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Note that ∥Tv∥′′ ≤ ∥T∥∥v∥′ for T : (V, ∥ · ∥′) → (W, ∥ · ∥′′)
Theorem .0.1

If W is complete, then L(V,W ) is complete.

Proof. Suppose Tn is a Cauchy sequence in L(V,W ). Fix v ∈ V . Then, let wn = Tnv ∈ W . Also

∥wn − wm∥ = ∥Tnv − Tmv∥ = ∥(Tn − Tm)v∥ ≤ ∥Tn − Tm∥∥v∥.

Thus wn is Cauchy, so it converges since W is complete. We call its unique limit Tv. This makes T : V → W

into a function. We must show it is a BLT and that ∥Tn − T∥ → 0.

Finish the proof! See book or DIY

.1. Dual of Lp spaces

Example .1.1

Let w ∈ Rd. Then we can consider

max{v · w | ∥v∥2 = 1} = ∥w∥2.

If w ∈ Cd, this is similar we just do

max{|v · w| | ∥v∥2 = 1} = ∥w∥2.

These maxes are achieved by v = w
∥w∥w

if w ̸= 0.

Proposition .1.1

Let 1/p+ 1/q = 1 with 1 ≤ q < ∞. For every g ∈ Lq,

∥g∥q = sup

{∣∣∣∣∫ fg

∣∣∣∣ | ∥f∥p = 1

}
.

Suppose µ is σ-finite. Then the result also holds for q = ∞, p = 1.

Recall .1.2

For α ∈ C, sgnα := eiθ where α = |α| eiθ.

Proof. By Hölder’s inequality we know that∣∣∣∣∫ fg

∣∣∣∣ ≤ ∫
|fg| = ∥fg∥1 ≤ ∥f∥p∥g∥q = ∥g∥q.

Thus the supremum is ≤ ∥g∥q.

(1) Let

f(x) =

∣∣∣g(x)sgn(g(x))∣∣∣q−1

∥g∥q−1
q

Then
∫
|f |p = 1, and

∫
fg = ∥g∥q. Check this!

(2) DIY for handling the case when µ is σ-finite and q = ∞, p = 1.
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Remark .1.1

One could use the above to prove Minkowski’s inequality (as it only uses Hölder)

Definition .1.1

For a normed spave (V, ∥·∥) its dual space is V ∗ = L(V,R) or V ∗ = L(V,C) (aka BLTs with codomain

the scalar field).

ℓ ∈ V ∗ is called a linear functional on V . This means exactly that

• ℓ : V → R (or C)
• ℓ linear

• There exists a c ≥ 0 such that |ℓ(v)| = c∥v∥.

Note: V ∗ is always a Banach space (even if V is not complete).

Corollary .1.2

We have the following:

(1) Let 1/p+ 1/q = 1, 1 ≤ q < ∞. For g ∈ Lq define ℓg ∈ Lp → C by

ℓg(f) =

∫
fg.

Then ℓg ∈ (Lp)∗. Furthermore, ∥ℓg∥ = ∥g∥q.
(2) If µ is σ-finite then this also holds for q = ∞, p = 1.

Proof. ℓg is clearly linear in f because the integral is linear. Then Proposition .1.1 gives in both (1) and (2)

that

∥g∥q = sup{|ℓg(f)| | ∥f∥p = 1} = ∥ℓg∥

and so ℓg is a BLT with the desired properties.
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