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Lemma .0.1
Suppose A, = (&) for all a € I.
(a) mo ! (Aa) = (151 (Ea))-
(b) We have

@ {Yrer)

G ({[Tmsce)

Proof. DIY (b), (c), as they should not be difficult from (a).
Let’s prove part (a). In general, if f : Y — Z and B is a o-algebra on Z. Then f~1(B) is a o-algebra Why
is that?
o [7H0)=0.
o fTHB)=fTHB)
o U f7H(Ba) =1 (U, Bn)-
Hence 7, }(Ag) is a o-algebra on X. Furthermore it is clear that 7 1(€,) C 7, 1(A,). Therefore (1 1(€,)) C
7o (Aa).

Now we prove the other direction. Consider

(¢) If I is countable, then

M={BC X, |7, (B) € (n; (&)}

(e

We must then simply prove that A, C M. Since (£,) = A,, it suffices to show that
e M is a og-algebra. This is easy, because we're taking preimages with set operations.
e &, C M. This is trivial by definition of M.
Thus A, = (€,) C M.
Thus if E € A,, then E € M, so 7} (E) € (r;1(€,)). Therefore 7,1 (As) C (71 (EL))- <

Theorem .0.2
Suppose X1, ..., X, are metric spaces. Let X = HZO; X; with product metric. For concreteness say
p(z,y) = >, pi(xi,y;) where p; is the metric on Xj.
Then,
(a) We have that

d

Q) B(X;) € B(X).

i=1

(b) If, in addition, each X; has a countable dense subset, then

¢

Proof. DIY (see Homework 1 while doing part (b)).
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Example .0.1
We have that

BRY) =BR)® --- @ B(R).

Consider f =u+iv: X — C, with A a o-algebra on X. Then u=!(E),v"!(E) € A for all E € B(R) if
and only if f~*(F) € A for all F in B(C) = B(R) ® B(R).
All of this so far was pages 22-23. Now we pick back up at page 65 of [Fol99].
Definition .0.1
Let X,Y are sets. Now
(a) Fr ECX XY, E,={yeY|(z,y) €E, EY={z e X | (z,y) € E}.
(b) For f: X xY — Z, define f,: Y = Z and f¥: X — Z by f.(y) = f(z,y) = fY(x).

Example .0.2

(1g)e = 1g,, similarly (1g)Y = 1gu.

Proposition .0.3
Let (X, A), (Y, B) be measurable spaces. Then
(a) Fe AR B, then E, € B, EY € Aforallz € X,y €Y.
(b) If f: X xY — Z is measurable (A ® B, C) for some measurable space (Z,C). Then f, is (B,C)
measurable, f¥ is (A,C-measurable for all z € X,y € Y.

Proof. (b) follows from (a). We prove (a). Let
F={ECXxY|VzeX,yecY E, € B,EY € A}.

Then
e F is a o-algebra. This works because (E°), = E¢, and similar statements hold for unions.

e We recall that
ROZ{AXB‘AGA,BGB}A(@B :<R0>

It is not difficult to show Rg C F.

¢

Then A® B C F, and we’re done with part (a).

Midterm may use things up to this point

.1. Product Measures
Definition .1.1
Let (X,.A), (Y, B) be measurable spaces. A (measurable) rectangle is R = A x B for A € A and
BeB.
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Let Ro be the set of all (measurable) rectangles. Then let
N
R = {U R;| N € N,Ry,..., Ry are disjoint rectangles}
i=1
Lemma .1.1
R is an algebra, and (Rg) = (R) = A® B.
o
Proof. DIY, noting that (A x B)¢ = (A° x Y)U (A x B°). v
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