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Theorem .0.1

Let M be a smooth manifold then the following are equivalent

(a) M is orientable.
(b) M has an atlas of coordinate charts so that the transition maps are orientation preserving. In

other words det D73 > 0 when it is defined for each transition map T, g

Lemma .0.2

Let p € A"V* and {e1,...,e,} be a basis of V with (a;;) = A an n x n matrix so that

n
fi= E aijej,
j=1

then

w(fiy. ooy fn) = (det A)pler, ... en).

Proof. We see that

n n
p Y arjes, Y anjei | = Y0 v, ccang, (e eg,).
=1 =1

j17"'ajn
If any two of ji,...,j, are the same then the term corresponding to this choice is zero. We can then rewrite

this as

2 Zaljej,~~'7zanjej = Z A15(1) '"ano(n)u(ea(l)vn',eo(n))
j=1 j=1 ogESy

< Z (_1)0 H aia(i)) N(ela BERE) en) = det(A)/J’(ela BERE) en)'
i=1

g€eSy,

¢

For forms we have if F': W — V is linear then
F* o ARV — AR,
Then of course

(Fra)(ws, ..., wi) = a(F(w),. .., F(wg)).

Lemma .0.3

Suppose dim V' = dim W = n, with V, W vector spaces. Further, let F': W — V be linear, e1,...,¢e,
be a basis of V', f1,..., f, be a basis of W, e1,...,¢&, the dual basis of V*, ¢1,..., ¢, the dual basis of
w.

Let A be the matrix with respect to this basis. We know

F(fi) = Zaij6j~
j=1
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In this case we have
F*(eq Ao Nep) = (det A) (o1 A=+ A dn).

Proof. Apply the above lemma. Namely evaluate the left hand side at fi,..., f, and show you get det A
ae

using previous lemma (which is enough since dim A"W* = 1). A 4

Definition .0.1
Suppose M, N are manifolds and ® : M — N is a smooth map. We define

O*APN — AFM
with « € AKN, pe M, vq,...,v, € T,M via
(¢*a)p(v1a ce 7vn) - a(b(p)(D(I)p TR 7D(I)p : 'Un>'

This is called the pullback of a differential form.

Lemma .0.4

Let T : U — V be a diffeomorphism where U,V C R™. Let z1,...,zx be coordinates in V, z1,...,x,
coordinates for U. Here (dx;), is dual to (%) .
“/q
We then have that

(T*(dz1 A -+ Adxy))p = (det DT,) (dyr A -+ dyn)p

¢

Proof. Apply previous lemma.



