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I. The Introduction
[.1. Setting the Stage: Semistability

Throughout we will take the following notation
e Let k£ be an algebraically closed field of characteristic 0
e Let G be an algebraic group over k which is linear (affine), i.e., there exists a faithful
G — GL(V) with closed image. We also assume that G is reductive, i.e., given a finite-
dimensional representation V of G with a G-invariant subspace V' C V| there exists a
G-invariant complement V" so that V =V’ @ V",
Let V be a representation of G. We may consider the algebra k[V] of polynomial functions on V.

As a representation of the group this decomposes as

KV] = @ klV]n = @5 Sym, V7,
n=0

where Sym,, V* is the n-th symmetric power of the dual space and the isomorphism is an isomorphism
of G-representations. Taking the G-invariants gives a graded algebra k[V]%.
Theorem 1.1.1 (Hilbert)

The graded algebra k[V]¢ is finitely generated.

Definition I.1.1
We write the spectrum Spec k[V]% =: G \\ V, indicating an orbit space.

Proposition 1.1.2
Let Xy, X1 C V be closed, G-invariant, and disjoint. Then there exists some f € k[V]¢ such
that f}XO =0 and f’X1 =1.

Lemma I.1.3
Let G act on an affine-linear space A (by affine-linear transformations). Then G has a fixed

point 0 € A.

Proof. Let F(A) = {affine linear functions A — k}. This is a dimension n + 1 vector space with
a G-representation, where n = dim A. It admits a G-invariant subspace, the constants k C F(A).

Because G is reductive, k C F'(A) must have a G-invariant complement

F(A) =V &k,
the subspace V defines the desired point in A. Pick a basis vy, ...,v, of V and find a point where
v;(0) = 0 for all 3. 3
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Proof of Proposition 1.1.2. Consider the map
k:[V] — k'[X() @] Xl] = ki[Xo] D kJ[Xl],

this map is surjective because X, X1 are closed and disjoint. It is a G-equivariant map because
Xo, X1 are G-invariant sets. Suppose that k[V]<, has (0,1) in its image. Well k[V]<, is a G-
represnetation and the preimage of (0, 1) is an affine subrepresentation. It contains a fixed point

by Lemma [.1.3, completing the proof. v

Corollary 1.1.4
We have that

(i) The closure of every G-orbit contains a unique closed G-orbit.
(i)

Proof. Let v € V, if G-v # Gu then choose v € G-v\ G - v and proceed with induction (the
dimension must go down) to show existence. If Gv contains two closed orbits X, X7 then there exists

some f € k[V]¢ from Proposition 1.1.2 so that f =i on X;. But then f(v) = 0 = 1, a contradiction

(since f is continuous and G-invariant). Exercise: the dimension must go down. .. 7
What’s the upshot of this? Well for the affine algebraic variety G \\ V' we have
The closed points of G \\ V' < closed G-orbits in V.
We now define
Definition 1.1.2
The unstable locus for the G-representation V is
Vi ={v eV |Gv>o} (1)

Note that V" = Z(f1,..., f,) where k[V]% is generated by homogeneous polynomials f1, ..., f;
of degree d; > 0.
We call V5 =V \ V¥" the semistable locus. A point v € V' is called semistable if it lies in

the semistable locus and it is called stable if Gv is closed and G, = Stabg v is finite.

Example 1.1.1
Let G = Gy(k) = k*. This acts on V by scalar multiplication. This is boring for the

following reason: every orbit contains the origin in its closure, and so V = V""",
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Example 1.1.2
Let G, (k) act on k? as follows

A0
AEES — .
0 M1

What are the orbits of this action
e A typical orbit is a hyperbola. These are all stable.

e There are two orbits which are unstable, the horizontal and vertical axis.

Lets compare this with G \\ V, well
k[zl, ZQ]G = k[zlzg]

G\ 'V = Speck[z29] = Al

Example 1.1.3
Let G = GL,,(k) acting on End, (k) = V acting by conjugation. The charactersiic polynomial

Note that y; € k[V]%, and these in fact generate. This follows from Jordan Canonical Form.

The unstable locus is given by
VY = Z(x1,...,Xn) = nilpotent matrices.

There’s an observation to make here: there are no stable points! There are no matrices with

finite centralizer (i.e., finite stabilizer under this action).

It is helpful to focus on the semistable locus V*%, which we’ll assume is nonempty. By definition,
V%% does not contain the origin. One can check that V*% is invariant under scalar multiplication.
By projectivizing

closed orbit in V* — closed orbit in PV C PV.
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Hence, one can consider the set of closed orbits in PV**. The question is how to describe this

algebro-geometrically. The method is via the Proj construction (look it up!)
closed orbits in PV** < Proj(k[V]).

We now have an important theorem.
Theorem 1.1.5 (Hilbert-Mumford Criterion)
v € V is unstable for G if and only if it is unstable for a copy of G, (k) in G.

Note that this means you can diagonalize the action of G,,(k) < G acting on V. Hence A € G,,(k)

maps to
th 0
0 b
Therefore, if dy,...,d, are > 0, then the span of the first » coordinates consists of unstable points.

Example 1.1.4
Let W be a k-vector space of dimension 2. And let G = SL(W) = SLa(k). We will let G act
on V = k[W],, = Sym,, (W*). We obtain a geometric interpretation by projectivizing. We have
that PW = P!, and an element f of k[W], decomposes into n linear factors, and each factor
gives a point in P!. In other words, PV consists of degree n divisors on PW = P!,
Proposition 1.1.6
Let f € V, then

f is unstable <= f has a factor (linear form)? where d > n/2.
f semistable but not stable <= n even, f has a factor (linear form)™/2
f has strictly semistable closed orbit <— f = E?/ 263/ ? where £1, 45 linearly indep. linear

forms

Proof of <= . Let £ € W*\ {0} appear in f with multiplicity d. Then f = ¢¢f; where f is
homogeneous of degree n — d. We will be inspired the Hilbert-Mumford criterion. Choose a
basis (21, z2) for W where z; = ¢. We then consider the action scaling z; by A and z3 by AL
so that

f()\zl, A_1Z2) = )\dzilfl ()\Zl, )\_122) = /\Qd_nz(lifl()\Qzl, ZQ).

Now if d > n/2 we find that as A — 0 this takes f(\z1,A\"123) — 0. Hence 0 lies in the orbit
closure of f.

If n is even and d = n/2 then taking A — 0 we find that f(z1,22) lies in the same orbit
closure as z{f1(0, z). But then f;(0,22) must be equal to z§. A quick check shows that the

orbit of z{2¢ is closed.
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The remaining orbits are closed. v
Question (Faye): Why is G- v open in G - v? With a basic proposition this will imply G - v\ G - v

is of smaller dimension, allowing us to do the dimension reduction.

Proof. Note that GG - v is constructible, by Chevalley’s theorem and the fact that G is reductive
algebraic, and the representation is algebraic. Thus G -v is a union of locally closed sets by definition.
Let v € UN C where U (resp. C) is open (resp. closed) in G -v. We find that g - (U N C) covers
G-v —
We continue the example of last time:
Example 1.1.5

Let W be a vector space of dimension 2. We saw that if V;, = k[W], then PV, con-

tains {n element subsets of PW} as a dense open set. Furthermore, there is a unique strictly

semistable closed orbit which has two points of multiplicity n/2 and n/2, and so n is even.

How can we apply this to moduli problems?
Example 1.1.6

Consider the moduli space My ,, which is the isomoprhism classes of n distinct ordered points
on PL. That is M, consists of pairs (C' = P!, (py,...,ps)). By choosing an isomorphism C = P!
we introduce a PSL(2, k)-ambiguity. By choosing an ordering we introduce a Sy,-ambiguity (by
reordering the points).

Hence

—HM
Mo,n MO,TL

Js Js

S, x PSLy(k)\ Conf, (P') —— Proj(k[V]52(")),

opendense

where Conf,, is the ordered configuration space. Here we are doing a Riemann extension
theorem. We have a cover over an open dense subset and we’re turning this into a branched
cover.

As special cases, lets discuss when n =4 and n = 5. For n = 3 it’s boring because PSLa(k)
acts 3-transitively on P!, and so M3 = *. For n = 4, we can find an isomorphism taking
(p1, P2, p3,p4) to (0,00,1,2). This gets rid of the PSL(2, k) ambiguity.

Remark I.1.1

Here S4 acts by the exceptional morphism S; — S5 given by the different choices of

cross-ratio.

Hence

Mos =P\ {0,1,00}.
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There is only one real way to compactify this!

MO,4 = Pl \ {07 17 OO}
N N
My = PL

By the semistability condition observed earlier, we know that Proj(k[V]3“"W)) has that if
two points coalesce then the other two points must also coalesce (this is the unique strictly
semistable closed orbit). There are 3 ways to group 4 points into two groups of 2. This explains
the compactification!

Lets do this explicitly, we find that, letting z = t*:

(0,00,1,12) ~ (0, 00, 1/¢,t) =% (0, 00, 00, 0)

Now lets do n = 5. We take (p1, p2, p3, p4,p5) to (0,00, 1, 21, 22) by the action of PSLy(k).
Hence
Mo = (A1) {0,1})? \ diagonal C A% C P2,

This almost gives a projective compactification!

Here is the picture in A%, and each line is removed.
P3 = P4 P3 =Ds P4 =Ds

pP1=Ds

unstable p; = py = ps

P1 = P4

Here is the picture in P2, where one of the drawn lines is the line at oo.
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b1 =DPs

We now blow up the 4 triple points. Doing this we obtain 10 copies of P! (5 choose 2 is 10)
with 15 double points. This gives an intersection graph which is the Peterson graph. This is a

Del Pezzo surface of degree 5.

Example 1.1.7

Let W be a 3-dimensional k vector space. PW = P2. We consider V = k[W]3. Then a point
in PV consists of a cubic divisor on PW. Let G = SL(W). If Z(F) C PW is a smooth cubic c
curve, then F' # 0. And in fact, in this case F is a stable point under the G-action. We’ll delay

the proof till later.
Suppose Z(F) is not smooth, say at p € PIW. Choose an affine coordinate system (x,y) with
p = 0. Then F yields an affine equation

f(mvy) = f2($7y) + f3(517,y)

of degree 2 and 3 homogeneous parts respectively.
Claim
If fo is nondegenerate as a quadratic form, then F' is semistable (strictly) its closed orbit

contains the cubic XY Z (consiting of three lines).

Proof. Suppose fo is nondegenerate. Then fy is the product of two independent linear forms.

After a change of coordinates this implies that fo(x,y) = xy. Now consider the map

A

A € SLs (k).
)\—2

gx
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Then this takes F' = Zfo(X,Y) + f3(X,Y) to
A 2ZfH(AX,AY) + X f3(X,Y) = Zf(X,Y) + X f3(X,Y).

Taking A — 0 gives Z fo(X,Y"). by the change of coordinates we find that this is XY Z. We then
need to show that XY Z has a closed orbit (exercise). This shows that F is strictly semistable
with orbit closure XY Z (note XY Z has infinite stabilizer).

Now suppose that f is degnerate. Then we can choose coordinates so that fa(z,y) = const-z2.
So then F(X,Y,Z7) is

const - X?Z + f3(X,Y).

Then take

>
>
Il

A2 S SLg(k}).

Multiplying by this gives

constAX?Z + f3(A%, A?Y).

Taking A — 0 takes this to 0, and so F' is unstable. v

What does the condition that fo is nondegenerate mean in terms of the cubic curves? Well
it actually means that p is an ordinary double point! So the strictly semistable orbits are the
nodal cubic curves, a quadric witha line, and the union of three lines.

What is not allowed? Unstable curves are like cuspidal cubics or a quadric with a tangent
line, or three lines passing through a point. Or a line with multiplicity two, or three.

A final computation is that
dimPk[W]3=10—-1=9
dim SL(W) =8
dim SL(W) \\ Pk[W]3 = 1.

[.2. More on Hypersurfaces

Lets talk more about cubic curves in PZ2.
Claim

Smooth cubic plane curves are Hilbert-Mumford stable.

We'll prove something stronger.
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Proposition 1.2.1
Let W be a k vector space of dimension > 1. Let V = k[W];. Then PV parameterizes
degree d divisors on PW. We claim that a hypersurface H of degree d which is smooth is

Hilbert-Mumford semistable. Furthermore, the locus {singular hypersurface} C PV admits an

equation which is SL(WV)-invariant.

Proof. Note that the latter statement implies the former, since we will construct a polynomial
invariant function on V' where the smooth hypersurfaces do not vanish. To do the former, we

consider the d-fold Veronese embedding

P(W) — P(Sym? W)

w — w.

Then degree d hypersurfaces in PW are precisely preimages of hyperplane sections in ]P’(Symd W).
The hypersurface is singular if and only if the intersection in P(Symd W) of the hyperplane nad
P(W) is not transverse.

We see that these singular hypersurfaces are parameterized (not 1-1) by a smooth variety as

follows:

e Pick a point p on the image of the Veronese embedding.
e Pick a tangent line at p to the image of the Veronese embedding.
e Consider any hyperplane containing this tangent line. (Note: a hyperplane in P(Sym? W)

is the same as an element of PV).

This gives a codimension 1 condition on PV, and the generic point is that there is one common
tangent line and nothing else. In P(TW) this corresponds to a single double point (this is analogous
with Morse theory/Morsification).

This gives a hypersurface in ]P’(Syrnd W) which parameterizes singular hypersurfaces (meta). Lets
call the equation of this locus the discriminant and it has equation A € k[V],, for some m. This is
unique up to scaling! SL(1¥) may not leave this equation invariant, but it scales it. Hence we get a
character SL(W) — G, (k) = k*. But SL(W) admits no nontrivial character, and so this must be

constant! We’re done, because Id +— 1. 3

Exercise 1.2.1
Redo the above proof by using the classical theory of resultants. The author of these notes

thinks this is much more down to earth and easy to see. ..

Before we go on to talk about residues, we need to talk about residues. Take an open subset U C C
and a meromorphic differential « = fdz on U. We define
1

Respa=a_1 = i a,
% Jsmall circle about p

10
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if f = Zkao ar(z — p)¥ in a Laurent expansion. This also makes sense on a Riemann surface!
It turns out that this can also be done via algebraic geometry. Tate in 1968 gives a direct way
to do this for rational 1-forms on smooth curves/k. This has a higher-dimensional generalization:
Suppose we have a smooth k-variety M of dimension n + 1 and a smooth hypersurface (divisor)
D C M. Fix a regular (n + 1)-form « on M \ D with a pole of order 1 along D. Then Resp « is
defined as a regular n-form on D as follows:

Let p € D and write « as % A B where f is a local equation for D about p. This 8 will not be
unique, but S restricted to D as an n-form will be unique.

Exercise 1.2.2

Check this is unique.

Example 1.2.3

Let f: A" — k be a regular function whose zero set D is smooth. We define D; C D as
the locus where % # 0. Then D = Dy U ---U D,, (coordinates are zy, ..., 2,). Now consider
the following form for some 0 < i < n:

; = of
df A ((—1) dzo/\---/\dzi/\---/\dzn) = sLdz A Ada
Zq
We now consider
dzg A---Ad
Resp SR A% =: Resp «

f

To calculate this, we write

dzo A--- Adz, df/\(—l)idzo/\---/\(i;i/\---/\dzn

7 / a
Call this 5;. We find then that
*Bi‘Di = Resp a|Di.
One checks that these agree on overlaps, and so define a form.

Example 1.2.4
Fix F € k[Zo,..., Zn+1]a where d > n + 2 whose zero set X in P"! is smooh. Let G €
k20, - -, Zn+1]d—n—2 be relatively prime to F' (automatic if n > 1).

Consider the form

Gdzg A+ ANdzpga
o= I ,
this is a rational n + 2 form on A"*2 = q7+2\ 2+l The total expression is homogeneous of
degree 0. This implies that a has a pole of order 1 at P!, This can be seen because along a

ray this will look like %. We calculate Respn+1 o, which will produce an (n + 1)-form with a

11



Taught by Eduard Looijenga 2025-10-07.tex Moduli Spaces - 1.2

simple pole along X so that
ReSX ReSP’;:l Q,

which is a regular n-form on X with zero divisor given by the “restriction” of G to X. If
d=n+ 2 and G = 1, then we obtain a regular n-form without zeroes on X. We call this ap.

We find that by scaling
oNp = )\_1041:.

This will represent a line in H™Y(X). Note that this is SL-invariant in a certain sense as well.
Lets restrict this back to cubic plane curves, and try to understand that case very well.
Example 1.2.5

Let dimW = 3 and F € k[W]3 define a smooth cubic curve Cr C PW = P2. We now have
the regular 1-form ap. With k = C, we work with the Euclidean topology for decency’s sake.

7° = H\(Cp;Z) —

C
C'—>/OzF.

The image of H1(Cg;Z) in C is given by a lattice. Furthermore
ap ANap =0 V—lap A af is everywhere > 0.
Call this lattice Lp C C. Analytically it happens that (Crp = C/Lp). We can consider the
space
L(C) = {lattices in C}. cx manifold

The map we’ve produced above is

V = k[W]s D V™ — £(C)
F— LF.

This map has some curious properties

(1) Layp = A" 'Lp.

(2) F+— Lp is constnat on SL(WW)-orbits.
We now consider the Eisenstein series

Gor(L) = Z ﬁ

weL\{0}

12
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We require that & > 2, so that this will be uniformly convergent. We find that
Gar(AL) = A"*Gop(L).

Thus the Gy produce functions which are SLo-invariant on V™!!! This is incredible !!!

Last time: Let W be a vector space of dimension 3 over C and consider V' = C[W]s. Then SL(W)
acts on V and on V*™ (the smooth cubics). Given F' € V*" we produced a holomorphic 1-form ap
on C = Z(F) CPW. In a diagram, we have

VOV s Fw (Ciap) — Lp € L(C),

where £(C) consists of 2 x 2 lattices in C2. We also showed that Lyr = A™'F for A € C*. Finally

we constructed Eisenstein series

1
GQk(L) - Z ﬂ?

weL\{0}

where k£ > 2. Furthermore, note that
Gor(Lar) = A G (F).

And even better, this is an SL(WW)-invariant function on V™. We will show that it extends to an
SL(W)-invariant function on V' itself.

For now, we focus on constructing a map £(C) — V™. Fix a lattice L C C a lattice and set
Cp = C/L. This is a genus one Riemann surface with a base point 0o € Cr, and dz gives rise to a

1-form a, on Cp, (by pushforward). Thus, from the lattice L we get a triple of data:

(1) A genus one Riemann Surface C7,
(2) A point o € Cp,
(3) A 1-form oy on Cf.
Let Ar be the C-algebra of holomorphic functions Cr, \ {0} — C (meromorphic at o).
Claim

A simple pole is not possible.

Proof. Let f € A, have a simple pole at o. Consider fay, we obtain a 1-form with a simple pole
at the origin. Of course this has a residue Res, far. But this must be zero by the residue theorem!
1
Res, fap = — Jar =0,
2mi circle about o
but this circle is nullhomologous in the torus Cf,, and so the integral is zero. This would show that

f is holomorphic at o, and so f is a constant (since Cf, is compact). v

13
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We’ll now construct the Weierstrass p-function. This has a similar flavor to the Eisenstein series:
ke 5 (3
weL\{0}
One can check the following.
Proposition 1.2.2
The Weierstrass p-function for a lattice L satisfies:
(1) pr, is holomorphic on C\ L and gr(—=2) = pr(2).
(2) pr, is L-translation invariant, so that g, : Cr, \ {0} — C is well-defined. Furthermore,
pr has a pole of order 2 at o.

(3) pr, has a Laurent expansion
1 oo
pr(z) =+ > (2n+1)Gan(2n + 2)(L)2"".
n=1

Hence pr, € Ay, with a second order pole.

Exercise 1.2.6

Do these computations. They are accessible to anyone who has taken complex analysis.

We'll now consider o} € A, which has a pole of order 3. Now any pole order at least two can be
realized! Namely pz_lp’L has pole order 2r + 1 and g} has pole order 2r. But wait! This implies
that Ay, is generated by pr, ). Why? Take an element f € Ay, of some pole order, and remove
poles by adding/subtracting products of o, or g} . Just continue to do this.

As an explicit example, we see that gf}d and p’LQ both have pole order 6. Then

(97)° — 47,

with pole order < 4. We find that the Laurent series depends on z? only. We have two candidates
to get rid of the pole orders p? and pr. Do the work!
Proposition 1.2.3

There is a differential equation satisfied by gy, of the following form

(01)? = 49} — ga(L)pr, — g3(L),
for some go(L), g3(L), which we can express as

g2(L) = 60G4(L) g3(L) = 140G (L).

This algebra Ay separates points (even infinitesimally, i.e., tangent vectors) in Cr. Hence the

algebra provides an embedding

(pr,91) : CL\ {0} = C2,

14
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and this is actually a proper embedding. The image satisfies the following equation, for (z,y)

coordinates on C2:
y? =42’ — gow — g3,

But this curve is irreducible! And this is a proper embedding, and so this has to be an isomorphism.

Thus the curve y? = 423 — gox — g3 is smooth. Smoothness here is equivalent to
Disc(42® — gox — g3) = g5 — 27g3 # 0

If we projectively complete in P?, we obtain all of C7, and the resulting curve remains smooth. In
fact the origin maps to a flex point. There are many classical stories with this. The group law is

transferred by the following 2 rules

(1) o maps to the identity element, which we’ll call 0.

(2) for points P, @, R on the curve which are collinear, we have P+ @Q + R = 0.

We can now consider the 1-form df on the elliptic curve and find

dx N dpL _
y e
We call the above the Weierstrass form of C7,.

Now identify W with C? affine coordinates z, vy, z. We find that

dz.

F € V¥~ Lp — Weierstrass form of Cr,,. given by (g2, g3).

This constructs a canonical representative of F' in its SL(W)-orbit. One can show in fact that g2, g3
are invariants of F. One may check that they are actually regular functions g9, g3 € (C[V]SL(W).
We’ll now switch gears to the connections with modular forms. Here is the naive defintion of a

modular form for SLy Z.
Definition I.2.1
A modular form for SLy Z of weight w is a holomorphic function ® : £(C) — C which

(1) is homogeneous of degree —w, that is ®(AL) = A™%,
(2) satisfies a boundedness condition that if A C C is a disk then ¥ is bounded on all the

lattices which meet this disk only at the center of the disk.

Here is a more standard definition. A modular form of weight w is a holomorphic function
f : H? — H? satisfying
(1) automorphy, i.e.,

fly-7) = (er + )" f(7),

where v = (? 3) € SLy Z acts on 7 € H? in the obvious way.

(2) Boundedness condition: Im(7)*¢(7) is bounded above if Im(7) > 1.

15
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Exercise 1.2.7

Show these two definitions are equivalent.

Notice that ®(L) = ®(—L) = (—1)“®(L) and so w must be even. To do the exercise, notice the

following SLo Z cover

LC) = {(wo,wi) € C?:Im(wi/wy) >0} = C*xH?
SLaZ (wo,wl) b > (wg,wl/wg)
L(C)

We may then consider
o:H? - C
o(r) =®(ZT2).

We then find that

at +b at +b
= — w(I)
v <c7+d> ? (Z@ = dZ) (e +d)"®((er + )Z & (a7 +H)2)

=(cr+d)"P(ZDTZ) = (e + d)" (7).

Lets explain the equivalence of these two boundedness conditions. We consider the SLy Z-fundamental

domain on H2. Namely:
{r e H? | Re(r)| < 1/2,|7| > 1}.

The boundedness condition actually gives a canonical value at ico as the limit 7%p(7) as 7 — ioco.
Equivalently, ® takes a well-defined value on a degenerate rank one lattice (which we can always

choose to be Z). We call ® a cusp form if

Tp(T) = 0 as 7 — ico

equivalently ®(Z) = 0.
Modular forms make up a graded algebra, and in fact it is generated by g2 (resp. G4) and g3
(resp. Gg). The cusp forms make up a principal ideal generated by

A = g5 — 2743,

the discriminant.
Upshot: We can then go back to the beginning! g2 and g3 define invariants for the group SL(WW).

Furthermore the singular cubics are precisely given by theinvariant A = 0.

C[V]S¥W) = algebra of modular forms = Clgs, gs],

16
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with A parameterizing the singular locus. Note that there is a C* action on both sides. The g

gets scaled in degree 4 and the g3 in degree 6. The j-line is given by

3
_ %
Recall from last time for W a 3-dimensional vector space and V = k:[W]g we have a map
Vem — st hom. degreel/'
/T W)\Vst
P(V*t) L(C)/C* = M,
SLV)\P(V*)

Now the stabilizer of a smooth cubic under the SL(W)-action acts simply transitively on its set of
flex points (thus as a stack SL(W)\P(V*') has a large global interia group compared to M )
Recall 1.2.8

Let X be a projective variety (without a particular embedding). Let ¢ be a line bundle on
X. Consider E(£*) the total space of its dual.

A section s of /%" gives a function on E(£*) which is homogeneous of order n i.e., s(Ae) =
A"s(e). This is necessarily zero on the zero section (constant if n = 0). The condition that
a line bundle is ample is that you can separate all points outside the zero section with such
functions s. We give formal definitions below. Before that we need some setup

For n > 0 we have a basis s, ...,sy on H°(X,¢®n) and the map
[so:---:sn]: X --» PN,
This is everywhere well-defined if for every p € X there exists a section which is nonzero at p.

Definition 1.2.2

We say a line bundle £ is ample if for some n > 0 the map X — PV is an everywhere
well-defined projective embedding. We say it is very ample if n can be chosen to be 1.

A less coordinate specific description is that the map X — PH 0(X,£%m) is a projective

embedding (the right hand side the space of hyperplanes).

In that case, we can consider the graded algebra

0) =P H (X, 5m).

n>0

17
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Under the assumption that ¢ is ample, we find that A(¢) is finitely generated, and hence there is

an associated variety. Consider Spec A(¢). The preceding discussion produces a map
E(¢*) — Spec A(?).

The ampleness translates in geometric terms we have topologically
E(r*) > Spec A(¥)

\/

E(¢*)/zero section

On the other hand there is an action of G,,. We can instead remove the zero section and mod out
by the action of scaling. The ample condition means that X =N Proj A(?).
Of course you can restrict the tautological line bundle of PV to X if X is already embedded in a
projective space. These constructions are inverse to each other.
Back to Geometric Invariant Theory. Suppose G is a reductive group acting on X.
Definition 1.2.3
A linearization of this G-action consists of an ample line bundle ¢ on X and a lift of the

G-action on X to the line bundle /.

Given a linearization, G will act on E(£*), and we give a map
E(t*) = (H(X, £2M))",

and G acts on both sides. This map “blows down the zero section” (and that’s all it does), and
the image is a G-invariant closed cone. On the right hand side we have the ordinary notions of
stability /semistability

We then take
Definition 1.2.4

A G-orbit in E(£*) is unstable if its closure hits the zero section. Otherwise it is semistable.

It is called stable if the G-orbit is closed in E(¢*), does not hit the zero section, and has finite

stabilizer.
This is compatible with these notions on the vector space (H°(X,¢®"))* equipped with the G-action.

We then can consider invariant rings

Spec(A(£)%)

0 # closed points <> closed G-orbit in E(¢) \ zero section

We cal also conisder for A(¢) (or any finitely generated graded k-algebra) the Hilbert series

> dim A(£),t".

n>0

18
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From a certain index onwards we have that dim A(¢),, is given by a polynomial in n. The degree of
that polynomial is in fact the dimension of X, and it is called the Hilbert polynomial of (X, ).
Example 1.2.9
Let C' be a smooth genus g curve with g > 2. This comes with the canonical line bundle Q¢

which is ample (proved using Riemann-Roch). We know that

RO(C, Q8™ = dim HY(C, Q") = (29— 2)n+1—g
for n > 2. Otherwise

RY(C,Qc) =g h(C,QE%) = 1.

Thus the Hilbert polynomial for C' is given by

(29 —2)n+1—g.
We can use some power of ¢ to obtain an embedding
X < PHO(X, (®™) = PV,

the right hand embedding is unique up to the SLx 41 (k)-action. Hence we get an orbit of subvarieties.
We want to make this into as big of a family of objects X moving around as possible. For technical
reasons we want the family to be flat.

Naive Idea: Given X < PV we obtain a graded ideal I(X) C k[zq, ..., 2n]. The quotient
0— I(X) — k[z0,...,2n] = A(X) — 0.

As we let X move, the graded ideal I will move. To make this move in a family take the degree d be
so high that I(X)4 intersects to X. We can consider I(X)q C k[z0,. .., 2n]q and vary the subspace
and associate to each deformed subspace the zero set. This is naive but terrible! The number of
hypersurfaces that you use to describe X can be way greater than the dimension of X.

Instead we must take all degrees into account at the same time. The way to do this is to look
at all the projective subschemes with a given Hilbert polynomial P. Grothendieck proved that this
indeed has the structure of a variety itself (in fact a flat family). We’ll call this Hilb? (PV). The
construction gives an action of SLy41(k).

So now we kill the ambiguity! We consider the GIT quotient Hilb” (PY) / SLy1 (k).

II. A long example: The moduli space of curves

The primary reference for this section is work of Deligne-Mumford (“On the irreducibility of the
moduli space of curves”) and work of Giesler (connecting Deligne-Mumford to GIT).

We'll proceed with the program above for (C,¢c). For n > 3 we get an SLy;(k)-orbit of curves
in PN where N = (29 —2)n — g. In fact, we get an SLy (k) orbit in the Hilbert scheme Hilb? (PV)
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for P(n) = (29 —2)n — g + 1. Giesler proved that if n > 5 then the irreducible component of
Hilb? (PY containing these pluri-canonically (taut. bundle is a tensor power of canonical bundle)
embedded curves has
stable = semistable, closed orbits are exactly the Deligne-Mumford stable curves.
To appreciate this, we must be reminded of what Deligne-Mumford stable means.
Definition I1.0.1
C' is called Deligne-mumford stable of genus g > 2 provided that

e (' is connected,
e (' has at worst ordinary double points,

e Every irreducible component of C' isomorphic to P! contains at least 3 double points.

We then take
Mg = SLy+1(k)\semistable locus,

as a projective algebraic variety (or a Deligne-Mumford stack).

III. Automorphic Forms and Ball Quotients

Let W be a C-vector space of dimension n+ 1 equipped with a Hermitian form of signature (1,n).

By definition there exists coordinates (2o, ..., z,) such that
(z.2) = |2ol* = |21|" - = |zl (2)
We can now consider the subspace
Ew ={ze W |(z,z) >0}

Necessarily this means that zg # 0 and so we can divide to obtain

2 P 2
+ 4|2 <L
20

<1

20

This shows that P(Ey ) C PW is just a copy of the open unit ball in C". We denote this by
By = P(Ew).

We find that U(W) (that is U(1,n)) acts on W and preserves Ey and Byy. One may show that
that the action of U(W) on Byy is transitive. A point in By is given by a positive definite line L

(L* negative). The stabilizer is given as
Stabywry L =2 U(L) x U(L*Y) = U(1) x U(n),

which is compact.

20



Taught by Eduard Looijenga 2025-10-16 Moduli Spaces - I11.0

This subgroup is a maximal compact subgroup. Hence B is what is called a bounded symmetric
domain. Consider a discrete subgroup I' < U(W), and suppose further that I'\U(W) is finite

volume
Definition II1.0.1

We will overload the word “lattice” and call I' < U(W) such that I is discrete and I'\U (W)

is finite volume a lattice. We will try to make this nonconfusing.

Definition ITI.0.2
A T-automorphic form on B of weight w is a I'-invariant holomorphic function ¢ : Ey — C

which is homogeneous of degree —w:
O(Ne) = A" P(e),

and plus a boundedness condition (turns out to be empty when n > 1, and we discussed it for

n=1).

Lets get some Hard Facts: Let AL be the space of I'-automorphic forms of weight w.
(1) AL is finite dimensional.
(2) AL = @, AL is a finitely generated C-algebra.
(3) There is a map I'\ Ey — Spec(AL) which inverts the C* action. Projectivizing we obtain a
map ['\By — Proj(AL). Call Xr := I'\By .
(4) Xr — Proj(AL) maps isomorphically onto a complement of a finite set in the projective
variety Proj(AL). The points of that finite set are called cusps.
The case of I' = SLy Z we have seen before. Lets review
Example I11.0.1
Let n = 1. Then By is an open disk in P'. One can see that U(1, 1) has center SU(1, 1), and
in the uppr half plane coordinates there is an isomorphism SU(1,1) = SLy R. If we consider
I' = SLy Z we find that

X1 = SLy Z\H?,

and the projective compactification is given by adding oo (corresponds to nodal cubics generically
or union of 3 lines for the closed orbit).

One way to view building this compactification is to add P'(Q) = QU {oo} to H2. The space
H? U P'(Q) is badly topologized, namely it is not locally compact. The neighborhood basis
around oo for example consists of shifted versions of the upper half plane + oo. However, the
action of SLa Z saves you. SLs Z still acts on P!(Q), and the quotient of say one of the elements

of this neighborhood basis consits of a cylinder.
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The proof of (1) and (2) above rely on the interpretation of (3). To do so, one constructs a
fundamental domain for the action on the ball By,. This was done by Siegel, Satake, Harish-
Chandra, and later refined by Bailey—Borel. One can then produce a candidate for Proj(Ar) just
as a topological space. One carefully studies the sheaf of holomorphic functions on this candidate
(where that makes sense) and uses methods of algebraic geometry to then show AL is finitely

generated as a C-algebra.
II1.1. Integrals and Riemann Surfaces

We’ll now turn to integrals and give a geometric approach to algebraic integrals in 1 variable a

la Riemann.
Example II1.1.1

Lets examine this integral

dz .
Am = arcsin(z) .
Here’s what Riemann suggests to do. Set w? = 1 — 22, which defines a plane curve C C 2
with a projection (z,w) s 2. This is a double cover ramified in 0,1. This is just the equation
of a conic hitting oo at 2 distinct points (so it does not branch over co). We can then pull back
the form to C:

(=)

P 1— 22 w

Note that C'is a copy of P! with the two points over co removed. So then there is an isomorphism
C =~ C*. We find then that

¢

dzdt

’_>77
z t

and this integrates to logt. In this way we reduce f7 \/% to integrals we already understand.

We can soup up the example above by replacing it with
_dz
7 V(z)
for some polynomial p(z). For degree p = 3,4 this gives you exactly the elliptic integrals, which
cannot be expressed in algebraic + exponential + logarithm terms. For arbitrary degree these are
called the hyperelliptic integrals.
Unedeterred we go further and replace the square root by an arbitrary root %/— for m > 0 an

integer. Write the polynomial p(z) = (z — 29)% - - - (z—,)% with 2o, ..., 2, distinct roots of p.

dz
v R/p(z)
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The recipe of Riemann to attack this is to examine the affine curve

C'={(z,w) e C?|w™ =p(z) = (2 —20)% - (z — z,)"} > C

(z,w) — z.

This is a cyclic cover of degree m. The deck group is (z,w) — (z, {nw), and we denote the covering
group by 2. ('’ is in general not smooth at (29,0). At such a point C’ is “essentially” given by
w™ = 2% where 7' = (z — ;) - unit.

We assume that dy, ..., d,, m have no common factor. If r; = ged(m,d;) then the curve germ
w™ = 2'% will have r; branches. The 74-th root of unity is what provides ambiguity. We are going
to separate the branches and resolve the singularity. Let d; = d; /ri and m; = m/r;. Then one

branch is given by w™ = 2'%. Since the exponents are coprime we can parameterize this curve germ

as follows
w = t% 2 =t
This gives a smooth parameterization of this curve germ.
Now we will examine what happens to the differential n = %Z. Near z; we find
n = Cij/ _ (tmi)—ﬁi/mi d(tmi) _ tmi—ﬁi%.

This form has a zero of order m; — d; — 1. Ideally, this is not a pole, and so we want 7m; —d; — 1 > 0.

That is we want

by,

m; m

Lets do this normalization algebraically. Because we should eat our veggies. The ring is given by
0 = Cla, 4]/ (@* — ).

This is not a normal local ring (i.e. it is not its own integral closure in its field of fractions) — this
corresponds to the fact that we’re not smooth at this cusp. If you consider the field of fractions
t= % We find that ¢2 = y and t3 = z. Thus ¢ is in the integral closure of O inside of its fraction
field, and that’s why we add in this ¢.

Now write n(z) as (z — z0) #0 -+ (2 — z,) "Hn dz with p; = % € QN (0,1). We have produced

now an affine curve C’ where 7 pulls back to a univalued function.

o
Cnormalized

HmJ/Tr

C
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where 1 = 7*n is represented by a differential without poles. We now want to extend this to the

point at co. So then we have C' — P! and C is smooth. At oo the form looks like
Z—(do+~~~+dn)/m dz.
Replacing u = 1/z we get
_yldottdn) fm=2 g,
We denote oo = —w — 2. We want that
foo = (—Ho + -+ pin) +2 < 1.

These conditions are summarized by

MO, -+ -5 Uny Hoo GQQ[Oal)

so that
n
Z Hi + foo = 2.
i=0
Last time we examined some integrals. Namely for (dy,...,d,, m) integers > 0 with no common
factor and zj, ..., 2z, distinct in C we studied

p(2) = (z — 20)% - - (2 — 29)%.

From this, we obtain a multivalued differential
dz
p(2)

n(z) = =(z—29) "0 (22— 2zp) Fdz,

m

where j1; = d;/m. There is a compact Riemann surface C' over P! given by

and 77 == d—u’f is the pullback of 7, giving a well-defined form. In this way we’ve disambiguated 7!
Remark III.1.1
Technically, one normalizes to get rid of the singularities of the curve w™ = p(z). Calling 1

the pullback of 7 is a bit silly too, since 1 is not even well-defined! Nevertheless, locally 7 is

well-defined up to a choice of an m-th root, and 7 will lift 7 in a small neighborhood.

Let G be the cyclic group of order m, which is the deck group of C. We have a character y : G — C*
so that
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Thinking of w as a function on C, we may compute the pullback g*w = x(g) *w. Therefore
91 = x(9)1-

There are irregular G-orbits over {zo, . . ., z, } and over z; we have branching of order d; = d;/ ged(m, d;)

with m; = m/ ged(m, d;) preimages. Over oo we have

d
doo =2m — (do + -+ -+ dy) oo = ——.
m
Furthermore
po+ -t pin + foo = 2.
Now assume that pg, ..., fin, oo are all < 1. This assumption is equivalent to requiring that 7 is a

holomorphic differential. We now write for oo, ds we just write z,11,dn11 in case do, # 0.
Observation: 7] transforms under the G-action by the conjugate character, so in the character

space
7€ H(C, Q)%
Note that, in fact, H°(C, Q¢)X has dimension 1 and 7 is a generator.

Proof. Because G is cyclic, HY(C, Q)X has dimension 1. Any other holomorphic differential ¢ on
C can be written as f 7 for fsome meromorphic function on C. Assuming that ¢ € H(C, Q¢)X
then fmust be G-invariant.

Therefore f may be considered as a meromorphic function f on P'. Furthermore, since 7 is
nonzero away from zy, ..., 2,+1 we find that f can only have poles along zg, ..., Zp+1.

Suppose now that f has a simple pole at z;. The pullback to C' also yields a pole over z;. These

poles cannot compensate for the zeros of 7.

ae
v

We are interested in studying integrals of n like fw n where v goes between z; and z; (with its

interior not hitting branch points). We lift:

[

We can actually replace 7 by a C-valued 1-cycle. Let g € G and consider another lift

/ﬁﬁz/ﬁg*ﬁz/ix(g)ﬁzx(g)/ﬁﬁ
/x(g)‘lg(?yﬁ: /ﬁ'

25
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'9(7)

Lﬁzéﬁ-

Now c is a C-valued 1-chain. The observation is that c is in fact a 1-cycle. Essentially you hit the

Hence we average ¢ = ﬁ deg x(9)~

preimages of z; each with a sum of roots of unity. Similarly we find that ¢ lies in H;(C; C)X. Thus,

we’ve converted our integral f7 n into a period [ 1 of 1.
IT1.2. Thurston’s approach to Deligne-Mostow Theory

The relevant paper for this is “Shapes and polyhedra.” The Hermitian form \77\2 on P! is un-
ambigious and defines a metric with singularities along (zo,...,2zp+1). Furthermore, away from
D = {z,...,2,41} we know that 7 has a local integral, i.e., for x : U C P! — C with dx“ =" 7.
Then this & is a metric chart for |5|* (i.e., it pulls back the Euclidean metric). Therefore the chart
is flat!!!

Hence the metric |77]2 is flat outside the singular poitns zg, ..., 2z,+1. At a singular point z; we

have that n looks like
(z —2z;) M dz.

Find a local chart x with d(k!~#i)“ =" 5. The chart x describes the neighborhood of z; as a metric

cone. Using polar coordinates
k=re",

where we let 6 traverse the interval [0, 27m(1 — u;)]. The angle 27y, is the angle defect. Gauss-Bonnet
interprets this as the curvature defect at z;. The total curvature is then of course

n+1

Z 2mp; = 2m - 2 = 4w = area(the unit sphere).

i=0
This is exactly Gauss-Bonnet if we normalize 7. The only data is (z;, ui)?jol. The metric on P! can
be obtained as a gluing of polygons. To do so, it suffices to find non-intersecting geodesics between
the cone points. We do so via the Voronoi tesselation.

For any z € S? we define
D, = {z; | z realizes distlma(z,D)}

Generically |D,| = 1. The set of z where |D,| < 2 gives a graph called the Voronoi edges. The set
where {z : |D.| > 3} is a fintie set of points. Taking the convex hull of these points in D, for such
a z gives a tile. The tesselation so obtained paves the 2-sphere, making it a metric combinatorial

S52. The edges of the tiles are called ribs, they are dual to the Voronoi edges.
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The length of a rib v connecting z;, z; is precisely

/!dn! =
Y

/dn‘ = |a period]|,
.

which we’ll justify next time.

(10, - s pint1) | (1/2,1/2,1/2,1/2) tetrahedron
(1/4,...,1/4) cubic
—_——
8 times

(1/6,...,1/6) deformed regular icosahedron
—_—

We're going to do some recollectionslirznr;fslast time, but change the emphasis a bit. We are given
= (Ho, - -+, Pnt1) With p; € QN (0,1), p; = %, and > p; = 2. We considered 2, ..., 2,11 € P!
distinct with the divisor

n+1
D= Z d;i(z).
i=1
Such a divisor gives rise to a multivalued differential n = dz . We found that

N (z—2) (= zngn) 4

|77|2 is a piecewise linear metric which is polyhedral metric copy of S? with vertex set supp(D) and
angular defect 2mu; at z;.
Claim

The length of the geodesic rib v between z; and z; is given by

=/

Proof. To justify this we must consider how the argument of 7 changes along . Take a chart x in

. (3)

a small neighborhood of v (with z;, z; on the boundary) which is flat with respect to 7, i.e., dx = 7.

Because « is flat with respect to  we have that the geodesic v will map to an interval in C. The

length of the interval is both the left and right hand side of (3). v

[=1

In this case, 7 is a holomorphic differential on a curve C/P! and 7 is a lift of . Furthermore:

[i= [ 7.
7 1-cycle

That is a period of 77. We can further add triangles to polygonal faces to produce a triangulation

Last time, we showed that

whose lengths will be periods of 7.
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We will give this entire story the flavor of a Hodge theorem. We will show that
periods of 7j ~» metric S% ~ (P!, D).

We'll start topologically with a cell decomposition of P!. We choose 71, ..., 7, where v; goes from
zi—1 to z; (notice that z,41 is not included). The 0-cells are z, ..., z, with 1-cells 71, ...,7,. There
is only one 2-cell, which is the rest of the sphere.
Claim
From this cell decomposition, we produce a cell decomposition of the curve C'/P! by taking

components of the preimage of each (open) cell. The produced cell decomposition is G-invariant.

Note that a cover of an open disk with ramification at a single point still yields a disk, hence the
2-cell containing 2,41 is fine.

Choose z; a lift over z; and a lift 7; over ~;. Note that m(preimage of cell) is a G-set and

over z; G/Gz,
over 2-cell G/Gz, .,
over 1-cell regular G-orbit.

Thus we can write down the cell complex of C' as G-modules:

0 — Z[G)/Gs,,, — (ZIG)" —2 @} Z[G/Gz] — 0. (4)

En«l»l

The homology of this compex is He(C') as a a Z][G]-module. Recall that we have a primitive faithful

character x : G — C*. Because G is cyclic all the characters are powers
O™
We find then that
olte) (x°x™h cm,

is a C-isomorphism and all characters appear with multiplicity one. Recall also that ged(r,m) =1
if and only if x" is primitive (faithful).
Claim
Necessarily C[G/H]| cannot contain a primitive character for any subgroup H < G, since any

primitive character can separate every element of the group (by definition).

Hence, when we complexify (4) and take the eigenspace corresponding to x” where ged(r,m) = 1
we find

0—=0— (V)" —0—0,
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and so we have that

r

Hy(C,C)X
has dimension n and has a basis
> X997 ')
geG

We now have the symplectic intersection pairing
HY(C)x HY(C) > 7Z
(a, 8) = (U B)([C]).

The symplectic intersection pairing gives rise to a Hermitian form in the complexification

HY(C;C) x H'(C;C) 2 C

0B o ﬁ/camz V=T U B)(C)).

Here are some notes on this Hermitian form

e The Hermitian form is nondegenerate.

e The form has Witt index / signature zero (i.e., it’s U(k, k)).
In terms of the Hodge theory, we have that

H'(C,C) = H'(Qc) ® HO(Q0).
For two holomorphic differentials we have that in a local chart

v—laANa=+v—-1dzAdz =2dz Ady.

Therefore the decomposition H%(Q¢) @ HO(Q¢) is perpendicular with respect to (,) and splits it
into a positive definite and negative definite part.

We'll now consider the character space containing 7, that is H'(C, C)X:
H'(C,C)F = (H*(Qc)¥ & HO(Qc)*
= (H"(Qc)X & HO(Qc)x.
We know the left hand side here has dimension n, by our calculation before. Furthermore we showed
that (H°(Q¢))X has dimension one. Hence HO(Q¢)X has dimension n — 1. This is an orthogonal

decomposition which is positive def/neg def on each space respectively. Therefore, H'(C,C)X has

signature (1,n —1).
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Great! Therefore we have that H'(C, C)X describes an (n — 1)-dimensional complex ball
Bc C P(H'(C;C)Y)

which is independent of the complex structure by looking at the elements with positive self-product
and projectivizing. This ball is a symmetric domain for the action of the special unitary group.
The complex structure gives H°(Q¢)X (aka 77) which is a line whose projectivization gives a point
in the ball Bo.

We now normalize so that zg = 0,21 = 1, 2,41 = 00 leaving the n — 1 points z», ..., z, to vary.

Thus we obtain a map
Conf,,_1(P'\ {0,1,00}) — Bc.
We claim this is a local isomorphism, which is a type of local Torelli. That is
{(P!, D)} /M&bius transformation — Be.

This is a bit of a lie, because how do we identify the cohomologies of H!(C) versus H!(C’) when
we have varied the points (monodromy via the mapping class group. .. ).

We begin now a formal approach: Fix an integral symplectic lattice H with G-action which is
isomorphic to H'(C;Z) C H'(C;C) for some C. For this abstract lattice H, we can go through the
same constructions as given above. Namely, we have a hermitian form on H¢ which is of type (p,p)
and which decomposes according to characters. Furthermore the character space Hg has signature
(1,n) and a ball B C ]P’Hg a complex (n — 1)-dimensional ball.

Definition ITI.2.1
A choice of isomorphism between H and H!(C') of symplectic lattices with G-action will be

called a G-marking of C.

Proposition I11.2.1

Any two such markings “differ” by a G-equivariant symplectic automorphism of H:

Sp(H)Y = centralizer of G in Sp(H),

note that this contains G as a central subgroup.

We define then

M) = space of G-marked curves C' obtained through this construction.

The space comes equipped with a Sp(H)%-action (note M (1) need not be connected. ..). We then

have a well-defined map

M(/,L) period of 17 B,
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which is Sp(H )%-equivariant.
Theorem II1.2.2 (Local Torelli)

The map we’ve given is a local isomorphism.

Recall that we have p = (uo, . .., fin1) With pg; € QN (0,1) and } p; = 2 and common denomi-
nator m. Let G be the cylcic group of order n acting on H an integral symplectic lattice as before
isomorphic to H'(C;Z). Then the monodromy lands in Sp(H)%, we call I' < Sp(H)% the image of
the monodromy.

The Deligne-Mostow %Z—conditions:

(1) If 1 — p; — pj is positive then it is the reciprocal of a positive integer p; # p;.
(2) If 1 — p; — p; is positive then it is twice the reciprocal of a positive integer p; = pu;.

They prove these conditions are equivalent to the isomorphism

H(M)St is an iso B(N)

I-invariant

M ()% -z T\B(p)* (add cusps)
Both of these have natural compactifications, as given by the inclusions above in red. Adding the
semistable points adds a point for every splitting of y into point pieces summing to 1. Furthermore,
if no such splitting exists, then both sides are already compact and I' is cocompact.

In particular, I" acts discretely in B(u) C P(HY).

Example I11.2.1

Let p= (%, %, %, %) The corresponding differential form is
B dz
Ky v

with the final % contributed by co. We obtain a ball quotient of dimension 1. There are 3 ways

to split the tuple into pieces summing to 1. But up to permutation there is only 1 way, so there
is 1 cusp. Now 1 — % — % = 0, so the isomorphism above holds.

This is exactly associated with the Legendre family and the modular curve, with I' = PSIL, Z.
If we label the points, then

I' = ker(PSLy Z — PSLy Fy).
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Example 111.2.2
o= (%, ey i) for 8 times. The condition is fulfilled because 1 — % — % = % We get a lattice

I' and a ball quotient of dimension 5. Only one cusp for unlabeled points.

Example 111.2.3

no= (%, e %) with 12 of these. Here 1 — % — % = % so we satisfy the Deligne-Mostow
condition. It has one cusp and is a 9-dimensional ball quotient. It is the highest dimensional

case that can be obtained in this manner.

Remark II1.2.1

The list of solutions to the Deligne-Mostow conditions is finite with 97 total cases.

Example 111.2.4

w= (1—78, 1—78, 1—78, %, %). We find that 1 — %—% = % and 1—%—% = %, and so this satisfies
the conditions.

It is impossible to have any of these numbers adding up to 1, and so there are no cusps and

the corresponding spaces are compact (I' cocompact).

We’ll now take a detour for some additional rep theory on the way to discussing arithemeticity of I'.
Let G be cyclic of order m with a fixed primitive character y : G — C*. Our goal is to discuss

the representations of G over Q. Let

where (,, = e2™=Im  We find that K,, is a Q@-vector space on which Q acts. If we complexify
C®q Ky, decomposes as {x" : (r,m) = 1} the set of primitive characters. As a rational represenation
(i.e., as a Q[G]-module), K,, is irreducible. All other characters appear as primitive characters of a
genuine quotient of G. This exhausts the rational representation theory of G.

In terms of the group algebra

Q[G] = @KTa

rlm
K, here is a field treated as a matrix algebra. Now let V' be a finite-dimenisonal Q-reprsentation of

G. Collect the characters belonging to the same summand. We obtain

V=V’ V" = Homg(K,,V).
rlm
On the right hand side we obtain a vector space over K, and that structure induces the G-action.
If we want to just do this over the reals, then we just have to make sure everything we do is
invariant under complex conjugation. The real finite-dimensional irreducible representations of
G are planes with a rotation (besides trivial and sign if it exists). This combines the characters

T T -r

X", X" = x~ " so long as they are distinct. They are distinct if and only if 2r £ 0 modulo m.
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One may run r over the set {1,..., LmTflJ }, which precisely gives the intersection s, N H2. The

corresponding character space yields a 2-dim representation. One thinks of the 1-dimension complex

representation X" as a 2-dimensional real representation. If 2r =0 (mod m) then r =0 or r =

provided that m is even. These correspond to the trivial rep and the sign rep respectively.

Therefore
R m odd
R2 m even

We return now to H: a symplectic lattice with G-action that is isomorphic to H'(C) with G acting.
We apply the theory above to this situation. We have

Ho = (P Ho,
rlm
we interest ourselves in the primitive characters, i.e., Hg = H(gl where the group acts faithfully.
The symplectic form on H determines a skew-hermitian form on Hg. We may also define a lattice
HP" = Hg N H and the symplectic form will be valued in a number ring on this lattice.

(o,0)P": HP" x HP" — Ok, = Zspan of u,, in K,, = ring of integers of K,

(0, B =Y “(ga- B)x(g7") € Ok,

geqG

We claim that this is skew-hermitian:

D gB-axlg™) =D —(a-gB)x(g™)
== (ga-B)x(g) = = (9o B)x(g7)
- _<047/3>pr

(B, )™

We can make this hermitian by multiplying with a purely imaginary number. Say we multiply with
Cm — (,y, (still Ok, -valued).
Looking at the groups

Sp(H)® "0 Sp(HP)E = U(HP)
This has a center, which is essentially the roots of unity i, - {£1}. Tensoring with Q
restrict r ~ T
Sp(Hg)C "t §p ()G = U(HE).

Now we have the right hand side as a K, vector space and a Hermitian form on it. It’s almost got

a signature (must embed K, into C to get one). Tensoring with R we obtain
=]

|
- @ Y
r=1
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The decomposition is orthogonal with respect to the Hermitian form (¢ — ()(e,®)?” ® R. The
orthogonal decomposition will have on HfC‘T some signature (p,, n,).

Therefore

Sp(HﬁT)Gg H U(pra%')'
r=1

These factors are not naturally defined over (. This is important because
PU(HP") = U(HP")/center

naturally contains the monodromy group I'.

An arithmetic group in this situation is a finite index subgroup of Sp(H?")¢ or likewise this

group modulo its center.

Question: Is I' arithmetic?

As before, let H be a unimodular symplectic lattice with G-action (cyclic of order m). As noted
before H = H*(C), where C is obtained by

y" = (x — ml)dl s (= :En)d",

with some normalizations. The action is given by a character y : G < C*. The cohomology
decomposes as

He= @ HY

reZ/m

pro_ X"
H = D H
re(Z/m)*
As discussed last time, HY" is defined over Q and Hg C Hg is the smallest Q-subspace whose
complexification contains one of the summands. We can also take the lattice HP" = H N Hg.
A relevant group for our purposes is Sp(H)¢. We will focus on Sp(HP")®. Note that this defines

an algebraic group. Given any commutative ring R with 1 we have
R+ Sp(HY)C,

in other words this is a functor assigning a ring to a group. One point of view towards schemes is
that they give functors from rings to sets, and this completely determines the underlying scheme
(when it exists). Given a scheme X, the functor R +— {Spec R — X} is called the functor of points.
A group scheme is a schee whose functor of points takes values in groups.

Call the group scheme above G. Let K, = Q((,) where (,, is a primitive m-th root of unity.
We obtain
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Q
N
N
Q
e
N

G(R) «—— areal Lie group
N N
G(Kn,) <  G(C) «—— a complex Lie group
Note that G(Z) is discrete in G(R) (in fact arithmetic).
Theorem III.2.3 (Borel, Harish-Chandra)
Arithmetic groups G(Z) satisfy vol(G(R)/G(Z)) < .
Note, a discrete group in a Lie group with finite covolume is called a lattice.

Last time we introduced a skew-symmetric form on the lattice
(,)P" : HP" x HP" — Ok, = Z[(m)
(@, 8) = (g7 B)x(9)-

geG

We found that this was skew-Hermitian. Multiplying this by the purely imaginary ¢,, — (,,, turns

this into a Hermitian form. Complexifying, the decomposition
HY = @ HY
(r;m)=1
is orthogonal with respect to the form. Each of these subspaces has a signature (p,, ¢,). As noted
before Hg has signature (p_1,9-1) = (1,n — 1) (aka, it is hyperbolic).
Over the reals we have an analogous decomposition, but we must group conjugate characters

HE = @ (Hg e HéiT)(R) = Hér viewed as a vector space over R

(rym)=1 (r,m)=1
1<r<|m/2]

Here the (R) above means we look at points of HY @ HY  of the form (a,@). We now have
Q(R) = H U(Hé ) = H U(pm%")'
(r,m):l (7‘7m):]_
1<r<|m/2] 1<r<|m/2]

where p, + ¢ = n. Remember, that I" lies in
[ C PU(HY) = PU(1,n —1).

Remark I11.2.2
For those of us just as confused as I was and need a reminder. Here is the trick — we move
around the moduli space M () of divisors with coefficients p = (p1, . . . , 1) where p; € QN(0, 1).

Each such gives a curve

C:y"= (:v—xl)dl -'-(x—:cn)d",
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dz
_ "\L/(x_xl)dl w(a—an)in ‘
This form 7 lives in H{, and I" tracks how 7] changes as you move around this moduli space

where m is a common denominator of y1; = d;/m. These have a form 7 lifting n =

M(p). We must divide out by the ambiguity of scaling because of the G-action on C.
Of course, PU(HY) = PU(HY) = PU(n —1,1).
We claim the red map below is injective.

G(R) —— U(HE)

o

Gg(Q)
Ul
g(2)
Proof. If v € G(Q) acts as the identity on (HEZ )X then (HE")Y (where ~ acts as the identity) is a
subspace of HY defined over Q which contains (HZ")X and hence must be all of HE'. —

Now I' C G(Z)/ tim
Definition I11.2.2

We say I is arithmetic if the inclusion in G(Z)/ty, is finite-index.
Now consider that
G(R) = U(Hg)

is propert if and only if each U (HéT) with 1 <r < L%J is compact, which holds if and only if one
of p,, q- is zero. This also holds if and only if U(HX") has finite volume.
But then G(Z) — U(HY) is discrete if and only if we have these finite volume conditions. Lets

prove the converse for our health.

Proof. If the image is discrete, there exists a neighborhood N in U(Hé with
NnNim(G(zZ) = {1},

i.e., G(Z) Npreimage of N is the identity. But by the result of Borel, this implies that the preimage

of N must have finite volume. Hence all these factors besides U(H{) must be compact. v

The conclusion/upshot is that
image of G(Z) in U(HY) discrete <= ppq, =0forall 1 <r < {%J ,(r,m) = 1. (t1)
We know that I' < G(Z) (the preimage of T'). Therefore
I’ arithmetic <= (1)

The problem now is how do we determine the signatures of these summands! We will analyze this

problem. We’ll find a recipe. Consider the cyclic cover
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c
le
[Pl
and H'(C) = H. We obtain a G-equivariant Hodge decomposition
H'(C;C) = H'(Qc) & HO(Qc)
HY(C;C)X = H'(Qc)X @ HO(Qc)X'.
By definition of the symplectic form giving rise to the Hermitian form we know that H°(Q¢) is

positive definite of dimension g = genus(C) and H%(2¢) is negative definite of dimension g. Hence
pr = dim HO(QC')XT qr = dim HO(Q¢)X".
Recall that H°(Q¢)X is spanned by ¢ where

w" = (z — zo)do (2= zn)d_”

with p; = d;/m for i =0,...,n and 2,11 = 00, o + - -+ + pin+1 = 2. The action G was defined by

(z,w) — (z,x(g9)w). If we want to examine
H(Qc)X

we take our cue from this example and take % with ¢ holomorphic. Problem: this might not
be holomorphic on C!
To ensure that the pullback to C is holomorphic, we must examine what the form looks like near
a zero. Near z; we find that
p2)dz  plz)dz
w’ (2 — z;)mr’

The condition for this to be holomorphic is that

p(2)d

(ordy, ) + 1> pir <= i holomorphic at z;.
w

Near co = z,4+1 we must guarantee that

plz) dz holomorphic at oco.
w

d
(degp)+1<r— <=
m

Exercise II1.2.5
Find the dimension of the space of polynomials of this bounded degree with zeroes of the

necessary orders of vanishing at z;. Namely show the dimension of such ¢ is

H/l(ﬂ’} + o+ {/‘r1+l ’H - lv

where {z} is the fractional part of x.
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This is everything (take ¢ meromorphic, then argue it must be holomorphic), and so
pr=Hpory + - +{pnpir}] — 1.

Example I11.2.6
Let

oy (17T T8
Koy -5 Ha) = 18718718518718 .

In this case some p, with (r,18) = 1 has p, > 0 and ¢, > 0. Take r = 7 and you get p, = 3 and

gr = p—r = 1. This lies in U(3,1). Hence I' is non-arithmetic!

IV. Something New from Something Old

A somewhat biased birds eye view of what Deligne-Mostow did:

(1) Begin with a smooth hypersurface (aka a reduced divisor) D C P!,

(2) Associate the cyclic cover C' — P! with covering group G branched over D,
(3) Look at H'(C) with its G-action and its Hodge structure,

(4) Obtain a ball quotient.

The question: to what extent can one generalize this? We begin with looking at a smooth hyper-
surface X C P! of degree d given by F € Clz, ..., z,11]q for d > 2. Lets begin with a remark
from basic algebraic geometry.

Remark IV.0.1

X being smooth is equivalent to

oF oF
0z~ Oz
having common zero set exactly {0}. Equivalently by the Nullstellensatz
oF oF

<8720,.. ,827“> 2 <Z(),.. .,Zn+1>N,
mn

for some N. Equivalently as well

oF oF

A(F) = Clzg. ... s (28 90
(F) = Clzo, ,Z+1/<8Z0 o

is a finite dimensional C-graded algebra.

Example IV.0.1
X being a Fermat hypersurface F' =), zfl. Then we find that

oF OF 4 d+1
<8zo"”’azn+1 = (20 s esZnt1)s
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and so

A(F) = Clz]/{z§ ") &c - - ®c Clznt1]/ (27 1),
which gives this dimension (d — 1)"*2. The element of highest degree is 23~ - -- Zﬁﬁ which has
degree (n + 2)%2. In fact, the highest degree is (n 4+ 2)?2 for all smooth hypersurfaces X.

Lets return to the general setting. Let i : X < P"*! be the inclusion. As we know, the hyperplane
class n € H?(P"*!) generates H*(P"*!) with H*(P"*!) = Z[n]/(n"*?). The orientation class is
given by n"t1
Theorem IV.0.1 (Weak Lefschetz Hyperplane Theorem)
The pair (P"!, X) admits the structure of a cell complex whose cells are all of dimension
greater than n. In other words, this does not effect the homology in degree < n, and can only
kill homology in degree n. It is also essentially equivalent to P"*!\ X admitting a finite cell

complex of dimension < n + 1.

Corollary IV.0.2
The cohomology

is an isomorphism for £ < n and injective when k£ = n.

Corollary IV.0.3

The Gysin map from Poincaré duals gives
Hyp_(X) = HF(X) & HM2(PrH) = Hy, _,(P"H)
is an isomorphism for k > n and surjective when k = n.

Remark IV.0.2
Geometrically what the Gysin map does is about intersection. A 2n — k cycle in X gives a k

cocycle by intersection with k-cycles, but we need 2 more (real) dimensions to intersect with

in Pt

In other words, the only interesting part of the cohomology of X is in the middle dimension:

sk

H"(P") —— H"(X)

~ |

7
Hn+2 (Pn)
If n is odd the above map is zero. Otherwise the question is where 42* sends n”* where n = 2m.
Well in fact

™ KICIN dnpm 1,
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Why? Well consider how m + 1 hyperplanes will meet the intersection of m hyperplanes with
X...it’s simply the intersection of a hyperplane with X! This is given by the degree.
Call ker(i;) the primitive cohomology of H"(X), denoted Hy,.(X). Then

H'(X;Q) = Hy, (X;Q) & ('),
———
n even
and perpendicular with respect to intersection pairing.
Griffiths gave the Hodge structure of H(X) in explicit terms. The Gysin sequence for (P"*1, X)

is

Hn—l(X) i H7’L+1(]P>n+1) Hn-l—l(]Pm-l—l \ X) res Hn(X) i Hn+2 (Pn-i-l)
this is Poincaré dual to the homology sequence of (P"*!, X).
Claim

A map fits in here

Hn—l(X) Hn—&-l([@n—&—l) Hn—&-l(lpm—&—l \ X Hn(X) g Hn+2(]pn+1)

l /

Proof. A bit of a diagram chase for you. Now H"~1(X) N H n+1(PnF1) has both terms are zero
or given by a power of 7. Both terms are zero or given by a power of 7. In other words i, is an
isomorphism here.

Hence the restriction map res above is injective, and its image is precisely Hj (X) by definition

of the latter and the exactness at H"(X). v

Now interestingly, the primitive cohomology has been identified with the cohomology of something
of an entirely different type! P"*!\ X is an affine variety (embeddable in some CV as a closed

algebraic subvariety). Algebraically, we have

CPH N\ X] = ((C[zo, o] [H)O

p(Z07"'7ZTL+1)
Fk

in other words fractions with total degree 0 (giving a function on P"*! with poles along

X).
The de Rham complex of P\ X denoted QP[P"*!\ X] (space of regular p-forms on the
complement). Explicitly in this case,

Gdz, N--- NdZ;
QP[P X = U{ Zio G 2 degG:rd—p},
r>1
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where the isomorphism here is a residue map about the hyperplane at oo of C"*2. Now we have

since P!\ X is affine that this de Rham complex recovers the cohomology
H*(Q°[P"\ X,d) = HF (P \ X;C).
In top degree
QP X] S QU PP X] - HYTY(PPT X) = HE (X;C) — 0,

is exact. The cokernel here (i.e., Hj.(X)) has a pretty concrete description. Lets do it! Consider

dzog A -+ - Adzptr

G Fr+1 )

with deg G = (r + 1)d — (n + 2). When can we reduce the pole order? ILe., when is the residue of

this exact.

_ i [ 0G; OF
d Gidzg A---dzi A -+ - Adzpga _ (_1) <8ziF+Giaizi)dz0/\”'/\dz”+1
Z Fr - Z Fr+l )

% %

Thus one can compute modulo (g%, ey 8311 -
n

) in order to reduce pole order. By this, we mean
G 8L
that the only term appearing in pole order r + 1 is Fri"ff, and so if we compute modulo this ideal

we can get a form which is up to

(1) Lower pole order terms,

(2) Exterior derivatives of forms,
equivalent to our original form.
Therefore we have a filtration of H"*1(P"+1\ X:C) by pole order so that
0OCFHCFRC- -
GdzyA---ANd OF OF
F./F = { 2 il }

G | degG =rd— (n+2)G moda—zo,...,azn
= A(X)rd—(n+2)-

Theorem IV.0.4 (Griffiths)
The filtration above by pole order is equivalent to the Hodge filtration on H;‘T(X). Le.,

F.= P H9(X)
ptq=n
g<r—1

The identification of F} with HE,ZO(X ) is an earlier computation re: residues near the beginning of

this course. Notably,

F'fl+1 = H;JLT(Xv C)v
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Now by definition HP9(X) = HP(X;Q%). There is a semi-continuity property of this cohomology
(see Voisin), and we know that deformations preserve the Hodge filtration. Thus (again see Voisin),
the dimension of HP* is locally constant.

Example IV.0.2

We will now compute hby! for the Fermat hypersurface, where
A(X) = Clz0)/ (267" ® - - ® Clzn41)/ (z051)-

We start with a non-exciting case, when d = 2. Then A(X) = C = A(X)o. Therefore the only

nontrivial quotient is when 2r — (n +2) = 0, so n is even and

dzg A -+ ANdzpg1
Fn/2—|—1 ’

gives a form of type hg,( 202 Forn = 1, we get a conic with by = 0. For n = 2 we get a quadric

isomorphic to P! x P! and by = 2 whil 65" = 1.
For d = 3, we find that A(X) is represented by monomials

€0 ... En+l
20 Zpt1

where ¢; € {0,1}. Lets examine this when n = 1, which is the case we know (smooth cubic
curves). Then
(1) The form

dzg Adzy Adzo
F

is homogeneous of degree 0. So then hzl,’r0 =1
(2) The form

zoz129 dzg A dzy A dzo
F? ’

and so hg;l =1.
Finally we’ll do the case of a cubic surface where n = 2,d = 3.
(1) The form

dzg A dzy Adzg Adzs
F2 ’

ZiZj
for 0 < i < j < 3 which has dimension (3) = 6, and this gives us h;l,;«l = 6.

Exercise IV.0.3

Do this for n = 2,d = 4, i.e., the case of a K3 surface.
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Takeaways from last time: let Hy(V') be the projective space of all hypersurfaces of degree d in
P(V). Choose a basepoint [X]| € Hq(V') which is a smooth hypersurface. As we know GL(V) acts
on Hg(V), factoring through PGL(V'). We wish to compute Tjx;H4(V). We found that

TixyHa(V) = C[V]q/C,
where F' € C[V]; defines X. Likewise we identified
T[)q PGL(V)-orbit of [X] C T[X]Hd(V),

and the quotient (i.e., the normal space) as A(X)q where

where J(F') is the Jacobian ideal of F, i.e., the ideal generated by the partial derivatives
oF OF
JE)=(=—,..., —
(exercise: J(F) does not depend on the choice of coordinates zg, ..., zy).

Call a slice S a transversal complex manifold to the PGL(V)-orbit through [X]. Formally, S is a

complex manifold with a point o € S and a map

S — %d(V)
o [X],
which is an immersion at 0 and transverse to the PGL(V)-orbit, so that ¢~ 1([X]) = o.

This implies we have a family of hypersurfaces
Z C PWV)xS

|~

S

By making S small we can assume that this is a smooth family.
Definition IV.0.1

In the case above, the family 2~ — S is a universal at o € S.

We will assume that the degree d > 2, so that the isotropy groups are finite. If the isotropy groups
are trivial, then S is a chart for the orbit space. If the isotropy group is finite, then S is an orbifold

chart for the orbit space. We can then consider
T,S — {normal space to PGL(V)-orbit of [X]} = A(X)g4.

If

A(X)q — @Homc(z‘lm—(mz), AGr41)d—(n+2))

r=1
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then there is an “infinitesimal torelli theorem” at X!

IV.1. Cubic 3-folds

Let F € Clzo, ..., z1]3 be the defining equation of a smooth cubic 3-fold X C P*. Look at
dzg A -+ ANdzy

G T
where G € C|zp, .. ., z4] so that the whole expression has degree 0. Of course the total degree of the
expression is
5—3r+degG

For » = 1 this will not produce anything. In other words
HY(X)=0.

If r = 2, then degG =1 and G € spang(zp, . ..,24). Thus

dim H;' (X) = 5.

The hodge numbers are symmetric, and so we are done with the middle dimension (the most
important). For r = 3, A(X)4 has degree 5.

Therefore, the 3-dimensional cohomology has dimension 10, and the Hodge structure “looks like”
a projective complex curve of genus 5, just shifted up a dimension (must correct weights). This is
called an “intermediate Jacobian.”

Clemens—Griffiths studied this in detail. They asked if these cubic 3-folds are rational or not.
The answer was no, and it’s based on proving that this Hodge structure cannot arise from blowing
down/blowing up a curve in any way.

One can check (do it for Fermat 3-fold) that infinitesimal Torelli holds.
IV.2. Cubic Surfaces

As previously discussed, cubic surfaces have absolutely boring Hodge structures. Thus it’s difficult
to extract information from Hodge theory. But what we can do instead is consider cyclic covers of
P3 branched along the hypersurface

Let Y C P™ be a smooth hypersurface of degree d > 2. We will construct cyclic covers of P"
ramified at Y. In affine coordinates z1,..., 2, with Y N C" given by f € Clz1,..., z,|<q then for

order m we consider

w™ = f(z1,...,2n).

The solutions of this equation give a p,,-cover of C™ ramified along Y N C™. The problem is at

the hyperplane at co. The cover extends across the hyperplane at oo with a smooth total space
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precisely when m | d. On the level of algebraic topology we can see that this is necessary because a

cover will give a map
Z/d= Hi(P"\Y;Z) - .
This is realizable for m = d by the homogeneous equation
W =F(Zy,...,Z),

giving you a degree d hypersurface in P"*1. The pg-action is via scalar multiplication on W. If
d' | d, then we can quotient by the subgroup g /ar- We

For the case of a cubic surface Y, we thus produce a cubic 3-fold X so that

X
Yl P3
is a branched cover with deck group Z/3. Callthe ps-action to be given by a character y : us C C*.
Then H3(X;C) decokposes according to characters:
H3(X;C)X = H*(X/p3;C) = H3(P*;C) = 0.

Thus H3(X;C) decomposes according to x,%. We proceed as in Deligne-Mostow — we have a
Hermitian form on H3(X;C):

(a, B) == —\/—1/ aAp.
X
A computation in local coordinates shows that this is nondegenerate. Namely
—v—=1(dzy A dzg A dT3) A (dZ7 A dTg A dzs) > 0.

Therefore this form is positive definite on H?1(X) and negative definite on H2(X). We know that

2

zidzg A---dzg Adw wdzg A---dzg Adw

2,1 . _
H <X7C> - < F2 ’ ﬁQ

where F = F — W3 and F is the defining equation for Y. The ps-action acts by x on the w
component. This really looks like the Deligne-Mostow situation! And we can compute things!
H>*Y(X;C)X & (20, 21, 20, 23)
H*(X;C)X & (w).
At this point, we are trained to see a ball quotient! Namely
HY(X; O = H> (X)X @ H'?(X)*
— B0 & FETCOR,
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the left hand side is of dimension 1, and the right hand side is of dimension 4. Positive definite
on the left and negative definite on the right. Hence, this defines a point in the 4-dimensional ball
quotient.

To do this all formally, as before we fix a symplectic lattice H of rank 10 which is unimodular
with a pz-action isomorphic to H3(X) with its pz-action. As before, we consider cubic surfaces Y
equipped markings on the cubic 3-fold X obtained by branched covers.

We obtain the space

P(HY) 2 B = {positivity of Hermitian form},
and the arithmetic group I' = Sp(H )"3 acts properly discontinuously on B. We then get a map
M —T\B

where M is the moduli space of smooth cubic surfaces Y. The infinitesimal Torelli theorem holds,
so this is a local isomorphism of orbifolds.
We can compactify and to do so we think about the geometric invariant theory of cubic surfaces.
FACTS:
A cubic surface Y is GIT-stable <= Y has A;-singularity at worst (local equation like
w? 4+ w3 + w3 = 0) A cubic surface Y is GIT-semistable <= Y has As-singularities at worst
(local equation like w} + w3 + w3 = 0)

This has only one closed strictly stable orbit with 3 As-singularities. This is given by the equation
7070\ 7y = 73,

The affine equation for Zy = 1 is 2929 = zg which is an As-singularity.

The maximum number of A; singularities is 4. It is given by the Cayley nodal surface.

We return to cubic surfaces. We have Y < P? a cubic surface and a cubic threefold in P* given
by a branched cover of degree 3 at Y. Now H?3(X) has a symplectic pairing with G-action. Let H
be a symplectic lattice with G-action isomorphic to this.

Let Sp(H)% :=T and M(H) be H-marked cubic suraces.

Question: How does the H-marking determine the H'-marking where H' is isomorphic to a lattice
given by H?(Y'). This asks about the relative behavior of Y in X.

The Gysin sequence for Y = X¢ C X is

0 = HYY) — H¥X) — HYX\Y) — H(Y) -2 g4X)
Il I IR Il IR
Hs3(Y) —— H3(X) —— H3(X,Y) —— Hy(Y) —— Hy(X)
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We note that the line class in H>(Y') maps to the line class in Hy(X) and generates. This gives the

surjectivity of the final map, and the kernel is HPQT(Y). Thus we obtain a short exact sequence

0 — H(X) — H3(X\Y) —— H2(Y) — 0.
Note this sequence has G-action and Hg(Y) carries the trivial G-action. In fact, the sequence splits
after tensoring with C by taking the G-eigenspaces.

We produce a G-invariant section of r after tensoring with Q. Let a € HET(Y). Choose a €
H3(X \'Y) mapping to a. We take the part of & fixed by G-

a+ga+ g*a
o) = RIS
1

This is unique because H3(X) contains no G-fixed vectors besides 0. The lifting requires a 3 SO

really we can work over Z [%] Consider

_ a+ga+gia
o — ——.
3
We find that this is the part of & with eigenvalues the primitive third roots of unity (3, 5. Multiplying

by 3 gives
~ 9 3
2a — ga —g“a € H*(X).

Now @ is unique up to an element of 3 € H3(X). Then, observing that G acts by multiplying by a
primitive third root of unity in H3(X) that

38— (B+gB+g*B) =3B

Therefore, we obtain a well-defined map
ng( y H3(X;F3)
H;.(Y;F3)
We'll first examine the map HgT(Y; F3) — HS(X; F3). Let L = HgT(Y), which as we recall is the
orthogonal complement of the hyperplane class ny € H2(Y). Recall also that the Fs-vector space

H2 (Y ;F3) is an F3-vector space of dimension six. Notably

3H*(Y)NH,.(Y) 2 3H)(Y).
index3

This is because
LD3L* D3L,
where L* = Hom(L;Z) — L ® Q, which gives us that

L/3L D 3L*/3L,
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and so L/3L* is a 5-dimensional F3-vector space.
Thus H' ® F3 — H ® F3 has image an Fs-subspace of dimension 5 invariant under Sp(H )G and
the induced action reproduces the W (FEg)-action on H' (faithfully). Hence this gives us a map

I = Sp(H)% — W(FEs).

Both objects under consideration have compactifications.
M(H) C M(H) —— B
Jr Ir |
M C Mt = S T\B
1N IN
MEIT = (I\B)*

V. Quartic Curves

Summary of what has been done:

(1) M5t the moduli space of quartic curves. One then blows up the locus represented by the
double conic (these are the hyperelliptics living in a P%).

(2) As with cubic surfaces we construct a I'-equivariant map (for I' an arithmetic group):

Mt C Mt —L B

o

| J

C Mt —— T\B

Miyp
where B is a 4-dimensional ball. The hyperelliptic locus is M%p- Each irreducible component
maps to a 3-dimensional subballs of Deligne-Mostow type.

(3) In P2 the hyperelliptic points are represented by a double conic. A nearby quartic intersects
the conic in 8 points, and the corresponding hyperelliptic curve is given by branch covering
the conic (= P!) over these 8 points. This is assigned to the Deligne-Mostow ball with
coefficients (1/4,...,1/4) (8 copies of 1/4).

The similarity with the cubic surface case is not accidental. Let C' C P? be a quartic curve, we

obtain a branched cover

Y
4 X = /JQ\Y
2
C C P?

The obtained surface X is a degree 2 del Pezzo surface. We'll now review the theory of such, with

some general review as well.
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V.1. del Pezzo Surfaces

Let X be a general complex manifold of dimension n. The canonical bundle wx = Q% is a
holomorphic line bundle. The zeroes of sections are called canonical divisors. The dual wY is the

anticanonical bundle, and the zeros of its sections are the so called anticanonical divisors. Notably
c1(w¥) = c1(TX) = e1(X).

Example V.1.1
Consider X = P™ O C". There is an n-form dz; A--- Adz, with a pole at co of order n+1 (a

meromorphic section of wy. Dualizing, we obtain a zero of order n 4+ 1 at the hyperplane npn:
Wpn ~ anticanonical divisor = (n + 1)npn.

Definition V.1.1
If X is compact and wY is ample, then we say X is a Fano manifold. If dim X = 2, then X

is called a del Pezzo surface (for historical reasons).

We define the degree of a del Pezzo surface as

cr(wy) - cr(wy) = ei(wx) - er(wx).

Recall V.1.2

As mentioned before, a bundle is ample provided that a tensor power has enough sections to
embed X in PV. An equivalent criterion for ampleness is that every anticanonical divisor > 0
hits every curve in X. (one can see that this is necessary by direct computation)
There are a finite list of examples of del Pezzo surfaces. We list them all here.

Example V.1.3 (Basic Examples)
Let’s roll!

(1) Clearly X = P? is del Pezzo. The anticanonical system is all cubics (9-dimensional
projective space). This defines an embedding

P? < P?,

of degree also 9.
(2) We can consider P! x P!, The anticanonical system consists of curves of bidegree (2, 2).

All such curves have artihmetic genus 1 (so the smooth ones are elliptic curves).

Example V.1.4

We can blow up a point in P? and see how many sections survive
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(3) Consider X = B(,P? O E — P2 We find that
wx = 7w (),
where m*wp2(E) corresponds to twisting by F (allowing a pole at E). Thus
wy = mrwpa (—F).

Then the anticanonical divisors must come from anticanonical divisors of P? passing
through p. That is a codimension one condition, so we get an 8-dimensional linear
system.

However, it is still ample! The cubics passing through a single point are still able
to separate every point in P? (even infinitesimally). Furthermore, it separates the
exceptional curve E in the blowup. To compute the anticanonical divisor, we find that

if C' is a cubic passing through p then
mC =Cx + F,
where C'x is the strict transform of C. Thus
Cx =30 —e.
The degree is Cx - Cx =9+ (—1) =8.

Recall V.1.5
To see why the anticanonical class transforms as indicated. Consider a 2-form dz; A dzo on
2 .

C# and blow up at zero. The blow-up has coordinates wi, wo so that z; = wiwsy and zo = ws.

Thus the pullback is
7 (dz1 A dze) = we dwy A dwa,

and this is zero when wy = 0
From this, one can see that you can try to blow up more times. You won’t always succeed
Non-Example V.1.6
Lets blow up at 3 points p1, p2, ps which lie along a line . X = Bﬂphm’psﬂﬂ. Any cubic curve
C passing through p1, p2, ps must have different tangents at the three points compared to £.

Hence the strict transforms Z, C do not intersect, which obstructs ampleness.

Non-Example V.1.7
For the same reason, we cannot have 6 points on a conic. Find a cubic C hitting those 6
points. Blowing up at six points separates the strict transform of the conic from the strict

transform of a cubic C.
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Non-Example V.1.8
We can have no 8 points on a singular cubic, one of the points being the singular point.

Otherwise a generic cubic intersecting at the singular point will be separated in the strict

transform (the nodal cubic becomes a smooth curve).

Now these are all the examples. You can blow up at up to 8 points on P? that do not have

(1) 3 on a line.
(2) 6 on a conic.

(3) 8 on a nodal cubic, one of which is a singular point.

This means we obtain del Pezzo surfaces of degree d = 1,2,...,8,9 given by blowing up at r =9—d
points. We also have the del Pezzo surface P! x P! (which is of degree 8).

When d = 3 and » = 6, and the six points are in general position, then we obtain an embedding
Bly, .. pP? — P,
a cubic surface. The lines on the cubic surface are easily recognizable as exceptional curves

€1,...,6€6
20 — e1 — eg — e3 — e4 — e strict transform of conic through five points (six of them)

¢ — ey — eg (strict transform of line through two points).

This gives 6 + 6 + (g) = 12 4 15 = 27 lines on the cubic surface.

When d = 2 and r = 7, we obtain a linear system of dimension 2 giving a map
X =Bl p — P2,

a map of degree 2 which is ramified along quartic curve. Note, we can no longer separate points

(but a multiple of the anticanonical divisor will).
Upshot: the quartic curves and cubic surfaces appear under the same roof.

Question: The preimage f~!(line) will give us an anticanonical divisor.

What is the analogue of the 27 lines on a cubic surface? The exceptional curves. We obtain
28 - 2 = 56 exceptional curves (this relates to bitangents on a quartic curve). Why do they relate?

Well an exceptional curve must be hit by an anticanonical divisor with intersection number 1 (by
the adjunction formula). Thus the image in P? is a line! Which line is it? Well it’s a bitangent to
the quartic curve C' C P2, Why? The preimage of the line has two irreducible components (you
obtain no branching because of the tangent behavior), giving you exceptional curves X', \”.

We can also connect this more directly with cubic surfaces!!! Take p € X’ C P? a cubic surface.

We find that X itself is obtained by blowing up B¢,X’. Projecting away from p to a plane P?
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(thought of as the visual sphere about p) we have a map
X'\ {p} = P?,

which is generically 2 to 1. A line in X’ maps to a line in this P2. By blowing up we obtain a map
B, X' — P? which again is generically 2 to 1. It branches when the line through p is tangent to

the cubic surface X', this defines a quartic in P? as desired.
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