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ABSTRACT. For sets A, B C N, define A+ B = {a+b:a € A b € B}. If we can write a set C' as
C = A+ B with |A|,|B|> 2, then we say that C' is irreducible. The question of whether a given set C is
irreducible arises naturally in additive combinatorics. Equivalently, we can formulate this question as one about
the irreducibility of boolean polynomials, which has been discussed in previous work by K.H. Kim and F.W.
Roush (2005) and Y. Shitov (2014). We prove results about the irreducibility of polynomials and power series
over the max-min semiring, a natural generalization of the boolean polynomials.

We use combinatorial and probabilistic methods to prove that almost all polynomials are irreducible over the
max-min semiring, generalizing work of Y. Shitov (2014) and proving a 2011 conjecture by D. Applegate, M.
Le Brun, and N. Sloane. Furthermore, we use measure-theoretic methods and apply Borel’s result on normal
numbers to prove that almost all power series are asymptotically irreducible over the max-min semiring. This
result generalizes work of E. Wirsing (1953).
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1. INTRODUCTION

The max-min semiring is defined as N' = (NU{oo}, @, ®), where a®b = max(a, b),a®b = min(a, b).
Previous work [Kim/Roush, Shitov] has discussed the factorization of polynomials over the Boolean Semir-
ing, that is, the subsemiring B2 = {0, 1}. In this restricted case, the two questions we hope to settle have
been already resolved.

Definition 1. Let f € N[[z]]. If f = gh implies that either g or h is a monomial, then f is irreducible.

Theorem 1.1 (Shitov, 2014). As n — oo, the proportion of degree n polynomials in Ba|x| which are
irreducible tends to 1.

This result answers a 2005 question of K. H. Kim and F. W. Roush. Remarkably, the proof uses only
elementary combinatorics and probability.

Definition 2. Let f, g € N[[z]]. If f and g differ in only finitely many coefficients, then we say f ~ g.

Definition 3. Let f € N[[z]]. If f ~ gh implies that either g or & is a monomial, then f is asymptotically
irreducible.

Theorem 1.2 (Wirsing, 1953). Almost every element of Bs[[x]] is asymptotically irreducible.
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This proof is measure-theoretic and builds heavily off the work of Borel, in particular the result that
almost every number is norma/ﬂ in base 2. Interestingly, Wirsing and Shitov phrased these results in two
different settings. Wirsing in fact writes that almost every set A C N is asymptotically irreducible, where
here irreducible means additively indecomposable.

Definition 4. Let A, B C G for some group G. Then A+ B={a+b:a € Abe€ B}.

Definition 5. Let S C N. If S = A+ B implies either A or B is a singleton, then S is irreducible. Similarly,
if S ~ A+ B implies A or B is a monomial, then S is asymptotically irreducible. Here, ~ denotes difference
in finitely many elements just like before.

We then restate Shitov and Wirsing’s results in these terms: almost every finite subset of N is irreducible,
and almost every subset of N is asymptotically irreducible. The semiring of sets under union and set addition
is isomorphic to the semiring of boolean polynomials [[Gro19], hence these two formulations are equivalent.

Our contribution is to generalize these results to the wider setting of the max-min semiring.

Theorem 1.3. Fix b, and set B, = {0,1,...,b— 1} C N. Then as n — oo, the proportion of degree n
polynomials in By[x] which are irreducible tends to 1.

Theorem 1.4. Almost every element of By|[x]] is asymptotically irreducible.

Just as products of boolean polynomials correspond to sums of sets, products of min-max polynomials
correspond to sums of multisets. For a proof of this correspondence, see [Grol9]. We will not, however,
discuss the multiset-polynomial correspondence again.

2. PROOF OF THEOREM [L.3|

In this section, we generalize Shitov’s result to polynomials over the max-min semiring. We begin with
some conventions.

Definition 6. Let f € A[z]. Then |f| denotes the number of nonzero coefficients of f.

Definition 7 ([ALS11])). A digit map is a nondecreasing function N — N. If d is a digit map and f =
ap ® a1x ® agxr® @ ... € N[x]], then we let d(f) = d(ag) ® d(a1)x @ d(az)z?. ...

Proposition 2.1 ([ALS11]). If d is a digit map, then d : N[z]] — N{[z]] is a semiring homomorphism.
In particular, if f = gh is a nontrivial factorization and d(1) > 0, then d(f) = d(g)d(h) is a nontrivial
factorization of d(f).

This key idea provides a powerful framework for our proof, allowing us to partially reduce the problem
of factoring a polynomial over Bj to factoring one over Bs.

Definition 8. We define the digit maps maps s; for each i € Z*.
0 n<i
si(n) = { . 2.1)
T n>1

For f € N|[x]], we additionally define f; = s1(s;(f)). These polynomials, which we refer to as the “i-level
support of f”, are indicator functions for where the coefficients of f are at least 4.

In the proof of another lemma, Shitov shows the following statement which will be of great use to us.

Corollary 2.2 ([Shil4]). For any d > 0, the number of pairs boolean polynomials (f,g) satisfying the
following conditions is at most n2¢+12(k:n),
(1) The constant terms of f, g are nonzero;

(2) deg f = k> 0,degg =n —k;

Lieference our later definition of normal
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(3) |f @gl <[f[+ 9]l +d.

Due to our slightly different convention about irreducibility, we will require a version of this lemma when
the condition (1) is not necessarily satisfied. Let’s briefly address the opposing conventions of irreducibility.

Our definition of irreducible is slightly broader than the traditional notion of irreducibility over a semiring,
and in particular broader than the convention used in [KRO05] and [ALS11]]. The advantages of our definition
are as follows:

o If f € By[[x]] is irreducible, then f is also irreducible over AV[[z]]. In contrast, f = (b — 1) ® f
is trivial factorization over By[[z]], but a nontrivial factorization over N[[x]] as b — 1 is no longer a
unit. Thus, despite introducing no new factors, f is now reducible.

e The Taylor series f such that g — f ® g is an injective endomorphism of any semiring Bj[[z]]
are precisely the monomials. Thus, despite not having multiplicative inverses, multiplication by
monomials is invertible in the sense that we can have cancellation.

e This definition lines up with the additive combinatorics. For instance, the set {1, 2, 4} is additively
indecomposible, but the polynomial = @ 22 @ z* is reducible as z(1 © = © x3) under previous
authors’ definitions.

We now generalize Corollary [2.2]to our setting.

Lemma 2.3. The number of pairs boolean polynomials ( f, g) satisfying the following conditions is at most
n2422F for any d > 0.

(1) The constant term of f is nonzero;

(2) deg f =k > 1,degg=n—Fk;

() |f@gl <[fl+ gl +d.

Proof. Write g = 27 ® (1 + --- + 2" %77) and define gby g = 2/ ® g. Then clearly |f ® g| = |f ® 7]
and |g| = [g]. By Corollary[2.2} there are at most n2#+12(*:7=1) pairs ( f, g) satisfying the hypotheses of the
corollary. Since there are at most n choices for j, the number of pairs (f, g) satisfying the hypotheses of this
lemma is at most Z?:_ol n2dt1(kn=j) < p2d+29k O

The final ingredient for our proof is Hoeffding’s inequality: a probabilistic lemma which Shitov used, in
conjunction with Corollary to prove Theorem

Proposition 2.4 (Hoeffding’s Inequality). Let X,, be a sum of n independent bernoulli random variables X
with B[X] = p. Then P(|X,, — np| > en) < 2e72¢°",

When we choose a degree n — 1 polynomial f at random from By[z], the quantity |f;| is a sum of n
independent Bernoulli random variables with probability % As a consequence, if f is a degree n — 1
polynomial chosen randomly from B[], then:

b

We now have all the tools we need, and are prepared to move to prove a quantitative version of Theorem|[I.3]

P (‘\fz\ - (b Z)n‘ > en) < 9e2¢*n (2.2)

Proposition 2.5. Letb > 1 and o = ng and let X3y, ,, denote the set of reducible degree n — 1 polynomials
in By[z|. Then for any d,v > 0:

Son] <O <ne—d2/4(n+l) 1 pn2dtloup=n 4 p20-v 4 n2d+325—g>
Proof. We will partition Y,, into 7 sets > C E!(d,v)U. ..U E!(d,v). Our proposition will follow from the
bound |X,,| < ‘E}L(d,v)‘ 4+ 4 ‘Eg(d, v)‘

Definition 9. We now detail the partition. Though we will not write this after each set, we stipulate that
h € E(d,v)onlyif h ¢ E}(d,v) for any j < i.
(0=Dn| 4

E}(d,v) is the set of polynomials & such that ’|h1| - —=—>3.
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E2(d,v) is those h = f ® g such that ‘\f1| +lg1] — %‘ >4
E3(d,v) is those h such that ’]h | — M >4
El(d,v) is those h = f ® g such that ‘\fa| + [gal — %‘ >4
E3(d,v) is those h = f ® g with deg f < v.
ES(d,v)isthose h = f ® g with |fo| < 1or |go| < 1.
E(d,v) is all remaining reducible degree n — 1 polynomials h.

Now, we will go through and bound the size of each of these sets.
e By Equation 1; with € = %, we obtain:

|EL(d,v)|, | E3(d, v)| < 2e~F/Anpn < = @/An+1)pn

e Each pair (f, g) corresponds to only one choice of A, thus it suffices to bound the number of pairs
(f,g). If we fix deg f = k, then we must have degg = n — k — 1 as deg(f ® g) = n — 1. The
set of pairs (f,g) € (By[x])? such that deg f = k,deg g = n — k — 1 is in bijection with the set of
degree n polynomials of By[z], with the bijection given below.

o(f,9) = f & (b= 12" @)

k n
j j—k—1
D', D v’
Jj=0

j=k+1

Moreover, |fi| + |gi| = [(¢(f,9))i]. Thus, choosing € = ﬁ and applying Equation li we
obtain that there are at most 2e~4"/4(n+1)pn+1 gych pairs (f,g). Since there are § choices for

deg f, we use this bound for each choice and obtain:

| B

4(d, v)| < nem /AN AL < oAty

e Leth=f®gc E>(d,v). Since h ¢ E}(d,v)UE3(d,v), we have |h;] <
(b—1)(n+1)
b

=+ 4 A+ ] >
— 4 Thus |hy| < |fi] + |g1]| +d. If |[fi] < Lor|g1| < 1, then f or g is a monomial

in contradiction to the assumption that f ® ¢ is a nontrivial factorization, hence (f1, g1) satisfy

every hypothesis of Lemma [2.3] We apply this lemma once for each choice of 1 < deg f < v, and

conclude:

v
|E§L(d,v){ < Z n2d+12degf < Un2d+12v
deg f=1

e Suppose without loss of generality |f,| < 1. Then fix deg f = k Since h ¢ E3>(d,v), we can

assume k > v. Then there are (k + 1)(b— a)(a — 1)* choicef] for f and b"~* choices for g, hence
there are < k + 1(av — 1)*6" =%+ pairs (f, g). There are at most n choices for k, hence:

|ES(d, ) Zk: +1(a— D" < n(n+1)(a — 1)vpn 0+

v
5 n2(a _ 1)Ubn—v < n2 (g) pr—v < n22—vbn

2pick the index of the coefficient to be at least «, then pick its value, then pick the remaining coefficients from {0, ..., a — 1}.
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e Leth = f®g. Since h ¢ E3(d,v) U E(d,v), we have [hy| < =27 4 4 and || + |gal >
%b("ﬂ), hence |ho| < |fal + |gal + d. Moreover, as h ¢ ES(d,v), neither f, nor g, is a
monomial and thus the pair (fs, go) is a nontrivial factorization of h,, and satisfies the hypotheses
of Lemma Thus, using the fact that (deg fo,n — 1) < ”T_l < gforl <degf <n—2,the
number of possible choices for h,, is at most:

n—2
Z n2d+22(degfa,n—1) < n2d+32%
deg fo=1

Once h, is known, if |h,| = k, there are " *(b — «)* choices for h. This is because each 0
coefficient of h,, can correspond to any coefficient in {0, ..., — 1}, and any 1 corresponds to a
coefficient in {c,...,b—1}. Since h ¢ E3(d,v), we can say k < @ + %, a quantity which we
will denote s to clean up our expressions. As « < (b — «) with equality when b is even, we obtain
the following upper bound:

d
an —a)n b - 2
" Kb —a)f <a" (b —a) SaT(b—a)<b i ( a>

(%

<ai(b-a)? (” ;Oé)(bba%)” (b ;a>§

For b > 2, we have the upper bounds % < 2and && — % < %, both of which are achieved
b—a
when b = 3. Moreover, for b = 2, we have (I)_b"‘ b 2] =1, thus for any b > 2 we have
(b=a) 552" < 9% Altogether, this gives us:
5 < 2s. gether, this gives us:
d b—a 1
a (D\" (b—a\2 (b—a\'F 2"
o= (0 (052 (452
244352 (D Y onod 2d4+353-23n
<n 22 3 2622 < n 22730
g
With the right choice of d, v, this gives us a proof of Theorem [I.3]
Proof. Our goal is to show that — 0, from which the result follows. Set d = 2v/n + llogn,v =

3logy n and apply Proposition We will show that each summand of the upper bound on %—;' vanishes.

For bullets (2) and (4), observe that every summand is sublinear except for the one which is negative.
(1) ne_d2/4(n+1) = ne—(logn)2 — pl-logn _y

(2) log(vn?@12vp™") = logv + (4v/n + Llogn + 2)logn + 3logy nlog2 — nlogbh — —oo, hence
this quantity vanishes.

(3) n?27v =np2273lgan — p=1

[SII8

4) log <n2d+32—? (b=2)

vanishes.

> = 4v/n + llogn+(v/n + 1logn—%)log2 — —oo, hence this quantity

O
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This result in hand, we are now prepared to state and prove the conjecture of Applegate, LeBrun, and
Sloane. Their conjecture refers to prime elements of the semiring, which we define below, and is in some
ways a more natural definition.

Definition 10. A polynomial h € By[z] is prime if h = f ® g implies either f,g = b — 1.

Conjecture 1. Let m,(n) denote the number of degree n — 1 prime polynomials of By[z]. Then m,(n) ~
(b—1)2p"2.

Motivating their conjecture, Applegate et al. observed that only certain polynomials can be prime.

Definition 11. A prime candidate of By|x] is a polynomial with nonzero constant term and maximum
coefficient b — 1.

It is easy enough to see that a polynomial is prime only if it is a prime candidate. If h = ajxj D...P
an—12" 1 forj > 1, thenh = (b —1)2/ ® (a; ® ... ® an—12"I~1) which is a nontrivial factorization in
their convention. Moreover, if ¢ < b — 1 i1s the maximum coefficient of h, then h = ¢ ® h.

They showed that the number of prime candidates is asymptotic to (b — 1)2b™ 2, and from their datzﬂ as
k — oo, almost all prime candidates are in fact prime. As evidence for this fact, Applegate et al. produced
the following lower bound:

(b—1)"2420b-2)"2+... <m(n)
Moreover, they observed the following, which we will re-prove here.

Lemma 2.6 (JALS11])). An irreducible prime candidate is prime.

Proof. If h is irreducible, then h = fg implies either f, g is a monomial, without loss of generality, f is.
Since the constant term of A is nonzero, we must have that f is a constant. Since the maximum coefficient
of his b — 1, we must also have that f = b — 1, thus A is prime. O

With this lemma, Conjecture[I]is a simple corollary of Theorem|[I.3|

Proof. The proportion of degree n — 1 prime candidates of ,[x] which are irreducible is at most a quantity

(eq. (2.3))) which vanishes as n — oo.
20|

(b _ 1)2bn—2
It follows that almost all prime candidates are prime. ([l

(2.3)

3. PROOF OF THEOREM [1.4]

Before we prove this, we first must clarify what we mean by “almost all.” It turns out, there is a very
natural measure to associate to the set Bp[[x]].

Definition 12. To each element of B;|[[x]] we associate a real number in [0, b] given by:

pb(@ apz®) = Z agb™" 3.1
k=0 k=0

In other words, each power series corresponds to a string of digits in [0, 1,...,b — 1], which we can
interpret as the base-b expansion of a number. This allows us to define a probability measure m on Bp[[x]].

Definition 13. For a set A C By[[x]] such that p,(A) is a measurable subset of R, let m(A4) = b1 L(py(A)),
where £ denotes the Lebesgue measure.

This reframing allows us to ask and answer questions about these polynomials measure-theoretically. For
example, we will use Borel’s theorem that every number is normal, regardless of base [citation probably].
We deduce ?? from a second theorem, which goes as follows:

30EIS sequences (A169912), (A087636) show the number of prime elements of B; [x], Bio[z] of each degree n.
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Theorem 3.1. Let C® C By[[z]] denote the set of reducible polynomials. Then m(C®) = 0.
We show first how 2? follows from Theorem [3.1¢

Proof. For f € Bp[[x]], let [f] denote the set of all g such that f ~ g. The set of asymptotically reducible
f is precisely the set [C?]. Fix a natural number n, and notice the set of functions which differ in exactly
n coefficients from some element of C® has measure 0. Thus, [C?] is a countable union of measure O sets,
hence it has measure 0 and almost all power series over By[[z]] are irreducible. O

We now prove Theorem 3.1} Our proof parallels Wirsing’s original argument to a great extent, but as the
authors are not aware of an English translation of Wirsing’s result [Wir33]], we reproduce it here for the sake
of completeness.

Definition 14. For n € Nand f = @, axa® € N[[z]], define f(n) = @}_, axr® € Nx].
First, partition C” into three sets 77, T3, T
TP :={h:h=f®gwith2 <|g| < oo}
[f1(n)] + [91(n))|

n
i) +]gi(n)] 1

n 5
Since TP U TP U T2 = C°, it suffices to show that L(T}) = L(TY) = L(T?) = 0. In proving that the
measures of le and Té’ are 0, we will rely extensively on the following idea:

1
TQb::{h:h:f@)gwithlinl}inf <5and|f1|=oo=|f1|}

Té’ = {h:h:f@gwith lilginf and |fl|=00:|91|}

Definition 15. A number a@ € R is normal in base b if the base b representation of « contains an equal
proportion of each finite sequence of digits base b. That is, if for all positive integers n, all possible strings
of n digits have density b~ " in the base b representation.

More formally, let s = (41, ...,dx) be a string of digits in {0,...,b — 1}. Fix a real number « and let
Ny (n, s) denote the number of occurences of the string s in the first n digits of the base-b expansion of c.
Then the following holds:

N,
lim Na(n, 5) =pk
n—oo n
An equivalent formulation of this is the following: let Z C {0, ...,b—1}*andlet No(n, Z) = 3 ., N(n, s).
N(n,Z
im N2 _ Z|p~* (3.2)
n—00 n

Theorem 3.2. (Borel, 1909 for base 2; Wirsing, 1953 for the general case) For any b > 2, almost every
a € R is normal base b.

Definition 16. Throughout the remainder of this section, let

oo [o¢] o0 o0
f= @akxk g= @ﬂkxk h = @ykxk o= @5kmk
k=0 k=0 k=0 k=0

Additionally, set o, = a; ® 1 and similarly for each other coefficient. This way we have, for instance:

o o [e.@] oo
k k k k
fi = @ aia g = P B = Pt o =P
k=0 k=0 k=0 k=0
We now state an important lemma with an elementary proof.

Lemma 3.3. If h = [ ® g, then @j_, i @ B = Yn.
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Proof. To elucidate this fact, all we need to do is rewrite the product f ® g.

00 o ' 00 n 00
f®g= @aixl@ﬁjxj - @ (Zak ®/8nk> " = @ann
=0 =0 n=0 \k=0 n=0

Lemma 3.4. m(T?) = 0.

Proof. We show that no element of le is normal, whence the result follows. Specifically, we claim that the
following sequence of digits can never occur in p,(h) forany h = f ® g € T lb :

00...0100...0, (3.3)
—— ~Y—
degg+1 degg+1

Let fi = @2, arz®, g1 = @IS Bra®, hy = @2, wa®. We can write:

degg

hi=ga®fi= @5k$k®fl
k=0

If v = 1, then by lemma there exist ¢, 7 such that a; = 3; = 1 and ¢ + j = k. Since g; is not a
monomial, there exists another index j' # j such that 5;; = 1. Then by lemma 1 < 7y rand ] 4y =1L
The gap between the two indices i + 7,4 + ;' is at most deg g; (but either index can come first), thus p,(h1)
does not have a “1” without another “1”” at most deg g indices away. Thus the string eq. does not occur
in py(h1). O

Lemma 3.5. m(T3) = 0.

Proof. We begin by defining a finite counterpart to T2b:

)]+ [g1(n)]

T3 (n) = {pb<h>:h—f®g. - <

5

and |f1| =00 = \91\}

Notice that
Y C limsup({TQb(n)}) = m U T (n).
N>1n>N

By the Borel-Cantelli Lemma, we know that if

> m(T3(n)) < oo,
n=1

then

m (lim sup(Té’(n))) = m(T%) = 0.
n—oo
As such, it suffices to show that >°°° | m(T¥(n)) < oco.

Fix an integer k and consider all possible f and h such that |fi(n)| + |g1(n)| = k. There are (2”; 2)
possibilities for f1(n) and g (n): each has n+1 coefficients, and we distribute k£ nonzero coefficients among
them. Additionally, for a given choice of f;(n) and g;(n), there are (b — 1)* polynomials f(n) and g(n)
since each 1 coefficient of f; or g; can correspond to any value in {1,...,b — 1}. Thus, for a given k, there

are at most (b — 1)* (2";2) possibilities for f(n) ® g(n). Therefore, T%(n) is a subset of a union of at most

Zogkgg (b—1)* (2”,:2) intervals, each of length b~".
We then compute:
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(i) < 5 Y 6=

<50~ (i)

<=0 ( )

n 2ne n/5
< Dy 1\n/5 [ 225
b 6-1 (n/5>

B;GOeG%—lD"ﬁ

s\ "
<n(1.94(b 1) )
- b
1.94(b—1)"

5 P < 1forb > 2. Hence, the sum >_°° , m(T%(n)) converges, so m(7%) = 0.

|
at
SN
3

IN

Notice that

Lemma 3.6. m(7%) = 0.

Proof. As in the case of T? we will show that no element of T?i’ is normal, from which the result will follow.
Without loss of generality, we know that lim inf,, Lfln)' > %. Let k be a positive integer such that

b—1\" _1

b 10
Pick a positive integer r such that |g; (r — 1)|= k. This is equivalent to choosing r such that py(g1(r — 1))
has exactly k ones. Let Z denote the set of degree r — 1 polynomials in o € By[x] such that o1 & g; = 07;.
In other words, Z is the set of degree r — 1 polynomials of o € By[x] such that 3; # 0 = 0; # 0. We can
compute |Z| using a counting argument: If 8; # 0, then 0; € {1,...,b— 1}, otherwise ¢; € {0,...,b—1}.

As |g1|= k and o has r coefficients, there are (b — 1)*b"~* possible choices for .
kpr—k

If py(h) is normal, then we expect the digit strings in py(Z) to occur at a frequency of % =

(b%)k in pp(h). We will show that they instead occur at a frequency of at least 1—10, from which it follows

that py(h) is not normal.
Suppose o, = 1. Then from lemrna it follows that:

(rer® @ Byt @ (gt @ gi(r - 1)) = (afz® ® gi(r — 1))

Thus s @ ... ® Yerr—12" 1 € Z. This observation allows us to lower-bound the frequency of these strings

in py(h):
1 N n+r—12 N n,Z
— < liminf (’fl(n”) < liminf ( p(h)( )> — liminf (p(h)()>
10 n—00 n n—00 n n—00 n
The above contradicts eq. (3.2)), thus A is not normal. g

We now prove theorem [3.1] from which ?? is a corollary.
Proof. By construction, C® = TP U T U T%. As a consequence of lemma 3.4, lemma3.5] and lemma
m(C") < m(T7) + m(T3) + m(T3) = 0
O
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