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Generalization to the Zeckendorf Graph Game
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Zeckendorf’s Theorem, the Zeckendorf Game

The Fibonacci Numbers

Definition

The Fibonacci Numbers are a recursively defined sequence so that
Fo=1,F,=2and F, =F,,_ 1+ F,_o forn > 2.

Theorem (Zeckendorf, 1972)

Every integer m > 0 may be written uniquely as a sum of non-adjacent
Fibonacci numbers.

Example

2021 = 1597+ 377+ 34+ 13 = Fiy5 + Fio + F7 + F5




Zeckendorf’s Theorem, the Zeckendorf Game

Definition of the Zeckendorf Game

Definition (Baird-Smith, Epstein, Flint, Miller)
Consider bins labeled by each Fibonacci number Fy =1, F; =2, .. ..
Begin with n summands in the bin labeled Fj. The combine move is
1) 1 (1)
FONELy = Figg
(1,1,0) = (0,0,1).

We also have a splitting move:
(2) (1) (1)
F7 — F 5 A

Fi+1
(0,0,2,0) — (1,0,0,1).

And boundary moves FO(Q) — Fl(l), F1(2) — Fg(l) A Fz(l). Players take
turns making moves, and the last player to move wins.




Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game
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Playing the Zeckendorf Game

MERGE ONES
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9[ofofo]o
T{1{o]o]o



Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

COMBINE
1[2]3]|5]8
9lofolo]o
71110[0]0
6]0/1]0]0
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Playing the Zeckendorf Game

MERGE ONES
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Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

COMBINE
112358
910101010
711/010]0
6/011]0]0
411(1]0|0
310121010




Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

SPLIT
11213518
910(0]0(0
711,070]0
6/0({1]0(0
41111010
310(2]0(0
410(0(]1/0




Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

MERGE ONES
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Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

COMBINE
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Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

COMBINE
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Zeckendorf’s Theorem, the Zeckendorf Game

Playing the Zeckendorf Game

— = N AW O] O
O === O OO Ot
_— O OO oo oo OoOlw

O = O ON =IO oW

OO = OO O M= OIN

Player One Wins! Notice that 9 = Fy + Fy = 8 + 1, the Zeckendorf
Decomposition.



Zeckendorf’s Theorem, the Zeckendorf Game

Results about the Zeckendorf Game

All games terminate in O(nlogn) moves. [Bai+20]

The shortest game (greedy algorithm) takes n — Z(n) moves where
Z(n) is the number of summands in the Zeckendorf Decomposition.
[Bai+20]

There is a non-constructive winning strategy for the second player

for all n > 10 using a strategy stealing argument. [Bai+20]

How difficult is the Zeckendorf Game?



Zeckendorf Graph Game

The Zeckendorf Graph Game

We may reenvision the Zeckendorf Game as being played on a directed
path graph rather than on a tuple:

o | o | v | o | 7 ] 1] o0 | 0|0
OO0 >»—0O>»—0>—0

We can also think of playing the game on different Directed Graphs.



Zeckendorf Graph Game

Playing the ZGG

split




Zeckendorf Graph Game

PSPACE

Definition

A problem is in PSPACE if it can be solved by a machine which has
polynomial-size memory.

Definition

A problem is PSPACE-hard if any instance of any other game in
PSPACE can be reduced to to an instance of the game in question, and
PSPACE-complete if it is both PSPACE-hard and in PSPACE.

v




Zeckendorf Graph Game

A Wish List for Graphs

Our result is one about PSPACE-completness for the ZGG played on a
wide family of digraphs. Before we state the family, let’s state what we
want to be true about this family.

e Termination: Acyclic
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Zeckendorf Graph Game

A Wish List for Graphs

Our result is one about PSPACE-completness for the ZGG played on a
wide family of digraphs. Before we state the family, let’s state what we
want to be true about this family.

e Termination: Acyclic

® Polynomial Termination: Leveled

® [egible Gameboards: Planar

e PSPACE-hardness: Successfully Reducible



Zeckendorf Graph Game

Leveled Digraphs
Definition

A directed graph is leveled if every node has a level and each edge
points down exactly one level.

Example
Level 1

Level 2

Level 3

Level 4




Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time on leveled
digraphs.




Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fy| 6
|1
10
3| 1
Fy1 0

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time on leveled
digraphs.

Fyl| 4
F| 2
o
Bl 1
Fi|l 0

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fo| 5
] 0
|1
3| 1
Fy1 0

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

ol 3
|1
|1
3| 1
Fy|l O

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

| 2
F|o
Bl 2
Bl 1
Fi|l 0

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fy| O
|1
| 2
3| 1
Fy|l O

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fy| O
] 0
|1
F3| 2
Fy1 0

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fy| O
|1
|1
F3]1 0
Fyl 1

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

The Projection Lemma

Lemma (Small, 2021)

The Zeckendorf Game terminates in polynomial time
digraphs.

on leveled

Fy| O
] 0
10
3| 1
Fyl 1

Key: White 0, Black 1, Blue 2.



Zeckendorf Graph Game

PSPACE-Completeness

Theorem (SMALL, 2021)

The Zeckendorf Graph Game (ZGG) on planar leveled digraphs is
PSPACE-Complete.




Zeckendorf Graph Game

Reduction to PSPACE-completeness




Zeckendorf Graph Game

The PLRS-ZGG

Definition

We say a sequence (ay) is a Positive Linear Recurrence Sequence
(PLRS) if ag, . . ., ax_1 are specified, and for n > k it is given by a linear
recurrence of the form

an = Clan—1 + C2an—2 + ... CkQp_k

with ¢; > 0. We say it is non-increasing if ¢y > cg > -+ > ¢ > 0.

Example

Let ag = a1 =as =1, and for n > 3, a, := 3an_1 + 20,2 + ap_3.
1,1, 1, 6, 21, 76, 276, ...




Zeckendorf Graph Game

PLRS-ZGG

The Zeckendorf Game and Zeckendorf Graph Game are based on the
Fibonacci recurrence relation. We may define analogous games based on
non-increasing PLRS with generalized move sets.

Theorem (SMALL, 2021)

These generalized games, played on the doubly-infinite path graph,
terminate in O(n?) moves where n is the number of starting chips.

Theorem (SMALL, 2021)

Each non-increasing PLRS game on planar leveled digraphs is
PSPACE-Complete.




Zeckendorf Graph Game

Further Questions

® Given that the ZGG is very algorithmically hard, can we show that
the Zeckendorf Game is, too?

¢ How far can the results on the ZGG be pushed to PLRS-ZGGs or
even other classes of recurrences all-together?



Zeckendorf Graph Game
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Zeckendorf Graph Game

The Formula Game

Definition

In The Formula Game, two players take turns choosing truth values
for a finite set of quantifiers x1, s, 3, ..., Tn, given a statement of the
form

(y11 Vyi2 Vyiz) A (y21 Vy22 Vy23) A= A (Yn1 V Yn2 V Un3)-

Each y;; represents either xy, Zj, for some 1 < k < m. Player 1 wins if
at the end, the statement is True.

Theorem ([Sip96], Theorem 8.11)
The Formula Game is PSPACE-complete.
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Reduction to PSPACE-completeness
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