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COMPUTATIONS IN C,,-BREDON COHOMOLOGY
SAMIK BASU, SUROJIT GHOSH

ABSTRACT. In this paper, we compute the RO(Cpq)-graded cohomology of Cpg-orbits.
We deduce that in all the cases the Bredon cohomology groups are a function of the fixed
point dimensions of the underlying virtual representations. Further, when thought of as a
Mackey functor, the same independence result holds in almost all cases. This generalizes
earlier computations of Stong and Lewis for the group Cj.

The computations of cohomology of orbits are used to prove a freeness theorem. The
analogous result for the group C, was proved by Lewis. We demonstrate that certain
complex projective spaces and complex Grassmannians satisfy the freeness theorem.

1. INTRODUCTION

Bredon cohomology defined in [I] arises as the natural generalization of ordinary coho-
mology to the category of G-spaces, especially in the context of G-equivariant obstruction
theory. In the literature, a more favoured cohomology theory for GG-spaces is the cohomol-
ogy of the Borel construction, for which non-equivariant techniques may be used to make
many computations. On the other hand, Bredon cohomology has turned out to be difficult
to compute even for simple spaces like spheres with a linear G-action. Their application in
various important examples (for example, [4] uses certain computations for the group Can)
demonstrate that the computations are not without interest.

The Bredon cohomology groups H(—; M) are defined for “coefficient systems” M which
are functors from the orbit category Og to Abelian groups (see [I3]). The interesting case is
when M is actually the restriction of a Mackey functor, in which case the cohomology theory
extends to one indexed by virtual representations. For a € RO(G) the real representation
ring of G, we write H¢:(X; M) for the Mackey functor valued cohomology at the index a.
In this case if we put X = S°, these groups encode the various cohomology and homology
groups of the G-representation spheres.

Perhaps the most important Mackey functor is the Burnside ring Mackey functor A. This
plays a similar role in the category of Mackey functors as Z plays in the category of Abelian
groups which we may think of as coefficients for ordinary cohomology. A precise version of
this statement is that the Eilenberg MacLane spectrum H A is a commutative ring spectrum
and for any Mackey functor M, HM is a module over HA (Proposition 5.4 of [11]). The
starting point of computations for RO(G)-graded cohomology must therefore be H¢;(X; A)
where X varies over the set of G-points, that is, the set of all orbits G/H.

The Mackey functors H. E(SO; A) were computed by Stong for the group Cy and by Lewis
and Stong for the groups C, ([9]). The multiplicative structure was also computed by Lewis
in the same paper. With constant coefficients Z/p, the computations of the cohomology
of Cp-orbits were performed by Stong (Appendix of [2]). In this paper, we carry the com-
putations of Hg,(S%; A) further to G = Cp, where p and g are distinct odd primes. We
are more interested in the additive structure of the cohomology Mackey functors and avoid
computations of the ring structure. In the following we describe our results in more detail.
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1.1. Computations of H qu (S%). The computations of Stong and Lewis for the group
Cp (Proposition EL5) write He: (8% as a function of |a| and |a®?|. When either of these
integers are non-zero, the Mackey functor H %p (59) is determined upto isomorphism by the

two integers. When both |a| and |a®?| are 0, the Mackey functor is of the form A[d,] and
so it depends on an additional integer d,. We investigate the Mackey functors H *Cpq(SO)
along similar lines. We prove (Theorem [5.6))

Theorem A. For every subgroup H of Cp,, the groups He (Cpq/H) depend only on the
dimensions of the fized points of .

The independence theorem above is extended to Mackey functor valued cohomology in
many cases. That is, given the four integers |a|, |a“?|, |a®4| and |aP¢|, in many cases
we write down H¢, (S%) as a function of these four integers. Similar to the C, case, we
observe that the Mackey functors unless many of the fixed points are of dimension 0. More
precisely (Theorem [6.5])

Theorem B. Suppose a € RO(Cp,) is such that at least one of |af!| or || is non-
zero whenever (K, H) € {(Cp,e),(Cq,€),(Cpq,Cp), (Cpq, Cq)}. Then, upto isomorphism,
the Mackey functor ﬂgpq (S°) depends only on the dimension of the fived points of a.

The proof of both the Theorems are done through explicit computations of the Mackey
functors H %pq (S9). We provide explicit formulas for every a as in Theorem B. The main
techniques used in the computation are certain cofibre sequences associated to the complex
1-dimensional representations of Cp,. Given such a representation V', we have a cofibre
sequence S(V) — S — SV. Further if .J is the kernel of the representation we may form
a cofibre sequence Cp,/J — Cpe/J — S(V). These induce long exact sequences on the
RO(Chpy)-graded cohomology which we compute in a similar way to the calculations in the
Appendix of [2]. We know the values of H¢, (Cpg/J) from earlier computations of Lewis and
Stong in [9], and apply these to the latter cofibre sequence to compute H qu (S(V)4). Then

we apply the former cofibre sequence to deduce certain relations in H qu (S9). Although
these computations are written when both p and ¢ are odd, the same computations hold
if we allow p = 2 where « satisfies the additional condition that it is the restriction of a
complex representation.

1.2. Freeness Theorems. As an application of computations of H *Cpq (S9), we deduce
“Freeness Theorems” for C),, spaces with even dimensional cells. What we mean by “Free-
ness Theorem” is the equivariant generalization of the Theorem : If X is a CW complex
with cells only in even dimensions, then the cohomology of X is free module over I:I*(SO; 7).

In the equivariant case, the coefficients Z is replaced by the Burnside ring Mackey functor
A. For the group C), a freeness theorem was proved in [9], which carried the hypothesis that
the cells are even and must be attached under some dimension restrictions. For finite CW
complexes, the hypothesis of dimension restrictions was removed in [5] and it was proved
that any C,-CW-complex with even cells have free cohomology (see also [6]). In the former
case, it was shown that under the hypothesis, the attaching map of a new even cell must
induce the zero-map on cohomology, thus deducing that the cohomology is a direct sum
with the summands being in one-to-one correspondence with the cells. This also happens in
the case of the non-equivariant freeness theorem. However, in the latter case, the attaching
maps may not induce the zero-map and so the freeness theorem works out with certain
dimension shifts.

In this paper, we prove freeness theorems for Cp, along the lines of [9], that is, for those
cases, in which the attaching maps induce the zero-map on cohomology. More precisely we
prove (see Theorem [T4] for a more detailed version)
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Theorem C. Suppose X is a Cpy-CW-complex with only even cells satisfying the condition
cif the cell V' is attached after W, then W < V. Then, the cohomology of X is free with
generators in one-to-one correspondence with the cells of X.

It must be noted from Remark 2.2 of [10] and [6], generalizations of the freeness theorem
proved in [9] are not expected for groups like C2 and C), x Cy, and thus to groups containing
these as subgroups. Theorem C demonstrates that results of this type may be proved for
other groups which do not contain C), x Cj, and C2 for any prime p. As an application of
the freeness theorem we prove that the hypothesis is satisfied for certain projective spaces
and Grassmannians (Theorem [[.7] Theorem [.8]). We shall take up further generalizations
of the freeness theorem along the lines of [6] in a future publication.

1.3. Organization of the paper. We start by introducing certain preliminaries on RO(G)-
graded cohomology in Section 2l In Section Bl we introduce certain Mackey functors for
the group C), and make some calculations of the set of maps and Ext groups. In section
M, we compute the cohomology of spheres in the complex 1-dimensional representations of
Cpq- Using these we deduce relations in the cohomology of S0, and as an application we
demonstrate some explicit calculations. These facts are used in Section [, in which the first
computations are made in indices whose fixed points are mostly non-zero. Once we have
enough computations we prove our first independence Theorem (Theorem A) at the end
of Section Bl In Section [0, we complete our computations and prove the second indepen-
dence theorem (Theorem B). Finally in Section [l we deduce the freeness theorem using the
computations in Section Bl and [Gl

2. PRELIMINARIES

In this section we recall certain definitions and notations from equivariant homotopy and
cohomology theories. Most of ideas in this section are from [13]. We always assume that G
is a finite group.

2.1. Equivariant homotopy and cohomology. We work in the category of G-spaces.
Some natural examples of G-spaces are

DWV):={veV:||<1}

and

S(V):={veV:|p|=1}
for an orthogonal representation V' of G. We call these spaces representation-disks and
representation-spheres respectively. We also use the notation SV to denote the one-point
compactification of V' which is in turn homeomorphic to S(V @& €), where € is the trivial
one-dimensional representation.

Next we come to the idea of a G-CW-complex. Usually these are defined as spaces
obtained by iteratively attaching cells of the type G/H x D™ along an attaching map out of
G/H x 0D". For this paper, we use generalized cell complexes defined in [6] using cells of
the type G x g D(W) where W is a representation of the group H. Cells of this type arise
naturally in equivariant Morse theory ([14]).

Definition 2.1. A generalized G-cell complex X is a G-space with a filtration {X, },,>0 of
subspaces such that

a) Xy is a finite G-set.

b) For each n, X, 11 is built up form X,, by attaching cells of the form G x g D(V) along
the boundary G xx S(V'). Here K is a subgroup of G, V is a K-representation.

c) X = Up>0X,, has the colimit topology.
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As an example, we note that the G-space SV is a generalized G-cell complex via the
union pt UG xg D(V'). On the other hand, expressing this as a union of cells of the type
G/H x D™ is far more involved.

In the category of G-spaces, one does homotopy theory by defining the set of weak
equivalences to be those equivariant maps which induce weak equivalences on all the fixed
point spaces. The resulting homotopy theory becomes equivalent to the homotopy theory
of diagrams from a category O¢g to the category of topological spaces. The category Og
has G-orbits as objects and the G-equivariant maps between them as morphisms.

A coefficient system M is defined to be a contravariant functor from Og to Abelian
groups. Given a contravariant functor from Og to spaces, taking chains yields such a

coefficient system of chain complexes. A particular example is the singular chain complex
functor C, (X) given by G/H + C,(X!) for any G-space X.

Definition 2.2. Let M be a coefficient system. Define
Ce(X; M) := Homog (C.(X), M)

as the singular co-chain complex with coefficients in M. The cohomology of this complex
is denoted by H(X; M) and is called the Bredon cohomology of X with coefficients in M.

These are examples of equivariant ordinary cohomology theories which are graded by
integers. However, equivariant cohomology is more naturally graded on RO(G), the real
representation ring of G, which is necessary to formulate equivariant Poincaré duality. To
obtain this one has to consider certain special coefficient systems called Mackey functors.

2.2. Mackey functors. Mackey functors are defined as contravariant functors from the
Burnside category (denoted B¢) to Abelian groups. There is an inclusion Og — Bg which
means that every Mackey functor comes with an underlying coefficient system.

We first introduce an auxilary category By,. The objects of By, are the finite G—sets and
the morphisms between two G-sets T and S are the isomorphism classes of diagrams of the
type

U

2N
T S

Two diagrams T <~ U — S and T < V — S are isomorphic if there is a commutative
diagram as follows:

/L\

The composition of morphisms is induced by the pullback.
The morphism sets in By, are commutative monoids under disjoint union. The Burnside
category is obtained by taking the group completion as defined below

Definition 2.3. The Burnside category Bg is a category whose objects are finte G—sets
and the morphisms between two object S and T is the group completion of By, (S,T) with
respect to disjoint union.

One can easily figure out a generating set of morphisms of the Burnside category. Let
f:58 — T be a G-map. Then, we obtain two morphisms fi and f in Bg as depicted in the
pictures

_ S 4 and FoS _
RN 2N
S T T S
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These morphisms generate all the morphisms of the Burnside category by taking disjoint
union and compositions. One defines a Mackey functor as an additive contravariant functor
from Burnside category Bg to the category of Abelian groups Ab. An alternative definition
of Mackey functors is obtained by laying out this information in terms of the generating
morphisms of the Burnside category. This definition is due to Dress ([3]) and we follow the
summary of the definition in [7].

Definition 2.4. A Mackey functor consists of a pair M = (M, M™) of functors from the
category of finite G-sets to Ab, with M, covariant and M™ contravariant. On every object
S, M* and M, have the same value which we denote by M(S), and M carries disjoint
unions to direct sums. The functors are required to satisfy that for every pullback diagram

of finite G-sets as below
)

% x
B

oz
one has M*(a)) o M, () = M, (5) o M*(7y).

For subgroups H < K < G, we denote by 7% the quotient map % : G/H — G/K.
For a Mackey functor M, we denote resg =M *(71'5 ) and call it the restiction map, and
tri .= M (7¥) and call it the transfer map. Let 9H = gHg ! and HY = g~ 1Hg. We
also have the map ¢, : M(G/H) — M(G/9H) induced by left multiplication by g from
G/H — G/9H. Then the last condition above turns into the double-coset formula

g

B S—

~

)

res?trg = Z trjmzchres?mH
x€[J\K/H]
for all subgroups J, H < K.

We denote the category of G-Mackey functors by M. The objects of this category are
the Mackey functors defined above, and the morphisms are group homomorphisms which
commute with all the restriction and transfer maps, and the maps c,.

Obvious examples of Mackey functors are the representable ones. These are also pro-
jective in the category of Mackey functors. The Mackey functor Bg(—,G/G) is called the
Burnside ring Mackey functor and denoted by A. For every subgroup H, A(G/H) is the
Burnside ring of H, which is a free Abelian group on the finite H-sets. The restriction maps
are induced by restricting actions, and the transfer maps are given by induction. Analo-
gously, we also denote the Mackey functor Bg(—,S) by Ag for any finite G-set S. A similar
construction works for the representation ring Mackey functor whose value at G/H is the
representation ring of H, the restriction maps are the usual restriction of representations
and the transfer maps are given by induction.

In this paper, the main examples we consider are the groups G = C), the cyclic group of
order p for p prime, and G' = C)p, the cyclic group of order pq for p and ¢ distinct primes.
We shall usually denote a C)-Mackey functor IV by the following picture

C
trep

N: M(Cp/cp) M(Cp/e)

C.
resg?

so that the Burnside ring Mackey functor looks like
i
< T
/Y
[1p]
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We shall denote a Cpy-Mackey functor by the following picture
Tesgzq M(Cpq/ Cpq) Tesgzq

Cpq
P

trq

M- M(Cpq/Cy)

Cpq
trcq

M(Cpy/Cy)

Cp

C,
tre a

tre

7
R

resgp M(Cpq/e) Tesecq

2.3. RO(G)-graded cohomology. Let RO(G) denote the real representation ring of G.
Recall the usual notions of restriction and induction of representations. For a € RO(G)
and a subgroup H, we shall denote the restriction of o in RO(H) by resy(a) and often
simply as «. The trivial part of resy(«) is the fixed point space of o whose dimension is
denoted by |a'].

Definition 2.5. An element o € RO(G) is called even (respectively, odd) if |af!| is even
(respectively, odd) for all subgroups H < G.

If G = Cpy with both p and ¢ distinct odd primes, then every element o € RO(Cy,) is
either even or odd, and this is determined by whether || is even or odd.

Equivariant cohomology theories are represented by G-spectra. The naive G-spectra
are those in which only the desuspension with respect to trivial G-spheres are allowed.
Usually, what we mean by G-spectra are those in which desuspension with respect to all
representation spheres are allowed. In the viewpoint of [I2], naive G-spectra are indexed
over a trivial G-universe, and G-spectra are indexed over a complete G-universe. As we
are allowed to take desuspension with respect of representation-spheres, the associated
cohomology theories become RO(G)-graded.

Definition 2.6. A RO(G)-graded cohomology theory consists of functors E* for a €
RO(G), from reduced equivariant CW complexes to Abelian groups which satisfy the usual
axioms - homotopy invariance, excision, long exact sequence and the wedge axiom.

It is interesting to note that the suspension isomorphism for RO(G)-graded cohomology
theories takes the form E%(X) = E*tV(SV A X) for every based G-space X and represen-
tation V.

Every G-set S gives a suspension spectrum X¥ Sy in the category of G-spectra. It turns
out that the category with finite G-sets as objects and homotopy classes of spectrum maps as
morphisms is naturally isomorphic to the Burnside category. Thus, the homotopy groups of
G-spectra are naturally Mackey functors, and equivariant Eilenberg MacLane spectra must
arise from Mackey functors. This is a Theorem of Lewis, May and Mcclure which we refer
from Chapter XIII of [I3]. Therefore, we may argue that the integer-graded cohomology
associated to coefficient systems extend to RO(G)-graded cohomology theories if and only
if the coefficient system has an underlying Mackey functor structure.

We recall that there are change of groups functors on equivariant spectra. The restriction
functor from G-spectra to H-spectra has a left adjoint given by smashing with G/H. This
also induces an isomorphism for cohomology with Mackey functor coefficients

HE(G/Hy A X5 M) = Hfj(X; res (M)
Suppose we use the Burnside ring Mackey functor so that resg(A) = A, we have
HE(G/H A X5 A) = Hy(X; A)
In particular, for H = e, we have H*(Gy A X; A) = HI®(X; 7).
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The RO(G)-graded theories may also be assumed to be Mackey functor-valued as in the
definition below.

Definition 2.7. Let X be a pointed G-space, M be any Mackey functor, « € RO(G).
Then the Mackey functor valued cohomology Hg (X; M) is defined as

HE(X: M)(G/K) = HE(G/K, A X; M).
The restriction and transfer maps are induced by the appropriate maps of G-spectra.

We note that our notation for the Mackey functor-valued cohomology uses pointed spaces.
We follow this convention throughout so that the cohomology of G-points are of the form
HE(G/H; M). If M = A, we usually drop the coefficients in the expression.

With A coefficients, or more generally with coefficients in a Green functor ([§]), the
Mackey functor-valued cohomology has an induced ring structure. Therefore, for a pointed
G-space X, H},(X) is an RO(G)-graded module over H,(SY). We are interested in proving
freeness theorems, which study when the cohomology of a generalized cell complex with even
cells has “free” cohomology. This idea is defined below

Definition 2.8. Let X be a pointed G-space. The cohomology Hp,(X) is said to be free as
HE,(S%)-module if H},(X) is a direct sum of H(S%)-modules of the type S*H, (S4) for a
finite G-set S and a € RO(G).

3. SOME MACKEY FUNCTORS OF ()

In this section, we introduce certain Cp4-Mackey functors that will arise as values of
H %pq (S9). Following this, we make some computations of maps between such functors and
ext groups.

We start by recalling some Cp-Mackey functors from [9]. In the diagrams below the left
element denotes the value at C,/C, and the right denotes the value at C,/e. We often
introduce the subscript p as below to remind ourselves that these are C,-Mackey functors,
but later on we shall often drop it to avoid notational complexities.

9]
ald:  zezT sz
[dp]

(K), K- =0

We note that A,[1] is the usual Burnside ring Mackey functor Bg,(—,C)/C)) which we
denote by A,. In addition we consider F,, = Bc,(—,Cp/e) described by the diagram
\%
R ne T —w
A

Now observe that the Burnside category Bc,, is isomorphic to Be, ® B¢, formed as the
product set of objects and tensor product set of morphisms. Thus we may define a C,4-
Mackey functor by tensoring Mackey functors on C), and C,. The following Mackey functors
have special importance in our case.
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Definition 3.1. For a C)-Mackey functor M, define Cp,-Mackey functors
E,M = M & Fy, QM = M & (Z),, AM := M ® A,
CoM =M ® Ly, KM := M ® R,.
Also we denote
Rpq := Ry ® Ry, Lpg := Lp @ Lg, ({C)) := (C)p ® (C)yq-

There is a functor ®, : B, — Bc,, given by inducing up a Cp-set to Cpy (that is,
S+ 8 x Cpy/Cp). This induces @5 : M¢,, — Mc,. We note the formula

(1) D, (CpM) = @, (KpM) = M

=

and the result
Proposition 3.2. The functor @, is right adjoint to the functor E,.

Proof. We first define the unit and the counit morphisms and note that the induced maps be-
tween Mc,, (EpM, N) and Mc, (M, ®;N) are inverse isomorphisms. Note that ®; F,M =
M? and define n : I — ®}E), is given by i1, the inclusion of the first factor. The composite
E,®;, is given by
Ep®@,(N)(Cpe/K) = N(Cpq/Cp x Cpg/K)

Define the transformation x : E,®; — I as k(IN)(Cpe/K) = the transfer map N (Cpq/C)p %
Cpe/K) — N(Cpy/K). It follows from the double-coset formula that (V) is indeed a map
of Mackey functors. It is easily checked that the induced maps between Mc, (E,M,N)
and Mc, (M, ®,N) are inverse to each other. O

A similar adjunction holds for the functor A,. We define p, : Be, — Bc,, by sending
a Cp-set to the corresponding C)4-set with trivial Cy-action. We have the corresponding
result

Proposition 3.3. The functor p;, is the right adjoint of Ay.

Proof. Once again it suffices to define appropriate unit and counit maps and verify that
they induce isomorphisms on Hom-sets. We note that pj o A, sends M to M 2 and define
the unit I — pj, o A, to be iy, the inclusion on the first factor. For the counit, note that
Ap o p;, evaluated on a Mackey functor M gives (12 standing for inclusion onto the second
factor)

rqr] _ M(Cpq/Cpg)?

— NN

M(Cpq/Cpq) M(Cpq/Cy)?
\ M(Cpq/Cy) %

Now define the map Ayop;, — I as [I ¢I] on the top and the right corners and the appropriate
restriction maps at the other two corners. A routine check verifies that these maps induce
inverse isomorphisms on Hom-sets. ]

We use the Propositions and to extend some results from Cp-Mackey functors to
Cpg-Mackey functors. The Mackey functors of interest are C,M and K,M where M is one
of Ry, L, or (A). The Proposition below enlists their key properties as Cp,-Mackey functors.
Our strategy for the proof involves mapping the free Mackey functors A, and F;, onto these.
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Proposition 3.4. a) For all groups A, Mc,(L,, (A)) = 0.
b) For all groups A and M one of (Z), Ry, or Ly, E:L‘t}gc (M, (A)) =0.
P

¢) Exth, (2),L,) = L/p.
Proof. The statement a) is clear from the fact that the transfer map in L, is an isomorphism,
and that of (A) is 0. For b) we consider the three cases separately. Start with (Z) and
notice that the map A, — (Z) induced by the generator of Z is surjective with kernel L.
Therefore, we have the short exact sequence

0— L, —A,—(Z)—0
leading to the long exact sequence

wo = M, (Lp, (A)) = Batg, (Z),(A)) = Batg, (A,,(A) = -

From a) we have Mc, (Ly,(A)) = 0 and Ext}gcp (4,,(A)) = 0 as A, is projective as a

Mackey functor. Thus, Ext%;o ((Z),(A)) = 0. For L,, we note the map F, — L, induced
P

by 1 € Z = L,(Cp/e) is surjective and we denote the kernel by x,. Thus, k,(Cp/Cp) = 0

and £, (Cp/e) = ZP~L. Therefore, we have the exact sequence

c = M, (kp, (A)) = Bat,, (Lp, (A)) = Batpg,, (Fp, (A)) = -+

The Mackey functor F,, is projective as it is representable, hence Eut}, o (Fp, (A)) =0. We
also have Mc, (kp, (A)) = 0 as for a map «, — (A) at each level either the domain is 0 or
the range is 0. Thus, Ext%gcp (Lp, (A)) = 0. This leaves the case M = R, for which we use
the short exact sequence
0—=(Z) = A,— R, —0
induced by 1 € Z = R,(C,/Cp). The associated long exact sequence takes the form
o= Mc, (A, (A)) = Mc, (Z), (A) — Ext}gcp (Ry, (A)) =0

Note that both M, (A,, (4)) and Mc, ((Z),(A)) are A and the map in the above sequence
is an isomorphism. Therefore, Ext} ¢ (Rp, (A)) =0.

Finally for c), we use the short exact sequence 0 — L, — A, — (Z) — 0 and obtain the
exact sequence

Me, (A, Ly) = Mc,(Ly, L) — Buty,, ((Z),Ly) = Batp,, (4, Lp)

The last term is 0 as A, is projective. The first term is isomorphic to L,(C,/C)) =
Z. We note that Mc,(Ly, Ly) = Hom(Ly(Cp/e), L(Cp/e)) = Z as the transfer maps are
isomorphisms. We note that a map A, — L, which is induced by d € Z = L,(C,/Cp)
induces the map pd : A,(Cp/e) — L,(Cy/e). Therefore Eat}; cp(<Z>7LP) which equals the
cokernel of Mc,(4,, L,) — Mc, (Ly, Ly) is Z/p. O

The next result deals with maps between some C,,-Mackey functors.

Proposition 3.5. a) Any map of Mackey functors from C,M to N is 0 if N(Cpe/Cp) and
N(Cpq/e) is 0.

b) A map Lpg — N is 0 if N(Cpq/e) = 0.

c) Any map from Ry, to ((A)) is 0 for any A.

Proof. In the short exact sequence 0 — k, — F; — Ly, the Mackey functors are levelwise
free, hence, this induces a short exact sequence of C,,-Mackey functors

0=+ M®ky— E,M — C,M — 0.
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Thus, Mc,,(Cp,M, N) injects into Mg, (E,M,N) = Mc, (M, ®;N). Now the given con-
dition in a) implies ®3 N = 0, and so, a) follows. The statement b) follows from the fact
that the transfer maps in L,, are isomorphisms, and so, every element in each level is
obtained by transfer on some class in Ly,(Cp,/e). Finally for the statement c), note that
the image a € A of 1 € Z = R,4(Cpq/Cpq) must satisfy both pa = 0 and ga = 0 since

trgzq(msgiq(l)) = ¢ and trg’;q(resg’;q(l)) = p. This implies that a = 0, as p and ¢ are
relatively prime. O

We follow this with some computations of ext groups. In the later sections we will use
these to deduce that certain short exact sequences are split exact.

Proposition 3.6. a) Extllgcpq (CoM,N) =0 if N(Cpe/Cp) and N(Cpq/e) are 0.
b) If M is one of (Z), Ry, or Ly, Ext%;cpq (KpM, ((A))) =0 for all A.
) Eatl, ((Z))Lyg) = 0.

Proof. We observe that both the functors E, and A, preserve exact sequences and take the
representables A, and F;, to representables. Thus, we deduce

(2) Bt (E,M,N)= Bty (M, ®N), Bath, (ApM,N)= oty (M, piN).
For a), we use the exact sequence
0= M®&ky— E,M —C,M — 0
which induces the long exact sequence
= Mgy, (kg ® M, N) — Ea:t};cpq (C,M,N) — Ext};% (E,M,N) — -
We observe that M, (kg @ M, N) is 0 as levelwise either the domain or the range is 0 from

the given conditions. We also have from (@) that Ext%;o (EpM,N) = E:L‘t}gc (M, P;N)
rq P

which is 0 by the given hypothesis. Thus, we obtain a).
For b), we note that the exact sequence 0 — (Z) — A, — R, induces the exact sequence

0—= QM — AM — K,M — 0
and hence the long exact sequence
My, (ApM, ((A)) = Mcy (QuAL (A)) — Bath, (KM ((A)) — Batl, (A ((A))
We note that Mc, (QM,Q,N) = Mc,(M,N), ((Z)) = Qu(Z), and ,0;<(A>> = (4).

Therefore, we deduce
Me,, (M, ((A))) = Mc, (M, (4)), Mc,,(ApM, ((A))) = Mq, (M, (A)).

The map Q,M — A,M induces the identity map on Mc, (M, (A)) after applying the
adjunctions above. Therefore, the map Ext}gcm (KpM, ((A))) — Ext%;cpq (A,M, ((A))) is
injective. Next, observe from (2)) that Ea:t}gcm (Ap,M, ((A))) = Ext%;cp (M, (A)) which is 0
by Proposition B4 b).

Finally we prove ¢). We have the short exact sequence 0 — Cp(Z) — A, (Z) — ((Z)) — 0
which induces a long exact sequence

s = Mey, (Co(Z), Lpg) — Butpg, (L)), Lpg) — Eat,, (Ap(Z), Lpg) = -+

We note that Mc,, (Cp(Z), Lpy) = 0 as the restriction maps in Ly, are injective and
Cp(Z)(Cpq/e) = 0. We also have

Ext%;cpq (Ap<Z>7 qu) = Ext}gcp (Z), P;qu) = Ext%;cp (z), Ly)
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which is Z/p by Proposition B4l Hence Euxt}; .. ({(Z)),Lypq) injects into Z/p. Analogously
Prq
using the short exact sequence 0 — Cy(Z) — AL (Z) — ((Z)) — 0, we observe that
Ext%;o (({(Z)), Lpq) injects into Z/q. Therefore, Ext};c (((Z)), Lpq) = 0. O
rq pq

We end the section with a crucial observation about the Mackey functors Cp(Z/p) and
Kp(Z/p). We note that as Mackey functors there is an isomorphism C,(Z/p) = K,(Z/p).
Moreover if we have a map of Mackey functors

¢ :Cp(Z/p) - M

with the property that the map C,(Z/p)(Cpq/Cp) — M(Chpq/Cyp) is a split injection, then
the map ¢ is a split inclusion. Suppose 7 : M(Cpq/Cp) — Z/p is the splitting. We may
define a map ¢ : M — C,(Z/p) by ¢¥(Cpq/Cyp) =T,

W(Cpa/Crg) = 0~ rEr (Co{Z/p)) © (Cog/Cp) © rescr (M),

and 1 = 0 at other levels. Similarly, any map of Mackey functors ¢ : M — IC,(Z/p) which
is a split surjection at level Cp,/C) is a split surjection. We summarize the result in the
Proposition below

Proposition 3.7. a) A map of Mackey functors Cp(Z/p) — M which is a split injection at
level Cpq/CY, is a split injection of Mackey functors.

b) A map of Mackey functors M — K,(Z/p) which is a split surjection at level Cpy/C) is a
split surjection of Mackey functors.

4. COHOMOLOGY OF REPRESENTATION SPHERES

In this section we compute the cohomology of representation spheres. These play a crucial
role in computing the cohomology of a point via the cofibre sequences

S(V)y = 8= sV

for any representation V' of C,,. In the associated long exact sequence, the cohomologies
of SO and SV encode values of cohomology of a point. Therefore, if we know the value of
Ht (S(V);4), then we deduce a relation between H¥, ¥ (S°) and Hf, (S°).

prq prq rq

The irreducible representations of C,, are given by €% where ¢ is the 2-dimensional
representation induced by the pg'"-roots of unity. We compute the cohomology of S(¢¥) for
various k. This splits into three cases: k relative to pq, k divisible by p and k divisible by gq.

Proposition 4.1. :
Ac es for|a| =0
a) He, (Cpofe ; A) = { bale

0, Otherwise
b) For (j,pq) =1,
Ryq, for|a|=0
ﬂgpq(s(£])+§é) = qu7 fOT ‘Oz’ =1
0, Otherwise

Proof. To prove a) we use the following reductions

_acpq (Cpq/eJr;A)(Cpq/H) = ﬁ(oqu (Cpq/eJr A Cpq/HJr%A)
~ [{1°1(Cpy/H ;)
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Hence a) follows. For b) consider the cofibre sequence of Cpq-spectra

1— .
Cpq/e+ = Cpq/e+ — S(&)+

for some generator g of Cp,,. This induces the long exact sequence

o= HE N (Cpgfe,) = He, (S(67),) = HE, (Cpgfey) = -+

q
which implies the short exact sequence

0 — coker(1 — Hg 1(g)) = HE, (S(€)1) — ker(1 — HE, (g9)) = 0.

From a), the cohomology of H¢: (S (¢7)4) is non zero only when |a| is 0 or 1. We further
compute the kernel and cokernel factors by calculating

He¢,,(9): He,, (Cpgfey) = He, (Cpgfey).

The identification of H¢, (Cpg/e, ) with H %pq (Cpq/e,.) is natural, so it suffices to compute
HZ (g) on ﬂoc . Thus we have,
rq rq

0, for H = C),
1—-04 for H=C,
1-o0p, for H=C,
1 —o0pg, for H={e}

(1- ﬂ%pq (9))(Cpq/H) =

Where oy, is the cycle (1,2, -+ k) in X, the symmetric group of k-elements. The result

follows. 0
We have the following cofibre sequence

(3) S€)4 — S — ¢

which leads to the long exact sequence

(4) s HEN(S(€)4) — He $(8°) — HE, (S°) — He, (S(€)4) — -+

_ d,
For computing using this exact sequence we need to understand the maps H g:f ! (S(&)4) =5

He. (SY) and H Cog (59 5 H ¢, (S(€)+). The following Proposition is useful in this regard.

Proposition 4.2. a) If |a| = 0, the map 5¢(Cpq/e) is an isomorphism. In other cases,

0¢(Cpq/€) = 0.
b) If || = 0, the map m¢(Cpq/e) is an isomorphism. In other cases, m¢(Cpq/e) = 0.

Proof. The proof relies on the natural isomorphism He: (X3 A)(Cpg/e) = Hl®l(X;7Z). Non-
equivariantly, the cofibre sequence (B) reduces to the cofibre S—lk 5 89 — 5%, The result

now follows from the fact that 7 induces an isomorphism on H° and the attaching map is
an isomorphism on H'. O

This leads to the following result by applying Proposition F.1]
Proposition 4.3. a) If |a| > 1 or |a| < =3,
~J +
H, (%) = HEF(S0).
b) If |a| = 0, there is a short exact sequence of Mackey functors

0— Lyg — HE, (5%) — ﬂgjf(So) =0
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As a consequence, if o] = —1 and ggpq(so) =0, then ﬂg:f(So) =0.
c) If o] = =2, as groups I:[g:f(SO) = ﬂ'gpq(SO) D Z.
The results hold with & replaced by ¥ where k is prime to pq.

Proof. For the first statement note that ﬂgjf*l(S(g)jL) and ﬂgjf(S(f)jL) are 0if o] > 1 or
|a] < —3. Therefore a) follows from the exact sequence [l). When |a| = 0, H aC:qg_l(S(g) y) =
Ly, and ﬂgjf(S(f)jL) = 0 by Proposition 4.1l The map ﬂ%:ffl(S(g)jL) — ﬂ%m(So) in
the exact sequence () is an isomorphism when evaluated at C,,/e by Proposition As
the restriction maps in L,, are all injective it follows that the map from L, to A %pq (89 is
indeed injective. Hence b) follows. To prove ¢) we consider [{l) indexed at a+¢ for |o| = —2

and obtain
0= He (S°) = HEE(S0) = Ryg — -+

The map H aC:f(SO)(Cpq /e) = Rpq(Cpq/e) is an isomorphism by Proposition We note

that the image of
CP‘I

tre™ : Rpqg(Cpg/€)(= Z) = Rpg(Cpq/Cpq) (= Z)
is pgZ. 1t follows that the map flg:f(So) — Rpy(Cpq/Cpq) has image isomorphic to Z.
Hence ¢) follows. U

In our computations of H %pq(SO), we write this Mackey functor upto isomorphism as a

function of |a|, |a?|, |a®| and |aP¢|. In many cases, there is actually such a function.
In Theorem [E.6l we prove that the group ngq(SO) is indeed a function of the four fixed

points.

Remark 4.4. We note that changing a by adding or subtracting copies of & changes the
values of || while keeping the values of the other fized points unchanged. Therefore, Propo-
sition [{.3 implies that the computation for H, (S%) for fized values of |a?|, |a4| and
|aCra| splits into three parts : || > 0, |a| < 0, and |a| = 0. As & changes |a| by an even
number, one must also consider the cases a even and « odd separately among the three
cases. In the following relations we shall use notations like || > 0 even” to mean the
specific case that || is a large positive even number.

In order to compute the cohomology of the other representation spheres, one needs to
know the values of H¢, (Cpq/Cp ) whose values may be computed from H. %p(SO) as we
shall see below. In this regard, we have the following computation from [9], Theorem 4.9.

Proposition 4.5.

(Alda],  for |a| =0]a%| =0
R, for ja| =0 |a®?| <0
L, for |a| =0]af| >0
HE (5% = { (@), forlal £0]a%| =0
(Z)p), for|a| >0 |a?| <0 and |aC?| is even
(Z/p), for|a] <0 |a?| >1 and |a®?| is odd
0, Otherwise

Observe that the formula for H %P(SO) depends only on |a| and |a®?| except in the
case when both the dimensions are 0. In that case, the Mackey functor also depends on
the integer d, which is well-defined modulo p. We shall not use the integers d, in our
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calculations, so we avoid their definition in this paper. We have the following computation
for the cohomology of spheres S(£¥) when k is divisible by p.
Proposition 4.6. a) ®;H¢ (SO) = O‘p(SO).
b) He, (Cpg/Cp; A) = E H, L (5% A).
c) For k: divisible by p but relatwely prime to q we have,
HE, (S(E) 15 A) = Co(HE (5% A)) © Ky (HE, (5% A)).

Proof. The statement a) follows from the natural isomorphism

rescy, (a)

HE, (Cpq/Cpy NX) = He 7 (X).

We note that this isomorphism identifies the groups H¢, (Cpq/Cp)(S) with Ep(H (SO))(S )
as groups. The restriction and transfer maps for Cp,/C; — Cpq/Cpq may be read off from the
corresponding Cp-equivariant maps. The other restrictions and transfer may be computed
as in Proposition ] to deduce b).

For the cohomology of the sphere we use the cofibre sequence of C,,-spectra

1—
(5) Cpq/Cp . = c pa/Cpy — S(€ &)+
for some generator g of C), C Cp,/Cp. This induces the long exact sequence

o B Cra/C ) = HE, (S(E),) = HE, (Ca/Cy)

and hence the short exact sequence,
0 — coker(1 — Hg Y(g)) — HE,, (S(€%)+) = ker(1 — HE, (9)) = 0
We deduce that ker(1—H¢, (g)) and coker(1 —ﬂ%;ql (9)) are KpHe, (89) and Cpﬂ%;1 (SY)

respectively analogously as in the proof of Proposition [£.1l
It remains to check that the above sequence splits as a direct sum. Observe that both
terms are non-zero only when |a| = 0 and |a“?| > 2. In this case we have

0 — Cp(Z/p) — HE, (S(EP);) = KpL — 0.
As KpL(Cpe/Cp) = Z, the map Cp(Z/p) — H¢, (S(EP),) is a split injection at Cpq/Cp.
Thus, we are done by Proposition 3.7 O

Using Proposition and Proposition 5] we may write down the explicit expression for
He (S(€F) ) restricting to the important cases |o| > 0 and |a| < 0.

Corollary 4.7. Let « € RO(Cypq) be such that |a] # 0 or 1, and k be an integer prime to
q and divisible by p. Then,

(1C,(Z), if |a] >0, |[a?| =0

Cp(Z), if la| > 0, |a%| =1

Co(Z/p), if|a] >0, |a®?| <0, and|aC?| is odd
K,(Z/p), if|al >0, [a%| <0, and|aC?| is even
H2, (€)= 1G(@),  ifla] <0, [a%| =1

Kp(Z), if la| <0, |a“?| =0

Co(Z/p), if|la] <0, |a%| > 2, and |aC?| is even
K,(Z/p)), if|a|l <0, [a®| > 2, and|aC?| is odd
0, Otherwise

In particular if (|| > 2,]a%?| > 2) or (|a < —1,]a’?| < —1), He (S (")) =0
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Proceeding analogously as in the case of £, we consider the cofibre sequence
(6) Sy — 8% = 8¢
which leads to the long exact sequence

(7) o HEN(S(€7)4) = HE *'(8%) — He, (S°) — HE, (S(€)4) = -+

1) 7r
and thus, want to compute the maps ﬂ%:fpil(S(fp)jL) = ﬂ%pq(SO) and ﬂacpq(SO) =
He, (S(&P)+). In the following Proposition, we compute ®;(d¢r) and @ (mer). Note that
®;(He, (S°) = He, (S°).

Pq P

Proposition 4.8. a) The map ®,d¢r
s pro+EP — ~ F* a+EP— a+-EP — ~ ITQ o «a
BRHE TN (S(E7)4) = D (CuHE (SO @K, HE TH(S0) = HE, (S)eHE (S°) — HE, (5°)

is an isomorphism on the first factor and 0 on the second factor.
b) The map @y mer

HE (S°) — @ HE (S(EP)1) = 5 (ColE 1 (S°) @ KpHE, (%) = He (%) @ He, (S°)

is an isomorphism onto the second factor and 0 onto the first factor.

Proof. The Mackey functor ®;M is given by S + M(Sx Cp,/Cp). In view of the natural iso-
morphism ﬁgpq(X ANCpq/Cp 3 A) & ﬁ(ii)sc”a(X;A), we have ©(He, (X;A)) = He (X3 A)
with the induced action of C}, on X by restriction.

For X = S(€P)4 we have the restriction of the action to Cj, is the space S} with trivial
action. The cofibre sequence (@) restricted to C), becomes the cofibre sequence S_li_ 5680
S2. As 7 is a retraction, this induces an isomorphism HE (S(€P)+) = ﬂ%p(SO) @ﬂ%;l(SO).
It follows that the maps ®;mer and ®;d¢r are given by isomorphisms on the first and second
factor respectively.

It remains to identify the splitting above with that of Proposition The restriction of

the cofibre sequence ([l gives the sequence
1—
VS = v, 80 — st

of Cp-spectra. The composite V.S? — S}r %S9 induces the diagonal map on cohomology
which in turn is the kernel of (1 — g)* as computed in Proposition Analogously the
composite S® — S} — Vv, S! induces the fold map on cohomology which is an isomorphism
on the cokernel of (1 — g)*. Since the inclusion S® — S% and 7 : ST — S are used to
get the splitting above, these isomorphisms identify the splitting with that of Proposition
4.0l ]

This leads to the following result by applying Corollary 7]
Proposition 4.9. a) If (|a| > 1,]a%| > 1 or < =3) or (Ja] < =3,|a| < =3 or > 2),
~ P
H, (S°) = HE(S°).

b) If (la] > 2,]a%| = 0) or (|a] < —3,|a| =0) , there is a short exact sequence of Mackey
functors

0= C(Z) — HE, (S°) — HE (5% — 0
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As a consequence, if |a| > 2 or < =3, |a%?| = —1 and ggpq(so) =0, then ﬂg;f”(so) =0
¢) If (lo] < =1,a%|=1),

H, (5°) ® Ky(Z/p) = HE (5°)

d) If |a| > 0 and |a®?| = =2 there is an Abelian group A such that gg;gp(so) =A®Z and
f[gpq(SO) =A®Z/p.

e) If (o] < —4,]a| = =2), HE''(5%) = Hg (S°) & Z.

The results also hold when &P is replaced by €8 where k is divisible by p but not by q.

Proof. We use the long exact sequence (7)) indexed at a + &P, and Corollary 71 First we
note that the fact that if (la| > 2,|a| > 2) or (Ja| < —1,]a%| < —1), HE, (S(&P)4) =
implies the cases (Ja| > 1,[a“?| > 1) and (Ja| < =3, |a?| < —3) of a).

For the remainder of the cases of a), we obtain the exact sequence from ([4.9]) and Corollary

41
-+ = Cyp(Z/p) — HE, (S°) — HEE' (S%) = Ky(Z/p) —
Proposition .8 implies that the leftmost and rightmost arrows are isomorphisms at Cpq/Cp.
So we deduce from Proposition B.7that there is a Mackey functor N such that A ac—:qu (8Y) =
N & K,(Z/p) and ﬂ%pq(So) = N & C,(Z/p) which are isomorphic as K,(Z/p) and C,(Z/p)
are. Hence a) follows.
Next we prove b). Under the given assumptions on a we have H a+£ (S(€P)4+) = 0 and

H ac—:qu L(S(ep)4) = Cp(Z). Thus the exact sequence (7)) in this range looks like

0 +&P 1 @0
(= CplZ) = H,, (5%) = Hel ' (87) = 0
where the left map is an isomorphism at C,/C), by Proposition The restriction map

Cp(Z)(Cpq/Cpq) = Cp{Z)(Cpq/Cp) is injective, so that the map of Mackey functors Cp,(Z) —
He, (SY) has trivial Kernel. Thus b) follows.

For c), it suffices to prove for |a| < 0 by Remark B4 If |a| < 0 odd and |a“?| = 1, which
implies |a + €P| < 0 and |(a + €P)“?| = 3 so that Corollary BT implies ﬂ%qup(S(fp)+) =
Kp(Z/p). Therefore () looks like

P
0— He, (S°) — HEE(8%) — Ky (Z/p) —

where the right map is a split surjection at level C,/C, by Proposition .8 We now
conclude ¢) from Proposition B7l In the case of e), the exact sequence () reduces to

0— HE (5°) — H“*f”(so) — K (Z) —

The right map is an isomorphism at Cp,/C, which means that evaluating at Cp,/Cp, the
image is a non-trivial subgroup of Z. Thus we have a short exact sequence

] 0 rra+gP  ¢0
0— He (S )—>Hcpq (%) —=7Z—0
and e) follows as Z is free. Lastly for d), () looks like
P
++ = Cp(Z/p) — HE, (5%) = HEE'(8%) = Ky(Z) —

The leftmost map satisfies is a split injection at C,q/C), by Proposition and so is a
split injection of Mackey functors by Proposition B7l The rightmost map as in e) is a split
surjection onto Z at Cp,/Cpq. Hence d) follows and the proof is complete. O
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Remark 4.10. Proposition[{.9 a) implies that in computations of H¢, (SY) when |a| # 0,

we have three kinds of cases |a®?| > 0, |aC?| < 0 and |a?| close to 0. More explicitly,
suppose |aCe| and |are| are fived and |o| # 0. As in remark[{4), it suffices to consider the
following cases

1) For |a| > 0 even, three subcases |a®?| > 0, [a®?| < 0 and |aC?| = 0.

2) For |a| > 0 odd, two subcases |a“?| > 0 and |a®?| < 0.

3) For |a| < 0 even, three subcases |a“?| > 0, |a%?| < 0 and |a“?| = 0.

4) For |a| < 0 odd, three subcases |aC?| < 0, |a®?| =1 and |a?| > 1.

Further, Proposition [{.9 c), provides a relation between the last two cases of 4). We note
that a similar list of cases might be written down for |a| and |a%e| by applying Proposition
[£.9 with q instead of p. Thus, we essentially have a grid of cases to compute which we
accomplish in the rest of the paper.

We end the section with some explicit computations. These are meant to be a guideline
as to how the results above lead us to computations. We compute ﬂ%pq(So) for a =
P —n, P+ €1 —n,n—EP p—EP — &4

We start with the exact sequence ([7]) where « is of the form &P — n. The first place from
the left where H. g;;n(S (€P)4) is non-zero is for n = 2. We have the sequence

He? (S°) — He (8°) — He, *(S(€9)y) — H! ()

which implies the isomorphism ﬂgpf(so) = ﬂgpf{b’(f”h) = KpA, from Proposition
Moving one step further we obtain

- - ¥,
0— He (S — H, ~(S(€7),) 5 HY, (S°) — He, (%) = 0.

We know that ﬂocpq (S%) = A and ﬂfgpj(S(gp)Q = CpA,. From proposition 3.5 we have
that the map ¢ is classified by ¥(Cp,/Cp) and ¢(Cpq/e). However, Propositions A6 and
imply that @;ﬂg:l(So) = 0, and thus, the Mackey functor ﬂgc:l(So) is zero at Cp,/C)
and Cp,/e. Therefore the maps (Cpq/e) and ¢ (Cp,/C)p) are isomorphism and this allows
us to completely compute the map 1. It follows that ¢ is one one and hence, H g;;l(SO) =0
and H gpq(SO) = QpA,, the cokernel of . The terms further right in the sequence are all
0. Therefore we obtain

0 ifn#0,2
P_p ~ .
(8) H%pq (SO) = /CpAp ifn=2
QpA, ifn=0.
Analogously we deduce the case
0 ifn#0,2
n—&P A~ .
(9) Hy 99 =4c,4, ifn=2
QpA, ifn=0.

Now we add a copy of &7 to the groups in (8) using the exact sequence () for £9. The first
non-zero part computes H g:gqfél(So) = KyRy = Ryy. The next part is

0= HE (8% = HE 1 (S(E0) 1) =
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The Mackey functor ﬂg’;gq*w(&q)g = C,R, by Proposition 7. We note that the map

from C, R, to the next term in the sequence is injective. Therefore, H g:;gq_?’(So) = 0. The
next terms in the sequence are

P_9 PLga_9 PLga_9
0= CyRy — HE2(8%) - HE (8% — B 2(8(¢7)4) = 0
After substituting the values from above this looks like
PLgd_9
0= CRy = KpA, — HE72(8%) = Ky(Z) — 0

The map C;R; — KA, is determined by the map at C, /Cy where it is an isomorphism.
We may compute the cokernel as IC,,(Z). So we obtain the short exact sequence

0 = Kp(Z) — HE "' 72(S%) — Ky(Z) = 0

and by symmetry also the exact sequence the other way around. It follows that the exact
sequence is split and H' g;_:gq_Q(So) = Kp(Z) & Ky(Z). The next terms in the exact sequence
are
PLgd—] Pygd—_1
0 HETETUSY) — HETE N S(60),) - -
The Mackey functor ﬂgjpfq‘l(S(gqp) = C4(Z) and by Proposition L9 b) the map from

this onto the next term is injective. Thus, H g:;fq_l(so) = 0. The next terms are
P P q P q
0= Cy(Z) — HE, (S°) — He H'(8%) — He, H'(S(69)4)

with the last term being 0 by Proposition 7l Therefore, H g;_:gq(so) is the cokernel of the

map Cy(Z) — QpA, which is an isomorphism at level Cp,/Cy. It follows that the cokernel
is ((Z)). Thus we obtain

0 if £ 0,2,4
if n = 4
(10) HE (50 = L L
p(Z) ®Ky(Z) ifn=2
(Z)) if n = 0.

Analogously we start with the computation ([@) and put the values in the exact sequence
([@ to obtain

0 ifn#0,2,4
L ifn=4
(11) H, §(50) = § 7 T
(L) & Cy(Z) ifn=2
(Z)) if n = 0.

5. INITIAL COMPUTATIONS AND THE INDEPENDENCE THEOREM

In this section, we start the computations of H %pq(SO) in a systematic way. One of the
main theorems of the section states that the groups in the Mackey functor are a function of
the fixed point dimensions. This is proved at the end of the section following certain initial
computations.

Our approach to the computations follow certain clues from Remarks 4] and in
the last section. We get the idea that the computations are perhaps going to be easier if
we let the fixed points to be non-zero. The computations for Cp-cohomology (Proposition
[4.5]) suggest that these are likely to just depend on the fixed point dimensions. In the
Proposition below, we allow |a/| to be non-zero and of the same sign. In addition when
|a®ra| is also of the same sign the computation is easy, the other cases are more involved.
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Proposition 5.1. Let a € RO(Cpy).
a) Suppose || >0 for all H # Cpy. Then

0 |aCra| > 0, or |aCr| < 0 odd
(Z)) laCra| =0
((Z/pa)) !Occpq\ < 0 even

Hg, (8% =

b) Suppose |afl| < 0 for all H # Cp,. Then

0 |aCri| < 1odd, or|aCri|#0even
ﬂ%pq (SO) = <<Z>> ‘anq’ =0
(Z/pq)) |aCra| >3 odd

Proof. We first observe that the Mackey functors H¢, (8Y) in a) or b) depend only on the

value of |aCra|. If ]alc”q] = \ach

between 1 and pg — 1,
o Y o Y
i k

Start with the case a). We note under the given conditions on o, H¢, . (8Y) =~ ﬂgjfj (SY)
for j relatively prime to pg by Proposition [£.3] and for j divisible by exactly one of p or ¢
by Proposition [£.91 Thus, we deduce

|, then we must have that for some integers j; and I

ﬂc;q(so) :ﬂC;qZ 13 (SO) :ﬂCj,q Zk§ (SO) :ﬂciq(so)

For the case b), we have H¢, | (SO = H g;fj (8Y) for all j between 1 and pg—1 by Propositions
and €9 so, a similar argument applies. As a consequence, we may compute by making
specific choices of a. We directly deduce the case |[a“?¢| > 0 of a) and |a®P| < 0 of b) as
He (8Y) = 0 when n # 0. Further the computations (I0) and (II)) allow us to deduce the
cases |a®Pi| = 0 of a) and b) and |a®P¢| = 1 of b).

At this point it might seem like a few more explicit computations may be able to prove
the Proposition easily. We avoid this approach because, the explicit computations are quite
involved and also because, the other path traverses through computations of H acpq (S9) as
a function of the fixed points.

Our approach for the rest of the cases for a) involves starting with |aff| < 0 for all H,
where we know the value to be zero, then flip the signs of |a/| by adding copies of &, &P
and &7 and make calculations using the exact sequences (]) and (7]) along the way. Start
with an odd element o with negative dimensional fixed points and apply Proposition (9]
b) and Proposition b) to deduce that if |aff| < 1 odd for all H # C,, and |a®?| < 0,
H %pq (8% = 0. This proves the first statement of a). Additionally we may apply c) of
Proposition 9] to deduce
1) If a is odd and |a| < 0,]a?| > 1,]a%| < 1,]a%4| < 0, then, ﬂ%ﬂq(so) = Kp(Z/p).

2) If a is odd and |a| < 0, |a%| > 1, [a%| > 1, |aPe| < 0, then, Hg (8% = Ky(Z/p) ©

Kq (Z/q).

Next we consider |a“7e| < 0 even. We take |a < —4, |a®?| = —2, |a%?| = —2 so that
ﬂg:fp(S(gp)+) = K,(Z) and the exact sequence (7)) indexed at o + &P reduces to

0 — Hg, (8°) = HE(S%) = Ky(Z) — -+
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Observe that H¢, (S°) =0 and H %;qu(SO) = 0 as all the fixed points have dimension < 0.
It follows that for even a with |a| < 0,|a®?| = 0,]a%| < 0,|a%r| < 0, ﬂ%pq(SO) = K,(Z).
Now we consider |a] < —4 in this expression and increase a by another copy of 7. It follows
from b) of Proposition [L.9] that H g;rfp(SO) is the cokernel of a map

Cp(Z) = Kp(Z)

which is an isomorphism at C,,/C, by Proposition .8 It follows that the cokernel is

({(Z/q)). Therefore for even a with |a| < 0,|af| > 0,]a%]| < 0,]a%| < 0, HY (SO) =
((Z]q)). Next we increase o by &9 starting with |[a“e| = —2, so that an analogous argument
implies that for |a| < 0,]a®| > 0,]a%| = 0, |a1| < 0, we have the exact sequence (() for
the prime q)
— ((Z/q)) — HE,,(5°) = Ko(Z) > 0

which may be considered as an element of Ert} Coa (Ky(Z),({(Z/q))). By Proposition [3.6]
this group is 0. Hence, the sequence splits and we have that He, (S = K (Z) ® ({Z]q)).
Increasing a by a further &7, analogously as above we realize that for even o with |o| <
0, |a®?| > 0,]a%| > 0, |ar| < 0, ﬂ%pq(SO) is the cokernel of a map

Co(Z) = Ko(Z) ® (Z/q))
The map C,(Z) — ((Z/q)) is 0 by Proposition [3.5] and thus, the cokernel may be computed
as in the p-case to be ((Z/p)) ® ((Z/q)) = ((Z/pq)). Hence for even a with |a| < 0, |aC?| >
0, |af| > 0,|a%] < 0, HCpq(SO) ({(Z/pq)). Now start with |a| = —2 in this case, and
add a copy of ¢ to obtain the exact sequence (@) for |a| = 0, |a?| > 0,]|af| > 0, |ar| < 0,
0— ((Z/pq)) = H¢,, — Rpqg = Kp(Z/p) ® Ko(Z/q) — 0

The last two terms in the exact sequence are computed from 2) above and the first statement
of a) proved above. It is routine to compute the kernel of R,, — K,(Z/p) & ICy(Z/q) which
turns out to be L,,. Therefore the above sequence turns out to be

0— ((Z/pa)) = HE,, — Lpg — 0

which may be considered as an element of Exty ¢ ( vqs ((Z/pq))). By Proposition B, the

sequence splits and we have that Hg (SO) Ly, EB ((Z/pq)). Adding another copy of ¢ to
such an a reduces to the case b) of Proposmon [.3land hence, we obtain the last statement
of a).

Now we turn to b). Here we start with a with all fixed points positive and reverse the
signs of |af, |a®?| and |a%e| by subtracting copies of £, P and €7 using the exact sequences
@) and (7). We also note that Propositions and imply that ®;HE (S%) = 0 and
@;_%pq(So) = 0 in the remaining cases of b), so that, it suffices to compute the group
ﬁgpq (89). Consider the case where |a?4| > 0 even. First note that Proposition b)
implies
3) If « is even with |a| = 0,]a%| > 0,]a%| > 0,]a| > 0, then, He, (SO) Ly,

Now start with |a| = —2,|a%?| = 2, |a%| = 2,|a%| > 0 so that we have Ha+£(50) =
and then Proposition €3] ¢) implies that HCpq (S%) = 0. Therefore for even o with |a| <
0,|af| > 0,]a%| > 0,]a%1| > 0, we have He (8Y) = 0. Now Proposition EE9 b) implies
for |a| < 0,]a?| = 0, |a%| > 0,]a%| > 0, ﬂacpq(SO) = Cp(Z). Now we apply Proposition
EJe) to deduce that for even a with |a| < 0, |a“?| < 0,]a%| > 0, |aPe| > 0, ﬂ%pq(So) ~ (.
Analogously we also obtain the following results

4) If o is even with |a| < 0, |a%?| < 0, |aC| = 0,|aC| > 0, then, ﬂacpq(SO) = Cy(Z).
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5) If « is even with |a| < 0,]a%?| < 0,]a%| < 0,]a| > 0, then, ﬂacpq(SO) = (.

This implies the first statement of b). In fact, an analogous argument also gives the short

exact sequence 0 — Cp(Z) — ﬂ%pq(SO) — Cy(Z) — 0 whenever |a| < 0,]a%| = 0,]a%]| =

0, ]acpq\ > 0, and by the symmetry of p and ¢, also the sequence the other way around.

Therefore, the sequence splits and we obtain

6) If a is even with |a| < 0, |aC?| = 0, |a®| = 0,]|a?¢| > 0, then, ﬂacpq(SO) = Cp(Z)BCy(Z).
Finally it remains to prove the case in b) where a is odd with |a®?¢| > 3. Consider

an odd a with |a| < 0,|a®?| > 1,|a%| > 1,]a®| > 1. Then from @) we have an exact

sequence

+6-1/ 0 0
---—>ﬂacpf (8%) = Rpy — He, (S7) — 0.

We know that ﬂ?%*l(so) = L,, from 3) above, and from Proposition 2] that the map
rq

Ly, — Rpq is an isomorphism at Cpg/e. It follows that the map L,, — R, is injective and

its cokernel ﬂ%pq(so) = Kp(Z/p) & K¢(Z/q). Now Proposition c) implies that

7) If o is odd with |a| < 0,]a%?| = 1, ]a%| > 1,|afr| > 1, ﬂacpq(SO) = Ky(Z/q).

8) If v is odd with |a| < 0,]a%| = 1,|a%| = 1,|a%| > 1, HE (S°)=0.

Now we start with « as in 8) and subtract copies of £P and 9. Subtracting & we obtain

that for |a| < 0,|a®?| = —1,]a%| = 1, |a®P4| > 1, the sequence (7) indexed at a + &P looks

like

oo = Cp(Z) ® CUZY — Kp(Z) — ﬂacpq(so) —0

after substituting the values from 6) above and Proposition @7l The map from Cy(Z) to
KCp(Z) is trivial by Proposition Bl and the map from C,(Z) to KC,(Z) has cokernel ((Z/q)).
Therefore, we have

9) If o is odd with |a] < 0,[a%| <0, |a%| = 1,|a%%| > 1, then, HE, (S°) = ((Z/q)).
Note that this implies by Proposition [£.9] ¢)

10) If o is odd with |a| < 0,[a®"| < 0,[a%| > 1,|a%| > 1, then, HE, (S°) = K,(Z/q) @
(Z/a)).

Remove a copy of {7 from an « as in 9), and apply the exact sequence (7)) indexed at a+£9.
Thus, we deduce the following exact sequence for |a| < 0, |a®?| < 0,]|a%| = —1, |are| > 3,

s = Co(Z) = Ko(Z) = HE, (5°) = ((Z/q)) = Cy{Z) — -+

The last map must be zero as all the groups in C4(Z) are free and the ones in ((Z/q))
are finite. We compute the cokernel of Co(Z) — K4(Z) as before to be ((Z/p)) to deduce
He. (S°) = ({(Z/pq)). This completes the proof. O

As stated in the proof of the Proposition above, we intentionally followed a route that
traversed through a number of useful computations. We now note them down in the three
Propositions below. These results are arranged according to || < 0 even, |a| < 0 odd, and
la] = 0.

Proposition 5.2. Let a be an odd element with |a| < 0.
a) Suppose |a?| = 1. Then,
0 |a%| =1 and |aCre| # 1
HE (5% =40 |a%| < 0 and |aP1| <0
(Z/p)) |a%| <0 and |a“re| > 1
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b)Suppose that |aC?| > 1. Then,

,CP<Z/p> ‘OéCq’ =1 and ‘acpq‘ #£1
H% (SO) _ ’Cp<Z/p> @Kq<Z/q> |acq| > 1 and |a0pq| £1
- Kp(Z/p) |a%| < 0 and |aP1| < 0
,CP<Z/p> © ((Z/p)) ‘va’ <0 and ‘aCPQ‘ >1

Proposition 5.3. Let « be an even element with |a| < 0.
a) Suppose |a?| = 0. Then,

N

p(Z) la%| < 0 and |ar1| <0
(Z) laCa| # 0 and |aP| > 0
(Z) & Cy(Z) la®e| =0 and |a%P| > 0
p{Z) ® ((Z/p)) la®e| > 0 and |a%P| < 0

‘Eite)

HE,, (8% =4 "

b) Suppose |OéC”| > 0. Then,
0 |a®| # 0 and || > 0
_acpq(SO) = (Z/g)) o <0 and |aCPri| <0
(Z/pg)) |a“| >0 and |aCr| <0
Proposition 5.4. a) Suppose |a| = 0,|a’?| > 0,|a%| > 0. Then,

% (SO) — qu ‘anq‘ >0
o Lyg © ({(Z/pq)) la| <0

b) If « is an odd element with all fized points having dimension < 1, then ﬂ%pq(SO) =0.

The next step in our computations is to start with the results of Proposition Bl and flip
the sign of |a| using multiples of £&. Some of these have already been computed and are
stated in the Propositions[5.2] and (.4l above. The rest are computed in the Proposition
below.

Proposition 5.5. Let a € RO(Cy).
a) Suppose |a“?| > 0,|a| > 0. Then
HE, (S0) = (Z)) la] <0 and |azm| =0

. Lpg ® ((Z)) |a| =0 and |a™re| =0

b) Suppose |aC?| < 0,]a%| < 0. Then

0 la| >0 odd, and |a“Pe| <1
Ry, la| = 0 and |aCre| £ 0
e (SO) _ Rpq @ (Z)) la| =0 and |a0pq| =0
i (Z)) & Co(Z/p) ® Co(Z[q) |l >0 and [ar1] =0
Cp(Z/p) ® Cy(Z/q) la| > 0 even, and |aP1| #0
L ((Z/pq)) la| >0 odd, and |a“ve| > 1.
Proof. For a) we start with the computation |a| > 0,|a%?| = 0 of Proposition [5.1] b)
and subtract copies of £, Thus, when |a| = 0, ]a%| = 0, we have the exact sequence by
Proposition 3] b)

0= Lpg — HE, (8°) = ((Z)) =0
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which is split exact by Proposition B.6l Next for |o| = —2, Proposition [0 implies that the
only non-zero part of H¢, (5% is at Cpy/Cpg. This is computed from Proposition B3 ¢) to
be Z, thus proving a).

Now turn to b). We start with |a| = 0 and consider the exact sequence ()

— —&+1
0 — He, 8(S%) — HE, (S°) = Rpg — HE S7(S%) = HETN(SY) = Ly — -+

Proposition b) implies that the map from L,, onto the next term is injective, and
Proposition .11 b) implies that H. g;f“(so) =~ ((A)) for some A. Proposition implies
that any map of Mackey functors from R, to ((4)) is 0. Thus for |o| = 0 one has the short
exact sequence
0— ﬂac;f(So) — Hg (S°) = Ryg — 0
and for |a] =1,
H, 5(5%) = HE, (S°).

We directly conclude the first, second and last statements of b). If |a| = [a®?¢| = 0, the
short exact sequence looks like

0— ((Z)) = Hg (S°) = Rpg— 0

which is realised to be an element of Ext} o (Rpg, ((Z))). By Proposition 8.6, the sequence
rq

splits proving the third statement of b).
Lastly consider |a| = 2. We have the short exact sequence by Proposition b)

0— Lp, — ﬂac;f(So) — Hg (S°) =0

In the remaining cases for b) we have H %;5(50) = Ry, or Ry, @ ((Z)). The factor Ly,
maps to Ry, (and trivially onto ((Z)) by Proposition Bl the cokernel of which has been
computed in the proof of Proposition 0.1l as C,(Z/p) & C4(Z/q). This completes the proof
of the Proposition. O

We move on to the next result which states that the RO(C),)-graded cohomology groups
are a function of the dimension of the fixed points. This is proved for the group C), in
Stong’s calculation of H aCP(SO) (Proposition F5).

Theorem 5.6. For every subgroup H, upto isomorphism, the groups H gpq(Cpq /H) depends
only on the four numbers |al, |aC?|, |aC4], |aCra].

Proof. It H # Cp,, this follows from Propositions 1] and [l Thus, it suffices to prove
this for H = Cp,. Given a 4-tuple a = (ae, ap, aq, apq) in which all the four numbers have
the same parity, we say a satisfies P if for every « with fixed points as in @ have isomorphic
values of H, 8pq(50). We need to prove that every a satisfies P.

From Proposition we see that, if we know this for those a with a. > 0 and a. < 0,
then we can prove this for every a. Analogously from Proposition 4.9, we see that it suffices
to assume additionally a, > 0 or a, < 0 and a, > 0 or a; < 0. This leaves us with 8 cases
determined by whether a., a, or a, are > 0 or < 0. The two cases where all have the same
sign are dealt with in Proposition Gl

We divide the argument into two cases a, < 0 and a. > 0 starting with the first case.
We note that Proposition implies P for all combinations a, < 0 odd except the case
apq = 1. We apply Proposition [F41b) with |a| < 0 and |a#e| = 1 together with Proposition
A3 c) to deduce property P for a. < 0 odd and a,, = 1. Proposition B.3limplies property P
for all possible combinations for a. < 0 even except the one where a,, = 0. Proposition [.]
implies P for a, ap, ay < 0 and ap,, = 0 and Proposition G5 implies P for a. < 0, ap,aq > 0
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and ap, = 0. Using the symmetry between p and ¢, the only remaining case to prove here
is a. < 0, ap <0, ag > 0 and apy, = 0. Proposition b) and Proposition a) implies
that if |a| < 0,]a%| = 0,]a%| > 0, |aP| = 0, I:Igpq(SO) >~ 7 @ 7. This computation and
Proposition @3 e) implies that if |a| < 0, [a%?| = —2,]a%]| > 0, |a| = 0, Flgpq(so) = 7.
This can now be used to prove P for a. < 0, a, < 0, a; > 0, apq = 0.

The remaining cases are a, > 0. Proposition b) implies P whenever a. > 0, a, < 0
and a; < 0. The symmetry between p and ¢ leaves the only remaining case as a, > 0,
ap < 0 and a, > 0. Suppose that a. is even. In view of Proposition B9 d), it sufficies to
prove P for a. > 0 a, = 0 and a4 > 0. Proposition .9 b) and Proposition [.1] a) implies
P for all cases other than a,, < 0 even.

We know that if || > 0, [a%?| < 0, || = —2 and |ar| < 0, ﬂ%pq(So) = Cp(Z/p) &
Cy(Z/q). Adding a factor of £7 gives the exact sequence ()

0 = Cy(Z/q) = Cp(Z/p) & Cy(Z/q) — HE (S°) — Ky(Z) — 0

The term to the left of C4(Z/q) and the term to the right of /C;(Z) are 0 by Proposition
a). One readily deduces that ﬂ%:fq(So) = Cp(Z/p) & Ky(Z) from Proposition B.7 Adding
a further factor of £7 induces the short exact sequence (Proposition @9b))

0 = Cy(Z) = Cp(Z/p) ® Kg(Z) — HEZ'(S°) — 0

Any map from Cy(Z) — C,(Z/p) is zero by Proposition and the cokernel of the map
Cq(Z) = Ky(Z) is ((Z/p)). Thus, we obtain H¢; " (S°) = C,(Z/p) @ ((Z/p)). Therefore, if
a is even with |a| > 0, [a%?| < 0, [a%| > 0 and |aP7| < 0, then, ﬂ%pq(So) = Cp(Z/p) &
({(Z/p)). This completes the verification of P for a. > 0, a, < 0, a; > 0 and a,, < 0 with
all four integers even.

Suppose a, is odd. If a,, < 1, Proposition b) and Proposition 9 b) allows us to
deduce P in this case by proving that the cohomology group is actually 0. Thus, assume
apq > 3. We start with a an odd element with |a| > 0,]|a%| > 3, |[a%4| > 3 and |a%?| = 1
and subtract &P to obtain ()

s HEH(S0) = Ky (Z) — HE#'(S%) = 0

The Mackey functor H (S°) 2 C,(Z) by Proposition A b). It follows that H ¢ (59) =
Chpq p Cpq

({(Z/q)). Thus we deduce P for a. > 0 odd, ap, < 0, a; > 0 and a,, > 3 which was the

remaining case. ]

We summarize some computations carried out in the proof above in the Proposition
below.

Proposition 5.7. 1) If |a] > 0, |a®?| < 0, |a%| = 0 and [a“#1| < 0, then ﬂ%pq(So) =
Co(Z/p) ® Ko(Z).
2) If a is even with |a] > 0, [a%| < 0, |a%| > 0 and |aP1| < 0, then ﬂ%pq(So) =

Co(Z/p) © ((Z/p))-
3) If a is odd with |a| > 0, [a%"| <0, |a%| >0 and |a%r¢| > 3, then ﬂacpq(SO) =~ ((Z/q)).

6. COMPUTATIONS OF HY, (S°)
Cpq

In this section we complete the rest of the computations of the cohomology Mackey
functors H¢, (S°) left over from the previous sections.

Let us start with o odd. If |a| < 0 all the computations except the case |[a®r¢| = 1 is
done in Propositions (.1l and Further using Proposition [(.4] the only case remaining
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is either |a“e| > 1 or |a%| > 1. For |a| > 0, the case {|a®?| > 0, |aC?| > 0} is covered
in Proposition 1] and the case {|a“?| < 0,|a%| < 0} is covered in Proposition b).
Moreover, Proposition 5.7 computes the case |a®?| < 0, |[a%| > 0 and |a®?¢| > 1. The
remaining cases are dealt with in the Proposition below.

Proposition 6.1. Let o € RO(C)q) be an odd element.
a) Suppose |a| < 0 and |a®?¢| = 1. Then

He. (S%) = Kp(Z/p). |a®?| > 1 and |a%| < 1
=Cra \Ku(Z/p) @ Ky(Z/g). |aP| > 1 and |aCe| > 1

b) If |a| > 0, |a®?| <0, |a%| > 0 and |a“Pe| < 1, then ggpq(so) = 0.

Proof. Note that a) follows from the Proposition [5.4] b) and Proposition c¢). The state-
ment b) is deduced by applying Proposition [5.4] b) for || = |a®/| = 1 and then adding
copies of £ and £9 using Propositions a) and a). O
Next turn to the case o even. Among all such «, we first consider |a| # 0 and |aCre| # 0.
We note from Propositions [5.1] and [5.3] that all cases with |a| < 0 and |a“»¢| # 0 have been
computed except |a| < 0,]a%| < 0 and |a®?| = |[ae| = 0. We have
Proposition 6.2. Let a € RO(Cp,) be even with |a| < 0, [a%| < 0, |a®?| = |a%| =0 .
Then, ﬂ%pq(So) =Kp(Z) ® Ky(Z).

Proof. We note H? " (8%) =~ K,(Z) from Proposition and H% $"T1(89) = 0 from
Cpq q Cpq
Proposition [5.4] so that the exact sequence () is of the form
0 — Kg(Z) — HE, (5°) = Kp(Z) — 0.
which splits because from the symmetry of p and ¢ we obtain the opposite short exact

sequence as well. O

Now let || > 0. We note that in Propositions 5.1l and 5.5 we have made all computations
when |a“?| and |a®e| are both non-zero of the same sign. Further, in Proposition (.7
computations are done for [a®?| > 0, [a%| < 0 and |a“»1| < 0. The rest of the cases are
computed in the Proposition below.

Proposition 6.3. Let a be even with |a| > 0.
a) Suppose |a“r1| > 0. Then, we have

Cy(Z) |a®?| > 0 and |a%] =0
Cp(Z) & Cy(Z) |a®?| =0 and |a%| =0
Cy(Z) & Cp(Z/p) |a®?| < 0 and |a%| =0
Cp(Z/p) la®?| < 0 and |a%] >0

HE, (8% =

b) Suppose |aCre| < 0. Then, we have
o (%) = Ko(Z) ® KZ)  |a“| =0 and [aC1| =0
T T (2 g)) @ Kg(Z) 1a®] > 0 and [aC1] =0

Proof. The first statement of a) follows from Proposition b). We apply the same result
to the second case to deduce the short exact sequence

0 — Co(Z) — HE, (5°) = Cy(Z) — 0

which splits because from the symmetry of p and ¢ we also obtain the exact sequence with
p and ¢ interchanged. For the third case, we let |a?| = —2 and note the cohomology at
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a + &P from the previous case. Then, the exact sequence () at the index o + &P is of the
form
0= Cp(Z/p) = HE, (S°) = Cp(Z) © C(Z) = Kp(Z) — -+,

after substituting values of H *Cpq(S (&P)4) from Proposition 7. The left map is injective
by Proposition L8l The map from Cy(Z) — K,(Z) is 0 by Proposition and the map
Cp(Z) — K, (Z) is injective by Proposition .8 Furthermore, the leftmost map in the above
exact sequence is split injection by Proposition B.7l Hence the computation follows. In the
final statement of a), we proceed analogously and apply the computation in the first case.
Then, the exact sequence (7)) at the index a + &P looks like

0 — Cy(Z/p) = HE (S°) —= CplZ) = Kp(Z) — -+

and so the computation follows from the fact that the last map is injective.

Now we turn to b). Suppose « is as in the first case. Observe from Proposition (5.7 1)
and Proposition [4.7] that the exact sequence (7)) at « looks like

0 = Cp(Z/p) — Cp(Z/p) ® Ky(Z) — HE, (S°) = Kp(Z) — 0.
The map C,(Z/p) — K4(Z) is 0 by Proposition and thus, the cokernel of C,(Z/p) —
Cp(Z]p) & Ky(Z) is K4(Z). So the above sequence turns out to be
0 — Ko(Z) — HE, (5°) = Kp(Z) = 0

which splits again from the symmetry of p and ¢q. Hence the result follows.
Finally, for the second statement, start with |a“?| = 2 so that Proposition B9 b) at the
index o — &P gives the short exact sequence (applying the computation above)

0 = Cy(Z) — Kp(Z) ® Ko(Z) — HE, (5°) — 0.

The map Cp(Z) — K4(Z) is 0 by Proposition Therefore, H¢, (8Y) is the cokernel of
Cp(Z) — K,(Z) plus a copy of ICy(Z). It follows that ﬂ%pq(So) = ((Z]q)) & Ky(Z). O

The Propositions and complete the computations of H %pq (89) for a even in all

cases except when either |a| = 0 or |a®»¢| = 0. In these cases, we first assume |a“?| and
|a®4| are non-zero. In Propositions and 5.5 all computations are made when |a®?| and
|a®4| are of the same sign. In the following we compute the case where |a“?| and |aC?| have
opposite sign.

Proposition 6.4. Let o be even such that |a®?| > 0 and |a4| < 0. Then,

(’Cpr la| =0 and |aCr1| > 0
(Z/q)) ® KpLy || =0 and |aCra| <0
ﬂacpq(so) =3 (Z)) la] <0 and |aCri| =0

(
(Z) & Kply o =0 and [aCr| = 0
(Z)) © Cy(Z/a) o] > 0 and [a%Fs] = 0

\
Proof. We start with the first case. Note that H ac;f(So) = 0 by Proposition b),
H%;qurl(So) = Kp(Z/p) & ((Z/p)) by Proposition [5.21b) and ggqu(so) = ((Z/p)) by Propo-

sition 5.7 3). Therefore the exact sequence (@) at the index a looks like
0= HE,, (8°) = Rpq = Kp(Z/p) & ((Z/p)) — {(Z/p))

Proposition implies that the map Ry, — ((Z/p)) is 0. It follows that the map R,, —
KCp(Z/p) is surjective and the kernel is computed to be C,L,. In the second case, we have

ﬂg;f(so) = ((Z/q)) by Proposition 53 b), ﬂg;f“(so) = K,(Z/p) by Proposition 5.2 b),
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and H %;qu(SO) = 0 by Proposition b). Therefore, the exact sequence (@) at the index «
looks like

0— ((Z/q)) = Hg (S°) = Rypq — Kp(Z/p) — 0
The kernel of the right hand map is K,L,. The resulting short exact sequence may be
considered as a class in Ext} o (KKpLyp; ({Z/q))) which is 0 by Proposition B.@l b). Therefore
the sequence splits and the result follows.

In the last three cases, we start with the third statement and then proceed by adding
copies of {. If o is as in the third case we note that ®}(Hg, | (SY)) and 7 (HE, . (89)) are 0
by Proposition Thus, it suffices to determine the group ﬁgpq(SO). Assume |a%4] = —2
and |a| < 0. We note by Proposition [5.5] a) that H, g:;%q (S%) =2 Z and thus by Proposition
43 b) that ﬁlg;5q(so) =~ 7 @ Z. Proposition [£9 e) now implies that ﬁgpq(SO) ~ 7 as
required.

For the fourth statement, we deduce the result by proceeding exactly as in the second

case above, replacing ((Z/q)) with ((Z)). In the final case, Proposition b) at the index
a — £ gives the short exact sequence

0= Lpg = ((Z)) ® KpLp — ﬂ%pq(so) — 0

The map Ly, — ((Z)) is 0 by Proposition B.5l and the cokernel of the inclusion L,, — KCpL,
is computed to be C4(Z/q). Hence the result follows. O

Proposition completes the computation of H¢, (S9) except in the cases where one of
|a®?| or [a“4] is 0 and one of |a| and |aC?4¢| is 0. Apart from the explicit formulas, we also
note

Theorem 6.5. Suppose o € RO(C,,) which is such that at least one of |a!?| or || is non-
zero whenever (K, H) € {(Cp,e), (Cy, €),(Cpq, Cp), (Cpq, Cq) }. Then, upto isomorphism, the
Mackey functor ﬂ%pq(SO) depends only on the fized points |al, |aC?|, |aC4|, |aCra].

Finally we are left with the cases where one of |a®?| or |a%| is 0 and one of |a| and
\aCPQI is 0. Considering the symmetric nature of p and ¢, there are two cases to consider
1) |a] = o] = 0.

2) a%| = || = 0.

In these cases the Mackey functor is actually dependent on the specific values of a. In
the first case we note @;ﬂgpq(So) >~ ﬂ%p(so) is dependent on specific choices of o by the
formulas in [9] (see Proposition [£5]). In the second case, we observe that after applying
@, the resultant Mackey functor is independent, so the above argument does not apply.
However, these functors may also be checked to be dependent, and we provide an outline
below.

Let us start with an a € RO(C,) with |a| = [a%| = 0 so that ﬂ%q(SO) = A,ldo]. We also
treat a as an element RO(C)p,) by putting the trivial Cp-action, and proceed to compute
the Mackey functor Hg, (SY) using the ideas in [9], Definitions 4.5. The Mackey functor

M=H %pq(SO) is of the form (applying Theorem [5.6])

AN
N7
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The generators may be written as
C C
tte € M(Cpg/e), pp, tre” (pe) € M(Cpg/Chp), igs tre (pe) € M(Cpg/Cy),
C C, C
Hpg; ”’czq (Hp), tTcI;q (1q), tre™ (pe) € M(Cpq/Cpqg)-

The given conditions on « implies that we may assume resec” (fp) = He, resg: “(tpq) = pg and

resg:q (tpg) = daprg. It follows that H %pq(SO) = A A, ldo]. Thus, the value of the Mackey

functor depends on « but we observe that « satisfies 1) and 2). Now let f = a + ¢ and
apply (@) for the index /8 and ¢ in place of p. After substituting the known computations
from above, we obtain a short exact sequence

0 = CoAylda] = AgA,lda] — HY, (S°) = 0.
We may compute the cokernel using the fact that the left map is an isomorphism at lev-

els Cpy/Cy and Cpq/e to deduce ﬂgpq(So) = Q,A,[ds]. Now f3 satisfies 2) but not 1)
and demonstrates that in the case 2), the cohomology Mackey functors depend on specific
choices.

At this point it is possible to formalize the ideas above into a complete computation of
He. . (8Y) in the tune of [9]. However, this would lead us to a different direction from the

techniques of the paper and so we avoid it.

7. FREENESS THEOREM

In this section we use the computations in the previous sections to deduce a freeness
theorem for C)p,. We start with some definitions.

Definition 7.1. Let V be a representation of H < Cp,. A cell Cpy x g D(V) is called an
even cell if V' is even in RO(H).

Note that in the above definition a representation V of H < C,, may also be viewed as

the restriction of a representation V' of Cpq, and V' is even in RO(H) <= V is even in
RO(Cpq). Therefore, in the following we only consider cells of the type Cpy x g D(V') where
V is a representation of C,.

Definition 7.2. Given two representations W and V of Cy,, we say W < V if |[W9| < |V
for some subgroup S of €, implies [W7T| < |[V7| for all subgroups T containing S.

A generalized equivariant cell complex defined by inductively attaching cells of the type
Cpg xu D(V) is said to be of even type if every cell is even and if the cell Cpy x g D(W) is
attached before Cpq x g D(V'), then W < V. We will conclude that generalized equivariant
cell complexes of even type have free cohomology. We start by proving a crucial Lemma.

Lemma 7.3. I[f W <V, any ﬂgpq (S%)- module map

He " (Cpq/K ) — He | THCpg/K' )
is 0 whenever either K or K' is not equal to Cp,.
Proof. First let K = Cp, so that a ﬂgpq(So)—map f: EEZZV(SO) — ﬂ’g;qlfv(Cpq/K’_F)
is determined by the image of 1. We compute the group ﬂ(%:l*v(Cpq/K’_F)(Cpq/Cpq) =
ﬁg):l_v(Cpq/K'+). If K = e, then Proposition F] implies ‘Ehat ﬁgg:l_v(cpq/K’Jr) is
zero as [W +1—V| is odd. Propositions .5 and .Gl state that Hg)jl_v(Cpq/K’+) is again

zero for cases K’ = C), and Cy, as either |[WW + 1 — V| is positive and odd or [W +1 — V| is
negative and |(W + 1 — V)|, (W +1 - V)%| < 1.
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Next consider the case K = e where Proposition 1], states that H ac;qW(Cpq /e, ) is non-
zero only for |a| = [W] and equal to A¢ /. in this case. In this case, a H¢, (8Y)-module
map ﬂ%;qW(Cpq/e+) — ﬂg;lfV(Cpq/K’_,_) is classified by an element of

ﬂ%quiv(cpq/K,Jr)(Cpq/e) = I:Ig;;liv(Cpq/ewL N Cpg/K' ) = @\Cpq/K’\gg‘;liv(Cpq/ejt)-

This is equal to zero as |a + 1 — V| = |W|+ 1 —|V] is odd.
Finally it remains to prove the case K = (), (and thus by symmetry for K = C;). We
note from Propositions and that a map of Cj4-Mackey functors

He, 7 (Cpg/Cpy) = He TG/ K )
is equivalent to a map of C)-Mackey functors
x—W * *—V+1 *—V+1
(12) ECP (SO) - (I)pﬂCpq * (CPQ/K/Jr) = ECP * (CPQ/K/+)'

Further I:)ote that a ﬂ*cpq(So)—module mfmla)/ﬂ%;qw(Cpq/Cp+) %ﬁ%%}quvﬂ(Cpq/K’Jr) induces
a Hg (S”)-module map between @;ﬂ’épq (Cpg/Cpy) — @;ﬂ’épq (Cpg/K' ). Also, note
that @y H¢ (Cpe/Cp) equals ©gH %p(SO) and the unit map 7 in Proposition given by
the inclusion of the first factor is a H¢, (SY)-module map. Therefore the map in ([2)) is
a H *CP(SO)—module map. It follows that this is determined by an element in the group
ﬁg[;_VH(CM/KjF), a direct sum of copies of I:[g;_v+1(0p/e+) and I:[g;_v+1(0p/0p+).
This reduces to the freeness theorem for C), as in [9]. Hence the proof is complete. U

Next, we state and prove the freeness theorem.

Theorem 7.4. Let X be a Cpq-space with a filtration {X, }n>0 where each X, is a finite
generalized Cpq-cell complex with only even cells. Suppose that the filtration satisfies

(1) If Cpq x gk D(W) is a cell in X, and Cpy x5, D(V') be a cell in Xy 41, then W < V.

(2) For each positive integer N, only finitely many cells of the form Cpq x x D(V') arise in
the resulting cell complex structure of X that have [VH| < N for all H subgroups of Cpq-
Then Hg¢, (X4) is a free He (8Y)-module with summands consisting of He, (Xoy) and
one copy of Evﬂ*cpq(Cpq/K+) for each cell of type Cpq, N D(V) occuring in the cell
structure of X.

Proof. We prove the theorem inductively accordingly as cells are attached to X. That is,
we assume the conclusion for X,,, and assume that X, is obtained out of X,, by attaching
a single cell Cpq x g D(V'), and conclude the result for X, ;. Observe that the attachment
implies that the cofibre of the map X, — Xy41, is Cpg, A SV. Thus we have the
associated long exact sequence

4
o HE (Cpoy A SY) = HE, (Xugry) = HE (Xas) 5 HE (Cpgy A 8Y) -+

We prove that under the hypothesis on cell attachments in Theorem [[L4] the map § is
forced to be zero. In order to show this, it suffices to consider each summand of the domain
separately. That is, it suffices to consider possible H qu(so)—module maps

EB;F/(Cpq/K+) - ﬂg;;/+1(cpq/K,+)

for all K and K’ are subgroups of Cp,. The computations split into two cases where both

K and K’ are not Cpq, and where K, K’ = Cp,. The former is proved in the Lemma

above and we conclude the latter follows from our computations in the previous sections.
Let K, K" = Cpq so that we have a H, | (8Y)-module map

HEW(S%) > H V(s
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Such a map is determined by the image of 1, which lies in the group ﬁgg jl_V(SO). Let
a = W +1—V and note that a is odd as W and V are even. If |W| < |V|, then
W < V implies that all the fixed points have dimension < 1, and so, by Proposition [5.4],
HE (8% =0. If [W| > |[V] and [W| < [VE| or [W| < [VE], then [WCra| < [VCra]
and we note « satisfies |a| > 1, one of |a®?| or |a®] is < 0 and |a“P¢| < 1. In this
case Proposition and Proposition implies H¢: (SY%) = 0. Finally when |[W| > |V,
[WE| > |V and [W%| > |V |, we have that |aff| is positive if H # C,, so that by
Proposition [5.1] ﬂ%pq(So) = 0.
As a consequence we have the following short exact sequence

0— ﬂ%;qv(cpq/H+) — H¢ (Xpg1y) = He (Xny) — 0.

Since ﬂ%pq (Xn4) is free, the Mackey functor ﬂgpq (X414 ) is the direct sum of ﬂgpq (Xnt)
and H %;qV(Cpq /H). This completes the induction argument.

In order to verify the conclusion for X we need to verify that the direct sum decomposition
passes to the colimit. However we have that the map ﬂ%pq (Xng14) — ﬂ%pq (Xpy) is

surjective so that the lim' term vanishes. Thus we have

ﬂgpq (Xy) = H ﬂac;qv(cpq/H+)-

Now by condition 2), given a value of «, for all but finitely many V' the fixed points of a — V'
are all negative dimensional. Hence, Proposition [5.1] implies that the product is actually
finite for every grading «, and hence it is isomorphic to the direct sum. Therefore, the
result follows. O

A couple of remarks about the Theorem are in order, comparing it to the C,-freeness
Theorem in [9].

Remark 7.5. We note that the condition W < V' in the Theorem does not precisely
resemble the condition |W| < |V| implies [WC| < |VE| in [0] for G = C,. However for the
group C,, the only way in which H is a proper subgroup of K is when H = e and K = C),.
So our condition reduces to the condition of Lewis in [9]. Also note that under the weaker
assumption “\W| < |V| implies [WE| < |[VE|”, the cohomology at W +1—V is not 0, thus,
our arguments would not prove freeness results in this case. An example of this case lies in
the computations of Proposition 5.4 where |W| < |V, [WC| > |[VC| and |[W | < |V Cra|
and the cohomology at W +1 —V is either KC,(Z/p) or Ky(Z/p) & K4 (Z/q).

Remark 7.6. An important observation is that a slightly stronger version of the freeness
Theorem may be deduced from the above. If we assume W and V' are even with |W| < |V,
|WC| =|VC|, and |[WC%| = |VC|, then the cohomology at W +1 —V is 0 by Proposition
(22 a) (for any values of the Cpq-fized points). Therefore, if one is allowed to attach a cell
D(V) after D(W), the freeness theorem would still hold. Hence, we may include this in the
definition of < to obtain a slightly stronger freeness theorem.

7.1. Applications. We prove that the freeness theorem above applies to certain Cp,-
complex projective spaces and Grassmannians by checking the criteria of Theorem [[4] in
these cases. We first outline the case of projective spaces, and then point out the gener-
alization for Grassmannians. For a complex Cp,-representation V', denote by CP(V') the
set of lines in V' which inherits a natural Cps-action. We may write such a V' as a direct
sum of irreducibles as 3 n;¢* and ask when the cohomology of CP (V) is free depending on
the numbers n;. While we don’t answer this question directly, we verify that in the cases
V = Zf:o ¢ and V = Uc a complete Cpq-universe, the conditions of the freeness theorem
are satisfied.
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Recall that for a finite group G, a complete G-universe is defined as a countably infinite
dimensional unitary representation Uc which contains infinitely many copies of each finite
dimensional representation. Any two such complete universes are unitarily equivalent, and
an example is obtained by taking the sum of countably many copies of the regular repre-
sentation. In our specific case of G = C),, an example of such an universe is the direct
sum

Ue = B2EF
built up from the increasing sequence of sub-representations Ug(n) := @Z:0§k.

Consider the complex projective space CP(V) where V = Y7 ¢, with each ¢ an
irreducible (hence, one-dimensional) Cpg-representation. Points in CP (V') may be expressed
by homogeneous coordinates of the form (xg,z1, - ,x,), T € ¢r such that not all of zy
are zero. The Cpg-action on such points is coordinate-wise. We note from [9] that CP(V)
and CP(V ® &) are homeomorphic as Cpg-spaces. For, if (xg,z1,--- ,2,) is in CP(V), the
action of the generator g of C), on such an element is of the form

g'('r(],xl?' o ,fEn> = <<l0x054l1x15 e ?Clnxn>

where ¢, a fixed primitive pg’" root of unity. However, as we are in a projective space
multiplying throughout by ( does not change the result, and so,

g-<x07 L1, 7xn> - <C10+1m07 Cll+1x17 e ’Cln+1xn>
This is precisely the action on CP(V ® ). We specialize to V' = Uc(n). Thus, we may
represent points as (xg,z1, - ,,) for z; € €F, but also as (zg,z1, - ,T,), zx € £ @ &P

where s is fixed.

We observe that CP(Uc(k — 1)) is an equivariant subspace of CP(Uc(k)) as those points
whose last coordinate is 0. Such inclusions are clearly equivariant cofibrations and the
Cpg-projective space CP(Uc) is the colimit of the sequence of spaces {CP(Uc(n))}n>1.

Now we show that the space CP(Uc) is a generalized Cpg-cell complex with a filtration
as in Theorem [Z4. We do this by inductively constructing generalized cell-structures on

CP(Uc(n)).
Let W, be the representation { " @Uc(n—1). The unit disc D(W},) is described as the set
of points (29,21, ,Zn—1), where z; € " ® & and Y |z;]? < 1. Define a Cpy-equivariant

map from ¢, : D(W,,) = CP(Uc(n) @ {™) by
n—1
¢n(x0,xla te axnfl) — <ﬂ§'0,$1, o, Ip—1, 1- Z |1Ek;|2>
k=0

From the discussion above, CP(Uc(n) ® £") = CP(Uc(n)) so we may also write this
as ¢, : D(Wy,) — CP(Uc(n)). It is clear that the restriction ¢ngqy, is contained in
CP(Uc(n —1)) and that the map

Gn 2 D(Wn) \ S(Wy) = CP(Uc(n)) \ CPUc(n — 1))
is a homeomorphism. Therefore, the space CP(Uc(n)) is obtained by attaching a cell
Cpg XCpy D(Wy,) along the map én g, : S(Wyn) — CP(Uc(n — 1)). Hence, we conclude

that CP(Uc(n)) is a generalized Cpg-cell complex with cells D(Wy) for 1 < k <n.
Observe that the values of [WH| for various H are given by

@ C c k k k
Wi, (W, 2|, |W 2, (WL ) = (2K, 2| — 1,2 =, 2| —
(W, (W21 W2 L W) = ( LpJ LqJ quJ)
Thus each Wy, is even and we have W), < Wy41. Therefore, we deduce the following theorem
from theorem [.4]
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Theorem 7.7. For 1 < n < oo, the cohomology H¢, (CP(Uc(n))) is a free module over

ﬂgpq (S°) generated by one element in dimension zero and one in each dimension Wy, for
1 <k <n, that is,

1, (CPUe) = D HE "

Theorem [74] also applies for the Grassmannian manifold G(Uc(n),k) of complex k-
dimensional subspaces of Uc(n). Recall the generalized Cpq-equivariant cell structure of
G(Uc(n), k) from Chapter 7 of [6], which is an equivariant version of the Schubert cell
structure on Grassmannians. Given a sequence of integers 0 < a1 < ao < - <ap<n-—=k
which we denote by a, one has a representation cell D(W,) where the representation W, is

a;+i—1
W, = @ @ @it g ¢d.
]¢{¢11+1 ai—1+i—1}

We note that the attaching map of the cell D(W},) hits the cell D(W,) if and only if a < b
(that is, each entry of a is < the corresponding entry of b).
Observe that the values of |VVQH | for various H are given by

([Wal, [Wa |, [WE|, W) = Za@,zztazmz‘” 2ZL

Thus each W, is even and for a < b we have WQ < WQ. Hence TheoremIZZI applies and we
deduce

Theorem 7.8. For 1 < n < oo, Hp, (G(Uc(n))) is the free over ﬂépq(so) generated by

one element in each dimension W, for a = (a1,--- ,ax) satisfying 0 < a3 < ag <--- <aqp <
n—k.
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