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Last time, we defined for a CW-complex X [more generally a CW-pair (X, Z)], a chain complex C<!' (X, Z) :=
Z[I,,], where I, is the set of m-cells.

We also observed that Z[I,,] = I;Tm(Xm/Xm_l) = H, (X, Xion_1)-

This allows us to build a chain complex with coefficients or a cochain cell complex via ?® A and Hom(?, A).

Furthermore, the differential d¢" : Z[I,,,] — Z[[,,,_1] is obtained as a connecting map composed with an

inclusion:
7]
fﬂn()gnajan—l)““ﬁ Eﬁn—l(A;n—l)““ﬁ fﬁn—l(xan—lajgn—Z)

This can be shown to give a chain complex as desired (see 592 Notes).
How do we actually compute d!? Well it’s 0 if m = 0. Then if m = 1, the 1-cells are oriented line
segments, and:
d$°"(e) = beginning point — end point

cell
m

Now for e € I,,, with m > 1 we compute d°?!!(e) differently. Namely we have a map f,,, : S™ ! x I, = Xp_1.

We can then write:

smﬂﬂ{?{m,l X1/ X2 =\, S
We take this map in homology (apply H,,—1(7;Z)). It gives a map:
7 — LI, 1)1 — deell(e)
We are using the fact that:

Hyo | \/ ™71 2 @ Huoa(S™).

Im_1 i€ 1
However, we could also just project this map down, sending every cell except ¢ to the basepoint and mapping
¢ by the identity:
\/ st gmt
I
And then take homology.
We are then given another problem! Given a continuous map f : S¥ — S* for k =m — 1 > 1, what does

it induce in homology?
Hy(S*) —— Hy(S")
7 ——Z

1 —— deg(f)

We may homotope f to a smooth map, so let us assume = € S* and there exists an open neighborhood U of

x so that:

Such that f:V; — U is a diffeomorphism (C!), and we let f:y; € V; > .


http://www-personal.umich.edu/~alephnil/notes/MATH-592-notes.pdf
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Theorem .0.1
deg(f) = Zle oi, where o; = 1 if f |V_ preserves orientation and o; = —1 if f {V_ reverses orientation.

A good book for this material is Milnor’s Topology from a differential viewpoint [1].

Example .0.1
Consider RP™, which is the space of all lines through the origin in R™*! or S™/z ~ —z.
This has a CW-complex structure. We

Rl QRQQQRm+1

RP° C RP! C ... C RP™

This is a CW-filtration, and RP™ is an m-dimensional CW-complex (meaning it only has cells up to
dimension m).

For RP2? we have the 2-cell vy as the top hemisphere, in general the m-cell is {(zo, ..., Tm) € S™ | p >
0}. the boundary is exactly when z,, = 0, whihc is S™~!. The attaching map is then the quotient
Sm—1 5 RP™—1L,

So then we have that:

CYRP™) Z—7— - =L —7

degrees m m-1 - 1 0

The attaching map S™~! — S:_”fl /S™~2 sends the northern hemisphere to a point and the southern

hemisphere to its antipode. After some work one works out that these maps are zero or two in homology:

1+(=1)™  14(=1)m"1
Cce“(RPm) 7 ) 7, S~ L2 7 0 7
degrees m m—1 e 1 0
We can then compute that if m is even:
Z ifk=0
Hp(RP™) ¢ Z/2Z if 0 <k <m odd
0 otherwise

And if m is odd we have:

Y/ ifk=0,m
Hp(RP™) S Z/2Z if 0 <k <m odd

0 otherwise

The cellular chain complex C°! is not functorial in continuous maps, but it is functorial in cell maps
f: X =Y where f(Xj) CYy. Because then there is an induced map Xy /X1 — Y /Yr—1. Then we can
just take reduced homology to get wedges of spheres:

X/ X1 = Y3 /Y1
\/Sk Hk Xk/Xk 1)—>Hk Yk/yk 1= \/Sk
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This can again be computed using the degree of maps S* — S,
Homework #3

1a) Calculate Hy(RP™;Z/2Z) by definition using cellular homology. You may use C®!'(RP™) from class.

1b) Prove that the quotient ¢ : RP™ — RP™/RP™~! (embedded as in class) is not homotopic to a
constant map (use homology with suitable coefficients H,, (¢; Z/27Z)).

1c) For which values of m > 0 is H,,(¢;Z) non-zero?

1d) Construct an m-dimensional CW-complex X with only one m-cell such that the projection ¢ : X —

X/Xm—1 is homotopic to a constant map. [Think simple].
These are 5pts each and due next Monday (9/20).

Example .0.2
We can also look at CP™, which is the space of all lines through the origin in C™*!. That is, it is:

{(20, oy Zm) ECMTL Z 2% = 1} [ (z~2 = |z] =)
We also have a CW-filtration:

CP’ccpPlc...ccp™
We have a 2m-cell given by {(zo7 cezm) | Y \zj|2 yZm ER, 2 > 0}. We have a pushout:

SZm—l N (CPm_l

D*m P cp™

To know the induced pushout map is a homeomorphism, one uses that it is bijective, P is compact, and
CP™ is Hausdorff.
We can also compute C!'(CP™):

Ccell((CPm) 7 0 7 e 0 Z

degrees 2m  2m-1 2m-2 -+ 1 0
So every map is the zero map. This allows us to say that:

Z if 0 <k<m, even

0 otherwise

H,(CP™) = {




