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Abstract

It is well known that the cohomology of a finite CW-complex with cells only in even
dimensions is free. The equivariant analog of this result for generalized G-cell com-
plexes is, however, not obvious, since RO(G)-graded cohomology cannot be computed
using cellular chains. We consider G = Z/p and study G-spaces that can be built as
cell complexes using the unit disks of finite dimensional G-representations as cells.
QOur main result is that, if X is a G-complex containing only even dimensional repre-
sentation cells and satisfying certain finite type assumptions, then the RO(G)-graded
equivariant ordinary cohomology is free as a graded module over the cohomology
of a point. This extends a result due to Gaunce Lewis about equivariant complex
projective spaces with linear Z/p actions. Our new result applies more generally to

equivariant complex Grassmannians with linear Z/p actions.
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CHAPTER 1. INTRODUCTION 1

Chapter 1

Introduction

Our main result (Theorem 3.4) is a generalization of a theorem due to Gaunce Lewis
(Theorem 2.6 of {9]). The following rough statement of our main result highlights the

difference between our theorem and that of Lewis.

Theorem. Let G = Z/p, for an odd prime p, and let X be a generalized G-cell
complez containing only even dimensional representation cells. Suppose further that,
for each m, X has only finitely many cells of the form DV with [VC| = m. Then, the
equivariant ordinary RO(G)-graded cohomology HE(X) is free as a module over the
cohomology of a point HE(x). Moreover, the dimensions of the generators are even,
and there is a one-to-one correspondence between the generators and the represenation

cells used to build X.

In Lewis’ result, the cells of X must be attached in a certain order, and the
generators for HE(X) are then in the same dimensions as the cells of X. Our result
removes the restriction on the ordering of the cells of X, but at the cost of being
unable to specify the exact dimensions (in the RO(G)-graded sense) of the generators

for H3(X). A sense of the relative strength of the two theorems can be obtained by
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CHAPTER 1. INTRODUCTION 2

considering what they tell us about complex Grassmannians with linear Z/p actions.
Lewis’ theorem applies to complex projective spaces with linear Z/p actions and
describes their cohomology completely. However, it does not apply to general complex
Grassmannians. Our result applies to arbitrary complex Grassmannians with linear
Z/p actions and gives that the cohomology of each of these spaces is free as a module
over the cohomology of a point. However, even for complex projective spaces, our
result does not specify the dimensions of the cohomology generators.

The ultimate source of the difference between the two theorems is that Lewis’
restriction on the ordering of the cells guarantees trivial boundary maps in the long
exact sequences associated with the cell attachments. Our theorem, with no such
restrictions on the ordering of the cells, applies even when nontrivial boundary maps
occur in these long exact sequences. The effect of such a nontrivial boundary map is
not to destroy the freeness of the cohomology, but rather to shift the dimensions of
some of the generators away from the dimensions of the associated cells of X. This
dimension-shifting complicates the passage to limits required in the computation of
the cohomology of an infinite cell complex, and therefore complicates the proof of our
theorem.

The fact that Lewis’ restrictions on the ordering of the cells guarantee trivial
boundary maps depends on special properties of Hg(*) that hold only for G = Z/p.
Consequently, his result cannot be generalized to other groups. Since our theorem
allows nonzero boundary maps, it is possible that it can be generalized to groups
other than Z/p. However, this possibility is not explored here.

Throughout this thesis, G denotes the group Z/p for some odd prime p. Chapters
3, 4, and 5 contain the major results. The four appendices contain various technical
lemmas used in their proofs. The majority of the results in the appendices are ones

whose analogs for non-equivariant cohomology are well-known.
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CHAPTER 1. INTRODUCTION 3

In Chapter 2, the basic algebraic background required for understanding Mackey
functor-valued equivariant ordinary RO(G)-graded cohomalogy is given. Chapter 3
contains our main theorem along with some of its important relatives. The proof of
this main theorem is broken into several steps; the technical details needed to carry out
those steps are supplied in the various sections and subsections of this chapter. One
major shortcoming of our result is that it does not specify the exact dimensions of the
generators of the spaces to which it applies. This difficulty is somewhat mitigated by
the fact that there is a certain amount of flexibility in the dimensions (in the RO(G)-
graded sense) of these cohomology generators. This flexibility is explored in Chapter
4, in which we describe conditions under which two free modules over the cohomology
of a point are isomorphic even though their generators are in different dimensions. The
application of our main theorem to equivariant complex Grassmannians is presented
in Chapter 5.

Appendix A contains some basic results about the category of Mackey functors,
including a catalog of the solutions to certain commonly occuring extension problems
and a description of the kernels of some standard maps. In Appendix B, the RO(G)-
graded equivariant ordinary cohomology of a point is computed for arbitrary Mackey
functor coefficients, and some consequences of these computations are given. Certain
standard maps between modules over the cohomology of a point are used throughout
the thesis. The properties of these maps are discussed in detail in Appendix C. The
dimension-shifting caused by nonzero boundary maps in the long exact sequences
associated with the cell attachments creates special problems in the passage to limits
required to compute the cohomology of an infinite cell complex. A technical result

needed to resolve these limit problems is contained in Appendix D.
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Chapter 2

Preliminaries

2.1 The Category of Mackey Functors

Mackey functors for a finite group were first introduced by Green [5); a more ab-
stract approach was also given shortly thereafter by Dress [3]. Subsequently, several
other approaches have been given, a survey of which can be found in [16]. Here we
mainly use the original approach of Green. This approach is usually refered to as the
elementary approach and is particularly convenient for the group G = Z/p.

In section 1 of [9], a tutorial is given on Mackey functors for Z/p. Here, Mack
is used to denote the category of all such Mackey functors. Otherwise we adopt the
notation used in [9].

A Mackey functor M for G = Z/p is determined by two Z[G]-modules, M(G/G)
and M(G/e), where M (G/G) has trivial G-action, and by two G-maps

p: M(G/G) — M(G/e) and 7: M(G/e) — M(G/G),

whose composite po 7 is required to be the trace of the G-action on M(G/e), namely

T+ ) .ec 9% The maps p and 7 are called the restriction and transfer, respectively.
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CHAPTER 2. PRELIMINARIES 5

As in [9], M is displayed with a diagram
M

M(G/G)

L]

M(G/e)
I

9

where 6 denotes the G-action. When 8 is trivial, it is deleted from the diagram. A

map f between two Mackey functors M and N consists of two G-maps,
fc : M(G/G)— N(G/G) and f,: M(G/e) — N(G/e),

which commute with the restriction and transfer maps in the obvious way. The
subscripts are sometimes deleted from the notation when the level of the map is clear
in context.

The category Mack is an abelian category. Kernels, cokernels, and so forth are
defined levelwise. For easy reference, we recall from [9] the particular Mackey functors
that are of interest to us. In the following diagrams, C denotes an abelian group, and

d denotes an integer prime to p.

Ald] L R (C) A
ZoZ Z Z C Z
(d,p)(',)(o»l) P(’71 1(’59 o(’,)o A(”)v

Z Z Z 0 zr

)

T

For each of A[d], L, and R, ¢ denotes the generator at G/e. The twisted Burnside

ring Mackey functor A[d] is displayed using the standard {u,7} basis at G/G where

Reproduced with permission of the copyright owner. Further reproduction prohibited witHout permission.



CHAPTER 2. PRELIMINARIES 6

p(p) = di, p(t) =pi, and 7(.) = 7. In fact, the last equality is the reason for naming
the second generator 7. Despite this double use of 7, its meaning should be clear
in context, and we repeat this convention for L. There, T denotes the generator at
G/G such that 7() = 7 and p(7) = pi. For R, the standard generator at G/G is
denoted by £ and satisfies p(§) = ¢ and 7(¢) = p€. The displayed Mackey functor (C)
shows an obvious way in which Ab can be embedded in Mack. For Ag, restriction is
the diagonal map, transfer is the folding map, and the G-action = is the permutation
action that cyclically permutes the coordinates of Z*.

The Mackey functors of the form A[d] are projective and play an especially im-
portant role in our work. Given integers a and b such that ad + bp = 1, the elements
o = ap + br and k = pu — dr form an alternative basis for A[d](G/G). This {o,k}
basis is often useful because ¢ restricts to the generator at G/e and k generates the
kernel of p. The equations y = do + bx and 7 = po — ax can be used to convert back
to the standard basis. In Examples 1.1(b) of [9], Lewis shows that the congruence

d, = +d; modulo p implies A[d;] & A[d,]. In fact, the converse is also true.
Lemma 2.1. Let d; and d, be integers prime to p. Then,
Ald)] = A[dz] if and only if dy = +d; modulop .

Proof. By our comments prior to the lemma, it suffices to prove that A[d;] = A{d,)
implies d; = %d, modulo p. Suppose that f : A[d;] — A[dy] is an isomorphism. Let
{p, 11,01} and {p2, 72,2} be standard bases for A[d] and A[dy], respectively. We
may assume that f.(¢;) = ¢z, and hence fg(n) = 2. Write fg(u1) = zpu2 + y12. The
map f¢ is described by the 2 x 2 matrix [;’ ‘1’] Since f¢ is an isomorphism, it follows

that z = £1. The equation
dit1 = fe(p(11)) = p(fg(111)) = (dox + py)ua

therefore gives the desired congruence. 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 7

The Burnside ring Mackey functor A is just A[1]. This Mackey functor plays a
role in Mack similar to the role played by Z in Ab.

The Mackey functor Ag is a particular instance of a construction due to Dress
[3]. In general, any Mackey functor M determines a Mackey functor Mg, and the
restriction p and transfer 7 for M determine maps p: Mg— M and 7: M — M.

The following diagram displays the values of Mg, p, and 7, for the case in which
G=1Z/p.

Mg T M y Mg

M(GJe) = M(G|G) —2— M(Ge)

[Jo o) el

M(G/e)? AN M(G/e) SN M(G/e)?

¢ Y Y
By fixing a generator a in G, the permutation action m on M(G/e)? can be described
by a™ - (%o, Z1, ..+ 1 Tp-1) = (T-m) T1-m) . . - ,Tp-1-m), Where subscripts are read mod-
ulo p. The displayed maps ¥ and A are then given by V((zo,Z1,- .. , Tp-1)) = ZP,a'z;
and &(z) = (z,a7'z,... ,a~? Vz). The given action 8 on M (G/e) also provides, for

each ¢ in G, a map g : Mg — Mg. The map

9c : Ma(G/G) = M(G/e) — M(G/e) = Ma(G/G)
is given by multiplication by g, and the map

9 : Mc(G/e) = M(G/e)? — M(G/e)’ = Mg(G/e)

is just e on each summand. Observe that po 7 = ¥ ¢cg.
As described in (8], the category Mack comes with a symmetric monoidal product

0O, called the box product. This product plays the same role in Mack as the tensor
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CHAPTER 2. PRELIMINARIES 8

product plays in Ab. In particular, for any fixed Mackey functor M, the functor 2O0M
is right exact. When M = A, this functor is naturally equivalent to the identity.
A formula for the box product of two Z/p-Mackey functors is given in [9]. Given

two Mackey functors M and N, their box product M O N is described by the diagram

MON (2.1)

(M(G/G)® N(G/G)) & (M(G/e) ® N(G/e))]/ =

(oMo ,P)(’ 5

M(G/e) ® N(G/e)
J
000N

The equivalence relation = is determined by the Frobenius relations
mg ® T™ne = pmg ®n. and ™m, ng ® m,  png,

where myg € M(G/H) and ng € N(G/H) for H = e,G. Note that the displayed
restriction and transfer maps are well defined with respect to the quotient modulo .

By using the description of M O N given in diagram 2.1, Proposition 1.3 of [9]
characterizes a map f : M (0N — P out of a box product. The map f determines
and is determined by a pair of G-maps Fg : M(G/G) ® N(G/G)— P(G/G) and
F.: M(G/e) ® N(G/e) — P(G/e) that commute with restriction in the obvious way
and respect the Frobenius relations. This characterization is useful for understanding
multiplicative structures given by maps out of box products.

The box product can also be used to define the notion of a ring in Mack. Specif-
ically, a Mackey functor ring is a Mackey functor S, together with structure maps
n:A— S and ¢ : SOS — S which specify the unit and multiplication respectively,
and which satisfy the usual coherence diagrams. Equivalently, a ring is a Mackey
functor S such that p is a ring map between the rings S(G/G) and S(G/e), and T

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 9

is an S(G/G)-module map via p. From this, A and R are easily seen to be Mackey
functor rings.

In general, box products are difficult to compute, but only a few simple cases are
needed in our work. For easy reference, the particular box products of interest to us
are recorded in Table 2.1. All of the results displayed there can easily be extracted

from Examples 1.2 of [9].

O | Ald) |L| R (D)
Ald)) || Ajduda) |L| R (D)
L L |L| L 0
R R |L| R |(D/pD)
(C) | (C) |0((C/pC)|(C®D)

Table 2.1: Box Products

Another nice property of the Mackey functors L, R, and (C) is that maps between
them are easy to understand. For the most part this is a consequence of the following

isomorphisms.
Proposition 2.2. For any Mackey functor M,
(a) Mack(L, M) = Homg(L(G/e), M(G/e)) and
(b) Mack(M,R) = Homg(M(G/e), R(G/e)).
Since L(G/e) has trivial G-action, for any Mackey functor M,
Homg(L(G/e), M(Ge)) = Ab(L(G/e), M(G/e)€).

Moreover, for a Mackey functor M with trivial G-action, Proposition 2.2 can be

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 10

written as
Mack(L, M) = Ab(L(G/e), M(G/e)).

Of course, analogous comments apply to the isomorphism involving R.
Proposition 2.2 tells us that maps out of L or into R are completely determined
by their values at G/e. In particular, Mack(L, (C)) = Mack({(C),R) = 0. Many

other useful consequences of Proposition 2.2 are described in Appendix A.

2.2 Generalized G-cell Complexes

Given a finite dimensional real G-representation V, let DV and SV denote the unit
disk and unit sphere of V, respectively. The one-point compactification of V is
denoted by SY; the basepoint of SV is taken to be the point at infinity. A generalized
G-cell complez is a G-space X together with a sequence of G-subspaces X, forn > 0
such that Xj is a disjoint union of orbits, X, is obtained by attaching cells to X,
via G-maps, and X = UnZO X, has the colimit topology. Moreover, the cells of X are
required to be one of the following two types: a representation cell of the form DV
for a finite dimensional G-representation V, or an orbit cell of the form G x D™ for
some positive integer m. For a representation cell DV, the attaching map is a G-map
out of SV. For an orbit cell G x D™, the attaching map is a G-map out of G x S™.
In contrast, ordinary G-cell complexes are built using cells of the form G/H x D™
for H a subgroup of G. It can be shown that generalized G-cell complexes have the
G-homotopy type of ordinary G-cell complexes.

Our main interest is in spaces that can be built with only even dimensional repre-
sentation cells. In particular, equivariant complex Grassmannians are considered in

Chapter 5.
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CHAPTER 2. PRELIMINARIES 11

2.3 Cohomology and RO(G)-graded Modules

The cohomology that we study has both coefficients and values in Mack. Specifically,
we compute RO(G)-graded equivariant ordinary cohomclogy with coefficients in some
Mackey functor M. This cohomology theory is described in (12, 13, 14].

RO(G) denotes the Grothendieck ring of isometric isomorphism classes of finite
dimensional real G-representations. Similarly, RSO(G) denotes the Grothendieck
group of SO-isomorphism classes of finite dimensional real G-representations. Of
course, RO(G) is a quotient of RSO(G) via the map 7 : RSO(G) — RO(G) which
identifies each irreducible representation with its complex conjugate. Since G =
Z/p, it is easy to see that RSO(G) is additively generated by 1, the trivial real
representation, and \,...,A,—1, the (complex) representations defined by A¢(m) =
e?*kmi/p for m in Z/p. Of course, for each k, Ay and A,_ are equivalent in RO(G)
via complex conjugation. Ordinarily we work with RO(G) and only refer to RSO(G)
at points where it is necessary to pay close attention to orientations.

For a virtual representation a = V — W in RO(G), the fixed dimension |a®| =
|VE|—|W€| and the total dimension |a| = |V|—|W| are either both even or both odd.
Consequently, every « in RO(G) may be described as being either even or odd. Also
observe that, if V is an actual representation, then |V| > |[V¢| > 0. Consequently, a
virtual representation « is said to be representation-like if |a| > |a€| > 0. In our work,
it is most often the case that only the dimensions (|a€|, |a|) of a virtual representation
o matter. One exception is when |a®| = |a| = 0. As in [9], the additive subgroup of
virtual representations a with |a®| = |a] = 0 is denoted by ROo(G). When we are
working in RSO(G), we write RSOq(G) for the obvious analog of ROy(G).

Let M be a Mackey functor, X a G-space, and « a virtual representation in

RO(G). The Mackey functor value of the unreduced equivariant cohomology of X

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 12

in dimension a with M-coefficients is denoted by H%(X; M). Similarly, the abelian
group value is denoted by H&(X; M). When a = n, the trivial representation R",
HZ(X; M) is Bredon cohomology [1, 12]. Whenever the coefficients are absent in our
notation, Burnside ring coefficients are understood. Note that here our notation is
slightly different from that used in [9], where the reduced cohomology HZ(X; M) is
considered. Of course, HE(X; M) = Ha(X,; M).

For our purposes, it suffices to note that each functor H%(?; M) is a contravariant

functor from the homotopy category of based G-spaces hGT to Mack, which satisfies

the usual axioms:

(i) Additivity: Wedge sums in AGT are carried to direct products in Mack.

(ii) Exactness: Cofibre sequences in hGT are carried to long exact sequences

in Mack.

iii) Suspension: Ha(X; M) = H%Y(ZV X; M), for any representation V and
G )
any « in RO(G).

(iv) Dimension: H%(S% M) = M. and H%(S% M) =0, for n € Z with n # 0.

Many of the properties of H%(?; M) are most easily seen from the fact that

HZ(?7; M) can be represented by an Eilenberg-Mac Lane Spectrum K(M,0). That

is,
HZ(X; M)(G/H) = [E*°X, AG/H,,Z°K(M,0)]g

for each subgroup H of G.
In terms of the group-valued cohomology, the Mackey functor value HZ(X; M)
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CHAPTER 2. PRELIMINARIES 13

can be displayed by the diagram

HE(X; M)

H&(X; M)

oAl

U
é.

The restriction, transfer, and G-action are determined by the maps p, 7, and g, for
each g in G, acting on the coefficients. Note that H&(X; Mg) is isomorphic to the

nonequivariant cohomology group H'el(X; M(G/e)).

2.3.1 Cohomology of a Point

The results of the computation of H(*) in [9] are recorded in the following lemma.

Lemma 2.3. Let a € RO(G). Then

rA[da] if o] = la®| =0

R if |a] =0 and |a®| < 0

L if ja| =0 and [a®| > 0
¢(*)=49(Z) if|a|#0 and[e®| =0

(Z/p) if|a] >0, |a®| <0, and a is even
(Z/p) if|al <0, |a®| > 1, and « is odd

0 otherunise.

\

The values d, in Lemma 2.3 are given by a function d» from RSOy(G) to Z

described in [9]. For our purposes, it suffices that d» induces a homomorphism from
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CHAPTER 2. PRELIMINARIES 14

RSOy (G) to (Z/p)*, the multiplicative group of units in Z/p. This homomorphism
is completely determined by the formula dy,_, = k modulo p. Passage to quotients
gives an induced homomorphism RO(G)—(Z/p)*/{*1}, also denoted by d-, making

the diagram

RSO(G) —— (Z/p)*

| |

RO(G) — (Z/p)*/{£1}
commute. Note that Lemma 2.1 tells us that all three interpretations of the value d,
(an integer, a congruence class, and a congruence class modulo +1) unambiguously
specify the isomorphism type of the Mackey functor HE(x) = A[da].
For o € ROy(G), the values of H&(*) depend only on |a®| and ||, and hence we
adopt the convention from [9] of plotting all of the values HE(*) as in Table 2.2.

]
A

Z/p) (Z/p (Z)

(Z/p) (Z/p) (Z)

R R Ads L L L > |a%
0 (z/p (Z/p)
(zZ)
0 (Z/p (Z/p
(Z)

Table 2.2: Hg(*)
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CHAPTER 2. PRELIMINARIES 15

By following the line of argument in Appendix A in [9], it is possible to compute
HZ (*; N) for any Mackey functor N. Specifically we are interested in NV = R, L, and
(Z). Tables and computations of these values are given in Appendix B.

The tables of the cohomology of a point here and in Appendix B explain the
reason for our special interest in the few Mackey functors appearing in Table 2.1.
The reason for our interest in the Mackey functor A¢ is explained by the following

result from [9].

Lemma 2.4. Let a € RO(G). Then

AG if |a| =0
HE(G) =

0 otherwise.

2.3.2 RO(G)-Graded Modules and Maps

For a Mackey functor M, T(M) denotes Hy(*; M); when M = A, just T is used.
Similary, Tg(M) denotes H(G; M). For a ring S, the cup product makes T'(S) an
RO(G)-graded ring. If X is a G-space and M is an S-module, then H;(X; M) is an
RO(G)-graded module over T(S). This module structure is central in our work, and
the category of all RO(G)-graded modules over T'(S) is denoted by T'(S)-Mod. The
maps in T(S)-Mod are taken to be the graded maps of degree zero.

Given a module M in T(S)-Mod and some a in RO(G), M*® denotes the Mackey
functor value of M in dimension «, and £*M denotes the shifted module obtained by
defining (X=M)? = M°*? for all 8 in RO(G). Similarly, for a map f in T(S)-Mod,
f* denotes the Mackey functor map in dimension «, and £°f denotes a shifted map.
An shift endomorphism of a module M is any map of the form £°M — TP M.

A module M in T'(S)-Mod comes with a collection of multiplication maps

Y2 T(S)° O MP — M+
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CHAPTER 2. PRELIMINARIES 16

which must satisfy the usual coherence diagrams. When the dimensions « and 3 are
clear in context, the map 2 is simply denoted by %. A map f between two modules
N and M consists of a collection of Mackey functor maps f®: N® — M< such that
the following diagram commutes:

T(S)*0 N 25 7(5)e 0 M# (2.2)

'ﬂNl 'ﬁul
ia-}-ﬂ

Noth ————— NfatB,

Of course, this is the expected diagram based on our analogy between the box prod-
uct and the usual tensor product. Some useful consequences of diagram (2.2) are
presented in Appendix C.

Our work in the category of T(S)-Modules is primarily concerned with projective
modules and more specifically free modules. Projective modules are defined by the
expected universal property in the category T(S)-Mod. As explained in [9], T¢(S)
is a projective module. In fact, a sum of modules of the form £-2T5(S) for a in
RO(G) are the only examples of non-free projective T(S)-modules that we consider.
Such modules are called standard projectives. Free T'(S)-modules are defined as direct
sums of modules of the form £=*T(S) for a in RO(G). We will make frequent use of

the following Proposition that characterizes maps out of a free module.

Proposition 2.5. For any M in T(S)-Mod and any a in RO(G),
T(S)-Mod(X~°T(S), M) = Mack(S, M*®).

More specifically, a module map f : £7¢T'(S) — M is completely determined by

a map of Mackey functors f* : S — M® via the diagram

T(S)P-°0 A T(5)-*05s 25 T(s)f-> 0 Me (2.3)

Iy [

(E=T(S))? ~ > M
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which specifies f? for all 3. Thus, a map out of £ ~°T is specified by a map out of
the Burnside ring. For easy reference, the following proposition recalls Proposition

4.12 of [9], which gives an analog of Proposition 2.5 for standard projective modules.

Proposition 2.6. Let M be a T-module, and let a be in RO(G). A T-module map
f:E7%Tg — M is completely determined by the image of

(1,0,...,0) € Z°» = (X °Tg)*(G/e)
in M*(G/e).

A free module like F = @, X~*T is described as a free module with generators
in dimensions a;,...,a,. Loosely speaking, these are the dimensions where the
Burnside rings appear in F. More precisely, (£~*T)% = A. Further, it is convenient
to describe F' by a plot of its generators. For this, the Cartesian plane is used, and the
symbol e is marked at coordinates (|a€|,|a|) for each generator a. However, if two

or more generators share the same coordinates, we put the number n of generators in

that shared location. For example, the plot of F = T@® L "MT & T~ T @ £-+AIT

is given in Table 2.3.

lal

A

® .- cee> lacl

Table 2.3: Plot if T@ S~ MT @ T~1T @ -+

Note that, by giving only a plot, information is lost about the exact dimensions

of the generators. However, as we will see in the proof of Theorem 3.4, these plots
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are very useful for organizing computations. Theorem 4.4 describes more precisely
how much information about the generators is retained by merely a plot of their
coordinates.

Since our work is primarily with T-Modules, the generators and relations for T'
listed in Theorem 4.9 of [9] are used extensively. For example, if |a| = 0, then ¢, is a
generator for 7%(G/e) = Z. At the G/G-level, the standard generators are

La in T = Ald,) for |a| = |[a®| = 0;

Ta = T(te) in T = Alds)or L for || =0, |a®| > 0, and « even;

£a in T* =R for ja| =0, |a®| < 0, and «a even;
€a in T® = (Z) for |a| > 0 and |a®| = 0;

€4 Ko in T® = (2) for |a| < 0 and o€ = 0; and

Vo in T* = (Z/p) for |a| < 0, |a®| > 1, and a odd.

In order to use the generators and relations for T = Hg(*) described in Theorem 4.9
of [9], we must work with RSO(G)-graded cohomology rather than RO(G)-graded
cohomology. The point here is that, if @ and o' are distinct elements of RSO(G)
which are identified in RO(G), then, for any G-space X and Mackey functor M, the
cohomology Mackey functors H&(X; M) and HE (X; M) are isomorphic. However,
the isomorphism is orientation reversing in the same sense that the degree —1 map on
S! induces an orientation reversing endomorphism of the nonequivariant fundamental
group m (Y, *) of any space Y. In defining nonequivariant singular homology, we
implicitly select an orientation on the standard n-simplex. Specifying generators
for T involves analogous choices of orientations. To specify a generator in T%, we
must specify an orientation for a and hence regard o as an element of RSO(G).
Otherwise, the isomorphisms implicit in our RO(G)-grading can scramble the signs
specified implicitly in the generators and relations listed in Theorem 4.9 of [9]. Thus

we adopt the convention that, whenever we are using specific generators for T,
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we are regarding o as an element of RSO(G). Otherwise, we work with RO(G)-
graded cohomology. For example, Chapter 4 contains results about isomorphisms
between free RO(G)-graded T-modules (e.g. Lemma 4.1). However, to prove these
results by giving explicit formulas for the isomorphisms, we specify orientations for
the dimensions of the generators of the free modules.

Some of the standard generators for T are used to define particular module maps

called standard shift maps.
Definition 2.7. The following maps are called standard shift maps:

(a) If B is in RO(G) with |8] = 0 and |3°| < 0, then there is a map h : T — AT
defined by h%(u) = £s. A horizontal shift map is a map of the form +Z°h.

(b) If v is in RO(G) with |y| > 0 and |y¢| = 0, then there isa map v : T — T
defined by v%(u) = ¢,. A wvertical shift map is a map of the form +£Xv.

(c) If n is in RO(G) with |n| < 0, [n€| > 1, and 7 odd, then, for any integer a
prime to p, there is a map 8 : T — Z"T defined by 8°(u) = av,. A diagonal shift

map is a map of the form £¥*0.

A very easy way to characterize standard shift maps is given in the following

lemma.

Lemma 2.8. Let a; and o, be elements of RO(G) such that one of the following

conditions hold:
(i) lay — 2] =0 and |[of —af| <0
(ii) |ay — az| > 0 and [af — af| =0

(iii) oy — aq] < 0, |af — af| > 1, and a; — a is odd.
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If s : 9T — £~T is ¢ T-module map such that s*' is an epimorphism, then s
is a standard shift map. Moreover, s is a horizontal, vertical, or diagonal shift map,

respectively, if condition (i), (ii), or (iii) holds, respectively.

It is important to note that these standard shift maps are simply shift endomor-
phisms of T' given by multiplication by an appropriate generator. Therefore, by using
the relations from Theorem 4.9 of [9], the standard shift maps can be described in

every dimension. A detailed description of these maps is given in Appendix C.
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Chapter 3

The Main Theorem

In [9], Lewis proves a theorem (Theorem 2.6) which has roughly the form:

Theorem. Let G = Z/p, for some prime p, and let X be a generalized G-cell complez
containing only even dimensional cells and satisfying certain finiteness conditions.
Suppose that X is built in such a way that, whenever a representation cell DV is

added, all previously added representation cells DW satisfy
Vi>w| = V¢ > |We

Then, the equivariant ordinary RO(G)-graded cohomology H5(X) is a sum P @ F,
where P = @ X~™Hg(G) is a projective module over Hy(*) with one generator in
dimension m for each orbit cell G x D™ used to build X, and F = @ Z-WH (%) is a

free module over Hg(*) with one generator in dimension W for each representation

cell DW used to buzld X.

The constraint in Lewis’ Theorem on the order in which the representation cells

are added guarantees trivial boundary maps in the long exact sequences associated

with the cell attachments. In this chapter, we prove a generalization of Theorem 2.6
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of [9] which removes this constraint on the ordering of the cells. In order to prove
this result, we are forced to consider nontrivial boundary maps.

Theorem 3.1. Let G = Z/p, for an odd prime p, let S = A, R, or (Z), and let X
be a generalized G-cell complez containing only even dimensional cells. If the cells of

X satisfy the conditions:

(i) for each integer m, X has only finitely many cells of the form G x D™,

and,

(ir) for each integer m, X has only finitely many cells of the form DV
with |VC| =m,
then the equivariant ordinary RO(G)-graded cohomology HZ(X;S) is projective as a
module over the cohomology of a point Hg(*; S).
Moreover, Hg(X; S) = Ps @ Fs, where
(i) Ps = @ L ™Hg(G;S) is a projective module over Hg(x; S) with one
generator in dimension m for each orbit cell G x D™ used to build X,

and,

(ii) Fs is a free module over Hg(*;S) with one generator in an even

representation-like dimension for each represenation cell used to build X.

Further, the dimensions of the generators can be chosen to be the same for S = A,
R, and {(Z).

Remark 3.2. (a) For S = A, R, and (Z), the dimensions of the generators for Fg
and the dimensions of the representation cells used to build X need not be the same.
In fact, they will be the same if and only if the boundary maps associated with the
cell attachments used to build X are all zero. This is the relationship between the

conclusion of Theorem 3.1 and the conclusion of Theorem 2.6 of [9].
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(b) For S = (Z), the dimensions of the generators for Fizy can alternatively be
chosen to be the same as the dimesions of the representation cells used to build X. As
is shown in Lemma 4.7, any summand £~“Hg(*; (Z)) can be replaced by a summand

T-“"Hg(*; (Z)), where |(')¢| = |w®|. Also note that Pzy = 0 since Hg(G; (Z)) = 0.

The case in which S = A is the case of real interest in Theorem 3.1. However, our
proof of this result for that case requires the use of the other coefficients R and (Z). It
is possible to define the RO(G)-graded box product ? Oy ? for T-modules, and there
ought to be a Universal Coefficients Theorem for RO(G)-graded equivariant ordinary
cohomology based on this product. However, such a theorem is not yet available. Our
proof of Theorem 3.1 is therefore structured to circumvent this deficiency. Specifically,
rather than describing ? Or ? in full generality, we introduce a simpler construction
sufficient for our needs.

Let @ be a projective T-module of the form

Q= (EB 2‘"‘Ta> ® (@ E““T) :

meM wEW
where M is an indexed set of integers, and W is an indexed set of elements of RO(G).

Note that we allow M and W to have elements that occur more than once. Associated
to @ there is a functor, also denoted by Q, from Mack to T-Mod. For each Mackey

functor XV, define

Q(N) = ( ) E‘“‘T(N)G) @ (@ 2‘“’T(N)) : (3.1)

meM wEW

and, for each map of Mackey functors V; —h)Nz, define the T-module map
Q(k
QM) Q)
to be the obvious sum of suspensions of the maps

Hg(G; M) —Hg(G; N2)  and  Hg(+; N1) — Hg(%; N2)
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induced by the map N, —*+ N;. The map Q(Ny) —> Q(N,) is called a change of

coefficients map. Had we defined ? Or ?, it would be obvious that Q(/N) and

Q(N,)—Q(N2) were just QO T(N) and Q7 T(N,) ———2L, Q O T(N,), respec-

tively. Also note that, if @, and @, are two projective T-modules of the type given
in equation (3.1), then a map f : @; — Q- induces a map f(N) : @ (N) — Q2(N).
On each summand £-™Tg(N) and for each v € RO(G), f(N)? is given by

(S™"Ta(N))™ = T(N)"™™ 0 Ag ——C T(N)""™ 0 Q ~=44 Qy(N)".
On each summand X~“T(N) and for each v € RO(G), f(N)" is given by
(Z“T(N))"=T(N)"™*OA——> o =L T(N)TY O QY 2 Qu(N).

Of course, f(N) is just fOid: Q, Or T(N) — Q; Or T(N).
For us, the most important instances of change of coeflicients maps are those

induced by the canonical short exact sequence of coefficients
0—(Z)—A— R—0.

Propositions B.14 and B.16 together tell us that, if @ is a sum of a standard projective

T-module and a free T-module, then this short exact sequence of coefficients induces

a short exact sequence of T-modules
0—Q((Z)) — Q — Q(R) —0.

Of course Q((Z)) and Q(R) also have the structure of a T'((Z))-module and a T'(R)-

module, respectively. The following lemma is used frequently.

Lemma 3.3. Let Q be a sum of a standard projective T-module and a free T-module.

Assume that

0—H S H-H"—0
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is a short ezact sequence of T-modules and H" is a T(R)-module. If f : Q—H is a

T-module map, then there are unique maps
f:QUZ))—H' and f":QR)—H"
such that the diagram
0—Q((Z)) —Q—>Q(R) —0

P

0 »H —— H—— H" »0

commutes. The map f" is a T(R)-module map. Moreover, if H' is a T({Z))-module,

then the map f' is a T({Z))-module map.

Proof. The existence and uniqueness of the T(R)-module map f” making the right
square commute comes from Lemma C.8. The T-module map f’ making the left
square commute is then the unique induced map between kernels. The fact that f’

is a T((Z))-module map if H' is a T((Z))-module follows from the surjectivity of the

ring homomorphism A — (Z). O
We can now state the variant of Theorem 3.1 that is actually going to be proven.

Theorem 3.4. Let G = Z/p, for an odd prime p, and let X be a generalized G-
cell complez containing only even dimensional cells. If the cells of X satisfy the

conditions:

(i) for each integer m, X has only finitely many cells of the form G x D™,

and,

(i) for each integer m, X has only finitely many cells of the form DV

with |[VC| =m,
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then the equivariant ordinary RO(G)-graded cohomology HE(X) is isomorphic to a

sum P® F, where

(i) P = @,eps T "HE(G) is a projective module over Hg(*) such that
M is the indezed set {m : G x D™ is a cell of X}, and

(1) F = @ ey Z“Hg(*) is a free module over H(+) such that W is
an indezed set of even representation-like elements of RO(G), and W is
in one-to-one correspondence with the set of representation cells used to

build X.

Moreover, there are isomorphisms
Hz(X;(Z)) = P((Z)) ® F((Z)) end Hg(X;R)= P(R)® F(R)
such that the diagram

0— P((Z)) ® F({Z)) — P ® F — P(R) ® F(R) — 0

Jf“ le lg

0 —— Hg(X;(Z)) —— Hg(X) — Hg (X5 R) —— 0
commautes and has ezact rows. Here, the maps on the top row are the canonical change
of coefficients maps and the maps on the bottom row are the maps in cohomology

induced by the canonical coefficient maps.

Proof. The proof is given in Section 3.1. O

In the course of our proof of Theorem 3.4, it is necessary to consider the case in
which a single new representation cell is added to a space with projective cohomology.

At that point in the proof of Theorem 3.4, the following theorem is used.

Theorem 3.5. Let B be a G-space, and let
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(i) P = @ner T "HE(G) be a projective module over Hg(*) such that

M is an indezed set of nonnegative even integers, and

(i) F =@ ew E"“Hg(*) be a free module over Hg(*) such that W is an

indezed set of even representation-like elements of RO(G).

Suppose that, for S = A, R and (Z), there are isomorphisms
H(B;S) = P(S) ® F(S),
such that the canonical diagram

0— P((Z))® F((Z)) — P® F — P(R)® F(R) —0

“’mlﬁ -vle v Rle

0 —— Hg(B;(Z)) —— Hg(B) —— Hg(B; R) —— 0
commutes and has exact rows.

IfY is a G-space formed by attaching an even dimensional representaton cell DV

to B, then there is a free Hg(x)-module F' = @, ey T-"H(*) such that
(i) W' is is an indezed set of even representation-like elements of RO(G);
(i) Rank(F') =1+ Rank(F);
(iti) for S = A, R and (Z), H;(Y; S) = P(S) @ F'(S); and
(iv) the canonical diagram

00— P((Z))® F'((Z)) — P F'— P(R)® F'(R) —0

00— H(Y;(Z)) —— Hg(Y) —— H;(Y; R) —— 0

commautes and has ezact rows.
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Moreover, if W is decomposed as W = W, UW,, where W, consists of all of the
elements w of W such that |w®| < |V€|, then W' decomposes as W, U Wj, where
W, is an indezed set all of whose elements have fized dimension at least |VC|. If we
let Fi = @,ew, E“He(*), Fa = @pew, S“Hy(x), and F} = D yep; = Hy(%),
then, for S = A, R, and (Z), the diagram

P(S) ® F\(S) ® F}(S) —— Hy(Y; S) - Hy(B; S) “’?“» P(S) @ F\(S) ® Fx(S)

7’1.21 ﬂ’ml

P(S) @ Fy(S) L » P(S) ® F\(S)

commutes.
Proof. The proof is given in Section 3.2. O

Remark 3.6.  (a) To understand the proofs of Theorems 3.4 and 3.5, it is helpful
to understand the precise relationship between the free summands of Hg(Y) and
HZ(B) in Theorem 3.5. The cell attachment in Theorem 3.5 is reflected in the usual

long exact sequence in cohomology:
.. =2 VT S HL(Y) —HLB) 2T — ... (3.2)

The case in which 8 = 0 gives H5(Y) = Hg(B)®Z~VT; the free summands of HE(B)
provide all but one of the free summands of Hg(Y). Our interest is in what happens
if @ # 0. In that case, it turns out that some, but not all, of the free summands of
HY(B) are preserved in H;(Y'). Finitely many of the free summands of Hg(B), say
s-1T, ... £-«nT, get replaced by different summands, say £~“T,... ,Z~“:T, and
further, a new summand £~V'T, in a different dimension from YT, gets added to
form H(Y'). The dimensions of the original summands satisfy |w)| < ... < |wg| < |V]
and |VC| < |[wf| < ... < |wg|. The dimensions of the replacement summands satisfy

|wfl = |wil for 1 < i < m, |(W])€] = |VE], and |(w))¢] = |wE,]| for 2 < i < n. The
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dimension V' satisfies |(V')¢| = |w&| and |V’| = |V|. Let H' denote the module
obtained from H(B) by replacing the summands £~“7T with the summands £~T,
Then, the cohomology of Y is H5(Y) & H'@Z~V'T. Note that H;(Y") does not have
generators in the same dimensions as the cells used to build Y. Briefly, the value of
HZ(Y), comes from a shifting of the generators in Hi(B) and £~YT. This shifting

is pictured in Table 3.1.

lﬁl 17\4
: @V : oy

LW

n n

w2
Shifts to
—_—

o, Doey

s> aC| N

Table 3.1: Shifting of Generators

In the plot on the left, the symbol (© is used to denote the generator for Z~VT,
thereby distinguishing it from the generators for @_, Z~“T which are denoted as
usual. The plot on the right shows where these generators end up after the shifting
induced by a nontrivial boundary map. Note that all of the shifting occurs in fixed

dimensions greater than or equal to |VS|.

(b) As in Theorem 2.6 of [9], the free summand F in our Theorem 3.4 has one
summand £~WT for each representation cell DW that is involved in neither the

domain nor range of a nontrivial boundary map.
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(c) Although Theorem 3.4 can tell us the coordinates of the generators for the
cohomology of a generalized G-cell complex built with even-dimensional cells, it does
not specify the exact dimensions for the generators. For example, let DV be a rep-
resentaion cell whose attachment induces a nontrivial boundary map out of a single
summand E~“T of the cohomology of an existing space. As stated in Corollary C.7,

the exactness of the sequence
S VT2 VT YT - vT-L2-"T —

is equivalent to the condition d, = +1, where v = ' —w — V + V’. Hence, given
V and w, the sum V' + &' can be specified. However, neither V' nor «' can be
determined. Only the coordinates of V' and ' are forced. This issue of uncertainty

in the dimensions of the generators of a free module is explored further in Chapter 4.

3.1 The Proof of Theorem 3.4

Our proof proceeds by induction up the filtration
Xs—=Xi—...—X,— ...

for X. Ultimately, the limit lim Hg(X,) must be computed. This computation is best
s

understood via a comparison with the analogous computation in the nonequivariant

case. Suppose that Z is a nonequivariant cell complex with even-dimensional cells

and only finitely many cells in each dimension. Say Z has the filtration
Zo—)Zl—) —)Z,—) e

For each s > 0, let M, be the indexed set {m : D™ is a cell of Z,}. Since the cells

are all even dimensional, the boundary maps associated with the cell attachments are
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all zero. Hence, for eachi s > 0, a simple argument gives that
H*(Z,)= @ T"H"(+).
meM,
Moreover, the map in cohomology H*(Z,;;) — H*(Z,) induced by the inclusion
Zy C Zy4 is just the obvious projection onto a summand. In this case, it is easy to

use the standard Milnor short exact sequence
0 —lim'(Z~'H*(Z,)) = H*(Z) — lim H*(Z,) —0
s s
and argue that lim' (Z-'H*(Z,)) = 0 and

H*(Z) =lim H*(Z,) = @ Z™H"().
memM

Here, M =5 Ms = {m : D™ is a cell of Z}.

In our equivariant case, X has two kinds of cells - orbit cells and representation
cells. Hence, the cohomology of X has two kinds of summands - standard projective
summands and free summands. What happens on the standard projective summands
is exactly what happens in the nonequivariant case. However, the free summands are
harder to handle. The difficuity arises from the dimension-shifting of the free gener-
ators caused by nonzero boundary maps in the cell attachment long exact sequence.

As aresult of this shifting, the map in cohomology
HE(Xo41) — Hg(Xo)

induced by the inclusion X; € X, need not be a simple projection onto a summand.

It turns out that the standard Milnor short exact sequence can still be used as it
was in the nonequivariant case. However, we have to work harder to argue that the
lim' term is zero and to compute H(X) li:n Hg(X,). The key to our argument

is the fact that, as s — oo, the minimum dimension of the representation cells added
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after X, goes to infinity. Hence, the difference between HZ(X,) and Hg (X,+,) caused
by dimension-shifting gets restricted to higher and higher dimensions. Specifically,

for each integer s > 0, we define
m, = min{|VC|: DV is a cell of X added after X,}

The minimum of the empty set is taken to be infinity. The free generators of Hg(X,)
in fixed dimensions less than m, are preserved in Hg(X,4x), for all k& > 0, and
ultimately in Hg(X). The free generators of Hg(X,) in fixed dimensions at least m,

need not be preserved in Hg(X). Clearly

0<mg<m <..<m;<..<00,

and our finiteness assumptions guarantee that aliglo ms = o0o. Hence, in our case,
lign HZ(X,) turns out to be computable.

To compute the lim' and lim terms in our Milnor short exact sequence, we use
Proposition D.1 which describes the limits of certain sequences of projective modules.
Inductively, each module Hg(X,) is shown to be projective of the form

o(X,) = (EB z-mTa) @ (@ E‘“T) :
meM, weW,
Here, M, is the indexed set {m : G x D™ is a cell of X}, and W, is an indexed
set of even representation-like elements of RO(G) such that W, is in one-to-one

correspondence with the set of representation cells of X;. From W, define the subset
W, = {weW,: |w < m,}

Let Q, be the summand of Hg(X,) defined by

Q= ( é E""TG) ® (@ 2“"T) :

meM, wEW;
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Our aim is to apply Proposition D.1 for the sequence of T-modules given by

Q, = Hg(X,).
Hence, we need to show that, for each s > 0, W, C W,,, and, for S = A, R, and

(Z), the diagram

Hg (X413 5) — HG(X,; S) (3.3)

}

Qs+1(S) — Qu(S)

commutes. Here, the top horizontal map is the map in cohomology induced by the
inclusion X, € X,41, and the remaining maps are the obvious projections onto a
summand. Proposition D.1 can then be applied for the indexed sets M = |J,5, M,

and W = |J,5¢ W, the sequence {m,},>o, the indexed sets
W, = {weW,: | >m,},

and the sequence of 7-modules given by @, = H%(X,).

By our finiteness assumptions, Xj is a disjoint union of orbits. Hence, H% (X)) is
a direct sum, in which each summand has the form T or T'. Clearly, the conclusions
of Theorem 3.4 hold for Xj,. Of course, Mg consists of one zero for each orbit G/e in

X, and W, consists of one zero for each orbit G/G in X,. Moreover,

0 if mg =0, 0 if mg =0,
Wo = and Qo =
Wo if mg > 0, HE:(XO) if mg > 0.

Suppose, for some s > 0, that the conclusions of Theorem 3.4 hold for X, and

that
2 MoC M C...C M,,

WoCW,, WICW,, ... W, CW,,
Wogwlg...gws, and
Q< L...2Q, <HX,;S)
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have been defined. Also suppose that, for S = A, R, and (Z), the diagram

(X5 S) — HE(X,_;S) — - - - — H;(Xo; S)

| ! !

Q:(S) — Q41 (S) — -+ » Qo(S)

commutes, where the maps in the top row are the induced maps in cohomology and
the remaining maps are the obvious projections onto a summand.

Let C denote X,.,/X,. Hence, C is the wedge sum of spaces of the form G, A 5%
or SV coming from the attached cells of the form G x D% or DV, respectively. This

attachment is reflected in the cofibre sequence
(Xs)+ — (Xsr1)+ —C.

For any coefficients S, this cofibre sequence gives rise to the expected long exact

sequence in cohomology

—H%(C; §) — HE(X,1: ) — HE(X,: S) 24 HEH(C; S) —
HEH (X,01: S) — HEH (X,; ) —. (3.4)

For the case in which S = A, the boundary map 8 : H5(X,) — ZH%(C) is a graded
module map between projective T-modules. The summands in the domain of 9 have
the form £-%Tg or ©~“T, where w is an even representation-like element of RO(G).
The summands in the range have the form £!=2*T; or £~V T, where V is an even-
dimensional actual representation. Thus, the boundary map 0 is made up of maps of

the forms _
Z_ija — 21-2kTG,

T UTe — VT,
YT -—3X1-%Ts, and
T vT —Z-YT.
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In the proof of Theorem 2.6 in [9], Lewis shows that only the last of these can be

nonzero. Moreover, this can only occur if
V| > |w| and [VE| < |uC].

We form X,y from X, in two stages. First, form X , by attaching all of the
cells of X,;; on which the boundary map 8 : H5(X,) — ZHZ(C) vanishes. Let C’
be the cofibre of the inclusion X, C X, ,. By our observations about g, all of the

orbit cells in C are included in C’. Since the boundary map
& : Hx(X,) — THE(C')
is zero, the long exact sequence in cohomology arising from the cofibre sequence
X, — X, ,—C
simply amounts to a short exact sequence
0 — HE(C') — HE(X!,,) — Hy(X,) —0 (3.5)

in T-mod. Moreover, the canonical map 4 — R induces a diagram

Hi(X,; A) =% sl (C)

I |

@, -
Hg(X,; R) — £H%(C"; R)
in which the vertical maps are the canonical change of coefficients maps. It follows

that 8, = 0, and hence the canonical short exact sequence of coefficients

0—(Z)—A—R—0
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induces a diagram in cohomology

0 0 0 (3.6)

| |

0 — FI5(C'; (Z)) — Hy(Xiry; (Z) — H (X, (2)) — 0

i q th
+

0—— H(C') —— Hg(X!,) —— HE(X,) ——0

‘ % |
L 4

0 —— Hy(C'; R) —— H5(X},; R) —— Hg(X,; R) — 0

| | |

0 0 0

with exact rows and columns. Note that the long exact sequence which should have
appeared in the middle column of this diagram, in fact, reduces to a short exact
sequence. This can be proven, for example, by applying the 5-Lemma to the bottom
two rows to show that ¢} is an epimorphism. Clearly, the left column is the short
exact sequence of change of coefficients maps associated with the projective module
H3(C"). By the induction hypothesis, the right column is isomorphic to the short
exact sequence of change of coefficients maps associated with the projective module
Q, = H;(X,). Hence, Lemma C.9 tells us that the middle column splits as a sum of
the left and right columns. Moreover, under the splitting isomorphisms, ¢} is identified
with ¢, @ g;, for i = 1,2.

Recall that C' is a wedge sum of spaces of the form G, AS? or SY. Our finiteness
assumptions imply that, for any coefficients S, the cohomology I:I‘G(C’ ; S) is a direct
sum with summands of the form £-%T¢(S) or £-VT'(S). Moreover, for any S, each
free summand of H3(C'; S) has the form £~YT(S) for an actual representation V. It
follows that, for S = A, R, and (Z), H3(X,; S) has the form asserted in Theorem

3.4, and the map Hg(X,,,) — Hg(X,,,; R) is the asserted change of coefficients
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map.

Having constructed X, as an intermediate step toward X,;;, we also take an
intermediate step toward specifying M, and W,.,. In fact, since C' contains all of
the orbit cells of C, we are ready to specify M,.,. However, we use W,H,o to denote

an intermediate step between W, and W,,,. Define the indexed sets
Mo =M,U{m:G x D™ is a cell of C'}

and
Wit10 = W, U {V : DV is a cell of C'}

Clearly, M, C M,,; and W, € W, 0. The splitting of sequence (3.5) gives that

HyX..)=| @ ="Tc|e| @ =™T|. (3.7)

MEM; 41 era+l.0

Also observe that, for S = A, R, and (Z), the diagram

H:(X, 1 S) — Hy(X,; S) (3.8)

l |

Qs($) ——Q\(9)
commutes, where the vertical maps are the obvious projections.
To form X, from X, ,, all of the cells of C not in C' are attached. Since our
finiteness assumptions guarantee that X,.;/X;,, contains only countably many cells,

X,+1 can be formed from X, by a sequence of single cell attachments. This process

is described by a filtration
X.;'f‘l=X;+l,o-—_)X;+l,1—)°"_)X;+1,t——) v ooy (3-9)

where, for each ¢t > 0, X, ., is formed from X, , by attaching a single new
representation cell. Of course, this sequence may terminate after finitely many steps.

However, in general, X, is the colimit.
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The conclusions of Theorem 3.4 are shown to hold for each space X, ,, by induc-
tion on ¢. Our aim is to then apply Proposition D.1 to compute lign H;(X,y ). For

each integer £ > 0, define

M1 = min{|VC|: DV is a cell of X, added after Xerr,e}

Clearly m, < myy10 < Myp1,1 < oo < Mgy < ... < 00. By our finiteness assump-
tions, lim m,y,, = oo.
{— o0
Inductively, we show that
HE (X 1) = @ L™ | & @ T,
mEM, 41 WEW 10t

where W1, is an indexed set of even representation-like elements of RO(G) such
that W,H,, is in one-to-one correspondence with the set of representation cells of

s+1,- Foreach ¢t 2 0, let

Mpre = Mspi
Wiste = {w € Wypry : [w€] < mgq1}, and
Qurte = (Bmertuns ET6) © (Buemip Z°T) -
Inductively, we show that, for each t > 0, Wy11: € Ws41e4+1 and, for S = A, R, and

(Z), the obvious diagram

HE (X 0013 S) — HE(X 115 5) (3.10)

I !

Qs+1,6+1(S) — > Qs+1,(S)

commutes. Ultimately, we apply Proposition D.1 for the indexed sets

M,+1 = UM.H—I,C and W.$+1 = Uws-f-l,t ’

>0 >0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE MAIN THEOREM 39

the sequence {77¢541,}¢>0, the indexed sets
’ SA) . G
s+t — {w € Weyiye: |w®] > ma+1.¢},

and the sequence of T-modules given by Q,,,, = H&(X},, ,).

The case t = 0 has already been handled, since X, ,, = X;,,. This was the
reason for the choice of notation W.H-x,o in equation (3.7). Theorem 3.5 is used to
argue the inductive step. Specifically, suppose that X}, ,,,/X;,,, = S¥. Apply
Theorem 3.5 for B = X;,, ., Y = X3, 441) P = Opem,,, Z " Tos

Fi = @ =T

WEW,p1,e
such that [w%|<|VEC|

F,= @ =
wGWa-H.t
such that [w%|>|VC|
and F = F, & F;. Define Ws+1,t+1 as the indexing set in the free module
F= @ T“T=FeoF
wEW, 41,041

given by the conclusions of Theorem 3.5. For S = A, R, and (Z), the commutativity

of the diagram

P(S) ® Fi(S) ® Fy(S) ~%» H5(Y; S) ~ Hy(B; S) - P(S) @ Fi(S) @ Fy(S)

7"1.21v Wl.!l

P(S) @ Fi(S) “ » P(S) © Fy(S)

allows us to select Wyy1e41 S0 that Wy, © Woyp 41 Since myyys < Mygq o4, it

follows that

Weirt © Wasee1 © W e41-
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Moreover, diagram (3.10) commutes. Of course, the conclusions of Theorem 3.5 give
that the conclusions of Theorem 3.4 hold for X; -

The space X, is the colimit of filtration (3.9) and each inclusion

srnt S Xosrert
is a cofibration. Hence, for any coefficients S, the standard Milnor short exact se-
quence takes the form
0 — lim! (B Hp(Xip1,5) = Hy(Xor; ) — Im H5(X} 10 ) — 0. (3.11)
Moreover, the short exact sequence

0—(Z) —A—R—0

induces a diagram

0 — lim" 7 HG(X, 145 (2) — Hy(X,415(2)) — M Ho(Xo115(2)) — 0

| !

+

0 —— lim' T HE(Xy 1) ——— Hg(X,1) —— M HG(X ) —— 0

! J !

-

0—— li{nl S H (X 1,6 R) —— Hg(X,4y; R) —— 1im Hg (X1 R) —— 0

with short exact rows. The indexed set M,,, has already been defined. Define
W = Uczo Ws+1,t and hence Wy, = {w € Wit ¢ |w€| < myy1}. For each ¢t > 0,
let @41, = Hg(X11,), and let

Q= (m@ E'mTc;) @ (‘,@ E“"T) .

EM,t1 €W 41

Proposition D.1 gives that the lim' terms in sequence (3.11) are zero, and, for S = A,

R, and (Z),

HE;(XH-I; S) = hfn HE.’( ;+1,t; S) = _Q—H-l(s)-
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Moreover, the sequence
0— Hy(Xos1: () — H(Xo1) — Hg(Xori; B) —0
is isomorphic to the short exact sequence
0—Q,11((Z) = Q1 — @yt (R) —0

of change of coefficients maps.
Observe that Q,4; is a summand of @, since W,,; € Wyy41. Since m, < mgyy 0,
it follows that W, € W,,19 € W,4.. Hence, Q, is a summand of Q,+1,0. In fact, for

S = A, R, and (Z) and for each ¢t > 0, the diagram

Hg( ;+1,¢+1; S) — H-G(X;+1,t; S) (3.12)

- ~

Qur141(S) ——— Qus14(S)

v v

Qur10(8) — 43 Qre10(5)

~ v

Q\(S) — 44— Q,(5)

commutes. Hence, so does

HE (X413 8) — He(X41; ) (3.13)

! |

Qs+1(s) _—_)Q,(S)

Combining diagrams (3.13) and (3.8) gives that diagram (3.3) commutes.

It has now been established, by induction on s, that the conclusions Theorem 3.4

hold for each space X, in our filtration

Xo—"l‘)Xl—"l—)...—)X,—E'—)...
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for X. The conclusions of Theorem 3.4 are seen to hold for X by using arguments
similar to those given for the passage from X, to X,;,. Here, for any coefficients S,

the relevant Milnor short exact sequence is
0— 1i§n1(2*1H;,.(X,; S)) — Hg(X;S) — limHg(X,; S) —0.

Proposition D.1 gives that the lim! terms vanish, and, for S = A, R, and (Z),

H(X; S)  lim Hy(X,; S) = Q(S),
where

\
Q={ Pz )|o | P E‘WT) .
meM wEW
Moreover, the sequence
0— H;(X;(Z)) —Hg(X) —Hg(X;R) —0
is isomorphic to the short exact sequence
0—Q((Z)) = Q—Q(R)—0

of change of coefficients maps. Hence, the conclusions of Theorem 3.4 hold for X.

3.2 The Proof of Theorem 3.5

Let Y be a G-space formed by attaching an even dimensional representation cell DV

to B. For S = A, R, and (Z), let N(S) = £~YT(S). The cell attachment is reflected

in a long exact sequence

— N —HL(Y) ‘o HL(B)-HEN —.
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Moreover, the short exact sequence of coefficients

0—(Z)— A— R->0

yields a commuting diagram

w

43

(3.14)

— s N(Z) — Hy(Y: (Z) ~2 Hy (B;(2) ~2 TN((Z)) —

?

[}

(¥) ——

\

(B)

8

YN

~

— N(R) —_— HE;(‘}"; R) "N H‘G(E; R) LN 21\}’(R) —_—

~

v

|

w

with long exact rows and columns. Note that Jdizy = 0, since the generators of

HY,(B;(Z)) are in even dimensions and £N((Z)) is zero in even dimensions. Hence,

H(Y;(Z)) = N((Z)) ® H;(B; (Z)) is a free T({Z))-module. Since H;(Y; R) is an

R-module in every dimension and XHg(Y'; (Z))(G/G) is a free abelian group in every

dimension, Lemma A.8 tells us that the boundary map H(Y; R) — XHg(Y; (Z))

associated with the second column of diagram (3.14) is zero. It follows that diagram

(3.14) reduces to the diagram

0 0 0 (3.15)
) =2 SN ((Z)) —>
3
yHy(Y) —— Hy(B) —2— =N )
)
) —— H3(Y; R) —2— H%(B; R) —2TN(R) —
0 0 0
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with long exact rows and short exact columns.

Recall that, for S = A, R, and (Z), H(B; S) = P(S) @ F(S), where P is a
standard projective T-module and F is a free T-module. Note that ds|ps) = 0.
However, it is possible that & and dr are nonzero on F and F(R), respectively.
The goal of the proof is to split H;(B) into two summands. One summand is a
finitely generated free T-module such that @ is nonzero on each generator. The
complementary summand sits inside the kernel of 8. This splitting of Hg(B) allows
us to analogously split diagram (3.15) as a sum of two diagrams. We then analyze
the diagram corresponding to the nonzero part of d to complete the proof.

We start by giving, in Subsection 3.2.1, an outline of the major steps. There, the
proof is broken up into a sequence of propositions and other theorems. A couple of
the propositions have particularly short proofs, which are given directly after their
statements. However, the theorems and most of the propositions have more involved

proofs, which are delayed to later sections and subsections.

3.2.1 Overview of the Proof of Theorem 3.5

For S = A, R, and (Z), let ¥ : P(S) @ F(S) — Hg(B; S) be the isomorphism given
in the hypotheses of the theorem. Our first goal is to rewrite 0 : H3(B) — XN in
a very specific form that isolates the components of Hg,(B) on which it is nontrivial.

The following proposition is applied for H = P @ F' and the map
i a
H = Hy(B)—ZXN.

Proposition 3.7. Let P = @, "1 be a standard projective module with gen-
erators in even dimensions. Let N = ZVT and F = @, Z~“T be free modules
with generators in even representation-like dimensions. Let H = P@® F, and let

0: H—XN be amap. Let Wy = {w € W : Olg-wr =0} and Fy = Doen, 27T
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Then, there ezist finitely many elements wy, ... ,wy, of W — W, and an isomorphism
f: H— H such that

(i) lwj] < lwsarl and [wf] < [wG,,] for cach 1 <5 <n—1;

(ii) every w € W — Wy must satisfy |w| > |wj| and |wC| < |w§| for some

1<j<n;and

(i) if J = @, Z7T, J' = Buew-womiwy} = T J=J&J, and

d =8|y, then f decomposes as a sum
doid® f:PoRoeJ—oPoFReJ
and the composite d o f is just

PoFRaJ o515 5N

Proof. The proof is given in Subsection 3.2.2. O

Let Wy, {w1,... ,wa}, Fo, J, J', and f be the data obtained by applying Propo-
sition 3.7to H=P® Fand 9oV : H—YN. Let Z=P® F;® J'. Since f is an
isomorphism, so are f((Z)) and f(R). Hence, the isomorphisms hs = ¥ o f(S), for
S = A, R, and (Z), fit into the diagram

0—Z((Z)®J(Z)—ZeJ—Z(R)® J(R) —=0 (3.16)
hmJ'E h=¥o fle hale_'
0 —— Hg(B; (Z)) —— Hg(B) —— Hg(B; R) —— 0
with short exact rows. Here, the top row is the canonical short exact sequence of
change of coefficients maps and the bottom row is the third column of diagram (3.15).

For S = A and R, let 95 = (9s o hs)|.(s). Proposition 3.7 also gives that, under the
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isomorphisms in diagram (3.16), diagram (3.15) can be identified with the diagram
i
— N(@) — Hy (¥ @) 2B 2((2)) © J() = EN((2) —>

l Jv
ot* 0 &
N h-t ( )

S H(Y) Al 25 0% 5N

0

l 3
s N(R) —— Hx(Y; B) “2°%, 2(R) @ J(R) %2, £N(R) —
% % 0 0

with exact rows and columns.

For S = A, R, and (Z), the module Hg(B; S) has been split as a sum Z(S)® J(S).
Our aim is to analogously split H(Y'; S) as a sum of Z(S) and another module. Since
the rows of diagram (3.14) are exact and Js|z(s) = 0, it follows that, for S = A, R,

and (Z), the composite
gs : H5(Y; S) —>HG(B S) ——>Z(S) ® J(S) = Z(S) (3.17)

is an epimorphism.
Definition 3.8. For S = A, R, and (Z), let Mg denote the kernel of the map
gs : Hg(Y; §) — Z(9)

in equation (3.17). Let us : Mg — HZ(Y'; S) be the inclusion of the kernel of g,. For
convenience, M4, u4, and ¢4 are denoted M, u, and g, respectively. Note that the

short exact sequence
0— HE(Y;(2)) 5 Hy(Y) - Hy(Y; R) —0
restricts to give a short exact sequence

O%M(z)i)M—a)MR—)O.
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Since Z is a projective T-module, the map q : H;(Y) — Z splits.

Definition 3.9. Let r : Z— H%(Y) be a splittiug of the map ¢ : Hg(Y) — Z in
equation (3.17). Note that Lemma 3.3 gives us unique maps r(zy and rg that fit into

the diagram

0—— Z((Z)) —Z »Z(R)——0

o e

0 — H(Y;(Z)) == Hy(Y) —= H(Y; R) —0
with exact rows. Here, the top row is the canonical short exact sequence of change

of coefficients maps.

The next three propositions show how r can be used to obtain splittings of the

module H(Y'), the short exact sequence
0—H;(Y;(Z)) = Hg(Y)—Hg(Y; R) —0,
and the map i* : H;(Y) — Hg(B).
Proposition 3.10. The maps rs in Definition 3.9 give a splitting of the diagram

0 0 0

L 4 u L ~w
0 — Miz) =25 Hy (Y (Z)) —2 Z((Z)) — 0

o 3
0 — M —2— Hy(Y) —2— Z »0
o g

in which the rows and columns and columns are ezact. Here, the right vertical maps

are the canonical change of coefficients maps.
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Proof. This is an immediate consequence of Lemma C.9. O

Proposition 3.11. (a) For S = A, R, and (Z), there is a diagram

I 0 f)[ j (3.18)
— I N(S) — L My —2 4 J(5) —ZE =N (S) —
- |
s N(S) — Hy(Y; §) —25 Hy(B; §) ~25 SN(S) —
l gs 1I'1O/lsl J'
) ‘([ »Z(S) Z(S) > i —
0 0 0 0,
with ezact rows and columns, in which the maps
fs: N(S)— Ms and gs: Ms—J(S)
are the obvious induced maps between kernels.
(b) The T-modules Ms of Definition 3.8 fit into a diagram
0 0 0 0 (3.19)

— N(Z)) 22 M) 225 J((Z)) = TN ((Z) —

with ezact rows and columns. Here, the unlabeled vertical maps are the obvious change

of coefficients maps.
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Proof. The proof is given in Subsection 3.2.3. O

Recall that Z = P & F; & J’ and the map U5 : Z(S) @ J(S) — H(B; S) is an
isomorphism for S = A, R, and (Z).

Proposition 3.12. For S = A, R, and (Z), let
¥ = (rs,us) : Z(S) @ Ms — HL(Y; S).

Then, the diagram

Hy(Y; S) & »Hy(B; S)

@4& o lw;‘

P(S)® Fo(S) @ J'(S) @ Ms P(S) ® Fo(S) & J'(S) ®© J(S)

7"1.21 Wl.?l

P(S) ® Fy(S) id » P(S) ® Fy(S)

commautes.

Proof Recall that J=J@® J', themap f: P® Fy ® J— P ® Fy ® J has the form
id®id® f,and h =¥ o f. Let 7 : Z— P ® Fp denote the projection onto the first
two summands of Z = P ® Fy & J'. For S = A, R, and (Z), the diagram asserted in

the proposition follows from the diagram

P(S)®Fy(S)®J'(S)® Ms ma » P(S)® Fy(S)
Z(S)eMs ik » Z(S)
l(rs,us)
H(Y;S) L »yZ(S) i

hg!

H3(B; S) ———— P(S)® Fy(S) @ J'(S) @ J(S) —22 Z(S)

Jv‘vgl / T
f(S) J
P(S)®Fy(S)aJ'(S)®J(S) » P(S)® Fo(S)

a
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Diagram (3.14) has now been replaced by diagram (3.19), which isolates the sup-
port of 8 and is much easier to study. In particular, the second row of diagram (3.19)

gives a long exact sequence

—SNLM-L 725N, (3.20)

that is central in our computation of M.
Theorem 3.13. The T-module M of Definition 3.8 is free. Moreover,

(a) There ezxist elements V' ui,... ,w, of RO(G) satisfying |V'| = |V|; |wj] =
wil, for 1 < i <y |(w))€] = VO] [(@))C] = |wll, for 2 < i < n; and |(V')9] =

[wE|, such that

M=zVTePI T (3.21)

i=1

(b) If we let M' = Z~V'T & @, =T, then there are isomorphisms
M'((Z)) = Mgzy and M'(R) & Mg
making the diagram with ezact rows

0— M ({(Z)) — M — M'(R)—0

{ (z)le lle { gl&

0 — Miz) ¢ > M o%MR—-——ﬁO

commute. Here, the maps on the top row are the canonical change of coefficients

maps.

Before giving the proof of Theorem 3.13, we show that Theorem 3.13 and the

earlier propositions can by used to prove Theorem 3.5.
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The proof of Theorem 8.5. For S = A, R, and (Z), let
Vs = (rs,us) : Z(S) ® Ms —H(Y; S)
By Proposition 3.10, the maps \ilg are isomorphisms, and the diagram

00— Z({Z)) ® Mzy— Z& M — Z(R) ® Mg ——0 (3.22)

o S

0 —— Hy(Y; (Z) —2 H(Y) —> Hy(Y; R) — 0
commutes. Recall that Z=P@ Fy® J' and F = Fy @ J' ® J. Theorem 3.13 gives a
free T-module M’ with Rank(M') = 1 + Rank(J). Moreover, it gives, for S = A, R,

and (Z), an isomorphism ls : M'(S) — Ms such that the digram

00— Z({Z)) ® M'((Z)) — Z o M' — Z(R) ® M'(R) —> 0 (3.23)
idel(z)l idel id@lnl

0—Z((Z))®Mzy——ZdM—Z(R)® Mp——0

commutes. Here the top row is the canonical short exact sequence of change of
coefficients maps, and the bottom row is the sum of the canonical short exact sequence

of change of coefficient maps associated with Z and the sequence
0— Mzy -2 M -5 Mp—0.

Let F' = Fy ® J' ® M'. Hence, Rank(F') = 1+ Rank(F). For S = A, R, and (Z),
let ¥ = ¥’ o (id @ ls). Since P® F' = Z & M, diagram (3.22) and diagram (3.23)

together give the canonical diagram

0— P((Z)) ® F'((Z)) — P & F' — P(R) ® F'(R) — 0

o e s

00— Hg(Y;(Z)) —— Hg(Y) ——Hg(Y; R) —— 0

asserted in Theorem 3.5.
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Let F} be the sum of all of the summands £~“T of F such that |w€| < |V¢|, and
write F' = F| @ F,. Observe that F| is a summand of Fy. Proposition 3.12 gives that,
for S = A, R, and (Z), the top half of the diagram

2(S) & Ms —=s Hy(Y; ) 25 Hy(B; S) 2o P(S) @ F(S)  (3.24)
P(S) ® Fy(S) “ » P(S) @ Fo(S)
P(S)® Fi(S) L » P(S) ® F\(S)

commutes. Here, the vertical maps are the obvious projections onto a summand. Of

course, the bottom half of diagram (3.24) commutes. It is clear that the diagram

v
2(S) ® M'(S) 9, 2(S) @ Ms —=2 Hy (Y 5) (3.25)
2(8) ———2(5)

! I

P(S)® F(S) == P(S) ® F\(S)
commutes, where the vertical maps are the obvious projections. Combining diagrams

(3.24) and (3.25) gives, for S = A, R, and (Z), the diagram

P(S) ® F'(S) =4 Hy (Y, §) 23 Hy (B; S) ~2s P(S) @ F(S)

! | |

P(S) ® F(S) < » P(S) @ Fi(S)

asserted in Theorem 3.5. a

The proof of Theorem 3.13 is accomplished in three steps.
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Step 1. If M satisfies equation (3.21) in Theorem 3.13(a), then, in the dimension
(wh,-.. ,wh, or V') of each generator, M consists only of the A associated to that
generator. This separation of the generators forces the structure of the maps in the

short exact sequence
0—>M(z) —¢-)A’I—0->MR—)0

in Theorem 3.13(b). Hence, our first step in the proof of Theorem 3.13 is to reduce

our work by showing that Theorem 3.13(a) implies that Theorem 3.13(b) holds.

Proposition 3.14. Suppose that there ezist elements V' wi, ... ,w;, of RO(G) sat-
isfying |V'| = [V [wil = |wil, for 1 < i < n; |(w))€] = [VC]; [(W))€] = lwi,|, for
2 <1< n; and |(V')C| = |wE|, such that
M=z"Te@T T
i=1
If welet M' = £~V'T @ @}, T, then there are isomorphisms Mz, = M'((Z))

and Mg = M'(R) making the diagram with ezact rows

00— M'({(Z)) — M’ — M'(R) — 0

Lz le { la_' g ln_r

0 » Mzy —2— M —2— Mp ——0

commute. Here, the maps on the top row are the canonical change of coefficients

maps.

Proof. The proof is given in Subsection 3.2.4 a

Step 2. The first step has reduced our work to determining the value of M. The
main tool for doing this is diagram (3.19) and, in particular, sequence (3.20). Specif-

ically, our computation of M relies on an algebraic result.
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Theorem 3.15. Let wy, ... ,wn, and V be even elements of RO(G) such that
V| < |wf| < [wf] <...<|w8| and |wi]<lwy|<...<|wn| <[V

Let N=3X""T and J = @D, Z"“T. Let M be a T-module for which there is a long

ezact sequence
—N—M—J-5HEN—

in which @ : J— LN is a module map that is nontrivial on each summand of J.
If there ezists an element w} in RO(G) such that (|(w})C), |w}]) = (V] |wi]) and
M« = A, then there erist elements V',uh, ... ,w!, such that |V'| = |V|; |wi| = |wil,
for 1< i <mj |(w))C) = IVO); (@] = [wiil, for 2 < i <y |(V)] = |wll, and
) n
M=z VTe@PsT
i=1

Proof. The proof is given in Section 3.3. O

Remark 3.16. Obviously, it is necessary for M to take on the value A in the the
dimension wj specified in Theorem 3.15. However, this value is not forced by the long
exact sequence. Theorem 3.35 shows that, if the hypothesis M“i = A is removed

from Theorem 3.15, then M need not be free.

Step 3. The second step has further reduced our work to computing the value of M
in a key dimension. However, the constraints on M given by diagram (3.19) are not
sufficient to determine this value. Our third step is to construct a diagram similar
to diagram (3.19), but involving L-coefficients. The additional constraints imposed
by this diagram enable us to determine the value of M in the required dimension.
The key to both the proof and utility of the following proposition is the relationship

between the functors Hg(?; L) and Hg(?; R) given in Proposition B.13.
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Proposition 3.17. Let A be an irreducible complez representation. Let
hy:Z(L)® J(L)—Hg(B; L)
be the composite
Z(L) @ J(L) = T Z(R) @ £ J(R) 242, 72~ H(B; R) = H3(B; L),
where the unlabeled isomorphisms are given by Proposition B.13. Let
qr:Hg(Y; L)— Z(L)
be the composite
HL(Y; L) 5 Hy (B; L) s Z(L) © J(L) 2 Z(L),

and let M = Kerqy. Then, there is a commuting diagram

s N(L) =L My 2 (L) 2 EN(L) — (3.26)
yWN—L oM —2 ] —Z N ——

I

— N((Z)) 12 Mgy 12 J((2)) 2 SN () —

with long ezact rows. The maps in the first, third, and fourth columns are the obvious
change of coefficients maps. In even dimensions, each column is ezact at the middle
row. Moreover, the top row of this diagram is isomorphic to the suspension by 2 — A

of the sequence

— N(R) 2% Mz 2% J(R) -5 SN (R) —

in the bottom row of diagram (3.19).

Proof. The proof is given in Subsection 3.2.5. a
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Diagrams (3.19) and (3.26) together allow us to determine M“ for all @ such
that (Ja®|,|a]) = ([V¢],|lw1]). The second row of diagram (3.19) and the second
column of diagram (3.26) give two short exact sequences that contain M®. The key
to computing M® is that Lemma A.3 tells us that there is only one common solution
to these two extension problems with solution M©. Hence the second hypothesis of

Theorem 3.15 is seen to hold for our module M.
Proposition 3.18. There is some w| in RO(G) such that
(W) i) = (VO lwl) and M“ = A.

Proof. Let a be in RO(G) with (|a€|, |a|) = (JVE|, |w|), and let A be a nontrivial
complex irreducible representation. By Proposition 3.17, the top row of diagram
(3.26) may be identified with the suspension by 2 — A of the bottom row of diagram

(3.19). In dimension a, this sequence reduces to the sequence
azw—.\
0— Mg — R—2—— (Z/p) — Mt —0.

in which 33*2~* # 0. Lemma A.5 tell us that M = L. In dimension o, diagram

(3.26) reduces to the diagram

kT

(Z) = (Z) —

Since g, is a monomorphism, so is 7. The lower left-hand square shows that ¢ # 0.
Hence, the image of ¢ is isomorphic to (Z). Let ' : M® —(Z) be the induced

epimorphism onto the image of . It follows that we have a short exact sequence

0— L5 M° <55 (Z) — 0. (3.27)
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Also observe that the middle row of diagram (3.26) gives us the short exact sequence
0—(Z)— M*— R—0. (3.28)

Lemma A.3 lists all of the possible solutions to the extension problems given by
sequences (3.27) and (3.28). In fact, the only solution common to both sequences is
M*® = A[d] for some integer d prime to p. Corollary C.2 therefore gives that there is

some w} such that (|(w})°l, lw}]) = (|, |al) and M“ = 4. O

3.2.2 The Proof of Proposition 3.7

Since V is finite dimensional and the elements of W are in representation-like dimen-
sions, a plot of W — W, must be contained within the triangle whose vertices are
(JVC|+2,|V]| = 2), (JVC] +2,|VC| +2), and (V] -2, |V| - 2). Hence, it is possible
to pick elements wy,... ,w, of W - W, satisfying the assertions in Proposition 3.7.

First, pick w; such that [w€| is the maximum of
{lw€:wEeW-Wy and Yo' € W — W, |w| < |'|}.
Then, pick w, such that |wg| is the maximum of
{|w€| : w € W = Wy; |wC|>|wf|; and V' € W-W, st W] > w8, |w]|< ']}

and so forth. The triangular shape of the plot of W~ W, guarantees that this process
is well defined and terminates after finitely many steps. Of course, n is taken to be

the number of these steps. To construct the desired isomorphism f : H — H, we use

of the following lemma n times.

Lemma 3.19. Let N = VT and J = @p¢; ZPT be free modules with generators

in even dimensions, and let 8 : J— XN be a map which is nonzero on each generator
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of J. Assume that there is an element a of I such that |3¢| < |af| and || > |e| for

each B€I. Let & = O|g-ar. Then, there is an isomorphism f : J— J such that
dof=(0,9):| @ =T |@T°T—EN
gel—{a}
Proof. In order to write down a formula for the isomorphism f : J — J, we need to

partition I. Define

L = {Bel:|f%<lef and |6 = |al},
L = {Bel-a:|f°=[a and |B] = |a},
Iy = {#el:]8%=]cf and |B|> |}, and
I, = {fel:|6%<|aC and |B] > |al}.

Observe that I is the disjoint union
I UIzUI;;UI,gU{C!}.

Let j, : £-2T — J denote the inclusion of £~2T as a summand of J. For each
B € I — {a}, we define maps fs : LT~ J and g5 : Z9T — J. such that

d o fz = 0. Ultimately, the map

fii= ( 4 )Z:“’T) @ oo ki) | 5
8

eI-{a}
is the isomorphism that we seek, and g = ((gg), ja) : J — J is the inverse for f. The
definitions of fz and gs depend on which subset of I; contains . For each g € I —{a},
let {u}, 75, u3} be the standard basis for (Z7AT)P = A.
For each B € I,, define ag by the equation 87 (1g) = ag8®(Es-c), where &5_q is
the standard generator in (£7°T)? = R. Observe that uj —agég_a, 75, th, tg—q, and
p€s—. are all sent to zero by 8. Define f5 : TAT oL AT T CJ by the map
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A — A ® R sending pj to pj — ag€s,—a, and observe that 75 — 75 — agp€s-o and
Lg +> Ly — agLg_q. Similarly define gg : £-fT — J by Hy > py + agép—a-

For each 3 € I,, define ag by the equation Bﬂ(p,},) = ag0®(ug-a), where pg_, is
the standard generator in (E27°T')? = A[dg_,]. Observe that K = GBHE—as Thy PH-a:
and T5_, are all sent to zero by 8. Define fg : £-#T — =T @ £°T C J by the map
A—A® Adg_,] sending pjs to py — agpps_a, and observe that 75 — 75 —agdg_aTs-q
and tj — 15 — agdg_qatg_o- Similarly define gg : T°°T — J by K > W+ aglg—q-

For each 3 € I3, define ag by the equation 8°(uj) = agd®(€g-a), where eg_, is
a generator for (£7°T)? = (Z). Observe that uj; — ageg_q, 75, and pes_, are all
sent to zero by 8. Define fg : T#T —Z~#T @ ST C J by the map A— A ® (Z)
sending pj to pg — agés—q, and observe that 75 — 75 and tj — 1. Similarly define
g5 : =T — J by pl > ply + ageg_a-

For each 8 € I, define ag by the equation 9° (ug) = ag8?((s-a), where (5_, is a
generator for (£~°T)f = (Z/p). Observe that uj — ag(s_o and 75 are sent to zero by
9. Define fg: E AT — L FT @ I°T C J by the map A— A® (Z/p) sending Ky to
15 — @3Cs—a, and observe that 75 — 75 and 15 — 5. Similarly define gg : S-8T — J
by pg — pp + asCg-q-

It is straightforward to check that g = f~!, and hence f is an isomorphism. Also,

since do fg = 0 for each B € I — {a}, it follows that do f has the asserted form. O

Recall that Wy = {w € W : d|g-or = 0}. In order to use Lemma 3.19 to prove

Proposition 3.7, we partition W - W,. Set wy = V. Foreach 1 < j < n, let
Wy={weW-W;y: wa_ll < Wl < IwJGI}

Note that W is the disjoint union Wy U ---U W,. For each 1 < j < n, apply Lemma
319 for N=X7YT, J; = Dsew, =-PT, 85, and a = wj. Hence, Lemma 3.19 gives
us an isomorphism f; : J; — J;. Note that J = Dl J;, and define f : J— J by
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f = @&f; Notethat H = PO Fy®J, and define f : H — H by f = idp@idr,® f. For
eachl1 <j<mn,let jJ’. = @ﬂewj—w, T-AT. Let J = @?:1 YT and J' = ?:1 J}.
It is clear that 3o f = (0,0,0,8) : P@ Fy ® J'® J — EN, where 8 = 4.

3.2.3 The Proof of Proposition 3.11

Recall that diagram (3.16) gives us an isomorphism of short exact sequences

00— Z((Z)) ® J((Z)) — Z ® J — Z(R) ® J(R) —* 0

h(:)l&‘ hl&' hgle

0 —— Hg(B; (Z)) —— Hy(B) —— Hg(B; R) —— 0.

For S = A, R, and (Z), we have epimorphisms

N(S)—0,
¢s : Hy(B; S) — Z(S) ® J(S) = Z(S),
and

gs : Hy(Y; 5) = Hy (B; §) = 2(9).

These epimorphisms provide a surjection from diagram (3.15), which is

0 0 0 0

s N((Z) — Hy(Y: (2) ~2 Hy(B; () = SN ((Z)) —

)

3N y Hy,(Y) ——— Hy(B) —2— N

']
— 3y N(R)—— H(Y; B) —2 3 H3(B; R) =22 SN(R) ——

~

4
A}

4

0 0 0 0,

onto the diagram
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(3.29)

|
£
B
T
|

N

3

N
o(—T(——g(———o(———o

C+H— M — N+ F—oO

|

o(—’:ae—t\u——/N\(--—o

i
i
4
g

whose rows and columns are clearly exact. Since My is the kernel of the map ¢s, the

kernel of this map from diagram (3.15) to diagram (3.29) is the diagram

(3.30)

—o

4
=
C!

(__._.

O R — N Qo

> > M ¥ YN ——
I |

— N(R) -2 Mr—2* 5 J(R) —2 TN(R) —
0 0 0.

whose rows and columns must be exact. This last diagram is precisely the one whose

existence is asserted by part (b).

For part (a), note that we have a short exact sequence
0— (3.30) — (3.15) — (3.29) — 0

of diagrams. The three diagrams of part (a) are just slices of this 3-dimensional

diagram.
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3.2.4 The Proof of Proposition 3.14

Let M =SV To® b, T-“T, and suppose that [ : M’ — M is an isomorphism.

Since the top row of diagram (3.19) has dz) = 0, it follows that
Mg = N((Z)) ® J((Z))

is a free T({Z))-module with generators in dimensions V, wi,...,w,. However,
Lemma 4.7 tells us that this list of dimensions can be replaced by any other list
that preserves fixed dimensions. Hence, Mz, is also seen to be a free T'({(Z))-module
with generators in dimensions wyj,... ,w;, V"

We must show that there is a particular isomorphism l(zy : M'({Z)) — Mzy such

that the square

M’(I(Z))—"'>M'

z) le l‘lj_’s

Mz, — M
commutes, where c is the canonical change of coefficients map. In that case, we can

choose [g : M'(R) — Mg to be the induced map between cokernels in the diagram

0 — M'({Z)) — M' — M'(R) — 0

l(z)le lle { nle

0 > M2y P oML » Mp >0

with short exact rows. Of course, [ must then be an isomorphism too.
Lemma 3.20. There is an isomorphism lizy : M'((Z)) — M;zy such that the diagram
M'((Z))
b
[
i~log
A/I(z) —_ M

commutes, where c is the canonical change of coefficients map.
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Proof. Let lizy : M'({(Z)) — Mzy be an isomorphism, and let ¢’ = [Tlogo lizy-

Diagram (3.19) then gives a diagram

0 0 0 0 (3.31)
fay o0 92y 0 7
— N((Z)) M'((Z)) — J((Z)) —> EZN((Z)) —
¢I
yN—L s —L 7 —2 45N y

— 3y N(R) —L2 3 My —* J(R) =2 EN(R) —

~ - J» -

0 0 0 0
with exact rows and columns. By using this diagram in the dimensions of the gener-

ators for M'((Z)), the structure of the map ¢’ can easily be determined.

In dimension wj, the first two rows of diagram (3.31) are

0 0

| ]

0
L
» (Z) > (Z) »0
ol
0 » (Z) » A *R—

It follows that ¢’ is a standard inclusion (Z) — A that sends 1 to *x.

In dimension w}, for 2 < i < n, the first two rows of diagram (3.31) are

0 0

|

0

| ]

>0 > (Z) » (Z) >
|

¢ lm'z

— OO0

»0—— A— R& (Z) -2 (Z/p) —0.
Proposition A.4 gives that the map f’ sends p to (+£, £1), and hence ¢’ is a standard

inclusion as before.
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In dimension V", the first two rows of diagram (3.31) are

0 0

R

0

S

> » (Z) > (Z) »0
:

[

+ A > (Z) >

~

LY .
4

0

Proposition A.4 gives that the map f’ is a standard map that sends p to 1, and
hence ¢' must again be a standard inclusion.

It is now clear that there is some automorphism
s: M'((Z)) — M'((Z))
such that the diagram
M'((Z))
M'(Z) 5— M

commutes. At most, s flips the signs of the generators. Let l(z) = lzz) os. O

3.2.5 The Proof of Proposition 3.17

The short exact sequence of coefficients

0—>L—A—{(Z)—0
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yields a commuting diagram

(3.32)

E‘i
(-]
™
2
$

» N y He(Y) ——— H(

v

— N((Z) — Hy(V;(Z)) 2 Hy (B; () — EN((Z) —
l + < J,

with long exact rows and columns. Proposition B.13 provides an isomorphism

&(7; L) = T HL(%; R).

This gives Tg(L) & £2-*T¢(R) and T(L) = £2-*T(R). Moreover, we can identify

the top row of diagram (3.32) with the suspension by 2 — A of the long exact sequence
—+ N(R) — H(Y; R) — Hy(B; R) 22+ EN(R) —

in cohomology with R-coefficients. Note that the diagram

1

Hy(Y; L) —E 3 Hy(B; L) ——2—— Z(L) & J(L) —=— Z(L)
lg le . lg le

$2HE(Y; R) b 52-VH (B; B) —8 £2-2Z(R) © T2V J(R) s £25Z(R)
commutes, where the vertical isomorphisms are given by Proposition B.13. The top
composite is the map ¢, and the bottom composite is 2~*qg. Hence, My = £2-* M.

Our aim is to split the diagram in Proposition 3.17 off of diagram (3.32). In
order to do this, we need to understand the vertical maps in diagram (3.32). Clearly,

the maps in the left and right columns of diagram (3.32) are the obvious change of
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coefficients maps. The isomorphism of short exact sequences

0—Z((Z))e J((Z)) — Ze J —> Z(R)® J(R) —> 0

h(:)le hle hRJ'e

0—— H%(B;(Z)) —— Hy(B) —— Hg(B; R) — 0.

is used to understand the maps in the third column of diagram (3.32).

Lemma 3.21. The diagrams

Z(LY® J(L)—> Z(R) ® J(R) Z(L)sJ(L)—ZaJ
e_‘lh,, elhn and & th elh
Hy(B; L) —— Hy(B; R) Hy(B; L) —— Hy(B)

commute, where the horizontal maps are the canonical change of coefficients maps.
Proof. In the diagram

Z(L)ys J(L)

}2(3)@:2-*1(3) S Z(R)© J(R)

hy 122-‘\/53 lhﬂ

the horizontal maps are givea by muliplication by £ € T*~%(R)(G/G), and the unla-

Hy(B; L)

beled isomorphisms are given by Proposition B.13. The right-hand square commutes
since hg is a T(R)-module map. The left-hand trapezoid commutes by definition of
hr. The triangles commute by Proposition B.13. Hence, the outer trapezoid com-

mutes and gives the first diagram assserted in the lemma.
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The diagram
L—A

N

of canonical maps yields the diagram in cohomology

H(B; L) —— Hy(B)
\ l_
é
HZ(B; R).
This diagram fits into the commuting diagram

h.""::[-oh[,oc,'1

$2-AZ(R) @ £2-}J(R)—2fs2-*Hz,(B; R) zZeJ

AR e L

Z(L) ® J(L) —2-——y H(B; L) —— H(B)

<
*
DI
L~

Z(R) @ J(R)
Here, 6 and j are the canonical change of coefficients maps, and ¢, and c; are the
isomorphisms given by Proposition B.13. Let [ = h™'olo h; ocit.

Our aim is to show that [ o ¢, is the canonical change of coefficients map

ZI)®JL)—Ze J.

Hence, it suffices to show that ! maps each summand £2~*™T;(R) isomorphically
onto the summand £~™Tg, and [ maps each summand £?~*-“T(R) to the summand

$-“T via the T-module map determined by the isomorphism

(EZ—A-WT(R))A-ZW —R-23R= (E-wT)a\—2+u.
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We justify this by using the properties of the maps &, and 6. Since &, is multiplication
by £ € T*"%(R)(G/G), it follows that £, maps each summand £*~*~™T;(R) isomor-
phically onto the summand £~™T¢(R). Also, £, maps each summand £?~*~“T(R)

to the summand £“T(R) via the T'(R)-module map determined by the isomorphism
(EZ—A-wT(R))A-2+w =R _E_) R = (2"“T(R))A"2+w.

Note that 8 maps each summand £~™T isomorphically onto ™7 (R), and & maps
each summand ¥~“T onto £~“T(R) via the canonical epimorphism.

The map ! out of a summand £2-*~™T;(R) is determined by its value at the G /e-
level. By assumption, the map 6 is an isomorphism at the G/e-level. It follows that {
must map the summand £2-*~™T¢(R) isomorphically onto the summand ™7 as
asserted.

To determine the map ! on a summand £2~*~“T(R), it suffices to determine its
value on R = (Z%*~“T(R))*~?*¥. Let £x_2+, denote a standard generator for this
copy of R. The map &, sends this R isomorphically onto R = (E~“T(R))*~2,
and 6 sends R = (£~“T)*~?+¥ isomorphically onto R = (£~“T(R))*~2*“. There-
fore (1Y) (Ex-24w) = & + . Here, & denotes a standard generator for R =
(T-wT)A 2+ 4 is in (Z & J)*~**, and (85"2*)(y) = 0. Since 0 = per€r—2+4v, it

follows that
0 = [X72(0) = I 2" (perba—ztw) = 1§ (PerEr-2+w) = PEXY.

Since (8372*)(¢)) = 0, the element ¥ must be a sum of generators of the form pe,
Kk, or € !k from summands of Z & J of the form £-“'T. However, pe, times any of
these elements is not zero. Hence, it must be that ¢ =0, and therefore {*~2+% maps

R = (S2~*~“T(R))*~?* isomorphically ento R = (£~“T)*~2* as asserted. O
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Lemma 3.22. The diagram

ZoJ—2Z((Z)) ® J((Z))

ol h El"(z)
Hy(B) —— H(B; (2))

commutes, where the horizontal maps are the canonical change of coefficients maps.

Proof. The canonical diagram of coefficients

(Z)y— A
N
(Z)

yields a diagram in cohomology

Han@l:f::HTB)
Hz,(B.(Z)),

where the diagonal map is multiplication by p. This diagram fits into the commuting

diagram
Z(@) e J (@) - u yZ@J
(Z)
_ h
Hy(B; (Z)) —=— Hy(B)

P h?zl) ozoh
hz)
z((z)) @ J((Z))

Let z = h(‘zl) o Z o h. It is straightforward to check that the map z must therefore
send each summand X~“T to the summand £~“T((Z)) via the canonical map. Since

HY(B;(Z))(G/e) = 0, each summand £~"T¢ of Z @ J must be killed by z. a
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Let B’L = (3[, o hL)lJ(L). The diagram

Z(L) ® J(L) —:— 3y H(B; L) —2=— TN(L)

lg le lg

2=\ -
22 Z(R) & T*VJ(R) —f 52 Hy(B; R) “—F TN (R)
commutes, where the vertical isomorphisms are given by Proposition B.13. Since the
composite in the bottom row has the form (0, 22-*8}), the composite in the top row

has the form (0,0%).

Lemmas 3.21 and 3.22 together give us an isomorphism of sequences

Z(L)®J(L)—rZoJ —Z((Z)) @ J((Z))

h ,,lg hle "(z)l&‘

H(B; L) —— Hy(B) —— Hy(B;(2))
such that the rows are exact at the middle column. For S = L, A, and (Z), we have
epimorphisms

N(S)—0,

d - H(B: S) = 2(8) & J(5) 2 2(3),

and

as : Hy(Y; 5) =y Hy(B; 5) 5 2(5).

These epimorphisms provide a surjection from the diagram

— s N(L) —— H5(Y; L) —= 3 Hy(B; L) =25 EN(L) ——  (3.33)

! l |

N > HL(Y) ———— H5(B) —2— 2N ——

| | | |

s N((Z)) — Hy(Y; () 25 Hy (B (2)) — EN(Z)) —>
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onto the diagram

—0— Z(L) =——=—=2(L) — 0 —> (3.34)
I
— ) — == >0 >
[ A
— 00— Z((Z)) =—= Z({(Z)) — 0 —

whose rows are clearly exact. Moreover the columns of diagrams (3.33) and (3.34) are
certainly exact at the middle row. Since My is the kernel of the map gs, the kernel

of this map from diagram (3.33) to diagram (3.34) is the diagram

Sy N(L) =L My, =2 J(L) 2 SN(L) ——

|, L,

* N M »J *»EN >

I R

— N(Z)) L2 Mgy 12 5 ((2)) - =N ((2) —

asserted in Proposition 3.17. Let a be an even element of RO(G). By Proposition

B.15, the map
n*:Z(L)—2Z
is a monomorphism. It follows by a routine diagram chase that the sequence
Mp — M® — Mg,

is exact at M2.
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3.3 The Proof of Theorem 3.15

Our computation of M comes primarily from the long exact sequence
SN-LM 753N (3.35)

in which N = £-YT and J = @7, =“T. A plot of the generators for N and J
is given in Table 3.2. Of course, the assumption that M“! = A is also used to show
that M has the desired form. In fact, there are just a few key dimensions in which it
is necessary to compute M. From the values in those dimensions and the constraints
on M given by sequence (3.35), the value of M is forced.

laf

A

n

...>laG|

Table 3.2: Plot of Sequence (3.35)

To describe the key dimensions, it is convenient to have some notation for specify-
ing coordinates relative to the points plotted in Table 3.2. Let [ = |V¢| and t = |V|.
For each 1 < i < n, let l; = |wf| and b = |w;|. To avoid having to give descrip-
tions like: a is in RO(G) and (|aC|,]|a|) = (|VC|, |w1|), we simply say that a is in
[l,b1]. Hence, [I,b;] denotes an equivalence class of elements of RO(G) that all plot

to coordinates (I, b;). We refer to such an equivalence class as a location. Note that
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w} is in location [, b;]. Table 3.3 gives a plot of some important locations associated
with the points plotted in Table 3.2. Column vectors are used in Table 3.3 strictly

for aesthetic reasons.

lal

4]

[
b2

...>l°G|

Table 3.3: Location Notation

The key locations are [, 4], [, t], and [{;,¢]. Our aim is to construct a map
9: 5 MTe T T — M,

where V} is in [l),?]. The dimensions wj and V! are the reason for our particular
interest in the locations [[,b;] and [/;,t]. However, all three locations turn out to
be connected. Our proof of Theorem 3.15 is by induction on n. Forn =1, @ is

an isomorphism. For n > 1, 6 is used to construct a long exact sequence for which

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE MAIN THEOREM 74

the inductive hypothesis can be applied. Before starting our induction argument, we
compute the value of M© for all  in the key locations.

Lemma C.5 specifies the dimensions « in which 8% : J® — N°*! is nonzero. In
particular, for o in any of [I,b], [I,¢], or [l;,t], 8* and 8*~! are both zero. In these

cases, sequence (3.35) reduces to the short exact sequence
0— Ne L,y Mo 2y g2 0. (3.36)
In dimension w], sequence (3.36) has the form
0—(Z)— A— R—0.

Clearly sequence (3.36) does not split in that dimension. We claim that, in fact,
sequence (3.36) does not split for & in any of [[,b], [l,¢], or [{;,¢]. This is certainly
necessary for M to have the asserted form. Moreover, this fact together with the
solutions to the extension problems listed in Lemma A.3 enables us to ultimately
compute M? for « in any of [/, b1], [{,¢], or [{},¢].

First observe that, for a fixed location, a short exact sequence from one dimension

in that location splits if and only if all short exact sequences in that location split.

Lemma 3.23. Let o and 3 be elements of RO(G) such that (|a%|, |a|) = (|6°],18)

and 8% = 0°~! = 0. Then, the short ezact sequence

0— Ne Ly pme 2y g 50
splits if and only if the short exact sequence

0— N L MP 2505 50

splits.
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Proof. Suppose that the short exact sequence in dimension A3 splits. Module maps

given by multiplication by pa_g in T"#(G/G) yield the diagram

0 -+ N¢ > Me > J& —0

#NTE #MT&‘ #JTE

0—Te-AQNP—> T8O MPF— T4 JF —0
with exact rows. Proposition C.1 tells us that, since a— 8 € ROy(G), the cup product
maps pn, pa, and gy are isomorphisms. Since T~A] ? preserves split short exact
sequences, the sequence in dimension o must also split. The converse is clearly true

by a symmetric argument. g
Since the sequence
0— N Ly gt 24 vt 50

does not split, and wj is in [[, b}, it follows from Lemma 3.23 that sequence (3.36)
does not split for any « in {/,5,]. To show that there are no splittings in locations

({,t] and [[1,¢], we use a lemma that relates those locations to location [f, b;].

Lemma 3.24. (a) If sequence (3.86) splits for any v in [l,,t], then sequence
(8.36) splits for all a in [L,1].

(b) If sequence (3.36) splits for any a in [, t], then sequence (3.36) splits for all
B in [i,by).

Proof. The proof is given in Subsection 3.3.3. a

Observe that Lemma 3.24 implies that sequence (3.36) does not split for « in any

of [L,b1], I, ], or [l1,t]. Lemma A.3 lists all of the possible solutions to the extension
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problems

0— (Z) L5 M 23 R0,
0— Ald,_y] L M® 5 (Z/p)* —0, and

0— L5 Mo 25(2) @ (Z/p)"' — 0,

arising from a in [I, b1}, [[, t], and [[;, ], respectively. In fact, since these sequences do

not split, Lemma A.3 gives very strong restrictions on the values of M*°.
Lemma 3.25. Let a be in RO(G).

(a) If o isin [l,by], then M* = Ald] for some integer d prime to p.

(b) Ifaisin [l,t], then M®* = R (Z) & (Z/p)"~".

(c) Ifaisin[l1,t] and n =1, then M® = A[d] for some integer d prime to p.

(d) If @ isin [l1,t] and n > 1, then M*® is either R® (Z) & (Z/p)""2 or
Ald] ® (Z/p)"~! for some integer d prime to p.

Parts (c) and (d) of Lemma 3.25 show that it is necessary to consider the case in
which n = 1 seperately from the case in which n > 1. Hence, our proof now proceeds

by induction on n.

3.3.1 The Base Case

Since n = 1, we simplify notation by letting r = |, = I, and b = b, = b,. The
important locations are now plotted in Table 3.4. In this case, the switch described
by Table 3.5 is shown to occur. That is, we claim that there is some V" in [r, t] such
that M = £-V'T @ £-“iT. In particular, we need MV’ = A. This is precisely what

Corollary C.2 accomplishes for us. It tells us that Lemma 3.25 implies that there is
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some dimension V' in [r,t] = [l;,#] in which M takes the value A. So let V' be such

a dimension.

"'>|°GI

Table 3.4: Notation for the Base Case

Shifts to
—_—

...>|aG| cee  aas ...>|aG|

Table 3.5: Basic Shift of Generators

Define N' = £-V'T and J' = £“.T. Note that
(N7 =M" =A and (J) =M“ = A.

Define T-module maps 6; : N'— M and 6, : J'— M by defining 8" : A— A and
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0:" : A—> A to be the identity maps. We claim that
0=(6,,6): NoJ —M

is an isomorphism. A critical step in proving this is to observe that 6" is an isomor-

phism. Of course, (N’ & J')V = R® (Z), and Lemma 3.25 gives that MV =Reo (Z).

Lemma 3.26. The map 6" : R® (Z) — R® (Z) can be written as 0¥ = ¢, @ ¢,

where ¢, : R— R and ¢ : (Z) — (Z) are isomorphisms.
Proof. The proof is given in Subsection 3.3.4. O

Our plan is to use the 5-Lemma to show that 8 is an isomorphism. Hence, we

define maps f': N— N'&® J' and ¢' : N' ® J'— J such that the diagram

8

—_— N ) NegJ - >J » T > (3.37)
« bl
; N r A/[ > J }

commutes and has exact rows. Define ¢’ = go 6. Since N = E‘VT, it suffices to

specify f' in dimension V. That is, we need to define ( f’)‘7 such that the diagram

y 9 7 /my — 0 (3.38)

0— 4L RO (2) 2 (Z/p) —0

commutes and has exact rows. By Lemma 3.26, 6V is an isomorphism, so define
( f’)‘7 = (0‘.’)‘1 o f¥. Proposition A.4(c) tells us that, since the top row of diagram

(3.38) is a short exact sequence, (f’ )V(p) = (&, £e). It follows that
ff=(Lf):N—=NeaJ,

where f] : N— N’ and f; : N — J' are standard shift maps. Also, observe from the

definition of ¢’ that ¢’ = (g1, 95), where g} : N'— J and ¢} : J'— J are standard
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shift maps. Since the top row of diagram (3.38) is a short exact sequence and g}
and g} are standard shift maps, Theorem C.6 tells us that the top row of diagram
(3.37) is a long exact sequence. The 5-Lemma thus gives that 8 : N'® J'— M is an

isomorphism. Hence, the base case of our induction is complete.

3.3.2 The Inductive Step

Let n > 2, and suppose that Theorem 3.15 holds if J has n—1 generators. Define J, =
LT and Jp, = ®L,L7“T, so J = J; & Jo. The boundary map 0: J, ® J,—EIN
is thus written as 8 = (8,,8) where 3; = d|;, is nonzero for ¢ = 1,2. Recall that
there is an element w} in [/, ;] such that M“1 = A. Define J; = Z~1T.

For « in location [/}, t], Lemma 3.25 lists two possible values for M®. The following

lemma establishes the correct value and gives a property of the map g% : M* — J°,

Lemma 3.27. For all a in [l;,t], M® = R® (Z) & (Z/p)"~*. Moreover, the map
¢®: M =R&(Z)® (Z/p)" 2 — J* = (Z)® (Z/p)""" is such that there is no map

s making the diagram

- Jla
B |,
ML Je @ e
commule.
Proof. The proof is given in Subsection 3.3.5. O

Our aim is to use the inductive hypothesis by constructing a new long exact

sequence

N S M TN s, (3.39)
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in which J; = @, £~“T has n — 1 generators, M’ is a quotient of M, and N is a
free T-module generated in a dimension from location [/}, t]. As an intermediate step
on the way to constructing sequence (3.39), we first make the reduction pictured in
Table 3.6. That is, sequence (3.35), which gives the plot pictured on the left side, is

traded in for a new long exact sequence, which gives the plot pictured on the right

side.

|a |a|

A A

O 5 Oy

®un : %
.u.lz .WZ
Traded for
o, : Q“"x
o> laf| T

Table 3.6: The Inductive Step

To be precise, we claim that the graded module M from sequence (3.35) also fits

into a long exact sequence
1 + @ (92,0) ’ 1
—NoJ,—M—Jl—EN L, —

in which N = ST, for some V! in [l;,t], and 8 : J,— ZN’ is nonzero on each

summand of J,. Recall that J; = £~“iT. The dimension V; and the map
0:NaJi—M

are given as part of the following proposition.
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Proposition 3.28. The dimension ‘7{ of the generator of the free T-module

N' =z 9T
can be chosen in [y, t] so that there are maps

’I:I:N——)N' TIZNI——)JI 01:N’-—‘)M
i N—J, r:Jj—4h 6 J]—M

which make the diagram

—— N » N/ ® JI’ ................................ > Jl YN - (340)
lzd 0=(61,02) lix de
> ! > M 9 » L © Jp MEN S

commute and make the top row ezact. Here, the bottom row is sequence (3.35).
Proposition 3.28 is proven by a sequence of four lemmas.

Lemma 3.29. There is a map 0, : J| — M and a standard shift map ro : J| — J;

making the square
J—— 4
G2 i

M- 70J.

commute.

Proof. Proposition 2.5 tells us that is suffices to define 62 and 7, in dimension wj.
Observe that J; \ = 0 and hence i‘{/‘ = id. Define 0;/‘ =1id : A— A, and define

r;’i = g“"x : A— R. This gives the commuting diagram
—gh = (3.41)

A——
b, ll 'd

0— N¥i = (Z)——)Mwl —A—*J‘“x —R——>0
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in which the bottom row is sequence (3.35) in dimension wj. Since the square in
diagram (3.41) commutes, it follows that the square asserted in the lemma commutes.
Also cbserve that, since r3' = g“! is an epimorphism, ; is a horizontal shift map by

definition. 0O

Lemma 3.30. The dimension V{ of the generator of N' = £-VYIT can be chosen in

[l1,t] so that there are
(i) a map 6, : N' — M such that BY" is an isomorphism at G/e, and
(i) a standard shift map v, : N' — J,

which make the diagram

N'——J
a0, L3
M-I J 8.
commute.
Proof. The proof is given in Subsection 3.3.6. a

Observe that the portion

r=(r1,r2) N

—N NeoJ/' » Ji » SN (3.42)

lid lo:wl,o, ) ln lid
s (81,82)

— N » M g » 1 @ Ja TN —

of diagram (3.40) is complete. To finish proving Proposition 3.28, we need to define
the map ¢ : N— N' @ J] which completes diagram (3.40) and to show that the
resulting top row of diagram (3.40) is exact. In order to define ¢, we first need some
technical properties of diagram (3.42) in dimension V. Recall from Lemma 3.25 that
MY =Ra (Z)® (Z/p)" "
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Lemma 3.31. In the diagram

R& (Z) r? » (Z/p 50 (3.43)

y i
f\'/ v

0—A— RO (Z)® (Z/p)" ' = (Z/p) ® (Z/p)" —0

obtained by evaluating diagram (3.42) at Vv,
(a) 6Y is an isomorphism at G/e;
(b) Coker6Y = R® (Z/p)""!; and

(c) Kerr¥ = A, ro(1) = £r,(€), and there is amap i : A— R® (Z) such that

the diagram

0—A *—— R (Z) il y(Z/p »0

o f

01— A5 Re (2) & (Z/n)" ' 2 (Z/p) © (Z/p)" — 0

commutes and has ezact rows.
Proof. The proof is given in Subsection 3.3.7. a

Lemma 3.32. There are standard shift maps i, : N— N' and i; : N — J| making

the square
i=(i1,42)

N————N'& J]

|1,

N—™8M

commute. Moreover, the sequence
S NSNS 72 EN—
1S ezact.

Proof. Let iV be the map i given in Lemma 3.31(c). Hence, the diagram
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o——>A—-"‘"—>ReB(Z)’—V>(Z/p)——>0

A

0—A—— M7 —— (Z/p)" —0

commutes and has exact rows. Therefore, iV gives a map i : N — N’ @ J' that fits
into the square in the statement of the lemma. Write iV = (z'f’, zg’ ), where z'f’ :A—R
and ig : A— (Z). By Lemma 3.31(c), z'f’ and ig’ are both epimorphisms. Therefore,
Lemma 2.8 tells us that the module maps i; and i, are standard shift maps. Since
0, : J — LN is a nontrivial map, Theorem C.6 indicates that the sequence displayed

in the lemma is a long exact sequence. a

Having completed the proof of Proposition 3.28, we want to exploit the diagram
introduced there to produce a diagram yielding sequence (3.39)
N M — -2 TN .
This is done in two stages. In the first stage, we expand diagram (3.40) vertically.

Let & = (Xi,) o 0; and M’ = Coker 6.

Proposition 3.33. The diagram

| I

£, —2— 51,

(3.44)

1(2‘185.0) 0

IN— N @S —— J, —E TN —
id lﬂ 131 id

yN—L M — L oL RN —

29 w2

h—2 s,

(92,0) 0

SN @ SJ —E %],

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE MAIN THEOREM 85

commutes and has ezact rows and columns.
Proof. The proof is given in Subsection 3.3.8. |

In the second stage, we form sequence (3.39) as a quotient of the left column of

diagram (3.44).

Proposition 3.34. The diagram

l (3.45)
0 »0 »y9-LJ, —4 717, — 0
(£185,0) lz-w,
0 { 2 A N'@ ) —— N -0
id 6 E!’
00— — 2 M 5 M »0
729 ;g'
0 0 » Jo d_ ) 30
@.0) l&,

0—— ST —24 SN @ SJ! ~Fy SN ——0
~ v Jr

in which f' : NN— M’ and ¢' : M' — Jo are the obvious induced maps between

)

cokernels, has ezact rows and columns.

Proof. The rows and the left column are clearly exact. The middle column is exact

by Proposition 3.33. A routine diagram chase therefore gives that the right column

is also exact. a

The right column of diagram (3.45) is the desired sequence (3.39). A plot of N’
and J; is given in Table 3.7. In order to apply the inductive hypothesis and get that

M’ is free, we need to compute M’ in location [}, b].
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||
A
' Ow

n

> |QG|
Table 3.7: Plot of Sequence (3.39)

For a in (I}, b2], (J1)* = 0 and hence (M’)* = M. Thus, in dimension &, sequence
(8.35) reduces to the exact sequence

0L (Me = M° L5 (Z) ® R, (Z/p) —0

in which both 8¢ and 0§ are nonzero. Lemma A.5 specifies the kernel of the map
(82,0¢) and gives that (M')* = A[d] for some d. Corollary C.2 therefore tells us that
there must be some wj in [, b5] such that (M')*: = 4.
By the inductive hypothesis, M’ must be free and have the form
M =2 VTe@Pr T
i=2
where V', i, ... ,w/, are elements of RO(G) such that |[V'| = |V}| = [V]; [w!| = |wil,
for 2< i < m; |(W))9] = €|, for 2 < i < n; and [(7")6] = |wC]. Since M" is free,
the middle row of diagram (3.45) splits and gives
MxJioM =2"Te@= T
i=1

as asserted.
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3.3.3 The Proof of Lemma 3.24

(a): Let v bein [/;,t] and & be in [, ¢]. Let d =d__;. Suppose that the scquence
0—N' =L-Lm 20 = @)@ (Z/p)"' —0

splits. Since ?0 R preserves split short exact sequences, multiplication by £, gives

the diagram

0 —— Ad] » M© » (Z/p)* — 0
ENT fMT EJTE

0—N'OR—M"OR—/J"OR—>0

with exact rows. Let s : JTOR— M"{ R be a map splitting the bottom row.
Corollary C.4 tells us that the cup product map &; : JYOT*~7 — J¢ is an isomor-
phism. Therefore, £4r 0 s0 £7! gives the desired splitting of the top row.

(b): Let a be in [[,¢] and 8 be in [[,b,]. Let d = d,_y. Suppose that the short

exact sequence
0o N*—M*—J*—0
splits. Since N® = A[d] and J® = (Z/p)", this sequence can be written in the form
0— Ald] > Ald] @ (Z/p)* = (Z/p)" — 0.
Since N® = (Z) and J? = R, the short exact sequence in dimension 3 has the form
0— (Z) — MP — R—0. (3.46)

Assume that sequence (3.46) does not split. Lemma A.3(b) lists all of the possible
solutions to the extension problem given in sequence (3.46). Since sequence (3.46)

does not split, it must have the form

0— (Z) — A[d]— R—0 (3.47)
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for some integer d’ prime to p. Applying ? 0 (Z) to sequence (3.47) gives the exact

sequence
(Z) —(Z) —(Z/p) — 0.

Clearly, the first map must be multiplication by p. Therefore, the multiplication map

€a—p : 7P O(Z) — ?° gives the diagram

0 — Ald] = A[d] @ (Z/p)* = (Z/p)" — 0

S

0—(Z) ——— (2) »(Z/p) —0

with exact rows. Corollary C.4 specifies the cup product map ey : N4 O T*-% — N@
and gives that (ex)g(l) = £x. Let £ = (epm)g(l). Since the left hand square
commutes, it follows that k = £pz in A[d] regarded as a summand of M®. Since
Kk = pu — dr, it follows that p(u F z) = dr, and hence p | d. This contradiction shows

that sequence (3.46) must split.

3.3.4 The Proof of Lemma 3.26

Note that |[VE — (V’)GI < 0 and |V — V| = 0. Multiplication by &;_;. gives the

diagram

I yRe(Z)—(Z/p)——0

N TEM ETEJ

R—AOR——(Z)OR—>0

>R »(Z/p) —0

0 >

m

T
a

L

L

with exact rows. Here, the top row is sequence (3.36) for @ = V, and the middle row

is 70 R applied to (3.36) for a = V'. The bottom row simply gives the values of
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the box products in the middle row. Lemma A.6(b) tells us that the exactness of the
bottom row forces h(7) = £p€. Corollary C.4 tells us that the cup product map £y

is an isomorphism at G/e. If we identify the last two rows, then the square

gives that
& (p€) = £f(En(7)) = £f(7) = (££€,0).

Therefore, £y = %t,, where i, : R— R @ (Z) is the inclusion into the first factor.
Note that [V — (w})¢| =0 and |V — w}| > 0. Multiplication by €y_., Bives the

diagram

0 —~+A—L > Re (@) — (Z/p)—0

o o e

(Z )D(Z)——)AD(Z y— RO Z)—)O

(Z) —L2—(Z) > (Z/p) —— 0

with exact rows. Here, the top row is sequence (3.36) for & = V, and the middle row

is 20 (Z) applied to sequence (3.36) for @ = wj. The bottom row simply gives the
values of the box products in the middle row. The exactness of the bottom row clearly
implies that A is multiplication by p. Proposition A.4(c) tells us that the exactness of
the top row forces f(u) = (£, +¢). Corollary C.4 gives the value of the cup product

map ey. If we identify the bottom two rows, then the square
A—LRo (@)

4

(Z) ——(2)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. THE MAIN THEOREM 90
gives that
em(p) = f(en(1)) = £f(x) = (0, £p).

Therefore, €y = +ip, where i : (Z) — R @ (Z) is the inclusion into the second factor.

Using diagram (2.2) separately for §, : N'— M and 6, : J'— M gives the

diagrams
R—»ADR—”-EJ’—“—MDR—-»R
x lw lfu/
Ro (Z) —~ Ra (2),
and

(Z)-"‘-»AD(Z)”‘—D“‘>AD<Z)i><Z)

N, A

Re @) —~ R (Z)
which show that 6" o i, = +i; and 8% o 19 = *kis. Putting these results together gives

that §¥ has the desired properties.

3.3.5 The Proof of Lemma 3.27

Suppose that a is in [/}, ], and let 8 be in [l;,¢ — 2]. In dimension 3, sequence (3.35)

reduces to a short exact sequence,
0— MP — J# 225 (Z/p) —0, (3.48)
where J? is either
(Z)® (Z/p)"" or (Z)®(Z/p)""®R

depending on the value of |ws|. If n > 3, then there is an element of order p in

JB(G/G) that 32 sends to a generator, and hence sequence (3.48) splits. If n = 2,
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then 8% is either
(87,88) : (Z) ® (Z/p) — (Z/p) or (6},8F):(Z)® R— (Z/p).

Since 6‘19 # 0 and 65 # 0, Lemma A.5 lists the kernels of these maps and gives that
M? is either (Z) or A[d], respectively. In any case, applying ?(](Z) to sequence (3.48)

gives the short exact sequence,
0— MP O(Z) -5 (Z) @ (Z/p)" " -2+ (Z/p) —0, (3.49)

in which 8 is nonzero on each summand. If n > 3, then the exactness of sequence
(3.49) follows from the split exactness of sequence (3.48). If n = 2, then it follows
from Lemma A.6, which gives examples of right exact sequences that must, in fact,
be exact. Since 8 sends an element of order p to a generator, sequence (3.49) must
split. Hence M O (Z) = (Z) ® (Z/p)"~2, and § has a left inverse, say 7. Therefore,

multiplication by €,-5 gives the diagram

0— L —L s e —L 3 (Z) @ (Z/p)" —— 0 (3.50)

T .

0— (Z) @ (Z/p)" " = (Z) @ (Z/p)"™* =2 (Z/p) —0

with exact rows. This shows that 7o e;l o g% is a left inverse for €)r, and hence €, is

)*~% as a summand of M®. Lemma A.3(f)

a split injection that displays (Z) & (Z/p
therefore gives M® = R® (Z) & (Z/p)" 2. Moreover, it follows that Coker €;y = R.
To establish the asserted property of the map g%, suppose that there is a map

s : (Z) = J® — M® such that g* o s = 7,. Here i, : JF — J{ @ J§ is inclusion into
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the first factor. Since Coker epr = R, there is a commuting diagram

R (Z)

%‘I / lll
M= (Z) @ (Z/p)"""

A

M ey

0— @) @ @/p)"* ~1 @ @ 2/p)" "~ (E/p) —0

0
in which the left column and bottom row are exact. Since Mack({Z),R) = 0, it
follows that g o s = 0. Hence there is a map s' : (Z) — (Z) @ (Z/p)"* such that
emos =s. This gives i) = g%oep 08’ =€;0Gos', and hence ¢, is factored through
the kernel of 8. However, 8 is nontrivial on each summand. Hence 8 o i, #0, a

contradiction.

3.3.6 The Proof of Lemma 3.30

Let P be the pullback in the diagram

k i
M s L@ Je
in T-Mod. Let « be in [/;,t]. Hence, 8% = 8*~! = 0. Sequence (3.35) reduces to the

short exact sequence

0—L-LomeL5(Zy@ (Z/p)" ' —0
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in dimension a. Since P® is a pullback in Mack, there is a commuting diagram

0— L— po—2__,(7) »0 (3.52)

Pl b

0— L— M -25(Z) ® (Z/p)*' — 0.

with exact rows. Lemma A.3(a) indicates that either P* is A[d], for some integer d
prime to p, or the top row of diagram (3.52) splits. If s’ : (Z) — P were a splitting
of the top row, then s = k% o &' would contradict Lemma 3.27. Thus, P* = A[d] for
some integer d prime to p

Corollary C.2 tells us that there must be some V in [I;,¢] such that PY = A.

Moreover, taking the « in diagram (3.52) to be V{ gives the diagram

AVt
0— - A > (Z) >0 (3.53)

L
J= Jvk v l‘.l
4 Y

0— L— M == (Z) ® (Z/p)"" — 0

with exact rows. Let N' = Z-ViT, rf, ' = p%, and 0{’" = k%. Since the right-
hand square of diagram (3.53) commutes, the square asserted in the lemma must also
commute. The top row of diagram (3.53) shows that rf"' = h% is an epimorphism.
Hence, Lemma 2.8 tells us that r, is a vertical shift map. The left-hand square of

diagram (3.53) shows that 0{’ ! = k% must be an isomorphism at G/e.

3.3.7 The Proof of Lemma 3.31

(a): By Lemma 3.30, 0{7 ' isan isomorphism at G/e. By using diagram (2.2), 9{7 can

be written as the composite

- o V, i -, -
(MY = R A0R2Z, M7 O RS M.
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The map 0}7 is therefore seen to be an isomorphism at G/e by showing that the
multiplication map ¢ is an isomorphism at G/e. Since sequence (3.35) is a long
exact sequence of T-module maps, multiplication by 5‘-,_‘-,{ inTV-% = R gives the

commuting diagram

0 » NV » MV - Jv 0

4

NYOR— M%"OR—J%"OR—0

with exact rows. At G/e, this diagram reduces to the diagram

0 »Z——— MV(G/e) »0— 0

]

ZQ®Z— MY (Gle)®Z—0—0

with exact rows. Since MY (G/e) = Z, the first map on the bottom row is clearly
an isomorphism. Hence, the displayed map &, : (M vino R)(G/e)— M (e /e) must
also be an isomorphism. It follows that 0{:’ is an isomorphism at G/e.

(b): Diagram (2.2) can also be used to factor oy (J{)V — MY as follows:

AO0@ —222 , 40(z)

;_ie_. _ lm

(Z) % R ®(Z)® (Z/p)""".

Since 0‘2"'l = id, it follows that Coker 9;’ is the cokernel of the multiplication map
em:AO(Z)— R (Z)® (Z/p)"".

Since multiplication by €V-ut gives a module map for each of N, M, and J, the
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following commuting diagram is obtained from sequence (3.35):

0 » A y MV — (Z/p)"™' —— 0

R

D(Z)-——)AD(Z)—-)RD(Z)———)O

(Z) - (Z) (Z/p —0.

Here, the top row is sequence (3.35) in dimension V, the middle row is ? (J(Z) applied
to sequence (3.35) in dimension w}, and the bottom row identifies the box products
in the middle row. Clearly, the first map in the bottom row must be multiplication

by p. Identifying the last two rows therefore gives the diagram

0——A— »V —(Z/p)" —0

L

0 — (Z) —— (Z) — (Z/p) —0

with exact rows. Corollary C.4 tells us that Coker ey = R. Clearly, ¢; is injective with
Cokere; = (Z/ p)"'l. Finally, the Snake Lemma gives us the short exact sequence of

cokernels
0 — R —> Coker8Y — (Z/p)" ™' —0

which splits by Propostion A.2.

(c): Since r; and r, are standard shift maps, Proposition C.3 gives that both rf’
and rY are epimorphisms. Therefore, by Lemma A.5, Kerr¥ = A[d] where d is defined
by the equation 1'2 Y1) = dr1 (€). Let h be the induced map between the kernels of

rV and ¢g¥. Thus, diagram (3.43) can be expanded to the commuting diagram

0 — Ald] ———— R® (Z) —— (Z/p) —— 0 (3.54)

hl 8y .o¥ )l .}"l

0 » A—L »Ro (Z) ® (Z/p)*~ 1--—+(~<”>/1r>) —0
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with short exact rows. By part (a), the map 0}7, and hence the map gV = (0{7 ,0;7 )
is an isomorphism at G/e. Since i and f‘7 are clearly isomorphisms at G/e, so is
h. Therefore, by Lemma A.7, h is a monomorphism with Coker h = (Z/z) for some
z # 0 mod p. Combining parts (a) and (b) gives that Coker 8V = (Z/p)*~". Clearly
iV is injective with Cokeri, = (Z/p)™~'. The Snake Lemma therefore gives the short

exact sequence
0—(Z/z) —(Z/p)""" —(Z/p)" "' —0

of cokernels of the vertical maps in diagram (3.54). Hence, z = %1, A is an isomor-
phism, and d = £+1 modulo p. Therefore, Ker rV = A and r2(1) = £7(§). It follows

that a map ¢ : A— R @ (Z) can be chosen with the asserted properties.

3.3.8 The Proof of Proposition 3.33

To verify that diagram (3.44) commutes, we need only check that (£r) o (03,0) = 0.
In fact, it suffices to check that this composite is zero in the dimensions wy,... ,w,
of the generators for J,. Note that £J] is zero in those dimensions. By definition,

Wyt

. . : : - X
riot +rp0ip=roi=0. Foreach2<j<n,r, wiTh e

' = 0. Hence, "™ 04! = 0.
It follows that (Zr1)% o (8)% = rii*' 0 i%*' 0 &% = 0. Hence diagram (3.44)
commutes. Proposition 3.28 tells us that its rows are exact. The right column is
exact by definition. It remains to prove that the left column is also exact.
Exactness is shown at each of N'@® J], M, and J; for each dimension 7. Our proof
is broken into cases based on whether or not the maps 9] and 8] are zero. Lemma
C.5 can be used to determine the range of dimensions handled in each case. Note
that 87 # 0 implies 87~' = 0, for i = 1,2. Also note that 8] = 0 implies (8;)” = 0.
Case 1: 8" and 87! are both zero.
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Diagram (3.44) reduces to the diagram

-1 1d . ry—1
J3 J3

l 0

0— NT— (N'® J,) 1 —— J] >0
L
0— N —L 5 2
lﬂ'zg
J;’ id
Js \

(V' @ J))1+ —— J7*!

i R
9

in which the right column is exact. Since the two rows are short exact sequences,
the Snake Lemma gives that the middle column reduces to a short exact sequence in
dimension ~.

Case 2: 0" # 0 and hence 8"~! = 0.
Note that JJ~! = 0. Also note that 8] # 0 implies that ¢7*' = 0 and hence (8)" = 0.
(2a) Suppose 8] # 0. Thus 97 is an epimorphism, so diagram (3.44) reduces to the

diagram

2] 1 id
0 y MY —2—3 (11 © Jo)" =2 N1+l ——30
|
w29 lﬂ’z
° |
(N'@ Jj)'*t 0

in which the middle column is exact. Since the two rows are short exact sequences,
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the Snake Lemma gives that the first column reduces to a short exact sequence in
dimension 7.

(2b) Suppose 8] = 0 and hence 8] # 0. Note that (N' & J')Y = J] = J**! = 0.
Therefore, diagram (3.44) reduces to the diagram

0 —0 50 >(EN)’(2+1)7>(2N')"'

lid ‘l'o-vﬂ
8] i

25 (EN) 2 At — 0

(EN')T
g1+t

~
M’7+1

with exact rows. Since 8] : J; — (Z/p) = (EN)7 is nonzero, the exactness of the

middle row gives that i?*! = 0 and hence M7*! = 0 and 6"*! = 0. The map
(@) =(Zi)" 0 8}

is displayed in the first two rows as the map from J7 over and up to (¥N’)". In this
case (8,)7 = &), and the exactness of the column in dimension 7 follows from the
exactness of the second row and the fact that 7] = id.

Case 3: 8! # 0 and hence 8" = 0.
Note that (J])"=J] = J7 =0.
(3a) Suppose 97" # 0. In this case, (N')” = 0 and diagram (3.44) reduces to the
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diagram

7—1
8[ ~

(Z-th)” » N7 »0 >0

| ” »
i

ORI AT el AL ARG\ N )2} >0

+
(EN'@ ZJ7)
with exact rows. The second row gives that M? = 0. Hence, the column is clearly
exact in dimension ~.

(3b) Suppose 87~ = 0 and hence 8]~' # 0. In this case, diagram (3.44) reduces to
the diagram

(E—IJI)‘Y 0 » N7 > (1 rj)? — 0

NN

(=17, @ =1 0)T 25 N > M7 »0

mg

+
(EN'@ ZJ))”
with exact rows. The second row gives that M” = 0. This establishes exactness of the

column at M7 and J7. Exactness at (N')7 follows since " = 0and & : J;~' — (Z/p)

is nonzero.
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3.4 A Non-free Example

In Theorem 3.15, the graded module M in the long exact sequence
—N—oaM—J-2HEN—

turns out to be free. However, the additional hypothesis that M have the value A in
a particular dimension is used in the proof. This value is certainly necessary for M
to be free, but it is not clear that such a value does not follow from the long exact
sequence containing M. To justify our need to assume the value of M in the key
dimension, we construct a long exact sequence in T-Mod of the form given above in

which M is not free.
Theorem 3.35. There ezists a long ezact sequence
S NLML 753N — (3.55)

in T-Mod in which N and J are both free with even-dimensional generators, and M

is not free.
Proof. For our example, let J = 2~“T and N = £~YT be monogenic with
V|- lw| = %] = [VE| =2.

The notation from the base case of the proof of Theorem 3.15 is used. Table 3.8 gives

a plot of the most important locations.

Let @ : J— LN be any nonzero map. The module M is constructed from some

other easily described modules. Let Z be the submodule of N defined by
Ne ifaisin[r+1,b+1]

Z% =
0 otherwise.
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...>|ac|

Table 3.8: Notation for Non-free Example

Let M, be the cokernel of the inclusion i : Z— N, and let ¢ : N — M; be the
associated quotient map. Let M, = Kerd, and define M to be M; & M,. Let j
denote the inclusion M, — J. We claim that N, M, and J fit into a long exact
sequence of the form given by sequence (3.55) with f = i,0q and g = j o m,. Note

that, for o in any location except [r,b] and [r + 1,5+ 1],
0°=0*1=0, j°=1id, and ¢° =1id.
Hence, sequence (3.55) reduces to the split short exact sequence
0— N2 ME @ M2 24 J° —0.
For « in [r, 4], and hence a + 1 in [r + 1,b + 1], sequence (3.55) reduces to
0— M® 15 Ald] -2 (Z/p) 0 = Mo,

which is exact by definition of j* and ¢®. This establishes the claimed exactness of

sequence (3.55).

Lemma A.5 lists the kernel of a nontrivial map A[d] —(Z/p) as L & (Z). Hence,
for a in [r,6], M* = L @ (Z). In Table 3.9, the values of M in the locations from
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el
Aldl @ (2/p) Le(Z)

(ZYB R Lo (Z)

...>!aG|
Table 3.9: Key Values for Non-free Example
Table 3.8 are plotted. All other values are easily computed from their associated split
short exact sequences. It is easy to see that M is not free, since only one location

could contain the Burnside ring A as a summand. Hence, if M were free, then it

would have to be free on just one generator. Clearly, this is not the case. a
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Chapter 4

Isomorphic Free Modules

This chapter is devoted to characterizing exactly how much flexibility there is in
the dimensions of the generators of a free module when only the coordinates of the

generators are fixed. Even when there is only one generator, there is some flexibility.

Lemma 4.1. Let o and B be in RO(G) with v = a — 8 in ROy(G). Then,
Y-oT = £-8T if and only if d, = £1 modulo p.

Proof. First suppose that d, = 1 modulo p, where n = 1. It must also be the case

that d_, = n modulo p, so define integers n and m by the equations
1 = nd, +np = nd_, + mp.
Proposition 2.5 tells us that graded module maps
f:E°T—EPT and g¢:IZ7T—Z7°T
are completely determined by the Mackey functor maps

fe:A—Ald,] and ¢%:A— Ald_,).
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Let f3(u) = nu,+nty and ga(p) = nu_,+m7_,. It follows that f* = idgz, f&(1) =7,
98 =idg, and gg(r) = 7_. The maps f? : A[d_,] — A and g : A[d,]— A are given
by

fo(u—r) = fE(W)p—y =np+ (~nb_y + nd_,)T = nu— 7,
folry) = fewry =,
[P = idg,
98(ky) = 92wy = nu + (—nby + md,)T = nu — 7,
9&(ry) = go(wry =7, and

g: = idz,

as may be seen from diagram 2.3 and the rules for multiplying elements given in
Theorem 4.9 of [9]. Here b, =b_, = -(5“—;7;1). It is easy to check that g@ = (f@)~!
and ¢# = (f#)~!, and hence g = f~!.

Conversely, suppose that f : =T — 29T is an isomorphism. In particular,

fe: A— A[d,] is an isomorphism. Lemma 2.1 gives that d, = &1 modulo p. O

When two or more generators are involved, there is a chance for even greater

flexibility in the generators. For example, in [9], Lewis shows that
Ald]l® (Z) = A® (Z) whenever p{d. (4.1)

This implies that, if a; and a» plot to distinct locations on the same vertical line and

B; plots to the same location as o4, for i = 1,2, then
(T @ L ~0T) = (AT @ Z°PT)" in every dimension 1. (4.2)

In fact, equation (4.1) is just one example of an isomorphism that masks the value of

d in a sum A[d]® M for some Mackey functor M. The following Lemma characterizes
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the extent to which the value d is masked when A[d] is added to any of the Mackey

functors that appear in Hg(*).
Lemma 4.2. Let d,, d», d3, and d, be integers prime to p. Then
(a) Aldy] @ (Z) = A[dy] & (Z).
(b) Ald\| ® R = Ald2] ® R.
(c) Aldi]® L= Aldy) ® L.
(d) Ald)]) ® (Z/p) = A[d;] ® (Z/p) if and only if d; = £d; modulo p.
(e) Ald:] @ Ald,] = A[d;]) ® A[d4] if and only if d\d; = £dads modulo p.

Proof. For each ¢ = 1,...,4, let a; and b; be integers such that a;d; + bjp = 1.
Throughout the proof, elements of the Burnside ring A are written in terms of the
standard {u,7,.} basis. Also, the standard basis for A[d;] is denoted by {u;, 7, u},
for each i =1,...,4. Note that, for the proofs of parts (a), (b), and (c), it suffices
to consider the case in which d; = 1.

(a) This result is also established in Examples 1.1(d) of [9], but we present a
simpler proof here. Let z and z, be generators for the copies of (Z)(G/G) in A ® (Z)
and A[d,]® (Z), respectively. Define f : A @ (Z) — A[d,] & (Z) by

fe(p) = ayp +bm ~ b2y,

fG(T) = T,
fG(Z) = pu —dyn +d,z;, and
fe(d) = 4.
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Define g : A[d)]| ®(Z) — A® (Z) by

gc(p) = dip+ b2,

gG(Tl) =7,

gc(21)

ge("l) = L

—pp + 7+ a2, and

It is easily checked that f and g are well defined and that g = f~!.

(b) Let {&,4i} and {&;,7,} denote the standard generators for the copies of R in

A® R and A[d,] ® R, respectively. Define f : A® R— Ald,)® R by

felp) =
fe(r) =
fa(€)
fe(t) =
f(@) =

I

Define g : A[d\| @ R— A® R by

gc(u1)

gc(m)
9c(&1)

9e(t1) =

9e(t1)

g + &1,

din + pé1,
—bim + a1y,
dity +1%;, and

—pb1L1 + alil .

p—bir —dé,
a7 - pé,
bt + dy€,
at—1, and

pbll. + d['l:.

It is easily checked that f and g are well defined and that g = f~1.

(c) Let {t,i} and {t1,%1} denote the standard generators for the copies of L in
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A® L and A[d,] & L, respectively. Define f: A® L — A[d,] @ L by
felp) = m—bty,
fe(t) = dim —phity,
fe(t) = m+aity,
fe(t) = diy —pbidy, and
fe(B) = u+ai;.
Define g : A[di||® L —A® L by
96(p) = p—br+bdt,
96(mn) = a7 +pbt,

-T + dlt,

gc(t1)
ge(t1) = aye+phi, and

ge(il) = —L+d1i.

It is easily checked that f and g are well defined and that g = f~1.
(d) Under the assumption that d; = *d; modulo p, Lemma 2.1 can be used to

form the desired isomorphism. Conversely, suppose that
f: Aldi] @ (Z/p) — Ald2] ® (Z/p)

is an isomorphism. Thus, the generators for A[d;] and A[dz] can be chosen so that
fe(t1) = t2, and hence fg(m) = 7. For some integers z and y and some z in Z/p,
fe(p) = zugo + ym2 + z. Since fg(u1) and 7 must generate a maximal rank free
summand of A[dz] ® (Z/p) at G/G, it follows that z = £1. Since f commutes with
restriction, +d,; + py = d, i.e. d; = +d; modulo p.

(e) Sufficiency of the congruence dyd; = +d3d4 modulo p is proven first. Then,

that result is used to simplify the proof of necessity.
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For the proof of sufficiency, first let d' and d” be integers relatively prime to p. It
follows that there are integers a’, a”, b', and b" such that o’d'+b'p = a"d"+b"p = 1. Let
{¢,7,/} and {g", ", "} denote standard generators for A[d’] and A[d"], respectively.
Define f : A[d'] — A[d"] by

fG (#I) —_ alIdI#II + b”d'T",

fe(r) = 7", and
fe(t) =1,
define g : A— A[d"] by
go(p) = u',
ge(t) = d"7", and

ge(L) = d”L”,
and let h = (f,g) : A[d'} ® A— A[d"]. Observe that h is an epimorphism,
{#I —- bIIdITI — a”d’ﬂ, d”T’ — T}
is a basis for Ker h¢, and d"./ — ¢ generates Kerh,.. By checking the restriction and
transfer on these basis elements, it is easy to see that Kerh = A[a”d’]. Since A[d"] is
projective, the epimorphism A must split. It follows that A[d']® A = A[d"] @ A[a"d].
Now suppose that dyd; = +d3ds modulo p and hence a3d; = +axdy modulo p.
Setting d' = a2d, and d” = ad; gives
A[agdll (3] A = A[agds] @ A[(agda)_lazdl]

= A[a2d3] ® A[a3d1] (43)

& A[a2d3] (4] A[a2d4],
where ?~! denotes a multiplicative inverse modulo p. Applying ? 0 A[d,] to equation

(4.3) gives A[d)] ® Aldo] = Alds] @ Aldy].
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Conversely, suppose that A[d,] @ A[da] = A[d3] ® A[ds)- Applying the just estab-
lished result to both sides of this equation gives A[d;d2] ® A = A{d3ds] & A. Thus, it
suffices to suppose that A{d;]| ® A = A[d,] ® A and to show that d; = 3d, modulo p.

By assumption, there is an epimorphism h = (f, g) : A{d] ® A— A with kernel
Ald,]. Let {u,7,t}and {',7', '} denote the standard bases for the copies of A in the

domain and range of g, respectively. There are integers z,y, @, 2, w, and 3 such that

folm) = zp' +yr,
fe(n) = o,
fe() = at,
go(p) = zp' +wr',
ge(r) = pBr', and

g.(t) = B

Since f and g are maps of Mackey functors, ad; = z + py and 8 = 2 + pw. Since h
is an epimorphism, & and 8 must be relatively prime, and z and z must be relatively
prime. Define 7y.r = f71 — a7 and tker = Bt) — . Since o and 3 are relatively prime,
Teer and i are basis elements in Ker h. Define pyg., = zu; — zu + dywn, — y7, and
observe that this provides another basis element in Ker hg. By counting rank, it is
easy to see that {iker, Tker, tker} forms a basis for Ker h. By checking the restriction
and transfer of these elements, it is easy to see that Kerh = A[d,]. Thus d; = +d,

modulo p as desired. a

The importance of equation (4.1) is discussed in Remarks 3.2 of [9], where Lewis

presents the following example.

Example 4.3. Let ¢, 77, and ¢ be distinct irreducible complex representations, and let

P be the projective space P((®n®¢). As Lewis explains, there are two different ways
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to build P as a generalized G-cell complex satisfying his Theorem 2.6. The ordering of
the irreducibles (¢, 7, ¢) displays H3(P) as having generators in dimensions 0, 77'¢,
and ¢~'¢ + ¢~'n, while the ordering (¢,(,n) gives generators in dimensions 0, (!¢,
and n~'¢ + ¢

In Remarks 3.2 of [9], Lewis explains how equation (4.1) can be used to see the
isomorphism in every dimension between these two seemingly different values for
H(P). The point being that oy = 77!, a; = ¢71( + ¢7!n, B = ("'9, and
By = n~'¢ + n~I( satisfy the conditions for the isomorphisms in equation (4.2). In
fact, Lemma 4.2 now characterizes exactly what conditions on a;, as, £, and (.
provide the isomorphism in equation (4.2). However, more must be true. The two
different sets of generators for Hg(P) in Example 4.3 must also generate isomorphic
free T-modules. The following theorem characterizes the flexibility of the generators

for a free T-module on two generators.

Theorem 4.4. Let a;, 51, az, and 3, be in RO(G) with (|afl,|as]) = (165, 16i),
fori=1,2 Let M =L T LT, N =S"AT @ T, and v; = a; — B, for
i1=1,2.

(@) If |of| = |af]| or |au| = |, then
M = N if and only if d,, +,, = £1 modulo p.

(b) If |af| # |of| and || # ||, then

M = N if and only if d,, = +£1 modulo p for i = 1,2.

Remark 4.5. The precise explanation for the two seemingly different values of Hg(P)
in Example 4.3 can now be given. In this case, the virtual representation v; + <y, of

Theorem 4.4(a) reduces to

nt+tr=0"¢C-C"t¢)+ (@ n—n""9).
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Since d- provides a homomorphism from RSOg(G) to (Z/p)* such that dy,—a_, = —1,
the expression on the right-hand side gives d,,;,, = 1 modulo p. Hence, the two
different sets of generators for H3(P) in Example 4.2 provide iscmorphic free T-

modules, as expected.

Remark 4.6. If p = 3, then d, = £1 modulo p for all v in ROy(G). Hence, Theorem

4.4 gives that a free T-module is characterized by a plot of its generators if G = Z/3.

Proof of Theorem 4.4. For each part of the proof, the isomorphism M = N is given

by maps
F:M—N and G: N—M

with G = F~!. Further, these maps are written as F = (f, fo) and G = (g1, 92),
where f; : E"%T — N and g; : EAT — M, for ¢ = 1,2. Proposition 2.5 tells
us that these module maps are completely determined by the Mackey functor maps
f&%:A— N% and g : A— MP?, for i = 1,2. Our argument focuses, in particular,
on the Mackey functor maps G*', G2, F#t, and F#:, which need to be isomorphisms.
Throughout the proof, these maps of Mackey functors are represented by matrices that
only specify their value at the G/G-level. In each case, this information is sufficient
to completely specify the map at the G/e-level. Also throughout the proof, whenever
v is in RSOy(G), b, is used to denote the unique integer such that d_,d, + b,p = 1.
Of course b, = b_,. The proof of part (a) is divided into parts separating the different
ways in which the hypotheses of the theorem can be satisfied.

(al) Suppose that |af| = |af| and |ay| # |az|, say |ai1] > |az|. In this case, the
maps G, G2, F#  and F* are either of the form A[d,] & (Z) — Ald,] © (Z) or
(Z) ® Ald1] — (Z) @ Al[dg), for appropriate values d; and dz. Note that the given

ordering of the summands of M and N is used to determine the appropriate ordering
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for each instance. Throughout this portion of the proof, maps A[d,|®(Z)—A[d]B(Z)
are displayed as 3 x 3 matrices using the ordered bases of the form {u,7,¢} for the
domain and range, and maps (Z) ® A[d,}— (Z.) ® A[d.] are displayed as 3 x 3 matrices
using the ordered bases {e¢~'«, y, 7} for the domain and range.

First suppose that d, 4+,, = 7 modulo p, where n = 1. The congruences
d_,,d_,, = d,,d,, = n modulo p must also hold, so define integers m, m,, and m, by
the equations d_,,d_,, + mp =1, d_,, = n(d,, + mp), and d_,, = n(d,, + mp).

The module maps f; : &-®T — N and g; : Z-AT — M, for i = 1,2, are deter-

mined by the Mackey functor maps

i A— Aldy ] @ (Z),

22 1 A— (Z) @ Aldy),
g A—Ald_,]®(Z), and
g : A—(Z) ® Ald—n,),

which we define by

f” (B) = d_qbtin+ by Ty — Me€ay -1,
202 (#) = GE,I—QQKO + d—‘rzl""rz + b'n Ty2s
)

g () = —mesl g Ko+ Ndoyyfiogy + TMT_y.

NA-glhamy, + NTMT_q, + NMNEG, —a,, and

The graded module map F = (f}, f2) : M — N is shown to be an isomorphism with

inverse G = (g1, 92) : N — M, by showing that the following four diagrams commute:
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TraT -2y M oAT N

L K T

M—ESN
greT 23 M nAT N

| K I

M—LEoN

‘|

N—S— M

‘|

K

(4.4)

K

N—5 M.

Since, in each case, the module in the upper left-hand corner is a free module on a

single generator, it suffices to verify the equations
GHfM(p) =
Guf*(p) =
Fogl(p) =
FPgl(p) =

By using diagram 2.3 and the rules for multiplying elements given in Theorem

1y
Hy
I
W.

(4.5)
and

4.9 of (9], the maps F' and G can be completely determined in any dimension. For

= T?%~%(G/G), then f(2) = f*(u)z.

example, if z is an element of (X~ T)% (G/G)

Straightforward computations thus yield the required maps.

G =

Gor =

Nd—ny

0
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dy 1 0
Ffi=| _mp d_, 0
m 0 1

Equations (4.5) can now be verified by using these matrices and the appropriate bases

for each case. For example,

nd—'n 0 _ﬂp d—'n 1
Gufitfw)=| -my 1 9 by |=|0]| =8
mm 0 nd_., -m 0

All of the entries resulting from the matrix multiplications are straightforward to
verify. They all follow from the definitions of the values involved except the second
entry of G* f[(u) and the third entry of G2 f;*(u). These values are seen to be

zero by using the equations
m = n(by, — d_yym1) = 7(by, — d-yym2),

which can be checked by plugging them into the equation defining m. Therefore,
F:M=N.

Conversely, suppose that F': M = N, and say f{"' (1) = a1pby, + 017, + T1€0,-5;
and f5?(p) = Ta€5_q, K0 + G2fty, + b2Ty,. Since f*' and f3* must be isomorphisms at

the G/e-level, applying restrictions to the above equations shows that a;d.; +b;p = £1,

for i = 1,2. That is, a; = £d_,, modulo p, for i = 1,2. As above, a straightforward

computation yields

a O Iop
Fo o= b, =*1 —.'L‘gda,l

I 0 (77]
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Since this matrix must have determinant +1, the equation a;a; — z,z2p = +1 gives
the congruence d_.,d_,, = *a,a; = *1 modulo p. Of course, this is equivalent to
the congruence d,, 4, = d,,d,, = 1 modulo p, as desired.

(a2) Suppose that |af| # |a§| and |ay| = |z, say |af| < |a§|. In this case,
the maps G*', G2, F#', and F? are either of the form L & A[d,] — L & A[d,] or
Ald\) ® R — A[d,) ® R. Throughout this portion of the proof, t is used to denote
the generator of L(G/G) to distinguish it from the generator 7 in A[d](G/G). Also,
maps L & A[d)] — L & A[d,] are displayed as 3 x 3 matrices using the ordered bases
{t, u, 7}, for the domain and range, and maps A[d;] ® R — A[d;] ® R are displayed
as 3 x 3 matrices using the ordered bases {4, 7,£}, for the domain and range.

First suppose that d,, +,, = 7 modulo p, where 7 = £1. Hence there is an integer
m such that d, d,, + mp = 1. Further, define integers m; and m, by the equations
d,, = n(d-,, + myp) and d,, = n(d-,, + mgp), respectively.

The module maps f; : T™%T — N and g¢; : -#T — M, for i = 1,2, are deter-

mined by the Mackey functor maps

e A— Ald, | ® R,

52 A— Lo Ald,,],
¢':A—Ad_,]®R, and
AL Ald_y,

which we define by

;n(/-‘) = “’71'{'&!1—521

23 (p) = —miay_p + po,
g/151 (B) = By + M7y, —1€p—a;, and
ggz (#) = nmig,_q, + -y, + MaT_,.
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As above, straightforward computations yield the required maps.

1 0 0
G = mld‘n - b’n nd"/z nm
—~nd., -np nd.,

ndy,  nmd,  7mp
G®=1 0 1 0

=N m2d‘72 "'b'fz ﬂdm i

1 0 0
Fh=|_p d, -m
mn 9!
d-'n p d‘n

1 —b, oy,

Equations (4.5) can now be verified by using these matrices and the appropriate bases

for each case. For example,

1 0 0 1 1
Gufit(p)=| md,, —by, nd,, nm 0(=1|0 (=
| —dy —np ndy | { 1| [0

The entries resulting from the matrix multiplications are straightforward to verify.

They follow from the definitions of the values involved and the equations

my = 1(bydy, — md—,) and my =n(byd,, —md_,,).
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As before, this shows that F': M = N.
Conversely, suppose that F : M = N, and say f{"(u) = i, + Y7y, + 2£a,-5, and

f32 (1) = utey—p, + Uiy, + WTy,. Straightforward computations yield

z 0 0 zdy,+py u pu
Ft = |y zd,+py u Fe = 0 v 0
z pz vd,,+pw z W vdy,+pw

Since F** and F** must be isomorphisms, and = and v are seen to be factors of
det(F°') and det(F*?), respectively, this forces z = +1 and v = £1. The fact that
det(F*') = x1 now displays the desired congruence d., d,, = 1 modulo p.

(a3) Suppose that |af| = |a§| and || = |ag|. In the proof in this case, unlike
the previous two, the map G is not used. Instead we show directly that F' is an
isomorphism in every dimension.

First suppose that d,,+,, = 1 modulo p, where n = %1, and define m by the
equation d.,d,, +pm = 7. Let § and 4 be integers such that 5d,, —pi = 1, and define
s = §m and u = am. Thus, sd,, — pu =m.

The module maps f; : £™%T — N, for i = 1,2, are determined by the Mackey

functor maps

o A"‘)A[d‘n] ® A[dm—ﬂzL and
‘?2 tA— A[daz—ﬁx] & A[d’n]a

which we define by

I

TH(w)

a2

2 (”) = Taz—p1 + Hya-

by, + STy, + UTqa,—g,, and
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Straightforward computations yield a description of the map
F® : A® Alday-a;] — Aldy,] ® Alda, ;)

Here, F*! is displayed as a 4 x 4 matrix using the ordered bases {1, 7, tia;-az) Tay—az }

and {ft,, Ty, » Bay—Bss Tay—g, } fOr the domain and range, respectively.

- <

1 0 0 0
Far s dy +ps day-az p
0 0 1 0

v Tmmermom g |

The determinant of this matrix is
(dy, +ps)d,; — p2u = dy, dy, + pm3d.y, — p2mﬁ = dy,dy, + pm(3d,, — p) =7

Hence, F'*! is an isomorphism.
Let v be any element of RO(G). By using diagram (2.2), F? can be written in

terms of F'o.

Tr-ar O Mo B pr-an g Nen

Lo

M'Y > N7
Note that M = T @ T®~22 and N® = T*~A @ T*1-82_ Since each of 0, a; — s,

a; — 1, and a; — B, are in ROy(G), Proposition C.1 gives that the vertical maps are
isomorphisms. Hence, F* must be an isomorphism.

Conversely, suppose that F' : M = N. Thus, the map
Fo: A® Alda,-ay]| — Aldy, | @ Alda,—g,]
is an isomorphism. By Lemma 4.2, this is equivalent to the congruence

day-a; = *d, da, -5, modulo p.
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But 7 + (a1 - 2) = (a1 — a@2) + (M1 + 72), 8O day—a; = £da,—a;8y,+y, modulo p.
Therefore d.,, 1,, = £1 modulo p, as desired.

(b) Suppose that |af| # |of| and |a;| # |az|. For any possible relationship
between the coordinates of ; and o, Lemma 4.2 implies that M = N if and only if

Y-&T = $-AT, for i = 1,2. Lemma 4.1 therefore gives the desired conclusions. [

In the case of T(R)-Mod and T({Z))-Mod, there is much more flexibility in the

generators for free modules.

Lemma 4.7. Let a and 3 be elements of RO(G).
(a) E°T(R) = =PT(R) if and only if a — B is in ROo(G).
(b) =°T((Z)) = ©~PT((Z)) if and only if |a® — §¢| = 0.

Proof. Since the proof in both cases is basically the same, let S denote either R or
(Z). Clearly the conditions on a and § are necessary, so our proof focuses on showing
sufficiency. Since £? can be applied to both sides of the desired equation, it suffices

to consider the case in which # = 0. Define
f:T(S)—Z°T(S)

by taking f°: S — S to be an isomorphism. Let v be in RO(G). By using diagram

(2.2), f7 can be written in terms of f°.

T(S)* OT(S)° =5 T(S)" O T(S)® (4.6)

L

T(S)r —L—— T(S)r+e
Remark B.17 describes the multiplicative structure of T'(S) and gives that the vertical

maps are isomorphisms. This implies that f7 is also an isomorphism. d
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Remark 4.8. The flexibility in the dimensions of the generators of free T'(S)-modules

for S = R and (Z) is now clear.
(a) A free T(R)-module is characterized by a plot of its generators.

(b) A free T'({Z))-module is characterized by the number of generators in each

column of its plot.
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Chapter 5

An Application of Theorem 3.4

In this chapter, we consider the examples of generalized G-cell complexes given by
equivariant complex Grassmannians with linear Z/p actions. The first section de-
scribes how the well-known Schubert cells can be given the structure of representation

cells. In the second section, we apply Theorem 3.4.

5.1 Complex Grassmannians

Given a complex G-representation V' and a positive integer k, the Grassmannian
G(V, k) is the space of complex k-dimensional subspaces of V. Since the action of G
on V permutes the k-spaces, G(V, k) inherits a natural G-action. In fact, G(V, k) has
the structure of a generalized G-cell complex. This section is devoted to describing
that cell structure.

The set of isomorphism classes of finite dimensional complex G-representations
forms a ring, where multiplication is given by the tensor product over C and denoted
by juxtaposition. In Section 2.3, we introduced the irreducible complex representa-

tions Ay, ... , Ap—1, where A¢(m) = e2™™i/? for m in Z/p. Additionally, let Ay denote
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the trivial one-dimensional complex representation. Of course, A;Ax = A;jx with
subscripts read modulo p.

The G-cell structure for G(V, k) comes from an equivariant version of the standard
Schubert cells for Grassmannians, as discussed in [6, 7, 15]. Suppose that V is a
finite dimensional complex representation and express V = @I., ¢; as a sum of
irreducibles. Moreover, fix an ordering of the irreducibles, ¢,,... ,#n, and hence fix

a flag of subspaces
O<Vi<W<--<Vp=V,

where V; = @1’:1 ®; for each 1 < j < m. In terms of this fixed flag, the standard
Schubert cells can now be described as usual. Here, we most closely follow the notation
used in [7].

Given a sequence of integers 0 < a; < ... < ax < m — k, define

(ai,...,ar) = {X € G(V,k) : dimc(X NV,4;) =1 for 1 < i<k}

The cell (ay, ... ,ax) is usually represented as a matrix
¢ ey eyl oo Baz+2 0 Patk ot Pm
% .o * 1 0 .o W
T 0 X e X 1 0
* TN * 0 * e * 0 * co 1 0 . 0

written in standard form. The symbol * is used to denote an arbitrary complex
number, and there are a; of them in the i** row, for each 1 < i < k. The G-action on
the cell {a;,... ,a;) comes from letting G act on each entry of the matrix according

to the irreducible representations above the columns. Hence, equivariantly the cell
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(ay,...,ax) is the interior of the representation cell DW where
k ai+i-1
W= @ @ Paii®s-
=t jg{al+1,.1:.__:.--l+i—1}
Observe that the (real) dimension of {ay, ... ,a;) is |[W| = 2ELa;.

The set of cells {ay, ... ,ac), for0 < a, < ... < ax < m—k, forms a G-cell structure
for G(V, k). The basepoint (0, ... ,0) = V, forms X, and (a,, ... ,ax) can be attached
after first building the subspace containing all cells (by, ... ,b) with b; < a; for each
1 <4 < k and b; < a; for some j. Typically, this is accomplished by taking X, — Xy
to be {{ay,... ,ak) : £5 ,a; = n}, but there are other filtrations that are also useful.

Let DW be the cell {a,, ... ,ax) and note that DW = DW, x ... x DW;, where

ai+i—1

W = @ c:.-l+i¢j

j=1
j€{e1+1,...,.@i-1+i-1}

for each 1 < i < k. The attaching map for DW is the restriction to the boundary of

the map
DW; x ---x DWWy — {{b1,... ,b) : by < a; for 1 <7<k}
that sends the point

(2,15 - - -+ 2(1,01)) 2 (2205 - - - 1 2200101 Z@2iar42)s - - - 1 Z@iark1))s - - (B(k,1)s - - - 2k aitk=1)))

to the point

- “
Z(1,1) CCt 2(lar) l‘jgllza,jﬂ 0
a1 _ az2+1 2
200 0 Hea) ZEeald) Fems) U Zeaty 1o B gl oo
ay _ az+1 _
| kL) T Hka) ;Elz(kd)z(u) Z(ka1+2) " Z(k.e2+1) ‘j=§ 27 k9)3(24)
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IfV =V, @V, and dimg(V}) > k, then it is easy to see that G(Vy,k) C G(V,k) as
a sub-G-cell complex. Hence, there is also an obvious G-cell structure for G(V, k) if
dimc (V) is countably infinite.

Complex projective space PV = G(V,1) is considered in [9] using this Schubert
cell structure. More specifically, Lewis shows that the cell structure induced by a
particular ordering of the irreducible summands of V' is most useful in that case. The
particular ordering is called a standard block ordering for V. For each integer j > 1,
let V(j) be a set of representatives of the isomorphism classes of irreducible represen-
tations that appear in the decomposition of V' at least j times. Give each nonempty
set V(j) the additivnal structure of a list by fixing some ordering. Concatenating the

lists as
V(Q1),V(2),V(3),...

gives a standard block odering for V. We make use of this ordering for Grassmannians
in Section 5.2 and refer to the induced Schubert cell structure for G(V, k) as a standard

block ordering cell structure.

5.2 Applying Theorem 3.4

Theorem 5.1. Let k be a positive integer, let V be a complex G-representation of
countable (complez) dimension at least k, and let X = G(V, k) the equivariant com-
plez Grassmannian of k-planes in V. Then, the equiveriant ordinary RO(G)-graded

cohomology HE(X) is free as a module over the cohomology of a point HE(x).

Proof. The cell structure described in Section 5.1 displays G(V, k) as a generalized
G-cell complex built with only even-dimensional representation cells. Hence, only the

second finiteness condition in the hypotheses of Theorem 3.4 needs to be verified. If
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V is finite dimensional, then G(V, k) has only finitely many cells, so the finiteness
conditions are obvious. If V is infinite dimensional, then the finiteness conditions
need to be checked.

For concreteness, we use a standard block ordering cell structure. For each n, let
V. be the sum of the first n irreducibles in a standard block ordering for V. The

sequence of inclusions
* = G(‘/kvk) g G(‘/k-(-l’k) g e g G(Vn,k) g tte

provides a filtration for X = G(V, k), where each stage involves adding only finitely
many representation cells.

Let m be any fixed positive integer. We claim that all of the cells of G(V, k)
of fixed dimension m are contained in the finite subcomplex G(Vim+k)p, k). So, let
(a1, ... ,ax) be any representation cell added beyond G(Vim+k)p, k) in our filtration.
Since, up to isomorphism, there are only p distinct irreducibles, the irreducible ¢,, +¢
must appear at least m + k times prior to column ax + k. Also note that at most
k - 1 of those appearances can come from the set {¢aj+j :a £ j < k-1}. Hence,

just by counting the fixed dimension contribution
a+k~1

Z (G- Ry

Jj=1
j€{a1+1,... ,@g_1+k—1}

from the bottom row of the matrix

Vim+k)p 6
”~ . - ag+k
* AN *
* * ,
* * 1
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the fixed dimension associated with the cell {(a,,...,a;) must be greater than m.
This establishes our claim. Moreover, since G(V(m+)p, k) has only finitely many cells
of fixed dimension m, so does X = G(V, k). Theorem 3.4 therefore gives the desired

conclusions for Hg(X). O

Remark 5.2. The shortcoming of Theorem 5.1 is that it does not specify the exact
dimensions of the free generators. In fact, it does not even specify a plot of the
dimensions of the generators. Of course, this shortcoming is inherited from Theorem
3.4. However, Theorem 5.1 is also clearly true for both R and (Z)-coefficients. In
the R-coefficients case, again Theorem 5.1 does not specify a plot of the dimensions
of the generators. However, in the (Z)-coefficients case, exact dimensions for the free
generators are given directly from the cell structure. This is discussed in Remark 3.2

and follows from the fact that the boundary maps 0z, are all zero.
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Appendix A

Mackey Functor Lemmas

In this appendix, we record some basic results about Mackey functors. In particular,
we give properties of some maps and list solutions to some extension problems that
appear frequently in Chapter 3. The results in this appendix are of the type that
would be left to the reader if we were working in the category of abelian groups rather
than the less familiar category of Mackey functors. The first two lemmas are easy

consequences of Proposition 2.2, which characterizes maps out of L or into R.
Lemma A.l. Let d be an integer prime to p.

(a) Suppose that f : L — A[d] is an isomorphism at G/e. Then, f.() = n and
fe(T) = 77, where n = 1.

(b) Suppose that f : L— R is an isomorphism at G/e. Then, fe(t) = nu and

fo(T) = np€, wheren = £1.

(c) Suppose that g : A[d]— R is an isomorphism at G/e. Then, g.() = n,

gc(u) = nd€, and ge () = np€, where n = x£1.
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Lemma A.2. If a short ezact sequence of Mackey functors
0—D—E—F—0

splits at G /e in the category of Z[G]-modules, and either D = R or F = L, then the

sequence splits in Mack.

Proposition 2.2 enables us to extend the splitting at G/e in Lemma A.2 to a
splitting of the sequence as a whole. Hence, Lemma A.2 gives a family of extension
problems that have only one solution. In the proof of Theorem 3.4, there are several
extension problems to solve. The following lemma lists all possible solutions to the
extension problems encountered there. Recall from Section 2.1 that {7}, {£}, and
{u, 7} denote the standard bases for L(G/G), R(G/G), and A[d](G/G), respectively.

Also, the standard generator for
L(G/e) = R(G/e) = Ald)(G/e) = Z
is denoted by .
Lemma A.3. Let E be a Mackey functor, and let m be a positive integer.
(a) Suppose that
0—L—E—(Z)—0
is a short ezact sequence. Then

L& (Z) if the sequence splits,

Ald] otherwise.
(b) Suppose that

0—(Z)—E—R—0
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i3 a short czact sequence. Then

(Z) ® R if the sequence splits,

Ald] otherwise.
(c) Suppose that
0—(Z)— E—(Z/p)—0
i3 a short ezact sequence. Then

(Z) ® (Z/p) if the sequence splits,

(Z) otherwise.

(d) Suppose that

0—L—E—{(Z/p)—0

is a short ezact sequence. Then

L& (Z/p) if the sequence splits,

R otherwise.

(e) Suppose that

0— Ald| — E— (Z/p)™ —0

s a short ezact sequence. Then

Ald & (Z/p)™ if the sequence splits,

R&(Z)® (Z/p)™! otherwise.
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(f) Suppose that
0—L—E—(Z)® (Z/p)™ —0
is a short ezact sequence. Then

¢

Le(Z)e (Z/p)™ if the sequence splits,

E=R®(Z)® (Z/p)™ " if the sequence doesn’t split, but a (Z) splits off,

tA[d] & (Z/p)™ otherwise.

Proof. In each case, let f denote the monomorphism into E, and let g denote the
epimorphism out of E. Also, let p and 7 denote the restriction and transfer maps,
respectively, for E.

For A.3(a), the short exact sequence of abelian groups
0—L(G/H)— E(G/H)—(Z)(G/H)—0

clearly splits, for H = ¢, G. Hence E(G/G) = Z® Z and E(G/e) = Z. Fix a
basis {u,v} for E(G/G) where fg(r) = v and gg(u) = 1. Let ! = f.(¢). Clearly, /
generates E(G/e). In terms of this basis for E, 7(.') = v and p(v) = p//. Hence, the

short exact sequence has the form

01—z 820297 —0
p(rljl (d.p) 7(0.1) (’))
0—Z—=Z »0—0.

The integer d is defined by the equation p(u) = di’. It follows that E = L @ (Z) if
p|d, and E = A[d] otherwise.

For A.3(b), again the sequence clearly splits at each level. Define s and & by the
equations gg(s) = £ and k = fg(1). Hence {s, k} forms a basis for E(G/G) =Z & Z.
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Let ¢/ be the generator of E(G/e) such that g.(¢') = ¢. Note that p(s) =/, p(k) =0,
and 7(¢/) = ps — ak, for some a € Z. In terms of our basis for E, the short exact
sequence has the form

9G=m1

0— 22870z ’

() el L5

ge=id
If p{a then E = A[d] where ad = 1 mod p. This can easily be seen in terms of the
alternative {o, x} basis for A[d](G/G). Otherwise E = R @ (Z), as can be shown by
the isomorphism & : R @ (Z) — E defined by hg(§) = s — ck and hg(1l) = k, where

—

> 0.

0

pc = a.

For A.3(c) and A.3(d), clearly E(G/G) is either Z @® Z/p or Z. This gives the
asserted conclusions in A.3(c), so focus now on A.3(d). As usual, take f. = id. If
E(G/G) = Z® Z/p, then choose a basis for E(G/G) such that fg =%, and gg = 2.
It is easy to see that p = pmr; and 7 = i;. Hence, E = L & (Z/p).-If E(G/G) =Z
then choose a generator for E(G/G) such that f¢ is multiplication by p. It is easy to
see that p = id and 7 is multiplication by p. Hence, E = R.

For A.3(e), let a be a multiplicative inverse of d modulo p, and use the {0, x} basis
for A[d]. Let z, = fg(o) and y = fo(x). Taking f. = id gives p(z,) = ¢ and p(y) =
Clearly, E(G/G) must have free rank 2. Further, since p maps onto E(G/e) = Z
E(G/G) must split as Z & Ker p. Hence it must be that Kerp = Z & P where P
is torsion. Select r, as a generator of a rank 1 summand of Ker p. Since p(y) =0,
it follows that y = ¢z, + w for some w € P and integer c. Since pz; is clearly in
Ker g = Image f, it follows that pz, = jz, + ky for some integers j and k. However,
0 = p(pz2) = ji, S0 pzy = ky = kcz, + kw. Hence, (kc — p)zy + kw = 0. This gives
that kc = p.

We claim that the value of E depends on whether or not p|c. If ¢ = +p, and hence
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k = *1, then w = 0. Therefore y = cz,, and it is easy to check that the elements
Z1 F az, and . generate a copy of R in E. Further o, must generate a copy of (Z),
and clearly {z; —az;, 2} forms a basis for a rank 2 free summand of £(G/G). Since
Coker f = (Z/p)™ and fc(k) is divisible by p, it must be that P = (Z/p)™"'. Hence,
E=R& (Z)® (Z/p)™". If c = %1, then {r;,y} generates a rank 2 summand
of E(G/G). Further, 7(t) = pz, — ay, and hence A[d] splits off of E. Therefore,
E = Ald|® (Z/p)™.

For A.3(f), t and ¢ are used to denote the standard basis elements for L. Clearly,
E(G/G) must have free rank 2. Let /' = f.(¢) and ¢/ = fg(t). Hence, p(t') = p/'. In
particular, p # 0. Hence, Kerp = Z @ P, where P is torsion. Select a generator z for
a rank 1 free summand of Ker p.

We claim that our sequence splits if and only if p is not an epimorphism. Clearly,
Image p is either pZ or Z. Assume first that p is not an epimorphism, and hence
Imagep = pZ. In this case, ¢ must generate a free summand of E(G/G). Since
(/) = ¢, the image of f is a copy of L. Hence, the sequence splits and £ =
Lo (Z)® (Z/p)™

We now assume that p is an epimorphism and show that this leads to two non-
split possibilities. Let y be an element of E(G/G) with p(y) = ¢'. Since p(z) = 0,
it is easy to see that {y, z} generates a rank 2 free summand of E(G/G). Hence
t' = cy —az+w for some w € P and integers ¢ and a. Further, since pi' = p(t') = ¢!/,
it follows that ¢ = p. We claim that w can be taken to be zero. Applying g¢ to our
equation for ¢’ gives 0 = pgg(y) — agg(z) + ge(w). Of the terms on the right-hand
side, pgc(y) cannot be nonzero torsion, and gg(w) must be torsion. If p|a, then this
forces gg(w) = 0. Since Kerg is free, it follows that w = 0. If p { a, then there is
some w' € P with —aw’ = w. Hence, t' = py —a(z + w'). If we replace z by z + v/,

then ¢ = py — az and {y, 2} still generates a rank 2 free summand of E(G/G). In
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terms of the new basis elements y and z, our sequence has the form

0—z1520 ZaP) 226 (Z/p)™ —0

A sl (]

0—Z =~ 2% »0

If pla, say a = pb, then ¢ = p(y — bz). By using {y — bz, z} as a basis for the
rank 2 free summand of E(G/G), we see that R® (Z) is a summand of E. Moreover,
fe(t) = p(y—bz), and g¢(2) must generate a rank 1 free summand of Z&(Z/p)™. Since
fc(t) is divisible by p, it must be that P = (Z/p)™~!. Hence E = R®(Z)B(Z/p)™ .
If p { a, then the elements y, z, and /' generate a summand A[d] of E, where d is an

inverse of @ modulo p. Hence, E = A[d) ® (Z/p)™ O

For some of the short exact sequences in Lemma A.3, the precise structure of the

maps must be understood.

Lemma A.4. Let d be an integer prime to p. Let ¢ : L — A[d], 6 : A[d] — R, and
¥ : Ald] — (Z) be the maps such that ¢ (1) = 1,0¢(T) =T, 0.(t) = 1, Oc(p) = d§,
0G(T) = p&) d)e(l') = 07 TPG(#) =6, and wG(T) =0.

(a) Suppose that
0— L5 Al - (Z) —0

is a short ezact sequence. Then, m = £1 and 72 = £1 can be selected so that f = mo

and g = 1m0Y.
(b) Suppose that
0— (Z) -1 A[d] -5 R—0

is a short exact sequence. Then, m; = x1 and 1o = £l can be selected so that

fe(e) = mx and g = n0.
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(c) Suppose that
0— Ald -5 R (Z) L (Z/p) — 0

is a short ezact sequence. Write f = (f1, f2) and g = (g1, g2), where f, : A[d| — R,
fr : A[d]—(Z), g1 : R— (Z/p), and g5 : (Z) —(Z/p). Then, ;1 = %1 and 1, = 1
can be selected so that fi = mb, fo = my, and (g2)c(€) = —dmna(g1)c(£).

(d) Suppose that
0— (Z) & L -2+ Ald] -2+ (Z/p) —0

is an ezact sequence. Write g = (g1, 92), where g : (Z) — Ald] and g, : L — A[d].
Then, m = %1 and 1, = £1 can be selected so that (g1)c(€) = m~& and g2 = 9.

In addition to solving some extension problems, we also need to compute the

kernels of some maps onto (Z/p).

Lemma A.5. (a) If R—25(Z/p) is nonzero, then Kerd = L.
(b) If Ald] -2 (Z/p) is nonzero, then Kerd = L@ (Z).

(c) If R (Z) CIL N (Z/p) is @ map such that both 3, and B2 are nonzero, then
Kerd = A[d], where d is defined by G2(€) = dd,(§)-

(d) If (Z) ® (Z/p) CILIN (Z/p) is a map such that both 0, and 3, are nonzero,
then Kerd = (Z).

Proof. For A.5(a), the kernel at G/G is generated by p§ and the kernel at G/e is
generated by ¢. Together, these elements generate an L.

For A.5(b), clearly 7 and pu form a basis for Kerdg, and hence so do 7 and
pi — dr. Also, ¢ clearly generates Ker J,. The elements 7 and ¢ generate a summand

L, and the element pu — dr generates a summand (Z) in Ker 9.
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For A.5(c), let € denote a generator for the (Z) summand in the domain of 9.
Define the integer d by the equation 8,(¢) = d8,(§). Hence d€ — € and p{ form a
basis for Ker 9g. Clearly ¢ generates Ker8.. Since p(dé — ¢€) = d, p(p§) = pt, and
(1) = p&, it follows that Ker d = A[d).

For A.5(d), let € be a generator for Z. Choose a generator { for Z/p such that
01(e) + 82(¢) = 0. It is easy to see that Kerd = (C), where C = Z is the subgroup of
Z ® Z/p generated by € + (. O

The next lemma lists several examples of right exact sequences that must, in fact,

be exact.
Lemma A.6. In each of the following ezact sequences:
(a) (@)L (@) — (@/p) —0
(b) L-Ls R— (Z/p) —0
(c) R-LRe(2/p) — (2/0) —0
(d) (Z) - (2) ® (Z/p) — (Z/p) —0
(e) (Z/p) > (Z/p) ® (Z/p) — (Z/p) —0
the map f must be a monomorphism.

Proof. In A.6(a) and A.6(b), since Coker f¢ = Z/p, the map f¢ : Z— Z must be
multiplication by p. It is also clear that f, must be an isomorphism in both cases.
For A.6(c), since Coker f = (Z/p), it follows that 7 o f is an epimorphism. Hence,
my o f is an isomorphism. Of course, it follows that f is a monomorphism.
For A.6(d), write f = (f1, f2). Since Coker f = (Z/p), clearly f, # 0. Hence f is
a monomorphism.

For A.6(e), it is obvious that f must be a monomorphism. 0
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Throughout Chapter 3 there are computations that involve determining the value
d iu a Mackey functor A[d]. The following lemma describes certain maps between

two twisted Burnside rings.

Lemma A.7. If h: A[d] — A is a map that is an isomorphism at G/e, then h is a

monomorphism with cokernel (Z/z) for some z = d modulo p.

Proof. Let {y/,7',¢'} and {u,7,¢} be standard bases for the domain and range of A,
respectively. Without loss of generality, we can take h.(/') = ¢. Since h commutes
with transfer, hg(7’) = 7. Since h commutes with restriction, it follows that hg(y') =
zu + yr for some integers z and y with z + py = d. Hence, Coker h = (Z/z) and

z = d modulo p. O

The following lemma is used, in particular, to give constraints on the boundary

map Hz(7; R) 2 ZHE(?; (Z)) induced by the short exact sequence
0—(Z)—A—R—0

of coefficients.

Lemma A.8. Let M be a Mackey functor module over R, let C be an abelian group,
and let f : M — (C) be a Mackey functor map. Then, f factors through the inclusion
(C"Y — (C), where C' = {c € C : pc = 0}. Thus, if C is torsion free, then f = 0.

Proof. Write M as a quotient of copies of R and Rg. Then it suffices to prove the
result for M = R and M = Rg. Since Mack(Rg,(C)) =0 and f : R— (C) has to

kill the image of the transfer in R, the result is immediate. a
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Appendix B

Computation of H(*; N) for
arbitrary N

In this Appendix, the computation of Hg () from Appendix A in [9] is generalized to
arbitrary coefficients. The original computation of the additive structure of Hg () is
unpublished work of Robert Stong. The results in this appendix are the product of
joint work with Gaunce Lewis and are included here with his permission. We extended
his computation for Burnside ring coefficients to arbitrary coefficients, because the
more general result is needed here. The arguments for the general case are mainly
the obvious generalization of the arguments given in Appendix A in [9].

Let N be a Mackey functor with restriction p : N(G/G) — N(G/e) and transfer
7: N(G/e) — N(G/G). The restriction map induces a map g: N(G/G) — NG/¢°,
and the transfer map induces a map 7 : N(G/e)/G— N(G/G). Given any Z[G]-
module B, the trace map b+— L ecgb induces maps B — BS and B/G — B, which
are both denoted by tr. In [9], Lewis defines the following two Mackey functors

determined by B:
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L(B)

B/G
tr k}w
B
J

9

138
R(B)
BS
ik]n
B

O

0

The given action on B is denoted by §. When we write L(/N(G/e)), the given G-action

on N(G/e) is assumed. Similarly, the permutation action on N(G/e)? is assumed for

L(N(G/e)?). The same conventions are used for R(?7). This notation allows us to

describe the cohomology of a point Hg(*; V) in terms of N.

Theorem B.1. Let o € RO(G). Then,

(ND Ald,)

R(N(G/e))

L(N(G/e))

(Coker (7 : N(G/e) — N(G/G)))
(Ker (p: N(G/G) — N(G/e)))
(Ker (7: N(G/e)/G— N(G/G)))

<
(Coker (5: N(G/G) — N(G/e)))

(Coker (tr : N(G/e) — N(G/e)€))

(Ker (tr : N(G/e)/G — N(G/e)))

&(x N) =
if la| = [a®] =0,
if |a| =0 and |a®| < 0,
if |af = 0 and |a®| > 0,
if |a| > 0 and |a®| =0,
if o] < 0 and |a®| = 0,
if la| > 0 and || = -1,
if |a| <0 and |a®| = 1,
' if |a] > 0, |af| < 0, and a is even,
or |a| <0, [a®] > 1, and a is odd,

if o] <0, |a| > 0, and a is even,

or |a| >0, |a®| < -1, and a is odd,
\

otherwise.
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Moreover, if B € ROy(G), then the product map

H2(x; N) O HS(+; A) — H2?(x; N)
induced by the isomorphism N O A— N 1is an isomorphism.

Denote N O A[d,] by N[d.]. Also, adopt the notation

C,(N) = Coker(r: N(G/e) — N(G/G)),
K,(N) = Ker(p: N(G/G)— N(Ge)),

K:(N) = Ker(7: N(G/e)/G — N(G/G)),
C5(N) = Coker(5: N(G/G)— N(G/e)),
Cw(N) = Coker (tr : N(G/e) — N(G/e)®), and
Ks(N) = Ker(tr: N(G/e)/G — N(GJe))

for the abelian groups appearing in Theorem B.1. This notation is used in Table B.1

to give a plot for Hg(*; V) similar to the plot given in Table 2.2.

The proof of Theorem B.1 is accomplished by a sequence of lemmas. The outline
of our proof is roughly the same as that used in [9] for the case in which N = A.
However, some issues arise for general N that did not arise for A. The proofs given
here focus mainly on these new issues.

Let n be a nontrivial irreducible complex representation. Our computations de-

pend heavily on the two cofibre sequences

G, 280, G, (B.1)
Sny -3 50 =13 g (B.2)

from [9]. Note that the composite fh is the collapse map ¢ : Gy — S°. The resulting

maps in cohomology are also denoted with the same letters.
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lal
A
(Cir(N)) (C-(N))
(Kir(N)) (K#(N))
(Cir(N)) (C;(N))
(Ker(N)) (K7(N))
R(N(G/e)) - WCN -+ L(N(G/e)) > |af
(C5(N)) (Cer(N))
(Ko(N)) (K (N))
(Ca(N)) (Cir(N))
(K,(N)) (Ker(N))

Table B.1: Hg(*)

The proof of Theorem B.1 makes use of both cohomology and homology, and

starts by computing these for the free orbit G/e.
Lemma B.2. Let a € RO(G).

. N iflal=0,
3(G;N) =HE(G;N) =

0 otherwise.

Moreover, for § € ROy(G), the product maps
¢(G;N) OHE(x) = HE¥(G;N) and HE(G; N) OHS(x) —HE 4(G; N)

are isomorphisms.
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Proof. The dimension axiom gives

. Ng = R(N(G/e)?) if |aj =0,
HZ(G; Nj = Hg(%; N)g =
0 otherwise.

The product map H&(G; N) O H2(x) — HS(G; N) can be written as

R(N(G/e)’) = R(N(G/e)?) O Alds] — R(N(G/e)?) if |a| =0,

0—0 otherwise.
It follows that this product map is determined by its value at G/e. Since the nonequiv-
ariant product map

H'®(G; N(G/e)) ® H¥\(x) — HI**P(G; N(G/e))

is an isomorphism, the equivariant product must also be an isomorphism. A similar

argument works for homology. a
The following lemma is a generalization of Lemma A.1 from [9].

Lemma B.3. Let 1 be a nontrivial irreducible complez G-representation, and let «

be in RO(G). Then,
4

R(N(G/e)) ifla|=0,
HG(Sm N) = L(N(G/e)) iflal =1,
0 otherwise.

and
L(N(G/e)) iflal=0,
HS(Sm; N) = { R(N(G/e)) if |a] =1,

0 otherwise.

.
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Moreover, for 8 € ROy(G), the product maps

(Sn; N)OHE(x) — HZ(Sn; N) and HE(Sn; N) DHS(x) — HS 4(Sn; N)

are isomorphisms.

Proof. Note that H2,(x) = A[dg] is projective and hence flat. By applying the product

map ?* 0 Hg.(*) — 7**# to the long exact sequence
Hg ™' (G; N) — HE '(G; N) -5 Hy(Sn; N) 4 HE(G; N) — HE(G; N),  (B3)
it follows from Lemma B.2 and a 5-Lemma argument that the product map
HS(Sn; N) OHE(x) — HS™(Sn; N)
must be an isomorphism. As in [9], sequence (B.3) reduces to the short exact sequence
0— L(H ' (*; N)(G/e)) — Hg(Sn; N) — R(HE(+; N)(G/e)) —0.

This, together with the dimension axiom, gives the desired values of H&(Sn; N). A

similar argument works for homology. O

By inserting the values given by Lemma B.3 into the long exact sequence induced
by cofibre sequence (B.2), the proof of the following generalization of Lemma A.2

from [9] is immediate.

Lemma B.4. Let a be in RO(G) and n be a nontrivial complez irreducible G-represen-
tation. The map € : HZ "(x; N) — H&(*; N) induced by the inclusion S° C S" is
mono for o] # 1,2;

\epi  forla| #0,1;

is0 for la] #0,1,2.
\
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Similarly, the map € : HS (+; N) — HS_,(+; N) is

)
mono for |a| #0,1;

Q epi for |a| #1,2;

130 for |al #0,1,2.
\

Moreover, if N(G/e) = 0, then the map € in cohomology and homology is an isomor-

phism in every dimension.
It follows that Lemma A.3 from [9] generalizes to arbitrary coefficients.

Lemma B.5. Let o € RO(G). If |a| and [a®| are either both positive or both nega-
tive, then H&(x; N) = 0. Moreover, if N(G/e) = 0, then H&(*; N) = 0 for all o with
la€| # 0.

Proof. First, consider the case in which |a| = |[a®]| =n # 0. If n > 0, then there are
actual complex representations V and W with |[VC| =n, |WC| =0,anda=V -W.
Write V=n+m+...+m and W = ¢, + ... + ¢, where n; and #; are nontrivial
complex irreducible representations, for each 1 < 7 < k. The dimension axiom gives

HZ(x; N) =0, and Lemma B.4 gives the sequences of isomorphisms

0= H(; N) 2 HE™ (4, N) —2 ... %3 HY (+; N)

and

HZ(x; N) = HS ™% (5 N) L HE 741 (5, N) —25 ... 225 HY (v N) = 0.
A similar argument works for n < 0 and the cases in which |a| # |a®|. O

It follows from Lemmas B.3 and B.5 that Lemma A.5 from [9] can be generalized

to arbitrary coefficients.
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Lemma B.6. Let a € RO(G) with |a| = 0 and |a®| # 0. Then

(2 N) = R(N(G/e)) if|a®| <0,
L(N(G/e)) 1if|a®|>0.
Moreover, for 8 € ROy(G), the product map
Hg(x; N) OHg(x) = HZ™ (% N)
s an isomorphism.
Proof. For |a€| < 0, consider the exact sequence
HE (v, N) 5 H(v; N) — H3(Sn; N) — HE" (%, N),

and, for |a€| > 0, consider the exact sequence

HZ"! (x; N) — HE"™ ! (Sn; N) — Hg(x; N) =5 HG (%, N).

In each case, Lemma B.5 gives that the ends are zero. Since the middle maps are
isomorphisms, Lemma B.3 gives both the desired values and the desired conclusions

about the product map. 0

The following generalization of Lemma A.4 from [9] completes our computations

of the values of H&(*; N) for all even a with (||, |af) # (0,0).

Lemma B.7. Let a € RO(G) such that « is even and |a| # 0. Then
{

(Ker(tr : N(G/e)/G— N(G/e))) if |a| < -2 and [a®| > 0,

a( N) = { (Ker(p : N(G/G) _—)N(G/e))) if ial < -2 and laG| =0,
o (Coker(tr: N(G/e) — N(G/e)®)) if |a| > 2 and || <0,

\(Coker(r : N(G/e) — N(G/G))) if|al > 2 and |a®| = 0.
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Moreover, for B € ROy(G), the product map
&(x N) OHG(+) —HG"’(; N)
is an isomorphism.

Proof. By Lemma B.4, it suffices to compute the values for |a| = £2. First, consider
the cases in which |a| = ~2 and |a€| > 0. The arguments in the proof of Lemma A.4

in [9] give the exact sequence
0 — H2(%; N) S HS(x; N) -5 HZM(G; N) = HE (%, N)g.

For |a®| > 0, the value of HZ(x; N) follows from the observation that ¢ is the map
T : L(N(G/e)) — L(N(G/e))g. Since ? 01 HE(+) preserves kernels, the product
HS(; N) O HE(*) — HE™(; N) is seen to be an isomorphism as a consequence
of our earlier lemmas. For |a®| = 0, arguments like those used in the proof of
Lemma B.5 give that H&(*; N) = H;"(x; N). Hence, H&(*; N) is the kernel of
the map g : HY(x; N) = N — HZ(*; N)g = Ng. It also follows that the product
Hg (*; N) O HZ () — HS P (+; N) is an isomorphism.

The cases in which |a| = 2 and |a®| < 0 are handled by using the isomorphism

a(x;N) 2 HS, (x; N). Here, the relevant exact sequence is

HS (x; N)g = HE ,(G;N) -5 HE (% N) —3HE (x;N)—0.

Arguments analogous to those given above give the desired results in these cases. U

The following generalization of Lemmas A.8 and A.9 of [9] gives the values of

HZ(*; N) in all odd dimensions a.
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Lemma B.8. Let a € RO(G) such that a is odd. Then,

4

(Ker(tr : N(G/e)/G— N(G/e))) if la| > 1 and |af| < -1,

(Ker(T : N(G/e)/G — N(G/G))) if|a| > 1 and |aC| = -1,
G(xi N) = 4

(Coker(tr : N(G/e) — N(G/e)%)) if la| < -1 and [a®] > 1,

k(Coker(f)': N(G/G)— N(G/e)%)) ifla|l < -1 and |a®| = 1.

Moreover, for 8 € ROy(G), the product map
&(x; N) OHG(x) — HEY (%, N)
is an isomorphism.

Proof. By Lemma B.4, it suffices to compute the values for || = £1. For |a] = 1,

the arguments in the proof of Lemma A.8 in [9] give the exact sequence
0 — H(x; N) -1 HE(Sn; N) <L HEH (5 N) =5 HE (5 N) —.

From this sequence and the dimension axiom, it is easy to see that J. is an isomor-
phism. It is also easy to see that the product must be an isomorphism as asserted.
If |a®| < —1, then the computation of HZ(*; N) = Kerd follows from the observa-
tion that § : L(N(G/e)) — R(N(G/e)) is the unique map that is an isomorphism at
G/e. If |a®| = —1, then an argument similar to the one used in the proof of Lemma
B.5 gives H%(*; N) = H% '(*; N). Hence, H&(*; N) is the kernel of the unique map
d : L(N(G/e)) — N that is an isomorphism at G/e.

For |a| = —1, the relevant exact sequence is
— HE (% N) — HE L (x; N) < HE Y (S; N) — HE (x; N) — 0.

Arguments similar to those given above give the desired results. a
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Finally, the values of H%(*; N) for & € ROy(G) are computed.
Lemma B.9. Let a € KOo(G). Then,
a(x N) = NO Ald,].
Moreover, for 8 € ROy(G), the product map
&(x N) O Hg(x) — HG" (x; N)
is an isomorphism.
Proof. In the diagram

0 — Hg"(+; N) OHg (x) — Hg(x N) O Hg(x) — Hg(Sn; V) O H ()

; 1 ;

0 —— HZ "(%; N) ————— Hg(*; N) + HZ(Sn; N)

the rows are exact, and the left and right vertical maps are isomorphims by previous
lemmas. Moreover, in the obvious rightward extension of the diagram, the next

vertical arrow is also an isomorphism. Of course, it follows that
Hg (*; N) OHg(*) — Hg(x; N)

is also an isomorphism. This gives the desired value of HE(*; V), and a similar argu-

ment gives the desired conclusion for the product H%(+; N) OHE (x) — HE (x; N).
a

Combining Lemmas B.2 through B.9 gives a proof of Theorem B.1. Hence, for any
Mackey fuactor NV and any « in RO(G), Theorem B.1 can be used to write HE (; V)
in terms of N. However, our main interest is in the particular cases of Theorem B.1

in which N = R, L, or (Z). For easy reference, these particular cases are recorded

here.
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Corollary B.10. Let a € RO(G). Then

R if |a| = 0 and |a€| < 0;

L if |a| = 0 and |af| > 0;

HE(x R) = {(2/p) ifla]>0,|aC| <0, and a is even;
(Z/p) if |la| <0, |a®|> 1, and « is odd;

0 otherwise.

(z/p) (Z/p) (Z/p)
(Z/p) (Z/p) (Z/p)

R R R L L L > |af
0 (Z/p) (Z/p)

0 (Z/p) (Z/p)

Table B.2: H;(*; R)
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Corollary B.11. Let a € RO(G). Then

,

R if |a| = 0 and |a]| < 0;

L if |a| = 0 and |a| > 0;

HE(x L) = { (Z/p) if|al >0, |a€| <0, and a is even;
(Z/p) 1iflal <0, [aC| > 1, and a is odd;

0 otherwise.

\

]
A

(Z/py (Z/p) O

(Z/py (Z/p) O
R R L L L L > |a%
(Z/p) (Z/p) (Z/p)
0
(Z/p) (Z/p) (Z/p)
0

Table B.3: Hy(*; L)

Corollary B.12. Let C be an abelian group, and let « € RO(G). Then
(C) iflefl=0,
a(x(C)) =

0 otherwise.
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A table for H(*; (Z)) is not displayed because it is so simple, taking the value
(Z) on the vertical axis and zero elsewhere.

A comparison of the Tables for Hg(¥; L) and Hg(*; R) shows that, for any vir-
tual representation A with |A®| = 0 and || = 2, H&(*; L) = HZ"*"*(x; R), for all
a in RO(G). Moreover, a comparison of the homotopy groups of the Eilenberg-
Mac Lane spectra K(L,0) and K(R,0) that represent Hg(?; L) and Hg(?; R), re-
spectively, shows that K(L,0) = Z2~*K(R,0). Of course, £>~*K(R,0) represents
£2-*H(?; R). The map H%(?; L) — Hg(?; R) induced by the canonical coefficient
map L — R is closely related to the map £*~*Hg(?; R) — Hg(?; R) given by mul-

tiplication by & in H32(x).

Proposition B.13. Let A be in RO(G) with |A\¢| = 0 and |\| = 2, and let X be a

G-space. Then, there is an X -natural isomorphism
¢, : H5(X; L) — S H%(X; R)
making the diagram

Hy(X; L) ———H5(X; R)

L2-*Hg(X; R)
commute. Here, the map i, is the map induced by the canonical map of coefficients

L — R, and the map &, is the map given by multiplicaton by £ in T*~2.

Proof. By Proposition 3.5 of {11] and Proposition 2.2, the composites

eval at G/e
—_—

[K(L,0), K(R,0)lc = Mack(L, R) Homy(Z,Z)  (BA4)

eval at G/e
——)

[K(L,0), 2 K(R, 0))c = Mack(L, L) Homy(Z,Z)  (B.5)
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eval at G/e

(S22 K(R, 0), K(R,0)]c — Mack(L, R) Homgz(Z,Z)  (BS6)

are isomorphisms. Under isomorphism (B.4), the map i : K(L,0) — K (R, 0) induced
by the canonical map L — R goes to id : Z~—Z. By our observations prior to the

proposition, there is an isomorphism

c: K(L,0) — £ K (R, 0)
that goes to id : Z— Z under isomorphism (B.5). Since

£ € HY*(S°)(G/G) = [S°, 22K (A, 0)]g,
the composite
T2-AK (R, 0) = S K(R, 0) A S° —255 522K (R, 0) A T2 2K (A, 0) =44 K (R, 0)
is the map £ : 22K (R, 0) — K (R, 0), which induces the multiplication map
€. : $VHE(X; R) — HL(X; R).

Since R(G/e) = Z, the equivariant spectrum K (R.0) restricts to the nonequivariant
spectrum K(Z,0). If we forget the G-action, then A is equivalent to the trivial
representation on R2. Hence, the spectrum £2-*K(R,0) also restricts to K(Z,0),
Since p(§) = 1 € Z = [S°, K(Z,0)]., the map £ : £2~*K(R,0) — K(R, 0) goes to

id : Z — Z under isomorphism (B.6). It follows that the diagram

K(L,0) —— K(R,0)

‘l&‘ /

$2- K (R, 0)

commutes. Thus, the induced diagram in cohomology must also commute. a
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The usefulness of alternative coefficients in the proof of Theorm 3.4 comes from the
long exact sequences in cohomology induced by short exact sequences of coefficients.
The next four propositions follow from the relevant values of the cohomology of a
point, the cohomology of a free orbit G/e, and the long exact cohomology sequence

induced by the given short exact coefficient sequence.

Proposition B.14. The short ezact sequence of Mackey functors
0—(Z)—A— R—0

induces a short ezact sequence in the cohomology of a point
0 — Hi(; (Z)) -1 H (+) <2 Hy (% R) — 0

Moreover, f*: HE(x; (Z)) — HE(*) is

(
(Z) — Alda) by 1 £k, if |a| =]a%] =0,

(Z)—(Z) by 1~ +p  if|a| >0 and |a®] =0,
d

(Z) —(Z) by 1 *1 if la| <0 and |a®| =0,

0 otherwise;
\

and ¢* : HE(x) — H&(*; R) is

(

Ald] — R by pr ££ iflo| = [a®| =0,
\ an epimorphism if |a| # 0 and |a®| =0,

an isomorphism otherwise.

\

Proposition B.15. The short ezact sequence of Mackey functors

0—L—A—(Z)—0
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induces a long ezact sequence in the cohomology of a point

— H (% L) -1 H (v) = Hy (% (2)) 2 THY (x; L) —
such that f*: H&(*; L) — Hg(x) is

’

L—Aldy] by T 27 if|a] =|af| =0,

A

an isomorphism if |a€] < =2 or |af| > 2,

kO otherwise;

g : Hg(x) — Hg(%; (Z)) s

’

Alde) —(Z) by p— £1 iflal = =0,
) (Z)—(Z) by 1~ %1  if|al >0 and |a®] =0,
(Z)—(Z) by 1> %p  if|a| <0 and |a®| =0,

0 otherwise;

x
and h® : HZ(*; (Z)) — HE (x; L) is

(Z)—(Z/p) by 1 = +v if|af]=0andlal <0,
0 otherwise.

Proposition B.16. H3(G;(Z)) = 0 and the maps A— R and L — A induce iso-
morphisms Hy(G) — H%(G; R) and H3(G; L) — H(G).

Remark B.17. (a) The multiplicative structure of T'({(Z)) is determined in Lemma
B.4. For a in RO(G) with |a®| = 0 and || > 0, multiplication by the generator ¢,
in T® = T'({Z))* is an isomorphism in T'((Z)).

(b) Let g : Hg(*) — Hg(*; R) be the map induced by the canonical coefficient

map A— R. By using the results in Proposition B.14, the multiplicative structure of
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T(R) can be determined. For a in ROy(G), define &, € T(R)* to be g*(u4). Observe
that £xeg = g°P(€a+rs), for B in RO(G) with |3| > 0 and |3°| = 0. In all remaining
cases, the multiplication in T(R) is easily determined from the multiplication in T

given by Theorem 4.9 of [9].
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Appendix C

Constraints on Some Module Maps

In this appendix, we gather some useful properties of the cup product and standard
shift maps used in Chapter 3. In each case, the properties are consequences of either

Proposition 2.5 or the defining properties of maps in T-mod, such as diagram (2.2).

Proposition C.1. Let M be a T-module. Let § be in RO(G), and let o be in
ROy(G). Then, the cup product maps

(a) TeO TP — T+ and

(b) T*O MP — M+F
are isomorphisms.
Proof. (a) This result is discussed after Remarks 4.4 in [9]. Briefly, the stable
Hurewicz map h : 7€ (S°) — HZ(S°) is shown in [10] to be an isomorphism. Hence,
Proposition C.1(a) follows by an argument similar to the one used in [2] to show that
the multiplication map in stable homotopy #%,(5°) Ox%(S°) — =%, +5)(S°) is an
isomorphism.

(b) This result follows from part (a) and the defining properties of a module

M. Denote the multiplication in T by ¢, and denote the action of T on M by .
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Associativity of scalar multiplication gives the diagram

T~ Mo+ 5% 70 Ao+

idl:hb‘j':ﬁl v J'e
TeOIMP _wg___) MQ'*'ﬂ’

a+f .

which shows that 2 is an epimorphism and id(0¢2%” is a monomorphism. Similarly

the diagram

T-QTe0MP S5 100 MP

idﬂwgl ’#J"ﬁ
w2i?
T-2 ] Moth ——— Mﬁ,

gives that ¥*}” is an epimorphism and id 0 ¥# is a monomorphism.
Again, associativity gives the diagram
¢0id0id

TOT-OTOMP ——TOTOM* ——> TeO MP

de(dewﬁ)l zdmwol w’l
Te [ T-e O Me+h —&) T° O Mo+8 —-) Moa+8,

Since T® = A[d,] is flat, it follows that id (0 (id 0 ¢*) is a monomorphism, and hence

so is ¢8. Therefore ¢'? is an isomorphism as desired. 0O

Corollary C.2. Let M be a T-module and let § be in RO(G). If MP = A[d] for
some d prime to p, then there is some v in RO(G) with (|v¢], [7]) = (16|, |8|) such
that M7 = A.

Proof. Suppose that M? = A[d] for some d. Letting a = A\; — \g gives
de = £d~! modulo p.
Since a is in ROy(G), Proposition C.1 tells us that the cup product map

T°0 MP — MR
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is an isomorphism. We therefore have
Meth =T MP = Ald,) O Ald] = A.

Let v =a + 8. a

Since the standard shift maps of Definition 2.7 are maps between free T-modules,
Proposition 2.5 and the multiplication rules for T in Theorem 4.9 of [9] can be used
to describe these maps in every dimension. Recall from [9] that (B3) is an element of

RO(G) such that 8 — (B8) is in ROy(G).
Proposition C.3. Let a be in RO(G).

(a) Let B be in RO(G) such that |3| = 0 and || < 0, and let h : T — ZPT be
a horizontal shift map defined by h®(u) = &5. Then, h® : T* —T+F 45

4

Alde] — R by pa — daba+s if la| = |a®| =0,

R— R by & Eavp if |a| = 0 and || < 0,

L—R by 7o plass if la| =0 and 0 < |a®| < ~|49|,

L— Alda+g] by Ta P Tass if la| = 0 and |a®| = —|8C|,
{L—L by Ta ™ Tays if || = 0 and -|6° < ||,

(Z) —(Z/p) by €a > €als if |a| > 0 and || =0,

(Z/p) — (Z/p) by €anby > €anbyrp ifla] >0, |aC| <0, and a is even,

(Z/p) — (Z/p) by va > digy-glass  if la] <0, || > 1 —|BC|, and a is odd,
\0 otherwise.
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(b) Let v be in RO(G) such that |y| >0 and |¥¢| =0, and let v: T—X"T be a
vertical shift map defined by v°(p) = €,. Then, v®: T® —T**7 is

4

Alda) —(Z) by pa > €atqy if la| = [a€] =0,
(Z) —(Z) by €x — €qpny if |a| > 0 and |a€| =0,
(Z) —(Z) by € gk Peaty if =7l < |a| < 0 and [€| =0,
(Z) — Aldasy] by €hkor> Kasy  iflal = =] and [aS] = 0,
4 (Z) —(Z) by €Lk e:},_.,fco if |a] < —|v| and |a€| = 0,

(Z/p) —(Z/p) by €s€a—p  €r15€ap if |a| >0, [@C| < 0, and a is even,

R—(Z/p) by &a > Laty if o] = 0 and |af| < 0,
(Z/p) —(Z/p) by Va ' Vatq if o] < =[], |aC| > 1, and « is odd,
0 otherwise .

\
(c) Let a be an integer prime to p, and let n be in RO(G) such that |n| < 0,
[76] > 1, andn odd. Let & : T — =T be a diagonal shift map defined by 8°(u) = avy,.
Then, 0% : T®* — T2t is

(

A[da] —(Z/p) by pa ' aVasy if la| = |acl =0,

(Z) — (Z[p) by €a > a4y if |a®| =0 and 0 < |a| < -1 —n],

R-—(Z/p) by & > adiay-aVatn if 3~ |n% < |a€ < 0 and |a| =0,
4

if @ is even, 0< |a| £ -1 = |n|,
(Z/p) — (Z/p) by €a-ps > ad(g)-pVa+n
and 3 — ¢ < |af| <0,

0 otherwise .
\

By using Proposition C.3 and the characterization of maps out of box products

given in section 2.1, the multiplication maps for the shift maps can also be described.
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Corollary C.4. Let o be in RO(G).

(a) Let B be in RO(G) such that |3] = 0 and |3¢| < 0. Then, the cup product

map TEO T —TA+e 45

4 4

if |a| = 0 and |a®| <0,

or |a| = 0 and —|B%| < |a€|,

an isomorphism ﬁ
or |a| > 0, |a®| <0, and a is even,
4 or |a| <0, |a®] > 1 —|8°|, and « is odd,
L—R by 7+ £p€ if |a| = 0 and 0 < |aC| < —|B9],

L— Aldgsa] by 7= £7  if |a| =0 and |a€| = —|69),

0 otherwise .
.

(b) Let v be in RO(G) such that |y| > 0 and |¥¢| = 0. Then, the cup product

map T"OT®—T7+® 345

¢ 4

if |a| > 0 and |a®| =0,

or |a| < —|v| and |a®| =0,
an isomorphism
or |a| >0, |a%| <0, and « is even,

\ | o la| < =|yl, |a®| > 1, and « is odd,
(Z) - (2) if =|7] < || < 0 and |a€| =0,
(Z) — Ald,4a] by 1 £k if [a| = —|7| and |a®| =0,

0 otherwise .

\

(c) Let ) be in RO(G) such that |n| < 0, |n®| > 1, and n odd. Then, the cup
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product map T"QT* — T 4s

an isomorphism if 3 — [n%| < |af| <0, 0< |a} < -1 ~ ||, and « is even,

0 otherwise .

In Chapter 3, we study a long exact sequence with a nontrivial boundary map
8:J— VT out of a free module J. In the case in which J = £~“T is monogenic,
9: YT — L-VYT is determined by the map of Mackey functors 8 : A — Tw~V+!,
In fact, since 8 # 0, it must be the case that w — V +1 is odd and T¥~V*! = (Z/p).
This second corollary of Proposition C.3 states that, even though 9 # 0, it still
must be zero in most dimensions. Note that, for T(R), the appropriate version of

Proposition C.3 follows easily from Remark B.17.

Corollary C.5. Let S be either A or R, let w and V' be even elements of RO(G), and
letn=w—V + 1. Suppose that [n| < 0 and [n°| > 1. If3: ~¥T(S) — Z1-VT(S)
is nonzero, then 8° : T(S)*™ — T(S)**'™Y is nonzero if and only if a is even with

2+ V¢ < e < |w°| and |w| < |af L V] - 2.

Proof. Consider the map f = £¥8 : T(S) — I"T(S). By Proposition C.3, f@ # 0
if and only if « is even, 3 — |n¢| < |a®| < 0, and 0 < |a| < —1 — |p|. Substituting

n=w — V + 1 gives the desired result. O

Theorem 3.15 tells us that the module M from long exact sequence (3.35)

SN ML T 5N,

can turn out to be free, even though @ # 0. For the proof of Theorem 3.4, it is
useful to understand the structure of sequence (3.20) in the simplest possible case
in which both J = Z™“T and N = £~YT have just one generator. In this case,

as shown in Theorem 3.15, it must be that M = N’ @® J’, where N' = £~Y'T and
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J' = £™“'T. The dimension V' comes from shifting V' to the right |w® — V| units
and the dimension w’ comes from shifting w to the left by the same amount. A switch
of this type is pictured in Table 3.5. More precisely, this switch is reflected in the
long exact sequence in Theorem C.6.

To organize our computations in the proof of Theorem C.6, the notation in Table
3.4 is used. As in Table 3.4, we similarly denote [ = |[VC|, r = [WC], b = |w],
and t = |V|. For the proof of Theorem C.6, we need more notation. In the case
that r — [ > 2, denote an arbitrary even integer between | and r by m. Similarly,
denote even integers between b and ¢ by m'. Let j and k denote arbitrary positive
integers. The locations pictured in Table C.1 should now be clear. For example,
[r + 1+ 2j,b— 1 — 2k] represents a family of locations that fills all the odd lattice

points of a quadrant of the plane.

Theorem C.6. Let V, V', w, and o' be elements of RO(G) such that
V= V| >l =, V7] =]|w)Cl<|(V)¢ =",

and V - w is even. Define N=S"VT, J=XZYT, N'=XYV'T, and J' = =~¥T.

If 8: J— XN is nonzero, then the sequence
—NHNoJ-IJ-LHEN— (C.1)
in T-Mod is ezact if and only if the sequence
0—= N (N @ J) 250" —0 (C.2)

in Mack is exact and r = (r,12), wherer, : N'— J and rp : J'— J are standard
shift maps. Moreover, the ezactness of sequence (C.2) implies that 7 = (i, i2), where

4y : N— N’ and iy : N — J' are standard shift maps.
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[i+%] [e] [+ 7] [eN

7] ] i H ]

] ) o]
i [w] (] ]

3] 4] iwd
('] 1] %] 3] 5]

o] [k ]

o2 (e

Table C.1: Notation for the Base Case

Proof. Let 81 =V -V, fo=uw' —w, 11 =V -, and 7, = V' — w. Observe that
B2 — By = Y2 — 1 is in ROy(G).

First, suppose that sequence (C.1) is exact. The exactness of sequence (C.2)
follows by evaluating sequence (C.1) in dimension V. Moreover, Proposition A.4
specifies the structure of the maps in sequence (C.2) and gives that iV = (iV,i¥),
where 4,Y () = a1€5, and i,¥ (u) = bie,, for integers a; = +1 and b, = +1. This
shows that the exactness of sequence (C.2) implies that ¢ = (i;, i3), where i; : N — N’

and iy : N— J' are standard shift maps. Evaluating sequence (C.1) in dimensions

V' and o' gives the short exact sequences

vl
0—L—A—(Z)—0
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and

’

0_)(2)_”1_1-;'_)12_)0’

respectively. Proposition A.4 also specifies the structure of the maps in these se-
quences and gives that ;"' (1) = bse,, and 7 (1) = @€, for integers b, = +1 and
az = 1. Hence, r; : N'— J and r; : J' — J are standard shift maps.

Conversely, suppose that sequence (C.2) is exact and r = (r1,72), where
rn:N—J and rp:J —J
are standard shift maps. Our observations above give that ¢ = (¢, ¢2), where
iW:N— N and i:N—J

are standard shift maps. Hence, there are integers a; = *+1, b; = %1, by = £1, and

ap = %1 such that

0" (1) = a1€p,, 12" (1) = biey, T1Y (1) = baey,, and 1Y (n) = az€p,.

e composiie r o ¢ is zero, si ' ¢t =0ins .2). Similar
Th sice 1 o 4 is zero, since r¥ o i¥ = 0 in sequence (C.2). Similary,

dor = (0r,0r;) =0,
since V" =0 = 8 and hence
¥ o 1'1 =0= 6“”1‘2

Also, (Zi) o @ = 0, since (¥7)¥ = 0. This shows that the composites in sequence
(C.1) are all zero. The exactness of sequence (C.1) therefore follows by showing that

Kerr C Imagei, Kerd C Imager, and Ker: C Image ~'8. This is checked in every

dimension.
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First, consider the dimensions a such that §* # 0. Corollary C.5 tells us that «
is therefore in [r, b} U [r, m’]U [m, b] U [m,m']. In these cases, N® = (N' @ J')*+! =0

and hence sequence (C.1) takes the form

0— (N e J) (P78), Ja &2, No+l . (C.3)

For a in [r,b] and hence & + 1 in [r + 1, b + 1], sequence (C.3) becomes

0— (Z) @ L 720, Al 25 (Z/p) —0.
For a in [r,m'] and hence a + 1 in [r 4+ 1,m' + 1}, sequence (C.3) becomes
0 — (Z) 5 (Z) £ (Z/p) —> 0.
For & in [m, ] and hence a+ 1 in [m + 1, b+ 1], sequence (C.3) becomes
0— L2 R-25(Z/p) —0.
For a in {m,m'] and hence a + 1 in {m + 1, m’ + 1], sequence (C.3) becomes
0—0— (Z/p) L (Z/p) — 0.

In each case, Proposition C.3 specifies the maps r{, 73, and d%, and exactness is easily
verified. In fact, by writing the map (r$,r$) at the G/G-level as a matrix, it is easy
to see that it is an injection with cokernel Z/p. Exactness is trivial at the G /e-level.

Now consider the cases in which 8% = 0. If 8°~! # 0, then (N' ® J')® =0, and

the exactness of the portion
Jo1 &7 (T /p) — 0 — J® 25 NotH

of sequence (C.1) in dimension « is easily checked. If 8! = 0, then exactness of
sequence (C.1) in dimension « is equivalent to the exactness of the sequence

(rf.r3)

0— N (3%.1%) i (Nl o) J')° — sy J*—0. (C4)
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In most such dimensions «, one of N%, (N')%, (J')®, or J® is zero, and sequence
(C.4) is easily seen to be exact by Proposition C.3. This leaves the locations [/,],
[r+1+25,b—1-2k], [l —2j1¢], [l —2j,t+ 2k], and [I,¢ + 2k], where all the entries
are nonzero.

For a in [, t], sequence (C.4) becomes

0—s Aldy_y] 8B p o gy Gt g o
For ain [r + 1 + 2j,b — 1 — 2k], sequence (C.4) becomes

0— (2/p) =220 2 /p) @ (2/p) —2222, (/) —0.
For a in [l — 27, t], sequence (C.4) becomes

0— p-2hn), p g (z/p) ), (75 0.

For  in [l — 25, ¢ + 2k], sequence (C.4) becomes

0— (2/p) 2210 2/3) @ (2/5) —22224 (Z/5) —0.
For a in [l,t + 2k, sequence (C.4) becomes

0— (2) 22BN, (7) @ (2) 20D, (27 0.

In each of these final cases, it is straightforward to check that the map (@&, b1¢,,)

is an injection with cokernel (Z/p). O

Corollary C.7. Let V, V', w, and ' be elements of RO(G) such that
VI =V|>wl =, [VE =) <(V) =,

and V — w is even. Define N=X"VT, J=X“T, N'=2V'T,and J' =LV T.

If 8 : J— XN is nonzero, then there erists a long ezact sequence
—N—oNoJ —J-25ZN—

in T-Mod if and only if dy—y+v'—v = £1 modulo p.
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Proof. Let 1 =V -V, fhp=uw' —w,m =V -, and 72 = V' — w. Suppose
that dg,-5, = 17 modulo p, where n = *1. Define i = (i1,i2) : N— N'® J' and
r=(r,r): NoJ —J by

i (1) = €py, 02" (4) = eny 1" (1) = €y, and 12 () = g,
Observe that dg,-g, — 7= 0 modulo p. Theorem 4.9 of [9] gives the relation
€nép = dpr-p1€m &
and hence
Vi’ (k) = e,€8, — Nen€p; = (dp-py — Men s, =0
That is, in the sequence

0— A5 R (Z) = (Z/p) — 0,

the composite ¥ 03" is zero. In terms of the {u, 7} basis for the domain and the
{&5,,€,, } basis for the range, the map i is given by the 2 x 2 matrix [} 2]. It is easy

to see that Cokeri¥ = (Z/p), and hence the the sequence
0—NY (Ve J)Y 250" —0

is exact. Since r, : N'— J and r, : J'— J are standard shift maps, Theorem C.6

gives that the sequence
—NHNeoJJ-5HEN—

is exact.

Conversely, suppose that

NN eoJ-SJ-5HLEN—
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is a long exact sequence. Theorem C.6 gives that ¢ = (i,,%;) and 7 = (r, ), where
iw: N—N,ip: N—J',r : N—J and rp : J'— J are standard shift maps.
Define a,, b1, b, and ap by i,V (u) = a1€s,, 32V (k) = biey,, 1Y () = bee,, and

| 4

2 (1) = a2€g,. In dimension V, the composite r oV is zero, and hence

0=r 2V(/"') (alb?dﬂz-ﬂz + a2b1)e‘nfﬂ2'

Thus a,b2dg, -5, + azb; = 0 modulo p. Multiplying both sides of this equation by a;b,

gives that dg,—g, = —aja2b;b2 = £1 modulo p. a

In our final two lemmas, we give results than enable us construct maps between
T-modules of the form appearing throughout the proof of Theorem 3.4. The notation
introduced in Chapter 3, which associates a functor to a projective T-module @), is

used in the statements of these lemmas.

Lemma C.8. Let Q) be a sum of a standard projective T-module and a free T -module.
Let q : @ — Q(R) be the change of coefficients map induced by the map A — R
sending u to §&. Let H be a T-module and f : Q — H be a T-module map. Then,

there ezists at most one T-module map f : Q(R) — H such that the diagram

Q—Q(R

l/

commutes. Moreover, if H is a T(R) -module regarded as a T-module via the projection

T —T(R), then f ezists and is a T(R)-module map.

Proof. Since q is surjective, there can exist at most one map f. If H is a T(R)-
module, then the existence of f follows by noting that the generators of Q(R) as a
T(R)-module are the images of the generators of Q as a 7-module. Thus, one knows
how to define f. Since f and f o g do the same thing on the generators of @, the

diagram must commute. a
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Lemma C.9. Let Q be a T-module that is the sum of a standard projective T-module

and a free T-module. Assume that the diagram

0 0 0

- H T
0 — Dizy = Eizy — Q((Z)) — 0

dy €1 N
w i ~ . ~
0 *»D »E »Q >0

4
A}
&
A}
4
h)

in T-Mod commutes and has ezact rows and columns. Here, the right column is the
canonical short ezact sequence of change of coefficients maps. Suppose further that
the bottom row is a sequence in T(R)-Mod. Then, there is a splitting r : Q— E
for w, and the induced maps rzy : Q({Z)) — E(zy and rg : Q(R) — Eg yield the

isomorphism
0— Dizy ® Q(Z)) —22% D9 Q —22= , DR ® Q(R) — 0
(izymizy) | = (i,r)lz (iryrR) |
0—— £z, & »E = +» Eg >0

of short ezact sequences.

Proof. Since @ is projective, there is a splitting r : @ — E such that r om = idg.

Lemma 3.3 then gives us a unique map of short exact sequences

0—Q((Z)) —Q —Q(R) —»0

lrm l lm

0 +Egzy — 3 E—2 Ep 0
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determined by r. Since 7 or = idg, the uniqueness implies that this map of sequences

splits the map of seqences

0 yEzy — 3 F—2+Ep 30

l""’ l,r ij

0—Q((Z)) —Q—Q(R) —0

For S = A, R, and (Z), the isomorphisms (ig,rs) : Ds & Q(S) — Es fit into the

asserted diagram. 0
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Appendix D

Limits of Projectives

This appendix is devoted to a proposition that enables us to compute the limits
appearing in the the proof of Theorem 3.4. Before stating the proposition, we first
lay out the notation and assumptions that are required. Note that an indexed set
refers to a collection that may contain the same element more than once.

Let M be an indexed set of nonnegative integers such that each integer appears

only finitely many times in M. Suppose that M has a filtration
MgC M C...C M C...

such that M = [y, Mi. Let W be an indexed set of representation-like elements of
RO(G) such that, for each integer m > 0, there are only finitely many w in W with

|w€| = m. Suppose that W has a filtration
WeCW C...CW.C...

such that W = U5 Wk- Let mo < my < ... <mg < ... < oo be a sequence of

nonnegative integers such that kllm my = oo. Note that m; = oo is allowed. For
-0

each k > 0, let W, be a set of representation-like elements of RO(G) such that each

w € W, satisfies |w€| > my, and define Wy = Wi, U W.
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For each k£ > 0, let

o (@7)e(07)

meEM,; wEW;
= @
wEW,
and Q, = Qx ® Q. Further, let 7 : Q, — Qr and g41 : Qry1 — Qi be the obvious
projections onto a summand. Suppose that the modules @, fit into a sequence

— Iv1 = -
Q1 —Q— - — Qg

such that, for each £ > 0, the diagram

— Qe+t
Qi1 — Q;

Th+l Tk

9k
Qk+l —ﬂ') Qk

commutes.
Let N be a Mackey functor, and let N; — N; be a map of Mackey functors. Note
that the diagrams

Te1(N)

o P (V) 2L G (V) — - —— Go(V)

Wk+1(~)l J«M(N) lWO(N)
s Qe (V) ==, QL (N) — - - — Qo(N),
s Qo (M) =L B (V) — - —— Ty ()

! | !

— Qi1 (V) —_—""EHI(M) Qi(N2) — -+ ——=Qy(N2),
and

—')Qk+1l(N1) Beer () QkiNl)_)"°_)Q0(Nl)

— Qi+1(N2) Bt () Qr(N2) — -+ - —= Qo(NV2)
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commute, where the unlabeled vertical maps are the associated change of coefficient

maps.
Define
Q= (@ E'”‘Ta) e (GB z-wT)
memM wEW
and

Q= (H E’”‘TG) X (]‘[ 2'“’T) :

meM wEW

Proposition D.1.  (a) lim Q.(N) = Q(N).
(b) Under the isomorphisms from part (a), the natural map
lim Qi(Ny) — lim Qi(N2)
is identified with the change of coefficients map Q(N,) — Q(Nz).
(<) liinl Qx(N) =0.
The proof of Proposition D.1 is carried out in a sequence of three lemmas.
Lemma D.2. (a) The natural map Q(N) —éé(N ) is an isomorphism.
(b) lim Qu(N) = Q(N).
(c) Under the isomorphisms from part (b), the natural map
liin Qr(MN) — lizn Qr(N2)

is identified with the change of coefficients map Q(IN,) — Q(N,).
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Proof. (a) Since copreducts and products are computed dimensionwise, it suffices to
fix o in RO(G) and show that Q2(N) = Q%(N). Let a = max{|aC|,|al}. Let j be
large enough so that m; > a and, for all m in M — M;, m > a. For each § in
(M =M;)uU(W =W,), (EPTG(N))* = (E-PT(N))* = 0. Since M; and W; are
finite, the sum and product defining Q@*(N) and @“(N ), respectively, are equal.

(b) Since, for each & > 0, the map Q41 (N) — Qi(N) is projection onto a

summand, it follows that
lim Qx(N) = Q(N).

Hence, part (a) gives that liin Qr(N) = Q(N).
(c) The map Q(M,) = liin Qr(M) —)lign Qr(N2) = Q(N,) must clearly have the

asserted form as a consequence of part (b). O

Lemma D.3. Let o be in RO(G). There is a nonnegative integer j such that, for
each integer k > j, Qr(N) = Q2(N).

Proof. Let j be large enough so that m; > max{|a®|,|a|}. For k& > j, Q) has

generators in dimensions 8 with || > |8¢| > m;, and hence (Q})* = 0. 0O
Lemma D.4. (a) lim Qi (N) = lim Qx(NV ).
(b) lim' Qy(N) = lim' Qu(N) =0.

Proof. Clearly, the maps Q.1 (V) — Qk(N) are surjective in every dimension. The

sequence {Qx(N)} therefore satisfies the Mittag-Lefler condition. Hence,
li,Enl Qx(N) =0.

The remaining equalities asserted in the lemma follow from the previous lemma, since

both lim Q:(N) and lilxcn1 Q. (V) are computed dimension-wise. a
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