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Theorem .0.1

Let M be a smooth manifold then the following are equivalent

(a) M is orientable.

(b) M has an atlas of coordinate charts so that the transition maps are orientation preserving. In

other words detDTαβ > 0 when it is defined for each transition map Tα,β

Lemma .0.2

Let µ ∈ ΛnV ∗ and {e1, . . . , en} be a basis of V with (aij) = A an n× n matrix so that

fi =

n∑
j=1

aijej ,

then

µ(f1, . . . , fn) = (detA)µ(e1, . . . , en).

Proof. We see that

µ

 n∑
j=1

a1jej , . . . ,

n∑
j=1

anjej

 =
∑

j1,...,jn

a1j1 · · · anjnµ(ej1 , . . . , ejn).

If any two of j1, . . . , jn are the same then the term corresponding to this choice is zero. We can then rewrite

this as

µ

 n∑
j=1

a1jej , . . . ,

n∑
j=1

anjej

 =
∑
σ∈Sn

a1σ(1) · · · anσ(n)µ(eσ(1), . . . , eσ(n))

=

(∑
σ∈Sn

(−1)σ
n∏

i=1

aiσ(i)

)
µ(e1, . . . , en) = det(A)µ(e1, . . . , en).

For forms we have if F : W → V is linear then

F ∗ : ΛkV ∗ → ΛkW ∗.

Then of course

(F ∗α)(w1, . . . , wk) = α(F (w1), . . . , F (wk)).

Lemma .0.3

Suppose dimV = dimW = n, with V,W vector spaces. Further, let F : W → V be linear, e1, . . . , en

be a basis of V , f1, . . . , fn be a basis of W , ε1, . . . , εn the dual basis of V ∗, ϕ1, . . . , ϕn the dual basis of

W ∗.

Let A be the matrix with respect to this basis. We know

F (fi) =

n∑
j=1

aijej .
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In this case we have

F ∗(ε1 ∧ · · · ∧ εn) = (detA)(ϕ1 ∧ · · · ∧ ϕn).

Proof. Apply the above lemma. Namely evaluate the left hand side at f1, . . . , fn and show you get detA

using previous lemma (which is enough since dimΛnW ∗ = 1).

Definition .0.1

Suppose M,N are manifolds and Φ : M → N is a smooth map. We define

Φ∗ΛkN → ΛkM

with α ∈ ΛkN , p ∈ M , v1, . . . , vn ∈ TpM via

(ϕ∗α)p(v1, . . . , vn) = αΦ(p)(DΦp · v1, . . . , DΦp · vn).

This is called the pullback of a differential form.

Lemma .0.4

Let T : U → V be a diffeomorphism where U, V ⊆ Rn. Let x1, . . . , xN be coordinates in V , x1, . . . , xn

coordinates for U . Here (dxi)q is dual to
(

∂
∂xi

)
q
.

We then have that

(T ∗(dx1 ∧ · · · ∧ dxn))p = (detDTp)(dy1 ∧ · · · dyn)p

Proof. Apply previous lemma.
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