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Recall .0.1

Consider the following

e We have

B, = {;1: e X | |fulx)— f(2)] < i}
weX | tim fu@) =@y = U ) Buw
k=1 N=1n=N

e f, — f almost everywhere does not imply (and is not implied by) f, — f in L.

e Markov’s Inequality says for all ¢ > 0 we have

‘ 1 [
plla e X | lg@)] = e < [ 1ol
for all ¢ > 0.

Proposition .0.1 (Fast L' convergence = a.e. convergence)
Let (X, A, 1) be a measure space with f,, f measurable functions on X.

Assume that >°7 || fn — f|l1 < oo. Then f, — f almost everywhere.

Proof. Let E = UgZ; Ny—1 Up_n By - That is the set of points 2 where f,(z) # f(x). It suffices to show
for every fixed k that

(o)

C
U Bl
N=1n=N

has measure zero. We do this using continuity of the measure. We see for every k, and for every n

u(Bz) <k [ 15, 1.
But then for each N
(oo} oo
(U i) < 3 uts
n=N n=N
as N — oo, this goes to zero by convergence. By using the continuity of the measure, for every k we have

(U i) = g (U ) o

N=1n=N

¢

Because this happens for every &, we see that p(F) = 0. This finishes the proof.

Corollary .0.2

If f, — fin L', there exists a subsequence fn, — f almost everywhere.

Proof. For every j € N, there exists nj € N such that || fn, — f|li < 1/42. Then > 1fn; — fll1 < 00, and so

o
the proposition can be applied. 4
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Definition .0.1
Let f,, f be measurable functions on (X, .4, ). We say that f, — f in measure provided thta for

every € > 0 we have
T (o€ X | |fale) ~ f(2)] > ) =0,

Example .0.2
Let fn =nl(,1/n) and f = 0. Then for every e > 0, the set {x | |f.(x) — f(z)| > e} € (0,1/n). Thus
fn — 0 in measure. But f,, 4 0in L!.

For typewriter functions g, — 0 in measure, and recall that g, 4 0 almost everywhere.

fo— f fast [' =—= f, = fin L' . ’ fn — [ in measure

~_H ==

n — f ae Ifn,; — fae.

Definition .0.2
fn, f measurable on (X, A, )
(a) fn — f uniformly almost everywhere if ther exists a null set F' such that f,, — f uniformly on
Fe
(b) fn — f almost uniformly means for all £ > 0 there exists F' € A such that u(F) <e, f, = f

uniformly on F°.

Lemma .0.3
fn — [ uniformly on S if and only there exists Ny, Na, ... such that

sc
k=1n

o0

By, k.-
=N,
Theorem .0.4 (Egoroff)
Let f,, f be measurable on (X, A, i). Suppose p(X) < co. Then, f,, — f almost everywhere if and

only if f, — f almost uniformly.

Proof. DIY the converse <—.
For =, fix ¢ > 0. We know because f,, — f almost everywhere that
oo oo (oo}
(U0 U)o

k=1 N=1n=N

This implies for every k that
/L(ﬂ U Bfl’k> =0.
N=1n=N

Then this implies the following using continuity of the measure and that u(X) < oo,

. < c . > ¢ €
vk J\}E)IIOOM(UNBn’k) =0 = VkﬂNkeNu< L]JV Bn’k) < o
n= n=~Npg
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Now let F' = ;2 UpZn, Bf i We see that

w(F) <e fn — f unif on F°

¢

[. Product Measures
In the book this is pages 22-23 (section 1.2), and section 2.5, 2.6.
1.1. Product o-algebras

Consider a product space X = [[,c; Xo. That is © = (24)acs. Of course formally we have x : I — Ug X3
such that z(a) € X,.
We have a coordinate map m, : X — X,.
Definition I.1.1

Suppose (X, Aq) are measurable spaces for all « € I.

We define the product o-algebra on X =[] .; X, to be
X Ao = <U W(;l(Aa)>
aecl aecl

where

1 (Ay) = {n N (E) | E € Ay}

[e3

Notation If I = {1,...,d} then X = H?:l X;,and z = (21,...,2q) and ®f-l:1 Ai = A1 ®- - ® Ay (allowing
d = oo for countable sets)
Lemma I.1.1

If I is countable, then

é“‘li - <ﬁE, | B eAZ->

i=1 i=1

¢

Proof. DIY.
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