Math 19620 - Section 50 — Final Exam
December 10, 2015

Information and Directions

« This exam will last 120 minutes.
+ This is a closed-book exam.
« No electronic devices are allowed to be used during this exam.

« Make sure to show all details of your work.
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Problem Points Score
1 20
2 20
3 20
4 15
9 10
6 10




Problem 1 (20 points)

Consider the linear transformation f : R® —s R? defined by

2x1 + 2x3 — 2x4 + 8x;5
= [ X1+ 2x3 + 7x5

3x; — 3x4 + 9%

Part 1 (5 points)

4
Find the solutions to f(¥) = [g]
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Part 2 (10 points)

Find a basis of the kernel of f.
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Problem 2 (20 points)

Consider this 3 X 3 matrix:

1 =1 1
A:[z =1 D
[

Is A invertible? If so, find its inverse. If not, explain how you know it is not invertible

Part 1 (10 points)

. o g S S \ © o

RQ%!”‘[A l f‘_} = QP%" 2. =1 O °© 1 o

3 @ =} 2 o o N

SRR | © o T | © o
Zo =l O o T o

/"—’“—M'M”w N
7
Gl o=t |-t o R ik gar i ae
o i "Z g \ o) 2 >3 O 1 "2_ Z I © ""*\\
O © 0 (-z 1 1 SRRt £ "l:f/\
TN
(;do ~p e B %
= ~ % DY & ==
(=240 o - Thic (s KKRE
G s O l\/} v, =Y,
s e L 2
Bu+ +he \(?"’ Side < Not I ¢ A 's o avertible



Part 2 (10 points)

Is A diagonalizable? If so, find a basis of R? in which A becomes diagonal, and find what diagonal
matrix A becomes in this basis. If not, explain how you know it is not diagonalizable.
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Problem 3 (20 points)

Let V = im(A), where
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Part 1 (10 points)

Find an orthonormal basis of V.
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Part 2 (5 points)

What is the dimension of V+? Explain your answer.
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Part 3 (5 points)

Find a basis of V*.
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Problem 4 (15 points)

Consider the system of linear equations A¥ = b, where

Part 1 (10 points)

Find the least-squares solutions of AX = b.
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Part 2 (5 points)
Which vector in im(A) is the closest to b?
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Problem 5 (10 points)

Find a value of @ where the parallelogram in R? formed by D, [ﬂ and Dy, [ﬂ has area 1.
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Problem 6 (10 points)

Let A be the 2 X 2 matrix that represents scaling R? by a factor of 5.

Let B be the 2 X 2 matrix that represents orthogonal projection of R? onto the line L = {[7] : r € R}.
Let C = AB.

Find the eigenvalues of C. For each eigenvalue, find a basis of the corresponding eigenspace.

(One approach is to simply compute what C is and do the necessary calculations to find the answer.
However, I would also accept an answer using geometric intuition. Make sure to explain yourself as
fully as possible if you choose the latter approach.)
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Problem 7 (5 points)
Mark the following statements as true or false. Read and think very carefully.

i

The kernel of a 4 X 6 matrix A is a subspace of R*.

If Ais a 3 X 3 matrix, then det(2A4) = 8 det(A). ‘ @ F
If A is a 2 X 5 matrix, then the columns of A must be linearly dependent. @ F
T(®)

The rank of a 3 X 7 matrix A can be equal to 4.

The rotation matrix Dys- is an orthogonal matrix. G) F
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