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Lemma .0.1

Let µ, ν be finite positive measures on (X,A). Then either

(1) ν ⊥ µ.

(2) There exists an ε > 0, an F ∈ A such that µ(F ) > 0 and F is a positive set for the measure

ν − εµ.

I.e., for all G ⊆ F , ν(G) ≥ εµ(G).

Proof. Let κn = ν − (1/n)µ. By gthm:hahn-decomposition we haveX = Pn ∪Nn for Pn positive for κn, Nn

negative for Kn.

Let P =
⋃

n Pn, N =
⋂

n Nn = X \ P . Then X = P ∪N .

We see that for any N we have κn(N) ≤ 0 because N ⊆ Nn. Thus

0 ≤ ν(N) ≤ 1

n
µ(N).

This implies ν(N) = 0. Because ν is positive for any N ′ ⊆ N we have 0 ≤ ν(N ′) ≤ ν(N), and thus ν(N ′) = 0.

This shows N is null for N .

If µ(P ) = 0, then ν ⊥ µ.

If µ(P ) ̸= 0, then we have µ(Pn) > 0 for some n.

With F = Pn, ε = 1/n, then F is a positive set for κn = ν − (1/n)µ as desired.

Theorem .0.2 (Lebesgue-Radon-Nikodym)

Let µ be a σ-finite positive measure, ν a σ-finite signed measure on (X,A).

Then there are unique λ, ρ σ-finite signed measures on (X,A) such that λ ⊥ µ, ρ ≪ µ, ν = λ+ ρ.

Furthermore, there exists a measurable function f : X → R such that dρ = f dµ (that is for all E ∈ A,

ρ(E) =
∫
E
f dµ).

And if there is another g such that dρ = g dµ, then f = g, µ-a.e.

Notationally we may write dν = dλ+ f dµ, where dλ and dµ are singular to each other.

Proof. Lets go!

(a) Assume µ, ν are finite positive measures. Let

F =

{
g : X → [0,∞] |

∫
E

g dµ ≤ ν(E),∀E ∈ A
}

= {g : X → [0,∞] | dν − g dµ is a positive measure}.

This set is nonempty since g = 0 ∈ F . Let s = sup{
∫
X
g dµ | g ∈ F}.

Claim

There is an f ∈ F such that s =
∫
X
f dµ.

If g, h ∈ F , we can define u(x) = max{g(x), h(x)}. Then u ∈ F . Why? Well letA = {x | g(x) ≥
h(x)}. Then ∫

E

udµ =

∫
E∩A

g dµ+

∫
E∩Ac

hdµ
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≤ ν(E ∩A) + ν(E ∩Ac) = ν(E).

There exist measurable functions g1, g2, . . . ∈ F such that limn→∞
∫
X
gn dµ = s. We can

replace g2 by max(g1, g2), g3 by max(g1, g2, g3), so that we may assume 0 ≤ g1 ≤ g2 ≤ · · · .
Then we still know that limn→∞

∫
X
gn dµ = s, as all the relevant integrals are bounded above

by s. Now let f(x) = supn gn(x) = limn→∞ gn(x). By Monotone convergence theorem,∫
E

f dµ = lim
n→∞

∫
E

gn dµ ≤ ν(E)

Thus f ∈ F . When E = X we get
∫
X
f dµ = s as desired.

Great! Let ρ(E) :=
∫
E
f dµ. We of course have ρ ≪ µ. And also we know

0 ≤ ρ(X) =

∫
X

f dµ ≤ ν(X) < ∞.

Thus ρ is a finite positive measure. We can define λ(E) := ν(E)− ρ(E). Then

λ(E) = ν(E)−
∫
E

f dµ ≥ 0

because f ∈ F . Thus λ is also a positive measure, and λ(X) ≤ ν(X) < ∞. It remains to show the

following.

Claim

λ ⊥ µ

Suppose not, by glemma:finite-singular, there exists ε > 0, F ∈ A such that µ(F ) > 0 and F is

a positive set for λ− εµ.

Then this says that dλ− ε1F dµ is a positive measure, that is dν− f dµ− ε1F dµ is a positive

measure. This will break maximality of f .

Explicitly, let g(x) = f(x) + ε1F (x). Then for all E ∈ A we have∫
E

g dµ =

∫
E

f dµ+ εµ(E ∩ F )

= ν(E)− λ(E) + εµ(E ∩ F )

≤ ν(E)− λ(E ∩ F ) + εµ(E ∩ F ) ≤ ν(E)

since λ(E ∩ F )− εµ(E ∩ F ) ≥ 0. Thus g ∈ F . We then see that

s ≥
∫
X

g dµ =

∫
X

f dµ+

∫
X

ε1F dµ

= s+ εµ(F ) > s.

This is a contradiction! Perfect!

There are now technical things, such as extending to σ-finite measures and uniqueness. These are relatively

easy compared to this part.
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