LEFSCHETZ FIBRATIONS WITH INFINITELY MANY SECTIONS
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ABSTRACT. The Arakelov—Parshin rigidity theorem implies that a holomorphic Lefschetz fibration
m™: M — S? of genus g > 2 admits only finitely many holomorphic sections o : S2 — M. We
show that an analogous finiteness theorem does not hold for smooth or for symplectic Lefschetz
fibrations. We prove a general criterion for a symplectic Lefschetz fibration to admit infinitely many
homologically distinct sections and give many examples satisfying such assumptions. Furthermore,
we provide examples that show that finiteness is not necessarily recovered by considering a coarser
count of sections up to the action of the (smooth) automorphism group of a Lefschetz fibration.

1. INTRODUCTION

Lefschetz pencils play a prominent role in the study of varieties, arising naturally in the projective
setting by intersecting varieties with generic 1-parameter families of hyperplanes [Voi07, Chapter
2]. Ever since Donaldson [Don99] showed that Lefschetz pencils generalize to symplectic manifolds
and Gompf [Gom05|] showed that any manifold admitting such a structure is symplectic, Lefschetz
pencils and fibrations have served as a bridge between symplectic and Kéhler 4-manifolds. There
exist symplectic Lefschetz fibrations that admit no complex structures; see [0S00], Kor(1, Bay12].
The study of differences between holomorphic and symplectic Lefschetz fibrations has been a fruitful
area of research (e.g. [Sti00, [EN05, BKS24| [ST05, [Sti01]). In this paper we continue this study and
examine the number of sections of symplectic and smooth 4-dimensional Lefschetz fibrations. Our
results contrast with the holomorphic setting.

1.1. Counting sections of Lefschetz fibrations. An important rigidity theorem in the holomor-
phic case is the Arakelov—Parshin rigidity theorem [Ara7ll [Par6G8], also called the Geometric Shafare-
vich conjecture, which states that there are only finitely many nontrivial families of Riemann surfaces
of genus g > 2 over a fixed Riemann surface of finite type. The extra data of a section of a Lefschetz
fibration specifies a nontrivial family via the so called Parshin trick (see Section[L.2)). Thus Geometric
Shafarevich implies the following finiteness theorem for holomorphic Lefschetz fibrations, which was
originally proven independently by Manin and Grauert before the work of Arakelov and Parshin. See
McMullen’s survey [McMO0] for more details.

Theorem 1.1 ((Special case of) Geometric Mordell Conjecture [Man63l, [Gra65]). A nontrivial, holo-
morphic Lefschetz fibration M — CP' of genus g > 2 admits finitely many holomorphic sections.

Imayoshi—Shiga [[S88] proved an extension of Geometric Shafarevich to families of finite type. A
key fact used in their proof is that the monodromy representation of a nontrivial family is irreducible
[IMcMO00,, Section 3]. Smith [SmiO1l, Proposition 4.2] later proved that in fact the same holds for the
monodromy representation of a smooth or symplectic Lefschetz fibration over S2. Despite Smith’s
generalization, we show that Geometric Mordell does not hold for symplectic Lefschetz fibrations, i.e.
smooth Lefschetz fibrations 7 : M* — S? paired with symplectic structures (M,w) for which (the
smooth loci of) the fibers of 7 are symplectic.

Theorem 1.2. For any g > 2, there exists a genus-g Lefschetz fibration 7 : M* — S? that admits
infinitely many homologically distinct smooth sections. In other words, there exist sections oy, : $% —
M for k € Z such that if i # j then

[03(5)] # [05(S%)] € Ha(M; Z).

Furthermore, M admits a symplectic structure for which the fibers of 7 and any section o (S?) are
all symplectic.
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We will deduce the existence of infinitely many symplectic sections from a more general criterion
(Theorem stated in Section In Section [3| we describe a general procedure to smoothly construct
these sections. In Section [5] we adapt the Gompf-Thurston construction to endow any Lefschetz
fibration 7 : M — S? with infinitely many sections oy, : S? — M as constructed in Section [3| with a
symplectic form w such that oy (S?) is a symplectic submanifold of (M,w) for all k € Z.

Remark 1.3. Tt was claimed ([Smi01l Corollary 1.4, Theorem 5.1]) that Geometric Mordell also holds
in the smooth category up to homotopy, i.e. that a Lefschetz fibration of genus g > 2 admits finitely
many homotopy classes of smooth sections. There is a gap in the argument, as it claims ([Smi0T}
Line 12 of the proof of Theorem 5.1]) that the number of homotopy classes of sections is bounded
above by the number of components of the complement of a fixed set of curves in minimal position
in X, 1 representing the vanishing cycles in a generic fiber. However, this presumes that any lift of
the monodromy representation from Mod(X,) to Mod(X, 1) (where the marked point corresponds to
the section in a regular fiber) is defined by Dehn twists about this fixed set of curves, which is not
necessarily true (cf. Theorem .

On the other hand, Hayano [Hay12, Theorem 1.2] showed that Geometric Mordell does not hold
in the more general setting of broken Lefschetz fibrations.

In Sections[6land[7]we apply Theorem [2.1]to obtain many examples of Lefschetz fibrations admitting
infinitely many homologically distinct sections. For example, the following corollary supplies many
decomposable examples of such fibrations.

Corollary 1.4 (Decomposable examples). Let 7 : M — S? be a nontrivial Lefschetz fibration of
genus g > 2 that admits a section. The untwisted fiber sum 7# pm : M# M — S? admits infinitely
many homologically distinct smooth sections. Furthermore, M# M admits a symplectic structure
for which the fibers of 7 and infinitely many sections are all symplectic.

Corollary @ shows that the same holds for fiber sums M;# r M if each factor has trivial first
homology. On the other hand, the following corollary shows that our results are not restricted to
decomposable fibrations.

Corollary 1.5 (Indecomposable examples). For every g > 2, there exists a genus-g, fiber sum inde-
composable, symplectic Lefschetz fibration that admits infinitely many homologically distinct sym-
plectic sections.

There also exist many holomorphic Lefschetz fibrations to which Theorem [2.I]applies. For example,
if #: M — S? is a holomorphic Lefschetz fibration of genus g > 2 then the untwisted fiber sum
n#pm : M#pM — S? also admits a holomorphic structure. Thus, coupling Corollary with
Geometric Mordell gives the following corollary.

Corollary 1.6. Let 7 : M — CP' be any nontrivial, holomorphic Lefschetz fibration of genus g > 2
that admits a section. For any holomorphic structure of the untwisted fiber sum n#pm: M#pM —
CP*', there exist infinitely many homologically distinct smooth sections that are not homologous to
any holomorphic section.

The construction of the sections given by Theorem [2.I]requires the existence of at least one section.
It is unknown whether every Lefschetz fibration admits a section. Our work thus prompts the following
question.

Question 1.7. Are there Lefschetz fibrations 7 : M — S2? with a finite, positive number of homo-
topically distinct smooth sections? If so, is there an effective bound on the number of sections?

Finally, we note that the existence of infinitely many homologically distinct symplectic sections
generalizes to certain Lefschetz fibrations @ : M — B over arbitrary surfaces B, including some
surface bundles over surfaces, because the construction of the sections in Section [3] is local. See
Remark [6.4] for more details.
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1.2. Isomorphism classes of sections and the Parshin trick. The Parshin trick is another
input to the proof of Geometric Mordell in the holomorphic category. It relates a holomorphic section
s : B — C of a family C' — B with fibers of genus g to a family D — B with fibers of higher
genus. Parshin’s (and Kodaira’s [Kod67]) idea is to use the section to create a branched cover D — C
branched over s(B) and form a family D — C' — B. For more details, see [McMO00, Section 4].

Theorem 1.8 (Parshin trick [Par68]). Given a genus g > 1 and a base B of finite type, there exists
a genus h > 2 and a finite-to-one map

Families C' — B with fibers of genus g, . Families D — B with
equipped with sections s : B — C fibers of genus h ’

Here, two families 1 : C7 — B and 7o : Cy — B are equivalent if there is an isomorphism f : C; — Cy
lying over the identity of B, i.e. m = mp o f. Two families with sections (C4,s1) and (Cs, s2) are
equivalent if there is an isomorphism C; = (s of families over B sending s; to ss.

The Parshin trick, in conjunction with Geometric Shafarevich, implies Geometric Mordell in the
case of fiber genus g > 2 because the automorphism group of a family with fiber genus g > 2 is
finite. In light of the Parshin trick, we incorporate the action of the smooth automorphism group of
a Lefschetz fibration 7 : M — S? in our count of its sections. For two sections si, so of 7, the pairs
(m,s1) and (m, s2) are isomorphic if there exist orientation-preserving diffeomorphisms ¥ : M — M
and 1 : S — S? such that the following diagram commutes:

MY M

")
™ ™
2 _ ¥ 2
S —— 8
The pair (¥,) is an automorphism of the Lefschetz fibration 7 : M — S2.
In contrast to the holomorphic setting, we show through explicit examples that there is no finiteness
result even for the number of sections up to isomorphism (not necessarily lying over the identity) in
the smooth setting.

Theorem 1.9. For any g > 2, there exists a genus-g Lefschetz fibration 7 : M — S? with infinitely
many homologically distinct smooth sections that are pairwise non-isomorphic.

We also show for an abundant family of examples that there is no finiteness result for the number
of sections up to isomorphisms covering the identity in the smooth category, in direct contrast with
the Parshin trick. (See Proposition ) The following questions arise naturally.

Question 1.10. Are there Lefschetz fibrations with finitely many isomorphism classes of smooth sec-
tions despite admitting infinitely many homotopically distinct sections? Are there any such Lefschetz
fibrations with a unique isomorphism class of smooth sections?

We give examples in which the sections arising from our construction lie in a single isomorphism
class of sections (Example|7.2]). Yet this does not address the last question, as we cannot rule out the
presence of sections unrelated to our construction.

1.3. Organization of the paper. In Section[2]we recall basic facts about Lefschetz fibrations, set up
notation, and state our most general theorem (Theorem. In Sectionwe describe our construction
of sections oy : S? — M, to be used in the proof of Theorem In Section 4| we show that the
sections oy, are homologically distinct. In Section [5] we extend our results to the symplectic category
by a slight modification of the Gompf—Thurston construction and conclude the proof of Theorem
Section |§| contains many examples of Lefschetz fibrations (both decomposable and indecomposable)
satisfying the assumptions of Theorem[2.I]and proves Theorem[I.2|and Corollaries and[L.5] Finally,
in Section [7| we study the action of the automorphism group of 7 : M — S? on our construction and
prove Theorem [[.9]



4 SERAPHINA EUN BI LEE AND CARLOS A. SERVAN

1.4. Acknowledgments. We are grateful to our advisor Benson Farb for his invaluable guidance and
support throughout this project and for his numerous comments on earlier drafts of this paper. We
would like to thank Ivan Smith for helpful email correspondences regarding his work [Smi0O1], inang
Baykur for many insightful suggestions, including some that led us to the proof of Corollary and
Linus Setiabrata for suggesting the generalization to Lefschetz fibrations over arbitrary bases (Remark
. We also thank Nick Salter for a helpful email correspondence and comments on an earlier draft
and Bena Tshishiku for an insightful conversation.

2. LEFSCHETZ FIBRATIONS AND SECTIONS

The goal of this section is to state our main tool (Theorem [2.1)) to detect the existence of infinitely
many sections of certain genus-g Lefschetz fibrations 7w : M — S2. Before doing so, we fix notation
and state our standing assumptions.

2.1. Lefschetz fibrations and monodromy. Let M* be a closed, connected, oriented, smooth 4-
manifold. A surjective smooth map 7 : M — S? is a Lefschetz fibration if 7 has finitely many critical
points q1,...,q- € M and for each critical point g;, there are smooth, orientation-compatible charts
U; = C? around ¢; € M and V; = C around 7(g;) € S? such that relative to these charts, 7 takes the
form

(21, 22) = 22 + 23.

A Lefschetz fibration is montrivial if it has a positive number of critical points. We assume that
Lefschetz fibrations are injective on the set of their critical points and that Lefschetz fibrations are
relatively minimal, meaning that no fiber of = contains an embedded (—1)-sphere. The genus of a
Lefschetz fibration m : M — S? is the genus of the surface 7=1(b) for any regular value b € S?. Note
that the orientations of M and S? determine an orientation on any regular fiber 7=1(b). In particular,
if s : S2 — M is a section of 7 then

Qur([x~" (). [s(57)]) = 1

where Qs : Ho(M;Z) x Hy(M;Z) — Z denotes the algebraic intersection form of M.
Let m : My — 52 and m : My — S? be genus-g Lefschetz fibrations admitting sections s; :
52 — M; and sy : S2 — M, respectively. For each i = 1,2, let v; C M; be a fiberwise tubular

neighborhood of a regular fiber of m;. For any fiberwise orientation-reversing diffeomorphism of pairs
¥ 2 (Ovy, 81(0v1)) = (Ova, $2(Ove)), consider the fiber sum

T#pyme s Midtpy My — S?

which is a genus-g Lefschetz fibration obtained by gluing M7 —v; and My — v5 along their boundaries
via 9. The fiber sum m# 472 naturally also admits a section si#F s2 : S? 5 M, #p Mo defined
piecewise as s; on the image of M; — v; in S? for each i = 1,2. If (My,v1) = (Ma, 1) and ¢
restricts to the identity map on some fiber 7 *(¢) = 75 '(¢) then we omit 1 from the notation and
T pme : Mi#rMs — S? is called an untwisted fiber sum.

The data (1 : M — S?,s : §2 — M) of a Lefschetz fibration and section can be encoded in an
antihomomorphism called the monodromy representation [GS99, p. 291]. The choices of a regular
value b € S? and a diffeomorphism of pairs ®;, : (771(b), s(b)) = (X, p) for a marked point p € ¥,
determine a monodromy representation of (m, s)

P(m,s) 71—1(52 - {q17 s QT}, b) — MOd(Zgﬁl),

where qi,...,q, € S? denote the singular values of 7 and Y41 is a genus-g surface with one marked
point p. If v; € 71(S? — {q1,...,q},b) is a loop obtained from a small, counterclockwise loop around
q; connected to b by a path in S?—{qi, ..., g}, the monodromy P(x,s)(7i) is a right-handed Dehn twist
Ty, € Mod(X, 1) about a vanishing cycle £;, which is an isotopy class ¢; of some essential simple closed
curve in ¥, ;. Fixing a choice of generators v1,...,7 € m1(S* — {q1,...,¢-},b) whose composition
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gives a contractible loop encircling all singular values determines a monodromy factorization of the
pair (7, s), which is a relation in Mod(X,,1) of the form

Tgr . ..Tgl =1e€ Mod(Eg,l).
The group Mod(%, 1) fits into the Birman ezact sequence [FMI12) Section 4.2]

(1) 1= 71 (Sg,p) 2285 Mod(Sy1) —5% Mod(3y) — 1.
For any v € m (24, p), denote
P, :=Push(y™ ') € Mod(%, 1)
so that P, is represented by a diffeomorphism of X, ; obtained by “pushing p along v.” We note that
the map v — P, is an antihomomorphism of groups.

2.2. Statement of the main theorem. We are now ready to state a sufficient condition for a
symplectic Lefschetz fibration to admit infinitely many homologically distinct symplectic sections,
which can be checked directly from a monodromy factorization of a section.

Theorem 2.1. Let 7 : M — S? be a genus-g Lefschetz fibration with ¢ > 2 and let s : S> —+ M be a
section of 7. Fix a subword (7%, ...T},) of a monodromy factorization

Tlr1+r2 S TngJrngrl ... Tgl =1e€ MOd(EgJ)

of the pair (m,s). Suppose that the following conditions hold:

e There exists a nonseparating simple closed curve 6 C 3, such that [6] € Hi(X4;Z) is an
element of

Z{[0a)s - [ Y V2L [l ) [y ]} € Hi (B3 Z).
o There exists a simple loop v : R/Z — ¥, with v(0) = p € X, that intersects 0 transversely
exactly once in 3, and

(Te,, - Te,)(V) = W] € m(Xg,p).
Then the Lefschetz fibration 7 : M — S? admits infinitely many sections
{op:S? =M :keZ}
such that
(a) the sections oy, are pairwise homologically distinct, i.e. if k1 # ko € Z then
[0k, (S%)] # o, (S?)] € Ha(M; Z);

(b) a monodromy factorization of (m,oy) is

Tty -+ Torgss) (Tt -+ Trrcer) = 1 € Mod(Sy1);

(c) there exists a symplectic form w of M such that (the smooth loci of) the fibers of 7 and any
section o (S?) are all symplectic submanifolds of (M,w).

Remark 2.2. The loop v will be used to construct the sections o, and because of smoothness we will
assume that y(t) = p for ¢t near 0 € R/Z. The curve 6 C X, will be used to detect that the sections
o are pairwise homologically distinct. Also see Remark for a topological interpretation of the
assumption on [0].

The proofs of Theorem [2.1{(a)| @, and can be found in Sections and [5| respectively.

Each part is proven independently from the rest.

3. CONSTRUCTION OF SECTIONS o), FOR EACH k € Z

In this section we construct a section o, : S> — M of m : M — S? for each integer k € Z, to be
used in the proof of Theorem emphasizing a special case in which 7 is a fiber sum m #p s :
Mi#p My — 52 which will be used extensively in later sections.
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FIGURE 1. This figure summarizes the notation for various parts of S2.

3.1. A decomposition of S2. Fix the notation and assumptions of Theorem Let g1,...,Gr 4ry €
S? denote the singular values of 7 corresponding to the vanishing cycles /1, ..., ¢, ., respectively.
The base 52 can be written as a union of three sets

S? = Dy U AU Do,
such that (cf. Figure

(a) Dy, Dy = D? are closed 2-disks and A = S1 x (0,1) is an open annulus so that 9D; = S* x {0}
and 0D, = S' x {1} in the closure A = St x [0, 1],

(b) the base point b is contained in 0Da,

(¢) q1,...,qr are contained in D; and the singular values gy, 41,.-.,qr 4+, is contained in Dy,
and

(d) the based loop (C,b) := (0D3,b) C (S?,b) can be oriented so that when considered as an
element of 71(S? —{q1,. -+, qr 41} b),

p(ms)(C) = Tgrl - T£1 S MOd(ngl)

where prs) : T1(S?* — {q1,- - @ry4ry },b) = Mod(2g,1) is the monodromy representation of
(m, s) with respect to a diffeomorphism of pairs @, : (771(b), s(b)) — (Z4,p).
Let
X1 = 7T_1(D1 UZ), X2 = 7T_1(D2).

Remark 3.1. In the statement of Theorem [2.1} [0] € H;(X,;Z) is assumed to be contained in the
intersection Z{[¢1],...,[lr ]} N Z{[lr, 1], ..., [lr,+r,]}- This is is equivalent to the condition that
[6] = 0 € Hi(X;;Z) for both i = 1,2, which can be seen by viewing X; as ¥, x D? with a 2-handle
attached along each vanishing cycle £, of X; ([GS99, Section 8.2]) and applying Mayer—Vietoris.

Example 3.2. Let m; : M; — S? and 7y : My — S2? be genus-g Lefschetz fibrations with sections
s1: 5% — My and sy : S — M,. Consider any fiber sum m#pymo : Mi#ryMs — S? and the
corresponding section s1# 4 52; denote this pair by (7, s) and its monodromy representation by p(r ).
Let

(TgﬁJrT2 c.. TgrlJrl) (Tgrl S Tgl) =1e€ MOd(Eg,l)

denote a monodromy factorization of (, s) such that

T, ...Tgl =1y Ty =1€ MOd(Eg,l)

1 1472 r1+1
are factorizations of (71, s1) and (7a, s2) respectively.

For the subword 7%, ...Ty,, arrange so that
X1 =M — 1, Xo =M —vs
where v; C M; is a fiberwise neighborhood of a regular fiber of 7; for both i = 1,2 so that My # My =

X1 Uy Xo. In particular, {¢1,...,¢,, } is a set of vanishing cycles of M; and {¢; 41,..., 0 +r,} IS &
set of vanishing cycles of Ma.



LEFSCHETZ FIBRATIONS WITH INFINITELY MANY SECTIONS 7

"" E‘qx Slx [07 1]
Wr

L xS =7
1

',‘—1
0 el

‘
‘
i
k

FIGURE 2. Let k£ > 0. The blue point traces out the section oy, over the fibers of 7
over (0,t) € A ast € [0, 1] varies. This picture is independent of the S*-coordinate 6.

It follows that for C' as above, p(r ) (C) = 1 € Mod(X,1). Thus, any v € 71(2,,p) is fixed by
P(r,)(C) =T, .. Ty,

3.2. Construction of the sections o;. In this section we construct the sections oy, : S2 — M
of 7 : M — S2. The following example first illustrates a special case in which 7 = m#p,ma :
M #py My — 52 is a fiber sum, extending the setup described in Example

Example 3.3. Consider the fiber sum 7 = m#p ym2 : M1# 5o Mo — 52 as in Example Because
Pir,s)(C) = 1, there is a diffeomorphism ® : 771(A) — (¥, x S') x [0, 1] such that the following
diagram commutes:

N A) —2—— %, x S x[0,1]
S(lw (0,t)r—>(p,6,t)Cl(z,e,t)»a(e,t)
A———— 51 x[0,1]

Moreover, we may arrange so that ® extends @y, i.e. ®| -1 = Dy x {b} where b e A = S* x [0,1] is
the fixed regular value of .
For all k € Z, let oy, : 5% — M, # .y Ms be defined by

s(x) if z € Dy U Dso,
op(z) =19 . —
O (y(tk),0,t) ifz=(0,t) € A
See Figure 2] Because (y(tk),0,t) = (p,0,t) for any (6,t) € DA, the map oy, is well-defined.
More generally, consider a Lefschetz fibration m : M — S? of genus g > 2. Le1E| p € Diﬁ+(2g,p)

be a representative of p(, 4 (C) € Mod(X,,1) that fixes pointwise an annular neighborhood a C X, of
the loop v : R/Z — X,. Let M, denote the mapping torus

My = (34 % [0,1])/(2,0) ~ (p(2), 1).

There is a diffeomorphism @ : 7=*(4) — M, x [0,1] such that Ol 1y = Py x {b} (for the fixed
regular value b € A of 7) and such that the following diagram commutes:

ITo find ¢, recall that we can always find a representative ¢ of p(, ) (C) fixing a neighborhood of p. Now the proof
of [EM12] Prop 1.10] shows that ¢q(7) is isotopic to v rel p. Hence, we can isotope (rel p) o to fix v pointwise [FM12]
Prop 1.11]. Finally, ¢o can be isotoped to fix a tubular neighborhood « of v by the uniqueness of tubular neighborhoods
up to isotopy.
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7 (A) —2—— M, x [0,1]
S(Jf (0,t)>—>(p,9,t)(J(m,ﬁ,t)»—)(é‘,t)
A———5'x0,1]

For all k € Z, let oy, : M — S? be defined by

(z) = s(x) if z € D1 U Dao,
TR T 0 (y(th),0,1) ifx = (0,1) € A.

The map oy is a section of 7 by construction. To see that oy is well-defined, it is enough to check
this over A. We have for any ¢ € [0,1] and z = (0,¢) = (1,1),

Jk(ovt) = (I)_l(’Y(tk)v Oat) = Cb_l(go(’y(tk)), ]-»t) = (I)_l(’y(tk)v 1at) = Jk(lat)'
Moreover, tk is an integer for any (6,t) € JA, so
7 (y(th), 0,1) = D7 (p, 0,1) = 5(0,1).

3.3. Monodromy factorizations. The next proof describes monodromy factorizations of the sec-
tions o, : S — M using a different description of these sections.

Proof of Theorem . Take a diffeomorphism h., € Diff* (2, ;) representing the mapping class
P, € Mod(X,,1) and an isotopy Al : ¥, — ¥y with hf = Ids, and hl = h, so that

(a) th is supported in the fixed neighborhood o C ¥, of v for all ¢, and

(b) hl(p) =~(t) € Xy for all t € [0,1].
For any k € Z, let hfy)k 1 Yy — Y, denote the isotopy with hg’k = Idg, and h}%k = hf“y obtained
by concatenating |k|-many copies of the isotopy Al or (hﬁy)_l. Define a diffeomorphism of pairs
Dyt (0X1,5(0(D1 U A))) — (0X2,5(0D3)) by

pyi=® 1o (h, x1Id)o®.
Let N, := X3 Upk X,. The naturally defined map 7 : Ny — S? is a genus-g Lefschetz fibration with
a section Sy : S — Nj obtained by gluing together the restrictions s|x, and s|y, accordingly.

The monodromy factorization (7, Sx) with respect to the identification @y : (m, ' (b), Sk(b)) —
¥,.1 via the identification 7, '(b) = 7~1(b) C 0X; and a fixed choice of generators v; of m(S? —
{qla R qr1+7’2}’ b) is

(Totttn s Torien, i) (Towy - To) = 1 € Mod(Sg,1),

-
where we note that the equality of mapping classes holds because the product Ty, ...Tj, commutes

with P, and because Tp, (s,) = PyTy, P;" for any curve ¢;.
On the other hand, one can check that the diffeomorphism Uy : N — M defined by

x if z € 771(D1 U Dy),
Vi (x) = 1/t e .
O (ht 1 (y),0,t) ifx =0 (y,0,t) € m(A)

induces an isomorphism of pairs (7, Sy) = (7, 0%) lying over the identity Idg> : S2 — S2. The
restriction Wy : 7w, '(b) = w7 1(b) — 7~ 1(b) is the map ®; " o hk o @}, and hence the monodromy
factorization with respect to the identification ® : (7 (b), o1 (b)) = .1 of (7, 0%) is the hE-conjugate
of the factorization of (my, Sk), i.e.

(Toryry -+ Torgss) (Tt -+ Topcer) ) = 1 € Mod(Sy,0). O
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Remark 3.4 (Self-intersection number of o}). Consider the monodromy factorization of (,0%) in
Mod(Xg,1) as a factorization instead in Mod(X;) of the form

(Tor s, - To, ) (TPM@”) .. .prk(el)) — T € Mod(S})

for some ap € Z, where 0 denotes the boundary component of E;. Then the self-intersection
Qum([0£(5?)], [0%(S?)]) = —ax ([Smi0dl, Lemma 2.3]). Because any lift of P, to Mod(X}) commutes
with Ts and with (T ... Ty, ,,) in Mod(%}), there is an equality of mapping classes

1479

Té‘k‘ = (T€7'1+7'2 .. TgrlJrl) (TP»IY“(EH) .. .Tp]YC (Zl)) = (Tg,y_lJrr2 .. Te'r'1+1)(T€T'1 .. Tfl) = TgO c MOd(E;)

for all k € Z. So for all k € Z, the section oy has self-intersection number —ag.

4. HOMOLOGY CLASSES OF 0 (52)

The goal of this section is to prove Theorem [2.1(a)l In Section we record a key computation of
signed intersection numbers in X, x (0,1)2, and use it to prove Theorem in Section

4.1. Signed intersections in X, x (0,1)2. Fix the natural inclusion
Y x(0,1) x (0,1) € M, x (0,1) = (34 x [0,1])/ ~) x (0,1).

Below, we record the signed intersection number in ¥, x (0,1) x (0,1) of the submanifolds
Sk =P oo((0,1) x (0,1)) and T =08x{6} x(0,1).

Here, 6y € (0,1) is the S*-coordinate of the point b = (6, 1) € S x {1} C 9A.

Orient the submanifold Sy C X, x (0,1)? via the orientation of (0,1) x (0,1). To orient T, recall
that v C X, is an oriented loop based at p € ¥, intersecting ¢ transversely and exactly once; denote
this intersection point by = € ¥,. Fix an orientation on § C ¥, so that i([y], [§]) > 0, where 7 denotes
the algebraic intersection form of ¥ . This in turn defines the product orientation on 7.

Lemma 4.1. The submanifolds 7 and S, intersect transversely |k|-times in X, x (0,1) x (0,1) at
T NSk ={(z,00,t:) : v(kt;) =z, 1 <i < |k}
The signed intersection number of the oriented submanifolds 7 and Sy in ¥, x (0,1) x (0,1) is k.

Proof. By definitions of Sk, the section oy, and the diffeomorphism @,

Se = ®oap((0,1) x (0,1)) = {(v(kt),0,8) : 0 € (0,1), t € (0, 1)}
Because ¢ and +y intersect only at the point € 3, the intersection 7 NSy, is contained in {(z,6p)} x
(0,1). There exist exactly |k[-many values t1,...,t € (0,1) so that y(kt;) = x. This determines the
|k|-many points in 7 N Sk as claimed. It now suffices to show that the sign of each intersection point

is sign(k). We may assume that k # 0 because T NSy = 0.
The curve 7 : (0,1) = X, x (0,1) x (0,1) defined as

3t (y(kt), 0o,1)
passes through each point (z, 6, t;) and is contained in Sg. See Figure The tangent space T(, g,,¢,)Sk
contains
3 (t:) = (kv'(kt;),0,0;) € Ty X4 x Tp,(0,1) x T, (0,1),
the tangent vector to 7 at (z,6p,t;). Let 9o € Ty, (0, 1) be a tangent vector so that the vectors (0, 9y, 0)
and (kv'(kt;),0,0;) forms a positive basis of T, g, +,)Sk-
The sign of the intersection point (x, 6y, t;) is the sign of the ordered basis

(05,0,0), (0,0,0), (0,99,0), (k7' (kt;),0,0;) € Ty X4 x Ty, (0,1) x T3,(0,1),

where Js denotes a positive tangent vector of T,0. It suffices to compute the sign of the equivalent
ordered basis
(k+'(kt;),0,0), (95,0,0), (0,09,0), (kv (kt;),0,0;).
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a x {6} x [0,1]

FIGURE 3. Left: The grey annulus in ¥, depicts the neighborhood « of v which is
pointwise fixed by the monodromy ¢ over C. Middle: The cylinder depicts o x {6} X
[0,1] € M, x [0,1] lying over {6y} x [0,1] € A. The dotted blue curve depicts the
curve ¥ and the vector v denotes its tangent vector 7' (¢;) at the point (z, 6y, t;). The
grey rectangle depicts the intersection 7 N (a x {6} x [0,1]).

FIGURE 4. The red surface depicts T;. The blue surface depicts T5. The surface T is
defined to be the union 77 U T5. If  is a vanishing cycle corresponding to a singular
value in D; (for some ¢ = 1,2) then T; may be chosen to be its thimble contained in
X;.

Because i([7],[6]) > 0 in ¥, the ordered basis formed by kv'(kt;) and 95 of T,,%, has sign equal
to sign(k). Because (0,0p,0), (ky'(kt;),0,0;) forms a positive basis of T(, g, +,)Sk, and the oriented
submanifolds 3, and S, intersect positively in ¥, x (0,1) x (0, 1), the sign of (x, 6, t;) is also equal
to sign(k). O

4.2. Proof of Theorem Recall that [§] = 0 € H1(X;;Z) for both ¢ = 1,2 by assumption
in Theorem (cf. Remark |3.1). There exist oriented, 2-dimensional submanifolds T; C X; with
boundary such that

O(OTy) = ®(0Ty) = 6 and S(TiNa H(A)=TC¥, x(0,1) x (0,1) € M, x [0,1].

Here, 0T, denotes 0T, with the opposite orientation. Let T := T3 UTy C M, so that T defines a class
in Hy(M;Z). See Figure [4]
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FIGURE 5. The case of k = 2. Both cylinders depict « x {69} x [0,1] lying over
{6p} x [0,1] € A as in Figure |3l Left: The red and blue dotted curves depict Sy
and Sy respectively. Right: The curves Sy and Sy are perturbed in the cylinder
ax{6y}x[0, 1] so that their union 3 forms a smooth circle. The product ®~1(8xS*) C
®~1(a x St x [0,1]) is the torus X representing the class [o1(5?)] — [00(S?)].

Lemma 4.2. For all k € Z,
Qu([T], [0 (5*)] = [00(S?)]) = k.

Proof. The homology class [04(S5?)] — [00(S?)] € Ha(M;Z) is represented by the (oriented) torus
formed by gluing two annuli
Y= O'k(A) U O'Q(A),

where we recall that by construction, oxlga = oglga and o0¢(A) denotes op(A) with the opposite
orientation. By perturbing o¢(A) and oj(A) in an open neighborhood of 7~1(A), we may arrange so
that ¥ is a smoothly embedded torus and so that o((A) is disjoint from T'. See Figure

Because Y is contained in w~!(A), the intersection number Qs ([T],[%]) is equal to the signed
intersection number between 77 and oy (A4). It suffices to compute the signed intersection number of
®(Ty N7~ (A)) and ®(0y(A)) in M, x [0,1] because ¥ C 7, '(A) and @ is orientation-preserving.
Lemma [4.1] implies that Qs ([T7], [X]) = k. O

Proof of Theorem|[2.{(a)] Suppose that [ok, (S?)] = [ok,(S?)] in Ha(M;Z) for some ki, ks € Z. By
Lemma [1.2]
ki — ka2 = Qu([T], [0k, (S*)] = [0, (S%)]) = 0. 0

5. COMPATIBILITY WITH THE GOMPF—THURSTON SYMPLECTIC FORM

The goal of this section is to prove Theoremby appropriately modifying the Gompf-Thurston
construction to produce a symplectic form w for which each o,(S?) is symplectic. To do so, we closely
follow Gompf’s argument [GS99, Theorem 10.2.18]. Although it may be immediate to the experts,
we record how to extract the desired conclusions from Gompf’s proofs for the sake of completeness.
The main observation is that the sections o}, differ only over the annulus A. Moreover, the images of
all 0|4 lie on v x A. So, we only need to control the behavior of a chosen symplectic form over a
neighborhood of v x A.

Proof of Theorem (2.1(c). Throughout this proof, H* denotes de Rham cohomology. Let K C M
denote the set of critical points of m. Let e € H?*(M — K;R) = H?(M;R) denote the Euler class of
the oriented 2-plane bundle TF — (M — K) of tangent vectors to the fibers of m. For any regular
fiber F, C M, the class (2 —2g)~'e € H?(M;R) satisfies

<(2 - 29)7165 [Fy]> = 17
because the restriction of e to Fy is the Euler class of TF, — F,. For any closed, smooth surface
S € M of genus h contained in a singular fiber of 7, one can prove using the Poincaré-Hopf theorem
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that (e, [S]) =2 —2h — 1 and hence ((2 —2g)~'e,[S]) > 0. (Recall that by assumption, no singular
fiber of m : M — S? contains an embedded sphere.) Let (o be a closed 2-form of M so that

[Co] = (2—29)"'e € H*(M;R).

Step 1: Constructing the 2-forms n; and the 1-forms ;. By the proof of [GS99] Theorem 10.2.18],
there exists a closed 2-form 79 on M with [no] = [{] such that
(1) no|s is symplectic for any closed surface S contained in a fiber of 7, and
(2) for any p € K and for some charts U, C C? and Ve € C on which 7 takes the form
(21, 22) > 21 + 23, the restriction 7|y, is the standard symplectic form dzy A dyy + dxo A dys.
Also see the proof of [Gom05, Theorem 2.7] for a description of 79 around the points of K.

We will modify 19 by cohomologous 2-forms on an open cover of 7= 1(A). Let A’ C A” C S? be
small open neighborhoods of A containing no critical values of 7 so that A C A’ and A’ C A" =
St x (—e,1+¢) for some ¢ > 0. Extend the identification ® to 7~ *(A4”) — M, x (—&,1+¢). Let
A" =V, UV, where V; is an open ball for each i = 1, 2.

Fix a unit-area symplectic form ws;, of ¥,. Recall that ¢ is chosen so that p( ) (C) = [¢] and so
that ¢ fixes a pointwise. By Moser’s trick, there is a smooth isotopy ¢, : ¥, — 3, for ¢ € [0, 1] with
pows, = wx, and @1 = @. By a relative form of Moser’s trick [MS17, Exercise 3.2.6], we may arrange
that ¢, fixes o pointwise for all ¢ € [0, 1], after possibly shrinking a. Let 6 be the pullback of ws, on
Y4 x R via the projection ¥, x R — X,. Then 6 induces a 2-form 6y on M, via the covering map
Yy x R = M, because ¢ is invariant under deck transformations.

Because there is an isotopy ¢; from ¢q to ¢ that fixes o pointwise for every ¢, there is an isomorphism
F: M, — M,, of ¥, -bundles over S! so that F' maps v x S* C M,, diffeomorphically onto y x S* C
My,. The restriction of the 2-form 6 := F*0y of M, to vy x St C M, satisfies

e‘vxslng == O.
Consider the composition

By H(A") D M, x (—e,1+2) 25 M,

so that @30 is a closed 2-form on 7~ 1(A”) that is symplectic along the fibers of 7. On 7=1(V;) for
each i = 1,2, define the 2-form
n; ‘= (1)30|7r*1(\/i)-

Now we construct a 1-form 3; on 71 (V;). Recall that a C X is an annular neighborhood of v fixed
pointwise by ¢. By possibly shrinking «, let o C o/ C o' C ¥, denote open, annular neighborhoods
of v that are pointwise fixed by ¢ so that @ C o’ and o/ C o’. There are submanifolds T and N”' of
M, x (—&,1+¢€), where

N":=a" x A" ~yx S' x {0} = T.
Note that ®§0|g-1(7) = 0, and so ®§0|g-1(n) is an exact 2-form. As T'F|p-1(nny is a trivial bundle,
Cole—1(nwy is also exact.

By modifying (o only over ®~1(N"), we may find a closed 2-form ¢ of M so that [¢] = [¢o] €
H?(M;R) and Clo-1(n7y = ®30]a-1(n7) where N’ := o’ x A" is an open submanifold of N”. Because
m (V) ~ By and ([Clr-1v]s [Fy]) = ((950]-1(vi)], [Fy]) = 1 for any regular fiber F,,

©501r1(vi) = Ll vi) = dB;
for some 1-form 3] of 7! (V;). Note that 53|y’ is a closed 1-form restricted to Ny := =~ (V;)N®~ (N”).
As N/ ~ ~, there is some closed 1-form 7; on'ﬂ_l(Vi) so that [BHN{ — Ti|Ni'] = 0. Thus, by modifying

the 1-form S —7; only over N/, we may obtain a 1-form 3; of 7~ *(V;) so that d3; = d} and f3;
where N; := (a x A) N 7~1(V;) is an open submanifold of N.

Nq‘,:Oa

Step 2: Constructing the symplectic form w;. Let B C S? be an open set such that S? = A” U B and
BN A=0{. There exists a 1-form 8y on 7=1(B) so that

nolr—1(B) = Clr—1(B) + dBo-
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Let {po, p1,p2} be a partition of unity subordinate to the open cover S? = BU V; UV, and consider

the 2-form
2 2

2
ni=C+Y d(piom)Bi) =Y (piommi+ ) d(piom)AB;.
i=0 i=0 i=0
The form 7 is symplectic along the smooth loci of the fibers of 7. For any symplectic form wg> of 52
and for any ¢ > 0 small enough, the closed 2-form

wy =1t + i wgz

is symplectic on M and o (S?) is a symplectic submanifold of (M, w;) by compactness [GS99, Proposi-
tion 10.2.20]. The smooth locus of any fiber of 7 is a symplectic submanifold of (M, w;) by construction
of n.

Step 3: Restricting to o,(S?). Let k # 0 € Z. The sections o and o} agree on a neighborhood By of
52 — A, so the restriction Wi|oy (By) 18 symplectic. Recall that ox(A) € N1 U Ny and compute that the
restriction | n,unN, 1S

2 2 2

77|NlUNz = Z(pl o 71—)772' N, T+ Zd(p1 © 7T) N A 61 N; = Z(pl © 7T)777l

i=1 i=1 i=1

*
N; = CI)OG|N1UN2

by construction of the forms 3; and 7;. The form 7*(wg2) restricts to a symplectic form on oy (A) C
7~ 1(A). On the other hand, ®o(ox(A)) =~ x S* C M,,. Because 0],y g1 = 0, the restriction w|y, (a)
is symplectic. O

6. PROOF OF THEOREM AND OTHER APPLICATIONS OF THEOREM [2.1]

The goal of this section is to prove some corollaries of Theorem In Section [6.1] we prove
that certain fiber sums of Lefschetz fibrations admit infinitely many homologically distinct sections
and deduce Theorem [I.2] In Section [6.2] we provide an explicit example of a genus-g, fiber sum
indecomposable Lefschetz fibration satisfying the assumptions of Theorem to prove Corollary

6.1. Proof of Theorem and other corollaries. Before proving Theorem [T.2] we record some
corollaries of Theorem 2.1

Corollary 6.1. Let 7 : M — S? be a nontrivial Lefschetz fibration of genus ¢ > 2 admitting a
section s : S% — M. Suppose that Ty, ... Ty, =1 € Mod(X,,1) is a monodromy factorization of (r, s).
Fix a loop v € m (X4, p) such that v intersects some vanishing cycle ¢; transversely once in ¥,. The
untwisted fiber sum 7#pm : M#pM — S? admits infinitely many homologically distinct smooth
sections {0y, : S — M#rM : k € Z}. A monodromy factorization for (r#pm,oy) is

(Ty, ... Ty,) (TPWT) .. .prk(,h)) =1 € Mod(, 1).

Furthermore, M# M admits a symplectic structure for which the fibers of 7# p7m and any section
o1 (S5?) are all symplectic.

Proof. The section s#ps: S22 — M#pM of m#pm: M# M — S? has a monodromy factorization
(Tgr .. .Tgl) (TgT .. .Tgl) =1le Mod(Zgyl).

Let § = 4; € ¥,,. Then § C %, is nonseparating because 4([6],[y]) = +1, and hence [§] # 0 €
Hy(X4;Z). Theorem applies to n#pm : M#rM — S? with the subword Ty, ... Ty, and the loop
v € m1(Xg, p) intersecting 6 = ¢; transversely once in 3. O

Remark 6.2. Any nontrivial Lefschetz fibration m : M — S? admits a nonseparating vanishing cycle
¢ by a theorem of Stipsicz [Sti99, Theorem 1.3]. There exists a loop v € m(3,,p) intersecting ¢
transversely once by the change-of-coordinates principle [FM12] Section 1.3], so Corollary implies

Corollary
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Corollary 6.3. Fori = 1,2, let m; : M; — S? be a Lefschetz fibration of genus g > 2 that admits a sec-
tion s;. Suppose that Hy(M;;Z) = 0 for each ¢ = 1,2. Then any fiber sum m#p 7o : Mi#p Mo —
S? admits infinitely many homologically distinct sections {0}, : Mi#pyMs — S? : k € Z} and a
symplectic structure for which the fibers of 71 # T2 and any section o,(S?) are all symplectic.

Proof. Recall the construction in Example The monodromy factorization of (71 # p T2, S1H# F,pS2)
is given by
(Tgrlw'2 o Té'r‘1+1)(T‘€'r'1 . Tgl) =1¢c MOd(Zg)l),

so that {f1,...,¢,,} is a set of vanishing cycles of My and {l;,41,...,%r +r,} is & set of vanishing
cycles of Ms. The vanishing cycles of any Lefschetz fibration with at least one section span the kernel
of the map Hy(X,;Z) — Hy(M;Z) induced by inclusion of the regular fiber 771(b) = ¥, (e.g. by
Mayer—Vietoris and Remark . As Hi(M;Z)=0fori=1,2,

Z{[El]v R [én]} = Z{[£T1+1L (R [€T1+T2]} = Hl(zg§ Z)'
Apply Theorem 2.1] with § = ¢;, for any nonseparating vanishing cycle ¢;, and ~ any loop intersecting
¢; once, which exists by the change-of-coordinates principle [FM12, Section 1.3]. ]

Theorem [1.2] now follows from Corollary

Proof of Theorem[I.3 For any g > 2, consider a chain of simple closed curves c1,...,cz, in Xy, so
that ¢; and ¢;41 intersect transversely once and ¢; N¢; = 0 if |i — j| > 2. By the (2g)-chain relation
[EM12, Proposition 4.12]

(T, ... T.,,)"? =1 € Mod(Z,1).

Let 7 : M — S? and s : S? = M be a genus-g Lefschetz fibration and section corresponding to this
positive factorization. Applying Corollary to the pair (7, s) shows that the untwisted fiber sum
7#pm: M#pM — S? admits infinitely many homologically distinct sections oy, and M# rM admits
a symplectic structure for which the fibers of 7# r7 and any section o,(S?) are symplectic. (]

Remark 6.4 (Applications to surface bundles and general Lefschetz fibrations). Similar constructions
and arguments can be used to show that certain genus-g Lefschetz fibrations m : M4 — ¥, (admitting
at least one section s : ¥p, — M and possibly with no critical points) have infinitely many homologically
distinct sections. For example, let h = hy 4+ ho with hq, ho > 0 and suppose that for some separating
curve C C Xy, 4p, = Xp, #2p, along which the connected sum is formed, there exists some v €
m1(Xg,p) that is fixed by the monodromy pir 4 (C) € Mod(¥,1) along C. Let A C ¥p 4p, be an
annular neighborhood of C'. One can modify the section s of 7 over the annulus A as in Section [3.2 by
twisting along v € m1(X,,p) to create new sections oy, : Xp,+n, — M for each k € Z. If there exists
some 6 C X, 4 that intersects v once transversely in 3, and vanishes in H;(X1;Z) and Hq(X2;Z)
where X; and X5 are the two connected components of M —7~1(C) then the arguments of Section
apply directly to show that the sections oy, are pairwise homologically distinct. The Gompf-Thurston
construction of Section [ also works for Lefschetz fibrations over arbitrary bases X5, h > 0, possibly
with no critical points, to show that the sections o; can be made to be symplectic as well.

6.2. Indecomposable examples. A Lefschetz fibration is called indecomposable if it cannot be
written as a fiber sum of two nontrivial Lefschetz fibrations. In this section we provide an example
of a genus-g, indecomposable Lefschetz fibration admitting infinitely many, homologically distinct
symplectic sections for every g > 2.

Consider the curves of ¥} depicted in Figure @ The (2g)-chain relation [FM12l Proposition 4.12]
gives a factorization of 77 € Mod(E;) by positive Dehn twists

T; = (T, ... Tey,) Ty € Mod(E)).
In what follows, we repeatedly apply the identity (for any Ty and f € Mod(Zé))
(2) Tof = fTy-1(0) € Mod(%})
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ds3 ds Cagt1

: ﬁ”

J
Cog+1

C2g+4+1

/
dy Cag+1

FIGURE 6. The curves that are used in the construction of (r : M, — S?,s: 5% —
M,). Left: The red curve d is the boundary component of 2517. Right: The purple loop
v € m(Xg,p) is based at the marked point p of X, which is the result of capping
Eé by a punctured disk.

to obtain new factorizations of T into positive Dehn twists. By noting that 7, commutes with
each twist T,,, 1 < i < 2g, and by applying with £ = cog 1,c09 and f = (T¢, ... Te,, ,)" for
1 < i< 4g — 2, obtain the factorizations

T = (Tey . Tey) ) (Tey o . Tey )93 (T oo Ty, ) Ta(Tes,
= (Tey .. . Ty VX (Te, ... Tey. )97 2T(WT,

*~C2g ctC2g—-2 CZQ—ITCQg)'

Above, W is a product 2(4g — 3)-many positive Dehn twists about nonseparating curves, each of which
is contained in the subgroup (7, : 1 <i < 2g) < Mod(X}).
By (29 — 2)- and 3-chain relations in Mod(Z}]), there is an equality of mapping classes

(Tey ... Ty, )9 Ty =Ty, Ty = (T,  T.,,T.

/ )4
29417 €297 C2g+1/

Tes,)

Applying this substitution to the factorization of Tj obtained above yields a new factorization
Ty =(Te, - . Tey)) (Tey  Tey,Teoyi) (WTey, \Te,,) € Mod(S5).

* T C2g 99417 C2g T C2g+1
By applying repeatedly with £ = ¢,c0,c3 and f = (TC4...T629)i for 1 < ¢ < 3, obtain the
factorization
Cag C2g+1)4(WTC2971T02g) € MOd(Z;)
where V is a product of (8¢ — 12)-many positive Dehn twists about nonseparating curves, each of
which is contained in the subgroup (Tt : 1 < i < 2g) < Mod(X}). Because WTt,, ,T.,, commutes
with Ty, we may rearrange so that

(3) sz = (WTC2g—1TCQg)(TclTCQTC3)4V(T/ TCQgT

C2g+41 C2g+1

T2 = (TcchzTCS)‘lV(TC,QWT T
)
(

)* € Mod(3))
By a 3-chain relation,
(T61T62T63)4 =T4,Ta, € MOd(E;)a
which applied to gives the factorization
(4) T; = (WT.,, Te,,)(Ta, Ta,)V (T, )* € Mod(X}).

C2g—1
Let (m: My — 5%,s: S — M,) denote the Lefschetz fibration and (—2)-section ([Smi0I, Lemma
2.3]) corresponding to ().

T.,. T

!
2g+1° €297 C2g+1

Lemma 6.5. The 4-manifold M, has Euler characteristic and signature
X(My) =129 + 2, o(My) = —8g —2.

Proof. The factorization is a product of (16g — 2)-many positive Dehn twists. The Euler charac-
teristic of a genus-g Lefschetz fibration with n-many vanishing cycles is 4 —4g 4 n; letting n = 16g — 2
shows that x(M,) = 129 + 2.

Next, we compute the signature o(My) of an auxiliary Lefschetz fibration 7' : M, — S? defined
by viewed as a positive factorization of the identity in Mod(X,). This factorization is a product
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of (16g + 8)-many Dehn twists about nonseparating curves, each of which lies in the subgroup (T, :
1 <i <2g) < Mod(%,). In particular, 7 : My — 52 is a hyperelliptic Lefschetz fibation, and Endo’s
signature formula for hyperelliptic Lefschetz fibrations ([End00, Theorems 4.4(2), 4.8]) shows that

N _9+LN o
U(Mg)—(16g+8)< 29+1)_ 8g — 8.

Using the terminology of Endo—Nagami ([EN05]), the factorization is obtained from via a
p-substitution in Mod(X,) with

p= (T61T62T03)_4(Td1Td2) € MOd(EQ)
which has signature I;(p) = 6 by [EN05, Lemma 3.5(1), Proposition 3.10]. By [EN05, Theorem 4.3],
o(My) = o(M]) + I,(p) = —8g — 2. 0

The next proposition deduces that M, must be minimal from Lemma to conclude that 7 :
M, — S? is indecomposable.

Proposition 6.6. The Lefschetz fibration 7 : My — S? is indecomposable.

Proof. Lemma shows that ¢(M,) = 2x(M,) + 30(M,) = —2. It also shows that b+ (M,) > 2

because N B

b+(Mg) _ (b7 (M) +b (QMQ)) + o(M,) > (x(My) — ;) + o (M,) —92g 1.
A theorem of Taubes ([Tau00, Theorem 0.2(3)]) implies that M, equipped with any symplectic form
contains an embedded, symplectic (—1)-sphere. Usher ([Ush06, Corollary 1.2]) showed that any such

Lefschetz fibration 7 : M, — S? is indecomposable. |

Finally, we apply Theorem [2.1] to the pair (7 : M, — S%,s: 8% — M,).
Proof of Corollary[1.5 Take the monodromy factorization of the pair (m, s) consider the subword
(TC’29+1T029TC29+1)4'
Let v € m1(2g,p) be as shown in Figure[6] Then
(TC’29+1T02gT029+1)4(7) = Ta, (7) =7E€ 7Tl(zgap)
by the 3-chain relation. Let § = ca4 so that the Dehn twist T¢.,, appears in both subwords (TcgzgﬂTngTcQngl )4
and (WT,, ,T.,,)(Ta,Ta,)V of . Theoremnow applies to the pair (7 : My, — S%,s: 5% — M,)

with these choices of monodromy subword and curves y and §. Finally, m : M, — S? is indecomposable
by Proposition [6.6] O

7. ISOMORPHISM CLASSES OF SECTIONS

In this section we exhibit examples showing that the number of isomorphism classes of the sections
{o, : S = M : k€ Z} of 7 : M — S? found in Theorem varies depending on the choices
made in the construction. Recall from the introduction that for two sections s;,s9 : S — M
of 1 : M — S?, the pairs (m,s1) and (m,ss) are isomorphic if there exist orientation-preserving
diffeomorphisms ¥ : M — M and v : S? — S2 such that the following diagram commutes:

MY M

QIR

52 Y, g2

A positive factorization is a factorization of some mapping class consisting only of right-handed Dehn
twists Ty. According to Baykur—Hayano [BHI6, Theorem 1.1], there is a bijection between isomor-
phism classes of genus-¢g Lefschetz fibrations with sections and positive factorizations of the identity
in Mod(3,,1) up to Hurwitz equivalence. Two positive factorizations are said to be Hurwitz equivalent
if one can be obtained from the other by a sequence of two types of moves:
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(a) (Elementary transformation) For any 1 <i <r,
Ty ... To Tp .. Ty, < Ty, ... (T

(b) (Global conjugation) For any f € Mod(X 1),
T, ... Ty +— (fTo f7)  (fTo f71).

Above, note the equality of mapping classes Ty, f~! = Tt(e,)- Let ~ denote Hurwitz equivalence of
positive factorizations.
All examples of this section are untwisted fiber sums with infinitely many sections as constructed

in Corollary

7.1. On the number of isomorphism classes in {0} : k¥ € Z}. In this section we record examples
of Lefschetz fibrations and infinitely many homologically distinct sections which are (1) pairwise
isomorphic (Example [7.2)), and (2) pairwise non-isomorphic (Example [7.5).

A lemma of Auroux shows that in fact, the monodromy factorizations of the sections constructed
in Corollary [6.1] are often Hurwitz equivalent.

T, T, ' )T,

Lit1

i+1 itl ottt Tfl'

Lemma 7.1 (Auroux, [Aur05, Lemma 6(b)]). Let g > 2 and consider a positive factorization
T ...Tgl =1e€ Mod(Eg,l).

Suppose that (Tp,,...,Tp,) = Mod(X,1). For any v € m (2,4, p) and any k € Z, there is a Hurwitz
equivalence

(Te, - Te )Ty, - Toy) ~ (Te, - Te )Ty e - - - Trrey))-
Proof. By assumption, P, € Mod(X, 1) is contained in (T, ..., T,). By [Aur05, Lemma 6(b)], the

r

factorization (T, ... Ty, ) is Hurwitz equivalent to (Tpﬂlyc ) TPJ;(@I)) through a sequence of elemen-
tary transformations. O

Example 7.2. For a simple example of a positive factorization of the identity in Mod(X, 1) whose
factors generate Mod(X, 1), consider the generators T, of Mod(X,,1), where co,...,c2041 C g1
are depicted in Figure [7| (cf. [EMI2, Section 4.4.4]). Applying the (2g + 1)-chain relation [FMI2]
Proposition 4.12] twice shows that

(Tm ) )2g+2(Tf(c1) e 'Tf(02g+1))2g+2 =1le MOd(EQ,l)v

s Leagta
where f € Mod(X, 1) is such that f(ci1) = co. Other examples of such factorizations can also be found
in [Aur05l Section 3].
More generally, consider any genus-g Lefschetz fibration  : M — S? and section s : 2 — M whose
monodromy representation p(, s is surjective onto Mod(%,1). Consider a monodromy factorization

Ty ... Tgl =1¢€ Mod(Eg,l)

of (m,s) and consider the sections {o : S? — M#prM : k € Z} of the untwisted fiber sum 7#pm :
M# M — S? obtained in Corollary with monodromy factorizations

(Tgr S Tgl) (TP_I;((T) c.. TP,?(EI)) =1le€ MOd(ZgJ)

for some v € m (X4, p). Lemma shows that the monodromy factorizations of (, o) and (7, 0%)
are Hurwitz equivalent for all k¥ € Z, and so (m,00) and (w,0%) are isomorphic for all k € Z by
Baykur-Hayano [BH16, Theorem 1.1].

Remark 7.3. Lemmal[7.1|suggests that the size of the monodromy group of a Lefschetz fibration relative
to the point pushing subgroup m (24, p) < Mod(X,,1) controls the number of isomorphism classes of
sections constructed in this paper. In light of this, we study hyperelliptic Lefschetz fibrations (cf.
Brendle-Margalit [BM13, Theorem 3.1]) below to find examples of Lefschetz fibrations with infinitely
many isomorphism classes of sections.
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FIGURE 7. The blue curves define the isotopy classes cy, ..., o441 of the curves in
Y,1 where p is the marked point. The loops 72, and v define elements of 7 (X, p).
The hyperelliptic involution ¢ fixes the marked point p and preserves the isotopy
classes ci, ..., Cag.

Before proceeding with the next example, we state an algebraic lemma whose proof is postponed
to the end of this subsection.

Lemma 7.4. For any k € Z, let G, < Mod(X,,1) denote the subgroup

Gk = <Tcl, ey Tcng P’y*k’('ygg'y)k> S MOd(Eg’l)

where ¢1, ..., caq,7, and 2,4 are as shown in Figure If |k1| # |k2| then G, and Gy, are not conjugate
in Mod(X,1).

Using Lemmal 7.4 the following example exhibits a Lefschetz fibration with infinitely many pairwise
non-isomorphic sections.

Example 7.5. For any g > 2, consider the genus-g Lefschetz fibration 7 : M — S? and section
s: 5% — M determined by the (2g)-chain relation [FMI12, Proposition 4.12]

(T, ... T.,, )" =1 € Mod(Z,1).

Consider the sections {0 : S? — M#rM : k € Z} of the untwisted fiber sum n# pm : M#pM — S>
obtained in Corollary [6.1] with monodromy factorization

(Tc1 S TCQg)(TPJIC(Cl) . TP’I;(C2Q)) =1¢€ MOd(Egvl).
The image of the monodromy representation of (n# g, o)) is
Gr =Tty Teyys Tpﬁ(c2g)> =(Teys ..., Ty, P’Y’k("/2g’7)k> < Mod(X24,1),
Pk(cag) = Dy =k (yggm)k
and Gy, are not conjugate in Mod(X, 1) if |ki| # |ka|. Therefore the monodromy factorizations of

(m#pm, ok, ) and (7#Fm, ok, ) are not Hurwitz equivalent, so the sections (n# p7, ok, ) and (7# 5, ok, )
are not isomorphic if |k1| # |k2| by Baykur—Hayano [BH16, Theorem 1.1].

where the last equality follows because T%T_1 P, . By Lemma the subgroups Gy,
Y

It remains to prove Lemma To do so, we determine the kernel of the forgetful map Mod(X, 1) —
Mod(%,) in the Birman exact sequence restricted to Gy, for each k € Z.

Lemma 7.6. Let Hy < Gj, be the subgroup normally generated by Pk (qyyy)r In Gy, i.e.

Hy = <fP,y—k(,ng,y)kf_1 : f € Go).

The kernel of the map Forget : Mod(X,,1) — Mod(X,) of the Birman exact sequence restricted
to Gy < Mod(3,,1) is Hg. In other words, the Birman exact sequence restricts to give a split short
exact sequence

1— Hp, > G — Gy — 1.

Proof. Denote P, -k, )= by P. Take any f € G} and write
f=9P™gs...9:P" gry1 € Gy = (Go, P)
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for some my,...,m, € Z and g1,...,¢r-+1 € Go. By repeatedly applying the identity

gP™g = (9P™g"")(99")
for any ¢,q9’ € Gg, we may move all factors P™ to the left after possibly first conjugating them by
elements of Gg. In other words, G = HpGy.

Let ¢ € Diff 7(X,1) be the hyperelliptic involution shown in Figure E Then Gy is contained in
the hyperelliptic mapping class group SMod(X, 1) < Mod(X, 1) determined by ¢, so the restriction of
the forgetful map Mod(3,,1) = Mod(X,) to the subgroup Gy < Mod(X,1) is injective by a result of
Brendle-Margalit [BMI13, Theorem 3.1]. Identifying G with its image in Mod(%,), the restriction of
the Birman exact sequence (1)) to G < Mod(X, 1) is

1= m(Xg,p) NGy = G, = Gy — 1.

There is an inclusion Hy C 71 (X4, p) by construction. Conversely, take any f € m1 (X4, p) N Gy and
write f = hgg for some h € Hj,, go € Go. Then f is an element of Hj, because gy = h~!f is contained
in Wl(zg,p)ﬂG():l O

Proof of Lemma[7.4) Identify m1(X,,p) with its image under the homomorphism Push : 71 (Z,,p) —
Mod(X,,1) in the Birman exact sequence s0 that Pk, ,yr is identified with (y247) %" €
m1(Xg,p). Consider the abelianization map h : m(Z4,p) — H1(Z4;Z). The image h(Hy) lies in
kHy(3,;Z) because h( f((v247) ~*v%) = —k (h(fi(724))) for any f € Mod(Z,,1). Moreover, h(f«(v24))
is a primitive element of Hy(2,;Z) for any f € Mod(X4,1) because h(7y24) = la4 is primitive. Therefore
if |k | # [kal,
h(fHi, f71) = fe(h(H,)) # h(Hy,) < Hi(SZ).

Finally, conclude by noting that fHy, f~' = m1(Zg,p) N (fGk, f1) by Lemma O

7.2. Non-isomorphisms via fiberwise diffeomorphisms covering the identity. In this subsec-
tion we consider isomorphisms of pairs (7, s1) and (7, s2) via fiberwise diffeomorphisms covering the
identity Id : S — 52, i.e. diffeomorphisms ¥ € Diff* (M) making the following diagram commute:

The following proposition shows that sections that are not isomorphic via such diffeomorphisms
are COmMmon.

Proposition 7.7. For any g > 2, let 7 : M — S? be a genus-g Lefschetz fibration with a section
5:8% — M. The untwisted fiber sum 7#pm : M#pM — S? yields infinitely many, homologically
distinct sections

{ok : 8% = M#pM : k € Z>o}
so that if ky # ke € Z>o then (n#pm, o, ) and (7#pm, ok,) are not isomorphic via a fiberwise
diffeomorphism ¥ € Diff " (M# M) covering the identity of S2.

Proof. Let Ty, ... Ty, =1 € Mod(X,,1) be a monodromy factorzation of the pair (m,s). By work of
Stipsicz [Sti99, Theorem 1.3], m : M — S? has a nonseparating vanishing cycle. By the change-of-
coordinates principle [EMI12 Section 1.3] and after possibly applying some Hurwitz moves, we may
assume that ¢; C ¥, ; is the curve shown in Figure 8| Pick v € m1(XZ,,p) to intersect ¢; exactly once
as shown in Figure

For any k£ > 0, consider the curves o and (8 representing the isotopy classes Pf (¢1) and ¢; respec-
tively and the intersection points a,...,ag, b1,...,bx € Xy 1 as shown in Figure Consider pairs
of intersection points that are adjacent in both o and 3, and let o/ C « and 8/ C 3 be the subarcs
connecting them.
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U1
b3

7
o 1y

p ag

a3

0 1,

FIGURE 8. Left: The curve ¢; C ¥, and loop v € m1(X,,p) intersect once trans-
versely as shown. Middle: The case of k = 4. The curves P} (¢;) (in black) and ¢; (in
grey) intersect in the points ay, ..., ax, b1, ..., bg. Right: The shown curve is isotopic
to the curve o U /3’ formed in case (c) of the proof of Proposition

(a) If 0o/ = 0B’ = {ag, b1} then o’ U B’ bounds a punctured disk S. The complement £,; — S is
homeomorphic to the punctured surface ¥ ;.

(b) If 9o/ = 0B" = {a;,a;+1} or {b;,bi11} then &’ U B’ is a nonseparating curve in 3 ;.

(c) If 0o’ = 9B" = {a1,br} then o/ U B’ is a separating curve in 3, ; shown in Figure [8 The
subsurface S C X, bounded by o U 8’ containing the marked point p deformation retracts
onto yU{y, and so S is homeomorphic to 2%71. The complement >, 1 — S is then homeomorphic
to 29,171.

The casework above shows that o and § do not form any bigons in ¥, ;. By the bigon criterion

[FM12, Proposition 1.7], the curves o and 8 are in minimal position and the geometric intersection
number i(PF(¢1), 61) is

i(PE(01), 1) = #(an B) = 2k.

On the other hand, let o), : S — M#rM be the section of n# pm : M# M — S? constructed in
Corollary [6.1] with monodromy factorization

(Tgr e Tgl) (Tp}:(h) .. .TP’I:(ZI)) =1€ MOd(Egyl).

If ¥ ooy, = oy, for some fiberwise diffeomorphism ¥ € Diff " (M#rM) and ki, ks € Zso then
the monodromy factorizations of (7# rm, ok, ) and (7#pm, ok,) are conjugate in Mod(X, 1), i.e. there
exists f € Mod(X4,1) so that the following equality of positive factorizations holds:

(Ty. ... Ty,) (TPWM(M . prkl(el)) = ((fTefN) .. (T fY) ((fTPP(mffl) L (prfz(el)f—l)) .
In particular, there are equalities of isotopy classes of curves in X, ;
Phty) = f(PP(t), = f(l).

Then k; = k2 because
2ky = i(PJ (0), 1) = i(PF* (61),01) = 2ks. O
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