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We now prove 7?7, completing the proof of ?? (which relies on this result).

Proof. Lets go!

(=) Suppose V is complete, and fix an absolutely convergent series ) v,. Define sy = ZN . It

n=1
suffices to show the partial sums are a Cauchy Sequence.
Fix € > 0, then because Y | |[vn|| < 0o, there is an K € N so that

oo

Y llonll <e.
n=K
Now let M > N > K, we see that
M M
sar — snll = Z Un|| < Z [[vnl
n=N+1 n=N+1

oo
<Y llonll <&
n=N

So this is Cauchy.
(<= ) Now suppose v,,n € N is a Cauchy sequence. For all j € N, there exists an N; € N such that

1
[vn — viml| < by

for all n,m > N;. WLOG, may assume N; < Np < ---.

Let w1 = vn,, wj = vN; —UN;—1 for 7 > 2. Therefore

oo oo 1
D lwjll < o, +ZF < 00
j=1 j=2

Thus 25:1 wj; — s €V as k — oco. But by telescoping

k
UN, = E wj — 8.
j=1

Now we claim that since v,, is Cauchy that v, — s.
Explicitly, take ¢ > 0, and let k be large enough so that ||y, — s|| < ¢ and 1/2% < e. Then if
n > N} then

[on = 8]l < llon —on, || + [Jow, — sl <e+e=2e

Thus v,, — s.

¢

.1. Bounded Linear Transformations (BLTS)

Definition .1.1

Let (V.| -1), (W, |- |I') be normed spaces. A linear map T : V — W is called a bounded map if there
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exists ¢ > 0 such that

170l <

v

for all v e V.
Proposition .1.1
Suppose T : (V, || - ||) = (W, || - ||') is a linear map. Then the following are equivalent

(a) T is continuous

(b) T is continuous at 0

(¢) T is a bounded map

Proof. (a) = (b) is clear. For (b) = (c) take ¢ = 1, then there exists a § > 0 such that || Tu||’ < 1 if

lul| < 4.
Now take an arbitrary v € V, v # 0. Let u = ﬁv. Then |Ju|| < . Therefore

|Tul’ < 1
5
|| Tv|| < 1
2|l
2
1Toll” < ol

Then 2/6 is our constant.

For (c) = (a). Fix vg € V. Then for some constant ¢

ITv = Twol|" = | T'(v = wo)||" < ellv — wo-

¢

Thus T is continuous, as when v — vy the right hand side goes to zero, and so Tv — Tvyg.

Example .1.1

Example time!
e We can look at
T:0" =0t
(al, az, .. ) — (ag,a3, .. )
Then clearly ||Tally < |lall1, so T is a BLT.
e We can also look at S : (C([-1,1]),| - [|1) = C, where Sf = f(0). S is not a BLT, because we
can make
ITf]l = [f(0)] =n
£l =1

for every n € N (take f’s graph to be a skinny triangle shooting up to n at 0).
e But U: (C([-1,1]), ] - |leo) = C defined by U f = f(0) is a BLT, because |f(0)] < || fco-
e Let A be an n x m matrix. Then T': R™ — R™ defined by v — Av is a BLT.
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Explicitly this is
m
(Tw)i = (Av); = Y Aijv;
j=1

e Let K(z,y) be a continuous function on [0, 1] x [0,1]. We’ll define

by

1
(Tf)(x) = / K(z,y)f(y) dy.

This is an analogue of matrix multiplication (K is like a continuous matrix). This is a BLT.
e Lets look at T': LY(R) — (C(R), ]| - ||oo) defined by

o= [ T e f () da

that is the Fourier transform of f.
o T:(C[0,1, [ - lsc) = (€=[0, 1), [| - [loc)- Define

(Tf)(x) = f'(2).

This is not a BLT. In contrast .S, defined on the same spaces

s = [ s
is bounded.

Definition .1.2
Let L(V,W)={T:V — W | T is a BLT}, which is a vector space. For T' € L(V,W), the operator

norm of 7' is

IT| == inf{c > 0| |[Tv|| < ¢||v] for all v € V'}

Tv
sup{“ |v#£0,ve€ V}

[[o]]

=sup{||Tv]| | ||[v|| =1,v € V}
check the equalities above.

Lemma .1.2
We have that

(a) The three definitions of ||T']| above are all equal.
(b) (L(V,W), || - |I) is indeed a normed space.

]

Proof. DIY.
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