Faye Jackson April 8th, 2022 MATH 597 - .1

Announcements

e HW 12 posted, due next Saturday (4/16), last HW to collect.
e Exam will be April 27th, 1:30-3:30pm.

.1. Absolutely Continuous Functions

Definition .1.1
We say that F': R — R is absolutely continuous (F' € AC') means for all € > 0, there exists a § > 0,
such that if (a1,b1),..., (an,by) are finitely many disjoint open intervals satisfying Zf:]:l(bn —a,) <9,

then fozl |[F'(bn) — F(an)| <e.

Lemma .1.1
We have that
(1) If F is absolutely continuous, then it is uniformly continuous (take N = 1)
(2) If F is Lipschitz then F' is absolutely continuous (easy).
(3) F(z)= ["_ f(t)dt, f € L', is absolutely continuous.

Proof of (3). We write this out as

N N by
N IF(b) ~ Fla) = 3| [ f(t)dt

N b
< |f ()] dt
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where E = UnNzl(an, by), so m(E) = S°N_ (by — ay). By Midterm Q1, if f € L*(X, p), for all & > 0, there is

n=1

a 0 > 0 such that pu(E) < ¢ implies [, |f| <e.

" Y
This directly implies that this function is absolutely continuous. \ 4
Example .1.1
The cantor function F' is uniformly continuous. However, we will see that it is not absolutely
continuous.

Proposition .1.2

Suppose F' € NBV, then F' is absolutely continuous if and only if pup < m.

Corollary .1.3
F € NBV NAC if and only if F(z) = [*_ f(t)dt for some f € L'(R,m). If this holds, we have

f = F’ Lebesgue almost everywhere.

Lemma .1.4
If F e AC([a,b]), then F € NBV ([a,b])

¢

Proof. DIY
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Theorem .1.5 (Fundamental Theorem of Calculus)
For F € [a,b] — R, the following are equivalent
(1) F e AC([a,b)).
(2) F(z)— F(a) = [ f(t)dt for some f € L'([a,b],m).
(3) F is differentiable almost everywhere on [a,b] and F'(z) — F(a) = ff F'(t)dt

This follows directly from the above.

Proof of Proposition .1.2. Suppose pr < m. Then F(x f F'(t)dt, and F’ € L*(R,m), by ??. There-
fore F' € AC.
Now suppose F' € AC. Note that since F' is continuous,

ur((a.b) = lim pp((a,b—1/n]) = lim F(b—1/n) — F(a) = F(b) — F(a).

Now let E be a Borel set with m(E) = 0. Fix ¢ > 0, we will show |up(E)| < e. Let § > 0 be the constant
from F € AC.
Now there exist open Uy 2 Uy D --- 2 FE such that lim, . m(U,) = m(E) = 0, and open V; 2O V5 D
- D E such that lim,, 0o pr(Vs) = prp(E) by regularity.
Let O,, = U, NV, then O; 2 O3 O --- D E, and by monotonicity (for pr decomposing into pos/neg first)
Jim m(0p) =m(E) =0 Jim pp(On) = pr(E).

Thus without loss of generality, we may assume m(0O;) < 6. Each O,, is a countable union of disjoint intervals
O, = (ag, bZ) :

For any NV we also have

Therefore
N
MF(U akvbn>‘ ZMF a/kyabk ‘
k=1
N
<> |pr((ag, op))]
k=1
N
<Y |F(R) — Flap)| <«
k=1
Therefore

|up(On)| = lim

lur(E)| = lim |pp(O

¢

Therefore, taking € — 0, yields pup(F) = 0. Therefore pp < m.
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Definition .1.2
Let p be a finite signed Borel measure on R.
e 1 is called a discrete measure if there is a countable set {z,, } and ¢, # 0 such that > 7 | |e,| < oo
and 1 =), cn0y, (where d,, is the Dirac delta at z,,).
e 4 is called continuous if u({a}) =0 for all a € R.

Lemma .1.6
Given a finite signed Borel measure
(1) Any p = pg + pe, where pqg is discrete, p. is continuous, uniquely.
(2) p discrete implies p L m.

(3) © < m implies u is continuous.

Corollary .1.7

For p a finite signed Borel measure on R, we have that

M:,U/d"_,ulac"',ulsc

where pq is discrete, . is absolutely continuous, and . is singularly continuous (to m).
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