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Proof of ??. Let

G(x) :=


F (a) if x < a

F (x) if a ≤ x ≤ b

F (b) if x > b

Then G is increasing. Define

gn(x) =
G(x+ 1/n)−G(x)

1/n
→ F ′(x)

for almost every x ∈ [a, b]. Also gn(x) ≥ 0.

Fatou’s Lemma tells us that∫ b

a

F ′(x) dx =

∫ b

a

lim inf
n→∞

gn(x) dx ≤ lim inf
n→∞

∫ b

a

gn(x) dx.

We then evaluate ∫ b

a

gn(x) = n

(∫ b+1/n

a+1/n

G(x) dx−
∫ b

a

G(x) dx

)

= n

(∫ b+1/n

b

G(x) dx−
∫ a+1/n

a

G(x) dx

)

≤ n

(
G

(
b+

1

n

)
· 1
n
−G(a) · 1

n

)
= F (b)− F (a).

Therefore ∫ b

a

F ′(x) dx ≤ F (b)− F (a).

.1. Functions of bounded variation

Definition .1.1

For F : R → R, the total variation function of F is TF : R → [0,∞] defined by

TF (x) = sup

{
n∑

i=1

|F (xi)− F (xi−1)| | n ∈ N,−∞ < x0 < x1 < · · · < xn = x

}

Lemma .1.1

We have that

TF (b) = TF (a) + sup

{
n∑

i=1

|F (xi)− F (xi−1)| | n ∈ N, a = x0 < x1 < · · · < xn = b

}

Proof. DIY

Note: TF is increasing
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Definition .1.2

We say that F ∈ BV (F is of bounded variation) provided that

TF (∞) = lim
x→∞

TF (x) < ∞.

Similarly F ∈ BV ([a, b]) means that

sup

{
n∑

i=1

|F (xi)− F (xi−1)| | n ∈ N, a = x0 < x1 < · · · < xn = b

}
< ∞.

Example .1.1

Note that if F is of bounded variation, then F is bounded.

Note that F (x) = sinx is not of bounded variation. But it is of bounded variation over any [a, b].

Also

F (x) =

{
x sin

(
1
x

)
if x ̸= 0

1 if x = 0

is not of bounded variation of [a, b] if a < 0 < b because the harmonic series does not converge.

(1) If F,G are of bounded variation, αF + βG are of bounded variation.

(2) If F is increasing and bounded, then F is a function of bounded variation.

(3) If F is Lipschitz (see Definition .1.3) on [a, b], then F ∈ BV ([a, b]).

(4) If F is differentiable, and F ′ is bounded on [a, b], then F is Lipschitz (mean value theorem), so

it is in BV ([a, b]).

(5) If F (x) =
∫ x

−∞ f(t) dt for f ∈ L1(R). Then F ∈ BV .

Namely

n∑
i=1

|F (xi)− F (xi−1)| =
n∑

i=1

∣∣∣∣∣
∫ xi

xi−1

f(t) dt

∣∣∣∣∣
≤

n∑
i=1

∫ xi

xi−1

|f(t)|dt

=

∫ xn

x0

|f(t)|dt

≤
∫ ∞

−∞
|f(t)|dt < ∞.

Definition .1.3

A function F : [a, b] → C is called Lipschitz provided that there exists an M ≥ 0 such that

|F (x)− F (y)| ≤ M |x− y|.

Lemma .1.2

If F ∈ BV , then TF is bounded, increasing, TF (−∞) = 0.

Lemma .1.3

F ∈ BV , then TF + F is increasing/bounded and TF − F is increasing/bounded. Thus any F ∈ BV
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can be written as

F =
TF + F

2
− TF − F

2

which is a difference of increasing/bounded functions.

Proof. Let x < y. Fix ε > 0, then there are points x0 < x1 < · · · < xn = x such that

TF (x) ≤
n∑

i=1

|F (xi)− F (xi−1)|+ ε.

Furthermore

TF (y) ≥
n∑

i=1

|F (xi)− F (xi−1)|+ |F (y)− F (x)| .

Then

±(F (y)− F (x)) ≤ |F (y)− F (x)|

TF (y)± (F (y)− F (x)) ≥
n∑

i=1

|F (xi)− F (xi−1)| ≥ TF (x)− ε.

TF (Y )± F (y) ≥ TF (x)± F (x)− ε.

Taking ε → 0 yields the result.

Theorem .1.4

F is of bounded variation if and only if F = F1 − F2 for F1, F2 increasing and bounded.

Proof. The forward implication is given by the previous lemma. The other direction follows from the examples

we gave (check!)

Corollary .1.5 (Bounded Variation Differentiation)

F ∈ BV implies that F is differentiable almost everywhere. Furthermore,

(1) F (x+), F (x−) exist for all x as do F (−∞), F (∞).

(2) The set of discontinuities of F is countable.

(3) G(x) = F (x+) is differentiable and G′ = F ′ almost everywhere.

(4) F ′ ∈ L1(R,m).

Proof. DIY.
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