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ABSTRACT. For integers k,t > 2, and 1 < r < ¢ let D} (r,t;n) be the number of parts among all
k-indivisible partitions of n (i.e., partitions where all parts are not divisible by k) of n that are
congruent to 7 modulo ¢. Using Wright’s circle method, we derive an asymptotic for D (r,t;n)
as n — oo when k,t are coprime. The main term of this asymptotic does not depend on r, and
so, in a weak asymptotic sense, the parts are equidistributed among congruence classes. However,
inspection of the lower order terms indicates a bias towards different congruence classes modulo
t. This induces an ordering on the congruence classes modulo ¢, which we call the k-indivisible
ordering. We prove that for k > @ the k-indivisible ordering matches the natural ordering.

2
We also explore the properties of these orderings when k < 6“”7;1).

1. INTRODUCTION

A partition X\ = (A1, ..., Ar) of a positive integer n is a nonincreasing sequence of positive integers
which sum to n. We use the notation A = n to say that A is a partition of n. The \; are called
the parts of the partition A\. Counting functions related to partitions occur in nearly all fields of
mathematics, and thus asymptotic expansions and exact formulae for these functions are treasured
by the mathematical community. Hardy and Ramanujan began the analytic study of partition
functions by studying the number of partitions of n, which we denote by p(n). Their analytic
methods yielded the asymptotic

1 L./

p(n) ~ 4n\/§€ 3. (1.1)

Hardy and Ramanujan’s proof is remarkable due to its invention of the circle method. This method

allows one to extract the coefficients of a generating function by understanding its asymptotic
behavior near singularities lying on the unit circle, and has seen wide application throughout
analytic number theory since its inception.

Recently, this method has been used to understand how many parts among families of partitions
of n lie in some specified residue class mod t. This question was first explored by Beckwith and
Mertens in [3, 4] for the family of all partitions, and was subsequently explored by Craig in [8] for
the family of partitions into distinct parts. Formally, Craig defined!

D(r,t; n) = Z #{)\J Aj =r (mod t)},
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where D denotes the set of partitions with distinct parts, and he then proved the asymptotic

L 37e™V5 V3log(2) tm (r 1 1 _
D(r,t;n) = P <log(2) + ( st 13 (t - 2)) n~ 24+ 0(n 1)) . (1.2)

More generally, we can consider partitions where no part is repeated k or more times. These are

referred to as the k-regular partitions, and they are in bijection with the k-indivisible partitions,
which have no parts which are divisible by k. This is verified by the simple equality between their
generating functions

Hw - H(1+ nyg "(k—l))

aoy I=a) o ! ! '
Often in the literature, these two types of partitions are both referred to as k-regular partitions.
However, for the sake of clarity, we will always refer to the partitions with no part divisible by k
as the k-indivisible partitions. In a recent paper [12], the authors defined

Dy (r,t;n) = Z #{X\j: \j =r (mod t)},
AFn
AEDy,
where Dy, denotes the set of k-regular partitions, and proved the asymptotic

2Kn

1™V s K1 _1)K3 1
Dy (r,t;n) = % log k + WK ok - all = (r - > ”_% + O(n_l) )
21 KiniVk 8671 216 t 2

(1.3)
where K = 1—1/k. Notice that this is a strict generalization of Craig’s work in [8], as the 2-regular
partitions are exactly the partitions into distinct parts, and in fact the explicit error terms derived
in [12] improve upon those derived in [8]. In this paper, we derive an asymptotic formula for the
number of parts congruent to r mod ¢t among the k-indivisible partitions of n. We define

D (r,t;n) = Z #{\j: A\j =r (mod t)}, (1.4)

AFn
AeDy

where D;° denotes the set of k-indivisible partitions. We prove the following asymptotic formula
for D) (r, t;n).

Theorem 1.1. Let k,t > 2 be coprime integers and let 1 <r <t. f K:==1—-1/k and 1 <7 <t
is a representative of k~'r modulo t, then as n — oo,

2Kn

Dkx(r,t; n) = m <I2{10gn + (—w (g) + kN (;)) +Crt + 0O (n_% logn)> ,

where (z) = 1;/((5)) is the digamma function and

_ K K log k
Ch .fElog <7T\/6>—Klogt+ .

Remark. Here we restrict to the case where k,¢ are coprime for aesthetic reasons. Our method

extends to the non-coprime case; however, this would require additional computation and casework
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while not revealing any deeper structure among the biases for D/ (r,t;n). For a more detailed
analysis of this choice, see the discussion following Lemma 3.2.

Example. Theorem 1.1 may also be used to obtain accurate numerical estimates for D,j (r,t;n).
More precisely, let D} (r,t;n) denote the asymptotic obtained in Theorem 1.1 by ignoring all terms

which are O (n_i log(n)e™V 2I§n> , and define the quotient Q; (r,t;n) = g’z Erin; Figure 1 shows
o (ritm
the convergence of Q (r,t;n) to 1 as n — oo.
n 10 100 1000 10000 | 100000 | 1000000
Q3 (1,4;n) | 0.95865 | 0.98376 | 0.99054 | 0.99260 | 0.99355 | 0.99419
Q5 (2,4;n) | 1.08452 | 0.99408 | 0.98952 | 0.98943 | 0.99044 | 0.99156
Q7 (1,5;n) | 0.92882 | 0.97154 | 0.98102 | 0.98437 | 0.98617 | 0.98746
Q5 (2,5;n) | 0.93232 | 0.96178 | 0.97154 | 0.97618 | 0.97947 | 0.98203

F1GURE 1. Numerics for Theorem 1.1

Because the main terms in equation (1.3) as well as in Theorem 1.1 do not depend on r, asymp-

totically the parts are equidistributed among congruence classes modulo ¢. Namely, if we let

Py (n) (respectively, P(n)) denote the total number of parts in k-regular partitions (respectively
Dy (rtin) Dy (rtin)
Py (n) P (n)
as n — oo if k,t are coprime. However, this weak asymptotic equidistribution does not imply that

k-indivisible) partitions of n, then approaches % asn — oo and also approaches %

there are no biases between residue classes. In fact, analysis of the lower order terms uncovers the
true nature of this bias. In particular, for equation (1.3), 7 is an increasing function in 1 < r <t,
which implies biases towards parts lying in lower congruence classes mod ¢. The asymptotic derived
the authors thus implies that Dy(r,t;n) > Dy(s,t;n) for 1 <r < s <t when n is sufficiently large.
This matches the results of Beckwith and Mertens in [3] concerning the family of all partitions as
well as the results of Craig in [8] for the family of partitions into distinct parts. In contrast, the
biases obtained for the k-indivisible partitions are not nearly as predictable, and depend greatly on

both the size of k as well as the residue class of k mod t. For brevity, we define

r 1 T
= |- — - . 1.5
Ykt () w(t>+kw<t> (1.5)
Using this notation, we have the following corollary exhibiting these biases.
Corollary 1.2. Let k,t > 2 be coprime integers and let 1 < s,r <t. If K :=1—1/k, then
Dy rtm) — D (stm) = S (Ya(r) = vr(5) + O (n~3 logn) )
r,t;n) — s, t;n) = r) — S n 2logn) ).
: * i KintintvE N o g
Furthermore, if we have
Yrt(r) > Yra(s),
then for sufficiently large n we have that D} (r,t;n) > D (s, t;n).
In light of these biases, we may define an ordering on the residue classes {1, ...,t} mod t. For 1 <

r,s < t,wewrite r <j; s (resp. v =gy ) if D (r,t;n) < D) (s, t;n) (resp. D) (r,t;n) > D (s, t;n))
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for all sufficiently large n. Also, let &(t) be the number of distinct orderings of {1,...¢} induced
by <+ over all k such that k > 2 and ged(k,t) = 1.

Remark. It is not immediately clear from Corollary 1.2 that <j; is in fact a total ordering on
{1,...,t}, as we may have that ¢ +(r) = ¢, +(s). However, numerical evidence suggests that there
are no such pairs r, s for any coprime k,t > 2. Furthermore, deep work of Gun, Murty, and Rath
in [11] related to the vanishing of L-functions has shown that there exists a ¢y such that the set
{¥(a/t) | ged(a,t) = 1} is linearly independent over Q for any ¢ coprime to ty. Thus, for r,s
coprime to t, and ¢ coprime to tg, there are no equalities in the second order term.

Based on the numerical evidence mentioned in the above remark, we make the following conjec-
ture, which implies that for coprime k,t > 2 and r # s, either the congruence class r or s mod t is

strictly more common among k-indivisible partitions of n.
Conjecture 1.3. For coprime integers k,t > 2 and 1 <r < s <t, we have that V(1) # Vi ().

As we have established, due to the interaction between the multiplicative structures modulo ¢
and modulo %, the biases among congruence classes for D/ (r,t;n) are much more complex than
the biases for T'(r,t;n) or Dy(r,t;n). We now give an example to illustrate the complexity of the
biases among k-indivisible partitions.

Example. In Figure 2 we give a table of all possible orderings of {1,...,t} by <y fort = 7. Notice
that for k = 2, the congruence class 2 (mod 7) occurs in the fifth position. The bias against the
residue class 2 (mod 7) may be explained by the fact that smallest allowed part which is 2 (mod 7)
is 9. Similarly, for k = 6,13,10,20 the transposition of 7,6 (mod 7) may be accounted for because
the congruence class of 6 (mod 7) includes 6,13,20 as its smallest members. However, for k = 12,
there is a bias against the residue class 5 (mod 7) because its second smallest member is excluded
as a part in 12-indivisible partitions. Thus the ordering is not induced by the natural ordering
on integers, and even further, it is not even induced by the ordering on integers once we lift to
the smallest allowed part in k-indivisible partitions. In total, we also see that the total number of

orderings, O(7), is seven.

k=2 1(3[5[7[2[4[6
k=3 1(2[4(5[7[37]6
k=4 1235674
k=5 1(2]314(6]7(5
k=6,10,13,20 | 1|2 (3[4 (5|76
k=12 1(2]314(6]5(7
Allother k | 1]2|3[4|5(6]7

FIGURE 2. Biases among congruence classes mod t for k-indivisible partitions for
t = 7, from most common to least common.

Despite the intricacy present in Figure 2, closer inspection of the second order term v, ; reveals
interesting patterns among the orderings. We then have the following theorem.
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Theorem 1.4. Let k,t > 2 be coprime integers. Then the orderings < satisfy the following:

(1) If 1 <r <t—k, thenr =y, r+k.

(2) If1<r<y<tandr <s<t, then fork>y(y+1), r =i s. Notably, wheny=1,1 > s
holds for any k,s,t > 2.

(3) If k > @, then for 1 <r < s <t, we have r >, s.

—1
(4) If k =mt — 1 for m > 1, then for k < (%2+%) (t* — 1) we have that t =4t — 1.

‘ , : ‘ t
(5) If t > 2 and @(-) is the Euler’s totient function, then O(t) > #.

Remark. Observe that

2_
(i) Statement (3) indicates that when k > G(tﬂQ U the ordering reverts to the natural ordering

observed by Beckwith and Mertens, Craig, and the authors in [3, 8, 12]. Furthermore, (4) indicates

that this bound for the maximum ordering which is not natural is asymptotically tight. This bound

also implies that O(t) < 81 and that, for any fixed ¢, a simple computer search will yield all

T2

the possible orderings arising from these biases.

(ii) Using the techniques of Craig and the authors in [8, 12] respectively, we could, in principle,
make the error terms in Theorem 1.1 explicit, and thus for fixed ¢ find the precise n where the
ordering from Corollary 1.2 among congruence classes takes over. For brevity, we do not include

this calculation.

Numerics also suggest that the quotient % grows sublinearly in ¢ and superlogarithmically in

t (see Figure 3). Thus we make the following conjecture.

Conjecture 1.5. Ast — oo, we have % =o(t) and logt = o (%).

50 100 150 200

FiGure 3. Graph of % as t ranges from 2 to 200

Remark. Although 7 is hard to predict for general k, it is fixed for k in the same congruence classes

modulo ¢t. See the end of Section 5.5 for a discussion of this idea in relation to logt = o (%).
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We now describe the methods used to prove Theorem 1.1. Following the methods established
in [3, 8, 12], we make use of a distinct variation on Hardy and Ramanujan’s circle method orig-
inally due to Wright (see for example [5, 13, 15]). Notably, the relevant generating function for
D} (r,t;n) is not modular, and so our application of the circle method differs significantly from
traditional applications. However, as in [3, 8, 12], the generating function may be broken up into
two components, the first of which is modular, and so may be estimated using traditional methods
near one. The second component, which we refer to as the summatory component, is expressible as
a sum of polylogarithms, and so Euler-Maclaurin summation may be used to compute asymptotic
expansions. These estimates are then combined to produce the asymptotic expansion for DkX (r,t;n)
via Wright’s circle method. This portion of the paper broadly follows the techniques established
by Beckwith and Mertens in [3] and used by Craig as well as the authors in [8, 12]. As in [3], the

asymptotic for D} (r,t;n) contains the digamma function ¢ (z) = 11:,((5)). For a discussion of why

this function appears for D} (r,t;n) but not for Dy(r,t;n), see the remark following Lemma 3.3.

The paper is organized as follows. In Section 2, we recall known results which we will use
throughout the paper. These include the properties of the digamma function, two distinct variants
on Wright’s circle method (see [5, 13]), and an asymptotic version of Euler-Maclaurin summation
due to Bringmann, Craig, Ono, and Males (see [5]). In Section 3, we derive a convenient form of
the generating function for D/ (r,t;n) and use Euler-Maclaurin summation as well as modularity
to obtain the necessary bounds on the major and minor arcs for use in the circle method. Section 4
then applies the circle method with these asymptotics to prove Theorem 1.1. Lastly, Section 5 uses
properties of the digamma function to prove Theorem 1.4.

ACKNOWLEDGEMENTS

The authors were participants in the 2022 UVA REU in Number Theory. They would like
to thank Ken Ono, the director of the UVA REU in Number Theory, as well as their graduate
student mentor William Craig. They would also like to thank their colleagues at the UVA REU for
their encouragement and support. They are grateful for the support of grants from the National
Science Foundation (DMS-2002265, DMS-2055118, DMS-2147273), the National Security Agency
(H98230-22-1-0020), and the Templeton World Charity Foundation.

2. PRELIMINARIES

2.1. Bernoulli Polynomials and Special functions. We recall the definition of the Bernoulli
polynomials. In [10, (24.2.3)], By, (x) is given by the Taylor expansion

o
tn te®t
Z}Bn(:c)m = (2.1)
n=0

The Bernoulli numbers are the values of these polynomials at 0; i.e., B, = B,(0). We note that
Bopy11 =0 forn > 0.
We also recall the definition of polylogarithms: for s # 1 and |q| < 1, define

n
s’

Lisg) =) =
n=1
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and for other ¢ define Lis(¢) by analytic continuation. Thus, its derivative satisfies the following
property; if we set ¢ = e~%, then we have,
9 Lis(q)
0z

We also need the expansion of Li, at one. For ¢ = e™* and |z| < 27, we have

= —Lis_1(q). (2.2)

oo
. _ (—2)"
Lis(q) =T(1—5)2*""+ ) (s —n) —— (2.3)
n=0
Now recall the digamma function 1, defined as the logarithmic derivative of T,
I(x)
Y(z) = m,
where I is defined as -
I(z) = / e “u® ! du.
0
We note the integral representation of ¢ (z), given in [10, (5.9.12)] as
= d 2.4
ve) = [ (24)

for Re(xz) > 0. We also require the special values given below from [10, (5.4.12)], where 7 is the
Euler-Mascheroni constant:

v(1) = = wy=" (2.
We also require the recurrence relation given in [10, (5.5.2)] as
1
Y +1) =y(x) + - (2.6)
and the inequalities (see [1])
1 1
1 - =< <logzx — — 2.
ogz — 1< (a) <logz - o (27)

which hold for # > 0. These last two properties of the digamma function play a key role in
establishing Theorem 1.4, and thus in understanding <, ;. Finally, note that v is increasing on the

interval (0, 00).

2.2. Classical Results on the Partition Generating Function. Here, we note the properties
of the partition generating function given by

Plg) =Y pn)g" =] 1_1qn,
n>0 n>1

which absolutely converges for |¢q| < 1. For notational convenience, recall that the g-Pochhammer

(a: @)oo =[] (1 —ag"").

n>1

symbol defined by

In particular, we may write P(q) = (¢,q)= . We now recall a bound and an asymptotic for P(q)
when 0 < ¢ < 1, which can be found in Shakarchi and Stein’s book on complex analysis as an
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exercise (see [14, Ch. 10.4.1]). Namely we have for 0 < ¢ < 1 that
2

log P(4) < 57— o5 (2:8)
71_2
log P(q) ~ S0—q) (2.9)

The next exercise in [14] then uses (2.8) and (2.9) to show the following subexponential bound on
p(n):

p(n) < e(™/6HOVE, (2.10)
The bound (2.10) reflects the shape of the asymptotic given by Hardy and Ramanujan given in

(1.1). We also require Euler’s pentagonal number theorem, which will later allow us to bound P(q)
when it appears in a denominator. This classical theorem takes the form

P(q)—l _ H(l . qn) =1+ Z(_l)m <qm(3m+1)/2 +qm(3m—1)/2> ) (211)
n>1 m>1

Lastly, we state for later reference the modular transformation law for P, which can be found in [2,
Thm. 5.1], and which is crucial for estimating the modular component of the generating function

for D} (r, t;n):
_ z 2 z _4n?
Ple™?) = \/ 3 P <6z - 24> P (e z ) . (2.12)

2.3. Euler-Maclaurin Summation. In this subsection, we recall the asymptotic version of the

classical Euler-Maclaurin summation due to Zagier [16], and another version due to Brignmann,
Craig, Ono, and Males in [5] that is suitable for application to functions with poles. Euler-Maclaurin
summation quantifies the difference between the integral f: f(z)dx and an approximation of this
integral, namely, the finite sum f(a + 1)+ --- 4 f(b). In particular, we have

b—a b N B b EN (x)
> flatm) - / fl@yde =37 =2 (D) - [ (0)) + (1) / P @)= da,
m! N!
m=1 a m=1 a
where En(x) = Bp(x — |z]), with || denoting the greatest integer less than or equal to x. Zagier
proved in [16] that, if there exists an asymptotic expansion for f(z) near z = 0, the Euler-Maclaurin
summation formula may be used to give an asymptotic for Y °_, f(mz) as z — 0. Here, we mean
asymptotic expansion in the strong sense, where we write f(z) ~ >, 5o bn2" if

N
f(z) - anz" =0z asz—0,
n=1

for all N > 0. Many authors have applied this asymptotic form of Euler-Maclaurin summation in
recent years to understand the growth of generating functions without nice modular transformation
laws (for examples, see [3, 5, 6, 7, 8, 9, 12]).

We use the following notations freely throughout the paper. We also set

Iy = /Ooof(:v)dac
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for any function f for which this integral converges. In [16], Zagier requires that f have rapid
decay at infinity, that is f(z) = O(z~") as x — oo for any N > 1. The version derived in [5] by
Bringmann, Craig, Ono, and Males requires a less restrictive decay condition on f(z) at infinity,
which they refer to as sufficient decay, which holds if f(z) = O(z~") as 2 — oo for some N > 1.
Furthermore, they allow f to have poles at 0. Before stating this version, we state the original
version due to Zagier.

Proposition 2.1 ([16, Proposition 3|). Let f be a C™ function on the positive real line which has
asymptotic expansion f(x) ~ > 7 cpx™ at the origin, and together with all its derivatives, is of
rapid decay at infinity. Then the function g(x) =Y >, f(mx) has asymptotic expansion

o0

Iy Bri n
o)~ 2+ Y B

as x — 071,

Note that this proposition only applies to functions on the real line. In contrast, the version in
[5] may be used for functions on the complex plane. However, we must take z — 0 within some
specified region in order for the asymptotic to hold. To make this precise, for 8 > 0, write

Dy :={z € C: |arg 2| <g—9}.

Notice that if we set z = n+iy for n > 0, then z € Dy if and only if 0 < |y| < An for some constant
A > 0 depending on 6.

We now provide the asymptotic version of Euler-Maclaurin summation due to Bringmann, Craig,
Males, and Ono which may be used when f has a pole at zero.

Proposition 2.2 ([5, Lemma 2.2]). Let 0 < a <1 and A € RY, and let f(z) ~ >
ng € Z as z — 0 in Dy. Furthermore, assume that f and all of its derivatives are of sufficient

meno Cn 2" where
decay in Dg. Then we have that

_9 00

o0 I*
Z f((n+a)z) ~ Z cnC(—n,a)z" + f?’A — % (log(Az) +v(a) +v) — chB;:_l(la)z”
n=0 n=ng n=

as z — 0 uniformly in Dy, where

00 —2 c 16—Au
I3 4 ::/0 (f(u)— chu”—i_ ” )du,

n=ng

Y is the digamma function, v is the Euler-Mascheroni constant, and ((s,a) =, W 1s the
Hurwitz zeta function.

2.4. Variants on Wright’s Circle Method. In this subsection, we recall variants on Wright’s
circle method which will be instrumental to our proof of Theorem 1.1. To begin, we recall the
intuition which informs the method. Wright’s circle method (see [15]), although inspired by Hardy-
Ramanujan’s circle method, differs from it by positing only that the generating function F'(q) is
largest near a finite number of singularities, and that the contribution of the other singularities can
be treated as an error terms in the integral. Thus, asymptotics for the coefficients of the g-series
for F'(q) may be extracted using Cauchy’s integral formula.
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More precisely, given a circle C centered at the origin with radius less than one, we use the term
magor arc for the region of C where F'(gq) is largest, which should include its principal singularities. In
particular, consider a circle of radius e~ and let £ := {n+ iy | |y| < 7} so that C :={e % | z € L}.
As in [3, 8, 12|, the relevant generating function to our application of the circle method has a
dominating singularity at ¢ = 1. Thus, the major arc C; is given by C; = {e % | z € L N Dy} for
some 6 > 0. The minor arc of C is then defined by Cy := C \ C;. As mentioned above, the integral
along the arc Cy is the main term in the asymptotic, and the integral along Cy is an error term.

Here, we recall the version of Wright’s circle method due to Bringmann, Craig, Males, and Ono
(see [5]) which we will use in the proof of Theorem 1.1.

z

Theorem 2.3 ([5, Proposition 4.4]). Suppose that F(q) is analytic for ¢ = e~ % where z = x + iy

satisfies © > 0 and |y| < w, and suppose that F(q) has an expansion F(q) = Y 7 c(n)q" near
qg=1. Let N,A > 0 be fized constants. Consider the following hypotheses:
(1) As z — 0 in the bounded cone |y| < Az (major arc), we have

N-1
Fle?) = 2P | Y ajd +00(12Y) |
j=0

where a;, € C,A,C € RT, and B € R.

(2) As z — 0 in the bounded cone Ax < |y| < 7 (minor arc), we have
|F(e™?)] <o eTec (A7)

for some p € RT.

If (1) and (2) hold, then as n — oo we have
1 Nl N
c(n) = Cni(~2B-3)¢2V4n (Z Pz 40 (nz)) ,
r=0
. 1
’” Cam)VAE g

where pr = .Zoo‘jcjv’”*j ond ¢y = 2/7 CPTG+B+3—1)”
J:

Remark. Although the constant C'in Theorem 2.3 does not appear in [5], we see that it is equivalent

to the result in [5] by factoring out C' from each «;.

We also require Ngo and Rhoades’ implementation of the circle method to functions of logarithmic
type (defined in [13] and restated in the proposition below). Before stating this variant, we define
for brevity

r (v +m + %)
ml!T (v —m+ %) '
For functions L*, £* which are holomorphic in the unit disk, we also define the g-series coefficients

of L*(¢)€*(q) by e
Vin) = /C(Q)g@)dq.

271 qn+1

(v,m) =

We then have the following from [13].
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Theorem 2.4 ([13, Proposition 1.9]). Let L*,&* be holomorphic functions within the unit disk
satisfying the following hypotheses for g = e %, z =n+iy withn > 0,0 < |y| < 7:

(1) For every positive integer N, as |z| — 0 in Dy, we have that

N-1
<Z amz" + Og(zN)> ,

m=0

. log z
L (Q) = B

where a,, € C and B is a real constant (in this case we say L(q) has logarithmic type near 1).
(2) As z — 0 in Dy, we have that

£ (q) = 2B/t (1 + 0 (677/'2)) ,
where v is a positive real number.
(3) As z — 0 within the region Dj .= {z € C|Rez >0,z ¢ Dy},

IL*(q)| <o ©,

where C'= C(0) is a positive real constant.
(4) As z — 0 within the region Dy,

€% (q)] <o &(|g])e™/,

where € = €(0) is a positive real constant.

Then we have an asympototic formula for the q-coefficients of L*(q)&*(q)
N—-1

V(n) = e2evVip =i (Z n"% (c;, + ¢, log n) +0 (nfg log n))

m=0
where, with 0,,>1 =1 when m > 1 and zero for m < 1, we set

min(s—1,m)

2 (s) e [(s+1)(=2)¥~™
) ; T(s —)(j +1)(2n)7

1\™ 53
by = | —— —(s,m),
o < 4C> 47> ( )

1\™ 2 loge STMT3
b= (~32) o) 4 O ()

(S_l_jam_j)7

1
27z 2mts
and
m m
/.
Cm = E 045557,71_5 Cm = § :asfs’m,s.
s=0 s=0

Remark. In [13], hypothesis (2) requires that v > ¢?. However, it is sufficient to have v > 0 for the
estimate arising from (2) to be an error term. Similarly, in [13], the statements of hypotheses (3)

and (4) are written as

L*(q) <o 2= ¢
€% (q)] <o € ()7

However, these are simple typographical errors, as can be discovered by closely reading the proof.
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3. ESTIMATES ON THE MAJOR/MINOR ARCS

3.1. Generating Functions. In this subsection, we break the generating function DkX (r,t;q) of
D} (r,t; ) into its modular and summatory components, and then we write the latter in a form to
which we can apply Euler-Maclaurin summation. Let

Di(r,t;q) =Y Dj(rt;q)q"
n>0

be the generating function of D/ (r,¢;n). We then have the following expression for D} (r,t; q).

Lemma 3.1. We have that

k. k m
7" 4" ) o q
Di(rtiq) = )=
k » Uy . — 5
(Qa Q)oo ktm 1 qm
m=r (mod t)
and if ged(k,t) =1 then
(¢"; ¢") q" g
Dy (r,t;q) = e % > i > — |
0 m=r (mod t) m=7,; (mod t)

where 1 < 7y, < t is the representative of rk~! (mod t).

Proof. First note that when ged(k,t) = 1 the second equality follows from the first by writing

m m m

q _ q q
Z 1—qgm Z 1_qm7 Z 1—qgm
ktm m=r (mod t) klm
m=r (mod t) m=r (mod t)

-1
]

and changing variables. It is a classical fact that &.(q) = (¢*T1, ¢*™)oo(q, ¢)<! is the generating
function for k-indivisible partitions. Now for k t m define D/, (¢) as the generating function for
k-indivisible partitions where each partition is weighed by how many parts of size m it contains.

We see that

1 J qg"(1—q¢™) q™
Dy n(a) = &la) - = = &(0) - = &(q) - :
Recalling equation (1.4), the result then follows by summing over m = r (mod t) for k { m. O
We break this generating function up into the following components:
(4", ¢")oo y 3 q"
gk q) = ) L rt;q) = .
@ = D Uk 1—gm

kim
m=r (mod t)

We call & (q) the modular component and Ly(r,t;q) the summatory component.?

Remark. Note that £;(q) exactly matches that found in the authors’ previous work [12] because
the number of k-regular partitions and the number of k-indivisible partitions are in fact the same.
Thus, we may apply many of the same estimates derived in [12] here. As the estimates derived in
2In Beckwith and Mertens work (see [3]), the summatory component L is multiplied by (277)71/2(11/24 to easily apply

Ngo-Rhodes’ variant of the circle method. The notation in this paper matches that of Craig in [8] and the authors
in [12].
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[12] are explicit and those needed in this paper are only asymptotic, we provide alternate proofs of
these estimates for ease of reading.

We thus first concern ourselves with L,j (r,t;q). For brevity, we will suppress the dependence of

Tkt on k,t where these are clear. Now define Ey(z) = 12; = Lip(q). We now see that when
ged(k,t) = 1, L (r,t;q) may be expressed as two sums over integers of Ey evaluated at specific

values.
Lemma 3.2. When ged(k,t) =1, we have

Krtq) =) B ((Ct+1)2) = > Ex((0t+7)zk).
>0 >0

Proof. Immediate from the definitions of L} (r,t;¢) and Ex (z). O

Lemma 3.2 will allow us to use Euler-Maclaurin summation to estimate L; (r,t;q) on the major
arc when k, ¢t are coprime using similar techniques to those found in [3, 8, 12]. On the other hand, if
ged(k,t) = d > 1, then we can reduce to when k, ¢t are coprime. In particular, the £ component does
not change in this case, and the summatory component changes in a predictable way. This involves
casework on d and on r. In these cases, the summatory component is either zero, matches that of
Beckwith and Mertens,? or may be written as Ly / Jr/d;t/d, ¢%). Thus, the methods established in
this paper and in [3] would be sufficient to analyze the behavior of the biases when ged(k,t) > 1.

We will now provide a polylogarithm expansion for Fy (z), as well as a series expansion near zero
which we may apply when performing FEuler-Maclaurin summation.

Lemma 3.3. We have that

N . = BN ymy1 m
Bl )(2) = (1) Li_n(q) = ¥ N+1 +Z w tmt —", (3.1)
m=0

+m+1)
where the second equality only holds when |z| < 2.

Proof. Immediate from (2.3) and (2.2) as well as the special values {(—N —m) = (—1)N+m%.

O
(N)

Remark. Ey and all its derivatives have rapid decay within any region Dy. However, E "’ does
have a pole of order N + 1 at zero, which through Proposition 2.2 ultimately leads to the digamma
function appearing in the asymptotic derived in Theorem 1.1. In contrast, the pole cancels in the

analogue of F within [12].

Specializing Lemma 3.3 to N = 0, we have a series expansion for Fy near zero, by which we
define constants e,, by

e_1 em 1 Bt
E = ——m = - - m'
x(2) z +7§>:Omlz z+mz>:0(m+1)-mlz

We now state for later use the transformation law for £;(¢), which may also be found in [12,
Lemma 3.4].

3As before, Beckwith and Mertens include a factor of (27)~'/2¢"/?*
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Lemma 3.4. For ¢ = e % and € := exp (—%), we have that
1 2 1 z P(*)
= — —(1—-= — (k-1 .

Proof. This follows immediately from the modular transformation law (2.12) and the expression

gk( ) (q)) O

3.2. Asymptotics on the Major Arc. In this subsection, we provide the necessary asymptotics

for & (q) and L} (r,t;¢) on the major arc which we will need to prove Theorem 1.1. The arguments
for Ly (r,t; q) follow similarly to those for Ly(r,t;q) in [12], but they require the use of Proposi-
tion 2.2 because E« has a pole at zero. This leads to the appearence of the digamma function v
in the asymptotic derived in Theorem 1.1.
We now obtain the asymptotic for L} (r,¢;¢) on the major arc. Let A > 0 be fixed, and set
= /1 + A2, Furthermore from here on we refer to Dy := {n+iy | n > 0, |y| < An} as the major
arc.

Lemma 3.5. Let 0 < a <1, then

> Ex((m+a)z) = - 1ogz_M+O(1)

m>0

as z — 0 uniformly in Dsg.

Proof. We apply Proposition 2.2 to E«x with A = 1 using the series expansion derived in Lemma 3.3.
Because Fy has principal part - L this yields

I
S Bal(m+a)z) = 22 -~ (log(z) +b(a) +9) + O(1).

m>0

We now must compute I, , this is precisely

o0 —Uu —Uu
e e
* —
IEXJ_/ -
0 — € u

By the integral representation for ¢) provided in equation (2.4) we have that I, ; = —1(1). We also

see that 1 takes on the special value ¥(1) = 7 from equation (2.5). This concludes the proof. [
We may now apply Lemma 3.5 to each portion of L} (r,t;q) separately.

Corollary 3.6. Let k,t > 2 be coprime integers and let 1 < r <t, then

1 log k
Li(rtia) = B tZ( (%) - w(Z)—KlogHO,f)w(l),

for K :=1—1/k, as z — 0 uniformly in Dy.

Proof. Write L} (r,t;q) as in Lemma 3.2 as

X(r,t: q) = ZEX (( )tz)—mz;OEX ((m+§)tkz>

and then apply Lemma 3.5 with a = © %

+> ¢ and the changes of variables z = tz,tkz respectively. [
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For ease of reading, we now prove an asympototic version of Lemma 3.8 from [12]. To do so,
we first require a basic lemma concerning exponential sums and geometric series, which appears as
Lemma 3.7 in [12].

Lemma 3.7. Suppose we have a series of the form Zmzb el @) such that f'(x) is decreasing and

1'(b) <0 then
()
f(z) €
2. <

m>b

Proof. By the mean value theorem, for every m > b, f(m—+1)— f(m) = f'(c¢) < f'(b) for ¢ between
m and m + 1. Therefore, using the geometric series formula,

b
3 @ < 37 el Wm0 A =

_ of'(b)"
m>b m>b 1 € ®

We may now prove the required asymptotic

Lemma 3.8. Let z = n+ iy be any complex number 0 < |y| < An, then as n — 0 we have

&(0) = 2u(2) (1+0(e7)) |

where p > 0 and

By(z) = \}%exp (;i <1 - ;) ol 1)) .

Proof. Recalling that e = e—4n/kz , Lemma 3.4 and Euler’s pentagonal number theorem (2.11) gives

§(0) = 0u(=) - oy = Bule) - | 14D (1) (5 45 ) (14 2wyt |

m>1 m>1

Applying equation (2.10), we may write

Zp(m)gkm < Z 2TV |g|Fm Z 2 TV/m—4r?mRe(1/z)

m>1 m>1 m>1

Using that Re(1/z) = L > # and differentiating with respect to m yields

|2]
d 1.35 1 42
T (27vm — dx’mRe(1/2)) = ol 47 Re <Z> <1.35— %.
For small enough 7, this quantity is negative, and so Lemma 3.7 applies to yield P(e*) —1 = O(&¥).
Therefore, we have that

&(q) = 1(q) - (1+ 0(e)) (g + O(e")) = ®x(a) (1 + O(e™"/)),
where p = —472/k > 0. O

3.3. Asymptotics on the Minor Arc. In this subsection, we bound L} (r,t; q) and &;(¢) on the
minor arc. We begin by bounding L; (r,t; q).
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Lemma 3.9. Let k,t > 2 and 1 <r <t. Assuming that z = n + iy satisfies n > 0, then we have
X 67]
‘Lk (7“7753 Q)‘ S ?

Proof. By the triangle inequality and arguing similarly to Lemma 3.10 in [12], we have that

m
q
Lt < 3 0 = X antmlgl”
m21 ? m>1
where oy denotes the number of positive integer divisors of m. Because og(m) < m, we have
g < Y men =
P D

Z, we see that

Applying the tangent bound for e~
e’ e’
g 2~ 3 S

(1—lqh)* (e7=1)> "7

In order to apply Ngo and Rhodes version of Wright’s circle method (see Theorem 2.4), we

require the following estimate for |{x(q)| in terms of £x(|g|) on the minor arc.
Lemma 3.10. As z = n+ iy — 0 within the region An < |y| < 7 we have that
6k(@)] <na Ek(lal)e™
for some € > 0, so long as A is sufficiently large.
Proof. First we apply Lemma 3.4 to see that
2 —4n?
r(q) = \/gexp (gz (1 - ,1) 24(’f— )) 77;((:“";//’2)

Taking absolute values then yields, for K := 1 — 1/k, that

1 72K Re(1 Plem*™/)
‘gk(Q)‘ = \/;exp< 66( /Z 24 > “’P 747r2/kz ’

—47r2 Re( l/z))

1 2K Re(l/z
S\ o < 6 24 y7> A k=]
Now note that, as we are on the minor arc, Re (%) = ﬁ < 52, 77 Thus, we have that

exp <7T2KR6€(1/Z) + 2—774(/2: - 1)> < ®y(n) exp <7T;§( (1 . ;)) .

In light of this inequality, set
K 1
€= & <1 — 52) > 0.

We now apply the transformation law given in Lemma 3.4 once more along with the fact that
lg| = ™" to yield

P(e—47* Re(1/2))
[P(e—47/k2)]

7)(6—4772/77) 7)(6—47r2Re(1/z))
P(e*“z/nk). !P(e*‘lﬂ/’%)‘ ’

€k(q)| < (e = &(lah)e
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We may then choose § > 1 sufficiently large such that Re ( ) < nik For such §, we have
P(e4m*/)
< —e/n )
€k(a)] < &k(lgl)e |P(6_4”2/kz)‘
Applying Equation (2.8) furnishes the inequality

2 —4n2/n
—47!'2/77 < mToe
P (e ) < exp (6(

) <o (3 —ow

using the tangent bound for e*. To bound the denominator, we may again use Euler’s pentagonal
number theorem (as in Lemma 3.8) to see that

‘P(e—4ﬂ'2/kz) -

1 — 140 <e—47r2/kz) .

:L>

We may then use the inequality Re (1) EL

0. 9977

for small ) to yield that

~140 (6_3'96’7/k) = 0(1).

‘rp(e—47r2/kz) B
Combining all of the above yields the desired estimate

66(a)] < &lal) -0 (7).

4. PROOF OF THEOREM 1.1

Here we apply Theorems 2.3 and 2.4 to D’ (r, ; ¢) to obtain Theorem 1.1. To apply Theorems 2.3
and 2.4, we break up our series as

K1
&k(q) <L;§ (rt;q) + Og :

) Zakrtn = Ap(r,t;q)

(4.1)
n>0
Klogz
&k(q) - : ch(t; n)q". (4.2)
n>0
so that D (r,t;n) = ag(r,t;n) —

o (4.1

ck(t;n) by Lemma 3.1. Notice that Theorem 2.3 directly applies
), whereas Theorem 2.4 applies to (4.2)

Lemma 4.1. Let k,t > 2 and let 1 < r <t. We have
31/4,™ 2
ar(r,t;n) =

1, (T r log k —1/2
L N ~ K1

23/A KA1/ Ant\/k (k v (t) v (t> + k ogt+O(n )>
as n — oo, where K :=1—1/k.

Proof. To apply Theorem 2.3 to (4.1), we must show that

S GUORIOREEEE =

=t O(z)>

Ak (Tv t; q)
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on the major arc (see condition (1)). This follows directly from Corollary 3.6 and Lemma 3.8. We

must also show on the minor arc that
1 (x?K
|Ar(r, t;9)| <a eRe<z>( &)

for some p > 0 (see condition (2)). This follows directly from Lemmas 3.9 and 3.10 for sufficiently
large > 1. Theorem 2.3 then implies the result. O

We will now apply Theorem 2.4 in order to estimate ci(t;n).

Lemma 4.2. Let k,t > 2 and N > 0. We have

VATV 5 K K\ K
ck(t;n) e (—2log ™ & —Elog(n)—FO(n_l/Qlogn)

- /AR An /At
as n — oo, where K :=1—1/k.

Proof. As before, let n > 0, z = n+ iy, ¢ = e #, and define the major arc by 0 < |y| < An and

the minor arc by An < |y| < w. For convenience, we rescale §k(q)Kﬁgz to & (q)Li(t; ¢), which are
defined by

it = View (-5 ) aw

and

Li(t:q) = It(zk\)/g{ exp <z(k24 1)) :

We see that Lj(t;q) trivially satisfies hypothesis (1) with B = 1 for any N > 0. Furthermore,
L7 (t; q) satisfies hypothesis (3) on the minor arc, as for any A, if z = 1+ iy — 0 within the region
An < |y| <, we have that

log =z 1
72.

<A

z

We now verify that £ (q) satisfies hypotheses (2) and (4). On the major arc, Lemma 3.8 implies
that

and so & satisfies (2) with 8 = 0, ¢* = WQ?K, and v = %. Finally, Lemma 3.10 immediately
implies, on the minor arc, that
1€ (@)] <k,a &i(lgl)e

for some ¢ > 0 when A is chosen sufficiently large. Thus, we may apply Theorem 2.4 which
immediately implies the result if we choose N = 1. O

Combining Lemmas 4.1 and 4.2 yields Theorem 1.1.
5. PROOF OF THEOREM 1.4

5.1. Estimates for Differences of the Digamma Function. In this subsection, we provide
useful estimates for differences 1)(a) —1(b) of the digamma function. Throughout, we only consider
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the digamma function on (0, 00). Define for a > 0 the function

Yo(x) = Y(x + a) — ().

Because 1 is increasing, v, is always positive. First note that we may successively apply the
recurrence (2.6) to see, for any integer N > 1, that

N-1

V() = ta(z + N) + . :
7;) (x+n)(x+a+n)

(5.1)

In order to use this equation to obtain an infinite series representation of 1, (x), we require the

following lemma.

Lemma 5.1. For any a > 0, ¢, is decreasing and

lim v, (x) = 0.

T—00

Proof. Using the logarithmic bounds (see (2.7)) for ¢ (z), we have
T+a 1
0 1 —
< Wa(z) < og< x ) 2(x +a)

which implies the desired limit. Let y > = > 0. We must prove that ¥,(y) < 1, (x). Write this
inequality using (5.1) as

1 a 1
+—<log(1+7>+7,
T T T

N-1 N-1
a
z+N)+ > +N)+
Val nz:() (x+n)(z+a+n) Valy nz:() (y+n) y+a+n)
We also have
1 1

(x414)(z+a+1i) - (y+i)(y+a+i)

since y > x > 0. As 1), is arbitrarily close to 0 for large inputs, we choose N large enough to make
1 1
N) — N)| < N N)| < —
|¢a(y+ ) w(l(‘r—i_ )’ — W}a(x—i_ )‘+‘wa(y+ )’ a:(x—i—a) y(y+a)7

which proves that v, is decreasing. U

Lemma 5.1 combined with equation (5.1) gives us the expansion

1
Va(2) :amzo (z+m)(z+atm)

(5.2)
We will later require the following estimates for the 1 difference function.
Lemma 5.2. Let 0 < b < a <1, then we have the following inequalities:

(a—b)<1b+bi1> < ¥(a) — v(b) < (a—b) (;bﬂg)

Further, if a,b > %, then we have
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Proof. Using the expansion (5.2) and splitting off the first term, we see that

= 1 SR 1
la) —vib) = (“_b)mzzo G marm =" (m)*n; (b+m)(1+m)>
because a < 1. Similarly, because b > 0 we have that
JR— 1 1 1
) =) > (a=b) ((Ib+ 2_:1 (m+1)(mb+m)> =(a=b) <ab+b+1) ’

where the last equality is a simple telescoping sum. For the other direction we may use that a,b > 0
to see that

o9] 00 71—2
V(@) = 6(B) = (0= 8) 3 s < (a =) (2*2171) -0 (5+7%)-

m=0 m=1

For the case a,b > %, if we use the bound
1
(a+1)(b+1)
instead of bounding by 1, we get the result. O

L4
97

When one of the values is 1, we have stronger bounds

Lemma 5.3. Let 0 < a < 1, then we have that
2

1 = 1
l—a) -+ -1 1) - l—a)(=+1).
-0 (5475 1) <o -v@<a-a(5+1)
Proof. As in the proof of Lemma 5.2, write

¥(1) ~(a) = (1~ a) <1+ > (m+1)1(a+m)> .

m=1

We then see that because 0 < a < 1

2 = 1 = 1 — 1
g IR <y - o
6 mz::1(7n+1)2 mzzzl(m+1)(a—|—m) mzz:lm(m—l—l)
This yields the result. 0

5.2. Proof of (1) in Theorem 1.4. Let k,t > 2 be coprime and let 1 <r <t — k. For the proof
of (1), we may instead show the result when mk < t < (m + 1)k for every nonnegative integer
m. Since k,t are coprime, we have mk < t. Note that when m = 0, there is nothing to check,
ast —k <0, and there is no 1 < r <t — k. Thus suppose that m > 1. As before, we will use
Corollary 1.2 and instead show )y, 4(r) > v +(r + k). Note that because r # 0 (mod t), we have
that 7 #Z 0 (mod t), and this implies that © + k = 7 + 1 because 7 < t.

We first check the lower 7 values, namely when 1 <7 < m. In this case, we require the following

lemma.

Lemma 5.4. Let x,a be positive real numbers and k > 2 an integer. Then we have

k¢ak($k) > d)a(l')-



UNEXPECTED BIASES BETWEEN CONGRUENCE CLASSES FOR PARTS IN k-INDIVISIBLE PARTITIONS 21

Proof. We expand both sides by (5.2), which yields

o0

— 42 ' = !
Far (k) = ak 7Z;)(xk:4—7’L)(91:1€+0Lk:+7”b) and Y az (z+n)(@+a+n)

Comparing term by term, we see that

k? S 1
(xk +n)(xk+ak+n) — (z+n)(x+a+n)
The right hand side holds if and only if

— Kz +n)(z+a+n)> (zk+n)(zk + ak + n).

(xk + nk)(xk + ak + nk) > (xk + n)(zk + ak +n).

However, this inequality holds trivially because everything is positive. In fact, equality only holds
when n = 0. Thus, the inequality is strict for at least one term, implying the result. ([l

Let 1 <7 <m. Thus r = k7 (mod t), and 1 < k7 < km < t, so r = k7. Applying Lemma 5.4

with a = % and 2 = % then proves (1), noting that r + k = 7 + 1 because m < t. For 7 > m + 1, it

suffices to show the following lemma, which is a rewritten form of (1) appearing in Theorem 1.4.

Lemma 5.5. Let k,t be coprime and suppose that mk <t < (m+1)k for somem > 2. If r > m+1,
then we have that B
7
kbne () > Y ( )

Proof. We consider (k,m,t) = (2,1, 3) separately. Indeed, this can easily be checked numerically.
Thus, the (k,m) = (2,1) case is covered. Here we may replace 7 by the lowest value not covered
by the first case and r by t — k by Lemma 5.1. Thus, it suffices to prove

k m+1
ks (1 - t> > P14 < ; > .
Using (5.2), we may write

12 m+1 _OO 13
kwk/t( ) Z jt—k’ wl/t( >_Z Gt—t+m~+ 1)t —t+m+2)

J=1

If we look at each term, it suffices to show that
k2 . t
jGt—k) " (Gt—t+m+1)(jt —t+m+2)

or, equivalently, ) .
jt—t+m+2 jt—t+m+1

Because k > 2, we have
Jt(t — k) < (jt = 1)(jt =k +1),
which upon expanding and cancelling terms we are left with £ > 1. Thus we need to prove that,
2 jt—1 ' jgt—k+1 ‘
jt—t+m+2 jt—t+m-+1
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We now see that if m > 2, then km > m + 2, which implies ¢t > km + 1 > m + 3. If m = 1, then
k > 3 would imply ¢t > km + 1 > m + 3. Thus we have that
jt—1
jt—t+m+42
is maximized when j = 1. Similarly, we have that the second term
jt—k+1
jt—t+m+1’
is maximized when j = 1 if the numerator is larger than the denominator. That is we must have
k+m < t. But notice that we have t > km+ 1= (k—1)(m —1) +k+m > k +m because m > 1.
Thus, we only need to check the case when j = 1, which may be written as
2 t(t — k)
(m+1)(m+2)

We may then cross-multiply to write this inequality as

(m+1)(m+2)>2(2—1>,

which holds because t < (m + 1)k. O

As before, the above shows (1) due to Corollary 1.2 and the fact that r +k =7 + 1.

5.3. Proof of (2) and (3) in Theorem 1.4. We now prove (2), and in the process prove (3).
Let 1<r<y<t, r<s<t, and k,t > 2 be coprime. In light of Corollary 1.2, it suffices to show
that vy +(r) > ¥k +(s). In other words, we must show that

s r 1 5 7
(1) -0 (@) > (G- ()
where 1 < 7 < t is the representative of rk~! mod ¢, and similarly for 5. The left hand side is

minimized when s = y + 1,7 = y whereas the right hand side is maximized when § = 1,7 = %

Thus we may instead show that

¢(%“)—w<i>>i(w<1>—¢<1)>-
-

Lemma 5.3 implies that

Likewise, Lemma 5.2 implies that

¢(y;r1>_¢(z:) >1<(y

Therefore, it suffices to take

)<*
i) 1(”1;5 “man) 1 o)

E>yly+1),

proving (2).
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Now we prove (3). When y =t — 1, we may use Lemma 5.3 instead of Lemma 5.2 to see that

v0- ()21 (75 1) > &

Thus it suffices to take k > m, proving (3).

T2

5.4. Proof of (4) in Theorem 1.4. Let k = mt—1, then we wish to show that vy, ;(t) > ¥ +(t—1)
for sufficiently small m. Note that for any 1 <r <t —1, since k = —1 (mod t), we have 7 =t —r,

and we have ¢ = t. Thus, we may rewrite this inequality as

Hrw=-u(3)) >em-v (7).

Applying Lemma 5.3 and equation (5.2), it suffices to show that

t—1 72 1 — 1
= —1) > = .
th <+6 ) F X T D)

n=0

. 2 o 1
We then see that, since & = > 7| -,

JﬁjLi 1 _100 ! < ! +1§:¥
6 S (F A+l s mr)? (Fan) o1 ()

Thus, it suffices for k£ to satisfy

t—1 t+w2 . >1 w2+5
tk 6 t\6  2)°

Rearranging, we have that ¢y, (t) > vy +(t — 1) whenever

2 2 5\ !

Estimating then yields the result.

5.5. The Proof of (5) in Theorem 1.4. Now we prove (5). To do so, we show that for k € (t/2,1),

the least common residue is k£ (mod t); in other words, for 1 <r <t and r # k, then r > k.
Assume that k € (%t, #t) for 2 < m < t. Doing so will not exclude any allowed % <k<t

because k = %t for some m would violate coprimality with t. We divide into 2 cases: ¥ < m and

7 > m + 1. Note that since r # k and k < ¢, 7 # 1.
Suppose that 2 <7 < m, then we have 1 — % <1-— % < % < 1, which implies

0<7Tk—(T—-1t<t.
Thus, r = 7k — (¥ — 1)t. Moreover, we have (¥ — 1)k < (7 — 1)t, and so

r=7k—(T-1t<k.
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Thus, we obtain that

Yrp(r) = —¢ (%) - %1# (:) > — <Iz> + %1/1 (1) = Y (k)

because 9 is increasing.
Now assume 7 > m. We need to prove that

Ve (1) > Yr (),

o(1) ()60 (1)

Assume for the moment that m > 2, and we will later handle the case of m = 2 separately. Because

which is equivalent to

7 >m+ 1,r <t and 9 is increasing, it suffices to show the inequality

o) e () 4w (7)),

Using Lemma 5.2, the left hand side is bounded by

¢m+1w1>m t2+t_mt+m>mt
t t t \m+1 t+1) m+1 t+1~ m+1"

Using Lemma 5.3, the right hand side is bounded by

k(wﬂ)—w(5>)<kt;k<2+1>:t2;k2<t(1—hi;jy>.

Thus, we need to prove

m—+1 m
which is equivalent to
(m —1)? 1
m? m+1

This holds when m > 3, as
(m —1)(m? —1) > 2(m? — 1) > m?.

Now we consider m = 2. If 7 = 3, we have

3 1 2 2 2
w(t>‘¢(t>>t‘3:3-

The condition k£ € (%, %) implies that 0 < 3k —t < t, which gives » = 3k — t. Thus we have

k 1 L. .
7 > % > 3, which implies

r k 2k —t 12 ™ 5
w<t>_w<t>< t <®k—ﬂk+fi_9>’

using the special case of Lemma 5.2. The bounds on k imply that

k-t 1
Gk—Dk ~ 2
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We can see this by clearing denominators and factoring, which gives
0 < (2t —3k)(t — k),

where we know both terms are positive. Thus, we find that
r k 1 7 5\ 2k—t 2t
k<w(t>_w<t>> <k<2+<6_9> i ><3'
If 7 > 4, then we have
T 1 3t
o(5)-0 ()T
For the other side, we have
r k k t2— k% 3t
-0 (7)) < (o-e(5)) <5<

which finishes the proof that k is the least common residue class modulo ¢. Thus, for each k € (%, t),

the ordering will be distinct. When ¢ > 2, there are exactly @ numbers in (%, t) that are coprime

to t because ged(i,t) = ged(t — 4,t). Thus, there are at least @ distinct orderings.

Remark. Concerning Conjecture 1.5, the following heuristic points to a strategy which might be
used to prove the conjecture. If k' = k + mt for integer m, then ¢y ; and vy, differ only by the
weighing factors % and % Thus, if » < s and r <j; s, then there exists a “switching point” S,
such that r < ; s when ¥’ < Sy and r >4, s when k' > Sj. If for a set of pairs (r,s) these
switching points are sufficiently spaced out to occur at different values of k' = k + tm, then these
k" induce distinct orderings. The difficulty of this approach lies in finding suitable pairs (7, s) that
have convenient switching points. However, data suggests that it is possible to find a set of pairs
o(t)

(r,s) which has cardinality linear in m, after which a simple calculation would yield that 0] is at

least on the order of log(t).
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