HOMEWORK 1 — GROUPS

DANNY CALEGARI

Homework is assigned on Fridays; it is due at the start of class the week after it is
assigned. So this homework is due September 29th. Problems marked “Hard” are extra
credit; in other words, doing all the ordinary problems correctly will earn full credit. But
by doing hard problems, it is possible to make mistakes on, or fail to complete, all the
ordinary problems, and still earn full credit.

Problem1. Verify that each of the following examples are groups under the proposed
operation, and calculate the identity and the inverse of a general element.
(1) The integerZ under+
(2) The set o2 x 2 matrices with real entries and nonzero determinant under matrix
multiplication. This is called thgeneral linear group in dimensiahand denoted
GL>(R)

(3) The set oR x 2 matrices of the forn{

under matrix multiplication.

(4) The group ofntegers modula under+. These are the sets of equivalence classes
of integers, where ~ b if and only if a — b is divisible byn. This group is denoted
Z/nZ.

(5) The set o2 x 2 matrices with entries ifZ./2Z (i.e. “even” and “odd”) with the
usual rules of multiplication and addition for even and odd numbers, with odd
determinant, under matrix multiplication. This group is denatdd,(Z/2Z).

(6) The group of permutations efobjects (which mightas well bethe gt ..., n})
under composition. This group is called thyymmetric grous.,.

(7) The group of symmetries of a regulargon under composition. This group is
called thedihedral groupD,, .

(8) For an arbitrary sef, the group ofil-1 and invertible mapsY — X under
composition is a group. This group is called #yenmetric group ok and denoted
Sx.

Problem2. How many elements are iR,,? How many are irt,,?

8 ﬂ wherea is nonzero and is arbitrary

Problem3. List all the homomorphisms frord, + to Z, +. List all the homomorphisms
fromZ/2Z,+ to Z, +.
Problem4. Let S be a set ands be a group. Show that the set of maps S — G
is a group Maps, G), under the operation(f, g)(s) = f(s)g(s) where the product on
the right hand side is taken in the grogh SupposeS has two elements. Show that
Map(S,G) = G x G.
Problem5. For X a subgroup oft’, recall that the index ofX in Y is the number of
equivalence classes of cosets¥fin Y. Denote this byY : X). If L is a subgroup off
which is a subgroup of7, show that

(G:H)H:L)=(G:L)
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Problem6. Let H be a subgroup aff. Show that the action @& on the set of equivalence
classes of cosets/H defines a homomorphisgh: G — S, r. Show that the kernek
of ¢ is contained inA. If H isnormal then showK = H. Using¢ show that if the index
of H in G is finite, then the index o in G is finite. (Recall thatH is normalif for any

g € G,gHg ! = H as subsets af)

Problem7. Show that
Z/mZ x Z/nZ = 7/mnZ
if and only if n andm are coprime.

Problem8. Show thatSy & Dy = Z/27. Also, show thatSs = D3 =~ GLy(Z/27).

Problem9. Supposed is an Abelian group (i.egh = hg for all g, h € A). Fix an integer
n and lety,, : A — A be defined byp,,(¢9) = g"™. Showe,, is a homomorphism. Suppose
A is finite and the order ofl is coprime withn. Showg,, is an isomorphism.

Problem10. An automorphisnof G is an isomorphism fronds to itself. Show that the
collection of automorphisms @¥ is itself a group, denoted A(().

Problem11 (Hard) If g € G, the mapp, : G — G defined byp,(h) = ghg~* defines an
automorphism of7 (check!). Such automorphisms are calieder automorphismsShow
that the mapy — Aut(G) defined byg — ¢, is a homomorphism, and therefore that the
set of inner automorphisms is a group. Show in fact that itisranalsubgroup of AWtG).
The quotient group At7)/Inn(G) is called the group abuter automorphisms .
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