LOCAL RIGIDITY OF WEIL-PETERSSON SUBVARIETIES OF THE
MODULI SPACE OF CURVES AND COVERING CONSTRUCTIONS

CARLOS A. SERVAN

ABSTRACT. We show that totally geodesic subvarieties of the moduli space Mg n of genus g
curves with n marked points, endowed with the Weil-Petersson metric, are locally rigid. This
implies that covering constructions—examples of totally geodesic subvarieties of Mg, » endowed
with the Teichmiiller metric—are locally rigid. We deduce the local rigidity statement from a
more general rigidity result for a class of orbifold maps to Mg n.

1. INTRODUCTION

Let 7 : Ty n — My, be the projection from the Teichmdiiller space of a genus g surface with
n marked points to the associated moduli space. The Weil-Petersson metric gwp on Ty, is a
Kahler metric that descends to a metric on M, ,,. The metric gwp gives M, ,, the structure of a
quasi-projective variety [Wol85].

A complex submanifold M C 7y, is called Weil-Petersson if it is totally geodesic with respect
to the Weil-Petersson metric gwp. This means that the gwp-geodesic between any two points in
M is completely contained in M. Similarly, a subvariety N C M, ,, is called Weil-Petersson if
an irreducible component M of 77*(N) is a Weil-Petersson complex submanifold of 7, ,. The
complex submanifold M is called a lift of N. More generally, we call a subvariety N C M, ,
almost Weil-Petersson if it has a lift M C 7, that maps biholomorphically via a forgetful map
Tgn — Tgm onto a Weil-Petersson complex submanifold of some 7y p,.

We say that a subvariety N C My, is locally rigid if any holomorphic deformation

ft:NtHMg,n s tEA

with (No, fo) = (N,¢: N — M, ,,) through proper immersions f; and quasi-projective varieties IV,
is trivial: there is a holomorphic family of biholomorphisms g; : Ny — N inducing (Ny, fi) = (N, ).
Our maps should be understood in the orbifold sense, i.e. on a level L > 3 cover of M, (see
Definition 5.2 for details). Our main theorem is the following.

Theorem 1.1 (Local Rigidity). Suppose 3¢ —3 +mn > 0. Let N C M, be an almost Weil-
Petersson subvariety of positive dimension. Then N is locally rigid.

Examples. A source of examples of almost Weil-Petersson subvarieties are given by covering
constructions [BS24, MMW17], defined as follows. Let

h: Eg’,n/ — 29771
be a finite degree, orientation-preserving, topological branched cover. Assume further that the

preimage of the marked points in 3, , equals the union of the marked points in X4,/ and the
ramification points of h. Pulling back complex structures under h gives a holomorphic map

iy

for some ¢ > n'. We call f a totally marked covering construction (see Section 6 for more details).
A covering construction is a holomorphic map

f : T,n — 7?]’,n’

given by the composition of a totally marked covering construction f, : Ty, — Ty ¢ with a
forgetful map Ty ¢ — T4 which forgets only ramification points of h. If the map h is a regular
branched cover, we call f a regular covering construction. The link between covering constructions
and almost totally geodesic submanifolds of 7, is the following.

1

n 7 7_:]’,5

s



2 CARLOS A. SERVAN

Proposition 1.2. Assume 3g —3+n > 0. Let f: Ty — Ty o be a covering construction. The
following holds:

(1) Assume f is totally marked. Then, the image f(Tyn) is a Weil-Petersson complex sub-
manifold of Ty .

(2) Assume f is regular and not totally marked. If (g,g') = (0,1) assume further that the
marked points satisfy n > 5. Then, the image f(Tgn) is an almost Weil-Petersson complex
submanifold of Ty .

In particular, in either case the projection w(f(Tgn)) C Mg n is an almost Weil-Petersson
subvariety.

We now give two applications of Theorem 1.1.

Application 1. Totally geodesic subvarieties for the Teichmiiller metric. Replacing
the Weil-Petersson metric by the Teichmiiller metric dreicn, in our definition of Weil-Petersson
subvarieties gives Teichmiiller subvarieties N C Mg, and Teichmiiller complex submanifolds
M C 7, [Wri20, AHW24, BDR24].

1-dimensional Teichmiiller subvarieties are called Teichmiiller curves. McMullen showed [McMO09]
that Teichmiiller curves are rigid.! Arana-Herrera-Wright [AHW24, Question 10.6] ask if the same
holds for Teichmiiller varieties of higher dimensions. The projection of images of covering con-
structions are Teichmiiller subvarieties of My, and so Theorem 1.1 implies:

Corollary 1.3 (Local rigidity of Covering constructions). Assume 3g —3+mn > 0. Let f:
Tg.n = Ty e e a totally marked or regular covering construction, satisfying the same assumptions
of Proposition 1.2. The projection w(f(Tgn)) C Mg s is locally rigid.

Remark 1.4. Any covering construction arises by applying forgetful maps to a totally marked
covering construction. Thus, up to forgetful maps, all covering constructions are locally rigid.

Remark 1.5. The images of covering constructions encompass all of the known examples of Te-
ichmiiller complex submanifolds of 7, of dimension bigger than 1, except for the family (Y,) of
2-dimensional examples found by [EMMW20, MMW17]. In this regard, the following questions
are quite pertinent.

Question 1.6. Are the Teichmiiller surfaces Y,, totally geodesic with respect to the Weil-Petersson
metric, i.e. are Y,, also Weil-Petersson surfaces?

Question 1.7. Given a subvariety N C M, . Suppose that N is totally geodesic with respect to
both the Teichmiiller and the Weil-Petersson metric. Is IV the image of a covering construction?

Application 2. Characterization of almost Weil-Petersson submanifolds. The pure
mapping class group PMod(%,.,,) = mo(Diff *(Zy,, {#1,...,2,})) acts on Ty, by biholomor-
phisms. For an arbitrary analytic subset W C 7, ,,, let I'yy be the stabilizer of W in PMod(Z,, ).
Let M be an almost Weil-Petersson complex submanifold of 7y, of positive dimension. As a
corollary of the proof of Theorem 1.1 (see Theorem 3.5), we obtain the following characterization
of M.

Corollary 1.8 (Maximality). Let 3g — 3+ n > 0. Assume that 7(M) C My, is a subvariety.
Then, the submanifold M is mazimal among the analytic subsets W of Ty such that the following
holds:

(1) Tw C Ty

(2) W/T'w is a quasi-projective variety.

Remark 1.9. Corollary 1.8 showcases the following rigidity result for the pair (M,T'y;). Inclusion
at the level of the stabilizers I'yy < T'jp; implies the inclusion of spaces W C M. A similar
statement holds for families of curves over quasi-projective varieties: if the monodromy factors

IMcMullen considers a more general class of local deformations, not assuming that f: is a proper immersion. For the
one-dimensional case, our proof of Theorem 1.1 only requires f: to be an immersion, and so it gives an alternative
proof of McMullen’s result for the case of covering constructions.
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through TI'as, then the classifying map to 7, factors through M (see Theorem 3.5 for a precise
statement).

Paper overview. Let M C 7, , be an almost Weil-Petersson lift of a subvariety of M, ,,, and let
I"as be the stabilizer of M in PMod(X,,,). In Section 2 we quickly review all the necessary material
from Teichmiiller theory needed for the rest of the paper, focusing on the Weil-Petersson metric. In
Section 3 we introduce the concept of a I'p/-deformation: a class of orbifold maps ¢ : X — M, ,
which includes the classifying maps of families of curves over quasi-projective varieties whose
monodromy factors through I'j;. Theorem 1.1 is a consequence of the stronger rigidity result
for I'ps-deformations given in Theorem 3.5: any nonconstant I y;-deformation factors through M.
Section 3 also shows that I'ps is the orbifold fundamental group of the normalization of 7(M).
In Section 4 we provide the details of the proof of Theorem 3.5 for the case of X a finite type
curve, starting with an elementary Riemannian geometry lemma and then following the argument
appearing in the proof of the Imayoshi-Shiga theorem given in [AAS18, Section 4]. The key
observation is that, due to the arguments of [AAS18], holomorphic maps minimize energy in their
homotopy class.? In Section 5 we finish the proof of Theorem 3.5 and show how it implies the
rigidity stated in Theorem 1.1 Finally, in Section 6 we prove Proposition 1.2 (see also a remark in
page 2 of [KMO8] for the totally marked case) thereby concluding the proof of Corollary 1.3.

1.1. Acknowledgments. I am very grateful to my advisor Benson Farb for his guidance and
constant support throughout this project, and for his numerous comments on earlier drafts of
the paper that greatly improved the exposition. I would like to thank Curtis McMullen for
comments on an earlier draft and suggesting Questions 1.6 and 1.7; and Alex Wright for many
insightful conversations, including sharing with me [AHW24, Question 10.6] which inspired this
work. Finally, I am grateful to Sidhanth Raman for our numerous conversations on this subject,
for sharing with me his knowledge of deformation theory and complex analytic geometry and for
extensive comments on a previous draft of the paper.

2. TEICHMULLER GEOMETRY AND THE WEIL-PETERSSON METRIC

2.1. Basic definitions. Assume 3g — 3 +n > 0 and let ¥, ,, be a topological surface of genus g
with n-marked points (or n-punctures). A marking is a homeomorphism ¢ : ¥, , = X from ¥, ,,
to a Riemann surface X. Teichmiiller space 7, , is the space of equivalence classes of markings
[¢: 3,4, — X], where two markings are equivalent if they differ up to isotopy by a biholomorphism
of X. Unless we need to stress the marking we will denote [¢ : £, ,, — X| simply by X. In case
we need to stress the subset of points being marked we introduce the following notation: Let ¥
be a topological surface and u C ¥ be a finite subset of points. 7 (X, ) denotes the Teichmiiller
space of X with the marked points given by the subset u.

The mapping class group Mod(X, ,)—the group of orientation-preserving diffeomorphisms of
X, » up to isotopy—acts on 7y ,, by biholomorphisms. In fact, Royden and Earl-Kra [Roy71,EK74]
showed that for 2g + n > 4, Mod(%, ,,) agrees with the group of biholomorphisms of 7 ,. The
pure mapping class group PMod(Z, ,,) is the subgroup of Mod(%, ) fixing pointwise the marked
points. The quotient of 7, ,, by PMod (3, ) induces the projection

T Tgn = Mgn = Tgn/PMod(Z,.,,).

Let B(X) denote the space of Beltrami forms on X, i.e. (—1,1)-forms p on X with ||4]lec < 0.
Denote by M (X) the open unit ball in B(X). There exists a holomorphic submersion

O:M(X)=>Tgn , p—[flfop:3,,— X,
where f# is given by solving (locally) the Beltrami equation:
aif = Mazf-
In particular, Tx Ty ,, is naturally identified with a quotient of B(X).

2For compact C the proof follows from the theory of harmonic maps (cf. [ES64]), but an extra step is needed when
C is finite volume.
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Let [p: (Z,u) = (X, ¢(u))] € T(Z,u). Let Q(X,u) denote the space of integrable holomorphic
quadratic differentials on X, i.e. meromorphic quadratic differentials ¢ on X with poles of order
at most one, and all poles contained in u. Equivalently, Q(X, ) is the space of holomorphic
quadratic differentials ¢ on X — ¢(u) so that

[ <
X—p(u)

When the marked points are not being stressed we denote Q(X,u) simply by Q(X). There is a
natural pairing

B(X) x Q(X) =+ C (u,qm/xuq

which factors through Tx 7y, x Q(X). In particular, Q(X) is naturally identified with T% 7y ,,.

At the level of the universal cover and working always with punctures.?, we have the following
notation. Let v C ¥ be a finite set of points and ¢ : (£,u) — (X, ¢(u)) be a marked Riemann
surface. Let X’ = X — p(u) and let 7 : H? — X’ be the universal cover of X', with deck group T'.
Then B(X') is given by the I-invariant (—1,1)-forms on H?, denoted by B(T'). Similarly, Q(X")
is given by Q(I'), the I'-invariant quadratic differentials on H? inducing an integrable quadratic
differential on X'.

2.2. Weil-Petersson metric. The Weil-Petersson metric, denoted by gwp, is induced from the
hermitian product on Q(X) given by

(g1, g2)wp = / a1z (ds®) 7,
b'e
where ds? is the hyperbolic volume form. The hermitian product on 7T (X) is given by

(1, p2)we = (K7, 13) wp
where pf € Q(X) is the dual of p;. This means that ) is characterized by

(g, 1 )we :/ piq, Vg € Q(X).
X
The metric gwp is incomplete, Kéhler, negatively curved and geodesically convex [Wol87].

Harmonic forms. The map
g~ q(ds*)™!
sends a quadratic differential to an element of B(X) which is called a harmonic form. Let H(X)

denote the space of harmonic forms on X. The Weil-Petersson metric has a simple expression on
harmonic forms: Let p; = g;(ds?)~! € H(X) for i = 1,2. Evidently u} = ¢;, and so

<N1,M2>WP=/ QTQQ(dSQ)A:/ M1@d$2=/ H1g2.
X X X

Definition 2.1 (Almost Weil-Petersson). Given a complex submanifold M C 7., we say
that M is Weil-Petersson if it is totally geodesic with respect to gwp.* More generally, we say
that M is almost Weil-Petersson if there exists a forgetful map F : 74, — Tg,m with n > m and
39 —3+m > 0. Such that

(1) Flp: M — F(M) is a biholomorphism

(2) F(M) is a Weil-Petersson complex submanifold of T .
Let N C Mg, be a subvariety, a lift of N is an irreducible component of the preimage of N in
Tgm. N is called (almost) Weil-Petersson if it has an (almost) Weil-Petersson lift.

3A similar description is possible for marked points by using groups with elliptic elements [EK76].
41¢ is not hard to see that any totally geodesic analytic subset of Ty, with respect to gwp must in fact be a
submanifold.
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3. I'p/-DEFORMATIONS AND THE ASSOCIATED ORBIFOLD FUNDAMENTAL GROUP

Let 7 : Tgn — Mg be the projection to moduli space. Let N C M, , be a subvariety and
let M C T, be alift of N. Let I'y; be the stabilizer of M in PMod(X, ). In this section we
introduce the concept of a I'j;-deformation which generalizes an important property of classical
deformations to the orbifold category. I'j;-deformations are central to our reformulation of The-
orem 1.1, stated at the end of this section (Theorem 3.5). We start by proving some facts about
the group I'ys < PMod(3, ).

The associated orbifold fundamental group. The projection 7 induces a holomorphic map
TN - M/FM — N.

The group I'ys is called the associated orbifold fundamental group of N(cf. [AHW24]). The fol-
lowing explains the terminology.

Lemma 3.1 (cf. [GDH92, Theorem 1]). Suppose 3g —3+n > 0. Given a subvariety N C Mgy,
with lift M C Ty.r, let T be the stabilizer of M in PMod(X,,,,). The induced holomorphic map

7TM:M/FM—>N

is proper with finite fibers and injective outside a proper analytic subvariety. In particular, it
is surjective. Furthermore, if M is smooth wy; gives the normalization of N and M/Ty is a
quasi-projective variety.

Proof. We need to show that the projection my; satisfies the following:
(1) has finite fibers,
(2) is closed,

(3) is injective outside a proper analytic subvariety.

The family of closed subsets {gM : g € PMod(X,,)} in Ty, is a subfamily of the decomposition
of 7=1(N) into its irreducible components. Thus, it is a locally finite family of closed subsets of
Tg.n- This means that for every = € 7, ,, there exists a neighborhood U, of z intersecting only
finitely many g; M. This automatically gives that 7y, has finite fibers, and an elementary argument
shows that 7y is closed.

By the Semi-Proper Mapping Theorem [Fis76, Theorem 1.19], the map M — M/I'j; sends
I'ps-invariant analytic subsets of M to analytic subsets of M /T 3;. The map 7y is injective on the
complement of the projection of the subset

W .= U {gM N M : g(M)N M proper subvariety of M} C M.
9€l'm

W is analytic and I"ps-invariant. Thus, the projection of W to M/I'j; is analytic and the third
item follows. Since mp; : M/T'py — N is proper, the proper mapping theorem implies that 7y is
surjective.

If M is smooth then M /T is a normal analytic space by a theorem of Cartan [Car57] and the
theorem follows. O

Remark 3.2. As the examples in [GDH92, HPRCR24] show, 7, is not in general a biholomorphism.

Level L-structures. Let L > 3 and 3g —3+n > 0. Let PMod(X, ,)[L] be the level L pure
mapping class group [FM12, Chapter 6.4.2]. Let

Ty (L] := Ty N PMod(,.,)[L].
Since L > 3, PMod(X, ,)[L] is torsion free. Thus, the induced map
M — M/T L]
is an unramified covering map. Let

L Tgn = Mgn[L]
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be the level-L projection to the moduli space of curves with level L structures. The same argument
as in lemma 3.1 shows that the induced map

TMIL] * M/FM[L] — WL(M) C Mg,n[L]

is a biholomorphism: indeed, () is a local homeomorphism by covering space theory. Since it
is also proper it is a covering map, but the argument in Lemma 3.1 shows that it has degree one.
The image N[L] := 7 (M) is an irreducible component of the preimage of N to M, ,[L].

Definition 3.3 (Algebraic Orbifold). Let X be a reduced complex space, and I'x a group
acting properly discontinuously on X by biholomorphisms, we denote the quotient by X = X /T
Assume that there exists a finite index subgroup I'y < I'x acting freely on X and that the induced
map X' := X /T’ — X is a finite ramified covering.

We say that the orbifold X = X /T'x with orbifold structure (X,Tx) is algebraic if either one
of the following is satisfied:

(1) X has a finite (proper with finite fibers) ramified covering map to a quasiprojective variety
X.
(2) X' is quasiprojective.
Examples of algebraic orbifolds are given by quasi-projective varieties and by M/T"y, for M a
lift of a subvariety of Mg ,,.

Classical deformations. Let Z, W be two complex manifolds. A local deformation of a holo-
morphic map f: Z — W is given by a family of holomorphic maps f; : Z; — W for t € A, with
a biholomorphism ¢ : Zy = Z inducing (Z, fo) = (Z, f). If the family (Z;) is smoothly trivial,®
it follows that the groups (fi)«(m1(Z:)) < w1 (W) are pairwise conjugate. The following is our
generalization to the orbifold setting of a deformation of the map mps : M/T'yy — N C Mg .

Definition 3.4 (I'-deformation). Let X = X/FX be an algebraic orbifold. Let ¢ : X — M, ,, be
a holomorphic map of complex orbifolds with associated homomorphism ¢, : 'y — PMod (X, ,,).
This means that there is a holomorphic map (;NS C X - Tg.n equivariant with respect to the
homomorphism ¢, and fitting into the diagram

X’LTgn

|

X — Mgn

Let I' < PMod(%,, ) be an arbitrary subgroup. We say that ¢ is a I'-deformation if, up to con-
jugation in PMod(%, ,,), the homomorphism ¢, factors through the inclusion I' < PMod(%, ).

Our main rigidity result is the following variant of the Imayoshi-Shiga theorem (see also Theo-
rem 4.10).
Theorem 3.5. Let 3g —3+n > 0. Let M be an almost Weil-Petersson complex submanifold of
Tgm- Let Tpr < PMod(X,,,) be the stabilizer of M. Let X = X /T'x be an algebraic orbifold and

¢ : X = My, be a nonconstant I pr-deformation. Then, there is a lift b X = Tgn of ¢ that
factors through the inclusion M — Ty .

4. THE CASE OF A FINITE TYPE CURVE C
On this section we prove Theorem 3.5 for the case of X a smooth finite type curve. We start
with the following special case.

Proposition 4.1. Suppose 3g—3+n > 0. Given a Weil-Petersson complex submanifold M C Ty,
with stabilizer T'yy < PMod(2,,,). Let C be a smooth finite type curve and ¢ : C — My, be
a nonconstant I'yr-deformation. Then, there exists a lift of ¢ to Ty, that factors through the
inclusion M — Ty .

Snote that we are not assuming that f is proper.
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The first step in the proof of Proposition 4.1 is the following elementary observation, whose
proof we include for completeness.

Lemma 4.2 (Orthogonal Projection). Suppose 3g — 3+ n > 0. Let Z be a totally geodesic
submanifold of Ty, with respect to the Weil-Petersson metric and let Iz be the stabilizer of Z in
Mod(X,,,,). There exists a I'z-equivariant smooth deformation retraction onto Z

WtZ:Eyn—)E,n ’ te [Ovl]
with the following property: for any w € 1Ty, the map
t = |ldry(w)|wp

is non-increasing. If w ¢ TZ and w is not parallel to a geodesic normal to Z then ||drl,(w)|wp
is strictly decreasing.

Proof. Endow T, with the Weil-Petersson metric gwp. Let € C T7;, be the domain of the
exponential map. Since gwp is incomplete & # T7T, ,,. Let E7 := NZ N E for NZ the normal
bundle of Z. The metric gwp) is negatively curved, thus

exp:Ez = Tgm

is injective and a diffeomorphism onto its image. Since gwp is not complete, a priori there

is no reason for exp to be surjective. Yet, Wolpert showed that for any p € 7, ,, the map

exp,, : & — Ty.n is a homeomorphism [Wol87, Corollary 5.4] , and this implies surjectivity of exp.
Let ¢y : £ — £z be given by (p,v) — (p,tv). Define

t . t . —1
Ty Tgn = Tgn , Tz :=exXpogi_soexp .

Since exp and ¢; are I' z-equivariant, it follows that 7%, is I'z-equivariant. The map 7}, is precisely
the orthogonal projection map to Z.

Let p € Ty and w € TpT,,. Observe that J(t) = dry, ‘(w) is a Jacobi field. A standard
computation, using the fact that Z is totally geodesic, shows that ||J(¢)|[wp is non-decreasing.
Furthermore, if p ¢ Z and w is not parallel to a geodesic normal to Z it follows that J(¢) has a
non-trivial normal component and so ||.J(t)||wp is strictly increasing. O

Having Lemma 4.2 at hand, we can prove Proposition 4.1.

Proof of Proposition 4.1. Let M C 7Ty, be a Weil-Petersson complex submanifold. By Lemma 4.2
there is a smooth homotopy
s Tgn = Tgm » t€[0,1]

between the identity and the orthogonal projection 73, : Ty, — M. Let I'y; < PMod(X,,,,) be
the stabilizer of M. Let C be a smooth finite type curve and ¢ : C — M, ,, be a nonconstant
I'jy-deformation. In particular, the lift ¢ : H?> — 7, ,, which equivariant with respect to the
homomorphism ¢, : 71 (C) = PMod(X, ), is not constant. Up to post-composing with a mapping
class, we can assume that ¢, : 71 (C) — I'ps. Define the map

Vi = Tyn  Y=my 00

Since 7}, is I'p-equivariant, it follows that ¥ is ¢.-equivariant. Proposition 4.1 will be proven if
we show that ¢ = 1.

Claim 4.3. q~$ = 1])

Proof of Claim 4.3. The proof follows the argument appearing in the proof of the Imayoshi-Shiga
theorem given in Section 4 of [AAS18]. We include the details for completeness, clarifying the
equivariance nature of all the maps being used— hence the difference in our notation.

For a smooth map f : H2 — Tg.n define the energy density Ex(f) of f at a point 2 € H? to be

Ex(f) = lldf1a (1) Rvp + ldf L (02) v,
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for an arbitrary orthonormal basis {v1,v2} of T, H?. Assume further that f is ¢4-equivariant, then
E.(f) is m (C)-invariant and we can define the equivariant energy of f as:

)= /C Ea(f)wo

where we is the volume form on C and Ez(f) is given by Em(f) for any lift = of Z.
Since ¢ is holomorphic and dreich agrees with the Kobayashi metric [Roy71], it follows that
[ldp(v) || Teich < ||v||mz. Recall that the Teichmiiller metric dominates the Weil-Petersson metric

lvllwe < L[v||Teich,
where L = |27(2g — 2+ n)|'/2 [McMO00, Proposition 2.4]. Thus, ||dé(v)|lwp < L||v|m2 and we have
the following
Lemma 4.4 ([AAS18, Lemma 4.1]). The homotopy
FH? x[0,1] = Tyn, filz) = my(d())

between ¢ and 1 satisfies:

(1) f; is L-Lipschitz for all t. Thus, the equivariant energy E(f;) is finite for all t.

(2) The map t — E(f;) is non-increasing along t. If ¢ # 1, then E(f;) is not constant.

(3) For any two points T, € C let dc(Z,7y) be their distance in C. Let xo € H? and let Ty € C

be its image in C. There are constants A, B > 0 such that for all (z,t) € H? x [0, 1] the
operator norm ||dF, 4| satisfies

||dF(;1;,t)H2 < Adc(i‘o,i‘)Q + B.

Remark 4.5. Note that since the homotopy 7, is norm non-increasing we get stronger results
than [AAS18, Lemma 4.1].

The proof of Claim 4.3 is completed by the two following key results. Let wwp be the Kahler
form associated to the Weil-Petersson metric.

Proposition 4.6 (cf. [ES64, Proposition 4.2]). Let f : H?> — (7, gwp) be a smooth map. Then,
for any x € H>

Ey(flwnz > f*(wwp)le
with equality if f is holomorphic at x.

Remark 4.7. Note that [ES64, Proposition 4.2] is stated for the energy and not the energy density,
but their results are given by pointwise estimates for the energy density that imply proposition 4.6.
Furthermore, their results give an if and only if condition for equality; this is not necessary for
our proof.

For each t, let ffwwp be the 2-form on C induced by the 71 (C)-invariant form fg‘wwp on HZ.
We have the following,

Proposition 4.8 ([AAS18, Proof of Imayoshi-Shigal). For all t € [0,1] we find

/ft wwp) /fo WWP)-

Proof. Since F satisfies properties (1)-(3) of Lemma 4.4, the same computation as in the proof
of the Imayoshi-Shiga theorem in [AAS18] gives the result. This is a generalization of Stoke’s
theorem by using a nice enough exhaustion of C' by compact sets. We remark that the notation
of [AAS18] differ from ours as all of their maps should be understood in the orbifold sense, e.g.
|dF (5.4 is given in our notation by Hdﬁ@t) || for any lift Z of . O

Finishing the proof of ¢ = . On one hand via proposition 4.6

E(f) > /C 7 (wwe).
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On the other hand via proposition 4.8 and the fact that fy is holomorphic.

/ft wwp) /fo wwr) = E(fo)

Thus E(f:) > E(fo) and via property (2) in Lemma 4.4 we find E(f;) = E(fo) for all £. In
particular ¢ = . O

Having proven Claim 4.3, Proposition 4.1 follows. O

Remark 4.9. Note that the same argument works more generally for M a real totally geodesic
submanifold of 7, with respect to the Weil-Petersson metric, e.g. an axis of a pseudo-Anosov
element of Mod(X, ,,) [DWO03]. Furthermore, the same argument yields the following strengthening
of the Imayoshi— Shlga theorem.

Theorem 4.10 (Imayoshi—Shiga). Suppose 3g—3+n > 0. Let C = H? /71 (C) be a smooth finite
type curve. Given i = 1,2 and smooth maps ¢; : H> — T, .., equivariant with respect to the same
homomorphism ¢, : m1(C) — PMod(X, ). Assume that ¢1 is holomorphic and nonconstant. Let
E(¢;) denote the equivariant energy of ¢;. If either ¢o is holomorphic or

E(¢2) < E(¢1)
then ¢1 = ¢o.

Proposition 4.1 implies the following special case of Theorem 3.5 when the algebraic orbifold is
a smooth finite type curve.

Proposition 4.11. Let 3g—3+n > 0. Let M be an almost Weil-Petersson complex submanifold of
Tgn with stabilizer T'py < PMod(3,.,,). Let C be a smooth finite type curve and let ¢ : C — Mgy,

be a nonconstant T yr-deformation. Then, ¢ has a lift ¢ : H2 — Tg.n factoring through M — Ty,

Proof. Let ¢ : C — Mg, be a I'y-deformation. Then, there is a lift ¢ : H2 — T, of ¢,
equivariant with respect to a homomorphism

¢* st (C) — FM — PMOd(Zg,n).
Since M is almost Weil-Petersson, there exists a forgetful map
F:Tgm = Tgm,

with n > m and 3g —3+m > 0, so that M’ = F(M) is a Weil-Petersson complex submanifold of
Tg.m- Let

Fi : Mod(3,,) = Mod(3g,m)
be the associated forgetful map. The map F is Fi-equivariant. It is evident that F.(Tpr) C .
We claim that

./_'.*|1‘M : F]y[ — FM/

is injective. Indeed, F|ps : M — M’ is a biholomorphism and so the only way for an ele-
ment v € ker F, to be in I'y; is to fix M pointwise. The kernel ker F, is a surface braid group
B m(2g,m) [FM12, Theorem 9.1]. Surface braid groups for surfaces with negative Euler charac-
teristic are torsion free [FN62, Corollary 2.2]. As x(2,,,) < 0 the claim follows.

The map ¢ is nonconstant, thus ¢, has infinite image. In particular, the group G := F, (¢, (1 (C))
is infinite. It follows that the map ¢ := F o ¢ is not constant: indeed, if not then G fixes a point
y, but this is impossible as G is infinite.

Observe that the map ¢ : H2 — 7, ,, is F o ¢,-equivariant so via (the proof of) Proposition 4.1
we find that ¢ factors through M’ — Tg.m- To conclude the proof of Proposition 4.11 we show
that the holomorphic map

b:=Flyfod:H? = MCTy,
equals q~5 By Theorem 4.10, it is enough to show that qAS is ¢4-equivariant. Let x € M’ and v € T'yy,
then
FIAFE() @) = FIst (Farly - Flyt (@) = - Flsh @),

Thus g?) is ¢y-equivariant and the claim follows. O
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5. RIGIDITY

In this section we complete the proofs of Theorem 3.5 and Theorem 1.1.

Proof of Theorem 3.5. Let (X, T x) be the orbifold structure of an algebraic orbifold X, with finite
index subgroup Iy < I'x and finite branched cover X’ = X /T’ — X. Given a nonconstant I -
deformation ¢ : X — Mg, let ¢ : X' — M, ,, be the induced orbifold map. By assumption
there is a lift ¢ : X - Tg.n of ¢ that is equivariant with respect to the homomorphism

(]5* : FX — FM — PMOd(Eg,n).

Let C C X’ be a smooth curve so that ¢’|¢ is not constant. Via the proof of Proposition 4.11, the
induced map J)| & on the universal cover C factors through M. Thus, Theorem 3.5 will be proven
if we show that we can cover X’ by curves C such that ¢’|¢ is not constant. Note that C' is not
required to be smooth. This is because ¢'|¢ will induce a map from its normalization.

Lemma 5.1. Let y € X'. There exists a curve C C X' passing through y so that ¢'|c is not
constant.

Proof. This is elementary, but we include the details. By assumption there is a finite (proper with
finite fibers) ramified covering 7 : X’ — X to a quasi-projective variety X. Let B C X be the
branch locus of 7. Given y € X', let Y = (¢’)~*(¢'(y)). Then, Y is a proper non-empty analytic
subset of X’. We will show that there is a curve C passing through y and not contained in Y. By
the proper mapping theorem, Y’ = 7(Y) is a proper analytic subset of X. Pick a point z ¢ Y’ UB.
Since X is quasi-projective, there exists a curve ¢’ C X passing through 7(y) and x. Let C, be
an irreducible component of 7=*(C") containing y, then x € 7(C,) = C and the claim follows. [

Having shown Lemma 5.1, Theorem 3.5 follows. O

Now we show that Theorem 3.5 implies the classical rigidity stated in Theorem 1.1. We consider
the following more general class of local deformations,

Definition 5.2. Given an almost Weil-Petersson subvariety N C Mg ,,, let ¢ : N — M, ,, be the
inclusion and fix L > 3. A proper local orbifold deformation of ¢ is a local holomorphic deformation
Ft : Nt[L] — Mg,n[L] 5 te A

of a lift «[L] : N[L] = M, [L] of ¢ such that the following hold:®
(1) Let 7 : N[L] — A be the associated deformation of N|[L], with Fy : No[L] = N[L]. Then
7 is a closed, smooth submersion.
(2) Fy: Ny[L] - M, ,[L] is proper.
(3) N[L] is smoothly isomorphic to N[L] x A.
Theorem 5.3. Assume 3g—3+n >0 and L > 3. Let N C Mg, be an almost Weil-Petersson
subvariety of positive dimension. Let

Ft : Nt[L] — Mgﬂl[L] y t e A
be a proper local orbifold deformation of 1 : N — My, such that each element of the family
7w @ N[L] = A is quasi-projective. Then, up to shrinking A, the deformation F : N[L] —
Mg n[L] is trivial, i.e. there exists a holomorphic family g; : N¢[L] — N[L] inducing (N¢[L], F}) =
(N[L],¢[L]).

Proof. Let N be an almost Weil-Petersson variety of M, ,, of positive dimension, and let I'j; be
the associated orbifold fundamental group of N. Let

Ft : Nt[L] — Mg’n[L] 5 te A
be a proper local orbifold deformation of ¢ : N < M, ,,. Let m : N[L] — A be the associated
deformation of N[L]. By assumption N;[L] is quasi-projective for all ¢. Thus,

60bserve that these are automatic for local deformations of compact manifolds.
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F

N[} = Myn[L] — Mgn

is a non-constant I'pr-deformation. By Theorem 3.5, it follows that Fy(N;[L]) C N[L] = Fy(No[L])
for all t. The set of points (x,t) € N where dF}|, is not full rank is closed and does not include
the central fiber. Since 7 : N[L] — A is closed, by shrinking A we can assume that F; is an
immersion for all . By dimension reasons it follows that F; is a proper local biholomorphism,
i.e. a covering map. Let ¢, : Ny[L] — N[L] for t € A be a smooth trivialization. It follows that
Fiot; ' : N[L] — NJ[L] is a covering map homotopic to a homeomorphism. In particular, it has
degree 1. So F is a biholomorphism and (N;[L], F;) & (N[L], ¢[L]) via the family F; and the claim
follows. U

The proof of Theorem 1.1 follows from the proof of Theorem 5.3, skipping the step that shrinks
A.

6. COVERING CONSTRUCTIONS ARE WEIL-PETERSSON GEODESIC

The main goal of this section is the proof of Proposition 1.2 relating covering constructions with
almost Weil-Petersson complex submanifolds. Note that by a result of Filip (cf. [Fill6, Remark
1.6]) covering constructions project to subvarieties of Mg, so we only need to show that the
images of covering constructions are almost Weil-Petersson complex submanifolds of 7y ,,.

We start by recalling the definition of covering constructions. Let

h:Y =%

be a finite degree, orientation-preserving, topological branched cover between topological surfaces
3" and X. Consider finite subsets © C ¥ and v C ¥'. In the following we will assume that

(1) h™Y(u) = v U R(h)
for R(h) the set of ramification points of h. In particular, u contains all the branch points of h.

Definition 6.1 (Covering constructions). Pulling back complex structures under the un-
branched covering map

h|2’7h*1(u) : E/ — hil(u) - X —u
induces a holomorphic isometric embedding

frn:T(Eu) = T(E, ()

with respect to the Teichmiiller metric. We call fj, a totally marked covering construction.
A covering construction is a holomorphic map

T u) — T v)

induced by a totally marked covering construction f; by postcomposition with the forgetful map
F: T(X,h (u) = T(¥X,v). Since F only forgets ramification points of h, the map f is an
isometric embedding [BS24, Proposition A.2]. If the branched cover h is regular we call f a
regular covering construction.

Remark 6.2. In [BS24, Appendix] it is shown that for g(X) > 1 and 7 (X, u) # 711 the condition
given by Equation (1) is necessary and sufficient for & to induce an isometric embedding with
respect to the Teichmiiller metric.

In the following, we describe in more detail properties of each type of covering construction.
Unless otherwise specified h : (X',v) — (2, u) will denote a finite degree, orientation-preserving,
topological branched cover. Let g(X) denote the genus of ¥. Throughout this section we assume
that

39(X) =3+ |u| > 0.
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6.1. Totally marked covering constructions. Let v = h~!(u) C X and let

T u) — T v)
be the associated totally marked covering construction. The map f is holomorphic and the deriva-
tive is given by pulling back Beltrami forms to the cover. We sketch the details. Let X = H?/T" €
T (X, u), for X a finite type Riemann surface diffeomorphic to ¥ —u and I' < PSL(2,R) a discrete
subgroup without elliptic elements. Since h is unbranched over ¥ — u, the image f(X) is given by
f(X) = H?/T" for I" < T a finite index subgroup. It follows that there exists a pushforward lift
of Beltrami forms:

fe : M(T) — M(T)

given by the inclusion. Furthermore, f, induces a holomorphic map

T(S,u) = T v)

which agrees with f.7 In particular the derivative of f is induced by f,. Similarly, the pullback of
integrable quadratic differentials is given by the inclusion Q(T') — Q(T).

Recall that Harmonic forms H(X) are given by (z — 2)2q for ¢ € Q(I'). Then, the following
corollary is immediate.

Corollary 6.3. Let f: T(3,u) = T(X',v) be a totally marked covering construction. Let X €
T(2,u). Then, the derivative df gives an inclusion

dfx « H(X) — H(f(X)).
Furthermore, dfx is induced by the pullback of quadratic differentials and volume forms under h.

Remark 6.4. For Corollary 6.3 it is crucial that the pullback of the complete hyperbolic metric
on X is the complete hyperbolic metric on f(X). In particular, it does not apply when we
postcompose with forgetful maps.

The Weil-Petersson metric gwp is easily computed for harmonic forms. Thus, we get the
following.

Corollary 6.5. Let f: T(X,u) = T(X,v) be a totally marked covering construction induced by
a branched cover h. Then,
[gwp = deg(h)gwp.

Proof. Let X € T(X,u). By Corollary 6.3, dfx : H(X) — H(f(X)) is given by the pullback of
quadratic differentials and volume forms under h. Let p; = @;(ds% )~ € H(X), then:

(dfx(p1), dfx (p2)) = /f(X) dfx (pa)dfx (p2)dst x)
2) - /f i @)

= deg(h) /quz = deg(h) (1, pi2)-

In the third equality we used the fact that the coderivative of f is given by the trace under h. [

6.2. Regular H-Covers. Let Y be a closed Riemann surface, with underlying topological surface
3. Let H be a finite group of conformal automorphisms of Y. Let X = Y/H so that H defines a
regular branched covering

hx:Y — X.

Let ¥ be the underlying topological surface of X. Let h : ¥’ — X be the topological branched
cover induced by hx. As in Equation (1), consider finite subsets u C ¥ and v C ¥’ such that

h=Y(u) = v U R(h).
Then, h induces a regular covering construction

T u) — T, ).

"Here it is important that h is orientation preserving, so that it agrees with f(X) — X.
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Suppose that v is H-invariant. Then H is a group of conformal automorphisms of Y :=Y — v.
Recall that H acts on T (X, v) by biholomorphisms. We claim the following,

Lemma 6.6.
(T (3, u)) = Fix(H)
for Fix(H) the fized set of H in T (X', v).

This is already known (e.g. [Kra59]), but we provide a proof using the terminology introduced
in [BS24].

Proof. Let M := f(T(X,u)). Note that H is a finite group of biholomorphic isometries of the Te-
ichmiiller metric. Thus, Fix(H) C T (X', v) is a totally geodesic complex submanifold with respect
to the Teichmiiller metric. The inclusion M C Fix(H) is evident, as H can be represented by
biholomorphisms of any f(Z) for Z € T (X, u). To prove the converse, we will consider the totally
geodesic bundles QM and QFix(H) [BS24, Section 3]. Let f(X) € M C Fix(H) and identify
H with a subgroup of biholomorphisms of f(X). Recall that Qs xyM C Q(f(X)) equals the
H-invariant differentials on Q(f(X)). We claim that Qs x) Fix(H) admits the same description.
In particular, Q¢x) Fix(H) = Qx)M and we are done.

To prove the claim, let ¢ € H and denote by t : T(X',v) — T(X',v) to the biholomorphism
induced by ¢. Since t(f(X)) = f(X), the umkehr map t [BS24, Section 4] associated to t acts on
Q(f(X)) by:

62 QUX) = QUX)) 5 g 1'(a) € QUIX)).
Any geodesic in Fix(H) is fixed by t. Thus, ¢ = t*(q) for any ¢ € Qy(x)Fix(H). The claim
follows. g

H acts on T (X', v) by Weil-Petersson isometries, thus the following is immediate.

Corollary 6.7. Let f: T(X,u) = T (X', v) be a reqular covering construction induced by a regular
covering with deck group H. Assume that v is H-invariant. Then f(T (X, u)) is totally geodesic
with respect to the Weil-Petersson metric, i.e. it is Weil-Petersson.

In general, we have a weaker statement.

Corollary 6.8. Let f : T(X,u) — T(X',v) be a regular covering construction, induced by a
regular cover h : ¥/ — X. If (9(X),9(X)) = (0,1) assume further that |u| > 5. Then f(T(X,u))
1s almost Weil-Petersson.

Proof. Let v/ = v\ R(h) = h='(u\ B(h)), for B(h) the branch locus of h. Then, v’ is H-invariant.
We claim that g(X’) — 3 + [v'| > 0. This is immediate if g(¥’) > 1 so assume otherwise.

We proceed by cases. If g(X) = 1 the map h is actually unramified and [v'| = |u| > 1. For the
remaining cases we use the following facts from [Mir95, Lemma 3.8 and discussion thereafter]:

(1) The map h can have at most 4 branch points and less than 4 if g(¥') = 0.
(2) If g(¥') = 0 and h has 3 branch points, then deg(h) > 4.

The claim follows. The forgetful map
F T v) = T, )

satisfies that M’ = F(f(T(2,u)) is Weil-Petersson (Corollary 6.7). Moreover, as F only forgets
ramification points, F restricts to a biholomorphism between f(7(X,u)) and M’. The result
follows. O

Combining Corollaries 6.5 and 6.7, we complete the proof of Proposition 1.2 by showing the
following.

Proposition 6.9. Let f: T(X,u) — T(X,v) be a totally marked covering construction induced
by a branched cover h. Then, f(T(X,u)) is a Weil-Petersson complex submanifold.
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Proof. The case of totally marked regular coverings follows from Corollary 6.7. So assume that h
is not regular. Let

ho : (X", w) — (X', v)

be the normal closure of h, i.e. the regular cover induced by taking a finite index subgroup
I < hy(m (¥ —v)) < m1 (X —w)) such that I' 9 71 (X — ). This means that have a commutative

diagram:

(E//7 ’LU) .
\2
h1 (E/,’U)

<
(2, u)

where h; for i = 1,2 are regular covers and the marked points satisfy

hit(u) = hyt(v) = w.

By Corollary 6.7, the induced maps

T(E" w) ;
~Z
fl T(Elvv)
7
T(Z,u)

satisfy that f1(7(X,u)) and fo(7T(¥X',v)) are Weil-Petersson submanifolds of 7 (X”,w). Since
f1 = fao f, it follows that f1(T(Z,u)) C f2(T(X,v)) and

FT(Ew) = fo (AT (3,u))).

In particular, f1(7(2,u)) is a totally geodesic submanifold of fo(7 (X', v)) with respect to gwp.
The map f : T(X',v) — T(X",w) is a totally marked covering construction. Thus, by Corol-
lary 6.5 it is (up to a constant) a Riemannian isometric embedding for gwp. The claim follows. O

[AAS18]
[AHW24]
[BDR24]
[BS24]
[Car57]
[DW03]
[EK74)
[EK76)
[EMMW20]
[ES64]
[Fil16)
[Fis76]

[FM12]

REFERENCES

Stergios Antonakoudis, Javier Aramayona, and Juan Souto, Holomorphic maps between moduli spaces,
Ann. Inst. Fourier (Grenoble) 68 (2018), no. 1, 217-228. MR3795477

Francisco Arana-Herrera and Alex Wright, The geometry of totally geodesic subvarieties of moduli
spaces of riemann surfaces, 2024.

Frederik Benirschke, Benjamin Dozier, and John Rached, The boundary of a totally geodesic subvariety
of moduli space, 2024.

Frederik Benirschke and Carlos A. Servan, Isometric embeddings of Teichmdiiller spaces are covering
constructions, Advances in Mathematics 452 (2024), 109817.

Henri Cartan, Quotient d’un espace analytique par un groupe d’automorphismes, Algebraic geometry
and topology. A symposium in honor of S. Lefschetz, 1957, pp. 90-102. MR84174

Georgios Daskalopoulos and Richard Wentworth, Classification of Weil-Petersson isometries, Amer.
J. Math. 125 (2003), no. 4, 941-975. MR1993745

Clifford J. Earle and Irwin Kra, On holomorphic mappings between Teichmiiller spaces, Contributions
to analysis (a collection of papers dedicated to Lipman Bers), 1974, pp. 107-124. MR430319

, On sections of some holomorphic families of closed Riemann surfaces, Acta Math. 137 (1976),
no. 1-2, 49-79. MR425183

Alex Eskin, Curtis T. McMullen, Ronen E. Mukamel, and Alex Wright, Billiards, quadrilaterals and
moduli spaces, J. Amer. Math. Soc. 33 (2020), no. 4, 1039-1086. MR4155219

James Eells Jr. and J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math.
86 (1964), 109-160. MR164306

Simion Filip, Splitting mized Hodge structures over affine invariant manifolds, Ann. of Math. (2) 183
(2016), no. 2, 681-713. MR3450485

Gerd Fischer, Complex analytic geometry, Lecture Notes in Mathematics, vol. Vol. 538, Springer-
Verlag, Berlin-New York, 1976. MR430286

Benson Farb and Dan Margalit, A primer on mapping class groups, Princeton Mathematical Series,
vol. 49, Princeton University Press, Princeton, NJ, 2012. MR2850125




LOCAL RIGIDITY OF WP SUBVARIETIES OF M, , AND COVERING CONSTRUCTIONS 15

[FN62]
[GDH92]

[HPRCR24]
[KMOg]
[Kra59)]

[McMO0]

[McMO9]
[Mir95]

[MMW17]
[Roy71]
[Wol8s5]
[Wol87]

[Wri20]

Edward Fadell and Lee Neuwirth, Configuration spaces, Math. Scand. 10 (1962), 111-118. MR141126
G. Gonzélez Diez and W. J. Harvey, Moduli of Riemann surfaces with symmetry, Discrete groups and
geometry (Birmingham, 1991), 1992, pp. 75-93. MR1196918

Rubén A. Hidalgo, Jennifer Paulhus, Sebastidn Reyes-Carocca, and Anita M. Rojas, On non-normal
subvarieties of the moduli space of riemann surfaces, Transformation Groups (July 2024).

Jeremy Kahn and Vladimir Markovic, Random ideal triangulations and the weil-petersson distance
between finite degree covers of punctured riemann surfaces, 2008.

Saul Kravetz, On the geometry of Teichmiiller spaces and the structure of their modular groups, Ann.
Acad. Sci. Fenn. Ser. A I 278 (1959), 35. MR148906

Curtis T. McMullen, The moduli space of riemann surfaces is kdhler hyperbolic, Annals of Mathematics
151 (2000), no. 1, 327-357.

, Rigidity of Teichmiiller curves, Math. Res. Lett. 16 (2009), no. 4, 647-649. MR2525030
Rick Miranda, Algebraic curves and Riemann surfaces, Graduate Studies in Mathematics, vol. 5,
American Mathematical Society, Providence, RI, 1995. MR1326604

Curtis T. McMullen, Ronen E. Mukamel, and Alex Wright, Cubic curves and totally geodesic subva-
rieties of moduli space, Ann. of Math. (2) 185 (2017), no. 3, 957-990. MR3664815

H. L. Royden, Automorphisms and isometries of Teichmiiller space, Advances in the Theory of Rie-
mann Surfaces (Proc. Conf., Stony Brook, N.Y., 1969), 1971, pp. 369-383. MR288254

Scott A. Wolpert, On obtaining a positive line bundle from the Weil-Petersson class, Amer. J. Math.
107 (1985), no. 6, 1485-1507. MR815769

, Geodesic length functions and the Nielsen problem, J. Differential Geom. 25 (1987), no. 2,
275-296. MR880186

Alex Wright, Totally geodesic submanifolds of Teichmiller space, J. Differential Geom. 115 (2020),
no. 3, 565-575. MR4120819

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO
Email address: cmarceloservan@uchicago.edu



