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SUMMARY

The Torelli group of .S, a closed, orientable, connected surface of genus g, is the sub-
group of the mapping class group Mod(S,) that acts trivially on H;(Sy;Z). The Torelli
group is denoted Z,. We show that the second rational homology of the Torelli group is
finitely generated for all closed, oriented surfaces of sufficiently high genus. This repre-
sents the most significant progress towards determining for which g, if any, Z, is finitely

presentable.
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CHAPTER 1
INTRODUCTION

Let Sg be a compact, orientable surface of genus g with b boundary components. The
mapping class group Mod(S,) is mo(Diff *(S,)). The action of Mod(S,) on H,(S,;Z) in-
duces a representation Mod(S,;) — Sp(2g, Z) called the symplectic representation, where
Sp(2g, Z) is the group of invertible linear transformations of H;(S,; Z) that respect the al-
gebraic intersection form (-, -). The kernel of this representation is called the Torelli group

and is denoted Z,. There is a short exact sequence

1 —Z, — Mod(S,) = Sp(2¢,Z) — 1.

By the work of McCullough-Miller [29], Mess [30] and Johnson [20], Z,, finitely generated

if and only if g # 2. Birman posed the following question [6, Problem 29]:
Question 1. Is 7, finitely presented for any sufficiently large g?

Similar questions were asked by Mess [25, Page 90] and Morita [32, Problem 2.1].

Obstructions to finite presentability. If G is a finitely generated group with Hy(G; Q)
infinite dimensional, then G is not finitely presentable. The main result of this thesis is

Theorem A.
Theorem A. Let g > 33. The vector space Hy(Z,; Q) is finite dimensional.

In particular, Theorem A means that for ¢ > 33, we cannot use H(Z,; Q) to obstruct the
finite presentability of Z,. Theorem A partially answers the following question of Bestv-

ina [11, Page 5]. Margalit also asked a similar question [28, Question 5.12]).

Question 2. For which choices of k, g, and commutative Noetherian ring R is H,(Z,; R)

finitely generated as an R—module?



Prior partial answers to Question 2. Mess showed that 7, is an infinitely generated free
group [30], which implies that H;(Z,) is infinitely generated and H;(Z;) = 0 for ¢ > 2.

Johnson [19] constructed a map

T+ Ly A Hi(Sg;Q)/H1(Sy; Q).

now called the Johnson homomorphism, and showed that (7,), induces an isomorphism
in first rational homology [22]. Akita showed that H,(Z,; Z) is infinitely generated as an
abelian group for ¢ > 7 [1]. Hain showed that H3(Zs3;Z) is infinitely generated [15].
Bestvina, Bux, and Margalit showed that the cohomological dimension of Z, is 3g — 5 [4,
Theorem A], which implies that H, (Ig; Z) = 0 for k > 3g—4. Bestvina, Bux, and Margalit
also proved in this same paper that Hs, 5(Z,;Z) is infinitely generated for ¢ > 2 [4,
Theorem C]. Gaifullin later showed that Hy(Z,; Z) is infinitely generated for 2g —3 < k <
3g — 5 [13], confirming a conjecture of Bestvina—Bux—Margalit [4].

The proof of Theorem A proceeds in three steps.

1.1 Step 1 of the proof of Theorem A: The complex of homologous curves

For the remainder of this thesis, a curve on S, will be a homotopy class of oriented es-
sential embedded circles ST — S,. A multicurve M will be a set of curves in S, with
pairwise disjoint representatives. A curve ¢ C S, is nonseparating if c has a nonseparating
representative. Likewise, a multicurve M C S, is nonseparating if every curve in M can
be simultaneously represented by embedded S'’s whose union is nonseparating in S,. We
let C(S,) denote the curve complex of S,. The k—cells of this complex are multicurves

M C S, containing k + 1 curves.

Complex of homologous curves. If ¢ C S, is a curve, we let [¢c] € H;(S,;Z) denote the
homology class represented by c. Let ¥ € H;(S,;Z) be a primitive homology class. The

complex of homologous curves Cz(S,), defined by Putman [33], is the subcomplex of C(S,)



generated by curves ¢ with [¢] = Z. Putman used the work of Johnson [21] to show that
when g > 3, the complex C3z(.S,) is connected [36]. The first step in the proof of Theorem

A is the following result.
Theorem B. Let g > 2. The integral homology Hy(Cz(S,); Z2) vanishes for k < g — 3.

If we set ¥ = 0, then the resulting complex is called the complex of separating curves, and
is denoted Cqcp (.S,). Looijenga has proven that Cyep, (S,) is (¢ — 3)—connected [27, Theorem

1.1], which implies that Hy,(Ceep(S,); Z) = 0 for k < g — 3.

Prior uses of Cz(S,) to study the Torelli group. The Torelli group Z, acts naturally on
Cz(S,) for any choice of primitive nonzero & € H;(Sy;Z). The complex Cz(S,) has
been used by Hatcher and Margalit to give a new proof that Z, is generated by bounding
pair maps [18]. Gaster, Greene and Vlamis also connected colorings of Cz(.S,) with the

Chillingworth homomorphism [14].

1.1.1 The strategy of the proof of Theorem B

Let g > 2 and let ¥ € H,(S,;Z) be a nonzero primitive homology class. Bestvina, Bux
and Margalit defined a complex called the complex of minimizing cycles, denoted Bz(S,)

[4]. We will make use of the following two properties of the complex of minimizing cycles:
* Cz(S,) is a subcomplex of Bz(.S,), and
* Bz(S,) is contractible [4, Theorem E].

Hatcher and Margalit [18] use PL-Morse theory to prove that H;(Bz(S,), Cz(S,); Z) = 0
when g > 3. Along with the contractibility of Bz(S,), H1(Bz(S,), Cz(S,); Z) = 0 implies
that C’f(Sg) is connected when g > 3. In Section 3.3.3, we will use Hatcher and Margalit’s
PL-Morse function to prove Hy(Bz(S,)/Cz(S,); Z) = 0 for k < g — 2. This and the long

exact sequence in homology complete the proof of Theorem B.



1.1.2 The complex of splitting curves

As part of the proof that Hy(Bz(S,)/Cz(S,);Z) = 0 for k < g — 2, we will also prove a
result about the complex of splitting curves. Putman [34] defined the notion of a partitioned
surface, which is a pair ¥ = (S5, P) where S is a compact, oriented surface and P is
a partition of the set of boundary components of S. The complex of separating curves
Csep(X) is the full subcomplex of the curve complex C(S) generated by curves ¢ such that
each p € P is contained entirely in one connected component of S\ §. Suppose now that
|P| = 2, and the blocks of P are labeled B, and B_. The complex of splitting curves
Cplit (2) is the full subcomplex of Cge,(2) generated by curves ¢ such that each connected
component of S\ 0 contains a block in P. Looijenga [27, Theorem 1.5] has shown that for
such ¥, the complex Cgep(X) is (g — 2)—connected. We will prove in Proposition 3.1.1 that
Copiit(2) is at least (g — 3 4+ 1jp, |2 + 1jp_|>2)—acyclic. For the remainder of this thesis,

we will use 1 to denote the indicator function.

1.1.3  Comparing Cyy1it(2) to Ceep(X)

Note that for X = (S, { By, B_}) with g(S) > 1, we have Cepit(X) # Ceep(X). To see this,

observe that the curve ¢ in Figure 1.1 is not a vertex of Cgpiit (X), but is a vertex of Ceep (X).

B. B_

Figure 1.1: The curve 0 is a vertex of Cyep,(X) but not of Cypi ()

Looijenga’s theorem [27, Theorem 1.5] yields a stronger property for Cge,(2) than Propo-
sition 3.1.1 does for Cypj;¢(X) when either | B, | or | B_| (or both) are equal to 1. However, if
|B.|,|B-| > 2, Looijenga’s theorem says that Cs,(X) is (¢ — 2)—connected, while Propo-

sition 3.1.1 says Cspit(2) is (¢ — 1)—acyclic. This suggests the following possible method

4



of proof for showing that Cs,(X) is (¢ — 1)—connected when |B_ |, |B_| > 2.

Step 1. Upgrade Proposition 3.1.1 to show that Cy1;¢(X) is (g — 1)—connected.
Step 2. Show that 74, (Csep(2), Copiit (X)) = 0 for k < g — 1.

Then Csep(X) would be (g — 1)—connected via the long exact sequence in relative homotopy
groups. However, (g— 1) may not necessarily be the best possible bound on the connectivity

of Csep(X). Looijenga asked the following question.

Question 3 (Looijenga [27, pg 4]). For ¥ = (S, P) a partitioned surface, let s(P) denote
the number of blocks of P with at least two elements. Assume that g(S) > 1. Is it true that

Coep(2) is (9 — 4+ |P| + s(P))—connected?

If the answer to Question 3 is affirmative, then we might expect the connectivity of Csep(2)
to be strictly higher than the connectivity of Cyi;¢ (X). Indeed, for ¥ = (S, { By, B_}) with
|B.|,|B_| > 2, we see that g — 4+ | P| + s(P) = g, while Proposition 3.1.1 only says that
Ceprit (2) 1s (g — 1)—acyclic. This suggests that the sketch that Cse,(X) is (g — 1)—connected

for |B.|,|B_| > 2 might not yield a sharp bound on the connectivity of Csep(X).

1.2 Step 2 of the proof of Theorem A: A criterion for Sp(2g, Z)-representations to

be finite dimensional

We now describe the main technical tool used in the proof of Theorem A.

Notation. Throughout this thesis, Stab will be taken to mean the pointwise stabilizer, as

opposed to the setwise stabilizer. If V is a G—module and f € G, let V/ = Stab; V.

Proposition 4.1.1. Let g > 1, and let N C S, be a nonseparating multicurve such that
|N| < g. Let G C Sp(2g, Z) be the image of the map Stabyioacs,)(IN) — Sp(2g,Z). Let V
be a G-representation over Q. Suppose that there is a constant 0 < d < g — | N| such that

the following hold:

1. For any multicurve M C S, such that:

5



* [M|=d,
* M is disjoint from N, and
* M U N is nonseparating,

the cokernel of the map P, VTe — V is finite dimensional.

2. For any multicurve M C S, such that:
e [M| <d,
* M is disjoint from N, and

* M U N is nonseparating,

the coinvariants module Vsiay, (1) IS finite dimensional.

Then V is finite dimensional.

In practice, we will often show that the first hypothesis is satisfied by showing that the

natural map ..., VTe — V is surjective. We will prove Proposition 4.1.1 in Section 4.1.

1.3 Step 3 of the proof of Theorem A: Finite dimensionality of cokernels

The bulk of the work of proving Theorem A will be proving the following result.

Theorem C. Let g > 33. Let a C Sy be a nonseparating simple closed curve. The cokernel

of the pushforward map v, : Hy(Stabz, (a); Q) — Hy(Z,; Q) is finite dimensional.

We will use Theorem C along with Proposition 4.1.1 to prove Theorem A. Setting d = 1,
Theorem C will be used to verify the first hypothesis of Proposition 4.1.1, while the second
hypothesis will be verified in Lemma 7.1.1.

The proof of Theorem C proceeds by considering the action of Z, on the complex of
homologous curves, and then studying the equivariant homology spectral sequence for this

group action.



The equivariant homology spectral sequences. We consider the equivariant homology
spectral sequence I}, for the action of Z, on Ci,)(.S,) (see [8, Section VII] for an ex-
pository account of this spectral sequence). Let @ C S, be a nonseparating curve and let
Xy = Ciq)(Sy)/Z,. We will use the notation X, throughout this thesis to refer to this quo-
tient. If o is a cell of X, let (Z,), denote the stabilizer Stabz, (7) for some arbitrary lift
of o to Cjg)(Sy). It is known that if = and y are nonseparating homologous curves in S,
then there is an f € 7, such that fx = y (see, e.g., [34, Lemma 6.2]). Hence the set Xg of

vertices of X, is a singleton. It follows that page 1 of Ef , is as in Figure 1.2.

2 HQ((IQ)G)%EG@UHz((Ig)e)

1| H(@))e— B AT D Hil(Ta)o)

0 @ (L)) @ Hl(L)o)e D Hol(Z,),)
0 1 2 3

Figure 1.2: Page 1 of E} , for the action of Z, on Ci4(S,). All coefficients are in Q.

Since Cj4(Sy) is 2—acyclic for g > 5 by Theorem B, the spectral sequence E , converges

to Hy(Z,; Q) [8, Section VII]. Examining Figure 1.2, we see that the cokernel of the map
Ly : Hy(Stabz, (a); Q) — Hy(Zy: Q)

is isomorphic to the direct sum

Hence the cokernel of ¢, is isomorphic to a subquotient of
2 2
El,l D E2,o-

The proof of Theorem C will proceed in two steps:
I. the vector space E%O is finite dimensional, and

7



II. the vector space Eil is finite dimensional.

By definition, I3 ; is canonically identified with Hs(X,;Q). Step I is recorded as the

following proposition.

Proposition 1.3.1. Let g > 33 and a C S, be a nonseparating simple closed curve. Let

Z = [a]. Let X, = Cz(S,)/Z,. The vector space Hy(X,; Q) is finite dimensional.

Proposition 1.3.1 will be proven in Sections 4.2-5.3. Step II of the proof of Theorem C is

recorded as the following result.

Proposition 1.3.2. Let g > 33 and let a C S, be a nonseparating simple closed curve. Let
Zla). Let [E% . denote the equivariant homology spectral sequence in rational coefficients

for the action of T, on Cz(S,). The vector space Eil is finite dimensional.

Proposition 1.3.2 will be proven in Sections 6.1-6.2. We now summarize the purpose of

each section.

1.4 The outline of the thesis

This thesis is organized into the following chunks.

Sections 2.1-2.3, consisting of general connectivity and acyclicity results.

Section 3.1, where we prove that the complex of splitting curves is sufficiently acyclic,

Proof of Proposition 3.1.1.

Sections 3.2 and 3.3, where we show that the complex of homologous curves is

(9 — 3)—acyclic. This result is recorded as Theorem B.

Section 4.1, where we Proposition 4.1.1. This is the main tool we will use to verify

finite—dimensionality.

Sections 4.2 — 5.3, where we verify that H5(Cz(S,)/Z,; Q) is finite dimensional.

8



* Sections 6.1 and 6.2, where we verify that the vector space E? | (Cz(S,),Zy; Q) is

finite dimensional. Additionally, Section 6.2 contains the proof of Theorem C.

* Section 7.1, which contains the proof of Theorem A.

We now explain the organization of some of the chunks in more detail.

Section 2.1. We discuss some general facts about connectivity and acyclicity of simplicial
complexes. We then prove Lemma 2.1.3, which says that the relative homology of a pair
of simplicial complexes A C B can be computed using PL-Morse theory. Specifically,
suppose that there is a function W : B(") — Z-, such that W=({0}) = A©®. We will
show that if the function W satisfies certain local acyclicity properties, then the relative

homology Hy (B, A;Z) vanishes in a range depending on .

Section 2.2. We prove Proposition 2.2.1. This is a packaging of some standard results about
the Cech-to-singular spectral sequence. We will assume that we have some simplicial com-
plex A and a simplicial cover U of A with U/ indexed by the vertices of another simplicial
complex B. We will show that if H x(B;Z) vanishes in a range and the elements of the

cover U also satisfy some acyclicity properties, then H x(A; Z) also vanishes in a range.

Section 2.3. We prove Lemma 2.3.1. This is a result based on the work of Brendle, Broad-
dus and Putman [7] that allows us to compute the acyclicity of certain subcomplexes of the

curve complex of surfaces with boundary.

Section 3.1: The proof of Proposition 3.1.1. We will use Lemma 2.1.3 to prove that a
variant of the arc complex on surfaces with certain decoration on the boundary are acyclic
in a range. We then use Proposition 2.2.1 to prove that a more general version of the

complex of splitting curves is acyclic in a range. This will imply Proposition 3.1.1.

Section 3.2. We will revisit some of the ideas from Section 2.1 in a slightly different con-
text. In particular, the results in Section 2.1 apply only to simplicial complexes. However,

the complex of minimizing cycles Bz(S,) is not a simplicial complex. We will resolve



this issue in Lemma 3.2.6 by showing that Lemma 2.1.3 can be applied to CW—complexes

equipped with some convex structure.

Section 3.3: The proof of Theorem B. We will apply a variant of Lemma 2.1.3. The required
local acyclicity properties will be verified by inductively applying Proposition 2.3.1. The

base case of this argument uses Proposition 3.1.1.

Sections 4.2 — 5.3, which prove Proposition 1.3.1. Recall that this result said that for g > 33
and for a C S, the vector space Hy(X; Q) is finite dimensional. Here X, = Cz(5,)/Z,,

with Z = [a]. Our goal is to prove Proposition 1.3.1 by applying Proposition 4.1.1 with G =

Stabgp(24,2) (%), d = 1, and V' = Hy(X,; Q). In particular we will prove the following:

1. For any nonseparating curve c disjoint from and not homologous to a, the cokernel
of the map Hy(X,; Q)" — Ho(X,; Q) is finite dimensional. Here, T}, denotes the

transvection along [c], defined in Section 4.1.
2. The coinvariants module H>(X,; Q)¢ is finite dimensional.

The latter property is verified in the proof of Proposition 1.3.1, while verifying the former
property is the bulk of the work of Sections 4.2— 5.3. The verification of the first hypothesis

proceeds in the following steps:

1. Construct a subspace spanned by fundamental classes of tori 7" C X called Bestvina—
Margalit tori. These tori are constructed in Section 4.2, and the subspace spanned by

their fundamental classes is denoted BM, (X ; Q).

2. Show that for any nonseparating ¢ C S, disjoint from and not homologous to a,
the cokernel BMy(X,; Q)79 — BM,(X,; Q) is spanned by classes in BMy(X,; Q).

This is the bulk of the work of Section 4.2, and is recored as Lemma 5.3.1.

3. Use Proposition 4.1.1 with G = Stabg,(24.2)(Z, [c]), d = 9, and V' the cokernel of the
map Hy(X,; Q)9 — Hy(X,; Q). This is carried out in two substeps, which each

verify a hypothesis of Proposition 4.1.1.

10



(a) The subspace BMy(X,; Q) is the image under the map Hy(Z,; Q) — Ha(X,; Q)
of a certain subspace H3”"™(Z,; Q) C H,(Z,; Q) generated by abelian cycles
consisting of bounding pair maps. The main work of Section 5.1 is Proposition
5.1.1, which says that for a nonseparating multicurve M C S, containing at

least 9 curves, the map

Ty
D (1@, ) " = m (I, Q)
deM
is surjective. Since V' = Ho(X,; Q)/Ha(X,; Q)7 is a quotient of BMa(X,; Q)
by Lemma 5.3.1 and BM,(X; Q) is a quotient of H5"""(Z,; Q), the map

p:@VT["”—)V

deM

is surjective. In particular, this implies that cok(p) is finite dimensional, so
hypothesis (1) of Proposition 4.1.1 is satisfied for G = Stabg24.2)(Z, [c]), V =
H5(X,;Q)/H2(Xy; Q)" and d = 9.

(b) We now show that for M a multicurve with |M| < 8 such that M is disjoint

from a and c and a LI ¢ Ll M is nonseparating, the coinvariants module

Vstabpy, G

is finite dimensional, where [M] denotes the set of homology classes repre-
sented by elements of M. Since V' is a quotient of BMy(.X;; Q) by Lemma 5.3.1,

it suffices to show that BM,(X; Q)Stab[ . G 18 finite dimensional. This is the

]

content of Lemma 5.2.1 and is the main work of Section 5.2.

Statements (a) and (b) are the hypotheses of Proposition 4.1.1 for the group G =

Stabgp(ag.2) (7, [c]), d = 9, and V' the cokernel of the map H»(X; Q)" — Hy(X,; Q).
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Hence V is finite dimensional by Proposition 4.1.1.

Hence for any primitive c disjoint from and not homologous to a, the cokernel of the map
Hy(X,; Q)19 — Hy(X,; Q) is finite dimensional. If G = Stabgp2,.7)(7) then it is not
too difficult to show that Hy(X; Q)¢ is finite dimensional. Hence by applying Proposition
4.1.1 with G = Stabg(24.2)(7), d = 1, and V' = H,(X,; Q), we conclude that Hy(Xy; Q)

is finite dimensional, which is the statement of Proposition 1.3.1.

Sections 6.1 and 6.2, which prove Proposition 1.3.2. The approach is to apply Proposition
4.1.1 with G = Stabgp(a4,2) (%), d = 8, and V = E7,. We verify each hypothesis of

Proposition 4.1.1 in turn.
1. Hypothesis (1) is stated as Lemma 6.2.1, and is the main content of Section 6.2.1.
2. Hypothesis (2) is stated as Lemma 6.1.1 and is the main content of Section 6.2.

Given these two results, we prove Proposition 1.3.2 by applying Proposition 4.1.1. Addi-

tionally, Section 6.2 contains the proof of Theorem C.
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CHAPTER 2
PRELIMINARY WORK FOR THE PROOF OF THEOREM B

2.1 Connectivity and PL-Morse theory

In this section, we explain some basic algebraic topology facts. We then explain some of

the basic ideas of PL-Morse theory, namely:

¢ PL—Morse functions and

* descending links.

For more background, see Bestvina’s survey [3]. We begin with Section 2.1.1, which in-
cludes some basic definitions and results about connectivity and acyclicity. In Section 2.1.2,
we prove Lemma 2.1.2, which is a slight reformulation of Bestvina’s results. We then use
Lemma 2.1.2 to prove Lemma 2.1.3, which is a basic application of PL-Morse theory that
allows us to compute the relative acyclicity and connectivity of certain pairs of complexes.

The latter result is the main PL-Morse theory result used throughout the paper.

2.1.1 Some terminology and algebraic topology facts

Let X be a topological space with a basepoint x € X and let Y C X be a subspace with
x € Y. Letn > 0 be a non—negative integer. We say that X is n—connected if m,(X,z) = 0
for every k < n. We say that X is n—acyclic if I:Tk(X; Z) = 0 for every k < n. We say that
the pair (X, Y') is relatively n—connected if my(X,Y) = 0 for every k < n. We say that the

pair (X, Y) is relatively n—acyclic if H,(X,Y) = 0 for every k < n.

Notation. We will use ¢(X ) and a(X) to denote the connectivity and acyclicity respectively
of the space X.

We require the following fact from algebraic topology (see [27, Lemma 2.1]).
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Lemma 2.1.1. Let X1, ..., X, be a collection of topological spaces.

(a) If each X; is k;—connected, then the join

Xy*x...x X,

is (=24 > | (k; + 2))—connected.

(b) If each X; is k,—acyclic, then the join

Xl**Xn

is (=24 >0 (ki + 2))-acyclic.

2.1.2 PL—Morse theory

We now discuss the basics of PL-Morse theory and prove Lemma 2.1.3.

PL-Morse functions. Let X be a simplicial complex and Y a subcomplex of X. A PL-
Morse function on X is a function W : X© — Z.,. We define the min-set of W to be

M(W) = W= ({o}).

Remark. In Bestvina’s formulation of PL-Morse theory, it is assumed that two vertices in
X with the same weight and positive weight are not adjacent. For our purposes it is not

necessary to assume this, so it is not part of our definition.

Descending links. Let X be a simplicial complex equipped with a PL-Morse function .
Let 0 C X be a cell, and let Ik(o) denote the link of o in X. If o is a cell of X such that
W is positive and constant on the vertices of o, then we say that o is a W—constant cell. 1If
o is a W—constant cell of X, then the descending link dy (o) is the subcomplex of lk(o)
generated by vertices w € X such that W (w) < W (v) for all vertices v of o. Similarly,

the descending star sy (o) is the join o * dy (o).
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Connectivity and acyclicity of PL-Morse functions. Let W be a PL-Morse function on a
simplicial complex X. Suppose there is a positive integer n such that for every positive
weight W —constant k-cell o, the descending link dy, (o) is (n — k)—connected. In this case,
we will say that IV is an n—connected PL-Morse function. Similarly, if there is a positive
integer n such that for W —constant k—cell o, the descending link dy, (o) is (n — k)—acyclic,

we say that W is an n—acyclic PL-Morse function.

We have the following general result about PL-Morse functions due to Bestvina [3]. We

will assume that all simplicial complexes are finite dimensional and countable.

Lemma 2.1.2. Let X be a finite—dimensional, countable simplicial complex equipped with

a PL-Morse function W. Let Y = M(W).

(a) If W is n—connected, then the pair (X,Y) is relatively (n + 1)—connected.

(b) If W is n—acyclic, then the pair (X,Y') is relatively (n + 1)—acyclic.
Proof. We will begin by constructing a double—indexed filtration of X. If o is a k-cell, we
let W (o) = max{W (v) : v € o¢}. For integers k£ > 0 and m > 1, we set

Xipm = WH([0,m)) U{cr : W(o) < m,dim(c) < k}.

We will use the notation W, ,,, to mean the full subcomplex of X generated by vertices of

weight < m. The set

{Xk:,m}kEZZO,m6221

is a filtration of X with X}, ,, C X}, if either m’ > m orm’ = m and £’ > k. We will

prove part (a) of the lemma. The proof of (b) follows from a similar argument.

The proof of (a). Since the filtration
Xo0 € Xo1 € ...
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is well-founded, it suffices to prove that for every k < n + 1, the following hold:

1. The pair (X m, Xx—1.m) is relatively (n + 1)—connected for every k£ > 0 and m > 0.

2. The pair (Xo,m, Xoom—1) is relatively (n + 1)—connected for every m > 0.

Since (1) and (2) follow by similar reasoning, we only prove (1).

The proof of (1). Fix integers k > 1 and m > 1. Let 7"™ be the set of W —constant
k-cells of weight m. The complex X}, ,,, is constructed from X,_; ,,, by attaching, for each
o € T*™, the complex o * dy (c) to Oo * dy (o) in the natural way. over dy (o). See
Figure 2.1 for an example of this filtration. By hypothesis, dy (o) is (n — k)—connected.

v

f

Figure 2.1: The filtration X}, ,,,. The edge e C X', the vertex v € X%, the edge f C X .

By Lemma 2.1.1, the join do * dw (o) is ((k — 2) + (n — k) + 2)—connected and hence
n—connected. There is a countable filtration of X}, ,,, given by arbitrarily indexing the cells
of T%™ by the natural numbers N, and then attaching them one at a time to X, k—1,m- We
will notated the jth term of this filtration by X ,Zfl’m. If 7 is the cell added between X ,ij

and X f;_l,m, then the pair
(Xli:},m l_laT*dW(T) T * dW (T)7 X/jf:im)

is relatively (n+1)—connected. Therefore (X g_l,m, X)) ) is relatively (n+1)-connected

for every j > 1, so the pair (X, Xi_1,,) is relatively (n + 1)—connected. O

We have the following consequence of Lemma 2.1.2.
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Lemma 2.1.3. Let X be a finite—dimensional, countable simplicial complex with a PL-

Morse function W and let Y = M(W). Let n > 0 be an integer.

(a) If W is n—connected and Y is (n + 1)—connected, then X is (n + 1)—connected.
(b) If W is n—connected and X is n—connected, then Y is n—connected.

(c) If W is n—acyclic and Y is (n + 1)—acyclic, then X is (n + 1)—acyclic.

(d) If W is n—acyclic and X is n—acyclic, then Y is n—acyclic.

Proof of Lemma 2.1.3. We prove (a). The others follows by a similar argument. It is
enough to prove that for ¢ < n, we have m;(Y) = 0. Fix some ¢ < n. We have the
long exact sequence in relative homotopy associated to the pair (X,Y"), a part of which is
given by

o= i (XY) 5 (YY) = m(X) —

Then 7;41(X,Y) = 0 by Lemma 2.1.2 and 7;(X) = 0 by hypothesis, so m;(Y) =0. [

2.2 Covers indexed by simplicial complexes

The main output of this section is Proposition 2.2.1, which is a technical result about the
acyclicity of complexes covered by simplicial subcomplexes that are indexed by the cells
of another complex. Proposition 2.2.1 is a homological version of a result of Mirzaii and
van der Kallen [31]. Proposition 2.2.1 can also be viewed as a specific application of the

homotopy colimit spectral sequence [10].

Bi-cellular covers. Let X and Y be two simplicial complexes. Let Ly be a function taking
avertex y € Y to a subcomplex of X. If o is a k-cell of Y with vertices yo, . . ., Y, we

denote

LX(J) == LX(yO) Nn...N LX(yk’)
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If the set {Lx(y)} ey covers X, we will call such an Ly a Y-indexed cover of X. If
Lx is a Y-indexed cover of X, then there is an associated X -indexed cover of Y given by
setting Ly () to be the full subcomplex of Y generated by vertices y such that x € Lx(y)
for x a vertex of X. We say that a Y-indexed cover of X is cellularly n—acyclic if for each
k-cell o of Y, the complex Lx (o) is (n — k)—acyclic. We say L is bi-cellularly n—acyclic

if Lx and Ly are both cellularly n—acyclic.

Proposition 2.2.1. Let X and Y be finite—dimensional, countable simplicial complexes.
Let Lx be a Y -indexed cover of X. Suppose there is an integer n such that the following

hold:
» Ly is bi-cellularly n—acyclic and
* Y is n—acyclic.

Then X is n—acyclic.

We will now introduce the main algebraic object that we use to prove Proposition 2.2.1.

Bi—cellular spectral sequence. Let X and Y be simplicial complexes, and let Ly be a Y-
indexed cover of X. We have a bi-graded double complex called the bi-cellular complex
given by

Cra= @D Ci(Lx(0))

where C, denotes the complex of integral chains on a simplicial complex. Let E};” and
Ejzi denote the leftward and downward spectral sequences associated to C, . associated
to Lx and Ly. We refer to these respectively as the leftward and downward bi-cellular

spectral sequences.

The leftward versus downward strategy. Let C), , be a double complex. There are two spec-
tral sequences associated to C), ,, which are the leftward and downward spectral sequences.

We denote these E} " and Ejzi. These two spectral sequences are each constructed from
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Cy,q by two different filtrations of the total complex C,,,. The key point is that both E}>;~
and ]Eii converge to filtrations of the total homology of C), ,. Denote the total homology
by H,.,(C...). Suppose that we want to compute some of the groups Ei;;. The strategy is

as follows:

1. Show that E}* converges to 0 in a range 0 < p+¢ < n. This implies that H,,,,(C. )

converges to 0 for 0 < p+ g < n.

2. Use the fact that E}>7~ must also converge to 0 for 0 < p + ¢ < n to say something

27J/
about the groups E. .

This is a standard technique, used for example to show that the G—equivariant homology
of a contractible CW—complex X converges to the group homology of G when G acts on

X without rotations [8, Section VII].

Proof of Proposition 2.2.1. We will apply the leftward versus downward strategy discussed
above. In particular, we will show that the downward bi-cellular spectral sequence con-
verges to Z for p + ¢ = 0 and converges to 0 for 0 < p + ¢ < n, and that the leftward
bi-cellular spectral sequence converges to H,,,(X;Z) for 0 < p + ¢ < n. This completes

the proof since the leftward and downward sequence both converge to H,.,(C, .).

The downward sequence. On page 1 of ]Ejzi, we have

Ezloi: @ Hy(Lx(0); Z).

ocyY (p)

By hypothesis, for 0 < p + ¢ < n and ¢ > 0 we have

2
I
o

Then for ¢ = 0 in this range we have

By = GylY).
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Hence ]E;:é converges to H,,,(Y; Z), which by hypothesis is Z when p + ¢ = 0 and 0 for

0<p+q<n.

The leftward sequence. By construction, there is a canonical isomorphism

C.o = @ ColLy(0)).

ceX(@

Then by the same argument as the downward case, E}'{~ converges to H,,(X;Z) for

p+q <n.Hence Hy(X;Z) = Zand H,,,(X;Z) =0for0 <p+q < n. O

2.3 Brendle-Broaddus—Putman flow

Our goal in this section is to prove Proposition 2.3.1, which is a technical result about how
adding boundary components to a surface increases the acyclicity of certain subcomplexes
of the curve complex. Let S = .S 3 be a surface with b > 1. Let p, be a boundary component
of S. Let S’ be a surface and let ¢ : S — S’ be an embedding such that 5" \ ¢(S) is a disk
bounded by ¢(py). Let C(S) denote the curve complex of S. Let C'(.S) be the subcomplex
of C(S) generated by curves ¢ such ¢(0) is essential. Let K(S) C C(S) be the subcomplex

generated by vertices 0 such that ¢(§) is inessential. There is a pushforward map
L C'(S) = C(9").

Assuming that S has one boundary component, Kent, Leininger and Schleimer proved that
L+« 1s @ homotopy equivalence [24, Theorem 7.2]. Brendle, Broaddus and Putman [4] use a
flow argument to show that the map ¢, is a homotopy equivalence assuming that b > 2. This
is a similar technique to methods used by Hatcher [17], Looijenga [27], and Bell-Margalit

[2]. We describe technique of Brendle-Broaddus—Putman here.

Hatcher flow. Associated to each vertex § € K(.5), there is an oriented arc o connecting

a boundary component p; to p, as in Figure 2.2. Let lk(d) denote the link of § in C(5). If
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Figure 2.2: The arc « associated to the curve 6 € K. « is oriented from p; to py.

d € K, then 1k(d) C C'(S). Then C'(S) is homotopy equivalent to lk(é). The homotopy
equivalence is given iteratively surgering 3 along the arc «e. An example of this surgery is

given in Figure 2.3. The full definition is given below.

DPo

Figure 2.3: Surgering on boundary components [7].

Brendle, Broaddus and Putman show that there is a homotopy equivalence

K(S)*C(S") ~C(9).

We will say that a complex X C C(S) is Brendle—Broaddus—Putman-compatible with a
boundary component p € 7(9S) if forevery § € K(S)NX and every 8 € X\ (K(S)N

X), the surgery of 3 along an arc « as in Figure 2.2 is also in X.

Remark. Since curves are defined only up to homotopy, this definition of surgery is not a
priori well-defined. We will more precisely state the surgery construction and prove that it

is well defined in Lemma 2.3.2.
The main goal of the section is to prove the following result.
Proposition 2.3.1. Ler S = Sg with b > 2 and x(S) < —1. Let py be a boundary

component of X. Let X C C(S) be Brendle—Broaddus—Putman compatible relative to

po. Let v : S — S’ be the inclusion map from S to the surface S' with py filled in by a

21



disk. Let C'(S) denote the subcomplex of the curve complex generated by curves § such
that § remains essential when py is filled in with a disk, and let K (S) denote the remaining

vertices of C'(S). Then
(a) Forevery§ € K(S), the inclusion X N C'(S) < 1k(d) is a homotopy equivalence.
(b) (XNK(S))*(XNC(9)) ~X.

Before we prove this proposition, we will precisely define surgery along arcs.

Surgery along arcs. We now explicitly construct the surgery of a curve  along an arc ¢. Let
S=S5 2 be a compact oriented surface with b > 2. Let py, p; be two boundary components
of S,andlet C(S),C'(S) and K (S) be as above. Let 6 € K(.5) be acurve andlet § € C'(5)
be another curve. We will define the surgery of 5 along 0, which we denote surgg(/3). Let
§ be a smooth representative of 9, and let & be an oriented arc connecting p; to py such
that « is disjoint from 5. Choose a representative 3 of (3 such that the intersection number
’Bﬁ a‘ is minimal. If E is disjoint from @, then we say Surgs(5) = (. Otherwise, let ¢
be the point of intersection of B with @ that is closest along & to the boundary component
po- Let U be an annulus with py C 9U. Let @,,, denote the embedded interval given by
restricting @ to the sub—interval connecting ¢ to py. Let V' be an embedded copy of [ x [

such that I X 3 = a,,. Define
Surgs(f) = the isotopy class of EA(@([ ul))

where A denotes symmetric difference. We have the following result.
Lemma 2.3.2. Let S, S’, po, p1, 6, B be as above. The curve Surgs([3) is well-defined.

Proof. In the construction of Surgs(/3), there are six choices made, namely 4, @, 3, U, and
I. Only the choice of @ is still a choice up to isotopy, since two arcs @ and @' need not
be isotopic. Since we are working up to isotopy, we may assume that @ and &’ have the

same endpoints. Let o and o/ denote the isotopy classes of the arcs & and . There are
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integers m, n € Z such that ;T3 a = o, where T}, denotes the Dehn twist along a curve
cobounding an annulus with p;. But then if v denotes the surgery of 3 along « up to isotopy
and 7' for 3 along o' up to isotopy, we see that T)"T v = +'. But T}, and T}, act trivially

on C(S), so Surgs(3) is well-defined. O

‘We now describe our extension of the construction of Brendle-Broaddus—Putman [7]. Let
S = Sg with b > 2. Let X C C(S) be a subcomplex of the curve complex. Let py be a
boundary component of S. Let S, C'(S) and K (.5) be as above. We say that X is Brendle—
Broaddus—Putman compatible relative to py if for every curve § € X N K(S) and every
g € X NC(S), we have Surgs(3) € X. We say that X is Brendle—Broaddus—Putman
compatible if it is Brendle—-Broaddus—Putman compatible relative to every boundary com-
ponent of S. We have following result.

Our argument is essentially the same as the argument of Brendle, Broaddus and Putman

[7, pg 13-16]. We require the following lemma from their paper [7, Lemma 4.1].

Lemma 2.3.3. Let X be a simplicial complex, let I be a discrete set of points, and let
Y C I %X be a subcomplex such that I, X C Y. Suppose that, for any i € I, the inclusion
lky (i) < X is a homotopy equivalence. Then the inclusion Y — I x X is a homotopy

equivalence.

Proof of Proposition 2.3.1. Part (b) of the lemma follows from part (a) and Lemma 2.3.3,
so it suffices to prove part (a). Let § € K(S). Since X N C'(S) and X N 1k(J) both have

the homotopy type of CW—complexes, it suffices to show that the inclusion map
k: X NIk(0) = X NC'(9)

induces an isomorphism on homotopy groups. Equivalently, it suffices to show that 7 (X N
C'(S),X Nlk(6)) =0 forall k > 0.
Choose a hyperbolic metric on S with geodesic boundary. Then for each 5 € XNC'(.5),

let B be the geodesic representative. Let & be an oriented geodesic arc connecting p;
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to pp and disjoint from §. Since these are geodesics representatives, any pair of chosen
representatives intersects minimally [12]. By perturbing the B slightly, we may additionally

assume that:
* each B\ intersects & in a different point than any other B , and
« /3 minimally intersects 3’ for any 3, 3 € C (9).

Let W(f) denote the distance along « between p; and g, where ¢ is the closest point of
intersection of 3 and « with py. Let ¢ : S* — X N C'(S) be a simplicial representative of
aclass in m,(X NC'(S), X N1k(§)), where S* is a simplicial decomposition of a k—sphere.
Let 3 € 9(S*) be a vertex with W (3) maximal. If W () = 0 then we are done, so assume
otherwise. Note that dyy () is a cone with cone point Surgg(/3). Hence 1 is homotopic to
amap ¢ : S¥ — X N C'(9) such that the maximal intersection number of any vertex in
/(S*) is not larger than for 1)(S*). Since iteratively applying Surg; to a curve 3 eventually
stabilizes in a curve 8 with W (3)) = 0, the above process eventually terminates in ¢ with

both ¢ ~ " and v" : S¥ — X N 1k(J), so the lemma holds. O
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CHAPTER 3
THE PROOF OF THEOREM B

3.1 The complex of splitting curves

Our main goal in this section is to prove Proposition 3.1.1, which bounds the acyclicity
of the complex of splitting curves. We begin with a sequence of definitions, and then
we state Proposition 3.1.1. In Section 3.1.1, we will prove Lemma 3.1.2, which is an
acyclicity result about a complex called the nonseparating arc complex. We conclude with

Section 3.1.2, where we prove Proposition 3.1.1.

Cutting curves on surfaces. Let S be a surface and M a multicurve on S. The notation

S\, M denotes Farb and Margalit’s notion of cutting curves on surfaces [12].

Partitioned surface. Following Putman [34], a partitioned surface ¥ = (S, P) is a pair
consisting of a compact, connected, oriented surface S and a partition P of the set of
boundary components of S. A block of a partition is one set in the partition. There is
a poset TSur of partitioned surfaces where (S, P) < (S5’, P') if there is an embedding

t: S — S such that:

* for each block B € P, there is a connected component Sp C 5" \, «(S) with

B C Sp, and

« for each connected component S C S\, t(S), we have 85N ((S) e P.
Complex of separating curves. The complex of separating curves Cqep,(X) is the full sub-
complex of C(S) generated by separating curves d such that each block B € P is contained

entirely in one connected component of S \, . A theorem of Looijenga [27, Theorem 1.3]

tells us that this complex is (¢ — 2)—connected when |m(0.S)| > 2.
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Vertex complement. Following Hatcher and Margalit [18], a vertex complement is a parti-

tioned surface ¥ = (S, P) such that:

* |P| > 2,and

* two blocks of P come equipped with labels. One is labeled B, the other is B_.

We will denote a vertex complement by

(S, P, B, B_).

The terminology “vertex complement” refers to 2 sometimes being the complement of a
vertex of a certain complex called the complex of minimizing cycles, which we discuss in
Section 3.3. We will say that ¥ is a vertex complement on a surface S if the underlying
surface of X is S. The set of vertex complements is a poset which we will denote UerCom.

We have ¥ < Y/ if:
e ¥ < ¥ in ¥Gur, and
e there is an inclusion ¢ : S — S’ that realizes X < ¥’ in TSur such that there are two

connected components of S” \, ¢(S) called S and S_ that satisfy S, = By U B/,
and 0S_ =B_UDB’.

We will denote the genus of the underlying surface S in ¥ = (S, P, B., B_) by g(X).

The complex of splitting curves. Let X = (S;’, P, B, B_) be a vertex complement. The
complex of splitting cycles Cpiit (S, P) is the full subcomplex of Cep, (.S, P) generated by

curves ¢ such that B, and B_ are contained in separate connected components of S\, 9.
The remainder of this section will be devoted to the proof of the following proposition.

Proposition 3.1.1. Let Y. = (Sg, P, B, B_) be a vertex complement. The acyclicity of the

complex Cqpit(X) satisfies

a(Copiit (X)) > g — 3+ Lip, >2 + Ljp_|>2.
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Figure 3.1: A splitting curve.

3.1.1 The nonseparating arc complex

The goal of this section is to prove Lemma 3.1.2, which is a result about the acyclicity of a
certain subcomplex of the arc complex called the nonseparating arc complex. We begin by
defining a poset of compact surfaces with marked compact intervals on the boundary of the
surface. We then prove Lemma 3.1.3, which is an auxiliary result about the contractibility
of another subcomplex of the arc complex. We conclude by leveraging Lemma 3.1.3 and

Proposition 2.2.1 to prove Lemma 3.1.2.

Marked vertex complements. The poset MlartSur has elements consisting of vertex com-
plements ¥ = (S, P, B, B_) equipped with a set of compact intervals () on the boundary

components in B, such that:
* |Q| > 2, and
* each p € B, contains an interval of ().

If p € B, is a boundary component, we let Q(p) denote the set of intervals contained in p.

We say that (X, Q) < (¥, Q') if £ < ¥ in YerCom.

The nonseparating arc complex. Let (3,Q) € MartSur. The nonseparating arc com-
plex AHOSQP(E, ()) is the subcomplex of the arc complex [40] of S consisting of cells o

satisfying:
1. S\ ois connected, and

2. every arc of ¢ has endpoints in distinct intervals of Q).
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Note that the arc complex is a complex of arcs up to isotopy. We will allow isotopies that
move endpoints as long as the endpoints of the arcs remain in the intervals in (). The goal

of Section 3.1.1 is to prove the following lemma.

Lemma 3.1.2. Let S = S;’ be a compact surface and let (%, Q) € MarkSur with underly-

ing surface S. The complex A, osep(2, Q) is (g + |B4| — 3)—acyclic.

The proof proceeds by applying Proposition 2.2.1 to the complex A, qsep(2, () and the
complex of Q-arcs A(X, Q)), which is the complex of arcs with endpoints in distinct inter-
vals in ). For A(X, @), we will allow isotopies of arcs to change the endpoints of «, but

the endpoints must remain inside the intervals of () throughout the isotopy.

The outline of Section 3.1.1. We will first discuss the process of cutting open an arc « in
(2, Q) € Yer€om. We will use the method of “Hatcher flow” [17] to prove Lemma 3.1.3

that A(X, ) is contractible, and then use Proposition 2.2.1 to prove Lemma 3.1.2.

Cutting open arcs in (X,Q). Let (X,Q) € MartSur and let o € A(X, Q) be a vertex.
We will define (X, Q) \, a € MartSur. Let ¥ = (S, P, B,, B_). The object ¥ \, o €

UerCom is given by the unique vertex complement structure on S \, « such that:
e ¥\ a<2,and
e the inclusion ¢ : ¥\, a — ¥ that realizes X \, o < X is the inclusion '\, o — S.

We will denote ¥\, o = (S \, o, P*, BS, B%). Let (X \, o, Qo) = (3,Q) \, . The set
of intervals (), is defined as follows. Let ¢ : S\, @ — S denote the natural inclusion. If
p € B¢ is a boundary component with ¢(p) isotopic to a boundary component p’ € B,
then we will define @), to have |Q.(p)| = |Qa(p’)|- If ¢(p) is not isotopic to a boundary

component of S, we have two cases.

* Case I: there is an embedded Sy 3 — S with 0.5 3 = ¢(p) UpoUpy with py, p1 C 9S.

In this case, « has endpoints in py and p;. Let f : p — pg U a U p; be a smooth map
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that extends to a smooth map F': S\, a — S which is homotopic to ¢. We define

I€Q(po)UQ(p1)

* Case 2: there is no such Sp3 € S. In this case, the endpoints of « are in the same
boundary component ¢ € B,. There is a unique boundary component p’ € B¢ such
that «(p’), ¢(p) and ¢ cobound an embedded Sy 3 C S. Let f : pUp’ — gUa bea
smooth map that extends to a smooth map F': S\, @ — S such that F' is homotopic

to .. We define

Qa(p> = To U f_l([)

IeQ(q)

The motivation behind this definition is that for o a cell of A, sep (2, QQ), we have

H(Anosep(g@) (0') = Anosep<<27 Q) \/ U)

and similarly for 0 C A(X, Q).
We will prove the following lemma about the complex of Q—arcs A(X, Q). This proof
follows a method of Hatcher [17], which is sometimes referred to as Hatcher flow. This

strategy is also used in the proof of Lemma 2.3.1.
Lemma 3.1.3. Let (X, Q) € MartSur. The complex A(X, Q) is contractible.

Proof. Since the join of contractible spaces is contractible, we may assume that the under-
lying surface of 3 is connected. Fix an arc 5 € A(X, Q). Let gy, ¢1 € @ be the endpoints
of 3 and orient 3 from go to ¢;. We will define a surgery function Surgs on A(%, Q).

We begin by defining Surgg(a) for o a vertex of A(X, Q). Assume that « is isotoped
to be in minimal position with 8. If « is disjoint from f, then Surg, () = «. Otherwise,
suppose that p is the point of intersection of o and [ closest along [ to the point ¢;. Cut

« at the point p and paste in the subsegment of 3 connecting p to ¢;, and then homotope
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slightly to get 2 arcs o/ and o with ' disjoint from « and /3, and «” disjoint from « and

minimally intersecting 3. Refer to Figure 3.2 for a picture of the construction.

\&O

<~ YN ) )

Figure 3.2: Surgery on arcs.

Now, one of o’ or « must have endpoints in distinct intervals in () since both « and
{3 both have endpoints in distinct intervals of (). Hence, the function Surgg is defined on

vertices by:

¢

o if o is not a vertex of A(3, Q)

Surgg(a) = ¢ o if o/ is not a vertex of A(X, Q)

1o/ + 1o/ otherwise

We now extend Surg, to a homotopy A’(X, Q) — st(f3) using the same strategy as in the
proof of Lemma 2.3.3. Choose geodesic representatives for every arc, and perturb them so
that no two arcs «, o/ intersect [ at the same point. Then there is a weight function given
by the distance along [ from this point of intersection to ¢;. The descending link of this
weight function is a cone with cone point Surgg(a), so A'(X, Q) ~ st(3). Since st(f) is

contractible, the proof is complete. [

We are now almost ready to prove Lemma 3.1.2, which we recall says that Apqsep (2, Q) is
(g9 + |By4| — 3)—acyclic. We first must extend the notion of cutting open curves and arcs on

surfaces to the poset MMartSur.



Proof of Lemma 3.1.2. We will induct on the poset MartSur.

Base cases. The base cases are given by elements (3, Q) € MartSur such that g+ | B, | —
3 < —1, or equivalently that g + |B,| < 2. Since @ has at least two intervals, |B.| is

non—empty. Hence the two cases to consider are:

¢ S=5bwith |B{| =1, and

o S =S¢ with |B,| = 2.
In both cases, for any choice of () such that (X, Q) € MartSur, the complex A, osep (2, Q)
1S non—empty.

Inductive step. Let ¥ = (S, P, By, B_) € Yer€Com and @) C 0¥ with (3, Q) € MartSur
such that for every (X', Q') € MartSur with (X', Q') < (3,Q), the lemma holds for
(37, @Q"). We will then show that the lemma holds for (X, Q)) as well.

We will apply Proposition 2.2.1 with the complexes A, osep (2, @) and A(X, Q). The set
L a(s,0)(0) is the simplicial star in A(X, Q) of the cell 0 C Ayoep(X, Q) € A(X, Q). For
any k—cell o of Aposep(2, @), the subcomplex L 4(s (o) is contractible. Since A(X, Q) is

contractible by Lemma 3.1.3, it suffices to show that for any k—cell 7 of A(X, Q)), we have

a(LAnoscp(E,Q)(T)) = dim(Anosep(Ea Q)) —k—-1

In this case, L 4(x ) is bi-cellularly (¢g(X) + |B4| — 3)-acyclic. Since A(X, Q) is con-
tractible, Proposition 2.2.1 implies that A,osep(X, Q) is (g(X) + |B4| — 3)-acyclic, as
desired.

Observe that if « is an arc on X with endpoints in distinct intervals in (), then cutting >

along a does one of three things:

1. decreases | B4 | by 1 if « joins two distinct boundary components,

2. decreases g by 1 and increases |B,| by 1 if « has endpoints in the same boundary

component, or
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3. splits ¥ into two surfaces ' and " with
9(X) +g(X") = g(¥) and |B' | + |BY| = |B+| + 1.

We will refer to arcs in the first collection as Type (1) arcs, and similarly for Type (2) and
Type (3). Let 0 C A(X,Q) be a k—cell. Let (X1,Q1), ..., (Zm, Qm) € MartSur be the
connected components of (X, Q) \, 0. If m = 1, then 0 C Ayosep(2, Q). 50 Lig,..00(2.0)(0)
is contractible. Otherwise, let 7 C o be a cell of maximal dimension with the property
that (X,Q) \, 7 is connected. Let 7/ C o be the unique sub-cell with 7 x 7/ = o. Let
(E,Q)\ 7= (2,,Q,), with¥, = (S\ 7,P7,B7,B7). Note that dim(7) =k + 1 —m

Since every arc in 7 must be either type (1) or type (2), we have
9(3-) +|BL =2 g(¥) + [B4| = (k —m +2).

Then by construction, every arc of 7’ is of Type (3) when restricted to (2., @,). Therefore

> g(S) + 1B = g(S:) + B} +m—1.

j=1

Putting this together and applying Lemma 2.1.1 (our fact about joins) along with the induc-

tive hypothesis, we see that

(L Ao (2.0) (0) = —2+Z )+ B | = 3+2)

:—2+Z %)+ [B}]) —

= 2+9(E) +[Bl[+m—1-m
= +9(%;) +|BL| -3

> g(X) 4+ |By| — k+m —5.
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We have assumed that m > 2, so this last expression is bounded below by ¢(X) + | B, | —
k — 3. Hence L (s, g) is bi—cellularly (¢g(X) + |B| — 3)-acyclic, so the proof is complete

by applying Proposition 2.2.1. [

3.1.2  The proof of Proposition 3.1.1

We now show prove Proposition 3.1.1, which we recall says
a(Copiit (X)) = g(X) + L, j>2 + Ljp_|>2 — 3.

We will begin by describing the outline of the proof of Proposition 3.1.1. We will then carry
out some of the steps in the outline in a pair of lemmas. We will conclude Section 3.1.2,

and Section 3.1, by proving Proposition 3.1.1.

The setup of the proof of Proposition 3.1.1. As in the proof of Lemma 3.1.2, the proof fol-
lows by induction on the poset Yer€om. Let ¥ = (S, P, By, B_) be a vertex complement
such that Proposition 3.1.1 holds for all 7 < 3. Suppose without loss of generality that
|B4+| > |B-]|. Choose a set () of compact subintervals of 9% with || minimal such that
(S, Q) € MartSur. Let A = Aposep(2, Q). If 0 is a cell of Cyppie (), let L4 (o) be the full
subcomplex of A generated by arcs disjoint from o. Similarly, for cells 7 € A, let L¢(7)
denote the subcomplex of Cypii¢(2) generated by cells o with ¢ disjoint from 7. Let C,, , be

the bi-cellular complex

D CilLelo)).

ge AP
Let Eiji and E»[” be the downward and leftward bi-cellular spectral sequences respectively.

The goal is to prove the following two facts:

1. the downward sequence converges to Z for p + ¢ = 0 and converges to 0 for 0 <

p+q<g(¥) =3+ 1Lp>2+ 1jp_|>2, and
2. the leftward sequence converges to H,,(Cspit (X)) for 0 < p+¢ < ¢g(¥) — 3 +
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Lipyj>2 + Lip_|>2-

Given these two facts, H,,(Copit(X)) = 0 for 0 < p 4 ¢ < dim(Cypit(X)). Fact (1)
follows from essentially the same argument as in the proof of Proposition 2.2.1 and will
be handled in the proof of Proposition 3.1.1. The bulk of Section 3.1.2 will be devoted to

proving Fact (2), which we will record as the following result.

Lemma 3.1.4. Let ¥ € UerCom such that for every T < X, the complex Cypit(T) satisfies
the conclusion of Proposition 3.1.1. Let E;,:;_ be the leftward spectral sequence discussed

above. Then

E;’:j]_ = Hp1q(Copiie(X); Z)
forp +4q < g(E) -3+ 1‘3_”22 + 1‘3_|22.
We need the following auxiliary lemma.

Lemma 3.1.5. Let Y € Ler€om be as in Lemma 3.1.4. Let p,q > 0 be integers with p > 0
and p + q < dim(Cqpiit(X)). Let § € Copiit(X). Label the connected components of 3\, 6
by X, and X_ where B, C ¥, and B_ C X _. Suppose that (X, )+ |By| — 3 < p. Then

Copit (X ) is at least (¢ — 1)—acyclic.

Note that the assumption on ¢ in Lemma 3.1.5 says that if (X,Q) € 9MartSur, then
Lemma 3.1.2 does not tell us that the homology group H,,(L 4(6); Z) vanishes. The content
of Lemma 3.1.5 is that for these 0, the acyclicity of Cy,y;¢(X_) is high enough to allow us

. . . . 1,(_
to carry out something resembling PL-Morse theory inside the spectral sequence ;"

Proof of Lemma 3.1.5. Letp = g(X.) 4 |B+| — 3. Observe that dim(Cqpit (X)) = g(X) +

Lig,|>2 + 1ip_|>2 — 3. Then p’ < p by hypothesis, so

gX) =3+ Lp 2+ Llip>2—0 >q+1
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We also have g(X) + g(3_) = g(X). Therefore, we have

gE) =2+ L 22 =9(¥) —9(X4) + Ljp 22 — 2
>g(X) —p =5+ [By| + Lp-|>2
>q—1+4[By| = Lipy 2

>q.

In particular, we have g(¥_) — 3+ 1;p_|>2 > ¢ — 1. Then ¥_ < X, so by hypothesis we
have a(Copiit(X-)) > ¢ — 1. O

We are now ready to prove Lemma 3.1.4. Recall that this said that
Ezli:]_ = Hpyq(Copiit(X); Z)

fOI'p‘l— q < g(Z) -3+ ]]“BHZQ + ]]-\B_|22-

Proof of Lemma 3.1.4. On page 1, the sequence Ezl,:; is given by

By = @ Hllan).
TECsp1it (T) ()

Observe that in the column p = 0, the chain complex Eé:; is identified with C,(Cepiit (X)),
since Lemma 3.1.2 implies that each cell 7 € Cqii(3) with dim(7) < g(X) =3+ L5, +
1,p_| has L A(T) connected. Indeed, if the connected component ¥’ of ¥ \, 7 containing
By has g(¥') > 1, then Lemma 3.1.2 implies A osep(X', Q) is connected. Otherwise,
Aposep (2, Q) = A(2, Q), the latter of which is contractible by Lemma 3.1.3. Hence it is
enough to show that ]E;:‘q_ =0forp>0and 0 <p+¢ < g(X) =3+ Lip, 2 + Lip_|>2-

Pick a pair p,q withp > 0Oand p + ¢ < g(X) — 3 + 1B, >2 + L|p_|>2. We will show
that E2¢~ = 0. For a vertex § € Cypie(X), let W(8) = g(X4) + |By| — 3, where ¥ is

the connected component of . \, v that contains B . Let >._ be the connected component
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of the vertex complement on the connected component of ¥ \, § that contains B_. An

example of 4, >, and >_ can be seen in Figure 3.3.

Y

N> &>
)
N

Figure 3.3: A curve § with minimal dim (L 4(9)).

Let ]E}):;_ denote the chain complex in the pth column of the spectral sequence Ei:‘*_.

We will show that E2¢~ = H, (EL;Z) = 0. There is a filtration X}, of Cypiic(2) given by

p,x )

Xi = U,cp, 7, where

5er(0)

F, = {7’ C Copit(X) - min W(5) > p— k}
This filtration starts at £ = 0 and runs to k£ = p. Each X} induces a subcomplex of E;‘*_ by

E o (Xi) = B H(Lar).

TE€Cspit (2)(D:7C X,

By construction, these E}l,:jj(X x) are a filtration of E}D:*‘_. It therefore suffices to prove the

following two facts:
« Hy(E)¢(X1)) =0, and
* Hq(Ezl;:f(Xk)aEzl;:f(Xk_ﬁ) =0forl <k <np.
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We will prove each of these in turn.

Hy(E)$(Xo);Z) = 0. Each 7 € X, has a(L4(7)) > p by Lemma 3.1.2. Hence E ) (X))

is identically 0.

Hy(Eys (Xy), BYE (Xpo1);Z) = 0 for 1 < k < p. Let
Ay, = {0 € Cope(Z) : W(8) =p — k}.

Note that A is a discrete set, i.e., no two vertices in Ay are adjacent. Assume that A is
ordered arbitrarily, which induces a filtration ij of X}, where ij is given by attaching to

Xj_1 the first j elements in the order on A,. Each Y,g induces a subcomplex of E;:j(X k)s

which we denote EL(Y//). We have the following claim.
Claim: For any j > 1, the relative homology H,(EL+ (Y}), ELC(Y{ ™)) vanishes.

Proof of claim. Let ¢ be the unique vertex in ij \ ij LIfs e Copit(X) s a vertex, let
aw (0) denote the subcomplex of Cgpiit (X) generated by all 6 € 1k(5) with W (d") > W (J).
Note that if 7 C ayy(0) is a cell, the inclusion map L 4(7 * &) < L 4(0) is an isomorphism.

Hence, there is short exact sequence of chain complexes
0 = Cu(aw(8))©H,(La(0); Z) — By (Y] )@C. (8 * aw(8))@Hy(La(8); Z) — B (Y)]) = 0.

Now, by Lemma 3.1.5, we have ﬁ[k(aw(é)) = 0 for k < ¢ — 1, and thus we have
* Hy(Cilaw(0)) @ Hy(LA(0);Z) =0for1 <k <¢g—1,and
* Ho(Cilaw(0)) ® Hp(La(0);Z)) = Hp(La(0); Z).
The complex § * ay/ (d) is contractible, so we have
* Hi(Ci(6*aw(0)) ® Hy(L();Z) =0for1 <k, and
o Ho(C. (5% aw(0)) ® Hy(La(0):2) = Hy(Lea(6);2).
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Therefore the pushforward map
Hy(Eys (Y]) = Hi(ByL (Y7 ):2))

is surjective for £ = ¢ and bijective for £k = ¢ — 1, so the claim holds.

Given the claim, we now have H,(E)¢ (X;), E} ¢ (X—1)) = 0for 1 < k < p. Since

Hy(E) s (Xo)) = 0, we have Hy(E)< (X)) = Hy(E)5) = 0, as desired. O
We are now ready to show that a(Cepiit (X)) > g(3) — 3 + Lip,>2 + Lip_|>2.

Proof of Proposition 3.1.1. We will induct on the poset ‘Uer€om. Namely, if X is a vertex
complement, we will assume that Proposition 3.1.1 holds for all 7 € LerCom with 7 < 33,

and show that it holds for X as well.

Base cases. Our base cases are given by any choice of g, | B, | and | B_| such that

g—=3+ L2+ L2 = -1
This is equivalent to
g+ LBz + 1B 22 = 2.
All such choices of g, | B[, | B_| satisfying this condition are as follows:
*g=>2,
e g>1,|By|>2o0r|B_| >2,0r
C BB | > 2

In all these cases Cypiit () is non—empty by inspection, so the result holds.

Induction on Yer€om. Let ¥ = (S, P, B, B_) be a vertex complement such that the

proposition holds for all 7 < 3. Suppose without loss of generality that |B,| > |B_]|.
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Let Cp 4, Epe™ and ]E;‘,:g be as discussed in the beginning of Section 3.1.2. It suffices to
prove that the downward sequence converges to Z for p + ¢ = 0 and converges to 0 for
0 < p+q < dim(Cqpit (X)), and that the leftward sequence converges to H,,,(Cspiit (X))

for 0 < p + ¢ < dim(Cepit(2))-

The downward spectral sequence converges to 0 for 0 < p+q < dim(Cysp1it(2)). On page 1,

the downward spectral sequence ]Eizi is given by
= @D HilLe(o).

If |Bi| = 2 and o is a vertex, then L¢(o0) is contractible. For all other situations, the
inductive hypothesis says that the groups }NIq(LC(J)) are trivial for o a p-celland 0 < ¢ <

g(¥) =3+ 1B, >2 + 1j5_|>2 — p. Therefore we have

]E;i = Hp+q(-’4nosep(27 Q))

forp+q < g(¥) =3+ 1p,>2 + Ljp_|>2- By Lemma 3.1.2, EX} = 0for 0 < p+¢ <
g(X) =3+ 1p,>2 + Ljp_j>2 and Z for p + ¢ = 0.
The leftward spectral sequence converges to Hp+q(Cspht (32)). This is the content of Lemma 3.1.4.

Since both E!¢~ and E,} converge to the total homology of C}, ;, we have Hy o f(Copit (D)) =

0forp+q < g(X) =3+ Lip, |2 + L|5_|>2, as desired. O

3.2 PL-Morse theory for cell complexes

Recall from the introduction that the proof of Theorem B proceeds by using PL-Morse the-
ory on the complex of minimizing cycles Bz(S,) [4]. As defined, Bz(.S,) is not a simplicial

complex and as such the results of Section 2.1 do not directly apply.

Remark. Hatcher showed that Bz(.S,) could be turned into a simplicial complex by trian-

gulating cells [16].
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We will address this issue here, by explaining how to use PL-Morse theory on certain
types of non—simplicial complexes. The main goal is to prove Lemma 3.2.6, which is a
version of Lemma 2.1.3 that applies for CW—complexes equipped with some additional

linear structure.

Locally linear cell complex. Let RN = @, R. Let Si, S, C R be two subsets. The

convex hull of S, denoted Hull(S}), is the set

{t080+...+tn8nInEZZO,SO7...,SnGS,Zti:]_,tiZOfOI’ﬂHOSiSn}.
i=0

The convex join of S; and S, denoted ConvJoin(Sy, Ss), is the set
{t181 +t282 1S € Si,tl +t2 = 1,ti Z 0}

For notational convenience, we set ConvJoin(S, ) = S.

Locally linear cell complex. A finite-dimensional cell complex X is locally linear if there
is an inclusion ¢ : X < R such that ¢(c) is the convex hull of its vertices and +(dc) is the
union of the faces of o for every cell o C X. We conflate X with its image under this map.
Let W : X(© — N be a PL-Morse funtion. We say that W is a linear PL-Morse function
if I is the restriction of some linear function RY — R, which by abuse of notation we will

refer to by W as well. Linear PL-Morse functions have the following property.

Lemma 3.2.1. Let o be a cell of a locally linear cell complex X and let W be a linear
PL-Morse function on X. The set of all points x € o with W (z) of maximal weight among

the points of o is a face of o, and is the convex hull of the vertices of o of maximal weight.

We will say that a function W : X(©) — Nis a quasi—linear PL-Morse function if, for every
cell o C X, the convex hull of the set of all vertices v € ¢(® with W (v) maximal over all
vertices of 0(*) is a face of . We say thata cell o0 C X is W—constant if W (v) = W (w) for

every v, w € o). We say that IV is sharp if the only W —constant cells of X are vertices.
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Descending links in locally linear cell complexes. Let X be a locally linear cell complex
and let W be a quasi—linear PL-Morse function on X. Let ¢ C X be a W —constant cell.
We will define three different versions of the descending link dy, (o), and then show that

all threare homotopy equivalent. Let R, denote the set of all cells p C X such that

* o is a face of p, and

s W(r) < W(o) forall r € p, with equality if and only if r € o.
The variants of the descending link are as follows.

e The facial descending link di=(o). Let p € R, be a cell and let T (p) be the set of

all faces 7 C p such that 7 N o = (). We define

diee(o) = U T

PERs

* The adjacent descending link d (o). For all p € R, define V(p) to be the set of all

vertices v € p(®) with v € o such that vw is an edge of X for some w € 0. We define

dii(o) = | Hull(V(p)).

PERS

* The total descending link di9* (o). This is given by
it (o) = ConvlJoin(dis (o), &P (o).
Note that there are two inclusions
dit(0) = dip} (0) = dyy (o).

We have the following lemma that describes the relationships between the three types of

descending links.
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Lemma 3.2.2. Let W be a quasi—linear PL-Morse function on a locally linear cell complex

X. Let 0 C X be a W—constant cell. Then each inclusion
e (o) = digt (o) <= dyy (o)

induces an isomorphism in homology.

Proof. Let R, be as above. Let R*** denote the set of maximal cells in R, i.e., the set of
all p such that there is no p’ € R, with p C p'. For each t € {face, tot, adj} and for each
p € R™ et

U; = pndiy (o).

For { € {tot,adj}, Ug is contractible for any p € R™** since convex hulls of nonempty
sets are contractible. Since W is quasi—linear, U;ace is contractible for every p € R™** as
well, since Jp is homotopy equivalent to a sphere, and U pT is homotopy equivalent to dp\ o,
which is homotopy equivalent to a sphere with a point removed, and hence is contractible.
Furthermore, let po, . . ., pr, € Ry, Suppose that UT N...NUS # (. Then for any choice
of 1" € {tot, face, adj},

1/ '~
Upoﬁ...ﬂUpk_*.

Indeed, since py, ..., px are cells of a locally linear complex X, their intersection p =
po M ...N p, must be a cell of X. Then by assumption, there must be a vertex v € p with
v ¢ o. Hence the complex V' (p) in the definition of d}}(}j must be non—-empty, and thus
Hull(V (p)) = p N d%F (o) is contractible. Likewise, T (p) as in the definition of di2® must
be non—empty, since V(p) C T(p), so dia¢(a) N p is non—empty. The cell o is a face of
p because W is quasi-linear. Therefore, the subcomplex dia(o) N p is given by taking p
and removing a contractible subspace glued over a contractible subspace, so we conclude
that df2¢°(o) N p is contractible. Finally, if d%2°(¢) N p and p N diP (o) are both contractible,

then p N dif (o) is contractible as well.
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Now, let t € {adj, face, tot}. Let N'(U}) denote the nerve of the set {U}} jcrmex. The

nerve lemma implies that we have isomorphisms in homology
H.(N(U}); Z) = H.(dyy(0); Z).

It now remains to show that for a choice of 1 = {adj, face}, the induced map of chain

complexes

C.N(U);Z) = CL(N(U): Z)

induces an isomorphism in homology. In fact, we will show that the above map induces an
isomorphism of chain complexes. It is clear that the induced map is an injection for either
choice of {, so it remains to prove that the natural map is a surjection.

Let po, ..., pn € RJ™ be a collection of cells with U N ... N U # (. Let p =
po N ...N p,. This pisacell of X and o # p, so thereisa vertex 7 € X with7No =0
and 7 C U;Ot. Now, 7 must contain a vertex adjacent to o, since p is a cell. Therefore U ;;‘dj

and U;ace are both nonempty, so the induced map of chain complexes is surjective. 0

We will need one more auxiliary result.

Lemma 3.2.3. Let W be a linear PL-Morse function on a locally linear complex X, let
o be a W—constant cell, and let k = dim(o). If di{*(o) is n—acyclic for some n, then

ConvlJoin(do, di? () is (n + k)-acyclic.

Proof. By Lemma 3.2.2, d*¥ (o) is n—acyclic. We will show that ConvJoin(do, d*Y) has
the same homology groups as do * d;ﬁj. Applying Lemma 2.1.1 completes the proof.
Recall the set R, and R;** from Lemma 3.2.2. For each p € RJ™, let U, =

ConvJoin(do, p N d¥). Then the set

u - { Up}peRglax

is a cellular cover of ConvJoin(do, d?,[‘,ij). Furthermore, for any p1, ..., p, € R¥, there is
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a natural map

Lok (N NpNdF) = U, N...NU,.

Since the set {30 * (p N d;‘y) }peRmax is a cover of Do % di? (o) by contractible sets, it
suffices to show that ¢ is a homotopy equivalence for any p, ..., p, € RI*.

Let p1,...,p, € R3™. Letx € U, N...NU,,. Since each U, is contained in p;,
we have v € py N ... N p,. Hence U, N...NU,, contains the minimal dimensional
cell 7 with x € 7and 7 C p; N ... N p,. Furthermore, if 7 is such cell and 7/ C 7
is a maximal dimensional subcell with 7 N o = (), we have do x 7/ C U,, N...NU,,.
Then we must have 7 C d5 (o) by our assumption on . Therefore, U,, N ... N U, =
ConvlJoin(da, pyN...Np,). Thus ¢ is a homotopy equivalence, since the source and target

of ¢ are both either empty or contractible, and so the natural map of chain complexes
CL(N(90 * (pr Ny (0)); Z) = C.(N(U,): Z)

is an isomorphism of chain complexes. Since each intersection is contractible or empty, an

application of the nerve lemma followed by Lemma 2.1.1 completes the proof. [

We will say that a linear PL-Morse function W on a locally linear complex X is n—acyclic
if di9 (o) is (n — dim(o))-acyclic for every W—constant cell 0 C X. The min-set of W,

denoted M (W), is the union of all cells ¢ C X with
max{W(v) : v € ¢°} = min{W(w) : w € X"}.

We now have the following lemma, which is similar to Lemma 2.1.2. Recall that Lemma 2.1.2
allowed us to use PL-Morse theory for simplicial complexes. This is similar, except it al-

lows us to use PL-Morse theory for locally linear cell complexes.

Lemma 3.2.4. Let X be a finite dimensional locally linear cell complex and let W be a

linear PL-Morse function. Suppose that W is n—acyclic. Then the pair (X, M (X)) is
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(n + 1)—acyclic.
Proof. The proof proceeds by the same strategy as Lemma 2.1.2. Let
X = W ([0,m)) | J{o acell of X : max{W|,} < m,dim(c) < k}.

If m > 0, then X, ;, is built out of X,,,_; ; iteratively by attaching, for each cell o C X, ;,
with 0 Z X,,,_1 ., the following spaces in order:

o d% (o) over di3¢(o), then

« ConvJoin(do, d%¥ (o)) over X,,_1 4, and

* a convex neighborhood of the cell o.

By Lemma 3.2.2, the inclusion di%(o) — di%f(o) is a homotopy equivalence, so the
first attachment does not change homotopy type. The second is given by gluing in con-
tractible subspaces over contractible subspaces, which also induces a homotopy equiva-
lence. The third is attaching a contractible space over an n—acyclic space by Lemma 3.2.3,

80 Hy(Xpy) = Ho(Xpn-1x) for « <n+ 1. O

We have the following lemma, which is similar to Lemma 3.2.4 except it deals with the

case that W is sharp. This also follows from argument similar to the proof of Lemma 2.1.2.

Lemma 3.2.5. Let X be a finite dimensional locally linear cell complex and let W be
a sharp, quasi—linear PL—Morse function. Suppose that W is n—acyclic. Then the pair

(X, M (X)) is (n + 1)-acyclic.

Proof. Let X} denote the subcomplex of X generated by vertices v such that W (v) < k.
Then since W is sharp, the complex X, is constructed from X;_; by attaching each v €

X with W (v) = k over the complex d¢°(v). By hypothesis di(v) is n—acyclic, so
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the Mayer—Vietoris sequence implies that (X, X;_1) is relatively (n + 1)-acyclic. Since

X = Upis0 X, we have that (X, M (W)) is relatively (n + 1)-acyclic, as desired. O

We now have the following lemma, which follows from an argument similar to the proof

of Lemma 2.1.3.

Lemma 3.2.6. Let X be an (n+ 1)-acyclic, finite-dimensional, locally linear cell complex
and let W be an n—acyclic quasi—linear PL-Morse function on X. Assume that W' is either

sharp or linear. Then M (W) is n—acyclic.

Proof. By the long exact sequence in relative homology for the pair (X, M (1)) and the

fact that Hy,(X:Z) = 0 for k < n + 1, the connecting homomorphism
Hy (X, M(W): Z) — Hy(M(W);Z)

is an isomorphism for 0 < £ < n. Hence applications of Lemmas 3.2.4 and 3.2.5 complete

the proof. 0

3.3 The complex of homologous curves

We now move on to the study of the complex of homologous curves Cz(.S,). Our goal is to

prove our main theorem (Theorem B), which says that Cz(S,) is (g — 3)—acyclic for g > 2.

Outline of the proof of Theorem B. In Section 3.3.1, we discuss the complex of minimizing
cycles defined by Bestvina—Bux—Margalit [4]. We also discuss a PL-Morse function IV (in
the sense of Section 3.2) on the complex of minimizing cycles. This function is originally
due to Hatcher and Margalit [18]. The min-set of this function W will be Cz(.S,). We show
in Lemma 3.3.1 that an auxiliary complex called the complex of draining cycles is highly
acyclic. Instances of this complex will turn out to be the descending links of the PL-Morse
function . We complete the proof of Theorem B in Section 3.3.3 using the PL-Morse

function W and the results of Section 3.2.
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Figure 3.4: A 2-cell in Cz(95,).

3.3.1 The complex of minimizing cycles

We first define the complex of minimizing cycles, and then discuss Hatcher and Margalit’s
PL-Morse function on the complex of minimizing cycles.

Let S = S, and let & a primitive class in H,(S5;7Z). A basic cycle for Z is a nonsep-
arating oriented multicurve M = ay Ul ... U a; such that there is a collection of positive
integers Ay, ..., A\, with

7=

M-

1

7

We will say that a multicurve M = a; U ... U a,, is a cycle if
1. each a; is a member of a basic cycle M’ C M, and

2. any non-trivial linear combination of the [a;] with nonnegative integer coefficients is

nonzero.

Remark. Condition (2) is not present in Bestvina, Bux, and Margalit’s original definition.
Gaifullin demonstrated that condition (2) needed to be included in the definition [13]. All
of Bestvina, Bux and Margalit’s [4] results still hold, since they implicitly assumed that

condition (2) followed from (1).

Let G be the set of isotopy classes of nonseparating simple closed curves in S and let RS
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be the real vector space spanned by &. If M is a cycle, denote by P,y C RS the convex

hull of the set of points
{Nici:¢; € M', M' C M is abasic cycle}.

Let M denote the set of all cycles in S,;. The complex of minimizing cycles Bz(S,) is the

union

U Pu

MeM

Observe that Bz(S,) is a CW-complex where the k—cells correspond to cycles M/ € M
with dim(P,;) = k. Bestvina, Bux and Margalit proved that the complex Bz(.S) is con-
tractible [4]. We will prove Theorem B by constructing a sharp, quasi-linear PL-Morse

function W on Bz(.S,) thatis (¢ — 3)-acyclic and has min-set equal to Cz(.5).

The PL-Morse function. We will use the PL-Morse function on Bz(.S,) originally defined
by Hatcher and Margalit [18]. Let v be a vertex in Bz(S) represented by a basic cycle

M = agU...Ua,. By definition, # = ). \;[a;] for some unique positive integers ;.

i<m

We define

W) => A

<m

The min-set M (W). There are no vertices v € Bz(.S,) with W (v) = 0. In fact, the lowest
weight vertices are given by all v with W (v) = 1. The subcomplex of Bz(S) generated by
v with W (v) = 1 is precisely the complex of homologous curves Cz(S5), so M (W) is the

subcomplex of Bz(S) generated by vertices v with W (v) = 1.

3.3.2 The complex of draining cycles

Our goal in this section is to prove Lemma 3.3.1, which says that a certain complex called
the complex of draining cycles is highly acyclic. This complex is a generalization of the

complex of splitting curves introduced in Section 3.1. It is also inspired by Hatcher—
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Margalit’s proof of the connectivity of Cz(S,) [18]. We will leverage Lemma 3.3.1 to

prove that the PL-Morse function W is (¢ — 3)-acyclic.

The complex of draining cycles. We begin by defining a certain class of labeled surfaces.

Let S = Sg. We say that S is a partial cobordism if it:
* comes equipped with an orientation of some of the boundary components of .S and

* a partition of the oriented boundary components into two disjoint sets B, and B_
such that the surface S’ given by gluing a disk to each nonoriented boundary compo-

nent of S is a cobordism from B, to B_.

We will denote a partial cobordism by ¥ = (S, By, B_, By), where By = m(0S) \ (B4 U

B_). We will say that a partial cobordism is:
* draining if |B,| > |B_|,

* balanced if |B,| = |B_

, and
* flooding if |B,| < |B_]|.

Let S = S_f; and let > = (S, B,, B_, By) be a partial cobordism. A vertex of Cq,(2) is an

oriented multicurve M C S such that:
o |m(S\ M)| =2,

* one connected component of S \, M is a partial cobordism >, from a subset of B

to a union of M and a subset of B_, and
* the partial cobordism 32, is draining.

The partial cobordism >, is unique. Two examples of vertices in this complex can be
found in Figure 3.5. We now define the higher-dimensional cells in the complex Cq,(X).
Let Gy, be set of oriented isotopy classes of essential simple closed curves on . We say

that an oriented multicurve M C S is representative if:
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By

Figure 3.5: Two vertices M and N in the complex of draining cycles.

* each curve in M is contained in a vertex of Cq,(X) supported on M,

« if N C M is a multicurve such that |mo(S \ N)| = 2 and at least one connected
component >y of S\, NV is a partial cobordism from a subset of B, to a union of NV

and a subset of B_, then X is draining, and

* any non-trivial linear combination of the homology classes represented by curves
in M with non—negative integer coefficients is nonzero in H;(S;7Z), where S is the

underlying surface of X..

Let Gy denote the set of all oriented simple closed curves in S. Let M denote the set of
representative multicurves in Y. Each vertex M € M corresponds to the point a; + ... +
a € RS with M = a; L ... U aj. We will henceforth identify a vertex M € M with this
point in RS. For an arbitrary M € M, let Py, C RS= be the convex hull of the vertices

supported in M. The complex Cq,(X) is the union

U Pu

MeM

Observe that C4,(X) is naturally a locally linear cell complex. We will prove the following.
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Lemma 3.3.1. Let ¥ = (S}, By, B_, By) be a partial cobordism with |B.|,|B_| > 2 and

|By| < |B_| 4 1. The complex Ca:(X) is (g — 3 + | B4 |)-acyclic.
In order to prove Lemma 3.3.1, we will need the following auxiliary result.

Lemma 3.3.2. Let ¥ = (S}, By, B_, By) be a partial cobordism with |B,|,|B_| > 2,
|Bo| > 1. Let b € By be a boundary component and let > be the partial cobordism given

by gluing a disk along p. The map Cq,(X) — Car(¥') is a homotopy equivalence.

Proof. Surgering a curve surrounding b onto any vertex M along any arc « yields a vertex

M’. Hence the lemma follows by Proposition 2.3.1. 0

We now prove Lemma 3.3.1. The proof proceeds by induction on the poset of partial
cobordisms, denoted BarCob. The elements of ParCob are partial cobordisms, and > <

3 if either g(X) < g(X), or g(¥) = g(¥') and | B4 | < | B, |
Proof of Lemma 3.3.1. We will induct on the poset of partial cobordism BarCob.

Base cases. The base cases are given by partial cobordisms with |B,| = 2 and | By| = 0.
In this case, Cq;(X) is identified with the complex of splitting curves. Lemma 3.1.1 says
that when |B, | = 2 and |B_| > 2, the complex of splitting curves is (¢ — 1)-acyclic, so

the base case holds.

Induction on Bar€ob. Let ¥ = (Sg, B, B_, By) € ParCob with |B| > 3,

B_| > 2and
|B.| < |B_| + 1. Assume by the inductive hypothesis that the lemma holds for all 7 < X
satisfying the hypotheses of the lemma.

Lemma 3.3.2 says that we can fill in boundary components of B, with disks with-
out changing the homotopy type of Cq4,(2), so we may assume that |By| = 0. Let ¥’ =
(S 2 ,B'_, B_, By) be the partial cobordism given by relabeling a boundary component b €
B to be a boundary component of B, and let ¥ = (Sg‘l, B',, B_) be the partial cobor-

dism given by filling in b with a disk. By Lemma 3.3.2, there is a homotopy equivalence

Cdr(E’) =~ Cdr(Z”).
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By the inductive hypothesis, C4;(X’) is (¢ — 4 + |B|)—acyclic. Hence it suffices to show

that a(Cq: (X)) + 1 < a(Cyqr(X)). We will prove this statement in three steps:

1. We add to Cq,(3') any vertices M € Cq,(2) that become inessential when b is capped

with a disk, and show that this strictly increases acyclicity by 1.

2. We add vertices M € Cq,(X) such that M is a single simple closed curve, and show

that this does not decrease acyclicity.

3. We add in the remaining vertices and show again that acyclicity does not decrease.

Adding curves that become inessential when b is filled in with a disk. Let K be the set of
vertices in Cq,(2) such that at least one curve becomes inessential when b is filled in with
a disk. The set K is a discrete set, and every element of K is a single curve v such that
~ surrounds b and one other boundary component in B, . Let Cq,(X’, K) denote the full
subcomplex of Cq,(X) generated by Cq,(2') and K. An example of a curve in K can be

found in Figure 3.6.

By

Figure 3.6: M is a vertex in in K
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By Lemma 3.3.2 and Lemma 2.3.3, there is a homotopy equivalence

Car(Y, K) ~ Car(X) * K.

Hence a(Cq, (X', K)) > (9 — 3 + |B+|) by Lemma 2.1.1 and the inductive hypothesis.

Adding in single curves. Let C} (X', K) denote the subcomplex of C4,(X) consisting of
multicurves M such that every vertex N C M either has N € Cy,(Y', K) or N connected.
Let M be a vertex of C,(X', K) and let ), denote the associated cobordism from the
definition of the complex of draining cycles. Let 7;; denote the other connected component
of SS \ M, which is naturally a cobordism. An example of such a vertex M can be found

in Figure 3.7.

Figure 3.7: A curve M € C} (X', K). The top boundary components are in B_, the bottom
components are in 5.

For M a vertex of Cj (X', K), let

0 if M € Cqr(Y, K)
W(M) =

g(Xy) otherwise.
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We will show that W is a (¢ — 4 + | B, |)—acyclic PL-Morse function. Since C4, (Y, K) is
at least (9 — 3+ | B |)—acyclic and W is sharp (as in Section 3.2), Lemma 3.2.6 will imply
that C} (X', K) is (g — 3 + | By|)—acyclic.

Let M € C. (%', K) be a positive-weight vertex and let N € d(M) be a vertex.
Observe that N is supported on either 7y, or Xj,. If N is supported on 7, then N lies in
Car(Tar). Otherwise, N lies in C4, (X)), which implies that N is connected. Hence there is

a canonical isomorphism

dw (M) = Copit(2a1) * Car(Tar)-

By Proposition 3.1.1, we have a(Csprit (X17)) = g(2Xa) — 2. Then by the inductive hypoth-

esis, we have
a(Car(Tar)) = 9(Tar) =3+ [Bo| =1 = g(Tu) — 4+ [By|.
Hence by Lemma 2.1.1, we have
a(dw(M)) = g(En) =2+ 9(Ta) =4+ [By[ +2=g(¥) — 4+ |B4|

so this step is complete.

Adding other vertices. We will now add in vertices of Cq,(X) \ C}.(X, K). Let M be a

vertex of Cq;(X) and let ), be the associated partial cobordism. Let

0 if M € CL(%, K)
W(M) =

Ix(Xar)| otherwise.

We will show that W is a (¢ — 4 — | B|)—acyclic PL-Morse function. Since W is sharp,

an application of Lemma 3.2.6 will complete the proof. Let M be a vertex in Cq,(2) of
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positive weight. Observe that the cobordism >, = (S, Bf\f , BM) satisfies the following

two properties:
« |BY| =|BY|+1and
« pe BY.

Indeed, otherwise M would be a vertex of Cq, (X', K). Let 7j; be the connected component

of X\, M thatis not >j,;. An example of such a vertex M can be found in Figure 3.8.

Figure 3.8: A vertex M € C} (X', K). The top boundary components are in B_, the
bottom components are in 5, .

The surface 7T, is naturally a cobordism from a union of M and a subset of B, to a
subset of B_. We will show that d¥ (M) 22 C4(Xas) % Car(Tar). Let N € &3P (M) be a
vertex. Let P = M U N. By definition N and M are adjacent, so N is either supported
on Xy or Ty If N C Xy, then N € Cq(Xp). Any vertex P € Cq, (X)) must have
W(P) < W(M), so di?(M) N Car(Xp) = Car(Xar). Otherwise, if N C Ty, then
W(N) = 0. Therefore the partial cobordism >y realizing N as draining is still draining
even if p is filled in with a disk. Then since Xy O X7, we have N € Cq,(Tas)-

Hence dy (M) is at least (g(Xar) — 3+ | By (X)) | +9(Tar) =3+ | M|+ |Tar N By | +2)-

acyclic by the inductive hypothesis and Lemma 2.1.1. But then g(7y;) +g(Zn) + | M| = ¢
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and |BY|+|TyNB| = |B4|, so dw (M) is at least (g—4+]| B, |)—acyclic. Therefore since
Cl (¥, K)is (g — 3+ |B.|)-acyclic, Lemma 3.2.6 implies that Cy,(X) is (9 — 3 + | B, |)-

acyclic, which completes the proof. [

3.3.3 Completing the proof

We now show that Cz(.S,) is (g — 3)—acyclic. We will prove in Lemma 3.3.3 that the PL—
Morse function I defined in Section 3.3.1 is a linear PL-Morse function. We then prove
in Lemma 3.3.5 that the descending links of W —constant k—cells are given by joins of the

complex of draining cycles. We conclude by proving Theorem B.
Lemma 3.3.3. The PL-Morse function W is a linear PL-Morse function.

Proof. Let o C Bz(S,) be a cell corresponding to a multicurve M. By definition, o is the

convex hull of its vertices vy, . . ., v,,,. Hence every point v € o is a linear combination
m
v = E tivi
i=0

with " t; = 1. Set

It suffices to show that 1/ is well-defined on points in R®, i.e., independent of the choice

of cell 0. To see this, suppose that

m
/
v = g t;0;
i=0

is another linear combination with Y ;" ¢, = 1. If ao, ..., a, are the underlying simple

closed curves in the multicurve M corresponding to o, then each v; is by definition a

formal sum

n
E Aija;
=0
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such that

3

T=) Aijlay]
=0
in H,(Sy;Z). Since
Z tﬂ)l' = Z t;@l
=0 1=0

Hence we have

D tW(v) => W (v;)
1=0 1=0
so the claim holds. O]

We now describe the 1¥/—constant cells of Bz(S,). If o C Bz(S,) is a cell, we denote by

Omax the convex hull of the vertices in o of maximal weight.

Lemma 3.3.4. Let 0 be a W—constant cell of Bz(S,). Let M be the oriented multicurve
corresponding to o and let Yo U ... U Xy, be the connected components of S, \, M. Each

cobordism X; is balanced.

Proof. Suppose otherwise. Then some cobordism Y; is not balanced. >3; is a cobordism
between vertices v and w of ¢. If ¥; is unbalanced, then W (v) # W (w) which contradicts

the assumption that o is W/ —constant. [l

We now explicitly compute dy, (M) in the case that M is a W—constant k—cell.
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Lemma 3.3.5. Let M C Bz(S,) be a W—constant k—cell. Let ¥y, . . . , ¥, be the connected

components of S, \, M. Then the natural inclusion
Car(B0) * ... % Cyp(E4) = &P (M)

is an isomorphism.

Proof. Let N be a vertex in dif,lj(M ). Then N \ M is contained in some connected
component X of S; \ M, which is naturally a balanced cobordism. Let 7 C X be the
cobordism between a subset of B, (X)) and a union of N \ M and a subset of B_(X). Let
P C M be a vertex containing B, (X), so N is adjacent to P. Then the cobordism 7 must

be draining. Indeed, suppose that

Z)‘p[p] =7

peP
is the linear relation corresponding to P. Suppose that 7 realizes a relation in H;(Sy;Z)

of the form

Y b= [

peP! neN’
for subsets P’ C P, N’ C N. Then there is a linear relation in H 1(Sg; Z) supported on N

given by

ZAP[P] _géig})‘p (Z[p]> +I£relig}/\p (ZM) =T

peEP peEP’! neN’
Note that this relation is a nonnegative linear combination of curves in N. Indeed, this
relation is another nonnegative integral relation on curves contained in N U PP and N and

P are the endpoints of an edge. Then since W (N) < W (P), we have
o o / . "n_ . . /
W(N) =W(P) —min A,|P'| + min A, |N'| = W(P) — min(|P| — | V).

Hence |N'| < |P'|, so T is draining as desired. O

We now conclude Section 3.3 by proving that Cz(.S,) is (¢ — 3)—acyclic.
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Proof of Theorem B. Let M be a multicurve that represents a W —constant k-cell o. Label

the connected components of S\, M by ¥ LI ... LI X;. By Lemma 3.3.5, we have
BI(M) = Cqr(X0) * . . . % Car(Si),

where Y, ..., X are the connected components of S, \, M. Hence dy (o) is at least
(9 — 3 — k)-acyclic by Lemma 3.3.1 and Lemma 2.1.1. Now, ¥ is a linear PL-Morse
function by Lemma 3.3.3. Hence W is a (g — 3)-acyclic linear PL-Morse function, so
Theorem B follows by Lemma 3.2.6 and Bestvina, Bux and Margalit’s theorem that Bz(S,)

is contractible [4, Theorem E]. O
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CHAPTER 4
PRELIMINARY REPRESENTATION THEORY RESULTS

4.1 A finiteness result about groups acting on vector spaces

The goal in this section is to prove Proposition 4.1.1, which is a result that we will apply re-
peatedly to determine that certain representations of subgroups of the symplectic group are
finite dimensional. Recall that we have assumed that curves and multicurves are oriented.

The statement is as follows.

Proposition 4.1.1. Let g > 1, and let N C S, be a nonseparating multicurve such that
|N| < g. Let G C Sp(2g, Z) be the image of the map Stabyioq(s,)(IN) — Sp(2g, Z). Let V
be a G-representation over Q. Suppose that there is a constant 0 < d < g — |N| such that

the following hold.

1. Forany M C S, such that:
* [M|=d,
* M is disjoint from N, and
* M U N is nonseparating,
the cokernel of the map @, VTe — V is finite dimensional.
2. Forany M C S, such that:
o M| <d,
* M is disjoint from N, and
* M U N is nonseparating,

the coinvariants module Vsiay, (1) IS finite dimensional.
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Then V' is finite dimensional.

Before proving the proposition, we will need a result about generating sets of subgroups of
the symplectic group, which is Lemma 4.1.2. We will also standardize some terminology

that we will use throughout this thesis.

Terminology on symplectic lattices. A quasi-unimodular lattice is a finitely generated free
abelian group L equipped with an alternating form (-,-) : L x L — Z. The lattice L is
unimodular if the form (-, -) is nondegenerate. The genus of L, denoted g(L), is 5 rk(W),
where W C L is a maximal free abelian subgroup of L such that the restriction of (-, -) to
W is nondegenerate. If v € L is some element, then v is primitive if there is no integer

m > 2 and nonzero w € L with mw = v. For any v € L, the transvection along v is the

homomorphism 7}, : . — L given by

We will say that the transvection T, is primitive if v is primitive. We will say that a subgroup
L' C L is primitive if L is generated by primitive elements. The set of degenerate elements
in L, i.e., elements v € L such that (v, ) : L — Z is the zero map, will be denoted [ degen
If V C L is a set of elements, we will denote by V* the subgroup {w € L : (w,v) =

0 for all v € V}. We let

Sp(L,Z) ={g € GL(L,Z) : {gv, gw) = (v,w) for all v,w € L}.

If I/ C L is a primitive, unimodular subgroup, let proj;, : L — L’ denote the projection

map induced by the form (-, -).

Mapping class groups of cut open surfaces. Let M C S, be a nonseparating multicurve.
There is a natural inclusion S, \, M — M that induces a map Mod(S, \, M) — Mod(S,)

given by extending ¢ € Mod(S, \, M) by the identity along S, \ im(S, \ M — S,).
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We are now ready to state and prove the following lemma, after which we will conclude

Section 4.1 by proving Proposition 4.1.1.

Lemma 4.1.2. Let g > 2and b > 0, and let S = S;’. Let M C S be a nonseparating

multicurve such that g(S \, M) > 1. Let G be the image of the composition
Mod(S \, M) — Mod(S) — Aut(Hl(SZ;Z)).

Then G has a finite generating set consisting of transvections along classes v represented

by nonseparating curves c C S, \, M.

Proof. Korkmaz [26, Theorem 3.1] has shown that if S;’: is a compact, oriented surface
with genus ¢’ > 1, then Mod(SS;) has a finite generating set D C Mod(Sg;) consisting
of Dehn twists along nonseparating curves. Then S \, M is a compact, oriented surface
with g(S \ M) > 1 by hypothesis. Hence there is a finite set of Dehn twists along
nonseparating curves D C Mod(S \, M) such that D generates Mod(S \, M). Then
the image of 75 € D under the symplectic representation is the transvection Tjg. Hence
G has a finite generating set consisting of transvections along elements represented by

nonseparating curves, as desired. O
We are now ready to conclude Section 4.1.

Proof of Proposition 4.1.1. The proof proceeds by induction on d.

Base case: d = 0. In this case, the first hypothesis says that if M is the empty multicurve,
then the cokernel @, V' — V is finite dimensional. This is just saying that the cokernel

of the zero map is finite dimensional, so in particular V' is finite dimensional.

Inductive step: d > 1. Assume that the proposition holds for all d' < d. We will show
that it holds for d as well. Our aim is to show that if G and V' satisfy the hypotheses of the
proposition for d, then they satisfy the hypotheses of the proposition for d — 1 as well. The

inductive hypothesis would then imply that V' is finite dimensional. The second hypothesis,
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namely that the coinvariants module Vs;ab,; (ar) 18 finite dimensional for |M| < d also holds
for |M| < d—1, so it suffices to prove the first hypothesis for d — 1. Let M be a multicurve

such that:
e [M|>d-1,
* M is disjoint from N, and
* M U N is nonseparating.

It suffices to show that the cokernel of the map €,,, V'* — V is finite dimensional. This
holds for |M| > d by hypothesis, so it suffices to show that the result holds for | M| = d—1.

Let M C S, \, N be a nonseparating multicurve with |[M| = d — 1. Let G’ =
im(Mod(S, \, (M U N) — Sp(2g,Z)). By Lemma 4.1.2, G’ is generated by a finite
set of transvections JF along a set of primitive elements V such that each v € V has a
nonseparating representative ¢ C S, \, (M U N). Let R be a set of such representatives,

one for each element of V. For ¢ € R, let M. = M U c. The multicurve M, satisfies:
o M| =1+|M|=d,
* M, is disjoint from N, and
* M. U N is nonseparating.

The first part is trivial, while the second follows since c is disjoint from /V, and the third
follows because we have chosen c to be nonseparating in .S, \, (M U N). Therefore, the

first hypothesis in the proposition applied to V' as a G representation tells us that

cok (@ V¥a — v)

deM.

is finite dimensional. In particular, this implies that, if we let Vi; = cok(@D ., Vie V),

then Vﬂ“ has finite codimension in V), for any v € V. Now, consider the filtration of
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. ) . . ; T,

Vi given by choosing an ordering V = {vi,...,v,} and setting Wi, = (V;_; V3"
) T, ) ) .. . ) ..

Since V" has finite codimension in V), each V) ; has finite codimension in Vj/;_1. In

particular, this implies that W), ,, has finite codimension in Vj;. Thus, it suffices to show

that Wy, 1s finite dimensional.

Wt is finite dimensional. Consider the long exact sequence in G'~homology associated

to the short exact sequence
0— Warn = Var = Ve /W, — 0.
Part of this sequence is given by
H(G; V[ Warn) = Ho(G'; Warn) — Ho(G'; Viy).

The group G’ is finitely presented by Lemma 4.1.2 and V), /W)y, is finite dimensional
by hypothesis, so H1(G’; Var /W) is finite dimensional. Furthermore, Ho(G'; Vi) is a
quotient of Hy(G'; V). This last vector space is finite dimensional by applying the second
hypothesis of the proposition to the multicurve M, since we know |M| = d — 1 < d.
Therefore, the vector space Hy(G'; Wyy,,) is finite dimensional. But now, W), is the
intersection (), ., V3. Since the set F = {T, : v € V} generates G’ by assumption, we
conclude that W), ,, is a trivial G’-representation, so Hy(G'; Was,,) = Wiy, Hence Wy,
1s finite dimensional and has finite codimension in V), so V), is finite dimensional as well.

The proof is now complete by the inductive hypothesis. [

4.2 Bestvina—Margalit tori

For the remainder of this section, fix a ¢ > 3 and an @ C S, a nonseparating curve. Let
la] = Z. Let X, = Cz(S,)/Z,. A Bestvina—Margalit torus (defined below), is a certain

type of 2—torus embedded in X,;. Let BMy(X,;; Q) C Hy(X,; Q) denote the subspace of
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Hy(X,; Q) generated by the fundamental classes of the Bestvina—Margalit tori. The goal

in this section is to prove basic structural results about X, and Bestvina—Margalit tori.

Bestvina—Margalit tori, by example. In unpublished work [5], Bestvina and Margalit as-
sociate to each 2-cell o in X, a corresponding dual cell. The cells o and ¢’ form a torus
which we refer to as a Bestvina—Margalit torus. The idea is that o and ¢’ have the same
edges, except the edges are in a different cyclic order. Let x,y, 2, w € Cz(S,) be as in
Figure 4.1. Let 0 C X, be the 2-cell such that there is a lift o C Cz(S5,) with vertices z, v,
and w, and let 0’ C X, be the 2—cell with a lift &’ with vertices x, z, and w. Then the edges
sy and e, ,, are in the same orbit under the action of Z; to e. ,, and e, ., respectively [38,
Proposition 3.29]. However, the cells o and ¢’ are not in the same orbit under the action
of Z,, since they induce decompositions of H;(S,; Z) with different cyclic orders (defined

precisely in a moment). Hence the cells o and ¢’ form a torus in X,. We will denote this

Figure 4.1: The construction of dual cells.

torus BM,, and its fundamental class by [BM,,]. In general, a Bestvina—Margalit torus is
any subcomplex of X, given by the union of a pair of 2—cells ¢ and ¢’ such that each edge
of o is in the same Z,—orbit as an edge of ¢, but ¢ # o’. Let BM;(X,; Q) denote the
subspace of H(X,; Q) spanned by the set of fundamental classes {[BM,]} This

UGX£,2) '

subspace plays a crucial role in the proof of Proposition 1.3.1.
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4.2.1 Structural results about C;(S,)/Z,

In this section we prove Lemma 4.2.1, which will tell us when two k—cells 0,0’ C Cz(S,)
are in the same Z,—orbit for the action of Z, on Cz(.S,). Johnson showed that two nonsepa-
rating curves c and d in S, are in the same orbit under the action of the Torelli group if and
only if ¢ and d are homologous (see, e.g., Putman [34, Lemma 6.2]). Hence the complex
X, has one vertex. Therefore each edge € X, is a loop in X, and we will let [x] denote
the element of 71 (X)) induced by z. If y and z are two edges of a 2—cell 0 C X, we will

let yz denote the third edge of o, with the appropriate orientation so that

in m1(X,). If e C Cz(5,) is an edge, there is a bounding pair 7, ./ taking one endpoint of

e to the other endpoint. See Figure 4.2 for an example. Lemma 4.2.1 describes the cells of

Figure 4.2: The bounding pair map 7, chl and edge e = ¢, 4.

the complex X,. Before stating and proving the lemma, we introduce some notation.

Cyclic decompositions induced by cells of X,. Let 0 C X, be a k—cell with a lift 0 C
Cz(S,), where o corresponds to a multicurve agLI. .. Uay. Let Sp, ..., S be the connected
components of S, \, 7. Assume that Sp, . .., Sy are indexed so that S; N .S; # 0 if and only

if |i — j| = 1 or k. For each S, let {7 denote the image in H,(S,; Z) of the pushforward
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map H;(S;;Z) — Hy(Sy; Z). Let H(o) denote the set of free abelian groups #g, ..., Hy.
Associated to H (o) is a directed cycle C'. The vertices of C' are the connected components

S; and there is a directed edge .S; — 9 if the following hold:
* ay CS5;NS; forsome 0 < ¢ <k, and
* ay is oriented so that .S; is on the left of ay.

This directed cycle induces a cyclic ordering on the set 7 (o). For convenience, we will
index the H; so that the cyclic order is Hy < Hi < ... < Hp < Ho. We will refer
to this cyclically ordered set # (o) as the cyclic decomposition of H1(Sy; Z) induced by o.
We will say that the genus of o is the cyclically ordered tuple (g(Ho), - - ., g(Hx)), and we

will denote this tuple by g(o). We will prove the following result.

Lemma 4.2.1. Let 0 and o' be two k—cells of Cz(S,). Then there is an f € I, such that

fo =o' ifand only if o and o' induce the same decomposition of H,(Sy; Z).

Proof. We prove each implication in turn.

The forward implication. Let o,0" C Cz(S,) be 2—cells in the same Z, orbit. Let f € 7,
be an element with fo = ¢’. Since f € Mod(S,), f takes each H € H(o) to some
H' € H(o'), and since f € Z,, we must have H = H'. Therefore H(o) = H(o') as
unordered sets, so it remains to show that f preserves the cyclic order on H (o) and H(o").
Let b C S, be an oriented curve such that for any vertex d € o, b intersects d once with
signed intersection —1. Then since f(o) = o', the image f(b) satisfies the property that
for any d' € o, f(b) intersects d’ once with signed intersection number —1. Now, for
each H; € H(o), let ¢; be a nonseparating simple closed curve disjoint from o and not
homologous to [c]| such that ¢; intersects b once with signed intersection —1. An example
with o a 2—cell of the curves o, b, and ¢; can be found in Figure 4.3, if we denote the vertices

of o by do, dl, d2.
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<H

Let ¢; = f(c;). Then [¢]] = [¢;] since f € Z,, and [¢]] € H;(0’). Then the cyclic order

Figure 4.3: The curves ag, ay, as, b, and ¢;

of the elements of # (o) is the same as the cyclic order of the intersections of ¢; with b,

where the cyclic order on the ¢; is induced by the orientation of b, so the lemma follows.

The backwards implication. Suppose now that o and ¢’ induce the same decomposition
of Hy(S,;Z). Reindex H(o') so that H? = HJ for all 0 < i < dim(c), and let S,
S7 " denote the connected components of Sy \oand S, \ o' Let oy, f1,..., a4, [, be a

symplectic basis for H;(S,; Z) such that:
e 7=y and

o there is a partition v F {2,..., g} where v has k& + 1 blocks such that, for each
P, € v, the set {a;, B} ep, is a symplectic basis for a maximal unimodular subgroup

of HY € H(o).

For each H¢ and H{', let {a;, b;};cp, and {a},b;} p, be representatives in S7 and S7 re-

j
spectively for {a, 3;}ep, such that [a; N b;| = |a; N )| = [(a, B;)| forany 1 < i, < g.
By the change of coordinates principle, there is an f € Mod(S,) taking ¢ to ¢’ that also
takes a; — aj,b; — U forall 2 < j < g. Then f.(a;) = «; and f.(B;) = p; for

2 < i < g. Then f takes a vertex of o to a vertex of 0/, so f.(a;) = «y. This implies

that (f.(51), ;) = (f«(B1), f«(B;)) = 0forany 2 < i < g, and («, f.(51)) = 1. Hence
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f(B1) = 1 + nay for some n € Z, so f is not a priori in the Torelli group, since it may
act nontrivially on ;. We now find another element » € Mod(.S,) such that hfo = ¢’ and
hf €1,

Let ¢’ € o' be a curve in the k—cell o’. Then T," fo = T,," 0’ = ¢’ since fo = ¢’ and

T, acts trivially on ¢’ by construction. Furthermore, for any m € Z, we have

Tian (B +maq) = i +may + <[a/]7 B+ ma1>[a/].

Since [a'] = a1, we have Tj1(B1 + may) = By + may + a; = By + (m + 1)a;. Hence
11 (B + may) = fr + (m — n)ay, so we have we have T\ f. (81) = T\ (1 + nan) =
f1 + na; — nay = fy. Then T, acts trivially on the set {ay, ag, fa, ..., ay, 5} since
[a'] = a; has trivial algebraic intersection every element in this set. Hence (7, " f). fixes
the set {ay, f1,...,ay, By}, s0 T, " f € Z,, and so T, ™ f is an element of the Torelli group

taking o to o', as desired. O]

Given Lemma 4.2.1, if o C X is a cell, the cyclically ordered decomposition H(o) for
o a lift of o to Cz(S,) depends only on 0. We will use the notation H (o) to refer to
the decomposition of H;(S,; Z) induced by &, and refer to # (o) as the decomposition of

H\(Sy; Z) induced by o.

4.2.2 Bestvina—Margalit tori

We will now give a formal definition of a Bestvina—Margalit torus and prove a collection

of results about fundamental classes of Bestvina—Margalit tori.

Bestvina—Margalit tori. Let o C X, be a 2—cell. There is a unique cell ¢’ called the dual
cell to o such that H (o) = H (o) as unordered sets, but with H (o) # H(o’) as cyclically
ordered sets. This ¢’ is unique by Lemma 4.2.1 since there are exactly two cyclic orders on
the set of three elements. The Bestvina—Margalit torus BM,, is the union o U ¢’. Assuming

that o is oriented, the fundamental class of BM,, is denoted [BM,,|. We have the following
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lemma that allows us to add fundamental classes of Bestvina—Margalit tori.

Lemma 4.2.2. Let x,y, z be three edges in X, such that BM, ,, BM, , and BM,, , are all
Bestvina—Margalit tori. Let yz denote the third edge of a 2—cell o with y, z C o oriented so
that |y|[z] = [yz] in m1(X,). A lift of a 3—cell T C X, containing these edges can be seen

in Figure 4.4. Then in Hy(Xy; Q), the relation [BM,, | + [BM, .| = [BM,,.] is satisfied.

Figure 4.4: A 3—cell containing lifts of the edges x, ¥, z, yz as in Lemma 4.2.2. z lifts to
(a,aq), y lifts to (aq, as), z lifts to (az, az) and yz lifts to (aq, as).

Before proving the lemma, we will explain how to compute differentials in X,. If 7 C

Cz(S,) is a k—cell with vertices {co, . . ., ¢ }, then the differential Ot is given by

k
aT:Z(_l)i(cm '7é\ia 7Ck)
i=0
where (¢, ..., ¢, ..., cx) denotes the (k — 1)—cell with vertices cq, ..., ¢ 1,Ciy1,- -+, Ck-

This differential descends to X, by definition. Now, if 7 C X is a k—cell, Lemma 4.2.1

tells us that 7 is determined by the decomposition

7‘[(7‘) = {Ho,...,Hk}.

Then, if 7 is a lift of 7 to Cz(S,), forgetting a vertex ¢ C 7 corresponds to replacing
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H;, Hiv1 in H(T) with H; + H;1. Therefore the differential O7 is given by

where for 0 < ¢ < k — 1, each o; satisfies

H(oi) ={Ho,. ..., Hiz1, Hi + Hiv1, Hito, .-, Hi}-

We have that H(oy) = {H1, ..., Hr_1, Hr + Ho}-

Proof of Lemma 4.2.2. We will find 3—dimensional subcomplex L C X, such that the
boundary realizes the relation in the lemma. Let 7 be a 3—cell with H(7) = {Ho, H1, Ha, Hs}
such that Hy € H(x), H1 € H(x), and Hy € H(z). The space L is given as the union of

the following 3—cells:
*To=T,
* 7 that satisfies H (1) = {H1, Ho, Hz2, H3}, and
* 7y that satisfies H(72) = {H1, Ha, Ho, H3}-

We can compute the differentials of each 3—cell above as follows, signed appropriately to
yield the desired relation in the lemma. For notational convenience, we will conflate o and

H(o) foro C X,

o Org = {Ho + H1, Ho, Hs} — {Ho, H1 + Ho, Hz} + {Ho, H1, Ho + Hz} — {Ho +
H37H17H2}9

d —8’7'1 = —{7‘[0—1-%1,7'[2,%3}+{H1,7‘[0+H2,H3}—{Hl,Ho,H2+H3}+{%1+
Hg,Ho,HQ}, and

* Oy = {H1 + Ho, Ho, Hz} — {H1, Ho + Ho, Hs} + {H1, Ho, Ho + Hs} — {H1 +
H{’nH?vHO}'
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Now, we see that in the sum 07y — 071 + 079, the term {Ho + Hy, Ha, H3} in Oy cancels
with —{Ho + Hi, Ha, Hs} in =07, the term —{Hy + Hs, H1, Ho} in 07y cancels with
{H1,Ha, Ho + Hsz} in Omo, and {H,, Ho + Ha, H3} in —O7 cancels with —{Hy, Ho +
Ho, Hsz} in O1o. This means that

670 — 87'1 + 87’2 = — {Ho,Hl + 7‘[2,7‘[3} + {H(),H1,H2 + 7‘[3}
— { M1, Ho, Ho + Hs} + {H1 + Hs, Ho, Ho}

+ {Hl + H27H0a 7-[3} - {Hl + H?)a H?vHU}‘

Now, by rearranging terms, we have

019 — 011 + 019 = — {H();Hl + 7‘[2,7‘[3} + {Hl + 7‘[2,%07%3}
+ {HO, Hl,%Q + Hd} - {%17%077{2 + %3}

+ {H1 + Hs, Ho, Ha} — {H1 + Hs, Ha, Ho}-

Then each pair of two cells term on the right side of the above equation is a Bestvina—

Margalit torus, so we have

07y — 071 + 05 = —[BM, ] + [BM,) + [BM,.]

and therefore the relationship given in the lemma holds. [

We now prove Lemma 4.2.3, which says when two Bestvina—Margalit tori are equal in X,.

Lemma 4.2.3. Let BM, and BM.. be two Bestvina—Margalit tori. Then BM, = BM, if
and only if H(o) = H(T) as unordered sets.

Proof. We prove the two directions in turn.
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Backwards direction. If BM, # BM,, then ¢ # 7 since every cell o has a unique dual 2—
cell o’ such that o U 0’ is a Bestvina—Margalit torus. This implies that (o) is not equal to
H(7) as decompositions of Z--, which implies in particular that H (o) # H(7) as unordered

sets.

Forwards direction. Suppose that BM, = BM,. By Lemma 4.2.1, ¢ and 7 are identified
under the action of Z,, if and only if (o) = H(7) as decompositions of z-. But then if
H(o) # H(7), we must have H (o) = H(7'), where 7’ is the 2—cell dual to 7, since there

are only two cyclic orders on a set of three elements. [

If BM, is a Bestvina—Margalit torus, we will use the notation #(BM, ) to denote the de-
composition H (o) without the cyclic order, and we will refer to this decomposition as the
decomposition of H1(Sy; Z) induced by BM,,. If o is a 2—cell with edges x and y, we will
denote the splitting H (BM,,) by H(BM,, ). We describe how # interacts with the addition
of tori in the following lemma. The idea is that if we have a 3—cell 7 as in Figure 4.4, then
we can describe the splitting induced by one torus corresponding to a 2—cell 0 C 7 in terms

of the splitting induced by tori corresponding to other 2—cells contained in 7.

Lemma 4.2.4. Let g > 5 and let a C S, be a nonseparating simple closed curve. Let
T =la] and X, = Cz(S,) /I, Let x,y,z C X, be three edges such that BM,, ,, BM,, , and

BM,, , are all Bestvina—Margalit tori. Suppose that we have

H(BMI,ZJ) = {HovaHQ} and%(BM%Z) = {%07 /17 HIQ}

with Hy NH) = ZZ. Suppose additionally that we have Hy € H(z), H1 € H(y) and
H| € H(z). Let yz denote the third edge of a 2—cell o with y,z C o with yz oriented so

that y x z = yz in the group generated by edges of X . Then we have

H(BM,,y.) = {Ho, Hi + Hy, Ha N Hy )
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Proof. We first want to compute the decomposition #(yz). The 2—cell o containing y, z
and yz has H,,H, € H(c). This implies that the third element of H (o) is Hi N (H;)*.

Hence
H(yz) = {Hi N (M), (He 0 (H) )7} = {Hi 0 (H) 5 Ha + Hy

and in particular, we have H; + H} € H(yz). Now, the splitting #(BM,, ,.) contains H,
and H, + H, so the third element of H(BM, ,.) is given by

Hy N (Hy +H)T = (Ho +H) P 0 (Ho +Hy)F = Ho NHY,

so the lemma holds. OJ
Before moving forward, we will briefly discuss a notation for cells in X, as well as the
action of subgroups of Sp(2¢, Z) on X .

Graphical representations for Bestvina—Margalit tori. Let x,y,z,yz C X, be a set of
edges as in Lemma 4.2.4. Let H = {Ho, H1, H', Ha N H,} be an unordered set. Then H

corresponds to the labeled graph as in Figure 4.5.

Hy
Ho Hi

Hy N H,

Figure 4.5: The graphical representation of H

The advantage of this notation is that the decompositions corresponding to H(x,y),
H(z, z) and H(z,yz) can be read off from the graph. Each of these Bestvina—Margalit
tori corresponds to the decomposition given by taking the span of the union of two sub-

groups not equal to H,. We will use this notation in Section 5.2 to keep track of certain
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decompositions of 7+ C H;(S,;Z).

The action of Sp(7+,Z) on X,. Throughout the rest of this thesis, we will consider the
action of Sp(7*,Z) on X,. The subgroup I'z C Mod(S,) consisting of all elements that
act trivially on the class & € H;(Sy; Z) acts on Cz(.S,). We have Z, C I, by definition, and

so the quotient I', /Z, = Sp(#+, Z) acts on X,
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CHAPTER §
THE PROOF THAT H,(X,; Q) IS FINITE DIMENSIONAL

5.1 Abelian cycles in Hx(Z; Z)

The goal of this section is to prove Proposition 5.1.1, which says that certain subspaces of
Hy(Z,; Q) generated by abelian cycles of bounding pair maps can be generated by abelian

cycles supported on finitely many subsurfaces.

Abelian cycles. Let G’ be a group and ¢y, . .., ¢, € G be a collection of pairwise commuting
elements of infinite order. Let A = (cy,...,c) € G. We have H*(A;Z) = N\" A as
graded rings. The abelian cycle ab(cy, . .., ;) € Hi(G; Q) is the image of the class [¢;] A
... Ncx] € Hip(A; Q) under the pushforward map Hy(A4; Q) — Hi(G;Q). If k = 2, we
will denote the abelian cycle ab(cy, c2) by [c1, ca]. Let H2P(G; Q) denote the subspace of

Hi(G; Q) generated by abelian cycles.

Torelli group of a subsurface. Let S be a compact surface and ¢ : S — S, an embedding.
We will denote the genus of S by g(S). We say that ¢ is clean if no connected component
of S, \ «(5) is a disk. Let Z(S, S,) denote the intersection ¢,(Mod(S)) N Z,, where the
pushforward map ¢, is given by extending ¢ € Mod(.S) by the identity over S, \ ¢(.S). Let
Z(¢) denote the inclusion map Z(S, S,;) — Z,.

Bounding pair maps. We will say that two curves c, ¢’ C S, are a bounding pair if c and ¢/
are disjoinat and homologous. We say that f € Z, is a bounding pair map if f = Tchl
for ¢ and ¢’ a bounding pair. We will denote the bounding pair map 7.7, ' by 7. .. Let
H3PP(Z(S, S,); Q) denote the subspace of Ha(Z(S,S,); Q) generated by abelian cycles
1., Taa] such that the bounding pairs ¢ U ¢ and d U d' are disjoint.

The main goal of the section is to prove the following result.
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Proposition 5.1.1. Let g > 33 and let M C S, be a nonseparating multicurve with | M| =

9. Let V = {[c| : ¢ € M}. The natural map

D H;P (T Q) HP(T,0)

veY

is surjective.

The idea of Proposition 5.1.1 is that if there is a large enough nonseparating multicurve
M C S, then any abelian cycle of bounding pairs is a linear combination of abelian cycles

that are each algebraically disjoint from at least one of the curves.

Outline of the proof of Proposition 5.1.1. If GG is a group acting on a vector space V' and
F C G is a subset, we let V7 denote the subspace of V' fixed by all elements of F. If
W CH 1(Sg; Z), let Ty denote the set of transvections along elements of W. If F' € T,
let [F] denote the corresponding class in H,(Z,; Q). Let [Tya, T.] € H”"(Z,; Q) be an

abelian cycle. The proof of the proposition proceeds in two steps.

1. There is a relation
k

[Td,d’7 Te,e’] = Z Ai [Td,d/, Tfmfi']

i=1
for \; € Q, with [T}, p/] € Hi(Z,; Q)™ for some V' C V and |V'| = 4 and for all

1<i <k

2. If [Ty, Ty, ] is an abelian cycle with T, € Hy(Zy; Q)™ for some V' C V and
|V'| = 4, then there is a relation
Taa, Trp) =D XDy T g
j=1

for \; € Q, with each [T}, 1] € Hi(Zy; Q)*v for some v € V'.

Step (1) is the content of Lemma 5.1.11 and Step (2) is the content of Lemma 5.1.9.

77



Outline of the section. We will begin by describing the Johnson homomorphism. We will
then prove Lemma 5.1.5, which describes the vector space H;(Z(S, S,); Q) for S — S,
a clean embedding with g(S) > 3. We then prove Lemma 5.1.8 which is a result about
generating sets of exterior powers of quasi—unimodular lattices, and then use Lemma 5.1.8
to prove Lemma 5.1.9. We also use Lemma 5.1.8 to prove Lemma 5.1.10, which is another
result about generating sets of exterior products of vector spaces. We use Lemma 5.1.10 to

prove Lemma 5.1.11. We then combine these lemmas to prove Proposition 5.1.1.

The Johnson homomorphism. Let a1, by, . . ., a4, by be a symplectic basis for H;(S,y;Z) and
letw = a; Aby +...4+a, ANb, € N*H{(Sy;Z). There is an inclusion H;(S,;Z) <

N*H,(S,;Z) given by [c] — [¢] A w. Johnson [19] constructed a map
Ty Ly — AsHl(Sg;Z)/Hl(Sg;Z)
and showed that the pushforward map
()« + Hi(Zy; Q) — APH1(Sy3 Q) /Hi(Sy: Q)

is an isomorphism [22]. We will make use of Lemma 5.1.2, which describes 7,(7 ) for

T. . a bounding pair map. The lemma is due to Johnson [19, Lemma 4B].

Lemma 5.1.2. Let g > 3. Let T, be a bounding pair map and let S be the connected
component of S, \, (cU ') such that S is on the left side of c. Let ay,by, ..., an, by be a

symplectic basis for a maximal nondegenerate subspace of H,(S;Z). We have

TQ(TC,CI) = [C] A <Z a; N\ bl) .

We use Lemma 5.1.2 to prove Lemma 5.1.5, which describes H;(Z(S; S,); Z) for clean
embeddings S — S,. We first prove an auxiliary lemma, which is essentially a corollary

of a result of Putman [34, Theorem 1.3].
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Lemma 5.1.3. Let ¢ > 4 and let v : S — S, be a clean embedding such that g(S) > 3.

Then I(S, S,) is generated by bounding pair maps.

Proof. A result of Putman [34, Theorem 1.3] tells us that Z(S, S,) is generated by bounding
pair maps and Dehn twists along separating curves. Hence it suffices to show that if § C
t(S) is a separating curve in S, then T} is a product of bounding pair maps. Since g(.S) >
3, there is an embedded copy of S? C S such that the image of one boundary component
of S? is the curve §. Then by embedding a copy of S; < S%, the lantern relation says that

T35 is a product of three bounding pair maps [12, Section 5.1], so the lemma follows. 0
We also need one more fact about quasi—unimodular lattices.

Lemma 5.1.4. Let L be a quasi—unimodular lattice such that g(L) > 1. The free abelian

group N*L is spanned by elements of the form y A\ & with v, § primitive and (vy,d) = 1.

Proof. Let S C A2L be the set of all elements v A ¢ as in the statement of the lemma. Let

B = {71, 01,72, 02, - - - » Vg(L)» 5g(L)7 Vo(L)+15 Vg(L)+25 - - - ﬁe}

be a partial symplectic basis for L. The group A2L is generated by all elements of the form
r A sforr,s € B, so it suffices to show that any element r A s with r, s € B is a Z-linear
combination of elements as in the statement of the lemma.

We begin by proving this in the case r = v;,s = §;. We have v; A 0; = (5 + ;) A
d; — (7 N 6;). Each of these latter elements is a wedge of primitive elements with algebraic
intersection number one, so 7 A s is in the subgroup of A%L generated by S.

Now, suppose that r € B, s = 0; with r # ;. We have r A s = (r + ;) A 6; — v A i,
and each of these latter elements are in S, since the only element of 3 that ¢; intersects
nontrivially is ;.

Finally, suppose that r = 7;,s = ;. If ¢ or j is less than g(L), then without loss of

generality we have 7 < g(L). Then we have r A s = ~; +6; Ay; — J; A ;, and these latter
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elements are all in S. Otherwise, ¢, j > ¢g(L). In this case, we have

rAs=(Vi+0gm)) NV + Vor)) = Og(r) NV — Og(r) NV — Og(L) — Vo(L)-

The first and last elements are in S, and the middle two elements are Z-linear combinations

of elements in S by the previous cases, so r As € Spany(S) and thus the lemma holds. [
We now describe H (Z(S,S,); Q) for certain clean embeddings ¢ : S — 5.

Lemma 5.1.5. Ler S = S) be a compact surface with b € {1,2}. Let 1 : S < S, be a
clean embedding such that S, \, S is connected. Suppose additionally that g(S, \, S) > 1.

Then there is a surjection
fi Hi(Zy(S, 84); Q) — A°Hi(S; Q)

such that the following diagram commutes:

Hy(Z(S, 8,); Q) ——L—— A*H(S; Q)

lI(L)* l/\:‘L*

Hi(Z,;Q) —22 A3H,(S,; Q)/Hi(S,; Q).

Furthermore, suppose that g(S) > 3. Then f is an isomorphism, and the map Ni, o f is

injective.

Proof. We begin with the first part of the lemma. We show that the image of the composi-

tion the composition

Hi(Z,(5,5,); Q) 2 H(T,;Q) =25 AH,(S,; Q)/Hi(S,; Q)

is im(A3.,), and that A3., is an injection. If these two statements hold, then f is given by

f = (Nt) Mmooz, © Ty © Q0 Z(1),.
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We prove each containment in turn, and then prove injectivity.

Showing that im(7, ® Q 0 Z(1),) C im(A*H1(S; Q) — A*Hi(S,;Q)/H1(S,;Q)). The
group Z,(S,S,) is generated by bounding pair maps by Lemma 5.1.3, so it suffices to
show that if 7., € Z,(S,S,) is a bounding pair map, then 7, ® Q o Z(1).(T,») €
im(A3H(S;Q) — A*Hi(S,;Q)/H1(S,;Q)). Since the bounding pair ¢ U ¢ is con-
tained in S, we have [c] € A*H;(S;Q). Then there must be a connected component S’
of S, \ (cUC{) such that S C S. Let aq, 3, ..., ap, B, be a symplectic basis for a
maximal unimodular subgroup of H;(S’;Z). Lemma 5.1.2 says that 7, 0 Z(¢).([T.~]) =
[ A (a1 ABr+ ... +an ABy) € im(A H (S;Q) — A3H1(S,;Q)/Hi(Sy;Q)), so the C

containment holds.

Showing that im(7,0Z(1).) 2 im(A*H1(S; Q) — AN Hi(S,; Q)/Hi(S,; Q)). Observe that
if vy, v, v3 € Hy(S;7Z) are primitive classes with (vq, v2) = 1 and (v, v3) = (vg, v3) = 0,
then Lemma 5.1.2 says that if ¢, ¢’ is a bounding pair with [¢] = v3 and vy, v9 a symplectic
basis for a maximal nondegenerate subgroup of the first homology of a connected com-
ponent of S\, (cU (), then 7,(T¢. ) = v1 A vy Avs € im(7, 0 Z(¢),). Since the set of
such triples of elements spans A*H;(S;Z) by Lemma 5.1.4, we have im(7, o Z(¢).) 2
im(A*H1(S;Q) = ASH(S,;Q)/Hi(Sy; Q)).

Showing that N*H1(S; Q) injects into N*Hy(S,;Q)/H1(S,; Q). We first show that the
exterior power of pushforwards A*H;(S; Q) — A3H1(S,; Q) is injective. Since S, \, S
is connected, the pushforward H;(S;Q) — H;(S,; Q) is injective, so A*H,(S;Q) —

N*H1(S,y; Q) is injective as well. Hence it suffices to show that

im(A*H,(S;Q) — A*H(S,;Q)) N Hi(Sy; Q) Aw =0,

where w € A?H;(S,;Q) is the characteristic element. Suppose otherwise, so there is
some nonzero a A w € im(A*Hy(S;Q) — A*Hi(S,;Q)). Since w does not depend on

the choice of symplectic basis, we can choose a symplectic basis «, 51, . .., a4, B, with

81



ahNw=m-ay AN AB1+asABa+...+a,ANBy) =m-ag A ABa+...+a,AB,)
for m some positive integer. But this implies that there are (29 — 1) linearly independent
elements oy, g, Ba, ..., 04, B, € Im(H;(S;Q) — Hi(5,;Q)). We have assumed that
g(Sy \ S) > 1, sodim(H;(S;Q)) < 2¢g — 2, which is a contradiction.

We now prove the second part of the lemma, where we assume that g(S) > 3. In
this case, since ¢(S) > 3 and ¢ : S — S, is clean, a theorem of Putman [37, Theo-
rem B] states that the pushforward map Z(¢), is an injection. Therefore the composition
(A?0) ™ Him(r,0Q0z(0). ©Tg @Q0Z(1). is an injection. By definition this is f, so f is injective

as well, and is therefore an isomorphism. L]

We will prove Lemma 5.1.7, which is a result that describes how stabilizers of transvections

interact with the abelianization of certain Z(.S, S,). We first prove the following result.

Lemma 5.1.6. Let g > 3 and let w € H,(S,;Z) be a nonzero primitive element. The fixed
space Hy(Z,; Q)™ is sent to im(A3[w]: — A3H(Sy; Q)/H:1(S,; Q)) under the Johnson

homomorphism.

Proof. Since the Johnson homomorphism is Sp(2¢, Z)—equivariant, it suffices to show that
(/\SHl(Sg;@)/Hl(Sg;Q))T“’ = im(A3[w]t — A*H(S,;Q)/H1(S,;Q)). Since T, acts
trivially on [w]* by the definition of transvection, the transvection T, acts trivially on

im(A3[w]t — A*Hy(Sy; Q)/Hi(S,; Q)), and thus
To(Hi(Zy;Q)™) 2 im(A°[w] = A Hi(Sy; Q)/Hi(Sy; Q).

It therefore remains to prove the other containment.
Let B = {ou, b, .., a4, 0,} € Hi(Sy;Z) be a symplectic basis so that a; = w. The
vector space A*H(S,; Q) has a basis consisting of all pure wedge products of elements in

B. Then after modding out by H;(S,; Q) — A*H1(S,; Q), we see that any pure tensor of
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the form a; A 31 A 7y is a linear combination
ag AN Ba Ny 4 ...+ oy AN By Ay.

Hence A’ H;(S,;Q)/H:(S,; Q) has a basis consisting of all pure tensors of elements in B
except those containing a; A 1. This set spans A*H;(S,; Q)/H:(S,; Q), and is therefore
a basis by counting dimensions. Now, T, acts trivially on any such wedge products except
for those containing /3;. For such a basis element ; Ay A § for v, € B\ {a1}, we have
Tw(Br AYAS) = B1 Ay Ad+ g Ay Ad. Now, if we have a Q-linear combination of such

elements

Z AiB1 Ay N,
=1
then we have
Ty (Z il Ay A 5¢> = Z N(Br+o) ANy Noy = (b1 +ar) A Z Ai%i A 0;.
i=1 i=1 i=1
Then to have Z?Zl Aif1 Ay A O; fixed by T,,, we must have

Z)\i/Bl/\'Yi/\(si = (51+041)/\Z)\i%/\5i7
=1 =1

or equivalently we must have
(03] /\Z/\,%/\él =0
i=1

Since the span of the set {7;,d; : 1 < i < n} does not contain oy, we conclude that

1

S Aivi A6 = 0. In particular, this implies that only elements of the form A*[w]*t —

N H;(S,; Q)/H1(S,y; Q) are fixed by T, as desired. O

We apply Lemma 5.1.6 in the following context.
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Lemma 5.1.7. Let g > 4, and let v : S — S, be a clean embedding satisfying the hypothe-
ses of Lemma 5.1.5. Let M C S, be a nonseparating multicurve, and let W C H,(Sy;Z)
be given by W = {[c] : ¢ € M}. Then, after passing to Q—coefficients, the Johnson

homomorphism 7, restricts to an isomorphism

im (H,(Z(S, S,); Q) — H1(Z,;Q)) N H(Z,; Q)™ —

A im(Hi(S;Q) = Hi (S Q) [\ AP (WH).
Proof. By Lemma 5.1.5, we have
m (Hy(Z(S,5,); Q) = Hi(Z;;Q)) = im(A%,) = A°Hy(S; Q).

Now, the Johnson homomorphism is Sp(2g¢, Z)—equivariant, so if w € W, the fixed set

H,(Z,; Q)™ is isomorphic to im(7, ® Q)**. Then by Lemma 5.1.6, we have
To(H1(Zg; Q)") = im(A*[w]" — A*Hi(S,y; Q)/Hi(Sy; Q).

Then we have H,(Z,; Q)™ = N, o Hi(Zy; Q)7 and ASWH = (N, o)y A*[w]*. There-
fore we have 7,(H1(Z;; Q)™) = im(AWH — A3H,(S,;Q)/H1(S,;Q)). Hence the
intersection

m (H1(Z(S, Sy); Q) = H1(Zy; Q) N Hi(Zy; Q)™
is sent to im(A*H;(S; Q) — im(7,)) Nim(A*W* — im(7,)) by the Johnson homomor-
phism, and this last intersection is equal to

A3(im(H,(S; Q) — Hy(Sy;Q))) N AW

as desired. O]

The remaining steps to do before proving Proposition 5.1.1 are to prove Lemma 5.1.9 and
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Lemma 5.1.11, which will allow us to rewrite classes [T, 4, T. | as linear combinations
of abelian cycles of bounding pairs maps contained in Hs(Z,; Q)™ for various primitive

v E Hl(Sg,Z)

5.1.1 The proof of Lemma 5.1.9

We now recall a basic fact from linear algebra.

Lemma 5.1.8. Let (L, (-, -)) be quasi—unimodular lattice. Let W = {wy, ..., ws} C Lbea
set of primitive elements such that the image of VV under the adjoint map L — Homy (L, Z)

is a linearly independent set. Then the natural map

@ @A?’(wL@@)—)/\ii(L@Q)

wew
is surjective.

Proof. Choose a basis B = {ay,...,a,} for L ® Q such that (w;,a;) = 6;;. Then the
set B; = {ay,...,a,...,a,} is a basis for w' ® Q for each w € W. Now, the vector
space A3(L ® Q) has a basis consisting of triples of elements in /3. Since |[W| > 4, each of

these triples lies in some B;. Therefore im(¢) contains a basis for A*(L ® Q) and hence is

surjective. [
For our purpose, the important takeaway from Lemma 5.1.8 is the following result.

Lemma 5.1.9. Let M' C S, be a nonseparating multicurve with |M'| > 4, and let V' =
{[c] : c € M'}. Letd,d C S, be a bounding pair such that [T, 4] € Hi(Z,;Q)"v'. Let

(T, Ty p] € HS™(Z,; Q) be an abelian cycle. There is a Q-linear relation
(Taa, Trp) =D MelTaa, Ty, g

(=1

in H""(Z,; Q) such that, for each 1 < { < m, there is a v € V' such that [T.11] €

Hl (Ig; @)Tv'
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Proof. Let S" and S” be the two connected components of S, \, (dUd’). Without loss
of generality, we may assume that f, f* C S’. Indeed, if f, f’ are in distinct connected

components of S, \, (d U d’), then f and f’ are homologous to d, so we have a relation
Taa,Trp) = [Taa, Tral + [Taa, Ta,p)

‘We now have two cases.

Case 1: V' ¢ im(H,(S";Z) — Hy(Sy;Z)). In this case, there is a v € V' such that
v e im(H(S";Z) — H1(Sy;Z)). Then Ty pr € Hi(Z,;Z)™, so we are done.

Case 2: V' Cim(H,(5";Q)). We see that since V' is linearly independent and the elements
of V' have pairwise trivial algebraic intersection, we have g(S’) > 4. Lemma 5.1.5 says

that H,(Z(5",S,); Q) = A*H;(5’; Q). Lemma 5.1.8 implies that there is a surjection
P APt N APH(S5Q) — AHI(S; Q).
vey’

Then Lemma 5.1.7 applied to each term on the summand on the left implies there is a

surjection

P Hi(Z,; Q)™ N H(Z(5',5,): Q) - Hi(Z(S.5,); Q).

ve)’

Hence there is a relation in Hy(Z(5", S,); Q) given by

Tff/ Z)\

where each F, € H,(Z(S',S,); Q)™ for some v € V'. Then each F, is supported on S’, so

each F, commutes with 7 . Therefore, there is a relation in Hy(Z,; Q) given by

Tdd’ Tff/ Z)\ Tdd’
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where each [F,] € H,(Z(5',S,); Q)™ for some v € V.

We now show that each [F}.] can be written as a sum of classes represented by bounding
pair maps. Choose an 7 with 1 < r < n and let v € V' such that [F,] € H,(S"; Q)%
Lemma 5.1.7 says that A H, (Z(57, S,); Q) = ASvtNA3H, (S’; Q), and this isomorphism
is induced by restricting the Johnson homomorphism. Then Lemma 5.1.2 and Lemma
5.1.4 combine to tell us that H;(Z(S" \ ¢, S,); Q)™ is generated by classes represented
by bounding pair maps, since each element in the basis for A3vt N H(S’; Q) in Lemma
5.1.4 is the image under 7, of a bounding pair map. Therefore we may rewrite [F,] as a
linear combination of classes [Ty, yr I..... [Ty, .11, ] € Hi(Z(S",5,); Q)*». Since each

Ty, ,.y;, is supported on 5', each Ty, | commutes with T . Therefore we have a relation

[Taars Ty, p] Z)\ ZTdd’ Tferf“

which by forgetting the r index yields a relation

[Y—Wd,d/7 TfJ‘l] - Z )\f [Td,d’; bef[f] .
=1

Now, since each T}, 5 is stabilized by some T, € Ty, we have each [T}, ] € Hy(Z,; Q)™

for some v € V', as desired. O

5.1.2  The proof of Lemma 5.1.11

We begin by extending Lemma 5.1.8 to the following.

Lemma 5.1.10. Let L be a quasi—unimodular lattice. Let W = {wy, ..., w7} be a set of
primitive elements in L such that the image of VV under the adjoint map L — Homy(L,7Z)

is Q-linearly independent. Then the natural map

o P AM(Wree) -aEeQ

W/ CW: W |=4
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is surjective.

Proof. We will prove inductively that the natural maps
o D AN (M ee) A Le)
W/ CW: W |=k
are surjective for k£ < 4.

Base case: k = 1. This follows by applying Lemma 5.1.8 with any subset W C W with
IW'| = 4.

Inductive step: 2 < k < 4. Assume that the map y is surjective for all 1 < k&’ < k. We
will show that ¢y, is surjective as well. Since ¢y is surjective, it suffices to show that, for

any W’ C W with |W"| = k — 1, we have
im(p;) 2 im (/\3 W 0Q = NPL® Q) :

Since k < 4 and [W'| < k, we have W\ W'| > 7 -k >T7—4=3,s0 [ W\W'| > 4.

Hence the natural map

ow s @@ AW U{w) eQ - A W) @Q

weW\W"”

is surjective by Lemma 5.1.8. But then im(py o o) C im(py) for any W’ C W, so
im(px) C im(py). Since im(pr) = A*L @ Q by the inductive hypothesis, the proof is

complete. O
We use Lemma 5.1.10 to prove the following result about Hy b.bp (Z4; Q).

Lemma 5.1.11. Let g > 33 and let [Ty, T, € H"™(Z,;Q) be an abelian cycle.
Assume that one connected component of S, \, (d U d') has genus one. Let M C S, be a

nonseparating multicurve with |M| = 9 and let V = {[c| : ¢ € M}. Then there is a linear
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relation
k

Toa, Tew) = NilTua, T, 1]

i=1

with each Ty, ; € H\(Z,; Q)™ for some V' CV and |V'| = 4.

Proof. The proof follows the same approach as that of Lemma 5.1.9. Let SU S" = S, \,
(dud') with g(S) = 1. Since e U €’ is disjoint from d U d’, we have e,¢/ C S’. Since
g(S) = 1, we must have e,¢/ C S’. Now, choose a primitive element [b] € H;(S,;Z)
such that [b] € [e]* and ([b],[d]) = 1. Since g(S) = 1 and {([b],[d]) = 1, we have
g(H,(S";Z) N [b]*) = g — 2. Then since the elements of V have pairwise trivial algebraic
intersection, the projection of V' to H;(S"; Z) N [b]* must contain a set of at least 7 elements
whose image under the adjoint map H,(S’; Z) N [b]* — Homg(H,(S';Z), Z) is Q-linearly
independent. Let V be the image of the projection of V to H,(S';Z) N [b]*. Let B C V be
a set of at least 7 linearly independent elements. By applying Lemma 5.1.10 to H;(S"; Q)

and B, there is a surjection

B AB) = AH(S;Q).

B'CB:|B|=4
Let Vi be the preimage of B under the projection map V — V. Since for any v € V, we

have v N Hy(S";Q) = (proj g, (s1.0)np- v)L N H,(S"; Q), we therefore have a surjection

D A0V NI(EQ) = AL Q).
VICVg: V! |=4
By construction, the complement S, \, S’ is connected and has g(.S, \, S’) > 1. Hence
by Lemma 5.1.5, there is an isomorphism H;(Z(S5', S,); Q) = A*H,(S’; Q). Furthermore,
by applying Lemma 5.1.7, we have A® (V)" N Hy(S"; Q) = A*H,(S"; Q)"v'. Then, since
Tee € I(S',9,), we have a relation in H(Z(S’, S,); Q) given by



where each [F}] € H(Z,; Q)" for some V' C Vg with |V'| = 4. Since any f € Z(5', S,)

commutes with 7} , we have a relation in Hy(Z,; Q) given by

k
Toa, Tow) =Y NilTaa, Fi]

i=1

where each [F}] € H (Z(S5',S,); Q)" for some V' C B with [V'| = 4. By Lemma 5.1.7,
we have an isomorphism H; (Z(S, S,); Q) = A3 im(H,(S"; Q) — Hi(S,; Q))NA3(V')E.

Then Lemma 5.1.4 gives us a spanning set for the vector space
A m(Hy(S5Q) = Hi(Sy; Q) NAY(V),

and by Lemma 5.1.2 each element of this spanning set is given by applying 7, to a bounding

pair map supported on a bounding pair f U f* C S’. Hence there is a relation in Hy(Zy; Q)

given by
k
[Td,d’> Te,e/] = Z Ai [Td,d’a sz',fi']
i=1
such that each Ty, ;€ Hi(Z,; Q)" for some V' C V with [V'| = 4, so the lemma
holds. O

We will need one more auxiliary result, which well help us apply Lemma 5.1.11.

Lemma 5.1.12. Let g > 33 and let [Ty 4,1, ] € H;‘b’bp(zg; Q). Then there is a linear

relation
,

[Td,d’7 Te,e’] = Z[de,d;- ) Te,el]
j=1

in H;b’bp(Ig; Q) such that, for each 1 < j < r, at least one connected component of

Sg \ (dj U d;) has genus one.

Proof. Let S U S’ be the connected components of S, \, (d U d’). If e, ¢’ are contained

in different connected components of S, \, (dU d’), we have a relation T, ., = T, 4Ty .
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Hence there is a relation
Lo, Teer) = Taa, Teal + [Toa, Tuel

in H3""?(Z,; Q). Therefore without loss of generality, we may assume that e, ¢’ C S. Now,
let dy, ..., d; C S’ be curves such that the following hold:

'd():d,

® dk = d/,

d; and d; are disjoint forall 0 <1 < j < k,

d; is homologous to d for all 0 < i < k, and
« the connected components of S”\, ({J, <i<h d;) all have genus one.

By construction, we have Ty o = [[y<;<;_1 Ta;.d;,,- Furthermore, each bounding pair
d; U d;1 is contained in S’, and hence each Ty, 4,,, commutes with T, ... Therefore there

is a relation in H3""?(Z,; Q) given by

k-1
Tya, T E T;dr> T
=0

so the lemma holds. O]
We now conclude Section 5.1.

Proof of Proposition 5.1.1. Let [Ty, T..] € H3*"(Z,;Q)) be an abelian cycle. The

proof of the proposition proceeds in two steps.

1. There is a relation
k

[Td,d’7 Te,e’] = Z Ai [Td,d” Tfi,fi/]

=1

with each [T, /] € Hi(Z,; Q)™ with V' €V and |[V'| = 4.
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2. If [Ty, Ty, ] is an abelian cycle with Ty, ;1 € Hy(Z,; Q)" with V' C V and

|V'| = 4, then there is a relation

m

Taa, Trp) =D XDy T g

=1
with each [T}, 1] € Hi(Zy; Q)™ for some v € V',

Lemma 5.1.12 says that we may assume without loss of generality that at least one con-
nected component of S, \, (d U d’') has genus one. Then Step (1) is the content of

Lemma 5.1.11 and Step (2) is the content of Lemma 5.1.9. ]

5.2 Finiteness of coinvariants in BM,(X,; Q)

The main goal of this section is to prove the following result.

Lemma 5.2.1. Let g > 33 and a,b C S, nonseparating curves with |aNb| = 1. Let
M C S, \ (aUb) be a nonseparating multicurve with |M| = 9. Let Z]a] and let X, =
Cz(Sy)/Z,. Let G be the image of the map Mod(S, \, (aUbUM)) — Sp(2g,Z). The
vector space

Hy(G; BMQ(Xg§ Q)
is finite dimensional.

Outline of Section 5.2. Let g > 33 and a, b, M be as in the statement of Lemma 5.2.1 and
letV = {[c] : ¢ € M }. We will begin by describing some algebraic invariants of Bestvina—
Margalit tori, which record how the elements in V' project onto the different subgroups
in #(BM,). We will then prove Lemma 5.2.2, which allows us to use these algebraic
invariants to determine when two Bestvina—Margalit tori BM, and BM,, are in the same
G—orbit for certain subgroups G C Sp(2g,Z). We will then prove Lemma 5.2.3, which
describes how these algebraic invariants interact with addition of fundamental classes. We

will then prove Lemma 5.2.5 and Lemma 5.2.7. These two results will allow decompose
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a class [BM,] into “simpler” classes, where “‘simpler” means roughly that the algebraic
invariants of the torus BM,, are bounded. These latter two lemmas make up the main work

of the section.

Algebraic invariants of Bestvina—Margalit tori. We begin by describing the invariants of
Bestvina—Margalit tori that we will use to prove Lemma 5.2.1. Let H(BM,,) = {H], H], HS}
as in Section 4.2. For each v; € V, let rkv(vg ) denote the maximal m € Z such that that

Projye - (vi) = mw for some nonzero w € Hj. For each v;,v; € V), let

0(V)ijk(0) = (Projae i (vi), Projae nps (v5))-

We now prove a result that describes the orbits of Bestvina—Margalit tori under the action

of stabilizer subgroups of Sp(2g, Z).

Lemma 5.2.2. Let g > 33, and let a,b C S, with |aNb| = 1. Let ¥ = [a]. Let M C
Sy be a nonseparating multicurve disjoint from a and b. LetV = {[c| : ¢ € M}, and
assume that the elements of V are indexed as V = {vy,...,v,}. Let G be the group
im(Mod(S, \, (aUbUM)) — Sp(2¢,Z)). Let 0,7 C X, be 2—cells and let BM,,, BM
be the corresponding Bestvina—Margalit tori. The tori BM, and BM.. are in the same

G—-orbit if, after possibly reindexing H(BM.,), we have:

. rkv(vgk) = rkv(vzk)for 1<i<n,0< k<2, and
* O(V); k(o) =0(V)ijk(r)forl1 <i,j <n,0<k<2.

Proof. Let BM,,, BM,. be two Bestvina—Margalit tori that satisfy the hypotheses of the

lemma. Because g(o) = g(7), there is an f € Stabgyg7)(Z, [b]) satisfying f BM, =

BM... Therefore, after possibly reindexing, we have f(H{) = H; forevery 0 < k < 2.
We claim that this f sends projyoqps (vi) t0 projyrrpy e (v;) for every 4, k. Indeed, such

an element exists since g(H (o)) = g(#H(7)) and BM,, and BM., have rkv(vgk) = rkv(vzk)
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and 0(V); ;1(0) = 0(V);;%(7). Hence for each Hy,(7) there is an fi, € Stabgp(ag.2)(Z, [b])
which is the identity on H;.(7) for k' # k and which takes f(v7}) to v],. Then we can
replace f with fqf1 fof, which satisfies f projﬂzm[bp(vi) = projHEm[b}L(vi). But then this

new f fixes every v;, since

f(vi) = Z f(prOngm[b]i (vi)) = Z projy;m[bp (vi) = ;.

ke{1,2,3} ke{1,2,3}

It now remains to show that f € G, i.e., that there is some F' € Mod(S, \ (a UbU M))
such that the image of F' under the symplectic representation is f. Since the symplectic
representation Mod(S,;) — Sp(2¢,Z) is surjective, there is some F’ € Mod(S,) such
that F is sent to f by the symplectic representation. There is a multicurve M C S, \
(a U b) with [M] = V. Thus, we can extend V U {Z, [b]} to a symplectic basis B =

{ou, B, .., a4, By}. Choose a set of curves B such that:
« M,{a,b} CB,
. B:{[c]:cég},and

e lend| = [{d,[])| forall ¢,d € B.

Let B’ be another set of representatives for B satisfying the above conditions, except we
have

F'(M), {F'(a), F'(b)} C B

But now by the change of coordinates principle, there is some F” € Mod(S,) taking
B — Binsuch a way that F acts trivially on B. But then I € 7, so the image of
F" - F’" under the symplectic representation is the same as F”, which is f. Then we have

F"F'(M)= M, F"-F'(a) = a,and F"-F’(b) = b. Hence F"-F' € Mod(S, \, (MUaUb))

and F” - F" maps to f under the symplectic representation, so f € G, as desired. O

We now prove a lemma that describes how the #(V) and rk" interact with the Bestvina—

Margalit tori
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Lemma 5.2.3. Let ¢ > 33, a,b,M C S, ¥ € H1(Sy;Z) andV C Hy(Sy;Z) be as in
Lemma 5.2.2. Let x,y,z C X, and Ho, H1, Ha, H}, H, be as in Lemma 4.2.4. For any
choice of * = {y, z,yz}, let 0. denote the 2—cell containing x and *. Let v}, denote
DIy, e (on )~ (Vi), and let O(V); ;1. (x) denote O(V); jk(0.). Then the following equali-

ties hold for all 1 < i, j < 9
1orkY (0?,) = 1k (v7,) = 1KY (v75),
2. 1k (vf]) = ged(rk” (vf), k¥ (v7 ),
3. 1k”(v?,) = ged(rk¥ (v7)), 1k” (v¥3)),
4. kY (vy) = ged(rk” (v!,), 1k (v¥3)),
5. 0(W)ijo(y) = 0(V)ij0(2) =0(V)ij0(yz),
6. 0(V)ija1(y) +0(V)ija(2) = 0(V)ija(y2),
7. 0(V)ij1(2) + 0(V)ij2(yz) = 0(V)ij2(y), and
8 0V)ija(y) +0(V)ij2(yz) = 0(V)i;2(2).

Proof. Since we have chosen the multicurve M to be disjoint from a and b, we have }V C
[b]+. Then, if X,Y C 7 are two quasi—unimodular lattices with X N'Y = ZZ and

kY (X) = 2¢9(X) + 1, kY (Y) = 2¢(Y) + 1, we see that for any v € & N [b]*, we have

Proj x4yt (V) = ProjxnpL (v) + projy . (v).

Now, Lemma 4.2.4 says that the following hold:
1. HY =H; =HY,
2. HY +H: = HY,
3. HY +HY = H3, and
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4. Hi +HY =HS.
Hence the above observation about projections tells us that the following equalities among
v;’{k, vf, and vfz hold forall 1 <7 < 9:
(@) v}y = viy = v, (©) v{) +v{5 = vf,y, and
(b) vf; + v =], (d) vi; +v]5 = v},
The relations in the statement of the lemma are derived as follows.

Relations (1) and (5). Since v}, = vi, = v]j by equality (a), we must have rkv(vzo) =

rkv( v 0) = rkv( ) and similarly for 6(V); ;0(y) = 0(V)ij0(z) = 0(V)ij0(yz).

Relation (2) and (6). We have v}, + v7, = v{] by relation (b). If w;, is a primitive class
with rkv(vzl)wzl = v}, for some choice of * = y, z,yz, then by relation (b) we have
rk”(vf)w? + 1k (v7)w?, = v¥]. By Lemma 4.2.4, the group H{** € H(0,.) is given
by HiY + H” with HTY N HT* = 7, so we may represent w?, and w;, using disjoint

curves ¢,, ¢, C S,. Then the homology class
rk” (vfy)/ ged(tk” (vf), 1k (viy)) - [ey] + 1k (07 1)/ ged (0K (vf), 1k (v]4)) - [c]
is primitive, since
rk” (vf))/ ged(tk” (v}, 1k (v]y)) and 1k (v7y)/ ged (rk” (vf), k¥ (v],))

are relatively prime. Therefore rk”( v)i) = ged(rkY (v! 1) rkY (v? 1)). For relation (6),

relation (b) implies that
Q(V)% = (v iy,l + Uf,p”?g + U;J)‘

As above, vl , and vZ , can be represented by multiples of disjoint curves, and similarly for

J,1
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v%, and v};. Therefore we have

Relations (3) and (7). These two relations follow from relation (c) using an argument

similar to that for relations (2) and (6).

Relations (4) and (8). These two relations follow from relation (d) using an argument to

that for relations (2) and (6). [

5.2.1 The proof of Lemma 5.2.5

We begin by proving an auxiliary result, which we will need to prove Lemma 5.2.5 and

Lemma 5.2.7.

Lemma 5.24. Let g > 33, a,b,M C S, & € Hi(S;;Z) and V C Hy(Sy;Z) be as in
Lemma 5.2.2. Let 0 C X, be a 2—cell. Suppose that there is a1l < m < 9 such that the

following hold:

rkv(vgk) <lforalll <i<mand0 <k <2,

kY (vC

m,2

)>2,

rkv(v;‘nz) = max{rkv(vfmk) :0<k <2}, and

rkvwfn,l) # 0, rkv(v%,g)-

Then there is a relation in BMy(X; Q) given by

[BM,] = Xq: A [BM,]

such that, forall 1 <1 < q:
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1. we have rkv(vz;g) <lforalll <i<mand(0 <k <2,
2. the set {rkv(v%k) : 0 < k < 2} is bounded above rkv(v,‘;z),

3. the set {rkv(vg;k) : 0 < k < 2} has no more elements equal to rkv(vfrjz) than

{rk¥(vg,,,) 1 0 < k < 2},

4. i]‘maxogkgg{rkv(vﬁk)} = 1kY(v%,,), we have 0 < rk"(vg;l) < max{rkv(vg;,k) ;

m,2

0<k<2}, and

5. we have g(H]") > 10.

Proof. If g(H{) > 10, then we are done by taking ¢ = 1, A\; = 1 and [BM,,,] = [BM,].
Otherwise, since g > 33, there is a k = 0,2 such that g(7) > 19. Then since |V| = 9,

the fact that g(#7) > 19 implies that there is a primitive # C H? such that the following

hold:
s a€H, * g(H) + g(H7) > 10, and
« o], € Hforalll <i <9,
.« g(H) =9, « 2% g(H) + 1 =1k (H).

Let H = {HS, H, H+ N H], HS}. We can describe 7 using the graphical notation of

Section 4.2 as in Figure 5.1.

HS HE N HS

H3
Figure 5.1: The graphical representation of H
Let z C X, be the edge with H € H(z). Lety C X, the edge with H* NHS € H(y).
Let z C X, be the edge with H7, € H(y), where 0 < k' < 2 and k" # 1, k. After orienting
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y and z correctly, we let yz denote the third edge of a 2—cell in X, containing y and z. We
have H + H- NH] = H] € H(yz), so x and yz are two edges of the 2—cell o. Now,

Lemma 4.2.2 says that there is a relation
[BMyy:] = [BM,, )] + [BM,,.].

Now, let 0, 0, € X, be 2—cells containing x and then y and z respectively. We will now

show that o, and o, desired properties for o,.

The 2—cell o, satisfies the desired properties of o,. Assume that H(o) is indexed so that
H =HP, HT = HENHT + H], and H]; = HZ,. By our assumption that v, € H~ for

KT

all 1 <17 <9, the following hold:

Lov7z =0forall 1 <i <9, 3. Y=

i,k

= vgﬁ, forall 1 <¢<9.

2. vffl =7, +v7; forall1 <i <9, and

iK
Then we can compute rkv(vg : ) as follows.

1. Forl1 <7< mand0 <k <2, we have UZ 7. primitive. The class vg ;1S primitive for
all 1 <7 < mand0 < k < 2 by hypothesis, so UZ;, is primitive. Additionally, for
each 1 < i < m, the class v{, can be represented by a simple closed curve disjoint
from a representative for the class v7;, so v{7 is primitive. Hence rkv(vZ;) <1 for

1<i<mand0 <k <2.
2. For i = m, we have the following:

o kY (07

i,K

) =0,

o kY (v

i,k

)= rkv(vZ;,), and

o 1k (v7%) = ged(rk” (v7,), kY (v7))).

The computation of rkv(v"z) above implies that o, satisfies property (1) of o,. Then the

/L‘7

computation of rkv(vgj,k) implies that o, satisfies properties (2)—(4) of o,. Indeed, prop-
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erties (2) and (3) follow from the fact that gcd(rkv(vgn), rkv(vg ) <1k (v7,), rkv(vg 1)-
Property (4) follows from the fact that rk” (v73) = ged(rk” (v7,.), tk¥ (v7)) < rk¥(vf,) <
rk” (v?,). Finally, property (5) follows from the fact that g(H{*) = g(H{)+g(HI) — g(H).
Indeed, we have assumed that g(H7) > 19, so g(H]?) > 19— g(H). Then since g(H) =9

by hypothesis, we have g(H]?) > 19 — 9 > 10, so o, satisfies property (5) of o,.

The 2—cell o, satisfies the desired properties of o,. Assume that (o) is indexed so that
HT" = H] + M, H, = HI, and 1" = H N Hz'. The assumption that v, € H* for
all 1 <7 < 9 implies that V7 = vzz foralll < ¢ < 9,0 < k < 2. Therefore since
o satisfies properties (1)~(4) of o, by hypothesis, then o, does as well. Then g(H]*) =
g(H]) + g(H) > 1+ 9 = 10 by assumption, so o, satisfies property (5) of o,.

Now, we have shown that [BM,, ,.] = [BM,, ,] + [BM,,.|. By our choice of  and y, we

have BM,, ,. = BM,,. Therefore we have a relation
[BM,y] = [BM,,.] — [BM, ..

By taking s = 2, 7 = 0, 79 = 0., A1 = 1, and Ay = —1, the proof is complete. O

We now prove Lemma 5.2.5, which says that any fundamental class [BM,] is a linear

combination of classes [BM,,| with rkv(vgk) <1

Lemma 5.2.5. Let g > 33, a,b,M C S,, & € H\(S,;Z), and V C Hy(S,;Z) be as in
Lemma 5.2.2. Let BM,, be a Bestvina—Margalit torus. Then there is a collection of 2—cells
T1, .., Tp © X, that satisfy

p
[BM,] =)~ A[BM,]
=1
and such that rkv(vzek) <lforeveryl1 <({<p 1<i<9andk=0,1,2.

Proof. We induct on the number m with 0 < m < 9 such that we can write [BM,] as
a linear combination of classes [BM,,] that satisfy, for 1 < ¢ < pand 1 < i < m, the

inequality rkv(vfk) < 1.
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Base case: m = 0. In this case, the result holds trivially, since there are no ¢ with 1 < ¢

and 7 < m.

Inductive step: m > 1. Inductively, assume that [BM,] can be written as a linear com-
bination of classes [BMTZ} that satisfy, for 1 < ¢ < pand 1 < i < m, the inequal-
ity rkv(v; ) < 1. Hence without loss of generality, we may assume that BM,, satisfies
rkv(vg p) < 1forl < i < m. We will show that [BM,] is a linear combination of funda-
mental classes [BM, ], each of which has rkv(vzk) <lforalll<i<mand0 <k < 2.

We will perform a double induction on two quantities associated to o
» maxrk,,(0) = maxogkgg{rkv(v;7k)}, and
e nummaxrk,, (o) = |{k 0< k<2 rkv(vg%k) = maxrkm(a)}’.

In particular, we suppose that o is a 2—cell with rkv(vgk) < 1foralll <17 < m and

0 < k < 2. We suppose that for each 2—cell 7 with:
. rkv(vifk) <l1lforl<i<mand0<Ek <2, and either:

- maxrk,,(7) < maxrk,,(c), or

- maxrk,,(7) < maxrk,, (o) and nummaxrk,,(7) < nummaxrk,, (o),

we know that [BM,] is a Q-linear combination of classes [BM,,] such that rkv(vsz) <1
foralll1 <: <mand0 < k < 2. We will show that this implies that the same holds for

[BM,,].

Base case: maxrk,, (o) = 1. In this case, BM, satisfies rkv(vgk) <l1foralll <i<m

and 0 < k < 2, so the inductive step for the induction on m is complete.

Inductive step for maxrk,, (o) and nummaxrk,, (o): The inductive hypothesis for the in-

duction on m holds for all T C X, with:

* either maxrk,,(7) < maxrk,, (o) or
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* both maxrk,,(7) < maxrk,, (o) and nummaxrk,,(7) < nummaxrk,, (o).

‘We will show that

such that the following hold:
* at least one of the following holds:

- maxrk,,(0,) < maxrk,,(o) or

- maxrk,,(o,) < maxrk,, (o) and nummaxrk,,(o,) < nummaxrk,, (o),
e A €Q,and
o rkV(v]%) < 1foralll <i<mandk=0,1,2.

This completes the proof, since every 7, as above satisfies the inductive hypothesis for the
induction on m by the inductive hypothesis for the double induction on maxrk,,(c) and
nummaxrk,, (o).

If rk” (v, ) = 0 for two distinct choices of k, then rk” (v, ) = 1 for the third choice
of k, since vy, = vy, o + vy, 1 + vy, 5 and vy, is primitive by assumption. Otherwise, reindex
H(BM,) such that rkv(vgﬂ) is maximal among all rkv(v;’mk). Note that at least one re-
maining rkv(v;‘m) must have rkv(vfmi) # 0, # rkv(vfm) since vy, is primitive by assump-
tion. Hence, we may further reindex so that rkv(vfml) # 0, rkv(vfnz). Then o satisfies the
hypothesis of Lemma 5.2.4, so the conclusion of Lemma 5.2.4 implies that we may rewrite
[BM,] as a linear combination of fundamental classes of Bestvina—Margalit tori such that

each torus BM,,, satisfies the following:
LorkY(vf3) < Lforalll <i<mand0 <k <2,
2. maxrk,,(0,) < maxrk,, (o),
3. if maxrk,,(o,) = maxrk,, (o), then nummaxrk,,(c,) < nummaxrk,, (o),
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4. if maxrk,,(0,) = rkv(vfng), then 0 < rkv(vfrj’l) < rkv(vf,;,Q), and
5. g(HS) > 10.

Therefore we may assume without loss of generality that g(#{) > 10.

Now, since g(#HJ) > 10 and |V| < 9, there must be some nonzero primitive 1 € H{ N
[b]- such that there is a multicurve M; C S, where {[c] : ¢ € My} = {h,w{,,... w§,},
where w7, is a primitive element with v7; = Awy, for some A € Z. For 1 < ¢ <9, let
hi = v{; — h. Since g(H7) > 10, there is a primitive subgroup % C H{ such that the

following hold:
*acH,

« 29(H) + 1 = tk(H),

h; € Hforall1 < <9, and

h e H*.

Let H = {H3, H,H] N H*, HS}, which can be graphically represented as in Figure 5.2.

H
HG HENHS

H3

Figure 5.2: The graphical representation of H

Let y C X, be the unique edge such that % € H(y). Let = be the edge of o with

Hg € H(x). There is a unique edge z C X, such that:
* y and z are two edges in a 2—cell 7 and
* the third edge of 7, denoted yz, is the unique edge with H{ € H(yz).
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Let 0, and o, denote 2—cells with z,y C o,, .2 C o0,. Assume that 7 (o,) is indexed
so that Ho" = HG, H]* = H, and Hy? = H* N HJ + H3. Our choice of H implies that
projﬂgym[b] (v;) = hiforall 1 < i < 9. Since h is nonzero and primitive by assumption,
the element /; is nonzero and primitive as well foran 1 <7 < 9, so rkv(vz 1) = 1 for all
1 <4 < 9. Assume now that # (o) is indexed such that HJ* = HG, H]* = H- NHJ, and
H3* = H + HJ. This means that projyzqp (v;) = hforalll <: <9, so rkv(vgi) =1
forall 1 <1 <9, since h is primitive by assumption. Furthermore, for such y and z, after

possibly reorienting o, and o, we have
[BM,] = [BM,,] + [BM, ]

We have assumed that #H(o,) and H (o) are indexed so that Hy" = HJ* = H§. Relations
(1)~(4) of Lemma 5.2.3 and the above computations of k" (v; 1) and kY (v? ;) imply that

the following hold forall 1 <17 < 9:
L kY (o) = 1k (o) = KV (07,
2. TKY(07,) = ged (k¥ (u72), 1KV (7)) = 1,
3. kY (v 5) = ged (kY (v7 ),rkv(vg2)) = gcd(l,rkv(UZQ)) =1, and
4. 1k (v]3) = ged(tk” (v}), 1k¥ (v7,)) = ged(1, tk” (vF,)) = 1.
We have assumed that 1 < rk¥(v7, 1) < rkY (v, 2)» S0 we must have:
o 1=1kY (v ) < kY (v7, o) and
o 1=1k"(v]5) <1kV(vf, ).
Then relations (1)—(4) together imply the following:

* For any pair 7,k with 1 < ¢ < 9and 0 < k < 2 with rkv(vgk) < 1, we have

rk” (v7y), 1k (v7;) < 1, and
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e for any pair ¢,k with 1 < 7 < 9and 0 < k£ < 2 with rkv(vgk > 1, we have

rkY (v] )rkv( )<rkv( k)-

Therefore, since we have assumed that k" (v7, ) was maximal over all kY (v7, &)s We see
that the two sets {rkv<?};Z>}1§i§m k=012 and {rkv(U?Z)}lgigm k=012 each have strictly
fewer elements equal to or exceeding rk” (v, ) than does the set {rk” (v k) F1<i<mk=0,1,2-

Hence for y, we have:
o 1kY(v] w) <1foralll <i<mand0 <k <2, and
e either:

- maxrk,,(o,) < maxrk,,(o), or

- maxrk,,(0,) < maxrk,,(o) and nummaxrk,,(c,) < nummaxrk,, (o)

and similarly for z. Therefore we have
[BM,] = [BMo, ] + [BM,.]

such that o, and o, satisfy the inductive hypothesis for the induction on maxrk,, and

nummaxrk,,. The inductive hypothesis for maxrk,, and nummaxrk,, says that there are

relations
Py
[BM,,] = > Ay, [BM,, ] and [BM,, Z Ae.[BM,, ]
£,=1 £,=1

such that foreach 1 < ¢, < p, andforeach1 <i <m, 0 < k < 2, we have rkv(vZ%’) <1,

and similarly for z. By combining these two relations, we have

iS]

Py Pz
[BM,] =) A, [BM,, |+ Y A [BM,, ] =) M\[BM,)]
£,=1 £,=1 =1

where foreach 1 </ <pand1 <i<mand0 < k < 2, we have rkv(v[f’k) < 1, so the

inductive step is complete. 0
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5.2.2 The proof of Lemma 5.2.7

We are now almost ready to show that fundamental classes [BM,,| with }rkv(vg k)| < 1can
be written as linear combinations of classes [BM,, | with [0(V);  x(7s)| < 1. We first prove

the following lemma.

Lemma 5.2.6. Let g > 33, a,b,M C S, ¥ € Hi(Sy;Z) and V C Hy(S,;Z) be as
in Lemma 5.2.2. Let BM, C X, be a Bestvina—Margalit torus such that rkv(vg g <1
foreveryl < i < 9and 0 < k < 2. Assume that not all pairs 1 < 1,5 < 9 satisfy
10(V); k()] < 1. Choose a pair (i',j") with 1 < i' < j' < 9 such that, after pos-
sibly reindexing H(BM,), [0(V)i y1(0)| > 2 and |0(V)y j11(0)| is maximal in the set
{10V)ir jrx(0)] : 0 < k < 2}. Then BM,, is a Q-linear combination of classes [BM,, | for

1 < v < s such that the following hold for all 1 < 1 < s:
1. rkv(vZ;i) <lforalll1 <i<9and0 <k <2,

2. the set {|0(V)i j1(0,)| : 0 < k < 2} is bounded above by |0(V); j1(0)| and has no

more elements equal to |0(V) ;s j»1(0)| than does the set {|0(V)i j 1(0)] : 0 < k < 2},

3. ifthe set {|0(V)y js x(0,)| : 0 < k < 2} has as many elements equal to |0(V); j 1(0)|
as does the set {|0(V)y jx(0)] : 0 < k < 2}, then [0(V)i j1(0,)| = [0(V)i j1(0)

)

4. for every pair 1 < i < j < 9with |0(V);k(0)| < 1forevery 0 < k < 2, we have

10(V)ijk(o,)| < 1forall0 <k <2, and
5. g(HT) > 1L

Proof. If g(H{) > 11, then the lemma is trivially true by taking s = 1 and BM,,, = BM,,.
Otherwise, since g > 33 there is a k = 0,2 with g(#H7) > 21. Without loss of generality,
assume that g(Hg) > 21. Since g(Hg) > 21 and |V| = 9, there is a primitive subgroup

‘H C H{ such that the following hold:
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e a€H, * g(H) > 11, and
« o), € H'foralll <i <8,
* g(H) —g(H]) > 9, * 25 g(H) + 1 =1k"(H).

Let H = {HZ, H, H- N H], HS}. We can describe H using the graphical notation of

Section 4.2 as in Figure 5.3.

Hg L N HS

H3

Figure 5.3: The graphical representation of H

Now, let z C X, be the unique edge with # € H(z). Let y C X, be the unique edge
with H+ N HY € H(y). Reorient y and z so that y» is the unique edge with HJ € H(yz).
Let + C X, be the unique edge with H§ € H(x). For x = y, z, let 0, C X, be a 2—cell

containing x and *. By Lemma 4.2.2, there is a relation
[BM,] = [BM,, ] + [BM,_].

We now show that BM,,, and BM,,, have the desired properties of the tori BM,, .

BM,. satisfies properties (1) through (5) of o,. Assume that H(o,) is indexed so that
H = H, HE NHS + H] = H]*, and HS = H3*. Now, we have chosen H such that
Projynpe (v;) = 0 forall 1 < i < 9. Furthermore, for & = 1, we have projy o= (vi) =
vy + vy, For k = 2, we have projys-qp(vi) = vf5. Each vf, is primitive by our
hypothesis that rkv(vg 1) < 1, so each v}, is primitive as well. Therefore BM,, satisfies

property (1) of o,. Furthermore, the following hold for o ,:
1. 0(V);jo(o.) =0forall1 <i,j <9,
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2. 10(V)ija(o2)| = [0(V)ij1(0) +0(V)ij0(0)| forall 1 <i,j <9,
3. 0(V); 2(0,) =0(V); 2(0) forall1 <i,j <9,and
4. g(HT?) = g(HT) + g(HT) — g(H).

Now, observe that since (v;,v;) = 0,if 1 < i < j < 9 is a pair such that 0(V); ; (o) €
{—1,0,1} for every 0 < k < 2, then either 0(V); ;x(0c) = 0 for 0 < k < 2, or
{00V)ijr(o) : 0 < k <2} = {-1,0,1}. Therefore, relations (1), (2) and (3) in the
above list for relations among 6(V); ; x(0.) imply that BM,, satisfies property (4) of the

lemma. For property (2), observe that the fact that (v;, v;;) = 0 implies that

OV)irjro(0) +0(V)irjri(0) +0(V)irjr2(0) =0

Since |#(V); ;7 1(o)| is maximal among |0(V) ;. (0)|, we see that the integers §(V) j 1 (o)

and 6(V); j o(o) must have opposite signs. Therefore

0(V)ir jra(02)| = [0V)ir jra(0) + 0V)ir jra(o)| < [0V)irjra(o)],

so relations (1), (2), and (3) imply that BM,,, satisfies property (2) of o,. For property (3),

relations (1)-(3) imply that the only way for the set

{10V)ijn(02)] - 0 < k < 2}

to have as many elements equal to |#(V); j-1(0)| as does {|0(V)y jx(0)] : 0 < k <2} is
for (V) ji1(0,) = 60(V)ij71(0), so property (3) must hold. Then since g(H{) — g(H) >
21—11 = 10 by assumption, relation (4) in the list of relations above implies that g(H{*) =

g(HS) — g(H) + g(H]) > 10 + 1 > 11, so o, satisfies property (5) of o,.

BM,,, satisfies hypothesis (1)-(5) of o,. Assume that H (o) is indexed so that H+ N HJ =

Ho', H 4+ HT = H{", and H5" = H3. We have projy. o) (vi) = v7, for all
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1 <7 < 9 by our choice of H. Since we have H‘fy = H +H7, our choice of H implies that
Projyevp e (vi) = vfy. Then we also have H, = HS by construction, so the following

hold:
L. 0(V)i k(o) =60(V); k(oy) foralll <i<9and0 < k <2, and
2. g(HY") = g(HT) + g(H).

Relation (1) implies that o, satisfies hypotheses (1), (2), (3), and (4) of o,. Then since we
have assumed that g(#) > 10 and we must have g(HJ) > 1, we have g(H]*) > 1+ 10 =
11, so BM,, satisfies property (4) of BM,,.

Now, we have shown that [BM,| = [BM,, ] + [BM, .]. The lemma now follows by taking

s=2and 1 =0y, T2 = 0. U]

We now show that we can rewrite [BM,] as a linear combination of classes [BM,] with

16(V);.j.1(7)| bounded.

Lemma 5.2.7. Let g > 33, a,b,M C S, andV C Hy(Sy;Z) be as in Lemma 5.2.2. Let
BM, C X, be a Bestvina—Margalit torus such that rkv(vgk) < 1foreveryl <i<9and

0 < k < 2. Then BM,, is a linear combination of classes [BM.. | for 1 < s < m such that
10(V)ijxk(75)| < 1and rkv(vfk) <1

foreveryl1 <i<j<90<k<2andl1 <s<m.

Proof. The proof follows by double induction on i and j. In particular, for some (i, j), we

assume that BM,, has the property that
V)i ()] <1

for every 0 < k < 2 and for every (7', j') < (4, 7), where < is the dictionary ordering. We

will show that [BM,] is a linear combination of fundamental classes [BM,,], ..., [BM,, |
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such that

OV)ir ()] <1

forall 0 < k < 2,forall 1 < s < m and for all (¢/,j") < (i, 7), and rkv(v[f;k) < 1 for all
1<¢<9and0 < k <2.
Base case: (i,j) = (1,1). We have [0(V)11,(0)| = 0.
Inductive step: (i,7) > (1,1). If j = i then we have §(V); ;x(c) = 0for 0 < k < 2, s0
assume ¢ < j. We will perform a double induction on the following quantities:

1. maxalgi’j (U) = MaXp<k<2 {‘Q(V)ng(U)‘} s

2. nummaxalg; ;(0) = [{0 < k < 2:]0(V);;x(0)| = maxalg; ;(0) }|.
Reindex (o) so that |6(V); ;1(0)| is maximal in the set {|6(V);;x(0)| : 0 < k < 2} If

160(V)ij1(c)] < 1 we are done, so assume |#(V);;1(0)| > 2. Lemma 5.2.6 says that we

can rewrite [BM, ] as a linear combination of fundamental classes [BM,, |, where:

hypothesis (1) implies that rk) ,(0,) < 1 for1 <4’ <9,

hypothesis (2) implies that 0(V); j ,(0,) < 1forall (i, 5) < (i,7)and 0 < k < 2,

hypothesis (3) implies that maxalg; ;(0,) < maxalg, ;(o),

hypothesis (3) implies that nummaxalg; ;(0,) < nummaxalg; ;(0,),

hypothesis (4) implies that if both:

— maxalg; ;(0) = maxalg, ;(c,) and

— nummaxalg; ;(0) = nummaxalg; ;(o,),
then [#(V); ;1(0,)| is maximal among the set {|0(V); ;x(c,)] 0 < k < 2}, and

* hypothesis (4) implies g(HJ*) > 11.
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Hence we may assume without loss of generality that g(7{) > 10. Choose elements
Vi1, Vi1, V51,07, € My such that the following hold:
1. v;1 = vg’l + vgfl,

R 2
2. /U‘%l — /U],l + ,ijl’

3. forall (¢,¢) and (¢, j) with (i, ¢), (¢,5) < (4,]), we have
O0V)ie1(0) = (vi1,ve1) and O(V)gj1(0) = (ve1, v ,).

4 [y, 05 )] = 10V)ia(o)] — 1,
5. <UZ17U§',1> = <U;‘/,1:U§,1> = <UZ1’U£,1> = <U;'/,17U§',1> =0,

6. (v, ve1) = (Vjy,ve1) = 0 forall £ # 14, 5, and

=~

‘<U§f1>1’§‘/,1>‘ =1

" "
i1,V

Such elements exist since g(#) > 11 and [V| = 9, so we can find v, v}

1 with their desired
algebraic intersections, and then v; | = v;1 — v}/, v}, = v;1 —v7,. Since g(H;) > 11 and
v;1, v;1 are primitive by hypothesis, we may choose primitive subgroups Hj, H{ C H,

such that the following hold:
1. forany € ‘H} and y € H/, we have (z,y) = 0,
2. H] = (H)* NH,y,
3. Hy+H] =H,
4. HYNH] =77,
5. 01,05y, 001 € Hi forall £ # 4, j and
6. vy, v, € HY.
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Let H = {HZ, M, M, H>}. We can describe 7 using the graphical notation of Section 4.2

as in Figure 5.4.

H; HY

Figure 5.4: The graphical representation of H

Let BM, denote the Bestvina-Margalit torus corresponding to {H, H, H7 +H2} and
let BM,~ denote the Bestvina—Margalit torus corresponding to {Ho, HY, H + Ha}. We
will compute 6(V); j» (o) and 0(V)s (") as follows.

Computing 0(V); j x(c"). By our choice of ), we have
1. vfy =g, forall1 <¢ <9,
2. vf =g, forall ¢ # i, j,
3. vé”l =y, forl=1,7,
4. vglg = vy, forall £ # i, j, and
5. vy = v+ v/, for £ =1, 3.

Now, computation (1) implies that §(V); jo(0’) = 0(V); jo(o) forall 1 < i, 5 < 9. Compu-
tations (2) and (3) and the fact that (v;,,v7;) = (vi1,v7;) and (v}, v} ,) = (v, v;,1) for
¢ # 1, jtellus that (V) j1(0") = 0(V)i j1(0) for all pairs (', j') # (i, j). Computation
(3), our assumption that 6()); j1(0) > 1, and the fact that (v; ;,v;,) = 0(V);;1(0) — 1
implies that |0(V); ;1(0")| < |6(V)i;1(0)|. For k = 2, computations (4) and (5) say that
O(V)irji2(0’) = 0(V)i j2(0) forall 1 < 7,5/ < 9. Finally, we see that [#()); ;2(c”)| <
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10(V);2(0)| if [0(V); j2(c)| > 1. Indeed, since §(V); j1(0) is positive and has
0(V)ij1(0)] = [0(V)i;2(0)],

the fact that (v;, v;) = 0 allows us to conclude that 6(V); j2(o) < 0. Then (v}, v],) = 1,
50 1000)i2(0)] = 1607)152(0) + 1] < 1600):52(0)] if 100)i52(0)] < 1 by computa-
tion (5). Hence o’ has either maxalg(o’) < maxalg(c) or maxalg(c’) = maxalg(o) and
nummaxalg(o’) < nummaxalg(c), so ¢’ satisfies the inductive hypothesis for the induc-

tion on maxalg and nummaxalg.
Computing 0(V). j» 1-(c"). By our choice of H{, we have
1. vzg =17, foralll </ <9,

2. v7] =0forall £ #1i,j,

1" .
3. 07 = vy, for b =1, 4,

4. vg; = vg, +v7, forall £ # i, j, and

5. vg; = vgp + vy, for £ =1, 7.
Then we have 6(V)y i 0(c”) = 0(V)iyjo(o) for all 1 < 7,5 < 9 by computation
(1), 6(V)i jo(c”) = 0 for (¢,5") # (i,7) by computation (2), and 0(V); ;1(c”) = 1
by computation (3). Then as in the previous paragraph, we see that 6(V); ;1(o) and
8(V)w ;7 2(0) have opposite signs, so forany 1 < ¢/, j* < 9 we have either |6(V) ;71(0”)| <
10(V)ijr1(0)] or (V)i .1(c")] < 1. Hence o” satisfies the inductive hypothesis as well.

Since [BM,] = [BM,-] + [BM,~| by Lemma 4.2.4, the inductive hypothesis applied to
BM,, and BM,» completes the proof. U

We now complete the section.

Proof of Lemma 5.2.1. By Lemmas 5.2.5 and 5.2.7, any fundamental class [BM.] is a lin-

ear combination of fundamental classes of Bestvina—Margalit tori BM,, with ‘rkv(vg k)| <
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lLand [0(V); k(o) < 1foreveryl <i,j7 <8and0 < k < 2. Hence by Lemma 5.2.2, the

vector space Hy(G; BM3(X,; Q)) is finite dimensional. O

5.3 Finite dimensionality of H;(C.(Sg)/Z,; Q)

In this section, we will finish the proof of Proposition 1.3.1. If w € 7+, let X;” denote
the full subcomplex of X, generated by edges e such that the decomposition #(e) is com-
patible with w, i.e., w € HS for some H{ € H(e). The bulk of Section 5.3 is devoted to

proving the following lemma.

Lemma 5.3.1. Let g > 33 and a C S, a nonseparating simple closed curve. Let ¥ = |a]
and let X, = Cz(S,)/Z,. Let ¢ C S, \, a be a nonseparating simple closed curve, and let
w = [c]. The cokernel of the pushforward map Hy(X'; Q) — Hy(Xg; Q) is a subquotient
of BMs(X,; Q).

For the remainder of this section, fix g, a, and c as in Lemma 5.3.1. Let X;”’Q C X, be
the subcomplex given by the union of all cells o such that dim(o N X’) > dim(o) — 1.

Lemma 5.3.1 will proceed in two steps.

Step (1). We show that cok(Hy(X?; Q) — Ha(X,;Q)) is generated by the images of

fundamental classes of Bestvina—Margalit tori.

Step (2). We show that cok(Hy(X"; Q) — Hy(X}*;Q)) is generated by the images of

fundamental classes of Bestvina—Margalit tori.

Outline of the proof of Lemma 5.3.10. Step (1) is recorded as Lemma 5.3.2, and Step (2) is
recorded as Lemma 5.3.7. We will prove Lemma 5.3.2 in Section 5.3.1 and Lemma 5.3.7
on Section 5.3.2. Additionally in Section 5.3.2, we will assemble Lemmas 5.3.2 and 5.3.7
into the proof of Lemma 5.3.1. We will conclude with Section 5.3.3, where we prove

Lemma 5.3.10 and Proposition 1.3.1.
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5.3.1 Step (1) of the proof of Lemma 5.3.1

This step is recorded as the following lemma.

Lemma 5.3.2. Let g > 33 and a C S, a nonseparating curve. Let T = [a]. Let w € &+
be a nonzero primitive homology class such that the image of w under the adjoint map

7+ — Homgy (7, Z) is nontrivial. The cokernel of the pushforward map
Hy(X)% Q) — Ha(Xy; Q)

is generated by images of fundamental classes of Bestvina—Margalit tori.

Before proving Lemma 5.3.2, we will prove a collection of auxiliary lemmas. The main
goal is to prove Lemma 5.3.3, which describes the cokernel of the Hy—pushforward of
certain subcomplexes of X,. Let g, a, ¥, and w be as in the statement of Lemma 5.3.2. If
e C X, is an edge with w incompatible with 7 (e), let ﬁe denote the union of all 3-cells

7 C X, such that:
e cCr,
* there is Hy € H(e) such that Hy € H(7),
o thereis a H' € H(7) with {#', (H')*} compatible with w, and
e dim(r N X)) = 1.
Let U, denote the union of all 2—cells 0 C [76 such that the following hold:
* dim(cNe)=0and
» dim(c N X) > 1.

We will prove the following lemma.
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Lemma 5.3.3. Let ¢ > 33, a C S,, ¥ = [a], and w € &* be as in Lemma 5.3.1. Let
e, f C X, be two edges such that H(e) and H(f) are incompatible with w. Furthermore,

assume that g(e) = g(f) = {1,9 — 2}. Then the following hold:

1. the cokernel of the pushforward map
H2<Ue; Q) — HZ(Ue; Q)

is generated by the images of fundamental classes of Bestvina—Margalit tori,

2. the pushforward
Hl(Ue; Q) — Hl(ﬁe; Q)

is an isomorphism, and
3. the pushforward H,(U. N Uy; Q) — Hy(U. N ﬁf; Q) is surjective.
We begin by recording the following result.

Lemma 5.3.4. Let 7 C X, be a 3—cell. Let T denote the union of all 7' C X, such that

H(7) = H(7") as unordered sets. Then T is a 3—torus.

Proof. This is the 3—dimensional analogue of the standard description of the 2—torus as a

union of two 2—cells. [

If T is a torus as in the statement of Lemma 5.3.4, we will use H(7") to denote the decom-
position H(7), except with the order forgotten. In order to prove Lemma 5.3.3, we will

prove the following result.

Lemma 5.3.5. Let g > 33, a C S, be a nonseparating simple closed curve, ¥ = [a], and
w € T+ as in Lemma 5.3.1. Let e C X, be an edge with H(e) not compatible with w.
Let 7,7 C [76 be two 3—cells. Let T denote the union of all 3—cells 7" C 178 such that

H(1) = H(7") as unordered sets, and similarly T" and 7'. Then the following hold:
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1. the pushforward Hi(T N U.; Q) — Hy(T;Q) is an isomorphism, and the cokernel
of the map Hy(T N U,; Q) — Ho(T;Q) is generated by fundamental classes of

Bestvina—Margalit tori,

2. T NT contains an edge [ such that f # e and f € X, then pushforward
H(TNT' NnU;Q) — H(TNT';Q) is a surjection, and

3. if T N'T' does not contain an f as above, then the cokernel of the pushforward

H(TNT' NU;Q) — H (T NT";Q) is generated by the image of the class [e].

Proof. We prove each statement in turn.

Statement (1) . Let H(7) = {Ho, H1,Ha, Hs} such that Hy € H(e). Since T is in-
dependent of the cyclic ordering on (7) by definition, we may assume without loss of
generality that the decomposition of 7+ given by {H,, Hy } is compatible with w. Note
that if dim(7 N X’) = 2, then this may not be the only edge of 7 compatible with
w. Given that {H,, H; } is compatible with w, the intersection 7' N U, is given by 2—
cells in X, with the following decompositions: {Ho + Hi, Ha, Hs}, {Ho + Hs, Hi, Ha}s
{Ha, Ho + Hi1, Hs}, and {Ho + Hs, Ho, H1}. This is a pair of Bestvina—Margalit tori cor-
responding to the unordered decompositions {Ho + H1, Hz, H3} and {H1, Ha, Ho + Hs}
that intersect in the edge {#H>, Hy }. In particular, the Mayer—Vietoris sequence implies that
H(TNU,; Q) = Q?and Hy(TNU,; Q) = Q% Hence the map H,(TNU,; Q) — H\(T; Q)
is an isomorphism and the cokernel of Hy(T' N U,; Q) — Hy(T'; Q) is generated by the im-
age of the fundamental class [BM,,| with H (o) = {Ho, H1 + Ha, H3}.

Statement (2). Reuse the indexing of the elements of 7 (7). Let H(7') = {Ho, H1, Hb, Hj}
where H(f) = {H1,Hi}. We have H(T NT") = {Ho, H1, Hg N Hi}. In particular,
H,(TNT’;Q) is generated by the class [ f] and the class [h], with H(h) = {Ho+H1, Hp N
Hi}. Then the edge f is contained in 2—cell corresponding to {H1, Ho, H1 N Hy }, which

has an edge fixed by 7, and hence lies in U,. Similarly A is contained in the 2—cell {#, +
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Hi, Ha, Hs} C Ue. There [f], [h] € HI(TNT'NU,;Q), and hence H1(TNT'NU,; Q) —

H{(T'NT";Q) is surjective.

Statement (3). Reuse the indexing of #(7) from the previous case. If Hy € H(7'), then
T NT N U, is the single edge corresponding to {Hs, H5 }, while the intersection 7N T’
is the Bestvina—Margalit torus containing this edge and e. Otherwise, TN T" = e and so

T NT' N U, is the unique vertex of X,. In either case the lemma holds. O

Proof of Lemma 5.3.3. If 0 C U, is a 2—cell withe, o0 C 7 C 176 for some 3—cell 7, then

the union

T/gﬁe

I
H(T!

)=
is a 3—torus. Let ﬁe denote the set of such 3—tori. This set is a simplicial cover of (76 by
construction. Let

R.={TNU.:TeR.}

By the definition of U, R, is a cover of U,. Let E} (R.; Q) and E;q(ﬁe; Q) denote the
Cech—to—singular spectral sequences for R, covering U, and 7/€e covering ﬁe respectively.
Then, for k = 1,2 the cokernel of Hy,(U.; Q) — Hy(U.; Q) is noncanonically isomorphic

to

P cok(EX,(Re; Q) — EX,(Re; Q).

p+q=k
Hence to prove the first statements in the lemma, it suffices to prove the following.
1. The vector space cok(EG,(Re; Q) — ngg(ﬁe; Q)) is generated by fundamental

classes of Bestvina—Margalit tori, and the maps E>° (R.; Q) — E, ((R.; Q) are sur-

jective for p > O and p + ¢ = 2.

The proof of statement (1). We first show that cok(EG%(R.; Q) — ng’g(ﬁe; Q) is gen-
erated by the images of fundamental classes of Bestvina—Margalit tori. Since the differ-

entials out of Ef,(R.; Q) and Egz(ﬁe; Q) vanish for all » > 1, it suffices to show that
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cok(Ef »(Re; Q) — E&Z(ﬁe; Q)) is generated by the images of fundamental classes of
Bestvina—Margalit tori. Hence it is enough to show that for any 7' € ﬁe, the coker-
nel Hy(T N U,; Q) — Ho(T;Q) is generated by the images of fundamental classes of
Bestvina—Margalit tori. This follows from case (1) of Lemma 5.3.3.

We now show that E2% (R.; Q) — E;fq(ﬁe; Q) is surjective for p > 0 and p + q = 2.

Consider the map of chain complexes

E!,(R.;Q) — E!,(R.; Q).

~

By Lemma 5.3.3, the map Eg,(R.; Q) — E.,(R.;Q) is injective. Hence it suffices to
show that the vector space H; (Eil(?@e; Q), Eil(ﬁe; Q)) is trivial. Let C. denote the quo-
tient complex E! | (Re: Q)/E,(R.; Q). By Lemma 5.3.3, if T'NT" N U, contains an edge
f & X, then the image of a class in Ei@(ﬁe; Q) supported on the index 7" N 1" is 0 in
C.. Then if no such f exists, Lemma 5.3.3 says that the cokernel H,(T NT' N U,; Q) —
H{(T'NT";Q) is generated by the image of the class [e]. Therefore it suffices to show
that if 7, 7" € ﬁe, then there is a sequence T, ...,7T;, € 7/@6 suchthat T' = Ty, T" = T,
and T; N T;1, contains an edge f; # e and f € X. This will imply that the element
in C, given by [e]| supported on 7' N 7" is homologous to the element [e] supported on
ToNTy + ...+ T, 1 NT,, since the edge connecting 7" to 7" is homologous to the path
Ty — Ty — ... — T, in the clique complex on the set ﬁe. Since the latter classes are all
trivial in C,, this implies that 7" N 7" is trivial in H;(C\) as well.

Let H(e) = {Ho, Hy } such that g(Ho) = g — 2. Let H(T) = {Ho, H1, Ha, H3} such
that {H3, H3 } is compatible with w. Choose H} C H; such that g(H}) = 1, {H}, (H})*}
is incompatible with w, and w* 2 (H})* N Hy. Let H(T1) = {Ho, Hy, Ha, Hs + (H1 N
(H))1)}. Note that Ty N Ty contains the edge {H,, Hi} which is not e and is not in
X;. Now, since g(H}) = 1 and g > 33, there is some H| € H(T") such that there is

an edge h C U, with h € X” such that for some H;, € H, we have H; 2 H), Hj,
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Hy, C Hy,and w € Hi- N Hy. Let Ty = {Ho, Hy, Hp, Hi- N Hg N (H))E} and Tz =
{Ho, Hy, Hp, Hit N HE N (HY)L}. Then Ty N Ty, contains the edge {H), (H))*}, To N T3
contains the edge {#},, Hy }, and T3NT" contains the edge {H/, (H7)*}. Hence the desired
path between T" and T” exists, so H;(C,) = 0 and thus statement (1) holds.

For p = 2, ¢ = 0, note that any intersection Ty N ... N T} of Ty, ..., T} € ﬁe contains
the unique vertex of X, and in particular any such intersection is nonempty and connected.
The same holds for R., so we have E3 ((R.; Q) = Eg’o(ﬁe; Q) = 0, so the pushforward

on the r = oo page is surjective.

The proof of statement (2). As a consequence of Lemma 5.3.3, the map E/ ,(R.; Q) —
Eé,l(ﬁe; Q) is an isomorphism. The argument given in the previous case forp = 1,¢ = 1
implies that any equivalence induced by the differential c/l}l is also induced by dil by
replacing the image of the differential c/l\il on some Hq (77 N Ty; Q) with Hi(T3 N1y N
Ue; Q) — Hy(Ty N T3;Q) not surjective with a path between 77 and 7, consisting of
tori T, 7" with H1(T N T' N U,; Q) — Hi(T NT';Q) surjective. Therefore the map
E§ 1 (Re; Q) — Eg’l(ﬁe; Q) is an isomorphism. Then E3 j(R.; Q) = ]E;O(ﬁe; Q) by the
argument in the previous statement with p = 2 and ¢ = 0, so E§5 (R.; Q) — EF5 (Re; Q)

is an isomorphism. The case p = 1 and ¢ = 0 follows by the same argument as p = 2 and

q = 0 from the previous statement, except with 2 replaced by 1.

The proof of statement (3). The vector space H 1((76 nU 1;Q) is generated by classes rep-
resented by edges, so it suffices to show that any class in H 1((76 NnU 7; Q) represented by
an edge is in the image of the pushforward H;(U. N Uy; Q) — Hl(ﬁe N I/jf; Q). Now, by
construction we have U Ue = (76(1), and similarly for f. Hence if h C ﬁe NnU ¢ 1s an edge
with h # e, f, the class [h] is in the image of H,(U. N Us; Q) — Hy(U. N ﬁf; Q). Hence
it suffices to show that [e], [f] € H1(U. N Us; Q) — H(U. N fjf;@) ife,f CU.N ﬁf. If
eCU.NU 7, this implies that there is a 3—cell 7 containing both e and f. But now every
edge in 7 besides e and f lies in both U, and U; by the above argument, so [e] is a linear

combination of classes in U, N Uy, and the lemma holds. U]
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We need one more auxiliary result before proving Lemma 5.3.2.

Lemma 5.3.6. Let g > 33, a C S, be a nonseparating simple closed curve, ¥ = [a], and
w € T+ such that w is not sent to zero under the adjoint map ¥+ — Homg (T, Z). Let
o C X, be a 2—cell such that o £ X;“’2. Then o is homologous to a linear combination of
2—cells 04, . ..,0, such that each o; ¢ X;”’Z, and each o; contains an edge e; C o; such

that H(e;) is not compatible with w and g(e;) = {1,9 — 2}.

Proof. Inductively, it suffices to show that o is homologous to 1 + o5 + o3 such that each
o; contains some edge ¢; C o; with min g(e;) < g(H), where H € H (o) is minimal among
H' € H(o) such that {H', (H')*} is not compatible with w. Choose such an H C H(o).
Let H = Hi + H, such that there are edges ¢; € X with H(e;) = {H;, H;"}. Let 7 be
the 3—cell containing o, e; and e;. Then every other 2—cell in 07 besides ¢ contains either

ey or eo. We have min g(e;) < g(H) and e; Z X", so the lemma holds. O
We are now ready to move forward with Step (1) of the proof of Lemma 5.3.1.

Proof of Lemma 5.3.2. Let
&Y ={e C X, : H(e) is incompatible with w and g(e) = {1,9 — 2} }.
Foreach e € £%, let U, and (76 be as above. Let
U= {Ucbeee and U = {U.} cec.

Let Ut = UU{X} and U™ = U U {X}'}. The pushforward Ho([Up U U X)) —
H,(X,;Q)) is a surjection as a consequence of Lemma 5.3.6. For either of the covers
x =UT, U, let E7 ,(*; Q) denote the Cech—to—singular spectral sequence corresponding
to the cover x. By construction, each U € U+ has U C X;“’Q. In particular, this implies that

the cokernel of the pushforward H, (X% Q) — Hy(X,; Q) is noncanonically a quotient
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of direct sum

P cok(EX, Q) — EX U Q).

P+q=2

Therefore, it suffices to prove the following three facts:

1. The cokernel of the map Ej,(U/*; Q) — E572(Z?+, Q) is generated by the images of

fundamental classes of Bestvina—Margalit tori,
2. the cokernel of the map E? | (U*; Q) — Ef’l(ljﬁ; Q) is trivial, and
3. the cokernel of the map E3 ((UT; Q) — E3 (UT: Q) is trivial.

We prove each of these in turn.
Proof of Fact (1). This follows from (1) of Lemma 5.3.3.

Proof of Fact (2). By statements (2) and (3) respectively of Lemma 5.3.3, the maps
Ey,(UT:Q) — ]E(ln(ljﬁ; Q) and B} ,(UT;Q) — Eil(i{\*; Q) are an isomorphism and
a surjection respectively. Hence the map E? , (UT; Q) — E%l(a *: Q) is surjective.
Proof of Fact (3). For any choice of e, ..., e, € €Y, both U,,N...NU,, and 1760 N.. .ﬂ(Afek
contain the unique vertex of X, and hence are connected. The same applies if we include
XU, s0 B3 (UT;Q) = E3,(UT;Q) = 0.

Completing the proof. Given the above three statements, cok(Hy (X% Q) — Hy(Xy; Q)
is generated by a quotient of the image E&Q(Zj Q) — E})Q(UJF; Q), and the image of this
map is generated by the images of the fundamental classes of Bestvina—Margalit tori, so

the lemma holds. O]

5.3.2  Step (2) of the proof of Lemma 5.3.1

We now prove Lemma 5.3.7. This will complete the proof of Lemma 5.3.1. We will also
prove Lemma 5.3.8, which is an auxiliary result about the acyclicity of a complex where

the vertices are edges e C X;”’Q.
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Lemma 5.3.7. Let g > 33 and a C S, a nonseparating simple closed curve. Let & = [a]
and let w € T+ be a nonzero primitive homology class such that the image of w under the

adjoint map Homy(Z+, Z) is nontrivial. The vector space
cok(Hy(X)'; Q) — Hy(X)%: Q)

is generated by the images of fundamental classes of Bestvina—Margalit tori.
We begin by defining an auxiliary complex. Let e C X, be an edge with g(e) = {1, g —2}.

Let A, C H;(X,; Q) be the affine space given by

Ac=A{lf] € Hi(Xy;Q) : [f] —[e] € H1(X;U;Q)}~
Let Y (e) denote the connected component containing the edge e of the complex C'(e),
where a k—cell of C'(e) is a set of ordered (k + 1) edges e, . .., e, C X, such that:
e g(e;) ={1,9 — 2} forevery 0 <i <k,
* [e;] € A, forevery 0 <i < k, and

* there is an edge ¢’ such that [¢'] € A, and such that ¢’ shares a 2—cell o; C X»* with

each e;.

Remark. Note that the cells of Y'(e) are ordered collections of vertices. This is to avoid

certain technical complications later in the section.

We will prove the following auxiliary result.

Lemma 5.3.8. Let g > 33 and a C S, a nonseparating simple closed curve. Let w € &+
be a primitive nonzero class such that w is not in the kernel of the adjoint map T+ —
Homg (71, 7). Let e C X, be an edge with e € X and g(e) = {1,g — 2}. The complex

Y (e) is 1-acylic.
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Proof. Let H(e) = {Vy, V1 }. Let wy, w; be two nonzero elements in 7 such that w; € V;

and wy + w; = w. We will prove the following.

Claim. Let f C X, be an edge with f a vertex of Y (e) and let H(f) = {Vof, Vlf}. Then

after possibly reindexing, we have w; € Vif for: =0, 1.

Proof of claim. For any 2—cell 0 C X, such that w,, w; compatible with #(c), there is
some H € H(o) with wo,w; € H or H-+, so such a o is contained in X;“Q. Likewise,
if o C X;”’Q is a 2—cell containing e, then there is H € H(o) compatible with w, so in
particular we have wy, w; both compatible with H (o). Hence if e, . . ., e; is a cell in Y (e)
with € as in the definition of Y'(e), then ey, . . . , e, and €’ are all compatible with vy and vy,
so the claim holds.

Now, given the claim, we see that since g > 33, any triple of edges e, e1, e5 € Y (e) are
the vertices of a 2—cell in Y (e). Indeed, for any three e, e1, e2 C X, with eg, €1, e2 € Y (e),
we have wy and w; compatible with H(ey), H(e1) and H(e2) by the claim. Since g > 33
and g(ey,) = (1,9 — 2) for k = 0, 1,2, we see that there is some primitive H C 7+ with
HENH =ZF, H + H = 7+, where wy € H, w; € H*, and H compatible with H (e;,)
for k = 0,1,2. Let ¢/ C X, be the unique edge with { € H(e’). For each ey, let oy, be a
2—cell containing e, and e’. We see that since wg, w; both compatible with e, and €/, then
the third edge 2, of o}, must have wg, w; € Hg" or Hi*. Hence oy, € X;“, so [¢'] € A,
since [¢'] + [2x] = [ex] and [z;,] € H1(X}’; Q). Therefore by the definition of Y'(¢), we have
that eq, e1, ey is a 2—cell. This implies that Y (e) is the 2—skeleton of a flag complex on the

complete graph of the vertices of Y'(e), so in particular we have H;(Y (e); Q) = 0. O
We are now ready to complete Step 2 of the proof of Lemma 5.3.1.

Proof of Lemma 5.3.7. Let &' = {e C X, : e is incompatible with w, g(e) = {1,¢g — 2}}.
Let U. € X’ be the subcomplex generated by all 2—cells o C X such that e and o are
both faces of a 3—cell 7. Let [7@ consist of the union of all 3 cells 7 as in the previous

sentence. For any such 7 C U,, the union of 7 with all 7; that H (1;) = H(7) as unordered
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sets forms a k + 1-torus, and this torus is naturally isomorphic to the product of e and the
minimal k—torus in X, containing o. Hence, there is a natural isomorphism (7@ = e x U,
By construction, the collection

U = {ﬁe/Ue}eES}”

covers the 2—skeleton of X;”’2 /X,. For any cover x = U ,ﬁ ,or U, let E; ,(*; Q) denote
the Cech—to—singular spectral sequence corresponding to the cover . Since I covers the

2—skeleton of X;”’Q /X, we have

P EX U Q) - Hy(X2? /X2 Q).

pt+q=2

From the long exact sequence in homology for the pair (X, X’), we have an inclusion
cok(Hy(X)'; Q) — Hy(X)% Q) — Hy(X)?, X5 Q).

Then we have Hy(X"?, X2;Q) = Hy(X**/X";Q). Since E! (U; Q) = 0 for p < 0 or
q < 0, the vector space E%(U; Q) is a quotient of Ef ,(U; Q). Therefore it is enough to

prove the following three facts:

1. The image of E[%’Q(Z;{\ ;Q) — Ef,(U, Q) is generated by Bestvina—Margalit tori,

2. the vector space Eil(u ; Q) is the O—space, and

3. the vector space E%O(L{ ; Q) is the O—space.

We prove each of these in turn.

The proof of Fact (1). Since U, = e x U,, the cokernel cok(Hs(U,; Q) — Hy(U,; Q)) is
isomorphic to H;(U,; Q) ® Hy(e; Q) by the Kiinneth formula. The tensor product of a class
represented by an edge f C U, with e is the Bestvina—Margalit torus containing e and f,

so Fact (1) holds.
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The proof of Fact (2). Let ey, . .., e, € £. By construction, we have

dim<H1((ﬁeom...mﬁek>/(erm...mUek);Q» <1

SO ]Eiy1 (U; Q) is the cellular chain complex of a simplicial complex Z, where the k—cells of

Z are sets of k + 1 edges ey, . . ., e € " with
dim (H1 (1760 N...N0., /U, N ...mUek;@>) =1

Now, note that if U, ..., U, form a k—cell in Z, then there is an edge f C X, with
[f] € Hi(X;’;Q) such that f and e; are two edges of a 2—cell o; C X, with the third
edge in X'. Hence if e € &, the path component P, of Z containing (76 /U, has 2—
skeleton canonically identified with the 2—skeleton of Y'(e). Therefore H,(P.; Q) = 0 by
Lemma 5.3.8. Therefore Hy(Z;Q) = 0, so E3 | (U; Q) = 0 as desired.

The proof of Fact (3). For any choice of e, ...,e; € £, both U, N ... N U,, and (760 N
.N Uek contain the unique vertex of X, and hence are connected. Therefore Eio(ﬂ Q)

is trivial, as desired. OJ
We now prove Lemma 5.3.1.

Proof of Lemma 5.3.1. There is a noncanonical surjection

cok(Hy(XY';Q) — Hy(X% Q)) @D cok(Hy(X2% Q) — Hy(Xy;Q))

—» cok(Hg(X;”; Q) — Hy(X,;Q)).
Hence the lemma follows by Lemmas 5.3.2 and 5.3.7. [

5.3.3 The proof of Proposition 1.3.1

‘We now conclude Section 5.3. We first connect the results of Section 5.1 with Lemma 5.3.1.
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Lemma 5.3.9. Let g > 33 and a C S, a nonseparating simple closed curve. Let w € &+
be a nonzero primitive element such that w is not in the kernel of the adjoint map &+ —

Homgy (7, Z). Let ¢ be the composition
HQab’bp(IbQ) — Hy(Xy;Q) — HQ(XQSQ))/H2(X:;U;Q)

where the first map is the map in the five term exact sequence for the equivariant homology

spectral sequence given by the action of Z, on Cz(S,). Then the map ¢ is surjective.

Proof. By Lemma 5.3.1, the quotient space Hy(X,y;Q)/H(X,’; Q) is generated by the
images of fundamental classes of Bestvina—Margalit tori. Hence it suffices to show that
any [BM,] € H,(X,;Q) is the image of some [T, o, Tyo] € H;""(Z,; Q) under the map
H"™(Z,;Q) — Hy(X,; Q). Let BM, be a Bestvina—Margalit torus, and let & be a lift
of o to Cz(S,) such that a € 7. Let ay, ay be the other two vertices of o. Choose a curve
b C S, such that the geometric intersections |a N b| = |a; Nb| = |ag N b| are all equal
to 1. Now, there are curves by, b, such that b U b; and b U b, are bounding pairs, and the
corresponding bounding pair maps 7;;, and 7}, both commute and take a to a; and a to

a9 respectively. The construction of such bounding pairs can be seen in Figure 5.5. Let

Figure 5.5: The curves a, a1, a; and bounding pairs b U b; and b U by

v € m(X,) be the image of the edge in Cz(S,) connecting a to a;. The bounding pair

map 7}, is sent to the loop ~; under the natural map Z, — m;(X,) for i = 1,2. Hence
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the image of the abelian cycle [T}, , T;,] under the map Hy(Z,; Q) — Ha(X,; Q) is the
abelian cycle 1, 72| € Ha(X,; Q), which is [BM,,]. O

We now prove Lemma 5.3.10, which verifies that the first hypothesis of Proposition 4.1.1

holds for Sp(7+,Z), Hy(X,;Q), and d = 1.

Lemma 5.3.10. Let ¢ > 33 and let w € T+ be a primitive element such that the im-

age of w under the adjoint map T+ — Homgy(Z,Z) is nonzero. Then the vector space

cok(Hy (X Q) — Ha(X,;Q)) is finite dimensional.

Proof of 5.3.10. Let d be a representative of w disjoint from a, and let G = im(Mod(S, \
(aUd)) — Sp(2g,7)). We will show that the G—representation V' = cok(Hy(X;"; Q) —

H,(X,;Q)) satisfies the hypotheses of Proposition 4.1.1 for § = 9, namely:

1. for M C S, \ (a U d) a nonseparating multicurve with |A/| > 9, the map

Pv:-v

ceM

is surjective, and

2. for M C S, \, (a U d) a nonseparating multicurve with |M| < 8, and G, =

Stabg (M), the coinvariants module
H 0 (G M5 V)

is finite dimensional.

Then V is finite dimensional by Proposition 4.1.1.

Hypothesis (1). Lemma 5.3.9 tells us that the map

H™(T,,Q) =V
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is surjective. Now Proposition 5.1.1 tells us that, if M/ C S, \, (a U d) is a nonseparating

multicurve with |M| > 9, the map

@ H;bbp(zg; @)Z — Hzab’bp(zg? Q)

ceM

is surjective. Then the image H;b’bp (Z,; Q) — V is contained in V’<, so the map
pv--v
ceM

is surjective, as desired.

Hypothesis (2). Let M C S, \, (a \, d) be a multicurve with |A/| < 8. The coinvariants
module BM;(X,; Q)¢,, is finite dimensional by Lemma 5.2.1 applied to M’ = M U d.
Now by Lemma 5.3.1, there is a surjection BM,(X,; Q) — V, so there is a surjection

BMs(X,; Q)¢,, — Vi, so in particular Vg, is surjective. O

Proof of Proposition 1.3.1. Let G = im(Mod(S, \ a) — Sp(2g,Z)). We will use Propo-
sition 4.1.1 applied to the G—representation Hy(X,; Q) with d = 1 to show that Hy(X,; Q)

is finite dimensional. In particular, we will show that:

1. for any nonseparating ¢ C S, \, a, we have cok(Ha(X,; Q)T — Hy(X,;Q)) finite

dimensional, and

2. the coinvariants module Hs(X,; Q)¢ is finite dimensional.

Hypothesis (1). This is exactly the content of Lemma 5.3.10.

Hypothesis (2). Let Z(¥) C Mod(S,) denote the partial Torelli group defined by Putman
[35], which is the subgroup of Mod(S,) acting trivially on the homology class . Now,

Z(Z) fits into a short exact sequence

1-7,—-I() - G— 1
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For ¢ > 3, we know that H;(Z,; Q) is finite dimensional by the work of Johnson [22].
Therefore by the Lyndon—Hochschild—Serre [8] spectral sequence and the fact that there
is a K{(G, 1) with finite 3—skeleton [39], we see that the vector space Hy(Z,; Q) is finite
dimensional if and only if Hy(Z(%); Q) is finite dimensional. We now consider the equivari-
ant homology spectral sequence for the action of Z(Z) on Cz(.S,). This action is cocompact
on Cz(S,). Furthermore, the stabilizers of vertices and edges are finitely presented and
finitely generated respectively, since these are mapping class groups of surfaces, which are
finitely presented [12]. Then Cz(S,) is (¢ — 3)—acyclic by Theorem B, so Hy(Z(Z); Q) is

finite dimensional, and thus the second hypothesis is satisfied. 0
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CHAPTER 6
THE PROOF OF THEOREM C

6.1 Finite-dimensionality of coinvariants in £  (Z,C_(Sg))

The main work of this section is to prove the following result.

Lemma 6.1.1. Let g > 33 and a C S, be a nonseparating simple closed curve. Let ¥ = [a].

Let M C S, \ a be a nonseparating multicurve with |M| = 8. Let
G =1im(Mod(S, \ M) — Sp(2¢,Z)).

Let &} denote the equivariant homology spectral sequence for the action of T, on Cz(S,).

Then the vector space

H, (G; E%J
is finite dimensional.

Notation. For the remainder of this section, we will fix ¢ > 33 and @ C S, a nonseparating
simple closed curve. We will also fix M C S, \ a as in the statement of Lemma 6.1.1. We
will use £} , to denote the equivariant homology spectral sequence given by the action of

Z,onCz(S,). Additionally, for the remainder of the section, we will let V = {[c] : ¢ € M }.

The outline of the proof of Lemma 6.1.1. The strategy used is similar to that used in the
proof of Lemma 5.2.1. In particular, we will associate to each edge e C X certain invari-
ants that record how the elements of V project onto the elements of H(e). We will show
in Lemma 6.1.2 that these numbers are preserved under the action of G. We then prove
Lemma 6.1.4, which describes an intermediate quotient between Eil and Eil We then
describe in Lemmas 6.1.5 and 6.1.7 how these invariants change under addition of edges.

With these results in hand, we will prove Lemma 6.1.1.
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Algebraic invariants of edges. Let [b] € Hy(S,;7Z) be a nonzero primitive class such that
(Z,[b]) = 1 and [b] intersects any element of V trivially. Let + C X, be an edge and let
H(x) = {H§, Hi}. Foreach1 <i < 8,0 <k < 1, let v}, = projz.y: v;. We define the

following two invariants of the edge x:

1. rk}fk(:c) is the maximal n such that vf;, = nv for some v € Hj and

2. 0(V)iju(w) = (v, v5x)-
We have the following result about these algebraic invariants, which parallels Lemma 5.2.2.
Lemma 6.1.2. Let ¢ > 33 and a C S, be a nonseparating simple closed curve. Let
M C S, \ a be a nonseparating multicurve with |M| = 8. Let b C S, be a nonseparating
simple closed curve such that b has geometric intersection number with a, and such that b
intersects M trivially. Let G = im(Mod(S, \, M) — Sp(2¢,Z)). Let V = {[c] : c € M }.

After possibly relabeling Hy and HY, suppose the following hold:
1. g(M5) = 9(H),
2. rkzk(x) = rk}fk(y)for all1<i<8and 0 < k <1and

3. 00V)iju(x) =00V)ik(y) foralll <i,j <8and0 < k < 1.
Then there exists g € G such that gx = y.

This follows by a similar argument to Lemma 5.2.2, except with 2—cells replaced by
edges. The rk” here is the same as the rk” in Lemma 5.2.2, and similarly for 6())) and
(V).

Before proving Lemmas 6.1.5 and 6.1.7, we will prove Lemma 6.1.4, which describes

an intermediate quotient between E] | — E? . We begin by showing that E | is a quotient

of Ef ;.

Lemma 6.1.3. Let g > 33 and a C S, be a nonseparating simple closed curve. Let ¥ = [a].
Let &} denote the equivariant homology spectral sequence for the action of T, on Cz(S,).

The inclusion map B3 | — E} | /dy | (E5 ) is an isomorphism.
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Proof. The lemma is equivalent to the statement that the differential dil is the zero map.

Since g > 33 > 4, Theorem B says that we have H,(Cz(S5,); Z) = 0. Hence
E,= Hi(Z;Q) forp+q=1
by the properties of the equivariant homology spectral sequence [8, Section VII]. Therefore

there is an exact sequence

1
dll

Eil — Etlxl — Hy(Z,;Q).

Since Ej, = H,(Stabz, (a); Q), the exact sequence is

1
dll

Ei, — Hi(Stabz,(a); Q) — Hi(Zy; Q).
A theorem of Putman [37, Theorem B] says that the map H,(Stabz,(a); Q) — H,(Z,; Q)
is an injection, so dj ; = 0. O

As in Section 5.1, let 7, : Z, — AN*H,(S,;Z)/H1(Sy; Z) denote the Johnson homomor-

phism [19]. If o C X, is a cell, let A, denote the vector space
im | @ AH = AH\(S;;Z)/Hi(S;; Z) | © Q.
HeH(o)
We have the following result about Eil.

Lemma 6.1.4. Let g > 33 and a C S, be a nonseparating simple closed curve. Let ¥ = [a].
Let &} denote the equivariant homology spectral sequence for the action of T, on Cz(S,).

The quotient map ¢ : Bl | — K2 | factors through the natural projection

p:IEli1 — @ A,

xEXél)
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Proof. Let ¢ : B, — Ei,/dy (E5,) = Ef, denote the quotient map, which exists by
Lemma 6.1.3. For each v C X, let 7 C Cz(5,) be a lift of x such that a is a vertex of 7.
Let

Az = im (Hy(Stabz, (Z); Q) — H1(Zy;Q))

Let S and S’ be the connected components of S, \, Z. Lemma 5.1.5 implies that
im(H,(Z(S,5,); Q) — H1(Z,;;Q))

is sent to im(A*H, (S; Q) — im(7,) ® Q) under the Johnson homomorphism, and similarly
for S’. Therefore we have Az = A, by the definition of A,. Hence it suffices to show that

 factors through the quotient map

p:El, = @ Hi(Stabr,(2);Q) — € A..
mEXé(,l) weX‘gl)
Showing that ¢ factors through p is equivalent to showing that ker(p) C ker(yp), so it

suffices to show that

P ker (Hi(Stab, (2); Q) — Hi(Z,; Q)) C ker(p).
zex{V
The idea of the proof is to rewrite any class in ker(p) as a linear combination of classes,
where the edges in these classes have sufficiently large genus. If z C X, is an edge and
[ € Hy(Stabz, (Z); Q) is a class, we use the notation (z, f) € @xexél) H,(Stabz, (7); Q)
to denote the class in E%J equal to f in the index = and equal to zero in every other index.

Now, we have

ker(p) = @D ker (H,(Stabz,(2); Q) — Hi(Z,;Q)),

a:EXs(,l)
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and the latter space is spanned by elements of the form (x, f). Hence it suffices to show
that (z, f) € ker(p) for any z € XM and f € ker(H,(Stabz,(7); Q) — H1(Z,;Q)). Let
S’,S” be the connected components of S, \, Z. We have a surjection H,(Z(5’,S,); Q) &
Hy(Z(S",S,); Q) — H,(Stabz, (Z); Q by applying the Kiinneth formula to the product
Z(S',S,) xIZ(S",8,),so we may assume that f is supported on one connected component
Sy \ =. Without loss of generality, we will assume that f € H,(Z(5',S,); Q). If g(S") > 3,
then Lemma 5.1.5 says that the map H,(Z(5', S,); Q) — H,(Z,; Q) is injective. Since f
is in the kernel of the map H,(Z(5',S,); Q) — Hi(Z,;Q), this implies that f = 0, so
(z,f) = 0 € E}, and thus (z, f) € ker(yp). Otherwise, g(S’) < 2, which implies in

particular that g(S”) > 4. Let 0 C Cz(S,) be a 2—cell such that:
erCo

* for the other two edges y, z of o, the connected components S, S; of S, \ y and

Sy \ z respectively that contain S” have g(.5}), g(S,) > 3.

Now, let & denote the image of ¢ in X, and similarly for 7 and Z. We have chosen o so that
f has a representative F' € Stabz, (o). Therefore, after possibly reorienting o, = and y, we

have a relation in Ef | given by dj , (7, [F]), which tells us in particular that

0= [F])+ E[F]) - (2, /)

in Eil. We have F' supported on S; and S’, both of which have genus at least 3. Then
by Lemma 5.1.5, the map H1(Z(S,,S,); Q) — H1(Zy; Q) is injective, and similarly for
S.. But now, we have assumed that f € ker(H,(Stabz, (7); Q) — H,(Z,;Q)). There-
fore [F] € Hi(Z(S,,5,);Q) and [F] € H\(Z(S.,S,); Q) are both zero, so (7, [F]) =
(Z,[F]) = 0. Since dy , (7, [F]) € ker(i) by the definition of E |, we have (z, f) € ker(¢),

as desired. L]

Notation. For the remainder of this thesis, if z C X, is an edge and f € A, is a class,
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we will denote the corresponding element in Eil under the image of the quotient map

@xeXg,l) Ay — E%,l by (37, f)

6.1.1 The proof of Lemma 6.1.6

We now continue with the definitions. Let x C X, be an edge. Let y C X, be another
edge such that x, y are two edges of a 2—cell o, and let z denote the third edge of o. We say
that such a y is rank V—shrinking relative to x if, after possibly relabeling H (), H(y) and
H(z), the following hold:

1. rk}fk(m) > rkxk(y) and rkxk(z) foralll1 <i<8,0<k<1,and

2. for at least one choice of 1 <7 < 8and 0 < k < 1 with
max{rk}y(z), 1k} (z) > max{rk},(z),: 1 <j <8,0<k <1}

we have max{rk)(z), tk} (z)} > max{rk), (y), rk},()}.
If HE € H(x), we say that y is rank V—shrinking relative to H{ if, in addition, there is
H! € H(y) with HY C H{. Denote the set of rank V—shrinking edges relative to H% by

rkshrinky (H{). We now prove Lemma 6.1.5, which will allow us to rewrite classes in E%J

as linear combinations of classes with lower rk) .

Lemma 6.1.5. Let g > 33 and a C S, be a nonseparating curve. Let M C S, \, a be
a nonseparating multicurve with |M| = 8. Let b C S, be a nonseparating curve such
that b has geometric intersection number with a, and such that b intersects M trivially.
LetV = {[c] : ¢ € M}. Let x C X, be an edge. Suppose that g(H}) > 12, and that

rk}fl(:r) > 1 for at least one 1 < i < 8. Then the natural map

o b And-4

y€rkshrinky, (HE)

is surjective.
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Proof. Let 1y Ary Arg € A,. We will show that 1y A 75 A rg € A, for some y €
rkshrinky, (HE). If 71,790,753 € H7 then 7y A e Az € ASH] C AYHY C A, for any
y € rkshrinky,(H{), so it remains to prove the result in the case that r; A ro A1y € HE.

Suppose without loss of generality that rkﬁl(ac) > 1 and
rky ) (z) = max{max{rk)y(z), tk}, ()} > max{max{rk}{o(x),rkzl(x)} 11 <5 <8}

For each 1 < i < 8, let w;, denote the nonzero primitive homology class in H;(Sy;Z)

such that

projyim[b]L(vi) = rk}fk@)wi,k.
We claim that there is a nonzero primitive class u € ‘H{ such that:
* (u,w;p) =0forall 1 <i<8§,
e (u,rs) =0forall 1 <s <3, and
* wis not in the span of {wy g, ..., ws1,71,...,73}.

Such a u exists since we have assumed that g(#5) > 12 and there are only eleven elements
in the set {wi, ..., wsp,71,72,73}, SO the subspace wiy N ... wgo N i Nry Nrg has

genus at least one. Let h = w; o — u. Let y C X, be an edge such that such that:

o Hy C H * wig € HENHY forall 2 <4 <8, and
s u €M,
s he H{ NHE, sr, € HYNHE forall 1 <s< 3.

Let o be a 2—cell containing = and y, and let z be the third edge of o. Index #(z) so that
H§ C Hg. By construction, the vectors projy .y (vi) and projy iy (v;) are given as
follows:

L. projy:qp (v1) = rkK0($)u,
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2. projyiagy(vi) =0for2 <i <8,

3. projprapy (v1) = rk‘ﬁl(x)wm + rkKo h,

4. projprpw (vi) = rk}fl(x)wi,l + rk}fo(x)wi,o for2 <i <8,
5. projpirgz(v) = rk‘ﬁo(a:)h,

6. Projp Lz (vi) = rkxo(a:)wi,o for2 <i <8,

7. Projurops (v1) = rk]f?l(x)wu + rk‘ﬁo u, and

8. Projyrp: (Vi) = 1"k3f1 w; 1 for2 <4 < 8.

By assumption, the homology classes w; i, h and u are all primitive. Hence the numbers
rk}fk(y) and rk}fk(z) are given as follows, where each relation in the following list follows

from the corresponding relation in the previous list:

(a) 1KY o(y) = 1k o), (&) rkyo(2) = rky (),

b) kY (y) = 0for2 <i <
()1" z,O(y) Ofor2 < <8, (f) rkxo(z):rkxo(x) f0r2§2§8,

(©) rk}il(y) = ng(rkllj,l(x)a rkKo(I»’
(@) rky,(2) = ged(rky, (z), kY (),
(d) fk%(?/) = gcd(rk}fl(:r),rkgo(a:)) for

2<i<8, (h) tkY)(2) = rky;(z) for 2 < i < 8.

We have assumed that rk]ﬁ1 () > 1. Since vy is primitive, we have gcd(1r1<‘1)7()(x)7 1rk]1/71 (x)) =
1, so relation (c) implies that rk}fl(y) < rk‘l},l(x). Similarly, relation (g) implies that
rk}il(z) < rk]ﬁl(x). Then relations (a), (b) and (d) imply that rk}fk(y) < rk,}fk(m) for all
1 <i<8and 0 < k < 1, and relations (e), (f) and (h) imply that rka(z) < rka(y) for
all 1 <7 <8and0 < k < 1, and thus y € rkshrinky,(H{). Then we have chosen y so that

T1,T9,7T3 € ’H(y), sor; Arg Arg € Ay, and thus the proof is complete. U]

We use Lemma 6.1.5 to prove the following, which is the first step of the proof of

Lemma 6.1.1.
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Lemma 6.1.6. Let g > 33 and a C S, be a nonseparating simple closed curve. Let
T = [a]l. Let M C S, \ a be a nonseparating multicurve with |M| = 8. Let b C S, be
a nonseparating simple closed curve such that b has geometric intersection number with
a, and such that b intersects M trivially. LetV = {[c] : ¢ € M}. Let E}  denote the
equivariant homology spectral sequence for the action of I, on Cz(S,). Let (x, f) € Ef |
be a class. There is a relation in E%l given by
(2, £) =Y Melye, fo)

=1
such that Ay € Q, rka(yg) <lforalll1 <i<8,0<k<1l,andl <{<m.
Proof. Let maxrk(x) = max;<;<so<k<1 rk}’k(a:) Let nummaxrk(x) be the number of
pairs (i,k) with 1 < i < 8and 0 < k£ < 1 such that rkxk(x) = maxrk(z). The proof

proceeds by double induction on maxrk(z) and nummaxrk(z).
Base case: maxrk(z) = 1. In this, the resulting linear relation is (z, f) = (z, f).

Inductive step: the lemma holds for all y C X, that satisfy either maxrk(y) < maxrk(z)
or both maxrk(y) < maxrk(z) and nummaxrk(y) < nummaxrk(z). We want to apply

Lemma 6.1.5. We begin with the the following claim.

Claim. There is a linear relation

such that forevery 1 < p < ¢:

* either maxrk(z,) = maxrk(z) and nummaxrk(z,) < nummaxrk(z), or maxrk(z,) <

maxrk(z), and

« if maxrk(z,) # 1, there is a pair (i, k) such that rk} ) (z,) = maxrk(z,) and g(H;”) >

13.
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Proof of claim. By reindexing, we may assume without loss of generality that rkKo(x) =
maxrk(x). If g(HZ) > 13 then we are done, so suppose that g(Hg) < 12. Since f € A,,
we may rewrite f as a Q-linear combination of pure tensors r; Ara Arg € A, such that each
r; is primitive. Therefore we may assume without loss of generality that f = 7y A ry A g
with 71,79, r3 € Hi for some 0 < k < 1. Now, since g(H{) < 12, we have g(H]) >

33 — 12 > 13. Hence there is a primitive subgroup H C H{ such that the following hold:
« 2% g(H) +1 =1kY(H),
* g(H7) —g(H) < 11,
s TcH,
® I1,T9,73,V11,V21,...,U81 € HE.

Let z; C X, be the unique edge with 74 € #(z;). By construction, z; and x share a 2—cell
o C X, that satisfies H (o) = {HE, H, H7 N H }. Let 2, be the third edge of . We have
H(z1) = {H,H'} and H(zo) = {H+ NHT, HE + H}. Since rq, rq, 73 are all in either HF
or H? and are in H* by hypothesis, the fact that H (o) = {HE, H,H+ N H%} implies that
f € A,. Therefore in E , the image of dj , (o, f) (after possibly reorienting , 21 and z,)

yields a relation

(@, f) = (21, f) + (22, f).

Assume that H(z) is indexed so that H = #g'. By our choice of #, the projections of

each v; to the elements of (2 ) are given as follows:
* v} = v;, and
s vy =0.

Since each v; is primitive by assumption, we have rkxk(zl) =lorOforeveryl <i <8

and 0 < k < 1. Hence (21, f) satisfies the desired properties of z; in the claim, since:

» maxrk(z;) = 1 < maxrk(x), and
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* 2; does not satisfy the hypothesis in the second condition.

For the class (22, f), after indexing #(z2) so that H C Hg?, the projections vak satisfy
v;% = viy. Hence we have rk}fk(zg) = rk}fk(x) for1 <i<8and0 < k < 1. Now, by
construction we have g(Hg*) = g(H§) + g(#). Since we have chosen H so that g(H}) —

g(H) < 11, we have g(H) > g(H7) — 11. Then we have
9(Hg*) = g(Hg) + 9(HY) = g(Hg) + (i) —11 =233 -1 -11 > 13,

since we have assumed that g = g(H{) + g(H{) + 1 > 33. Therefore z, satisfies the

properties in the claim, since:
* maxrk(zy) = maxrk(z) and nummaxrk(z,) = nummaxrk(z), and

« any pair (4, 0) that satisfies rk)(z) = maxrk(z) also satisfies rk}(z2) = maxrk(zs),

and g(Hg?) > 13,

so the claim holds.

We now continue with the inductive step of the proof. By the claim, we may rewrite the
class (z, f) as a sum so that each summand (z, f’) satisfies maxrk(z) < maxrk(z), and
nummaxrk(z) < nummaxrk(z) if maxrk(z) = maxrk(z), and, if (z, f) does not already
satisfy maxrk(z) < 1, we have g(#H§) > 13 with rkxo(z) = maxrk(z) for some i. Hence
we may assume without loss of generality that g(#&) > 13 and rk}fo(x) = maxrk(x) for
some 1 < i < 8. Then by Lemma 6.1.5, there is a collection of edges y, € rkshrinky, ()

and a choice of f, € A,, N A, such that

F=> 1
=1

For each y,, there is a 2—cell o, C X, with 4, y, € X, by the definition of rkshrinky, (#{).

For each of these oy, let z; C o, denote the third edge besides x and y,. Then f, € A,,NA,
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and A,NA,, = A,, by the definition of A, for any 7 C X, so we have f, € A.. Therefore

we have the following relation in E7 |

3

dy (Z o, fe ) Z z, fo) + (e, fo) — (2e, fo)-

(=1 /=1

But now, by rearranging terms, we have a relation

E

> @, fo) = (ye fo) = (20, fo).

/=1 /=1

Then since Y ", fr = f, we have a relation

(@, ) = (26, fo) — (e, fo).

=1
Since y, € rkshrinky, (H%), for any 1 < ¢ < m, we have either maxrk(y,) < maxrk(z),
or maxrk(y,) = maxrk(z) and nummaxrk(y,) < nummaxrk(x), and similarly for z,.

Therefore by the inductive hypothesis, y, and z, are linear combinations of elements as in

the statement of the lemma, so the lemma holds for (z, f) as well. ]

6.1.2 The proof of Lemma 6.1.8

We now proceed to the second step of the proof of Lemma 6.1.1. Let z C X, be an edge
such that rk}fk(x) <Ilforalll <i<8and0 < k < 1.Lety C X, be another edge
such that y and z are two edges of a 2—cell o, and let 2 be the third edge of 0. We say that
y is algebraically V—shrinking relative to x if, after possibly reindexing H(z), H(y), and
H(z), the following hold:

1. kY, (y), 1k}, (2) < 1for1 <i<8and0 < k <1,

2. max{|0(V)isa ()], 1} = [000)i51 (9)],100V)ia ()] forall 1 < i, j < 8, and
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3. atleastonepair 1 <i < j<8and0 < k <1 with
10(V);jk(z)] = max{|0(V)ijx(x)| : 1 <d',j' <8 0<k <1}

has [0(V); jx(x)] > [0V)ijx ()], 10(0V)ijk(2)].

If z is an edge, let algshrink,,(z) C Xél) denote the set of algebraically V—shrinking
relative to x edges in X ;. We will prove the following result about algshrink,,(z), which

completes the second step of the proof of Lemma 6.1.1.

Lemma 6.1.7. Let g > 33 and a C S, be a nonseparating simple closed curve. Let
Z = [a]. Let M C S, \ a be a nonseparating multicurve with |M| = 8. Letb C S,
be a nonseparating simple closed curve such that |a N b| = 1 and such that b intersects
M trivially. Let V = {[c| : ¢ € M}. Let E} denote the equivariant homology spectral
sequence for the action of Z, on Cz(S,). Let v C X, be an edge such that rkxk, (x) < 1for
all1 <i < 8and 0 < k < 1. Suppose that thereis apair1 <1 < j < 8and () <k <1

such that |0(V); ; x(x)| > 1. Then the natural map

v P AnA A,

y€algshrink,, (x)
is surjective.

Proof. Choose three primitive classes 71,792,753 € HE U H{ such that ry A rg Ars € A,
We will show that 7 A 75 A rs5 € im(p). Since |0(V); 0(z)| = |0(V)ij1(x)] for all
1 < 4,5 < 8 because we have assumed that (v;,v;) = 0, we may assume without loss
of generality that g(H{) > 2, so in particular g(Hg) > 13. If ry,79,73 € Hf then we
are done since algshrink,,(z) is nonempty, so assume that ry,rs, 73 € Hg. We will show
that there is an edge y € algshrink,,(z) such that ry A ro A 73 € A,. For each v; € V,
let w; ; be the projection w; ;; = projy, LAz Vie By hypothesis each w; , is either primitive

or zero. Assume without loss of generality that |#()); 2| is maximal over all |6(V); ol
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By possibly replacing v; with —v;, we may also assume without loss of generality that
0(V)120(x) > 0. Since g(H%) > 13 and the set {w1,...,wso,71, 72,73} has eleven

elements, we may choose two primitive classes u;, us € ‘H{ such that the following hold:
1. (us,w;p) =0foralll <t <21<i<8,

2. (ug,rs) =0forall 1 <t <21<s<3,
3. (ug,u9) =1,

Consider the following classes h; for 1 <1 < 8:
L. hy = wip —u,

2. hy = wyo — uy and
3. h; = w;pfor3 <i <8,

Now, let y be an edge that shares a 2—cell with z such that the following properties hold:
1. H C HE, 3. rs € HENH] for1 < s <3,and
2. hy e HENHY for 1 < i <8, 4. up € HENHY for1 <t <2.

We will show that:

1. y € algshrink,,(z) and
2. mi ATy A3 € Ay

This completes the proof, since then r; A 79 A 3 € im(¢p). The latter property follows by
construction, so it suffices to prove the former. Let z denote the third edge of a 2—cell o
with z C o,y C 0. Label H(z) = {H§, Hi} such that H§ C Hf. Therefore we have
HE = HENHY and HF = H§ + H7. For notational convenience, let u; = 0 for 3 <1 < 8.
By construction, the vectors proj 0 LmHg(vi) for each choice of 1 <7 < 8,0 <k <1 and

w = z,y, z are given as follows:
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L. projy g (vi) = h; for1 <i <8,
2. projpyrapy (vi) = w; +wip for1 <@ <8,
3. proj[b]mﬁg(vi) =qu,; for1 <7 <8, and
4. proj[b]m%f(vi) =h;+w;; forl <i<8.
Now, given these projections, we can compute ranks and intersection numbers as follows.

1. We have rk}fk(y),rkxk(z) <l1forl <i<8and0 < k < 1, since by assumption

and construction each projection is primitive.
2. We have [0(V)i;o(y)| = [(hi; hj)| = [0(V)ij0(2)] — Lj=(12)-
3. We have [0(V);j0(2)| = [{ui, uj)| = L j=2)-

Furthermore, since (v;,v;) = 0 by assumption, we have [0(V); o(y)| = [0(V)i;1(y)],
and similarly for z. Therefore we have |0(V); x(z)| > [0(V):x(y)],|0(V):;x(2)| for all
1 <i,j <8and0 < k < 1. Additionally, we have assumed that |#()); ;o(z)| > 1, so we
have [0(V)120(x)] > |0(V)120(y)],[0(V)120(2)|- Hence we have y € algshrink,,(x), so

the proof is complete. 0
We now complete the second step of the proof of Lemma 6.1.1.

Lemma 6.1.8. Let g > 33 and a C S, be a nonseparating simple closed curve. Let
M C S, \ abe a nonseparating multicurve with |M| = 8. Let b C S, be a nonseparating
simple closed curve such that b has geometric intersection number with a, and such that b
intersects M trivially. LetV = {[c|] : ¢ € M}. Let &} = denote the equivariant homology
spectral sequence for the action of I, on Cz(S,). Let (x, f) € ]E%,1 be a class such that

rk}fk(m) <1foralll <i<8and0 < k < 1. Then there is a relation in IE%l given by

(z, ) = ey, fo)
=1
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such that \; € Q, rkzk(yg) <LandO(V)ijr(ye) <1lforalll <t <m,1<4i,j <8 and

0<k<L

Proof. Let maxalg(x) = maxi<; j<s [6(V)i o(x)|. Since 8(V); jo(x) = —0(V); 1(x), we
only need take the maximum for £ = 0. Let nummaxalg(z) denote the number of pairs
1 <i < j < 8such that |§(V); ;0| = maxalg(x). The proof proceeds by double induction

on maxalg(z) and nummaxalg(z).

Base case: maxalg(x) < 1. In this case, the relation in the lemma is the trivial relation

(x, f) = (z, f), so the lemma holds.

Inductive step: the lemma holds for all y C X, with either maxalg(y) < maxalg(z) or with
both maxalg(y) < maxalg(z) and nummaxalg(y) < nummaxalg(x). By Lemma 6.1.7,

there is a linear combination

F=> 1t

=1
such that each f, € A,,, where y, € algshrink,,(x). By definition, each y, shares a 2—cell
o, with z, and f, € A,,. Let z, denote the third edge of o,. Then there is a relation in E%J
given by

m m

Z (oo, fo) = Z (z, fo) + (ye, fo) — (2, fo) =0

= (=1

By rearranging terms and applying the fact that f = >",", f,, we have

Z (ze, fo) — (Yo, fo)-

(=1

But then y, € algshrink,,(z) forall 1 < ¢ < m,soforall 1 < ¢ < m, either maxalg(y,) <
maxalg(z) or maxalg(y,) = maxalg(z) and nummaxalg(y,) < nummaxalg(z,), and
similarly for z,. Therefore the classes (v, f;) and (z, f,) are linear combinations of classes
as in the statement of the lemma by the inductive hypothesis, so the lemma holds for (z, f)

as well. O]

We are now ready to conclude Section 6.1.
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Proof of Lemma 6.1.1. Let W C E%l denote the subspace of E%,l spanned by elements
(z, f) where  satisfies rk}, (), 0(V); u(z) < 1forall 1 <i < j <80<k<1
We will show that W = Ef ;. By Lemma 6.1.4, it suffices to show that (z,f) € W
forany x € X, and f € A,. This follows from Lemmas 6.1.6 and 6.1.8. Now, as a
consequence of Lemma 6.1.2, there is a finite set of edges y1,...,y, € X, given by all
possible combinations of genera g(#(y)) and choices of rky, and |6()); ;| less than or
equal to one, such that any = C X, with tk}, (z),0(V);;x(z) < 1forall 1 <i < j <8,

0 < k < 1isin the same G-orbit as some y,, so the natural map

el
@ IndStabG(yg) Aye - W
1<t<n
is surjective. Therefore the map

H, (G; P md. Ayz> — Ho(G; W)

1<0<n

is surjective since Hy(G, —) is left exact. Then Shapiro’s lemma says that

Hy (G; @ Indgtabc(ye) Ayi> = @ Hy(Stabg(ye); Ay,)-

1<0<n 1<¢<n

But then A, is contained in H(Stabz, (a); Q) for all y,, so A,, is finite dimensional for all
ye. Therefore Hy(Stabe(ye); Ay,) is finite dimensional for any 1 < ¢ < n, so the proof is

complete. [

6.2 The Proof of Theorem C

In this section, we will complete the proof of Proposition 1.3.2, which, along with Propo-
sition 1.3.1, completes the proof of Theorem C. For the remainder of this section, unless
otherwise specified, fix a ¢ > 33 and @ C S, a nonseparating curve, and set ¥ = [a]. We

will also let £} | denote the equivariant homology spectral sequence for the action of Z, on
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Cz(Sy).

Outline of Section 6.2. We will devote the bulk of the section to proving Lemma 6.2.1,
which is done in Section 6.2.1. The statement of Lemma 6.2.1 requires some notation,
so we defer the statement for a moment. We then use Lemma 6.1.1 and 6.2.1 to prove
Proposition 1.3.2 in Section 6.2.2, and then use Proposition 1.3.2 and Proposition 1.3.1 to

prove Theorem C.

6.2.1 The proof of Lemma 6.2.1

LetV = {v1,...,vx} C &+ C Hy(S,;Z) be a set of primitive elements. Let z C X, be an
edge with H(z) = {HZ, H7}. Let AY denote the subspace of im(7,) = A*H;(Sy; Q)/H1(S,; Q)

given by
(im ("9 © AHT — im(r,)) im (V= im(7,)) © Q.

Let X;’ C X, denote the subcomplex consisting of cells o such that H (o) is compatible
with V, i.e., every v € V satisfies v € H for some H € H(o). Let Ef}) denote the image

of the composition

@ AY — EB A, — B3

me(X;’)(l) zeXél)

where A, is as in Section 6.1. If V = {v} is a singleton, we will denote E?Y and AY by

E%ll’ and A? respectively. We are now ready to state Lemma 6.2.1.

Lemma 6.2.1. Let V = {v1,...,v9} C T be a set of primitive elements such that there is

a nonseparating multicurve M C S, \ awithV = {[c| : ¢ € M}. Then the natural map

. 2avi 2
§: @Em — K7,

v, EV

is surjective.
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The outline of the proof of Lemma 6.2.1. We will prove Lemmas 6.2.2, 6.2.3 and 6.2.6.
The first two lemmas are statements about generating sets for vector spaces equipped with
alternating forms, while the last is a statement about a generating set for the first rational
homology of a certain subcomplex of X,. In order to prove Lemma 6.2.6, we will prove
Lemma 6.2.4 and Lemma 6.2.5, which are auxiliary results about rational abelianizations
of subgroups and quotients of the Torelli group. We use Lemma 6.2.2, Lemma 6.2.3, and

Lemma 6.2.6 to prove Lemma 6.2.1.

Lemma 6.2.2. Let V be a finite dimensional Q—vector space equipped with an alternating
form (-, -). Let vy, vy, v3 be elements in'V such that the image of the set {vy, vy, v3} under

the adjoint map V- — Homgq(V, Q) is linearly independent. Then the natural map

v P At AV

1€{1,2,3}
is surjective.

Proof. Let B ={ay,...,a,} be abasis for VV such that (v;, a;) = ;;. Let
B, ={ai,...,a,...,an},

which is a basis for v;- for any i € {1,2,3}. The vector space A%V has a basis consisting of
pairs of elements in B. Each pair of these elements is contained in at least one B;. Therefore

im (1)) contains a basis for A2V, so ¢ is surjective. [
We now extend Lemma 6.2.2 as follows.

Lemma 6.2.3. Let V be a finite dimensional Q—vector space equipped with an alternating
form (-,-). LetV = {vy,...,v,} be a set of elements in V with |V| > 3 such that the image

of V under the adjoint map V' — Homgy(V, Z) is linearly independent. Let m < |V| — 2 be
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a natural number. Then the natural map
Unt P AV AV
V'CV:| V! |=m
is surjective.

Proof. We proceed by induction on m.
Base case: m = 1. This is exactly the content of Lemma 6.2.2.

Inductive step: the lemma holds for m’ < m. Let 1, be as in the lemma. By the inductive
hypothesis, the map v,,,_; is surjective. Hence it suffices to show that A? (Wl) Cim(¥,)
for any W C V with )| =m — 1. Let W C V be a subset with |[W| = m — 1. Since we
have chosen m with m < |V| — 2, we have |V \ W| > 3. Hence Lemma 6.2.2 applied to

L = W+ and the set V \ W says that the map

P At nwt) - a2t
veEV\W

is surjective. Since A2(vt N W) C im(yp,,) for any v € V \ W because |[{v} UW| = m,
we have A2W* C im(v,,). Hence im(1),,) = im(¢),,_1) and the inductive hypothesis says
that im(v),,_1) is surjective, so im(1),,) is surjective as well. O

We will now give an explicit description of the vector space H;(X; Q).

The Johnson homomorphism, alternate description. Let Wik)(Sg) denote the kth term of
the lower central series of the fundamental group of 7 (.S,) (we suppress the basepoint in
the notation, since the choice of basepoint does not affect the construction). The Johnson

homomorphism is a map
7y : Ty — Homz (m(S,)/m" (8,), 787 (5,)/n2(S,))

If v € m1(S,) is aloop and f € Z, is a mapping class, then 7,(f)(y) = v~ ' f(7), where the
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element v~ f(7) is only defined up to conjugation by 7 (S,). Johnson showed that this is
well defined as a map 71 (S,) /7" (S,) — 7. (S,) /72 (S,). Now, if ' € A2H;(S,; Z) is
given by a; A by + ...+ a, A b, for {a;, b; }1<i<, a symplectic basis for H;(S,; Z), then the

Johnson homomorphism can be rewritten as a map
74+ Ly — Homy (Hi(Sy; Z), N°H1(Sy; Z) [ Zu)') .

This description of the Johnson homomorphism allows us to prove Lemma 6.2.4. If WW C
H,(S,;Z) is a set of elements, recall that XgW C X, denotes the subcomplex of X, gen-
erated by elements o such that # (o) is compatible with W, i.e., for each w € W there
there is an # € H(o) such that w € H. If oy, by, ..., oy, B, are a symplectic basis for
Hi(Sy; Z) with @ = o, letw), = ap A fa+ ... +ay A By. IV C Hy(Sy; Q) is a subspace,
let X ;/ denote the subcomplex of X, consisting of cells z such that V' C ‘H ® Q for some

H € H(o).

Lemma 6.2.4. Let g > 4 and let a C S, be a nonseparating simple closed curve. Let
Z = [a]. Then there is an isomorphism 7, : Hi(X,; Q) = A2F- @ Q/Quw’. Furthermore,
this isomorphism is functorial in the following sense. Let VW C T+ be a set of elements
such that gV N Z+) > 1. Then im(H,(X)";Q) — Hi(X,;Q) — A7 @ Q/Quy)

contains im(A*(W+ N 7)) @ Q — A%EE @ Q/Quw)).

Proof. Since g > 4, the complex Cz(S,) is 1-acyclic by Theorem B. Therefore the last
three terms of the five term exact sequence associated to the equivariant homology spectral

sequence for the action of Z, on Cz(.S,) form a right exact sequence
H,(Stabz, (a); Q) — Hi(Z,; Q) — H (X, Q) — 0.

We have the following claim.
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Claim. We have im(H, (Stabz,(a); Q) — H1(Z,; Q)) = ker(evalz o7,), where
evaly : Homgy(H,(S,;Z), N*H,(Sy; Z) | Zw') — N*Hy(Sy; Z) )7

is the linear map given by evaluation on .

Proof of claim. We prove each containment in turn. If f € Stabz, (a), we have 7,(f)(Z) =
0, so f € ker(evalz) and the C containment holds. For the O containment, let f € Z,
be a mapping class such that evalz(7,(f)) = 0. Let v € m(X,) be a loop such that 7 is
homotopic to a as an unbased loop. Since the choice of representative of ¥ is arbitrary, we
must have 7! f(~) € 7r§2) (Sy) since 7,(f)(a) = 0 by hypothesis. A theorem of Church [9,
Theorem 1.1] tells us that there is some h € K , where K, is the Johnson kernel [12,
Section 6.6], such that ha = f(a), so h™'f(a) = a, and therefore h~'f € Stabz,(a).
Johnson [19, Lemma 4A] showed that h € ker(7,), so [h~1f] = [f] € Hi(Z,; Q), since
im(7y) ® Q = Hy(Z,;Q) [22]. Therefore [f] € im(H,(Stabz,(a); Q) — Hy(Zy;Q)), so

the claim holds.

Given the claim, we have an exact sequence
evalz
H,(Stabz,(a); Q) — Hi(Z;; Q) — /\2H1(Sg; Q)/Qu'.

Therefore, it suffices to show that im (evalz) = A?7+/Quw/. This is a consequence of
Johnson’s computation of the image of the Johnson homomorphism [19, Theorem 1].

We now use Lemma 5.1.4 to prove the second part of the lemma. In particular, it
suffices to show that any element Y A § € A2WL N A27 with 4, § primitive and (v, d) = 1

lies in the image of the composition
Hi(X)";Q) = Hi(Xy;Q) = A2F- @ Q/Quw,.

Let z C X, be an edge, 7 a lift of x to Cz(S,) with one vertex equal to a, and f € Z,
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a mapping class taking a to the other endpoint of Z. By the construction of the equivari-
ant homology spectral sequence, the class [z] € H;(X,; Q) is the image under the map
H,(Z,;;Q) — Hi(X,;Q) of the class [f] € Hi(Z,; Q). Then by alternate definition of 7,
given before the lemma, we have evalz(f) = wy, where wy € A2H;(S,; Q) is the charac-
teristic element for some H € H(z). Then for any y A ¢ with -y, § primitive and (v, §) = 1,
there is an z C X, and H € H(x) with wy, = v A . The set of such v A § spans A2+ @ Q

by Lemma 5.1.4, so the image of the composition
Hi(X)V;Q) = Hi(X,;Q) = A’ © Q/Qu,.

contains im(A?(W Nz @Q — A27-®@Q/Qul), so the proof of the lemma is complete.

]

We will need another auxiliary lemma about the rational abelianizations of the Torelli

groups of surfaces.

Lemma 6.2.5. Let g > 4, and let Ty, T1 be two surfaces each equipped with an embedding

2 T <= S,. Assume that the following hold:

each embedding ' is clean,

Sy \ ('(T;) is connected,

9(T) = 3fori =01,

the pullback S of the maps 1° and (" is a connected, smooth manifold,
« S, \ ({°(To) N (Th)) is connected, and

* 9(5) =3

The following commutative square
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Hy(Z(S, Sy); Q) —— H1(Z(T1, 54); Q)

Lo,k

H\(Z(T3, 5,); Q) ——— H\(Z: Q).

is a pullback square.

Proof. For each T;, let ' denote the map S — 7, and let ¢ denote the composition ¢% o x?.
Note that since S is a pullback, we have ¢! o k! = 1% 0 k°, so the definition of ¢ does not de-
pend on i. Now, since we have assumed that each embedding ¢’ is clean, we have ¢! injective
by a theorem of Putman [37, Theorem B]. The map ¢ is also clean by hypothesis, and there-
fore the pushforward ¢, is injective by the same theorem of Putman, so it suffices to show
that im(¢,) = im(:2)Nim(:!). Lemma 5.1.5 says that that im(Z(:%),.) = im(A3H,(7;; Q) —
N H1(Sy;Q)) and im(Z (1)) = im(A*Hy(S;Q) — A*Hi(S,;Q)). Since the functor A3
from Q—vector spaces to Q—vector spaces sends pullbacks of monomorphisms to pullbacks

of monomorphismes, it is enough to show that
im(H:(70; Q) = H1(Sy; Q) Nim(Hy(T1; Q) — Hi(Sy;Q))
is equal to

1II1(H1(S7Q) — Hl(SgaQ))

This follows from our hypotheses that S, \, ¢(S) and S, \, +*(7;) are connected, so embed-

ding S and 7; into S, does not introduce any new relations in H,(S; Q) or H;(7;; Q). O
We now prove the following.

Lemma 6.2.6. Let L C 7 be a free abelian subgroup with g(L) = 2 and dim(L ® Q) = 4.

Let V =L ® Q. Let V be as in Lemma 6.2.1. Then the natural map

v P H(X)NX)5Q) - Hi(X,);Q)
VICV:|V!|=4

is surjective.
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Proof. We begin with the following claim.

Claim. The pushforward H,(X,;Q) — Hi(X,;Q) is an injection, and the image of
this map is sent to A2V N A?Z* under the isomorphism H;(X,; Q) & A?7! /Qu,, from

Lemma 6.2.4.

Proof of claim. Let S3 C S, be a compact subsurface such that
im (H:(S3;Z) < Hi(Sy; Z)) = V.

Let Igl_2 denote the subgroup of Z, generated by elements that fix 953 and restrict to the
identity on S3. Let Cz(S,, S3) denote the subcomplex of Cz(S,) generated by curves ¢
such that c is disjoint from Si. By a result of Kent, Leininger and Schleimer [24, Theorem
7.2], the fibers of the natural map Cz(S,, S3) — Cz(S,_2) are all trees, so Cz(S,,S3) is
homotopy equivalent to Cz(S,—_2). Then by Theorem B, Cz(S,_2) is at least 1-acyclic, and
thus Cz(S,, S3) is at least 1-acyclic as well. Therefore the equivariant homology spectral

r 1
sequence £} (7,

2, Cz#(Sg, S3); Q) converges to Hy(Z, ,; Q). Hence there is a right exact

sequence

H,(Stabzy ,(a); Q) = Hi(Z;_5;Q) — Hi(X,];Q) 0.

Since ¢ > 33, we have g (Sg172 \ a) > 3. Then the inclusion Sp o\ a—= Sl ,isa
clean embedding (as in Section 4.2), so a theorem of Putman [37, Theorem B] says that
the pushforward map H, (Stabzg&2 (a); Q) = Hi(Z, ,;Q) is an injection. Hence the above

right exact sequence is in fact exact:
O~—>fﬂ(Stab€L2@U;QD~—>ffd];_2;Q&-—>l{d)ﬂ¥;(® — 0.

Furthemore, there is a morphism of short exact sequences
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0 —— Hy(Stabp (a); Q) — H\(I}_5; Q) — Hy(X);Q) ——0

lﬁa lp JP
0 —— H;(Stabg,(a); Q) —— H1(Z,; Q) —— H(X,;; Q) —— 0,
where p, and p are the natural pushforward maps. Lemma 6.2.5 says that left square is

a pullback. Furthermore, each map in this square is an injection by the aforementioned
theorem of Putman, so the map cok(p,) — cok(p) is injective. Furthermore, since p is

injective, we have ker(p) = 0. Then the snake lemma says that there is an exact sequence
ker(p) — ker(p) — cok(p,) — cok(p).

The map cok(p,) — cok(p) is injective and ker(p) = 0, so ker(p) = 0, and in particular we
see that 7 : Hy(X,'; Q) — H1(X,; Q) is an injection. The second part of the claim follows
from the fact that for any edge x C X ;/ , the characteristic element wy, for any H € H(x)
lies in A*V+ N A2Z+ @ Q. This implies that im (H,(X)'; Q) — H1(X,; Q)) is contained
in A2V+ N A2, Then the second part of Lemma 6.2.4 gives the containment in the other
direction, so we have equality.

Given the claim, we now continue with the proof of the lemma. The claim says that
Hy(X,;Q) = A[V]F Nt @ Q. Since dim (V) = 4 and the elements of V have pairwise
trivial algebraic intersection, the set projy . ()’) contains at least six linearly independent
elements. Let B C V be a subset of maximal size with B’ = projy . (B) linearly indepen-
dent. Since we have assumed that each element v € V has trivial algebraic intersection
with Z, we have B C - N V,. Then since |B'| = 6, Lemma 6.2.3 applied to the set 5’ and

the vector space V*+ N Z* with m = 4 says that the natural map

v @B AVEA) nEH)eQ - A(VEnE) eQ
VICB!:| V! |=4

is a surjection. Then, for any v € B, we have v N VL = wt NV, where w = projy, (v),
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so the natural map

v P AN Q- AV NE) 2 Q
VICB:| V' |=4
is a surjection. We have H, (X)) = A*(V' N ") @ Q by the claim. Furthermore, by
Lemma 6.2.4, we have im(H, (X, N X!); Q) — Hi(X,;Q)) 2 A*(V+ nwt) for any
v € B. Then by substituting in each of these homology groups in the previous equality, we

see that the natural map

v P H(X)NX);Q) = Hi(X);Q)
V' CB:|V!|=4

is surjective, so the lemma is complete. 0

We are now almost ready to conclude Section 6.2.1. We will first prove the following

auxiliary result, and then we will prove Lemma 6.2.1.

Lemma 6.2.7. Let (z, f) € @, _o As be a class. There is a linear combination in E2,
g ’
given by

m

(z, f) = Z(z,, fi)
i=1
such that, for each 1 < i < m, each x; has a representative T;  Cz(S,) and f; has a

representative F; € Stabrz, (7;). These representatives have the property that there is a

subsurface T; C S, with T; = S;, F; supported on T;, and T; disjoint from T;.

Proof. Letz C Cz(S,) be a representative for z. Let S’, S” be the connected components
of Sy \, . We have a surjection Z(S’, S,) x Z(S",S,) — Stabz,(Z), and hence by the

Kiinneth formula we have a surjection
Hi(Z(5',5,); Q) & Hi(Z(S", S,); Q) — Hi(Stabg, (2); Q).

Hence we may assume that, without loss of generality, f is represented by a mapping class
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F e I(5,S,). Furthermore, we may assume that g(S’) > 4. Indeed, if ¢g(5’) < 3,
then g > 33 implies that there is a 2—cell ¢ C Cz(S,) such that  C &, and such that
for ¥,z C o the other two edges, the connected component of .S, \, ¥ that contains S’
has genus at least 3, and similarly for Z. Then since ¢(S’) > 4 > 3, Lemma 5.1.3 says
that Z(5’,S,) is generated by bounding pair maps. Then bounding pair maps supported
on separating curves vanish in H;(Z,; Q) since Dehn twists along separating curves vanish
under 7,. Then Lemma 5.1.5 says that if ¢ : S” — S, is the inclusion map, the pushforward
Z(t). in H; is injective, so bounding pair maps supported on separating curves are trivial
in H;(Z(S",S,); Q). Hence the class f is a linear combination of classes represented by
bounding pair maps supported on nonseparating curves contained in S’, so we may assume

that f has a representative 7., € Z(.5’, S,) for cU ¢ a bounding pair with [c] # 0. We now

have two cases.

Case 1: [c] # Z. We first show that we can assume that no connected component of

S”\, (cU ) has genus zero. Suppose otherwise, so one connected component of

S\ (cUd)

is a subsurface P with P = Sj. Since we have assumed that g(S") > 4 > 3, there is another
curve ¢ disjoint from ¢ U ¢’ and not equal to c or ¢ with [¢] = [¢] and such that both con-
nected components of S’ \, (¢ U ¢”) have positive genus. Now, we have T, v = T¢. /T o1,
and both ¢ U ¢ and ¢’ U ¢ satisfied the desired condition on the genera of connected com-
ponents. Now, assuming that both connected components of S’ \, (¢ U ¢’) have positive
genus, we can rewrite 7. as a product of bounding pair maps T¢, c, 1%, ¢, - - - Te, 1 ¢, Such

that:
* ¢pg=c¢c,=C,and
* at least one connected component of S’ \, (¢; U ¢;11) has genus one.

Hence we may assume without loss of generality that ¢ U ¢’ is supported on a surface of
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genus one with two boundary components. Then there is a surface 7 that contains ¢ U ¢’

and is disjoint from Z such that 7 = S1, as desired.

Case 2: [c] = ©. We will reduce to Case 1, by showing that [T, .| € H(Z(5,S,); Q) is
asum [Ty o] + [Te] with d U d' and e U ¢’ bounding pairs such that [d], [e] # Z. As in
Case 1, we may assume that the connected component of S’ \, (cU¢’) that does not contain
T has genus one. Then by Lemma 5.1.5, we have H,(Z(S",S,); Q) = A*H,(5;Q). By
Lemma 5.1.2, if the connected component S” of S’ \ (c U ¢’) that does not contain Z has
a,b € Hy(S";Z) a pair of primitive elements with (a,b) = 1, then the image of 7, in
N3HL(S'; Q) is & A [b] A [c]. Now, choose nonzero primitive [d], [e] € H1(S’;Z) such that
[d] + [e] = [c] and [d], [e] € Z*+ N [b]*. Then we take Ty 4 and T, ., bounding pair maps in
Z(S',S,)suchthat [T x] =2 A[b] Ald] and [T, ] = Z A [b] A [e]. O

We are now ready to conclude Section 6.2.1.

Proof of Lemma 6.2.1. Let (x, f) € @xeXf,” A, be a class, where x C X, is an edge and
f € A,. Let z be alift of = to Cz(S,) such that a is a vertex of Z. We will show that the
image of (z, f) in E? , is contained in im(¢). By Lemma 6.2.7, it suffices to prove the result
in the case that f is represented by a bounding pair map F' € Stabz, (Z) and that there is an
inclusion ¢ : S3 < S, such that 7 is disjoint from im(¢) and F' is supported on im(¢). Let

V = im(¢,). By Lemma 6.2.6, there is a linear combination in H;(X,’; Q) given by

[z] = Z Ailz]

such that each ; is contained in X N X for some V' C V with [V'| = 4. Since each
z; € X ;/ , we have f € A, for each z;, and thus there is a linear combination in E%J given
by

n

(e.0) = 3 (i, ).

=0

Hence it is enough to prove the result in the case that x € X;’/ for some V' C V with
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V| = 4. Let H(x) = {HE, H7} and, without loss of generality, assume V' C H?%. Now,
if V' & HE fori = {0, 1}, we have (z, f) € Ef}’ for any v € V'. Otherwise, the vector
space H{ © Q and the set V' satisfy the hypotheses of Lemma 5.1.8. Hence there is a linear
combination
f=2_ X
j=1
where each f; € A*(H§ Nv;") ® Q for some v; € V'. Hence in Ef |, we have
(. f) =Y Nl fy)

J=1

with each (z, f;) € Ef;’ for some v € V' C V. Therefore we have (z, f) € im(¢) as

desired. O]

6.2.2 The proof of Theorem C

We begin by proving Proposition 1.3.2, which says that Eil is finite dimensional.

Proof of Proposition 1.3.2. Let G = im(Mod(S, \, a) — Sp(2g,Z)). We will show that
the hypotheses of Proposition 4.1.1 are satisfied for the G—representation Eil withd = 9.
The first hypothesis is the content of Lemma 6.2.1 and the second is the content of Lemma

6.1.1, so IEil is finite dimensional by Proposition 4.1.1. ]
We are now ready to complete Section 6.2.

Proof of Theorem C. Let g > 33 and Ef , denote the equivariant homology spectral se-
quence for the action of Z; on Cz(S,). As a consequence of Theorem B, E] = converges
to Hy(Z,; Q) for p 4+ ¢ = 2. Hence it suffices to show that Eg’o and E%l are finite dimen-
sional. The vector space 3 ; is finite dimensional by Proposition 1.3.1 and E3 | is finite

dimensional by Proposition 1.3.2. U
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CHAPTER 7
THE PROOF OF THEOREM A

7.1 The proof of Theorem A

We now prove Theorem A, which we recall says that Hy(Z,; Q) is finite dimensional for
g > 33. We will begin by proving Lemma 7.1.1, which is an alternate proof of a corollary
of a result of Kassabov and Putman result [23, Theorem A]. We will then use Theorem C

along with Proposition 4.1.1 to prove Theorem A.
Lemma 7.1.1. Let g > 3. The vector space Hy(Sp(2g,Z); Hy(Z,; Q)) is finite dimensional.

Proof. LetE]  be the Leray—Serre spectral sequence associated to the short exact sequence

1 = Z, — Mod(S,) = Sp(29,Z) — 1.

The vector space Hy(Mod(S,); Q) is finite dimensional [12, Section 5.4]. Then since
H\(Z,;Q) is finite dimensional [20], the modules E> = H,(Sp(2g,2); Hy(Zy; Q)) are
all finite dimensional for ¢ < 1 [39, Corollary 3]. Hence both the image and the kernel of

the pushforward map

Ho(Sp(2g,Z); Hy(Zy; Q) — Ha(Mod(Sy); Q)

are finite dimensional, so H,(Sp(2g,Z); H2(Z,; Q)) is finite dimensional. N
We now prove the main result of the thesis.

Proof of Theorem A. Let G = Sp(2g,Z) and V = H,(Z,; Q). We will show that the G-

representation V' satisfies the hypotheses of Proposition 4.1.1 for d = 1, and hence is finite
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dimensional. The first hypothesis is that for any primitive v € H;(S,; Z), the cokernel of

Hy(Zy; Q)™ — Ha(Z;Q)

is finite dimensional, which is the content of Theorem C. The second is that Hy(Z,; Q)€ is

finite dimensional, which is the content of Lemma 7.1.1. Hence Proposition 4.1.1 says that

H,y(Z,; Q) is finite dimensional for g > 33, as desired. O
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