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Proposition .0.1
Suppose u(X) < oo, then for every 0 < p < g < 0o, L1 C LP.

Proof. You should check the ¢ = oo case.
Suppose ¢ < oco. We see that

/Ifl” = /\f|p 1< (/(|f|p)q/p)”/q (/ 1q/(qp)>1p/q
= (/ |f|q>p/qu(X)1P/q < 0.

Using Holder’s inequality with ¢/p > 1. Thus

1£llp < Hquu(X)l/P—l/q < 0.

-
Proposition .0.2
If 0 < p < q<oothen /P C 019.
Proof. When ¢ = oo we have
P o0
ol = (suplar) = suploi? < 3 laif”
g ¢ i=1
Thus |lallec < [|al[,-
When ¢ < oo, we see that
o0
S il = 3 Jail” - Jaslt
i=1 i
< [lall&5? " fail”
i
J < lallFllally = llall3.
Therefore
lallg < llallp-
-
Proposition .0.3
Forall 0 < p<g<r<oowehave LPNL" C LY.
Proof. DIY. v
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Definition .1.1

Let (Y, p) be a metric space. We call x,, a Cauchy sequence provided that for every € > 0 there exists

an N € N so that for n,m > N we have p(x,, zy) < €.

Easy check: convergent sequences are Cauchy.

Definition .1.2

A metric space (Y, p) is called complete if every Cauchy sequence in Y converges.

Example .1.1
Q with |z — y| is not complete, but R with the same metric is complete.
C([0,1]), with p(f,g) = |f — glloo is complete, but with p(f,g) = [ |f — g it is not complete.

Definition .1.3 (Banach Space)
A Banach Space is a complete normed vector space (i.e, a vector space equipped with a norm whose

metric induced by the norm is complete).

Theorem .1.1
Let (V)] -]|) be a normed space. Then,

V' is complete <= every absolutely convergent series is convergent
Le., if 3200, [Jog]| < oo then {°N, v;} ven converges to some s € V.

Theorem .1.2 (Riesz-Fisher)
For every 1 < p < oo, LP(X, A, p) is complete (hence a Banach space).

Proof. Lets go in pieces
(1) We handle the case where 1 < p < oo first. Suppose f,, € L and > oo, || full, < oc.
We need to show that there is an F' € LP such that || ny:l fn—Fllp = 0as N — co. We must
show that
(i) Y02, fa(z) is convergent almost everywhere. In fact we can show [ Y07 |f,(z)| < oo.
(ii) F € LP, where F(z) =", fn(z) almost everywhere and say is zero elsewhere.
(iii) |0, fu = Fll, = 0 as N = oo.
Lets go!
(i) Let G(z) = Y00 |ful(@)| = supy Sop_y | fu(@)], G : X = [0,00].
Let Gy (z) = 25:1 |fn(z)]. Then 0 < Gy < Gy < -+ < G, Gy — G. Furthermore 0 < G} <
GY <--- <GP, GY, — GP.

Therefore by the Monotone Convergence Theorem (?7)

P — | P
o=, f e

Now, by Minkowski

N 00
1Gxlp < 3 ally < S I fullp = B < 0.
n=1

n=1
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(i)

(iii)

Thus
/G(x)p = hm G = hm ||GN||§ < BP < o0.

Therefore G is finite almost everywhere as desired. This implies that Y -~ |fn(2)| < co almost
everywhere so > ° | fn(x) converges almost everywhere.
Let F(z) ==Y, fn(z) if it converges, and otherwise F(z) = 0.

Now we see that

[F(z)] < G(x

JlE /Gp<oo

So F € LP.

Now we see that

(Zlfn )+ 1E( )) < (2G(2))".

Well 2G € LP, so 2GP? € L'. Thus by the Dominated Convergence Theorem

A}gnoo/ ’Zn =1V f,(x) —F(m)’pdx = 0.

And thus ||E 1 fn—Fl|p > 0as N = oo.
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