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Recall .0.1
Let f: U CR™ — R™. be a differentiable map. Recall from multivariable calculus that if p € U then

we define df, to be the best linear approximation of f at p, that is we require
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We can compute that in the standard coordinates
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Lets make the definition of tangent vectors with curves more explicit
Definition .0.1
Call two differentiable curves ¢, d in M with ¢(0), d(0) = p equivalent if for one (and hence every chart

in the atlast) Uy, ¢, we have
(@a o C)/(O) = (‘pa o d)/(O)'

Then
Tp,M = {[c] | ¢: (—&,e) — M differentiable at 0, ¢(0) = p}.

Claim

T,M has a vector space vector of dimension dim M.

Proof. Use the coordinate chart definition. Take A, B € T,M. Then in coordinates A, B correspond to

Vo, Wa € Ty, (p)R™ for some chart (Uy, 0a).
Then vy +wo € Ty, () R™, take A+ B = [Va + wg]. We should check that it doesn’t matter where we do

the addition. Well let vg, wg represent A, B in T, ,)R".
We check that

(AT3a) s (p) (V8 +wg) = (ATpa) w5 (p) (V8) + (AT Ba) o5 (p) (W5) = Va + Wa-

¢

Scalar multiplication is quite similar.
Recall .0.2
Recall 7?7 of the derivative of a map f: M — N which is differentiable at p.

Note on notation first: We can do all of
(.f*)p - Dpf — D.fp — (dfp - dpf)

But we really shouldn’t be using df, = d, f, as later it will confuse us with differential forms.
Now we give the definition in terms of charts. Take a chart (U, po) about p and take A € T,M,

then A is represented by some v, € T, ,)R".




Faye Jackson September 19th, 2022 MATH 591 - .0

Take some other chart (V;,,) about f(p) in N. Then we take Df,(A) to be represented by

D(tpy o0 fo Spgl)yﬂ ) (Va)-

Theorem .0.1
If f:U — V is differentiable at p € U where U C R®,V C R’ are open, and Df, is onto, then
F1(f(p)) (aka a level set) is a manifold.

Might be nice on homework. . .



