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Let V' be a vector space over scalar field K =R or K =C
Definition .0.1
A seminorm on V isamap || - || : V — [0, 00) satisfying
(1) [lv+wl < [[o]l + [lwl|
(2) llevll = lel ]l

A norm additionally satisfies

3) [[v| =0 <= v=0

A norm gives a metric p(v,w) = ||v — w||, and we have

Up > v <= lim ||v, —v|| =0
n—oo

Example .0.1

We have the following examples
(1) LY(X, A, p) with [[f[ly = [ |f[dp
(2) C((0,1]) with [ flls = fy [f(2)] da, || fllec = maxo<o<t | (x)].

(3) For R? we have for 0 < p < oo
d 1/p
], = (Z |!17z'|p>
i=1

[2]loc = max |
1<i<d

.1. L? spaces

Definition .1.1 (L? spaces)

For (X, A, 1) a measure space, f a measurable function. For 0 < p < oo define

1/p
£l = ( /. IfI”du)

LP(X, A ) = I llp < oo}
This is a seminorm, and a norm if we identify functions which are equal almost everywhere.

Example .1.1
(R, £,m) has f(z) = 271 o0)(z) € L if and only if ap > 1.
In contrast, g(X) = 2771 1y(z) € L if and only if Sp < 1.

Definition .1.2 (/P spaces)
If (X,P(X),v) is the counting measure, then define

P(X) = LP(X, P(X), ).
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Of particular interest is ¢P(N). Here we have

[e's) 1/p
o= () = <>||(Z||> <00

i=1

Lemma .1.1

LP(X, A, 1) is a vector space, for all p € (0,00).
Proof. Note that

1/p
el = ( / ICfpdu> el 1l < 00 <= ]l < oo.

Note that for any real numbers «a, 8 we have
(a+B)P < (2-max(|al,|B]))" =27 - max(|af”, [8]") < 2°(|laf” + [B]").

Therefore for f,g we have

Hf+ﬂb<@>¢3IU+9M:1/U+9W®H§T/ﬂﬂp+wW%<K>¢:Hﬂbﬂﬂb<“l

But this is not quite satisfactory, as it does not give us the triangle inequality

1+ gl < 171lp + llgllp-

For this we need a new result
Theorem .1.2 (Holder’s inequality)

Let 1 <p<oo,and let ¢ =p/(p—1)sothat 1/p+1/¢=1.
Then we have that

gl < I £1lpllgllq-

Example .1.2
For p=¢=2, X = {1,...,d}, u counting measure, then for z,y € R?

d
Z |3y <
i=1

Proof. We do this in steps
(1) Note that
P 1 w1

t<—41l-=-=—+-
p P P g

for all ¢ > 0, by taking F'(t) =t —tP/p, t > 0, and using calculus to find the maximum.

o
v



Faye Jackson March 9th, 2022 MATH 597 - .1

(2) Note that

q
aﬁ<f+f
b q

This follows by taking ¢t = o/3971. This inequality is known as Young’s Inequality.
(3) WLOG, assume 0 < || flp, lgllq < 0o. Now consider F'(z) = f(z)/||fllp, G(z) = g(z)/||gllq- We know
that ||F||, =1 =||/G||4- Then by Young’s Inequality

[ s </|F Lo

1
||f9||1 7_’_7 1
171l llglly =

¢

Theorem .1.3 (Minkowski’s Inequality)
Let 1 <p <oo. For f,g € L7, |[f + gllp < [l f1lp + llgllp-

Proof. For p = 1j it’s easy (just triangle inequality). Now assume 1 < p < oo and WLOG assume || f +g|| # 0.
Then

/If($)+g(z)l” < /\f(vag(w)lp_l(lf(ﬂ:)HIg(x)l)

<(firear) [(fur)+ (Jur)"]
<(f1r+0) " 1, + 1oy

(1f @) + 9@ < N1l + gl
(1f (@) + g(@)")""" < (£l + gl
1f + glly < £l + gl

¢
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