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INTRODUCTION

In an important paper [8], Golyshev and Zagier introduce what we will refer to as
Frobenius constants k,, associated to an ordinary linear differential operator L with
a reflection type singularity at ¢t = ¢. For every other regular singularity ¢ = ¢ and a
homotopy class of paths 7 joining ¢ and ¢, constants k,,, = k,, () describe the variation
around c of the Frobenius solutions ¢,,(t) to L defined near ¢ = ¢ and continued
analytically along v. (Here p € C are local exponents of L at t = ¢/, see Definition 22
below.) Golyshev and Zagier show in certain cases that the x,, are periods, and they
raise the question quite generally how to describe the x,, motivically.

The purpose of this work is to develop the theory (first suggested to us by Golyshev)
of motivic Mellin transforms or motivic gamma functions. Our main result (Theorem
30) relates the generating series Y " k,n(s — p)™ to the Taylor expansion at s = p
of a generalized gamma function, which is a Mellin transform of a solution of the dual
differential operator LY. It follows from this that the numbers k,, are always periods
when L is a geometric differential operator (Corollary 31).

Briefly, the content of various sections of the paper is as follows. Section 1 describes
our basic approach to periods associated to local systems on an open curve. It will be
technically convenient to interpret homology of local systems in terms of group homology
of the fundamental group. Mellin transforms and I'-functions are described in these
terms. The difference equation satisfied by a I'-function is proven. Section 2 focuses on
the semi-local picture as in [8]. Our local system has a regular singularity at 0 and a
reflection type singularity at some point c. In contrast to op. cit., here ¢ is not necessarily
the closest singularity to 0. We fix a path from 0 to ¢ not passing through any other
singularities, and take an open connected set V' containing the path with punctures at
0,c and fundamental group F,. We study I'-functions associated to paths on V and
find that, up to simple ambiguities, such a function is unique. Section 3 contains a
quick sketch of the Frobenius method including the inhomogeneous solutions (higher
Frobenius functions, op. cit.) We then compute Frobenius constants of hypergeometric
connections and mention a few other motivating numerical examples. The main theorem
is stated, which relates the unique gamma function found in Section 2 to the monodromy
of Frobenius solutions. In Section 4 we prove the main theorem. Finally, in Section 5 we
relate Frobenius constants of geometric connections to periods of limiting mixed Hodge
structures.
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UMO-2016/21/B/ST1,/03084.
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1. MotTivic I'-FUNCTIONS

Let C' be a complete, smooth algebraic curve over C, and let S C C' be a non-empty,
finite set of points. Let M be an algebraic connection on U := C' — S. The de Rham
cohomology of the connection, H},(U, M) is the cohomology of the 2-term complex of
modules (placed in degrees 0, 1) over I'(U, Op)

M2 M@

Recall by definition a solution for M is a horizontal section of the dual connection
p € MYV Whereas M and H} (U, M) are purely algebraic in nature, interesting
horizontal sections are usually multi-valued and only defined locally analytically, so we
consider the analytic connection MY on U,,. By coupling solutions to suitable topo-
logical chains in C,,, one defines rapid decay homology groups H. ,q(Uan, M), [3], and
there is a period pairing which is perfect pairing of finite dimensional vector spaces

Hbr(U, M) x Hy (U M") — C.

This construction is valid even when M has irregular singular points. It can be used,
for example, to construct the classical Bessel and confluent hypergeometric differential
equations. In this paper, we will consider only the case where M has regular singular
points. In this case, one can ignore the rapid decay condition for homology and work
with the standard topological homology of the local system of solutions. It is, however,
worth remarking that the key point in the proof of the main result, theorem 30, is the
adjunction property of the bracket, formula (36). This adjunction property does not
require regular singular points. We expect that much of the theory developed here will
generalize to cover Mellin transforms of solutions of (not necessarily regular) differential
equations.

We write MY := MY:V"=0 for the local system. Note that this local system can often
be defined over a subfield K C C. Homology can be computed over K, e.g., by fixing
a basepoint p € U, and interpreting M" as a representation of 71(Uan, p) on M. Let

Uy — U,y be the universal cover, and let C,(U,,, K) be the complex of topological
chains on the universal cover. Homology is then defined by coupling the chains to the
representation
H,(Ugp, MY) := H,(C,(Upn, K) QK[ (Up)] /\/l}\,/)

Concretely, in degree 1, the period pairing can be represented as follows. For us, Q}; will
always be a free, rank 1 module. We fix w € Qf; a generator. A de Rham 1-cocycle c lifts
to an element m®w € M ®€Q};. An homology class u € Hq(U, M") (to simplify notation,
we no longer write the subscript ,,) can be represented by a finite sum ) ;05 ®&; where
oj € m(U,p), e € My and }_ 05e; = > ¢;. The latter condition means that p is a
1-cycle (and not just a 1-chain). The resulting period is

cw=3 [ (n.s)e
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Example 1. Let f : X — U be a smooth, proper map of algebraic varieties. Let
M = H}p(X/U) be the relative de Rham cohomology, endowed with the algebraic Gauf—
Manin connection V. Here we are totally in the realm of algebraic geometry, so if, for
example, f,X,U are all defined over a subfield k C C, then our connection M will
be defined over k as well. In the Gaufi—~Manin setup, solutions typically arise from
continuously varying closed chains on the fibres. Since the homology of the fibres is a
local system defined over Q, we can think of MY, as having a Betti structure and take

K=Q.

Example 2. The category of connections on U has a tensor product, so we can add
interest to our study by coupling e.qg. a Gaufi—Manin connection M as in the previous
example to one of a number of standard connections on U. The effect of tensoring
connections is to multiply solutions appearing in the period integral.

To avoid some technicalities, let us consider the case U C G,,. We use t as a coordi-
nate on G,,. Three examples are
(i)(Mellin transform) Take the connection on Oy given by Varenin(1) := sdt/t. Some-
what abusively, this connection is denoted t°. It has t* as solution. The period integrals
for M ®t° are of the shape fo<m, e)t*w. Qur periods become functions of s.
(ii) (Fourier transform) Define a connection on Oy by V pourier(1) := sdt. The solution
is €', and period integrals for M ® e are of the shape f0<m, e)ef'w. Here again s is a
parameter.
(711) (Kummer connection) Let K; be the rank 2 connection with solutions 1, €9 such that
there exists m € M with (m,e1) =1 and (m,ey) = logt. As an exercise, the reader can
write out the connections Sym™(K;) and describe the integrands involved in calculating
periods for M @ Sym™(K3).

The examples just given can be also considered in the case when U is an open curve
and ¢t € I'(U, Of) is an invertible function on U. We can now give a vague definition of
the object of interest:

Definition 3’. A gamma function is the function of s associated to a period of the
Mellin transform of a connection M on U. If M is a Gaufs—Manin connection, then the
resulting gamma functions are called motivic.

In this paper we shall work with connections M on an open subset U C (,,. We use
t as a coordinate on G,,.

Let us associate explicit gamma functions with homology classes in Hy (U, MY ® t*).
For that we fix a basepoint ¢ = p and consider the representation of 71 (U, p) on the stalk

(1) (MY @ 1°), = M) @k K[e™],

where the homotopy group acts on the second component of the tensor product through
the monodromy of ¢°.

Definition 3. Fix m ® % € M @ Qf;. A homology class £ € H,(U,M" ® t*) can be
represented by a 1-cycle

£N § :O-j ®€j ®627msnj7

J
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where the sum is finite, o; are loops based at p, €; € MZ are solutions in a neighbourhood
of p and n; € Z. The respective gamma function is given by

() e(s) = 3 e / (et

Here we also assume that a branch of ¢* at the base point p is fixed. It is thus the same
branch in every integral in the right-hand sum, while the coefficient e**%*" accounts for
the possibility of choosing different branches.

Note that function I'¢(s) given by (2) is an entire function of s.

Lemma 4. The right-hand side of (2) depends only on the homology class of & in
H(U, MY @ t9).

For the proof, it will be convenient to identify
H\(U MY @t°) = H(m(U,p), M) @ K[e™*™]).

We will use the inhomogeneous bar complex B, [m] for the group m = 7 (U, p) tensored
over Z[m] with the representation V = M) ®@x K[e**™]. The following formulas for
the differentials in low degrees in this complex will arise in computations throughout the

paper:

(3) M| ®@v) =00 —v
and
(4) (g1, 92] @) = [92] ® 1V — [q192] @ v + [g1] ® v

for any g1,g9, € m and v € V. For 1-chains we will omit the bracket and write [o] ® v
simply as 0 ® v.

Proof of Lemma 4. According to (4), boundaries of 2-chains are generated over K [e*27%]
by expressions of the form

I[o1,00] ®e®1)=03®001(e®1) —010ReR 1+ ®eR 1.
Vanishing of (2) on such expressions is the composition formula. Namely, to integrate
(m,e)t*"1dt over 0,09 we first integrate it over oy and then integrate oy ({m,e)t*~1dt) =
(m,o1(e @ 1))t571dt over oo. With the integer n = n(o;) € Z such that o1t = €™t
we can write this as

/ <m,5>t$‘1dt:/ <ma5>t$_1dt+62mn/<m,018>ts_1dt.

o2

O

Note that the stalk (1) is a free module over K[e**™*] of rank dimg M) = rank(M).
The action of m(U,p) commutes with the K[e**™*]-module structure and therefore
H(U, M"Y @ t%) is a K[e**™*]-module. Tt is clear that evaluation

£ Te(s)

in (2) is K-linear and commutes with multiplication by e Therefore we obtain a
K[e*?™*]-module of gamma functions. As a module, this is the quotient of H; (U, M"®t*)

2mis
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by classes for which the respective gamma functions vanish. It follows that all gamma

functions are K[e*?™]-linear combinations of a finite number of them:

Proposition 5. The K[e**™¢]-module of gamma functions is finitely generated.

Proof. As was mentioned at the beginning of this section, homology of our local system
can be computed using the chain complex of the universal cover U:

H. (U M'®t°) = H, (C (U, K) @xpmup) (MY @1%), )

As a topological space, U is homotopic to a finite CW-complex, and hence the chain
complex of the universal cover C, = C’*(ﬁ , K) is homotopic to a complex of finitely
generated K[m]-modules. Since the stalk representation V = M) ®x K[e**™] is a
finitely generated module over a Noetherian ring R = K[e*?™], C,® K[m) V is homotopic
to a complex of finitely generated R-modules, so it has finitely generated homology. In

particular, Hy(U, M"Y ® t*) is finitely generated. O

Example 6. The double cover f : IP’; — P! given by t =1 — y? is ramified at t = 1, cc.
Removing the point t = 0 yields

o I°
C°:=P,\{1,—1,0,00} = U :=P; \ {0,1,00} .

We have f2Oco = Oy @ Oyly|. The line bundle M := Oyly| carries a connection with
Vaarly] = 2(11 ) ly]. Choose a point p € U and a horizontal section of the dual bundle

€M) Let oy cmd o1 be the loops around 0 and 1 on P}. In M) ®q Q[e=*™*] we have
oo(e®@1) =e®e* and 01(e @ 1) = —e ®@ 1. The loop 0 = 0100010, " fizes e ® 1, so
¢ =0y 010001 ®@ (e ®1) is a 1-cycle. The associated gamma function is

Ce(s) = [ (il ) at.

The 1-cycle condition here converts into the fact that o is a closed path along which
t*(lyl, &) is single-valued, thus the above integral is well defined.
Since e is horizontal, the pairing ([y|,€) is a solution to the differential operator (1 —
d

t) g — 5, and hence it is a constant multiple of (1 — t)™'/2. Possibly rescaling ¢, the

following beta integral is a motivic gamma function:

Fg(S):/ lts 1( 1/2dt / / 27rzs/ +€27'rzs/
0100010

1
) (1/2)
— 2(1 _6271'15)/ 15 1(1 ) 1/2dt _ 2( 27rzs) ( ) /
0 I'(s+1/2)
Note that ¢(s) is an entire function of s. This is a feature of all our generalized gamma
functions, as one can easily see from their definition (2).

Remark 7. The reader will have noticed that the classical gamma function T'(s) =
fooo t5~tetdt is not a motiic gamma function. The connection in this case is V(1) = dt
which has an irregular singular point at t = oo. The notion of period can be extended to
the irreqular case using some form of “rapid decay” homology ( [3], [6]). The classical
path of integration from 0 to oo is not allowed because the Mellin connection V yreyin(1) =



6 SPENCER BLOCH, MASHA VLASENKO

sdt/t has a singular point at t = 0. However, if we replace [0, 00] with a “keyhole” path
starting at oo, following the positive real axis to +¢, looping counterclockwise about 0,
and then going back to +oo, the resulting “period”, (™ — 1)TI'(s) suggests a natural
generalization of motivic gammas to the irreqular case. Notice that again the period is
an entire function of s.

We will say a function f(s) satisfies a difference equation of length a if there exist
polynomials py(s), ..., p.(s) such that

0= Y py(s )6 +9)

Note that if f(s) satisfies a difference equation of length a and ¢(s) is a polynomial, then
g9(s)f(s) also satisfies a difference equation of length a. Indeed, 7 _, ¢;j(—s — j)g(s +
J)f(s+j) = 0 with g;(s) = p;(s) Hogkga,k;éj g(—=s—j+k).

It is a general fact that Mellin transforms satisfy difference equations (see [17]). Re-
member that our choice is to fix m ® % € M ® Q,, in which case we obtain a finitely
generated K [e**™¢]-module of gamma functions indexed by ¢ € Hy (U, MY @ t*). All of
them satisfy the same difference equation which can be found as follows.Let r = rank(M)
and consider the derivation D = td/dt. Then there exist qq,...,q € Oy such that the
differential operator

L=qt)D"+q(t) D" + ... +¢()
annihilates m. Here and throughout the paper we shall adopt the convention that D
acts on M via Vj(D); for example, Lm = 0 means that Z;:o ¢— V(DY m = 0.
Observe that for a solution ¢ € MY the analytic function ¢ = (m,e) € O™ satisfies the
differential equation L¢ = 0.

Proposition 8. Assume that ¢; = g;(t) € C[t] for 0 < j <r and rearrange terms in the
differential operator

(5) L= qu_j(t)pj = po(D) +tpy(D) + ...+t pa(D)

with polynomials py, . .., pq € C[D] of degree at most r. Then for every homological class
& the respective gamma function U'¢(s) satisfies the difference equation

(6) > pi(—s—i)le(s+4)=0.

J=0

Proof. For any m’ € M let us denote
Le(m',s) = Ze%is’”/ (m/ e;)tdt/t,
i %

which is just the gamma function (2) corresponding to m’ ® dt/t € M ® Qf,. Since & is
a 1-cycle, the condition

o€ = Z e (o; —1)(g; ®1) =0
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together with the fundamental theorem of calculus imply
D e / D((m’,&;)t*)dt/t = 0.
j 75
Expanding out, using the fact that ¢; is a horizontal section of MY, we get

—sTe(m’, s) = Z e2misny / (Dm/, e;)t*dt/t = Te(Dm/, s).
j %
One also has trivially

Fg(tm/, S) = Fg(m/, S+ 1)
Since Y77, ¢;(t)D'm = 0, using formula (5) we get

(7) 0=Te(>_a;(t)D'm.s) = 3 Te(p;(D)m. s+ j) =

j=0

> pi(=s— j)Te(m, s + j).

Jj=0

O

2. MONODROMY AND EXISTENCE OF GAMMA FUNCTIONS

The setting is as in the first section: we are given an algebraic connection M with
regular singularities on an open curve U C G,,; the coordinate on G,, is t. The local
system of solutions is denoted by MY = (M )V'=0. This local system is defined over a
field K C C.

An important class of motivic I'-functions arises when & lifts to a class in Hy(V, MY ®
t*), where V' C U is an open in the C-analytic topology neighbourhood of a path joining
t = 0 to another singular point ¢ # 0, 00 of M. Namely, we make the following

Assumption 9. We have V = Vy UV, where Vi and V. are punctured disks centered at
0 and c respectively, and Vo NV, is contractible.

We fix a base point p € Vo NV, and denote by oy and o. the loops around 0 and c
respectively.

Under this assumption 7 (V, p) is a free group on the generators oy and o.. The image
of the corestriction map

(8) Cor: H(Ve, MY @t°) — Hi(V, MY @ t°)

is the K [e*?™¢]-submodule generated by classes of cycles £ = 0.®@e®1 where € € /\/l; isa
o-invariant solution. The respective gamma functions can be evaluated easily. Namely,
since ¢ is a regular singularity, the analytic function (m,e) is meromorphic at ¢t = c.
Expanding it in the Laurent series (m,e) = a_x(t — ¢)™F + a;_1(t — ¢)* % + ... we find

that
k
s—1 s—1 s—j
Le(s) = / T mye)dt =y a_; <j B 1)0 7,
O¢ i=1

J
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which is simply ¢® multiplied by a polynomial in s. Note that this gamma function is
identically zero if (m,e) is holomorphic at ¢ = ¢. Thus one can always multiply m by a
power of (t — ¢) to ensure that the gamma functions corresponding to elements in the
image of (8) vanish.

Lemma 10. Let d = dimg I'mage(o. — 1| M) be the rank of the variation of the local

monodromy of MY around t = c. The cokernel of (8) is a free K[e****]-module of rank
d.

In the course of proof of this lemma the following fact will be used:

Lemma 11. Write Z = u” for the free abelian group on one generator, written mul-
tiplicatively. Let A be an abelian group, and suppose we are given ¢ : A — A an
automorphism. We view A as a u”-module, with u acting as ¢. Then

Hy(u?, A) =2 A%=4,
Proof. We compute in the bar complex using (3) and (4):
O ®a) =ua—a,
([, uf) ®@a) = v @ wa - @a+ v @a.

Clearly, any 1-chain ), g; ® a; is equivalent modulo boundaries of 2-chains as above to
a 1-chain of the form 1 ® ag + u ® a; + ! ® a_;. Similarly, taking j = k = 0 shows
that 1-chains 1 ® a are boundaries, and u™! ® a ~ —u ® wa. In this way, any 1-chain is
equivalent to a 1-chain of the form v ® a. Since

u®a) = ¢(a) — a,
this latter 1-chain is a 1-cycle if and only if a € A=, O

Proof of Lemma 10. Consider the long exact sequence for the relative homology with
coefficients in £ = MY ® t*:

(9) o Hy (Ve £) Y H(Vi L) = Hy(V, Vi £) 5 Hy(Viy £) — ...

From exactness, the cokernel of C'or is isomorphic to the kernel of the connecting map
b. We have a diagram

0 _>H1(‘/07‘C) _>H1(‘/07p7£) — Hﬂ(pv‘c) _>H0(‘/0a£) —0

(10) l > l excision la

H\(V.L) —H,(V,V;L) 7 Hy(V,, L)
With the help of Lemma 11, the top line is identified with the exact sequence
0L, 25 L, — L,/(00— 1)L, — 0.

(To see this, one can, for example, think of H; as being given by 1-chains coupled
to sections of £. Chains with boundary at p yield relative homology classes. Note
oo involves multiplication by exp(2mis), so op — 1 is injective.) The map o : £, —



GAMMA FUNCTIONS, MONODROMY AND FROBENIUS CONSTANTS 9

L,/(oc. — 1)L, is the evident one induced from the inclusion p € V.. A diagram chase
identifies Ker(b) with the kernel of the composition

L, 2%, L,/ (0. —1)L,
which is (o9 — 1)£, N (0 — 1)L, C (0, — 1)L,. Write I, := Image(o. — 1 : M) — M)).
By assumption /. is a vector space of dimension d over K, and we have

(0. — 1)L, = I, @k K[eT*™],

a K[e*?™]-module of rank d. Since oy — 1 is an injective map of K|[e -modules, it
follows that ker(b) is a K[e*?"*]-module of rank d. O

:|:27ris]

From now on we will focus on the case when Lemma 10 guarantees there is a unique
generator of the module of gamma functions.

Definition 12. A regular singular point ¢ of M will be called a reflection point if the
variation of the local monodromy of MY around ¢ has one dimensional image.
At the base point p we fix a non-zero solution § € M, spanning the image (0.—1)M,.

Example 13 (vanishing cycle). A conifold point' of a family of algebraic varieties pro-
vides an example of a reflection point, in which case M is self-dual and one can take
0 to be the vanishing cycle at c. By the Picard—Lefschetz theorem the variation of the
monodromy around ¢ satisfies

(0 —1)e =%(e,6)6

for any section € € M. When fibres of the family have even dimension we have (0,0) =
+2, 0. is semisimple on M with 0> =1 and 0.0 = —§. In the case of odd dimensional
fibres one has (§,6) =0 and 0.6 = 4.

Lemma 14. Let ¢ # 0,00 be a reflection point for M as in Definition 12. Let V C Uy,
be a meighbourhood of a path between 0 and c satisfying Assumption 9. Let € € /\/l;/ be
such that (0. — 1)e = 0. For every relation

(11) (Z Am04)0 =0 ( a finite sum with A, € K)

the element

(12) =D M0’ @R 40, Q@ Y Ape

is a 1-cycle with coefficients in M @ K[e**™]. The resulting map to the homology of
the local system £ = MY @ t°

is a homomorphism of K[T*']-modules, where T acts via multiplication by o¢ on relations
(11) and by multiplication by €*™* on homology. The group Hy(V, L) is spanned by the
images of H1(V., L) and (13).

Lthe term conifold point seems to have passed from string physics to math. We will take it to refer
to a fibre which contains a non-degenerate double point and no other singularities, [7].
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Proof. To check that ¢ is a cycle we compute
ag Z )\ _ 1 5 ® 6727r2ms) (O,C . 1)6 ® Z )\m€727rims

= Z A (6 @ e 2™ = (Z A0y 0) @1 =

The K[T*!]-structure is straightforward and left for the reader.

It remains to check that the map (13) is surjective modulo the image of Cor :
H\(V.,L) — Hy(V,L). Since m(V,p) is a free group generated by oy and o., every
1-cycle can be written modulo boundaries in the form

(14> o ® <Z¢TL ® e27rins> + O, ® <Z/ym ® 627rims>‘

Here 1, 7 € M. (The point is that modifying by a boundary can remove any words

in the 0. and 0. See equation (4).) We write each 7, = A_,,eé + 7™ with A_,, € K
and ynv € (MY)7=". The chain (14) is a sum of

0. ® <Z ,yzn'u ® 627mms>

which is itself a 1-cycle on the subgroup generated by o., and

Nmax

(15) é;: o0 ® ( Z Uy @ 627rms) 10, 0e® Z)\ me27rzms

N=Nmin

The 1-cycle condition yields
0=0¢ = Z(a[ﬂ/}n,l — P+ A_p0) @ 2T

(Recall the action of g includes multiplication by e*™, (1).) This equation can be solved
recursively

/\—n - 07 N < Mynin

wnmin = Afnm'm,é

Nmin

Nmaz —Mmin+1 ‘
0 = ¢n7na3¢+1 — (A_nmin—j O'énmaw_nmin-i_l)_-j)(;
=0
It follows that (Zm )\m06”>5 = 0. In fact, (15) is homologous to (12). To check this,

we can assume A, = 0 for m < 0. For v € £, we have by (4)
ol @u~og® (14 -+ oy,

and therefore
Z A0 @0 @ e ™™~ og @,
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with

m—1
v=>Y Au(l+og+- o HE@e ™) =3 "N, > ofd @ emUTms

m>0 m>0 7=0

=3 (X Anertre) @ e =3y, @ e,

n<0 m>—-n

O

With the help of this lemma, we can now compute the generator of the module of
gamma functions. We will return to this computation again in the following sections,
where we combine it with the duality for connections to show a relation between gener-
alized gamma functions and monodromy of Frobenius solutions. As in Section 1, we fix
an element m € M and consider gamma functions corresponding to m ® dt/t € M ® Qf;
(Definition 3).

Proposition 15. Let ¢ # 0,00 be a reflection point for M as in Definition 12. Let
V C U,y be a neighbourhood of a path between t = 0 and t = ¢ satisfying Assumption 9.
Let R € KJoy| be a polynomial of minimal degree such that R(og)d = 0.

Possibly multiplying m € M by a power of (t—c), we assume that functions (m,e) are
analytic at t = ¢ for every o.-invariant solution e € MY and that (m,d) is O(|t — c¢|*!)
as t — ¢ for some a > 0. Then the K|e***]-module of gamma functions

Fg(s), 5 c Hl(V,Mv X ts)

18 generated by

(16) Fe(s) = R(e 2" /0 ", Syt

Integration in the right-hand side of (16) is done along our chosen path (of which V/
is a neighbourhood). Note that, since 0 at ¢ are singular points, it is possible that this
integral is improper. The growth condition on (m,d) as t — ¢ ensures convergence at this
endpoint. The integral is also convergent at the other endpoint ¢ = 0 whenever Re(s) is
sufficiently large. Hence the the right-hand side in (16) is defined when Re(s) > 0, and
we claim that it actually extends to an entire function in the complex plane, which is
our generalized gamma function.

Proof of Proposition 15. The argument given at the beginning of this section shows that,
since functions (m,e) are analytic at ¢ = c for every o.-invariant ¢ € My, we have

['¢(s) = 0 for any class ¢ in the image of H;(V., M"Y ®1*). Now let € € M) be such that
(0. —1)e = 4. For a polynomial P(T') = >, \,/T* such that P(0y)d = 0 we compute the
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gamma function corresponding to the homology class of (12) as follows:

Le(s) = Z/\ke_gmks/ (

m, )t~ dt + P(e_Q’Tis)/ (m,e)t*tdt
k

0 Oc

) p . , P
=3 e / (m, (2R k — 1)5)5~dt + P(e=29) / (m, (. — 1))t
k? 0 (&

P ‘ . | )
= / <m7 P<0'0)5> — P(62W15)/ <7n7 5>t5—1dt = _P(e—2ms)/ <m7 5>t8_1dt.
0 0 ;
The statement of the proposition follows if we take P(T) = —R(T). ]

Example 16 (polylogarithm). For an integer n > 1, the nth polylogarithm is a multival-
ued holomorphic function, one of whose branches in the open unit circle |t| < 1 is given
by the convergent series Li,(t) = Y oo k™™t*. One can easily see that this function is
annihilated by the differential operator

L=((1-t)D—-1) D"

The operator L has reqular singularities and the local system of its solutions on U =
P!\ {0,1,00} is spanned by Li,(t) and log(t) for 0 < k < n — 1. The singularity at
t =1 s a reflection point, and we can take

log" ™' (t)

(n—1)!"

see e.g. |9, Proposition 2.2]. The annihilator of 6(t) in Clog"] is generated by (oo — 1)™
and hence the C[eX?™|-module of gamma functions for the nth polylogarithm is generated

by
] 1 e2mis _ 1\ "
(1-— 627”3)"/ St dt = —2mi (—) :
0

S

6(t) :== (01 — 1) Li,(t) = —2mi

Note that for connections on U = P!\ {0,¢,c0} Lemma 10 applies with V = U. It
follows that there is a unique gamma function attached to every hypergeometric con-
nection, of which Example 16 is a degenerate case. We will consider hypergeometric
connections in Example 23.

3. FROBENIUS CONSTANTS

In this section we consider an algebraic connection M of rank r on U = P!\ S, where
S is a finite set of points. The local system of solutions MY = (MY,)V'=0 is defined
over a field K C C. We assume that ¢ € S is a reflection point for M (Definition 12).
We remind the reader, this means that c is a regular singularity and the variation of the
local monodromy of solutions around ¢ has one-dimensional image. For any other regular
singularity ¢ € S and a homotopy class of paths v going from ¢ to ¢ through the points
of U, Frobenius constants describe the variation around c of the Frobenius solutions near
¢’. Frobenius solutions are sections in M"Y ®j C produced by the classical Frobenius
method in the theory of differential equations. For geometric (Gaufi-Manin) connections

Frobenius solutions can be used to describe the limiting mixed Hodge structure at ¢ (in
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particular, they span the limiting de Rham structure, see Section 5). We shall start with
recalling the Frobenius method. It will be convenient to assume that ¢’ = 0 throughout
this section.

Let Oy C k(t) be the ring of rational functions regular on U. The ring of differential
operators D = Dy is generated over Oy by the derivation D = t%. We fix an element
m € M and a differential operator

(17) L=qg#®)D"+qt) D" +...+¢_1(t)D+q.(t), ¢; € Oy,

such that Lm = 0. Let Sol(L) be the local system of solutions of L on U. It is always

possible to choose m so that the elements m, Dm, D*m, ... generate M as an Op-module

(see [10, §2.3.1]). With such a choice, we have gy € O and the pairing (m, *) identifies

MY @k C with the local system Sol(L). When K # C, this identification gives a K-

structure on the local system Sol(L), which we will sometimes refer as Sol(L)x = M.
We assume that

00(0) # 0.

In this case, t = 0 is at most a regular singularity if and only if none of the coefficients
¢;(t) has a pole at t = 0. We assume this is the case. The indicial polynomial of L at
t = 0 is defined as

1(s) = go(0)" + 1 (0)s" " + ... + 4, (0).

The roots of I(s) are called the local exponents of L at t = 0. We will look for solutions
of L in the form ¢* )" a,t". Expanding the coefficients ¢;(¢) in Taylor series at t = 0
and collecting the terms in powers of ¢, we write L = > t/p;(D) where p; € k[D] are
polynomials of degree < r. Note that po(s) = I(s) is the indicial polynomial. We then
have L (3,50 ant"™®) = 3 5o t""* (po(n +5s)a, +pi(n+s—1a,_1 + .. ) Consider

the sequence of rational functions a, € k(s) uniquely defined by the conditions a,, = 0
when n < 0, ap =1 and > 7 (pj(n + s — j)a,—;(s) = 0 for all n > 1. By construction,
the formal series

(18) O(s,1) = an(s)t""

satisfies the inhomogeneous differential equation
(19) Lo = I(s)t°.

Note also that the denominator of a,(s) divides I(s+1)...1(s +n). Consider the set
of local exponents p such that none of p+1,p+ 2,... is a local exponent:

(20) R={peC|I(p)=0, I(p+n)#0forall neZs}.
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If the mutiplicity of a root p € R is m, it follows from (19) that functions

Spolt) Z an(p)t"*,

a@(s,t) = R
Ppalt) = —5 = log(t ;an p)t ”+;an(p)t ’
Spmr(t) = — 2 2 1) mZ f: (mlj)()t"“’
P T (m— 1)1 §smt — —~ (m—1-))

are solutions of L:
qup,k:O, 0<k<m.

We did the above computation formally, but it can be shown that the series that occur
in these formulas converge in a neighbourhood of ¢ = 0. The Frobenius method gives
actual analytic solutions of L for every choice of a branch of ¢°.

Remark 17. It is clear from the above formulas that the solution ¢, is an eigenvector
of the local monodromy operator oy. Namely, we have oop,o = €*™*¢,o. It follows
that, for every local exponent p, the number e*™* is an eigenvalue of oo. In the case
when I(s) has no roots that differ by a non-zero integer, solutions constructed by the
Frobenius method give a basis in the vector space Sol,(L) of solutions that are defined
in a neighbourhood of a reqular point t = p located sufficiently close tot = 0. One
can easily deduce this from our construction because dime Sol,(L) = r by the classical
theorem of Cauchy. When I(s) has roots differing by a non-zero integer, one can not
construct a basis in the space of solutions by the Frobenius method. In this case it is
possible to transform the differential equation so that the above condition holds. For that
one performs a sequence of shearing transformations which modify local exponents by
integers, see [10, §1.4.5].

For our purposes, we do not need to assume that Frobenius solutions from a basis.
That is, it can be that R is smaller than the full set of local exponents {p|l(p) = 0}.

A novel idea in [8] is to continue differentiating (19) and substituting p, even though
we no longer obtain solutions of L. The collection of Frobenius functions is defined as

S ILLs pli
7=0 n=0

When k£ > m(p) Golyshev and Zagier call (21) higher Frobenius functions. It follows
from (19) that the higher functions satisfy differential equations

(22) (D —p)" ™ Lo, r =0, k>m.

21 fpult) = 3 o

s=

We will often use the term Frobenius solutions rather then functions, having in mind that
the higher ¢, satisfy inhomogeneous differential equations L¢,; = ... with the right-
hand side being a polynomial in log(t) which can be written down explicitly from (19).
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We shall now consider analytic continuation of the Frobenius solutions along a path
v joining ¢t = 0 with a reflection point ¢ = ¢. We choose a base point p # 0,c on the
path v and work in the stalk Sol,(L), which is the C-vector space of solutions of L in a
neighbourhood of p. By Cauchy’s theorem dim¢ Sol,(L) = r. On this vector space we
have the operators of local monodromy o and o, around 0 and ¢ respectively. We fix a
solution 6(t) € Sol,(L) such that

Image(ac - 1‘Solp(L)> =Co.

It means that every solution of L adds a constant multiple of §(¢) when going around
t = c¢. The crucial point for defining Frobenius constants is that, under a mild condition,
the same property remains true for the higher Frobenius functions (Lemma 19). In order
to state this condition, let us consider the dual connection M. The adjoint of the
differential operator (17) is defined by the formula

(23) LY = (=D)"qo(t) + (=D)" ' qu(t) + . . . + ¢, (¢).

It is possible to choose a generator of M"Y so that it is annihilated by LY (see [13, Gabber’s
Lemma in §1.5].) For the sake of completeness, we give a proof of this fact in Section 4.
In particular, there is a perfect monodromy-invariant pairing on solutions

{*,%} : Sol(L") ®@c Sol(L) — C
which will be constructed explicitly in the next section, (35).

Lemma 18. Ift = c is a reflection point of L, then it is also a reflection point of LY.

Proof. Since {(o.—1)¢, ¢} = {9, (6.1 —1)¢}, asolution ¢ € Sol,(L) is orthogonal to the
image of Sol,(L") under (c.—1) if and only if 0.¢) = ¢. Since the duality pairing is perfect
and dim Ker(o.—1|Sol,(L)) = r—1, it follows that dim I'mage(o.—1|Sol,(LY)) = 1. O

Lemma 19. Assume that ¢ # 0,00 is a reflection point for L. Possibly dividing L by a
power of (t — c) on the left, we can assume that all o.-invariant solutions of the adjoint
differential operator LV are analytic near t = c. Then ¢ is also a reflection point for the
differential operators (D — p)? L with any p € C and any integer j > 1.

Proof. By Lemma 18, ¢ is a reflection point of LY. Hence LY has a codimension 1
subspace of solutions that are o.-invariant or, equivalently, meromorphic functions near
t = c. Let a > 0 be the maximal order of pole at t = ¢ for such solutions. Then all
o~invariant solutions of ((t — ¢)™®L)Y = LY (t — ¢)~* are analytic at t = c.

We shall now assume that the condition for LY holds and prove the second statement.
It is clear that dim Image (ac - 1’Solp((D - p)jL)> > 1 because this space can only get

larger when we increase j. Therefore it suffices to show that for each j > 1 the adjoint
operator ((D — p)!L)Y = (=1)’LY(D + p)’ has a codimension 1 subspace of solutions
analytic near t = ¢. Clearly, we can do the case j = 1 and apply induction on j. Let
¢ € Ker(o.— 1|Sol,(LY)). Then any ¢ such that (D + p)¢’ = ¢ can be recovered (up
to adding a constant multiple of ¢7°) as ¢/ = t77 [#*~'¢(t)dt. By our assumption, ¢ is
an analytic function near ¢t = ¢ and hence ¢’ will be also analytic near t = ¢. It follows
that the space of solutions of LY(D + p) analytic near t = ¢ is at least one dimension
bigger than the same space for LV. O
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Example 20. The differential operator L = D(D +1) —t(D +1)* has a reflection point
at t = 1. Solutions of the adjoint operator LV = (D — 1)D — tD?* are spanned by 1 and
log(1 —t) (this is the case n =1 of Example 16). We see that t =1 is a reflection point
and, by Lemma 19, it will remain a reflection point for all operators (D — p)? L with
peCandj>1.

To see that the condition on LY in Lemma 19 is important, let us multiply the above
differential operator by 1 —t on the left. We obtain L = D(D+1) —t(2D+1)(D+1)+
t2(D + 1)%. The reader may check that the monodromy of the 3rd order operator DL
around t = 1 is maximally unipotent. It follows that dim Image(o; — 1|Sol,(DL)) = 2,
sot =1 is not a reflection point for DL.

Definition 21. We say that a reqular singularity t = ¢ of a differential operator L is a
special reflection point if the variation of the local monodromy of solutions of L around
¢ has one-dimensional image and all o.-invariant solutions of the adjoint differential
operator LY are analytic at c.

If t = ¢ is a special reflection point then the image of 0. — 1 on the bigger spaces
Sol,((D — p)’L) is spanned by d(t) for all j > 0 by Lemma 19.

Definition 22. Assume that ¢ # 0,00 is a special reflection point of L. Let v be a path
from O to ¢ going through reqular points of L. Fixing a branch of t° along v, we have
a collection of Frobenius functions {¢,,(t)},ern>0 defined by the analytic continuation
of (21) along . The collection of Frobenius constants {r,,},crn>0 s defined by

(0c = D)pn(t) = Kpnd(t), K,ne€C.

It is clear that the Frobenius constants in this definition depend on the homotopy class
of the path v. Note that changing 6(t) — Ad(t), A € C* will result in the collection of
Frobenius constants being rescaled as {r,,} — {\"'k,,}. The reader may also check
the effect on {r,,} of choosing a different branch of ¢* in the definition of the Frobenius
solutions.

Example 23 (hypergeometric differential equations). Fix some numbers oy, ..., q,,
Bi,. .., B € R and consider the differential operator
(24) L=][0+8-1)—t][(D+ )

j=1 j=1

on U =P\ {0,1,00}. This operator is already written in the form L = po(D) +tp:(D),
and to apply the Frobenius method near t = 0 we notice that the function

H§:1 [(s + o)
H;:1 I'(s+B;)
satisfies the difference equation po(s)A(s) + p1(s — 1)A(s — 1) = 0. It then follows that
the coefficients a,(s) in (18) are given by
Amn+s) I+
Ais)  Thoa(s+ 850

(25) As) =

(26) an(s) =
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where (s), = I'(n + s)/I'(s) is the so-called Pochhammer symbol. The subset of local
exponents (20) is given by R = {1 — B;|8; — Bi & Zo for all j}.

The global monodromy representation corresponding to the local system of solutions
of (24) is irreducible if and only if o — B; & Z for any pair of indices j,i. Under
this assumption, t = 1 is a special reflection point: the conditions of Definition 21
are satisfied by [4, Propositions 2.8 and 2.10]. Consider the direct path from t = 0 to
t = 1 along the real line. We will see (Proposition 26) that the respective collection of
Frobenius constants {K,n}pern>0 is given by the expansion coefficients of the function
A(s)™Y. Namely, we have

1 - n
S) - Z /ip,n(s - IO) y PE R.
n=0

Note that the irreducibility condition o — f5; & Z implies that A(p) € R* for each p € R.

Let us describe a method of computation of Frobenius constants in the case when the
reflection point under consideration is the closest singularity to 0.

Lemma 24. Suppose that the special reflection point t = c is the closest to t = 0 singu-
larity of a differential operator L; suppose in addition that ¢ € Rsq. Let {K,n}pern>0
be a collection of Frobenius constants for the direct path from 0 to ¢ along the real line.
Fix a local exponent p € R. Assume further that

(1) |@po(t)] = 00 ast — c; .
(i) all o.-invariant solutions of operators (D — p)’L, j > 0 are analytic at c;
(iii) coefficients a,(p) are real numbers of the same sign when n > 0;

)

a (p)
klan(p)

(iv) for each k > 1 there exists a finite limit Ay, = lim,,_,
Then K, # 0 and we have

K i
p7

lip()

Proof. Using power series ¢97 (t) 1= ki Y >0 alP (p) t™, we can write

ouat) =03 B g )

Conditions (i) and (ii) ensure that ¢, is not o.-invariant, and hence x,o # 0. Observe

that ¢, x(t) — %%,o(t) is a o.-invariant solution of (D — p)/ L for some j (see (22)). The

following computation can be done inductively for £ > 1, which shows that the ratios
an (t)
p.k

pr0(t)

have finite limits as t — c_:

L Gl — 20000
t—c_ ¢P70( )
k ] an k ] an
~ lim Z log(t)? P ] Kok Z 1; p.k— j(t> B ’{pvk.

phe 21 cb“”( fpo ARG @ o

(by (i) and (ii))
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¢y (1) : an -
dyﬁ#ﬁ(t) = g It follows from (i) that ¢5%(t) = t77¢,0(t) =

> o an(p)t™ also grows infinitely as ¢ — c_. For any € > 0 there is an N such that
(k)
an () _ N | <& forallm> N. Thus

It remains to show that lim,_,.

kKlan(p)
(k)
ant ant_)\ ant an(ﬂ)_)\an tn
an G |90 MO S (P52 — Mean(p)
t—c_ p,O(t) t—c_ p,O(t) t—c_ o (t)

(here we used (ii) to get rid of the polynomial part of the numerator )
€ mon lan(p)] - 1t"

< lim — =¢ (using (iii)).
tovo- 95" (t)]
Since € > 0 is arbitrary, our claim follows. 0

To apply the above lemma to hypergemetric differential operators, let us compute the
limits A\ from part (iv):

Lemma 25. Consider the sequence of rational functions a,(s) = AI(LQ::)S), where A(s) is

the gamma product (25) with real parameters oy, ..., a,, B1,..., B, satisfying the condi-
tion a; — B; € Z, Yi,j. Let p € R be a local exponent of the respective hypergeometric
(k)
an” (p)

differential operator (24) att = 0. The limits A\ := lim,,_, exist and coincide

k! an(p)
with expansion coefficients of A(p)/A(s) at s = p:

A
AEQ =2 Mels = )"

k>0

Proof. Stirling’s formula
1 1 1
logT'(s) = (s — 5) log(s) — s+ 5 log(27) + O(g), s — 00

implies that log A(s) = (ZZ = 5;’) log(s) + O(s™!). It follows that

A(n + s)

im =1.
n—oe A(n + p)

Moreover, the convergence here is uniform for s in a small disk about p because the
O(s71) term is Stirling’s formula can be explicitly estimated (its absolute value is known
to be bounded by 5[s|™! when |arg(s)| < ;). As we explained in Example 23, when L
is irreducible then A(p) # 0. Thus we have a uniform convergence of functions
n A A A

L a(s) Al Alts) Al

oo an(p)  A(s) nooe A(n+p) - Als)
As these functions are holomorphic is a small disk about p, we can conclude that for
every k the kth derivative of a,(s)/a,(p) at s = p converges to the kth derivative of
A(p)/A(s) at s = p. O
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Proposition 26. Consider the hypergeometric differential operator (24) with real pa-
rameters i, ..., B1,..., B, satisfying the irreducibility condition o; — B; & Z, Vi, j.
Then a collection of Frobenius constants {k,}per k>0 for the direct path from 0 to 1 is
giwen by the expansion coefficients

1) A5~ X Fenls =l pER

where A(s) is the gamma-product (25).

Below we give a proof of (27) for a fixed p € R. As soon as this is done, it will remain
to show that there is a normalization of §(¢) in Definition 22 such that x,o = A(p)~! for
every p € R. Equivalently, one needs to show that the following linear combinations of
hypergeometric functions

A(p) dpo(t) — A(p) dpo(t), p#p ER

continue analytically through ¢ = 1. Instead of proving this fact directly, we prefer to
deduce it as an immediate consequence of our main result. Namely, Theorem 30 will
state that, rather generally, for a collection of Frobenius constants {x,},er x>0 there
exists a meromorphic in C function whose expansion coefficients at every s = p € R
coincide with s, for & > 0. In the hypergeometric case, if we divide such function by
A(s)™! we will get a meromorphic function which is constant near s = p. Hence the
ratio is constant everywhere, and we obtain (27) simultaneously for all p € R.

Proof of (27) for a fized p € R. Local exponents of the operator (24) at ¢t = 1 are given

by
0,1L,...,r=2,7:=Y Bi—> a;—1
j=1 j=1

(see [4, (2.8)]). First, assume that v < 0. In this case for every non-oij-invariant so-
lution ¢(t) of L one has |¢(t)] — oo as t — 1. Let us show that all the conditions of
Lemma 24 are satisfied. Since the local system of solutions of L is irreducible and ¢, is
an eigenvector of oy, this function is not an eigenvector of oy and (i) follows. Pochham-
mer’s theorem [4, Proposition 2.8] implies (ii); for j > 0 we note that all (D — p)?L are
hypergeometric with the same special local exponent v at t = 1. Since I'(s) > 0 when
s > 0, we have A(s) > 0 when s > 0 and therefore (iii) holds. (iv) is guaranteed by
Lemma 25, which together with Lemma 24 implies that

A(p) Kpn n
Als) ~ 2

K
n>0 p,0

With the normalization x,9 = A(p) ' one obtains (27), as required.

When v > 0, we can apply intertwining operators which will decrease y by an integer to
reach the above considered case v < 0. Namely, let us pick an arbitrary index 1 < 7 <.
By [4, Proposition 2.5], operator D + «; yields an invertible map from solutions of L
to solutions of the order r hypergeometric differential operator L with the same set of
parameters except for a; being substituted by «; + 1. Note that L has the same set
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of local exponents at ¢ = 0 (in particular, p is a local exponent of E) and the special
local exponent of L at t = 1 equals 7 =~ — 1. It remains to check that relation (27) is
consistent with the intertwining operator.

Note that A(s) = (s + a;)A(s), which gives the following relation between the gener-

ating functions of Frobenius solutions ® and ®:

(D+0a;))®(s,t) = (D+ ;) Y an(s)i™* = (n+ s+ a)an(s)t""
= (s+0a;) > An(s)t" = (s + ;) ®(s, ).

Though we performed this computation symbolically, it clearly remains true is we sub-
stitute for ® and & their formal expansions as power series in s — p. Suppose that (27)
holds for ®. It means there is a solution d§(¢) of L such that

(0. —1)® = A(s)~10.
Applying D + «; to the defining relation (o, —1)® = >">° K, ,(s — p)" 0(t) we find that

Y tpals = p)" (D + ;)8 = (00— 1)(D + ;) = (s + ay) (0. — 1)@

st+a; v 1~

) LA

Since the intertwining operator D + «; commutes with the monodromy operators and

solutions 0, 5 span the respective images of o, — 1, there is a non-zero constant ¢ € C*
such that (D + a;)0 = ¢d. It follows that Y 7 k,.(s — p)" = cA(s)~!. Renormalizing
d(t) to cd(t), we obtain a collection of Frobenius constants for L satisfying (27). O

Remark 27. One may hope to extend Proposition 26 to the case aq, ..., ., B1,..., 0, €
C by taking Taylor series expansions for the «, 3 about general points of R* C C?*r.
The key point is to show that k,, depend analytically on parameters. For this, one
must develop a calculus of deformations Lr of L parametrized by points R — C of a
C-algebra R. One wants the polar locus of L to stay fixed but the local exponents to
vary. We have not checked carefully, but a sketch is available under publications at
math.uchicago.edu/~ bloch/

Hypergeometric connections provide a rare situation in which one can compute all
Frobenius constants explicitly. Let us consider a couple of other examples, in which a
few of k,,’s are computed numerically. These examples motivated our interest in the
numbers K, .

Example 28 (elliptic curves). A stable family of elliptic curves over P! is a family in
which the singular fibres have only double points. Such a family has at least four singular
points. Stable families with exactly four singular points were classified by Beauville, [2].
The differential operator

L=D?—t(11D*+ 11D +3) — > (D + 1)
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is the Picard—Fuchs operator of one of the siz families on Beauwville’s list, [22]. Singu-
larities of L are located at t = 0,00 and the two roots of 1 — 11t — t> = 0. For each of
them there is a single local exponent of double multiplicity, p = 0,1,0 and 0 respectively.
In particular, all four singularities are reflection points.

We used Lemma 24 and numerical methods described in [8] to compute the values of

Kn = Kon for the direct path from 0 to %5 With the precision over 100 digits
we recognized a few of them as the following Q-linear combinations of products of zeta
values:

o =1, =0, my = —£C(2), s = 203), s = 5C(4), 5 = C(5) — 3C(2)C(3),

87 5 9 55 5 5
o = 20C(6) — DCB wr = —20(T) — 26B)(2) ~ SCB)CA).
We observed a similar phenomenon for the other families on the list of Beauuville.
Example 29 (K3 surfaces). The equation 1 —tf(x1, x2,23) = 0 with

f(,jl}) _ (ZEl - 1)(1'2 - 1)(173 — 1)I(11$;x$31 — T9 + T1T9 — $1$2I3)

defines a family X/U of K3 surfaces of Picard rank 19 over

U =P\ {0,17 £ 12v2, c0}.

The variation M = H?*(X/U)/NS is of rank 3 and there is a class of differential 2-forms
m € M anmihilated by the differential operator

(28) L= D?—#(34D* + 51D* + 27D +5) + t*(D + 1),

see [14]. The local monodromy of L around t = 0 is maximally unipotent with the local
exponent p = 0. The closest singularity ¢ = 17—12v/2 is a special reflection point. In 8]
Golyshev and Zagier computed the Frobenius constants k, = ko, along with the first
higher one for the direct path joiningt =0 and t = c:

71_2

17
Ko = 17 K1 = 0, Ko = —g = _2<(2>7 R3 = FC(?))

Note that the objective of [8] is the computation of k3 for the 17 similar families of K3

surfaces, in order to verify the Gamma Conjecture in mirror symmetry. Golyshev and

Zagier also evaluate a few more of the higher constants numerically (see [8, page 46]):
Tt 4

Rg = 4—5 = 5((2)2 = QC(4)
7

17
ks = £C(5) ~ 5 <)

2
K11 = gC(S, 5,3)+ a Q-linear combination of products of

zeta values of total weight 11
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Remarkably, k11 is the first one involving multiple zeta values along with ordinary zeta
values. David Broadhurst was able to find similar experimental expressions in terms of
multiple zeta values for the Frobenius constants k, in this example up to n = 15, [5].

Examples 28 and 29 seem to be rather special. We do not expect the Frobenius
constants of a GauBl-Manin connection to be expressible as Q-linear combinations of
products of zeta or multiple zeta values in general. Still, we would like to understand why
the numerics is so remarkable in the Beauville families, and other families of Calabi—Yau
manifolds that arise in the mirror symmetry program for Fano manifolds. In Section 5
we will show that for a geometric differential operator L (certain expressions in) the
Frobenius constants corresponding to actual solutions of L (with k& < m(p)) are periods
of the limiting Hodge structure at ¢ = 0. However, there is no reason to expect that the
operators (D — p)!L with j > 0 are geometric. From this point of view, it is surprising
that the higher Frobenius constants in the above examples are periods. This fact will be
explained by our main result, which we shall state now.

Theorem 30. Let L be a differential operator on U = P\ S with reqular singularities.
Let K C C be a field such that there is a monodromy-invariant K -structure on the local
system of solutions Sol(L) = Sol(L)x @k C.

Assume that ¢ # 0,00 is a special reflection point of L (Definition 21). Let let §(t) be
a K-rational solution of L (a section of Sol(L)k ) that spans the image of the variation
of the local monodromy around c. Let {k,n}pern>0 be a collection of Frobenius constants
for a path v joining t =0 and t = ¢, as in Definition 22.

Let V C U,y be a neighbourhood of v satisfying Assumption 9. Then there is a genera-
tor Tg,(s) of the K[e**™5]-module of gamma functions for the adjoint differential operator
LV
(29) Le(s), Ee Hy(V, Sol(LY)g @ t°)

such that for every local exponent p € R we have

I(s >
ﬁra(s) = HZ:O Kpn(s—p)",

where I(s) is the indicial polynomial for L at t = 0 and R(T) € K[T)] is a non-zero
polynomial of minimal degree such that R(oo) annihilates Image(o. — 1|Sol(L")).

(30)

Section 4 is devoted to the proof of Theorem 30. Note that the condition of t = ¢ being
a special reflection point implies that the K [e**™¢]-module of gamma functions (29) has
rank 1 (see Lemma 10 and the preceding discussion). Hence a generator of (29) is defined
up to multiplication by \e? ™ with A\ € K* and m € Z. Note that the ambiguity in
the definition of Frobenius constants is the same: choosing a different branch of ¢* will
result in the generating series in the right-hand side of (30) being multiplied by an
integer power of €2 and rescaling by A € K corresponds to a different choice of the
K-rational solution § € Sol,(L). We see that formula (30) states a correspondence
between generators of the module (29) and collections of Frobenius constants for a given
homotopy class of paths ~.

Corollary 31. When L is a Picard—Fuchs differential operator, the Frobenius constants
Kpn belong to the algebra of periods with 2mi inverted.
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Proof. Recall from Example 1 that the local system of solutions of a Picard—Fuchs dif-
ferential operator L is defined over K = Q. First note that if ¢(¢) is a period func-
tion (a section of Sol(L)g) on U and o is a path on U with rational boundary, then
[, o(t)dt/t is a period. Indeed, possibly shrinking U and deforming o, we can find a
smooth f : X — U, a continuously varying family {7, C Xt} of closed topological
chains, and a class w € Hj,z(X/U), such that we can realize ¢(t) f w;. Because dt/t

is a closed C-analytic form of top dimension on U, Adt/t defines a map % o Q*+1

We have by Fubini:
/¢(t)dt/t:/(wt/\dt/t S=Jw

tco

Note that the ; are closed chains, so the boundary of S is contained in f~*(boundary of o).
It follows that [ o(t)dt/t is a perlod in the sense of [16].

Finally, we want to show [ ¢(t)log(t)"dt/t is a period, assuming the integrand is
single-valued along o. Let 7; : [0,1] — P! be a continuous (in ¢) family of paths from 1
to ¢t. Then ¥ := J,., {70, 1]}" defines a chain in U x (P')". We have

/qﬁ (dx/x)" Ndt/t = /(b log(t)"dt/t.

Here the lefthand side is a period, again by Fubini.

We apply this to formula (30) above. Since L is a Picard—Fuchs differential operator,
its local exponents p are rational numbers (see e.g. [12]). Differentiate both sides k
times with respect to s and evaluate at s = p. On the lefthand side the result will be
a Q linear combination of products of integral powers of 277 and integrals of the form
fg t)t* log(t)kdt/t with k < n and ¢ € Sol(L)q. Since p € Q, the product #¢(t) is
again a period function, and the above argument shows that values of such integrals are
periods. 0

Remark 32 (Apéry’s constants). The differential operator L from Ezample 29 is closely
related to the famous proof of irrationality of ((3), [1]. Namely, Apéry shows that the
two sequences

B e

k=0
= n+k b (=)™
=3 () (1) (S S memom) <
satisfy
(31) |Bn - AnC(3)| < Cn’

where ¢ = 17 — 12¢/2 = 0.029. .. is the closest to 0 reflection points of L. Irrationality
then follows from a bound for denominators of {B,}. The above sequences satisfy a
recurrence relation, which can be stated in terms of their generating functions A(t) :=
Ym0 Ant™ and B(t) = ) o, Bat" as LA = 0, LB = 6t. In order to include B we
need to consider the operator L = (D — 1)L, for which ¢ = 17 — 12¢/2 is again a
special reflection point. In terms of the Frobenius solutions, we then have A(t) = ¢o(t),
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B(t) = 6¢10(t). Apéry’s approxzimation (31) shows that solution B(t)—((3)A(t) extends
analytically through t = c or, equivalently, that ~ L0 — (63) Relation between this number

and the Frobenius constants kg, m > 0 from Example 29 1is as follows.
One of the outcomes of Theorem 30 is existence of a meromorphic function

k(s) == I(s)R(e™™*) "' Tg (s)

in the whole complex plane C whose expansion coefficients at each p € R are equal to
Kp0s Kp1, - .- For the operator L from Example 29 and normalization koo = 1 we have

k(s)=1-— %232 + 7¢(3)s® +

The reader may check that the Frobenius method for L = (D — 1)L yields the same
sequence of rational functions {a,(s);n > 0} as in the Frobenius method for L. Therefore
we get the same function k(s) as above and, according to the previous paragraph, one
has

k(1) = @.
There seem to be no direct link between this value and appearance of ((3) in ko3 = S ¢(3).
(We refer to a forthcoming paper of Kerr, [15] for more details.)

Gamma functions satisfy difference equations (Proposition 8), and the discussion just
before Proposition 8 shows that k(s) satisfies a difference equation as well. In our example
the functional equation has three terms, and we can conclude that k(m) € Q((3) + Q for
any m € 7.

To get a sense of what the polynomial R(7") in (30) looks like, let us make a few
observations. For simplicity, let us assume that I(s) has no pair of roots that differ
by a non-zero integer. Then R is the full set of roots of I(s) and the characteristic
polynomial of og on Sol,(L) is given by [] cr (T — €>™#)™?), see Remark 17. Tt is easy
to see that the indicial polynomial of LY at ¢ = 0 is given by I(—s), and hence the
characteristic polynomial of o9 on Sol,(L") is given by P(T) = [] r(T — e~ 2mipymip)
Since P(oy) vanishes on Sol,(LY), it follows that R(T) divides P(T"). We will end this
section with making the statement of Theorem 30 more concrete in a special case when
0o is mazimally unipotent.

Corollary 33. Let the assumptions be as in Theorem 30 and suppose that the indicial
polynomial of L att =0 is I(s) = s". Then generators T¢,(s) of the K[e**™]-module of
gamma functions (29) satisfy

FEO (0) 7& 07

and the Frobenius constants k, = Ko are given by

ST‘

(1—6 2msrd §0 Zﬁn ’

where d := min{n > 0: k, # 0} <.

Proof. Let us first show that d < r. In our case I(s) has only one root p = 0, and hence
the Frobenius solutions ¢y 1= ¢g ) with 0 < k < r form a basis in Sol,(L). It follows
that their images under o, — 1 span I'mage(o. — 1|Sol,(L)). In particular, at least one
of the first r Frobenius constants ko, ..., k,_1 iS non-zero.
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Since the characteristic polynomial of oy on Sol,(LY) is given by P(T) = (T — 1)"
and R(T') in Theorem 30 divides P(T"), we can simply take R(7T) = (1 — 7)™ where the
degree m < r is determined as follows. With any non-zero §¥ € I'mage(o. — 1|Sol,(L"))
we have

m =min{k > 0:6",000",...,088" are linearly dependent}.

Relation (30) now reads as

ST‘

(32) A=y (8 Z“n » Ka 70

It remains to show that m+d = r. Since I'¢,(s) is an entire function, it follows from (32)
that m + d > r. To show that m + d < r, note that {§¥,¢r} = 0 for 0 < k < d
because the first d — 1 Frobenius solutions are o.-invariant. Since oq preserves the d-
dimensional subspace A := Zz;é Coy C Sol,(L), it follows that A is orthogonal to the
m-~dimensional subspace C[oo]d¥. Since the duality pairing {x,x*} is perfect, it follows
that m +d <r. O

4. PROOF OF THE RELATION BETWEEN FROBENIUS CONSTANTS AND GAMMA
FUNCTIONS

In this section we prove Theorem 30. We start with some preparations. Let M be an
algebraic connection of rank r on an open subset U C G,, and O = Oy be the ring of
functions of U. The ring of differential operators D = Dy is generated over O by the
derivation D = t%. We fix a generator m € M and a differential operator

L=q¢t)D"+q®)D" ' +...+¢{), ¢€O

such that Lm = 0. Possibly after passing to a smaller open set U, we assume that
go € O* is a unit. It follows that M = D/DL is a free O-module of rank r with the
basis m, Dm, ..., D" 'm.

The dual connection on MY = Home(M, O) is determined by the identity
(33) (€. Dn) + (D& n) = D(&,m),  §€MneM.
Let eg,...,e,—1 € MY be the basis dual to m, Dm, ..., D" 'm € M, that is we have

<Djm, 6i> = (51'7]‘.
Using (33) one can easily check that the D-module structure on M"Y is given by

Qr—i

(34) D@i +e1 =
do

€r—1, OSZS’F—L

with the convention that e_; = 0. The adjoint differential operator is defined as

LY = (=D) qo(t) + (=D) 'qu(t) + ... + g (t).
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Below we will check that MY = D/DLY. An important role in the proof of Theorem 30
is played by the following C-linear bracket

{*7*} : Oan ®(C Oan_>0an’
(35) {0} = > (=D)"(q¥)D'¢.
h,v,i >0
h+v+i=r—1

We will show that this bracket satisfies

(36) D{y, ¢} = ¥(Lg) — (L¥)¢.

In particular, {*,=*} is constant on Sol(LY) ®c Sol(L) and coincides with the duality
pairing (x, ) on M ®x M. It seems that property (36) goes back at least to Lagrange.
For the sake of completeness, we will give its proof in the next series of lemmas. The
reader willing to take (36) for granted may proceed directly to the proof of Theorem 30.

Lemma 34. We have L (qy'e,_1) = 0. Thus, the map 1 qo_ler,l yields an 1somor-
phism D/DLY = M".

Proof. Using (34) we compute

LY (g5 e, 1) = Z(—D)i (QT_ierl) = Z_:(—D)i(Dei +e1)+ (—=D)"e._y = 0.

i=0 9o i=0
]

Lemma 35. Let m” := gy e,_1 € M"Y be the element from Lemma 34. Let py, ..., pr_1 €
M be the basis dual to m", Dm",..., D" 'mY € M. We have

A
(37) e = S <—1>h(.)Dh ia,
h,v>0 J
h+v=r—1—1

for all for 0 < j,i <r —1. In particular, (pj,e;) = 0 when j+1i > r —1 and we have
pr-1 = (—=1)""gom.

Proof. Applying (34) consequently with i =7 — 1,7 — 2, ... we find that

Cr—1-k = (_D)ker—l + <_D>k_1 (267“_1) +-+(=D) (%6’"—1) " %er—l
0 0

= > (D) (am”)

v=0
for all 0 < k < r —1. The coefficient of D’m" in the latter sum equals 0 when j > k and
k—j
k — )
Z(—l)k_”( . V) DF g,
v=0 J

when j < k. This expression for k = r — 1 — i coincides with (37).
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One can easily check that an element 37— ¢ye; € MY, is a horizontal section if and
only if ¢; = Di¢q for all i > 0 and L¢o = 0. This observation identifies the local system
Sol(L) with MY = (MY,)V"=°.

Lemma 36. Recall that {e;} C M" is the dual basis to {D'm} C M. Similarly, {p;} C
M s the dual basis to {D'm"} C M. With this notation, define C-linear maps n :
O™ — M) (resp. £ : O — M,,) by

) oo = YD) €)= S (Do

We define a bracket {*,x} : O @c O — O by composing the tensor product
E@n: 0" @c O = Map @oim My,;

EonWwed) = Y (DU)(D's)p; e
with the duality pairing (*, *): |
(.6} = (€@ = Y (DW)D'G){py. )

This bracket satisfies
(39) D{, ¢} = ¢ (L) — (LY¢)¢
and can be expressed as
wor= > (0" (Daw)De.
(40) hw,i>0
h+v+4+i=r—1

Proof. To prove (39), we observe that

r—1

D(n(¢)) =Y (D" ¢)e; + (D'¢) De;)

= O

r—1

= Z(Di+1¢)€i + Z(DZ¢)(QT_ZmV - 62'_1) = (Lgb)mv’

=0 =0

S ..

where we used the convention e_; = 0 in the summation in the last line. The same
computation for LY would yield

D(&(y)) = —(L ¢)m.

Indeed, since p,_1 = (—1)""tgom (see Lemma 35) and the leading coefficients of LV is
(—1)"qo, we obtain (m")Y = —m. Finally, using (33) we obtain

D{, ¢} = D(E(¥),n(¢)) = (D), n(¢)) + (£(¥), Dn(9))
= —(L"Y){m, n(¢)) + (Lo){E(), m") = —(L4P)o + (Lo)y.
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Expression (40) follows from Lemma 35 by a straightforward computation: expanding
(40), we see that the coefficient at D’ () D"(¢) coincides with (37). O

Proof of Theorem 30. Fix a local exponent p € R. We will work with formal power
series in (s — p) whose coefficients are analytic functions in a neighbourhood of a regular
base point p chosen on the path v. By the construction of the Frobenius solutions in
Section 3 it follows that the formal series ® = )" ., ¢, (t)(s — p)" satisfies

(41) L = I(s)t°

(42) oo® = ™
and

(43) (0. —1)® = k(s)d(t),

where k(s) denotes the formal series Y o kpn(s—p)™ and I(s)t* in (41) and e*™ in (42)
respectively have to be expanded into power series at s = p.
For any class £ € Hy(V,, Sol(L") ® t*) represented by a l-cycle Y. 0; ® tb; @ >
we compute the respective gamma function using (41) as follows:
TLSN s TLSN dt
=30 [ rug = e [ nonng
(44) ’
=S [ dfu, @) = 30 (o, ~ 1){u,. o)
j 7 j

Here to pass to the second line we used the fact that LY¢; = 0 and hence (L®)(t)y;(t) =
(L) ()i (t) — (t)(LVY;)(t) = D{v;, P} due to property (36) of the bracket {x,*}. As
above, all functions of s in our formulas mean the respective expansions into power series
at s = p.

According to the statement of Theorem 30, R(0o) = Y., Anoi® € K[o3"'] generates
the annihilator of §¥ in this ring. By Lemma 14, the module of gamma functions (29) is
generated by I'¢, (s) where g is the class of the 1-cycle Y \,00" ® 0" ® e 2™ + g, ®
eV ® R(e~*™%), where " is any solution of LV satisfying (0. — 1)e¥ = §¥. We assume
that 0, 8 and ¥ are K-rational solutions. Applying (44) to the class g, we compute
further using (42) and (43):

F§R Z )\me—szsm mo_ 1){5\/, (I)} + R(e—Qﬂis)(o_c _ 1){€v7 CI)}
_ Z )\me—Zﬂism({o_éné‘V7 e27rismq>} - {(SV7 (I)})

+ R(e77™) ({o.£", 0.9} — {",®})
= {R(0¢)0",®} — R(e”?™){5", @}

+ R (2 4%, B + k()7} — (=, B))
= R(e ™) k(s) {e¥ + 6,0}

Since § and ¥ + §¥ are K-rational, we have {¢¥ + ¢Y,0} € K. To show that this
number is non-zero, notice that {¢,0} = 0 if and only if o.¢) = 1. (This follows from
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the remark below formula (36) that the bracket coincides with the duality pairing on
solutions M x MV, so the orthogonal to the image of o, — 1 on M is the kernel of . — 1
on MV.) One can easily check that

(0. —1)(e"+6Y) =6+ (0, —1)8" = 0.8 #0.

Note that the class § = {e¥ +6Y,0} '¢r € H1(V,,, Sol(LY)x ® t*) does not depend on
our choice of p € R. The above computation shows that I(s)I'¢,(s)/R(e™2™) = k(s),
which completes the proof. U

Corollary 37. Let notation be as in the theorem, and let v be a solution for LV.
Then the bracket {1, ®} is a potential for the T'-integrand (t)t°dt/t, i.e. d{y,®} =
I(s)y(t)t°dt/t. This is a special property of Mellin transforms for solutions of D-modules.

5. THE LIMITING MHS AND FROBENIUS CONSTANTS

We are given a Zariski open U C G,, C P! and a regular singular point connection
V:M — M ®Q defined over a subfield K C C. We assume that (M, V) is a direct
summand in the Gaufi-Manin connection on H}5,(X/U) for some projective, smooth
X — U. In this case M carries a variation of pure Hodge structure of weight w.

As earlier, we denote by D be the ring of differential operators on U. This ring is
generated over the ring of regular functions Oy by the derivation D = t%. We assume
there is an element in the lowest Hodge submodule, m € F M, and a differential operator

L= q(t)D’7eD, qeO;
§=0
such that Lm = 0 and
M =D/DL,
the isomorphism being given by m > 1.

We further assume that ¢ = ¢ is a reflection point for M (Definition 12) and that ¢t = 0
is a point of maximally unipotent monodromy (M UM ). The latter condition means that
in a certain basis of solutions of M the operator of local monodromy around ¢t = 0 is
given by oy = exp(V),

0 1 0
(45) N=10 0 1
In this case L has a unique local exponent p € Z at t = 0. By the construction given is
Section 3, for every homotopy class of paths 7 joining ¢ = 0 and t = ¢ there is an infinite
collection of Frobenius constants k, = k,,, n = 0,1,... (see Definition 22; possibly
dividing L on the left by a power of (¢t — ¢) € Oy}, we can assure that ¢t = c is a special
reflection point for this differential operator). In this section we will show that certain
expressions in the Frobenius constants kg, ..., k,._1 and 27 are periods of the limiting
mixed Hodge structure at 0 € P!\ U. In order to include the higher Frobenius constants
Ky Kri1, - .. in the picture, we start by building a variation of mixed Hodge structure on
extensions of M by powers of the Kummer connection.
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We are interested in the analytic structure of M in a punctured disk A* about 0 €
P!\ U. The following is classic.

Theorem 38. The evident functor is an equivalence of categories between the category
of analytic connections on A* meromorphic at 0 and having at worst reqular singular
points there and the category of all analytic connections on A*.

Proof. See for example [18], théoreme (1.1), p. 24. O

Of course, the category of analytic connections is equivalent to the category of local
systems, so, for example, Ma- is determined by its monodromy at 0 which is oy = exp(V)
with NV as in (45). We write O for the ring of analytic functions on A* which are
meromorphic at 0. For an integer n > 0, define a free O-module with basis {e;}

E, =0e_,_1®0e_,® - Oeyg®Oe; ®---Oe,_;.

We define a connection on E,,
V@Z‘ = €1, V(e_n_l) = 0.

Let F,, C E, be the submodule spanned by e_;,...,e_,_1. The connection restricts to
a connection on F,,, so there is an induced connection on E, /F,. (Note Fy = Oe_; with
trivial connection.)

Definition 39. The Kummer connection K; = Oc & On s the rank 2 connection with
V(e) =n% and V(n) = 0.

Lemma 40. We have an isomorphism of connections
F, =& Sym"K;.
(Here Sym’ K, = O with the trivial connection.)

Proof. The identification is given by

n—1

ecr=c¢"/nl, ea=e""n/(n—1),.. ;e =n"

0

The dual connection on the free O-module E! with basis €}/, —n—1<i<r—11s
given by
dt

vV VvV Y
V¥ie; =€

Consider horizontal sections of EY, (that is, solutions for E,) given by

(46) 5k<t) - loglj!t) 67\{71 1(05(j)1)| 67\"/72

for k =0,...,n+r. Note that in the basis p; := (2mi)"e;, operator N = log(cy) acts
by the nilpotent matrix (45) of size n +r + 1.

+--+logt)ey +e 4wy

Lemma 41. Continuing to assume 0 is a MUM point, we get an exact sequence of
meromorphic connections with regular singular points at the origin

0— Sym"K; — E,, = Ma~ — 0.
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Proof. The assumption guarantees that the monodromy for E, /F,, coincides with that
of Ma~, so one can apply Theorem 38. 0

We now define a variation of Hodge structure on E,,. Recall that M is a pure variation
of Hodge structure on U, with Hodge filtration 0 C F¥M C F*"'M C --- C F'M = M.
We are given an element m € F* M satisfying a differential equation Lm = 0 and such
that M = D/DL. Without loss of generality, we assume from now on that ¢o(0) # 0
and the unique local exponent of L at ¢t = 0 is

p=0.

Under our assumption on oy, the latter condition can be always achieved by multiplying
m by a power of t € Of. In this case the monodromy of solutions of the differential op-
erator D" [, around ¢ = 0 is again maximally unipotent (this follows from the existence
of higher Frobenius solutions, (21), (22)) and hence it is the same as the monodromy of
the local system of horizontal sections &Y = EX’VVZO. We can again apply Theorem 38
and build a commutative diagram of connections

0 —(D/DD" 1 )Ax — (D/DD" ' L)« —(D/DL)a+ — 0
L

(47) |= E E

0 — Sym"K; — E, —  Ma- —0.

(Here R; means right multiplication by L.) The Frobenius solutions ¢y = ¢o, for
D" L are given by

k .
NOEDY bg.(,t)] Pi(t), 0<k<n+r

: J!
7=0
where ¢5" € O are uniquely defined analytic functions (see (21)) satisfying the condition
(48) 0'(0)=1; ¢f"(0)=0, j>0.

These solutions satisfy

L(¢0) = = L(¢r—1) - 07
49 log(t)’
49) chrﬂzogj(,); 0<j<n
Consider the element
n+r
(50) P = Z @I (t)er—1-; € En.
j=0

Applying the solutions ¢; defined in (46), we observe that

(51) b = (¢™", €x)

for each 0 < k < n +r. It then follows that ¢ € E, satisfies D"*'L¢*" = 0. In
particular, one can assume that the vertical isomorphism in the diagram (47) is given
by 1 € D — ¢ € E, and that in the bottom row ¢** maps to the element m € Ma+ =
E,/Sym"K;.
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We can use ¢" to define a variation of mixed Hodge structure on E,, as follows. Since

m, Dm, D?>m, ..., D" 'm form an O-basis for Ma~, mapping D'm s D!¢*" defines an
O-module splitting s : Ma~ — E,, i.e.
(52) E, = Sym"K; @& s(Max«).

One knows that K is the connection underlying a variation of mixed Tate Hodge struc-
ture (Kummer variation). Its nth symmetric power is the variation on Sym"K; where
the Hodge filtration is given by

FOcF'c...cF"=Sm"K, F"=al 07y
and the weight filtration is given by

W_gp = Wi_g, C Wo_g, =Ws_9, C ... C Wy =Sym"Kj,

W_op = @?:k(’)gn’jnj.

The Hodge filtration is opposite to the weight filtration in the sense that F*k@W_Q(kH) =
Sym" K, from which one can easily compute that gr'%,, Sym” K; = Q(k). The correspond-
ing weight-graded Hodge variation is thus given by Q(n) & ... & Q(1) @ Q(0). For our
purposes we will need the twist (Sym"K;)(1), which is the variation on the same con-
nection where the respective filtrations are shifted as F*((Sym™K;)(1)) = F""(Sym" K;)
and W;(Sym"K;)(1)) = Wi o(Sym"Ky).

We use the splitting (52) to define a Hodge filtration on E,, as follows

F'E,=0®s(F'Mp-); i>0

(53) F'E, = F'((Sym"K;)(1)) @ Ma~; i <0.

Proposition 42. The Hodge filtration (53) on K, satisfies Griffiths transversality:
V(F°E,) C F*'E, ® Q..

The following basic consequence of the maximal unipotency of the local monodromy
of M at t = 0 will be useful in our proof of Proposition 42:

Lemma 43. Suppose M 1is a connection on U C G, carriying a polarized variation of
pure HS and such that the monodromy of the local system of its flat sections around t = 0
is mazimally unipotent. Let p € A* C U and consider the pure Hodge structure on the
fiber M,. Then for some a < b the Hodge graded is given by

greM, = @ F'M,/F™' M,

a<i<b
with each F'M,/F™ M, = C.

Proof. The point of Schmid’s construction of the limiting mixed Hodge structure for M
at 0 € A is that the Hodge filtration passes to a limit as p — 0, so it suffices to prove the
assertion for the Hodge graded of the limiting mixed Hodge structure My;,,. But M,
has a logarithm of monodromy operator N : M;,, — M, (—1). Let the variation of
pure HS on M be of weight w. Then the monodromy weight filtration W, M,;,, is given
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by the shift W, = L,_,, of the Jacobson filtration L,Mj;,,. In our case N = log(cy) has
one Jordan block (see (45)) and therefore the Jacobson filtration has a very simple form

(54) My = Ly My, = erlMlim; Ly oMy = Ly_3 M, = N My,
o L1 My = N "My Ly My, = (0).

Finally, N*My,,,/N*"* My, is a one dimensional vector space. For ¢ > 0, the map N :
grivyM — grf{lM (—1) is a surjective map of Hodge structures of dimensions < 1. For a
Hodge structure H we have F'(H(—1)) = F'"'H, so there are two possibilities. Either
griitM = (0), or grif' M = Q(k) for some k, in which case griyM = Q(k — 1). Since
C(k) has Hodge filtration concentrated in degree —k, the lemma follows. O

As a consequence of Lemma 43, the Hodge filtration on our connection M is 0 =
FFMCF'McCF2McC--CF'M=M with F'/F*! rank 1. Since we assumed
that m € M is chosen in the smallest part of the Hodge filtration, it follows that the
weight is given by w =r — 1 and

r—1—-k
(55) FEM = Y OyD'm.
5=0
Proof of Proposition 42. Recall the O-splitting s : Ma- — [E, is defined by Dim —
Dig 0 <i <r—1. It follows from (55) that F'E, = Z;;é_l ODI¢™ for i > 0, which
immediately implies the statement of the proposition for all @ > 0. To deal with a < 0
we will need the following observation.

Lemma 44. We have D' L¢™ =e_;_;, 0 < j <n.

Proof of lemma. Since Lm = 0, we can write L¢*" = Bie_y + --- + Bpiie_,1 with
B; € O. From (49) we get
(log t)*

— Loy = (Lo
(k—r)! Or = (L™, ex)

k

log(t)k—7
= <Ble_1 + -4 Bl+n€_n_1, 5l~c> = Z %Bj—r+l-

Since the B; € O cannot involve powers of log(t), we conclude that By =1 and B; =0
for j > 1. Thus, L¢*" = e_; and hence D/ L™ =e_;_;. O

J=r

Note that F~ <(Sym”Kt)(1)> =0e_1 @ --- @ Oe_;. Since Lp*™ = e_; we see that
Dr¢*™ € F~'E, (remember we shrank A* so that the leading coefficient of L is a unit
in 0.) The case a = 0 follows from D (F°E,) C 77 OD’¢** = F7'E,. Finally,
(Sym"K;)(1) satisfies Griffiths transversality, and the proposition follows for all a. [

It is clear from the proof of Proposition 42 that the filtration (53) is actually given by

r—1—1

(56) F'E,= Y ODi¢", —n-1<k<r-1.
j=0
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With the Hodge filtration (56) and the weight filtration defined as
(57) WiE, = Wi((Sym"K;)(1)) for i <r—1; W,4E, =E,,

it is clear that our variation of mixed Hodge structure on E, is an extension of the pure
variation of weight w = r — 1 on Ma« by the mixed Tate variation (Sym"K;)(1).

As it stands, our variation of HS [E,, is only a variation of C-HS. We shall now lift it
to a variation of Q-HS. We work at a base point p € A*. Recall that the Q-structure
on solutions M; C (&), is given by rational Betti homology classes. The subspace
M; (Q) is clearly preserved by the monodromy. Since we assume that the action of
0o is maximally unipotent, we have the nilpotent operator N = log(cy) acting on M,,
and preserving the Q-structure. Quite generally, associated to a nilpotent operator on a
finite dimensional vector space there is a filtration L, (Jacobson filtration). In our case
N is maximally nilpotent and the Jacobson filtration is given by Lj, = N1"z" (M,) for
1 —r <k <r—1 (this fact was already used in the proof of Lemma 43, see (54)). As
M carries a pure HS of weight w = r — 1, a basic result of Schmid and Deligne implies
that there exists a limiting mixed HS My, with M, (Q) = M, (Q) and weight filtration
given by

Wil = Li—w = N* 5 1(M,), 0 <k <2(r - 1).

It is clear in our case that N"~'~7(M}(C)) = Cey + ... + Ce;. We shall show that, in
the situation when the Frobenius constants «; are defined and k¢ # 0, these numbers
can be used to describe the (Q-subspaces of the Jacobson filtration. Recall that ¢ = ¢ is
a reflection point for M. Suppose that § € /\/lz in Definition 12 is chosen to be rational,
6 € (0. — 1)M}(Q), and consider the Frobenius constants defined by

(58) (O'C - 1)6]' = Hjé,

where ¢; are the horizontal sections (46) yielding the classical Frobenius solutions, (51).
As a connection, we have a natural globalization of E,, namely E, = D/DD" "L, (47).
Thus, it makes sense also to talk about the variation around c for horizontal sections
of E,. Lemma 19 shows that the variation of the local monodromy of the local system
£ = (EY,)V'=0 = Sol(D"'L) around ¢ also has rank 1. Hence formula (58) with

n,an
j > r defines the higher Frobenius constants. Recall that solutions e, ..., &, form a
C-basis for the multivalued horizontal sections (£),; it will be convenient to drop the

base point p from our notation and denote their C-span by £ = Ceg + ... 4+ Cepyp.

Proposition 45. Let kg, k1, ... be the Frobenius constants defined by (58), where 6 €
M;f(@) 1s a mon-zero rational solution spanning the image of the variation of the local
monodromy around t = c. Assume further that o.(co) # €o. Then there exists a unique
Q-structure £Y(Q) on &) such that

(i) Ky 'eo € £Y(Q) and the filtration fil,E) = Ceq + Cey + - -+ + Ce; is defined over Q;
(i1) E)(Q) is stable under both loops oy, 0. around t =0 and t = ¢ respectively.

A Q-basis for E(Q) is then given by

k
(59) Mk = (2“)%2%81@—]‘7 O0<k<n+r,

J=0
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where a; are the coefficients of the series

> , > , 1 —K —Kokg + K2
(60) jz;ajsj =1/ (;/{j37> = /{_0+ 2 5+ p 5%+

Proof. The n;, defined in (59) are linearly independent over C (because the ¢; are.) It is
clear that £Y(Q) := > 777 Qny satisfies (i). Let us check it also satisfies (ii). One can
easily check that N = log(og) acts as Nny = 1,_1, and hence oy = exp(NN) preserves
EY(Q). As for the action of o., we observe that

N k
N o 0, k>0,
(e — D) = (2mi)7* Z a;j(o. — V)ep—; = (2mi) " (; O‘J‘“kj> 0= {5, k=0.

J=0

It remains to show that § € £Y(Q). We write § = S ,_§ s with i € C. Since
0 € MZ (Q) and this space is preserved by the monodromy operators, it follows from
(0. — 1)d = pod that g € Q. To access other coefficients, note that (o. — 1)N¥6 = .0
implies that p, € Q for all k.

To show uniqueness, denote Vi = (no,...,Mk)o and suppose we have another Q-
structure with these properties, say Wi = (vp,...,v)q with Wy, ® C = V;, @ C for
k > 0. It is clear from (i) that V5 = Wy. Suppose k& > 0 and assume inductively
that Wy_1 = Vj_1. Due to (ii) we must have that 6 = (o, — 1)y € W,4,, and hence
for any w € Wy one has (6. — 1)w € Q4. It follows that W, = Wy & W} where
WP :=ker(o, —1: Wy, — W,4,,). Since (oq —1)(WWy) = (0), it follows that W C W}, de-
fines a splitting of 0o —1: Wy, = Wy = Vi_;. We have V?@C = W ®C C (e, ..., ex)
and with this identification, the two splittings coincide. Thus V! = W2 so Vj, = Wy, O

Note that fil,_1&Y(Q) = MY(Q). Indeed, § = (0. — 1)(r; 'e0) € &)(Q) and under
the condition o.g9 # €o the space of Betti cycles M (Q) is generated by the images of
§ under oq (see the proof of Corollary 33). Since fil;€Y = N™*"J(EY), Proposition 45
defines a unique lift of the Betti structure on MY to a Q-structure on & for which the
Jacobson filtration for N = log(oy) is defined over Q.

The final objective in this section is to link the Frobenius constants ~; to periods of a
limiting mixed Hodge structure. As we mentioned earlier, for a pure variation of Hodge
structure M of weight w the limiting mixed Hodge structure Mj;,,, can be identified with
the fiber M,, with the weight filtration given by the Jacobson filtration for N = log(oy)
shifted by w. More generally, for a variation of mixed Hodge structure H with the weight
filtration W, H, a monodromy weight filtration on the fiber H, is a filtration W,H,, such
that N(W;) C W,_5 and such that for each & the filtration induced by W, on gr}’H,
is the Jacobson filtration defined by N on the pure HS gr}”#,, and then shifted by —k.
There is at most one monodromy weight filtration satisfying these conditions, but it can
happen that no such monodromy weight filtration exists. As earlier, we denote the fiber
(&n)p simply by &,.

Proposition 46. Let L, be the Jacobson filtration for N = log(og) on &,. Then W, =
L.[n + 2 —r] is the monodromy weight filtration on &,.



36 SPENCER BLOCH, MASHA VLASENKO

Proof. One can check that N*(&,) = (Cey + ... +Cel )t =Ce_,, 1+ ...+ Ce,_1 4,
which yields

ntrdl=(hbnt2-or) |
2

Wkgn - Lk+n+2—rgn - NL (571) - Nr—l—ng (gn)

:Cefnfl—F...—l—CGE .
15)

The weight filtration W,E, is given by (57). One can check that for k& < 0 we have
Wi&, = W&, and hence the filtration induced by W, on each gr%kgn is zero in degrees
< —2k and everything in degrees > —2k. This is precisely the Jacobson filtration for N
on this rank one subquotient shifted by 2k. It remains to check the rank r graded piece
grV &€, = M. There the induced filtration is given by

Wkgr}“/‘ilgn = CEO +...+ CEng = Nr—l—ng (grvlj‘ilgn) )
which is again the Jacobson filtration shifted by 1 — r. O

Proposition 47. The limiting mized Hodge structure (E,)ym, exists. If ay are the coef-
ficients of the inverse Frobenius series (60), then numbers oy (2mi)™" with 0 < k < h <
n+r are periods of (E,)im.

The following observation will be a key step in the proof of Proposition 47. We shall
apply the limiting process (as t — 0, a MUM point) from [20, (6.15)] to linear functionals
that are naturally defined on the space of solutions V' = Sol, (L) of a differential operator
L near a base point p. Namely, such linear functionals consist of application to elements of
V' of various differential operators 3 v;(t)D’ € O[D] followed by analytic continuation
along a path and evaluation at its endpoint; as the endpoint approaches ¢ = 0 the
monodromy is an obstruction to taking the limit. Schmid’s limiting process involves
killing the monodromy. When ¢ = 0 is a MUM point, it can be symbolically expressed
by the formula

 log(t) m—1 ' m—1 y y
3 27 —
lim D utD) = v(0)¢) € VY,
=0 =0
where ¢y, ..., ¢y, is the basis in VY = Hom¢(V, C) dual to the classical Frobenius basis

in V (see Lemma 48). This observation allows us to define a mixed Hodge structure on
the space of solutions which for Picard—Fuchs differential operators, by construction,
coincides with the limiting MHS at ¢ = 0 defined by Schmid in [20]. As a consequence,
the coefficients of Betti-rational solutions expressed in the Frobenius basis at ¢ = 0 are
periods of the respective limiting MHS (see Remark 49). Note that both the limiting
MHS and the set of Frobenius solutions depend on the choice of a branch of log(t).

Lemma 48. Let K C C be a field and L = 377" q;(t)D™ 7 € K(t)[D] be a differential
operator with rational coefficients such that the monodromy of its solutions around t = 0
1s mazimally unipotent. Assume that the ungiue local exponent of L at t = 0 equals
p=0. Let V = Sol,(L) be the space of solutions near a base point t = p. Fix some
branch of log(t) near p and consider the classical Frobenius basis in V :

k .
0 :ZM o),  k=0,...m—1,

=
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where ¢§", ..., ¢o 1 € K[t] are analytic near t = 0 functions satisfying ¢3"(0) = d;,.

(1) Let O be the ring of analytic functions on the punctured disc A* = A\ {0} = {t €
C : 0 < |t| < e} that are meromorphic at t = 0. Denote D = O[D] and consider the
analytic connection on A* given by H = D/DL = Z;':[]l OD’. Consider a filtration on
H given by

m—1—k
(61) FFH= > 0D, 0<k<m-1
=0
Then the limiting filtration in the sense of Schmid (20, (6.15)]) exists and is given on
the dual space VY by
FEVY=Coy+...+CoY_i_s

Moreover, limits of algebraic classes span FE(K) = K¢y + ...+ KoY | ..

(i) Consider the nilpotent operator N = log(og) and define W, to be the respective
Jacobson filtration on V'V shifted by m — 1; this filtration is given by

(62) W, VY = Nl (v,
Then H = (VY,W,, F%) is a mized Hodge structure with gr’VH = &' 'C(—k).
Proof. (i) Consider the universal covering
e:G— A", e(z) =exp(2miz)
of A* by the upper halfplane G = {z € C|Im(z) > —5-log(¢)}. We will identify the
space of solutions with
V =A{u(z) € Og | (¢"L)u = 0}.
The monodromy transformation og : V- — V acts by
(63) (oou)(z) = u(z + 1).
For each z € G there is a map 7, : H — VY. In concrete terms, for an element
v = Z;.”:_Ol v;(t)D? € H the pairing of 7,(v) with a solution u € V' is given by

(r.(0). 1 = el (e DY = Y )

J

(Here we used e*D = e(z)ﬁ(z) = 5=4) Let N = log(og) = Yo (—1)" (oo — I)"/h
be the logarithm of the local monodromy transformation. To apply Schmid’s limiting

procedure as in [20, §6], we shall consider maps defined by

n, i=exp(—zN)om, : H— V",

To prove (i) we will check that for any v = Z;.n:_ol v;(t)DI € H:

() one has ., (1) = 7 (v);
(i”) the limit limym,(2)—4oo m.(v) exists if and only if all v; are analytic at t = 0, in

which case one has

(64) lim 7w (v) =) v;(0)p/

Im(z)—+o0
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where ¢y, ¢, ... is the basis in V¥ dual to the Frobeius basis
i (2miz)?
(65) ou(z) =Y o e(z) €V, 0<k<m—1.
= )

Note that every solution u € V can be uniquely written as u(z) = 35— up(e(2))2* with
uo(t), ..., um—1(t) € Oa. Using (63) we find that the action of N on V is given by

N Zuk )z »—>Zuk kzk L

We evaluate 7/ (v) on u = Zk ug(e(2))z" as follows:

‘,j)<<>Nh>

A
N~
=
£
I

I
MS
O
M~
-
S,
B
<
>
=
o
|
—
~—
—~
o
>
|
»
+
~—
B
>
»

B Z el (D u)e(2) 2ri) (k f!snz"f-s S(-1)" (k n )

k!
271 )k

vj(e(2)) (D7 up)(e(2))

izk (

Note that the function in the last row is periodic in z, which proves the claim (i’). When
all v;(t) are analytic at t = 0 the above expression passes to the limit as Im(z) grows
infinitely:
m—1 .
|
lim v; —'
]m(z)—)-l—oo ]ZO ! 277'@)

It remains to notice that the linear functional that sends every u = >, ux(e(2))2" to
u;(0)(2mi) ™/ j! coincides with ¢Y. This fact follows from formula (65) because ¢§"(0) = 1
and ¢3"(0) = 0 when j > 0. This completes our proof of (i”). Algebraic classes v =

Z;':[)l v;(t)D? € H are those with v; € K(t). All claims of part (i) now follow from
formula (64).
For (ii) we note that N*(VY) = Spanc(¢),...,d,,_,) and hence filtrations FX H and

W, are opposite in the sense that VV = Wy, @ FEH for any k. It follows that the filtration
induced by F* on gry, VV is zero in degrees > k and everything in degree k. U

Remark 49. Suppose that L in Lemma 48 is a Picard—Fuchs differential operator. More
precisely, we assume that for a smooth projective family of algebraic varieties f : X — U
there is a class in the smallest Hodge part w € F™HT"Y(X/U) annihilated by the
differential operator L. Then H = D /DL carries a polarized variation of Hodge structure
of pure weight m—1, and using Griffiths’ transversality along with Lemma 43 we conclude
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that (61) is the Hodge filtration. The limiting MHS is constructed in [20, Theorem (6.16)],
and this is precisely H from (ii) in Lemma 48.

The K-structure from part (i) of our Lemma is the de Rham structure on H. To see
this, we change notation in order to appeal to the work of Steenbrink ([21], as corrected
in [11]). Steenbrink considers a geometric situation where H is the DR-cohomology of
a projective family f : X — S, where X is smooth and S is a smooth, affine curve. t
is a parameter on S and f is smooth away from t = 0. We assume Y := f71(0) is a
reduced normal crossings divisor. The link with our standard notation f : X — U is
X=X-Y; U=5—-{t=0}.

Define (here Ogy is the local ring at 0 € S and K is the residue field at 0.)

ws = Q5(log{0});  wy = Qy(logY);  whys = Ly/s(logY); Wy = wh/s Qos, K-

Steenbrink’s basic result identifies wy ® C with the nearby cycle complex RY(C) for
Y C X. This identification depends on the choice of t and also of logt. Given n,
Steenbrink’s result enables one to put a mized Hodge structure on H™(Y,w}) which is
then identified with the limiting MHS HJ} . as defined by Deligne and Schmid. The nearby
cycle complex carries a Betti Q-structure which gives a Betti Q-structure on HJ!, , (]19],
Chap. 11.2). The fact that w} is defined algebro-geometrically automatically endows
H with a K-structure (DR structure) which can be used to define periods.

We introduce a variable denoted logt and consider the complexes

wgllogt];  wxllogt];  wy/sllogt].

Sections e.g. of w[logt] are polynomials in logt with coefficients which are sections of
w*. The differential is extended from w by setting dlogt = dt/t. Note that dt/t = 0 in
Wx/s-

Let i : Y < X be the inclusion, and write i~' for the sheaf-theoretic restriction
functor from sheaves on X to sheaves on'Y. (Note i~' # i*, the pullback in the category
of sheaves of O-modules.) Steenbrink’s basic result is that the composition

logt—0 ._

S i wxgsllog 1)) P i ways = wy

(66) it (wxllogt])

1S a quasi-isomorphism.
Consider the diagram

0 — i Hwy/s ®@wsllogt]) — i (wallogt]) = i (wassllogt]) — 0

l H !

0 — ker 8 — iNwxllogt]) B iwxs) — 0

o0 I [ H

0 — i_l(w;/ls Rwg) —  iNwy)  — i wys)  — 0

|

Wy
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A piece of the long-exact sequence of cohomology sheaves on Y associated to the top
line reads (for any p)

(68) 0 — HP (i (wallog])) 22 12 (i (wa sllog 1]))
T, P (i (wy g ® whllog])

The boundary map coincides with the Gaufs—Manin connection as indicated. Also, the
result of Steenbrink cited above implies that HP(«) is injective, both on the sheaf level
and for global cohomology groups. Thus, (68) identifies

(69) HP(Y, i Y wh[logt]) & HP(Y, i (wxs(logt]))Ver="

We know by Frobenius that we have a full set of horizontal sections defined over K [t]|[logt],
so we conclude

(70) HP(Y,i™ (wy[logt]) =
{Horizontal sections of the GM connection on HP(Y, i’lw}/s)}
= HP(Y,}).

The assignment logt — 0 in (66) coincides with the vanishing of 27,7 > 0 in the com-
putation of (64). The K-structure from HP(Y,wy) is Steenbrink’s DR-structure. It
matches the K-structure on H, and if one expresses period functions in the classical
Frobenius basis, the coefficients are periods of the limiting Hodge structure.

Example 50. The period function of the Legendre family of elliptic curves

0= | e 3 (277)2 (35) == ms 30

n=0

1s a Betti-rational solution to the hypergeometric differential operator L = DQ—t(D+%)2.
Then 7 here is the period of the limiting MHS because the hypergeometric function ¢o(t) =

oFi(%, 1, 1]t) is the Frobenius solution analytic at t = 0.

Lemma 48 can be also applied to variations of mixed Hodge structure. Namely, if the

Hodge filtration is a shift of F*H and if the same shift of W, yields the monodromy
weight filtration, then the respective shift of H is the limiting mixed Hodge structure.

Example 51. L = D" corresponds to the symmetric power of the Kummer variation
Sym"™K,. One can check that the Hodge filtration is given by the shift F*[n] = F*t" of the
filtration (61) and that the shift Wi[n] = W.ia, of the filtration (62) is the monodromy
weight filtration. It follows that the limiting Hodge structure is (Sym™Ky)ym = Hln].

The Frobenius basis is given by ¢p(t) = log%)k and the rational structure is spanned by
k
<%> = (2mi) "*k! i (t). Hence (2mi)~F, 0 < k < n are periods of (Sym™Ky)im.-

Proof of Proposition 47. We apply Lemma 48 for the operator D""'L where L is an
operator of order r satisfying the usual assumptions used throughout this section. Here
m =n+r+ 1 and as connections we have H = D/DD" 'L 2 E,,, see (47). By (56)
the Hodge filtration F*E,, is the shift of F*H in (61) by n + 1. By Proposition 46 the
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monodromy weight filtration W,E, is the shift of W, H by n 4+ 1. We conclude that the
limiting MHS for our variation E,, exists and is given by (E,, ), = H[n + 1].
The rational structure on &, was defined in Proposition 45. Since 7, € £Y(Q) and

<¢an’ 77/6) = (QWi)_k(akQSO + Clfk—lqsl + ...+ OZ()¢k),
then ay,(27i)~" with 0 < k < h < n + r are periods of (E,,)in. O

We showed that numbers «y from Proposition 45 divided by certain powers of 27i are
periods of the limiting MHS associated to the extension

(71) 0 — Sym"(K;)(1) = E,, = Ma+ — 0.

Though we assume M is motivic, i.e. M is the Gaul-Manin connection for a family of
varieties over P! as in the beginning of this section, it is not clear that the extension
(71) is motivic. Indeed, we do not expect it to be so in general. To better understand
this question, we consider briefly some calculations inspired by work of Kerr [14, Section
5.3]. Kerr considers the example of Frobenius which is a pencil of K3-surfaces defined
by 1— tf(l'l, l’g,xg) = 0 with

<$1 — 1)(%2 — 1)(563 — 1)(1 — X1 — To + T1T2 — .Tlxgxg)

f= ,

XT1T273

as in our Example 29. He shows that the Milnor symbol {z1, xs,z3} defines classes in
motivic cohomology H3 (X, Q(3)) where A = 1/t and X, is a suitable compactification
of the divisor f(x1,22,73) = A in G,. Associated to such a motivic class, one has the

Beilinson regulator

reg({xy, o, x3}) € EX’E}VIHS(HQ(X,\, Q(0)),Q(1)).

We speculate that, writing ¢t = 1/\ in (71) as A — oo, the extension reg{zi,zs, x3}
coincides with (71) for n = 0. If so, this will say in particular that (71) for n = 0 is in
this case motivic. (NB. “speculation” << “conjecture” << “theorem”)
We may try to go further and consider the Frobenius example for n = 1. The extension
(71) becomes
0— Ky-1(1) = E; —» H*(X,,Q) = 0

This extension lies in

(72)  Extyps(Q(0), H*(X)) ® Ky-1(3)) =
Extyr5(Q(0), H* (X X (G, {1,A71}), Q(4)))
Formally, we would expect such a class to arise as the Beilinson regulator of a relative
motivic class in H2 (X, x (G, {1,A\71}),Q(4)).
Actually, it is more precise to look at the whole family, allowing A to vary. To this
end, consider the pair

(Gm X Gy (G x {11) U AGm>

where Ag,, is the diagonal. We view this as a family over G,, via prq : G, X G,;, = G,
and we want a class in

anot(X XGp (G X G, (G X {1}) U Ag,, ), Q(4))
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Let u be the coordinate in the righthand G,, factor. We consider the Milnor symbol
{z1, 9, x3,u}. Informally speaking, to define a relative motivic class, we need to trivialize
this symbol along the diagonal u = A = f(x1,22,23). (A convenient and rigorous
treatment of relative motivic cohomology can be given using higher cycle complexes,
but here our intention is merely to suggest a way forward. We do not attempt to give
details.) Informally, one trivializes this symbol by invoking the Steinberg relations, viz.

(73) {x1, 29, x3,u} = {z1, 29, 23, f(21, 22, 23) } =

(SL’l — 1)(1‘2 — 1)($3 — 1)(1 — 1 — X2 + T1To — I1$2I3)

{21, 29, 23, itate }
= {21, 29, 23,1 — Ty — Ty + 2179 — T X073} =
foram 1, (1= )1 =) (1= )
{1, 22, 23, <1 1 _Zl:;:zf?’_ @))} _
(o (S, (- e )

(On the last line we use the identity {z,1 —az} = {a™',1 — az}.)

Intuitively, at least, the above argument can be used in the Frobenius example to
construct our extension motivically for n = 1. We may hope to apply a similar argument
for n > 1, working with

X XGm Q”;Q = (Gm X Gm,Gm x1U AGm)-

Here " = Gxg,, - - - Xg,, G where the structure maps are again pry : G, xG,, = G,,,. The
symbol becomes {x,za, x3,us,...,u,}. The first order trivializations along diagonals
are as above, but there are now higher order compatibilities on multiple diagonals that
are not understood.
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