectively on S?, and so A;_
fixes that sphere pointwise. Let p € S? be a point on such a sphere. For k — 2 > 6, the group A;_»
does not admit an embedding into SO(4). Hence some nontrivial element g € Aj_» acts by the
identity on 7T}, M. Thus the group Aj_s, and hence S}, cannot be realizable. [l

Remark 7. Similar arguments to the proof of Proposition 3.17 can be used to show that A, < S,, <
O(Hyy,) is not realizable in Diff" (M,,) for any n > 10. In fact, the ideas of the proof obstruct
a much wider class of subgroups from being realized. For example, consider any H < 5, <
O(H ) which contains a 2-cycle whose centralizer in H is large and has no small, nontrivial nor-
mal subgroups which embed into SO(4) or O(3). We omit the most general possible formulation,
which would be overly cumbersome.
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4 General subgroups

This final section considers all subgroups of O(H},, ), not necessarily contained in either G,, <
O(Hyy,) or S, < O(Hyy,). In Section 4.1, we give constructions which in particular show cyclic
realization in the smallest cases.

Proposition 4.1. When n = 2 or n = 3, all cyclic subgroups of O(H,;,) are realizable in
Diff* (M,,).

Finally, in Section 4.2 we show the following result, which implies the remainder of parts 1 and 2
of Theorem 1.1.

Theorem 4.2. (General asymptotic non-realizability)

1. Random subgroups of O(Hyy,) are asymptotically almost never realizable in Diff* (M,,).
The same is true up to conjugacy.

2. Random elements of odd order in O(Hyy,) are asymptotically almost never realizable in
Diff* (M,,).

3. Along the odd subsequence (M), random abelian subgroups of O(Hyy,, ) are asymp-
totically almost never realizable in Diff " (Moy1). More precisely, suppose H < O(Hyy,, )
contains some order two element ¢ with an odd number of +1s on its diagonal as a (2k+1)-
by-(2k + 1) matrix, and suppose that the 2-primary part Hy < H does not embed in SO(4).
Then H is not realizable in Diff" (May,11), and almost all abelian subgroups of O(Hy, , )
are of this form as k — oc.

4.1 Cyclic realization: small cases

Construction 4. Consider M, = CP}#CP3. We seek to realize the order 4 mapping class

(1 9) corm=otm)

by a diffeomorphism f of order 4. Consider coordinates [X; : Y] : Z;] on CPP} and [X, : Ys : Zo]
on CIP’%. Near points [0 : 0 : 1] on each copy, consider local coordinates Re X, ImX;, ReY;, ImY;
on CP? and Re Xy, ImX,, ReY, ImY; on CIP5; call these the standard local bases for CIP? and CIP3.
Form CP?#CP3 by gluing locally according to the following linear map on local charts from CP?
to (C]P’g, written as a matrix in the standard local bases:

o O O
O = O O
S O = O
_ o O O

36



i.e., by identifying unit balls around [0 : 0 : 1] in each copy of CP? according to this linear
map. Notice there is locally an orientation-reversing diffeomorphism 7 of M5 in a neighborhood
of the connect sum by a reflection on the S* gluing locus of the connect-sum. Specifically, it
sends the point (a, b, ¢, d) in the standard basis of CIP to (a, ¢, b, d) in the standard basis of CIP,
and vice versa. This map does not, however, extend globally to a diffeomorphism of M,, which
does not admit any orientation-reversing diffeomorphisms (since it has non-zero signature, for
example). However, notice that the map exchanging basis elements Im.X; and ReY; extends across
the connect sum to exchange Im X, and ReY5. Then compose r with this reflection to obtain a map
which is orientation-preserving and extends globally to a diffeomorphism 75 : My — Ms. In local
coordinates near the connect sum, 7 acts by the simple formula (a, b, ¢, d) — (a,b,c,d) in the
standard local bases of CIP{ and CIP3, respectively, and vice versa.

Finally, construct the sought f by composing 7, with a rotation. The map [X; : Y] : 71| —
[~ X, : Y] : Z] on CIP} extends across the connect sum to [Xy : Yy : Zo] [)~(2 Yy ZQ] where
X refers to reflection across the imaginary axis (and Y,Z similarly). Then composing this map
with ro gives the desired f.

Construction 5. We generalize Construction 4 analogously to the generalization from Construc-
tion 2 to Construction 3. First note that Construction 4 can be employed around any of the three
coordinate points [1 : 0 : 0],[0 : 1 : 0],[0 : O : 1]. Start with an M,, constructed as in Construc-
tion 3. If n is even, there is a unique edge e in the adjacency tree (which, recall, records which
copies of CPP? are connected locally) which divides the tree into two trees of equal size. If the tree
is symmetric about this edge (meaning it admits an isometry which reflects the edge), then apply
Construction 4 locally to the connect sum at e. In that case, the action extends to a well-defined
diffeomorphism of M,,.

Corollary 4.3. All cyclic groups in O(Hy,) = O(2,7Z) are realizable in Diff " (My).

Proof. By Theorem 2.1 and Construction 4, it suffices to construct lifts of the matrices

01
€
10
for e = 41. For € = 1, attach the two copies of CP? with the standard connect sum of Construc-
tion 1, and then perform two reflections locally in a neighborhood S? x [0, 1] and then extend: one
which swaps the two copies by reflecting over the gluing locus S®, and the other which reflects
in some standard basis element of each local coordinate chart. Equivalently, swap the two local

charts around the gluing loci by a rotation inside some ambient R°. See Figure 6. For ¢ = —1,
simply compose by complex conjugation on both copies. [
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Figure 6: Corollary 4.3, when ¢ = +1: in a local model swap two copies of CIP? by rotation on an
axis

Construction 6. We show how to realize all elements of O(H},,) of the form

0 +1 0
+1 0 O (1)
0 0 =+1

for all combinations of signs.

The key to a simple geometric construction is to adjust our local model of connect sum. In pre-
vious constructions, we modeled connect sum by directly gluing a copy of S? in each component
manifold. We now change this picture by adding a tube S® x I between the two manifolds.

Applying this to CP?#CIP?, the tube inherits a set of coordinates from the standard coordinate
charts on the gluing loci of each copy of CP?. All earlier constructions on M, can be rephrased
naturally in terms of this tube perspective. In realizing any matrix of the form

0 =1

+1 0
on CP?*#CP? as in Construction 4 and the proof of Corollary 4.3, there is a fixed point p €
S3 % {%} C 5% x I. Attach a third copy of CP? in an invariant neighborhood around such p, gluing

along standard projective coordinates. A choice of parity in this identification then completes the
construction. See Figure 7.

Corollary 4.4. All cyclic groups in O(Hy,) = O(3,Z) are realizable in Diff " (Ms).

Proof. Note that realizability is conjugacy-invariant. Conjugacy classes in O(3,7Z) correspond to
signed cycle data: an underlying permutation o € S3 with k cycles, and signs {¢;}*_,, where ¢; €
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action swaps these two,

/’_ fixes p \
e:i) )

(P

Figure 7: Construction 6

IF, gives the parity of the number of (—1)s on each cycle. Then by Theorem 2.1, Construction 5,
and the standard-linear actions of Section 3.1, it suffices to show that the matrix

0 -1 0
0O 0 -1
-1 0 0
is realizable. To do this, consider S* C R® equipped with a standard basis ey, ..., e5, and with

three marked points p;, ps, p3 € S* placed in an equilateral triangle in the e, eo-plane. There is
then an action on S* given by rotating in the e;, es-plane by 27 /3, composed with reflections in the
vectors ez and e4. Then glue three copies of CP? equivariantly at py, ps, ps, such that the reflections
in e3, e4 extend together to perform complex conjugation on each copy. (In fact, this construction
extends to realize the element —Id - (12...n) € O(H)y,,) for any n.) O

4.2 Proving Theorem 4.2

Lemma 4.5. There is a constant C' > 0 so that if P < O(Hyy,) is a 2-subgroup realized by a
group P < Diff*(M,,), then d(P) < C'logn, where d(P) is the size of a minimal generating set
for P.

Proof. Let |P| = 2™ be realizable in Diff" (1,,), and let ¢ € P be a central involution, realized by
¢~5 € Diff" (M,,). By Lemma 2.9, (5 does not act freely on M,,. Since ¢ is central, P acts on M,ﬁ@,
and so by Proposition 2.5,

Bo(MP) < Bo(MD) + By(MP) =t +2 < m +2.

Then Mﬁ) has at most n + 2 components, and so there is a subgroup I, < P of index at most
n 4 2 such that Py stabilizes a connected component F' < MY IfFisa point then F, embeds
into SO(4) and hence is 4-generated because it is a 2-group.

39



If F'is a surface, then let K < ]50 be the kernel of the action of }50 on F'. Then K acts faithfully
on the normal bundle of F, and so K embeds into SO(2) and is cyclic. Since Py/K acts faithfully
on F', then

|Py/K| < C'B1(S) < C'n

for some constant C’ > 0, when F' is hyperbolic. The first inequality follows for high genus
by Theorem 2.7 (passing to the orientation double cover if S is non-orientable), and the second
inequality follows by Proposition 2.5 since n = ¢ 4 ¢ + 2r. Then since K is cyclic,

d(Py) < d(K) +d(Fy/K) <1+ log, |Py/K| = O(logn).

When F is S2,T? RP?, or N, then d(P,/K) is uniformly bounded by uniformizing to a round
or flat metric, and so d(Fy) = O(logn) trivially in this case. Since [P : Py < n + 2 and P
is a 2-group, P can be generated by P, and at most [log,(n + 2)] additional generators. So
d(P) = O(logn). O

Lemma 4.6. The number of subgroups H < O(H)y,) realizable in Diff* (M,,) is at most

2n2/16+o(n2) )

Proof. Let H < O(H),,) be realizable in Diff*(M,). Let p : O(Hy,) — S, be the sign-
forgetting map. Let K = H NG, = ker (p|g), and let Q = p(H) < S,. By Lemma 4.5,
log, |K| < C'logn for a constant C' > 0. Further, K is an elementary abelian 2-group. Then the
total number of possibilities for K is at most

Z (n> < 20(n log n)
/2

7j<Clogn

By [Theorem 1; RT], the number of possibilities for () is at most the number of subgroups of .5,,,
which is
]Sub(Sn)\ _ 2n2/16+o(n2)'

Now fix K and (); we count the number of possibilities for H. Let M = G,,/K; then H/K <
M x @, intersecting M trivially and projecting isomorphically onto (). In other words, H/K is
given as the graph of a crossed homomorphism, a 1-cocycle o € Z*(Q, M). Then the number of
possible H is bounded by |Z1(Q, M)|.
Let Py < H be a Sylow-2 subgroup. Then Py = p(Py) < @ is also a Sylow-2 subgroup, and
so by Lemma 4.5,
d(Pg) < d(Py) < Clogn.

The restriction map res : H'(Q, M) — H'(Pg, M) is injective: the composition of restriction and
corestriction is multiplication by the index [) : Py|. Since I is a Sylow-2 subgroup, this index
is odd, and hence the composition acts as the identity on the F,-vector space H'(Q, M). Then

dimg, H'(Q, M) < dimg, H'(Pg, M).
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Since a 1-cocycle is determined by its values on generators,
dimg, Z'(Pg, M) < d(Pg) dimg, (M) < Cnlogn.

Then
dim H'(Q, M) < Cnlogn.

Note also that dim BY(Q, M) < dimM < n. As HY(Q,M) = Z'(Q,M)/B(Q, M), then
dim Z1(Q, M) < O(nlogn), and so

‘Zl(Q, M)‘ < 20(n10gn).

Multiplying the counts for K, () and the cocycle gives that the number of realizable groups in

O(Hyy,) is at most
20(n logn) 2n2/16+0(n2)20(n logn) _ 2n2/16+0(n2) )

]

Proof of part 1 of Theorem 4.2. Lemma 4.6 says that at most 2"*/16+°("*) subgroups of O(H,y, )
are realizable in Diff*(M,,). But even just by considering subgroups of i, with rank |n/2], we

find that O(Hy;, ) has at least <Ln72 J)2 — 27%/4+0(n) gubgroups. Finally, calculate

2n2/16+o(n2)
onZ/ir0(m) 2 = 0.

To consider conjugacy classes, note that the number of conjugacy classes of diagonal subgroups of
B, is at least 1/n! times the number of diagonal subgroups, giving at least

2n2 /4—0O(nlogn)

conjugacy classes. On the other hand, the number of realizable conjugacy classes of subgroups is
at most the number of realizable subgroups. Then by the same calculation,

’I’L2 on2
on?/16-+o(n?) _ o-3n2/16+o(n?)

on?/4—O(nlogn) — 0.

]

Proof of part 2 of Theorem 4.2. Let p : O(Hy,) — S, be the sign-forgetting map. Let ¢ €
O(Hyy,) have odd order, and set ¢ = p(¢). Then o has odd order. On a cycle C' = (i; - - - i4) of o,
write

¢(€ij) = €5Cijq1s € € {il}
Then ¢? acts on the span of this cycle by multiplication by ] ; €j- Hence ¢ has odd order precisely

when every cycle of ¢ has sign product +1, equivalently an even number of minus signs.
For fixed o, the number of odd order signed lifts is therefore

H 2\C|71 — anc(o)’
C
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where (o) is the number of cycles of 0. Thus the pushforward of the uniform measure on odd
order elements of O(H,,, ) to S,, is proportional to on—c(0) je. itis exactly P, 1 /2.

Moreover, every such lift ¢ of o is conjugate in O(H;, ) to the ordinary permutation matrix o,
by changing signs along each cycle. Since realizability is invariant under conjugacy in O(Hyy, ),
a realizable ¢ projects to a realizable odd order permutation o. The result now follows from
Corollary 3.7 and Proposition 3.8 with § = 1/2.

]

Remark 8. The bounds and proof of part 2 of Theorem 3.1 carry over with no change to odd order
elements of O(H,,, ), since conjugacy classes of odd order elements in S,, are in bijection with
conjugacy classes of odd order elements in O(H,y, ). (In fact, this bijection is induced by the pro-
jection map p : O(Hy, ) — S,. In particular, the asymptotic probability that a random odd order
element of O(H),, ) is realizable in Diff"(M,,), up to conjugacy, is at most e~*/2
can then alternatively be phrased in terms of odd order elements of O(Hyy,, ).

. Conjecture 3.2

In the rest of this subsection, always assume n is odd. The proof we now present of part 3 of
Theorem 4.2 is similar in spirit to that of Theorem 2.1.

Remark 9. One simple source of examples for abelian subgroups not contained in either GG,, <
O(Hyy,) or S, < O(Hyy,) is the natural inclusion

n-Hc)?

by considering H; x H, for abelian subgroups Hy < O(Hyy,) and Hy < O(H),, ). Even though
these maps are group-theoretically basic, the Nielsen realization problem behaves chaotically with
respect to the inclusion maps ¢, z. Sometimes for o € O(Hyy, ), o is not realizable in Diff* (M,,)
but ¢(c, Id) is realizable in Diff* (M, ;) for k sufficiently large [HT04]. On the other hand, Theo-
rem 2.1 implies that for H; < GG, and Hy < G}, both realizable, ¢,, ;,(H;, H>) is often not realizable
in Diff" (M,,).

Lemma 4.7. Let n > 1 be odd, and let H < O(H);,) be abelian. Suppose 1 # ¢,v € H are
distinct with ¢* = ¢* = 1. Then at least one of ¢,1, or ¢1) has an odd number of +1s along its
diagonal as a signed permutation matrix in O(Hyy,).

Proof. Let K = (¢,v) < (Z/27)?, and let K be its image under the projection O(H,z,) — S,,.
For each g € K\ {1}, let s(g) € I, be the parity of the number of +1s along the diagonal of g as a
matrix. Then the set {1,2,...,n} decomposes into K -orbits, which all have size either 1, 2, or 4.
Consider the quantity s(K) = s(¢) +s(¢0) +s(¢1)) € Fa. An orbit of size 4 contributes 0 to s(K),
since no nontrivial element of K fixes any element of that orbit. An orbit of size 2 also contributes
0 to s(K), since such an orbit is pointwise fixed by exactly one nontrivial element /. Since K is
abelian and conjugation by any g € K with g # h swaps the two orbit points, then s(h) = 0. A
singleton orbit is fixed pointwise by all of K. Either all of ¢, v, 1 have a corresponding —1 on
their diagonals, or only one of these elements does. In either case, such an orbit contributes 1 to
s(K).
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Since n is odd, then the number of singleton orbits is odd. Thus s(&) = 1. Then at least one of

s(p), s(v), s(¢)) is 1, as desired.
[

Say an abelian subgroup H < O(Hyy,) has an odd involution if there is some element ¢ € H
with ¢ = 1 and an odd number of +1s on its diagonal. Then Lemma 4.7 implies that subgroups
without an odd involution have at most one element of order 2. Equivalently, they have cyclic
2-primary parts.

Lemma 4.8. Let n > 1, and let C,, be the number of abelian subgroups of S,, with 3-generated

Sylow-2 subgroup. Then
Cn < 2(log2 3)n2/9+0(n logn).

Proof. Fix some such B < S,,. Let mq, ..., m, be the sizes of its orbits. Since B is abelian, there
1s an inclusion
B— H xHyx---xH., = M,

a product of regular abelian groups of order m; which record the action on each orbit.

We now bound the number of subgroups of S, of the form M. There are at most n” partitions
of n, and at most m; abstract abelian groups of order m;. Once such an abstract group H; has
been chosen, there are at most m;! particular identifications. Then the number of M is bounded by
n" [T, (mg! - m;) < nnl3n/3 = 20(nleen),

Next, we bound the number of subgroups of some fixed M. Decompose M = My x M,4, for
M the 2-primary part. Any subgroup B < M satisfying the conditions of the lemma similarly
decomposes as

B = By X Boad

with By < Ms and B,gq < M,qq. Since Bs 1s at most 3-generated by hypothesis, there are at most

IM° = (T[, mi)? < (3"/3)% = 3" possibilities for By. In M4, any subgroup is generated by at
most log; (| M,aq|) < 372 < n/3 elements. Thus the number of subgroups of M, is at most

[n/3]
|Modd|] < (n + 1) |Modd|n/3 < (n + 1)(3”/3)n/3 _ 3n2/9+0(10gn)‘
7=0

So for each fixed M, the number of subgroups B is bounded by 20 3n*/9+0(logn) — 9logz(3)n*/9+0(n)
Multiplying by the number of M gives the result. 0

In the following proofs, for H a finite abelian group, let H, denote its 2-primary part, and let
H 44 denote the product of its p-primary parts for odd primes p.

Lemma 4.9. Letn > 1, and let B < S,, < O(H\yy,,) be abelian with 3-generated 2-primary part.
Then the number of H < O(H)yy;, ) with 3-generated 2-primary part and with H = B < S, <
O(Hyy,) is at most 2™.
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Proof. Count lifts By and B,y separately, noting that H, = By and H,yy = Bogq. Since By
is 3-generated, and the projection p : O(Hy;, ) — S, has kernel of size 2", then |p~(By)| <
27| By| < 2" - 2" = 22", Then the number of lifts of B, is bounded by (22")3 = 25", Applying
Schur-Zassenhaus to

1 — ker p — p_1<Bodd) — Boga — 1,

all complements lifting B,qq are conjugate by ker p. There are then at most |ker p| = 2" lifts of
B,4q. Thus, the total number of lifts of B is at most 27". ]

Finally, we assemble these three lemmas together to prove that abelian subgroups of O(n,Z) are
asymptotically rarely realizable for odd n.

Proof of part 3 of Theorem 4.2. By considering only the diagonal subgroups, notice that O(H, )
has at least (Ln% J) , = on?/4+0(n) abelian subgroups. Then Lemma 4.7, Lemma 4.8, and Lemma 4.9
together imply that the number of abelian subgroups which either lack an odd involution or have
3-generated 2-primary part is bounded above by 2(log23)n%/9+0(nlogn)
constitute a vanishing proportion of all abelian subgroups.

Now recall that any abelian group H < SO(4) is 3-generated. Thus as n grows, almost all
abelian subgroups H < O(H),, ) satisfy both of

Then as n grows, these

1. H has an odd involution, and
2. H, does not embed into SO(4).

For contradiction, suppose such an f satisfying both criteria is realizable. Then by Proposition 2.5,
the order 2 element of A with an odd number of diagonal +1s fixes an odd number of isolated fixed
points. Then H, fixes at least one of these points p since it is a 2-group. But H, does not embed
into SO(4), so it cannot act faithfully on 7),M,,, which is a contradiction. O
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