
HOMEWORK 1 — GROUPS

DANNY CALEGARI

Homework is assigned on Fridays; it is due at the start of class the week after it is
assigned. So this homework is due September 29th. Problems marked “Hard” are extra
credit; in other words, doing all the ordinary problems correctly will earn full credit. But
by doing hard problems, it is possible to make mistakes on, or fail to complete, all the
ordinary problems, and still earn full credit.

Problem1. Verify that each of the following examples are groups under the proposed
operation, and calculate the identity and the inverse of a general element.

(1) The integersZ under+
(2) The set of2 × 2 matrices with real entries and nonzero determinant under matrix

multiplication. This is called thegeneral linear group in dimension2 and denoted
GL2(R)

(3) The set of2× 2 matrices of the form

[
a b
0 1

]
wherea is nonzero andb is arbitrary

under matrix multiplication.
(4) The group ofintegers modulon under+. These are the sets of equivalence classes

of integers, wherea ∼ b if and only ifa−b is divisible byn. This group is denoted
Z/nZ.

(5) The set of2 × 2 matrices with entries inZ/2Z (i.e. “even” and “odd”) with the
usual rules of multiplication and addition for even and odd numbers, with odd
determinant, under matrix multiplication. This group is denotedGL2(Z/2Z).

(6) The group of permutations ofn objects (which might as well be the set{1, . . . , n})
under composition. This group is called thesymmetric groupSn.

(7) The group of symmetries of a regularn–gon under composition. This group is
called thedihedral groupDn.

(8) For an arbitrary setX, the group of1–1 and invertible mapsX → X under
composition is a group. This group is called thesymmetric group ofX and denoted
SX .

Problem2. How many elements are inDn? How many are inSn?

Problem3. List all the homomorphisms fromZ,+ to Z,+. List all the homomorphisms
fromZ/2Z,+ toZ,+.

Problem4. Let S be a set andG be a group. Show that the set of mapsf : S → G
is a group Map(S,G), under the operationc(f, g)(s) = f(s)g(s) where the product on
the right hand side is taken in the groupG. SupposeS has two elements. Show that
Map(S,G) ∼= G×G.

Problem5. For X a subgroup ofY , recall that the index ofX in Y is the number of
equivalence classes of cosets ofX in Y . Denote this by(Y : X). If L is a subgroup ofH
which is a subgroup ofG, show that

(G : H)(H : L) = (G : L)
1



2 DANNY CALEGARI

Problem6. LetH be a subgroup ofG. Show that the action ofG on the set of equivalence
classes of cosetsG/H defines a homomorphismφ : G → SG/H . Show that the kernelK
of φ is contained inH. If H is normal, then showK = H. Usingφ show that if the index
of H in G is finite, then the index ofK in G is finite. (Recall thatH is normal if for any
g ∈ G, gHg−1 = H as subsets ofG)

Problem7. Show that
Z/mZ× Z/nZ ∼= Z/mnZ

if and only if n andm are coprime.

Problem8. Show thatS2
∼= D1

∼= Z/2Z. Also, show thatS3
∼= D3

∼= GL2(Z/2Z).

Problem9. SupposeA is an Abelian group (i.e.gh = hg for all g, h ∈ A). Fix an integer
n and letφn : A→ A be defined byφn(g) = gn. Showφn is a homomorphism. Suppose
A is finite and the order ofA is coprime withn. Showφn is an isomorphism.

Problem10. An automorphismof G is an isomorphism fromG to itself. Show that the
collection of automorphisms ofG is itself a group, denoted Aut(G).

Problem11 (Hard). If g ∈ G, the mapφg : G→ G defined byφg(h) = ghg−1 defines an
automorphism ofG (check!). Such automorphisms are calledinner automorphisms. Show
that the mapG → Aut(G) defined byg → φg is a homomorphism, and therefore that the
set of inner automorphisms is a group. Show in fact that it is anormalsubgroup of Aut(G).
The quotient group Aut(G)/Inn(G) is called the group ofouter automorphisms ofG.
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