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1 Kolmogorov Axioms

We start with some experiment
Example. Here are some expirements
a) Flip a coin

b) Roll a die

¢) Draw a ball from an urn

d) Pick a number between 0 and 1.

We will use the Kolmogorov axioms for a Probability Space (€2, F, P).

1.1 The Sample Space

Let’s detail what 2-the sample space—is in each example.
a) Q= {H,T}

b) Q={1,2,3,4,5,6}.

c) Q = {red, blue, black}

d) Q=1[0,1]

In the first three cases these are finite, and in the last case the sample space

is infinite. Sometimes these are really hard to figure out!



Example. The experiment is the time I will wake up tomorrow? (say

between 6am-10am). There are many possible sample spaces!
e ) = [6,10], measuring time with perfect precision.
e 2 =[6,10] N Q, measuring time with arbitrary, but finite, precision
e () = finite, measuring time with precision up to the minute.

In the abstract set-up, €2 is any set.

1.2 The Events

This has to do with F. An event is some set of outcomes:

Example. Going back to our first examples

a) A={H}A={T}

b) A = any even number = {2,4,6}

¢) A = not black = {red, blue}

d) A = anumber less than 3 = [0, 3)

An event then is a subset of Q. For technical reasons, not all subsets of )
will be allowed. Thus:

F = the set of subsets of (2 that are allowed to be events C P(2)

We want to be able to perform the following operations provided that A and

B are events:

e AU B is an event (this represents inclusive or). We interpret this as

“at least one of A or B happens.”

e AN B is an event (this represents and). We interpret this as “both A
and B happen.”

e A\ B is an event. We interpret this as “A happens but B does not
happen”



o AAB = (AUB)\ (AN DB) is an event, called the symmetric difference
in set theory. We interpret this as “exactly one of A and B happens.”

More generally, we require:

o If Ay, Ao, As, ... are events, then so is their union:

oo
U A, = {x € Q| there exists some n such that x € A, }
n=1
This expresses inclusive or as above.
e If Ais an event then so is A°=Q\ A.

Definition. A set F of subsets of ) is called a o-field (or o-algebra) provided

that it satisfies the above two axioms and ) € F (we call ) the “sure” event).

Example. The simplest example is just let F = P(2), the set of all subsets
of 2 (that is the powerset). When ¥ is finite we almost always allow F =

P(£2). When the sample space is infinite, we run intro trouble with P.

Exercise. If A1, Ao, ... are events then so is their intersection:

ﬂAn:{xEQ]foralln,xeAn}

n=1

This is justified by DeMorgan’s law:
0 ¢ 00
n=1 n=1

1.3 Group Work

Justify the following;:
1. Given two subsets A, B argue that (AU B)¢ = A°N B¢
2. Generalize this to DeMorgan’s law as given above

3. Conclude that AN B, A\ B, and (,_; A, are all events.



Proof of 1. We will do this by two-way inclusion:

(©) Fixx € (AUB)¢. Then = ¢ AU B, and therefore x is not in A and =
is not in B. Therefore x € A¢ and x € B¢, implying = € A°N B°.

(D) Fix x € A°N B€. Then z € A° and z € B¢, implying that z is not in
A and x is not in B. Therefore x ¢ AU B, and so z € (AU B)“.

<
Proof of 2. Let’s go!

(Q) Fix z € (U2, An)°. Then we know that there does not exist n € N
so that © € A,. Therefore for all n € N we must have x ¢ A,, and
thus = € AS for all n € N, giving us that « € ()7~ AS.

(D) Fix z € (),2; A%. Then for all n € N we must have z € A¢, that is
x € A,. By negation then there deos not exists an n € N such that

x € A,, and so:

Just as desired ®

¢

Proof of 3. Suppose A, B, A1, As, ... are events. We now proceed

e We know that A¢ and B¢ are then events by defintion of a o-field, and

thus we also have A°U B¢ is an event as well. This then gives:
(A°UBY)°=(A)°N(B)=ANB
is an event, as desired

e Since B is an event we know that B¢ is an event. Therefore by the
earlier proof we know AN B¢ is an event. We now show that A\ B =

An Be.



(C) Fixx € A\ B, then x € A C Q and = € B. Therefore = € B¢ as

well and so we have r € AN B¢
(D) Fix x € AN B¢ then x € A and x € B¢, implying that x ¢ B.
Therefore z € A\ B as desired.

This means we must have that A\ B is an event.

e Consider that by assumptions we know A¢ is an event for all n € N.
Therefore we must also have that |J;2; A% is an event. By taking

complements we then know:

(U%)—HMW—HM

n=1

And so this is an event as well, just as desired.

¢

Great! We win ©®

1.4 The probability measure P

P is a function F — [0,1], which assigns a probability to each event. P

must satisfy the axioms:
e P()=1.

o If A1, Ay, ... are events such that A, N A,, is empty for all naturals
n # m. Then:

(50) -5

This is called o-additivity.

Definition. A function P as above is called a probability measure

Definition. A probability space is a triple (¥, F, P) where Q is any set, F
is a o-field of subsets of Q, and P : F — [0,1] is a probability measure.
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1 Last Time

We talked about what a probability space (2, F, P) is:
e () is a sample space.
e F is a o-field of events

e P:F —[0,1] is a probability measure.

2 Finite Sample Spaces
We will assume for today that € is finite and take F = P(Q).
Definition. For any x € Q such that {z} € F, we call {x} an atomic event

Note that for €2 finite and F = P(2) we must have all the possible atomic

events, and moreover:

P(A) - P (U {a}) _ S P({a)

a€cA a€cA

We can thus conclude that knowing the probability of the atomic events

determines the whole probability measure.



2.1 Symmetric Spaces

Definition. We call a probability space a symmetric probability space pro-
vided that P({x}) does not depend on x for all x € Q. That is all outcomes
are equally likely. Thus when ) is finite we have:

P({e}) =
mmzﬁ

Example. Flip a fair coin
Non-Example. Flip an unfair coin

Example. Let there be n people, including Ali and Bo, who are seated in
a row. All arrangments are equally likely. What is P(Ali is left of Bo)?
Consider the function f : Q — €, where we switch the places of Ali and

Bo. f is an involution with no fixed points, and consider that:

A = {Ali is left of Bo}
A€ = {Ali is right of Bo}
FriAo A
4] = 4%

Because f is in particular a bijection. But now we win! Watch:

H
[
s
=2
I
3
2
+
)
o

Example. Same set up. but now P(Aliis directly left of Bo). We split
into two cases, in the first we consider that P(Bo is left-most) = %, and so
P(Bo is not left-most) = 21,

In the later case, P(Ali is directly left of Bo) = ﬁ sinc there are n — 1



people. Therefore:

P(Ali is directly left of Bo) = —— - =

2.2 Group Work

For any finite €2, show that:
e P(A°)=1—-P(A)
e P(AUB)=P(A)+ P(B)—P(ANB)
e This one is nasty
P(AUBUC)=P(A)+ P(B)+ P(C)
—P(ANnB)—PANC)—-PBNC)+P(ANBNCQC)
Proof. Let’s go!

e Note that AN A¢ = . Thus:

Rearranging we find P(A¢) =1 — P(A).

e et D = B\ (AN B). Then B = DU (AN B), where this is a
disjoint union so we can say P(B) = P(D)+ P(ANB). Now note that
AU B = AU D, where the latter union is disjoint;:

P(AUB) = P(AUD) = P(A) + P(D)
— P(A) + P(B) — P(AN B)



e Consider by the second bullet:

P((AUB)UC)=P(AUB)+ P(C)—P((AuB)NC)

(A)+ P(B)— P(ANnB)—P(ANC)U(BNCQO))

(A)+ P(B) — P(ANB)
—P(ANC)—P(BNC)+P((ANnC)Nn(BNC))

— P(A)+ P(B) — P(AN B)

— P(ANC)— P(BNC)+P(ANBNC)

=P
=P

=
Example. Ali and Bo are taking a class together. They have been able to

estimate that:

P(Ali gets a B) =0.3
P(Bo gets a B) = 0.4
P(neither gets an A but at least one gets a B) = 0.1

They want to know the probability that neither gets a C but at least one
gets a B. Note that the sample space is:

Q={A, B,C)*
P({BA,BB,BC}) = 0.3
P({AB,BB,CB}) = 0.4
P({BB,BC,CB}) =0.1
P({AB,BA,BB}) =7

We then note that:

P({AB,BA,BB}) = P({AB,BA, BB, BC,CB}) — P({CB, BC})
= P({BA, BB, BC}) + P({AB, BB,CB}) — P({BB}) — P({CB, BC})
=0.3+04—-01=0.6



3 Why bother with F

Take Q = [0,1). For any ¢ € Q and any subset A C [0,1), define a new
subset A + ¢ C Q by first translating the set and then taking the fractional

part of each element of the translated set:

A+q={x€Q|32z€Z, x+2—qe€ A}

There exists a set A C Q such that:

e ANA+q =10 for any ¢ € [0,1) N Q. Note that A+pnNA+q =
AN(A+(¢—p) +p

o Also:

Q= U A+q
qe[O,l)mQ

But then the axioms of a probability space tell us that:

1=P(Q)= ) PA+q= > P4

q€[0,1)NQ q€[0,1)NQ

We get the last equality because we want our measure to be “translation
invariant,” and so P(A+ q) = P(A) for any rational q. If P(A) = 0 then we
get 1 =0, and if P(A) > 0 then we get 1 = oo. This is bad. Thus A should
not be allowed to be an event.

To get A we use the concept of an equivalence relation and the Axiom of
Choice. Declare x,y € Q equivalent if x —y € Q. Then we must have that
Q) is the disjoint union of the equivalence classes. The axiom of choice gives

a set A which contains exactly one number from each equivalence class.

Example. Let Q = [0,1]. Let F be the smallest o-field that contains all

intervals. This is called the Borel o-field. You can prove that this exists!



We let P be the unique probability measure such that for any a < b:
P((a,5)) = P([a,b]) = b—a
This P is called the Lebesgue measure. Note that for any x € [0, 1] we have:
P({z}) =0

3.1 Properties of the Lebesgue measure

There are some nice properties of P.

Theorem. Consider that if A1 C As C -+ is an ascending chain of events.
Then:

P (L_Jl An) = nh_}n;o P(A,)
Proof. Let B, = A, \ Ap—1 where Ag = (). Then:
s
n=1 n=1

Therefore:

¢

Corrolary. If A1 D As O --- is a descending tower of events then:

P (ﬂ An> = lim P(4,)
n=1



Proof. But note that A C A§ C --- is an ascending chain and so:

(0x) ()

=1— lim A

n—oo

¢
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1 Conditional Probability

Let AB be events and assume P(B) > 0. Then we define:

Definition. The following probability:

P(ANB)
P(A|B)=———
We call this “the probability of A assuming B”

Remark. Formally we replace 2 with Qp = Band F by Fp = {ANB | A €
F}. Then Pg(AN B) = P(A | B).

Definition. We say that A is independent of B provided that P(A| B) =
P(A). Furthermore we say that B attracts A provided that P(A | B) >
P(A), and that B repels A provided that P(A | B) < P(A).

Remark. The following holds for A and B:

P(AnB)=P(A)- P(B) < A is independent from B
P(ANB) < P(A)-P(B) <= B repels A
P(ANB) > P(A)-P(B) < B attracts A

Also the relations of independence, attraction, and repelling are symmetric.



Example. Let A be the probability that a card is an ace and B be the
probability that the card is spades. Note that:

P(B)=
PMmm:éfi%&:Pmyﬂm

Now remove the Jack of Hearts. Same question:

4

P =5

13

PB) =51
1 52 1

Observe 1. A, B are independent is not at all the same as AN B = (.

2 Group Work

1) Let A, B be events, 0 < P(B) < 1. Show that:
P(A)=P(A|B)-P(B)+ P(A|B°) - P(B°
2) If A C B then P(A) < P(B). This inclusion means B implies A.

3) If AC B and P(A) = P(B). Does it follows that A = B?

Proof of 1. Note that 0 < P(B€) =1— P(B) < 1. And so:

(ANB)U(ANB%) = A
P(AN B°)
P(B°)

P(AN B)

pE )

-P(B°) =P(ANB)+ P(AnN B°)

= P(A)

¢



Proof of 2. Note that:
P(B)=P(A)+ P(B\ A) > P(A)

And so we win! © v

Non-Example. Let A, B be events with P(A) > 0 and P(B) = 0 and
A,B# () and AN B = (. Then:

ACAUB
P(A) = P(AU B)
A#AUB

For another example take A to be the probability that a randomly chosen
number from [0, 1] is less than a half but not equal to one third. Then take
B to be the probability that a randomly chosen number from [0, 1] is less
than one half.

Corrolary. If By, ..., B, are events such that:
e Q=B U---UB,
e BiNB; =0 forany1<i,j<nandi#j
e P(B;))>0for1<i<n

Then for any event A we have:

P(4) =" P(A|B))- P(B))
=1

Example. There are two kinds of covid tests. The Type I tests are defective
20% of the time. Then Type II tests are defective 5% of the time. There
are twice as many Type II tests.

Question: Having chosen a random test what is the chance that it’s not
defective? This is A.



Let B be the event tha tthe test is of type I, then:

P(A) = P(A| B)- P(B) + P(A| BY) - P(B°)
19 1 51

_ 4 2!
"5 20 3 60

2

3
You can flip things around and ask what is the probability that a defective
test is of type I:

P(BNA®) P(A°NB)

P(B ‘ Ac) = P(AC) = P(AC)
_ P(A®| B)- P(B)
N P(A¢°)
_53_8
690 9

Example. Coin tosses. Consider all patterns that occur when tossing a
coin three times. You and I choose a pattern. We begin tossing a fair coin.

Whoever’s pattern appears first wins.

Claim. If you choose first. I can always choose a pattern such that my win

probability is at least two thirds.

Example. You choose HT'H as your pattern. I choose the pattern HHT
given this. Let X be the probability that I win. If we toss tails then the
win probability doesn’t change. If we toss heads twice then I always win,
because eventually we will toss a tail. If we toss HT H then you win. If we

go HT'T then the probability is z again. Therefore:

We can always do this kind of choosing, so we win at least two thirds of

the time.

Definition. Take a collection {A;}icr be a collection of events indexed by a

set I of arbitrary cardinality. The collection {A;}icr is independent provided

4



that for any finite subcollection J C I we have:

P45 ) =]1PA)

jeJ jeJ

The collection is pairwise independent provided that any two events are in-

dependent.

Remark. Note that independence easily implies pairwise independence.

However the converse is not true.

Example. Roll a die twice. Look at the following three events. A says the
first die shows a three. B says second die shows four. C' says the sum of the

two rolls is seven:

P(AmB):P(AmC):P(BmC):%

1

Thus this collection is pairwise independent but not independent
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Basic Combinatorics

Let k,n be natural numbers:

Repeating Experiments

Say you have an experiment with k& outcomes. Repeating n times gives k™
outcomes. If € is the sample space of the experiment. Then Q" is the sample

space of the experiment repeated n times. Furthermore:

P({(z1,...,2zn)}) = P({z1}) - P({z2}) - -- P({zn})
The underlying assumption is that these events are independent.

Definition. If (1, F1, P1) and (Q2, Fa, P2) are probability spaces. Their
product is (2, F, P) where:

e =0 xOy = {(1'1,1'2) | T € Q1,29 € QQ}
o F is the smallest o-field containing all A X B for A€ F1,B € Fo

e P is uniquely determined by P(A x B) = P(A) - P(B) for all A € F,
and B € Fy.

Great! This should be proved as an exercise.



Proof. First lets prove that there does exist a smallest o-field containing
all A x B for A € F1 and B € F». We do this by letting:

Fo:={AxB|Ac Fi,Bc Fy}

]-'::ﬂg

Gex(Q)
FCG
Where £(2) is the set of all o-algebras over . We must show this is a

o-algebra.

e Let C1,Cy,... be events in F. Now fix a G € X(Q) such that
Fi« € G. Then by definition C7,Co,... are events in G, and so
Us2, Cy € G. Therefore | J,~ , C,, € F just as desired.

e Let X € F. Then fix G € () such that F, C G. Then note
that X € G so X¢ € G. Therefore we must have X¢ € F just as
desired.

Note also that clearly F, C F as desired, and F is the smallest o-field

containing F. v

Example. Toss a coin 3 times, then Q@ = {H,T}and Q* = {HHH, HHT,...}.

Selecting a committee

We have n people and want a committee of k people, n > k. First select the

most important person, then the next important, etc.

Total # of choices=n(n—1)---(n—k+1) =

(n—k)!

This number records importance. If one doesn’t want to record order,



must divide by # of orders, which is k!. Thus the number of committees

without order is the integer (n_”ik'),k, =: (7). Note that:

<Z> B <n ’ k)

Example. You are writing a letter to each of n people. Each letter is put
into a random envelope. What is the probability that at least one letter is

in the correct envelope:

A; = i-th letter is in the correct envelope

Zn:P(Ai) — Y PANA)+--
=1
> (k!

)
S/\
fC-

=
N———

Il

1<i<j<n

k
= > P (A,
j=1

k=1 1< <9< <1 <n

Note first that P(A;) = 1 and P(A; N A4;) = 1. L. More generally:

b 1 (n—k)!
P JQAij :n(n—1)~--(n—k+1): n!

Note that this summand is independent of the indexing set. Look at an

example:

e Note first that:

) 1<i#i<nil=g n (1)

N |

@) [1<i<j<nif=
e In general:

(i1, i) |10 <ip <o <ip <n} = (Z)



Therefore we have that:
P(Ua)-Yenr  x  eod
i=1 ’
o 1 (n\ (n—k)!
=St ()

By recalling that:

Group Work

You deal 5 cards. What is the probability that exactly three are aces?

2
# total deals = (55 )

4 48
# exactly three are aces = (3> . ( 5 >

There are two ways of thinking about this

a) Think of individual arrangements. Then:
B\ 43 2 48 47
3/ 52 51 50 49 48

b) Another way to compute it is:



Random Walks

Some setups

e A frog jumps each minutes, and with probability p goes left, and with
probability 1 — p moves right

e Flip a coin. Probability p it’s heads, and 1 — p that it’s tails

e A gambler wins $1 with probability p and loses $1 with probability
lL—p

Formally we start with an integer k, we add 1 with probability p, and sub-
tract 1 with probability 1 —p. A certain path is called a trajectory. You can

ask:

a) Number of trajectories from (0, k) to (¢,n). Note that:

t = ups + downs

n — k = ups — downs
But then:

1 1 1
ups = §(ups + downs) + §(ups — downs) = 5(75 +n—k)

1 1 1
downs = 5(ups + downs) — §(ups — downs) = 5(75 —n+k)

Then the number of trajectories is equal to:

t t
t+n—k | = \ t=n+k
2 2

Note that ¢t + n — k must be even or else this is not a well-defined idea.

Because then the number of ups would not be a non-negative integer.
Likewise if |[n — k| > t there are negative ups or downs. Thus we assume
In — k| <t

b) The Reflective Principle. Let n > k > 0. The # of trajecctories from
(0,k) to (t,n) which touch the z-axis is equal to the number of all tra-




jectories from (0, —k) to (¢,n). Just reflect the part before the first time

the trajectory touches the z-axis

c) We can compute the number of trajectories from (0, k) to (¢,n) that do

not touch the z axis. So we have this as:

t t
t+n—k | = \ t+n+k
2 2

Example. A gambler plays a fair game where he wins/loses $1, 50 turns.

What’s his probability of starting at $10and ending at $20, without going
broke.

50 50 50 50
7 () - (o)) =2 (o)~ (1)) =00
50+220 10 50+220+10 30 40

In an unfair game with 0.6 change of going up, we get:

50 50 o0 20
0.630 . (0‘4)20 . <<5o+20—10> - <50+20+10>> =0.6%0. (0.4)20 . <<30> — (40
3 2

)-on
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Last Time

Recall. Random Walk: The trajectories from (0, k) to (¢,n). This is:

t t
t+n—k | — \ t—n+k
2 2

Trajectories from (0, k) to (¢,n) that touches the z-axis

t
t+n+k
2

And so trajectories that do not touch the z-axis are:

t t
t+n—k | = \ t+nt+k
2 2

Example. Flip a fair coin 2n times. Think of n being large. Which is more
likely?
A: at the end there is exactly as many H as T. B: at any time, there are
more H than T, or at any time, there are more T than H.

We model with a symmetric random walk. For A, we are interested in

trajectories which go from (0,0) to (2n,0).

we@) ()



For B, note that the two events making it up are disjoint and symmetric:

P(B) =2- P(at any time, more H than T')

So we go (0,0) — (1,1) — (2n,2k) for 0 < k < n without touching the

r-axis, we count these:
< 2n — 1 )( 2n — 1 )_( 2n — 1 ><2n—1>
2n—142rzk—1 2n—142rzk+1 “\ntk-1 n+k
If kK = n, there’s only one way to go from (1,1) to (2n,2n).
=/ -1 o — 1
Total # of trajectories =1 + ; ((n—i— b 1> — (n—i— k>)
But wait this is a telescoping sum!

2n —1 2n —1 2n —1
Total # of these trajectories:1+<n >— < " ): < " >

n n

and so we then have:

— 272n i

And so P(A) = P(B)! Wow!

Stirling’s Formula:

-n

nl~n"-e 27N

With this formula:

o (20)PMe=2 . \/4mn 1
P(A) ~2 . -
n2n . e=2n. 21 NZEED




Absorbing Barriers

Example. We consider again a gambler. They start with $& and they play

until:
e They go broke
e They end up with $n and buy a Porsche.

Let s; be the probability of success, starting at k. Let fi be the probability
of failure. We also let p be the probability of getting $1 in each thurn
We’'ll apply the conditional probability formula:

P(A)=P(A|B)-P(B)+ P(A| B°) - P(B°)
Then we can write that:
s =p-Spy1 + (1 —p)sp—1

This is a difference equation, which is a discrete analog of a differential equa-
tion. Thus we're essentially solving a differential equation with boundary

conditions. Namely we know sy =0 and s, = 1.

Case 1: p= % Then we have:

1
sk = 5(3k+1 + Sk—1)
28, = Sp_1—s—k—1

Sk+1 — Sk = Sk — Sk—1

This means that the difference in values never changes, thus call x :=



$1 — Sg, so that:

k
Y (si—sj-)=k-a
j=1
k
Z(ijsj,l):skfsozsk
j=1

1
Sp=n-r=1— xr=—

n

Thus s = % Note that geometrically success and failure are exactly

symmetric by a reflection, and we also know p = % so this is truly

symmetric. Thus fr = s,_ = "T_k Thus:
skt fe =1

This is weird, the event of bouncing around in the middle forever is

non-empty.

Claim. In fact if n > 4, the number of trajectories that are not ab-

sorbed is uncountable.

Proof. It is enough to assume n = 4. Then we count trajectories
between 1 and 3. At every second step we know the particle on this
trajectory is at 2 and has 2 choices. Thus these trajectories are in

bijection with:

{f:2N={+1,-1}} 2 P(N) =R

¢

Thus there are uncountably many such trajectories.

Case 2: p # % Then s =p- sg+1 + (1 — p)sg—1. Then:

1-p

Sk4+1 — Sk = (Sk - Sk—l)



Where a := 1;%. Let z := s; — sg. Then:

S = (Sk — Sk,1) + (Sk,1 — Sk,Q) + -+ (81 — 80)

=z(@ 4" pa )

aF —1
- a—1
a —1 o —1
1= sn :w'a—lzx.a—l
_a—1
$_0¢"—1
_ak—l
Sk_a”—l

Now we have symmetry again, but we also have to replace p with 1—p,

therefore:
k—n
« —1
fe=—=—7
Therefore:
s+ fe=1

What happens if we let n — oo. In case 1:

k
sp=——0
n

This is called the gambler’s ruin. If you play against a bank with

unlimited money. You lose with probability 1. For case 2:

ok —1 0 ifa>1,p<
1—of ifa<lp>

NI N[

Group Work

Same game, so 0 is ruin, n is success, k is start. p is the probability of +.
Then the decision is to get $1 or $%. Which is better?




Consider that:

1
3 1
E,n = S2k.2n
So in both cases
e When p = %:
k
1
Sk,n = E
i 2k k
S = — = —
kn""on " n
e When p # %:
_ ak —1
Sk,n - an _ 1
i a?k —1
Sk,n - a2n 1
So lets divide them:
1
3;3,” _ a2k —1 ar—1
s,lm k-1 a2 —1
_ak+1_ >1 ifa<l,p>
a” +1 <1l ifa>1p<

D= D=



MATH 525 Notes

Faye Jackson

September 17, 2020

Random Variables

The definition

Definition. Let (Q, F, P) be a probability space. A random variable is a

function z : @ — R. such that for every real number y, {w € Q | z(w) < y}

is an event. As shorthand, we write this event as {x < y}

Example. We're going to toss a coin twice, counting the number of H. Then
Q={HH,TH,HT,TT}, and each point gets assigned values 2,1, 1,0.

Remark. Let’s think about how that condition works!

e If Q is finite, 7 = P(Q), then the condition that {z < y} is an event

is tautologically true. We can ignore it

e In general there is a natural o-field of subsets of R, the Borel o-field.

It is generated by any of the following collections of subsets:
— All open intervals
— All closed intervals
— (—o0,a] for alla € R
— (—o0,a) for alla € R
— (a,0) for all a € R

[a,00) for all a € R.



The condition that {z < y} for all y € R is equivalent to the condition
that: For every B C R in the Borel o-field, {w € Q | (w) € B} is an
event. We write this in shorthand as {z € B}. Such a function x is

called measurable

Definition. Suppose we have two spaces with o-fields (21, F1) and (Qa, F2).
We call a function f : Qy — Qo measurable provided that for every A € Fo
we have f~1(A) € F.

Example. For any a € R, {a} is in the Borel o-field so the event {z = a} =
{we ]| z(w)=a} eF.
For any a,b € R all of (a,b), (a,b], [a,b), [a,b] are in the Borel o-field so:

{a <z <b} {a <z <b}
{a <z < b} {a <z <b}

Remark. You can think of a random variable as a real number that depends

on a certain experiment.

Definition. If A C Q is an event. Then the characteristic function:

]lA:Q—>]R

{1 ifweA
w
0 ifwegA

1s a random variable.

Proof. Note that for any y:

Q ify>1
A ify <1

{JIASZJ}Z{

Therefore this is always an event —

Lemma. If X andY are random variables and c is a constant, then X +Y,

XY, and c are random variables



Proof. TODO <

Definition. The cumulative distribution function of a random variable X
is Fx : R —[0,1] defined as Fx(a) = P(z < a).

Example. Toss a coin twice, X = #H.

Group Work

1) We throw a dart at a circle of radius 1. We let X be the distance from
the center. Compute Fx

2) Let X be any random variable whatsoever. Prove that

i) 0<Fx <1

i) limg——oo Fix(a) =0

i) limg—oo Fix(a) = 1.

)
)
iv) limpq F'x (b) = F(a) (The notation b | a means b approaches a from

above)

v) If a < b then Fx(a) < Fx(b)

Let’s Go!

1) If a is non-negative then Fx(a) = P(X < a) = a? because the area
of the inner circle we want to hit is wa? and the area of the whole

dartboard is 7. If @ is negative then F'x(a) = 0.
2) Proof stuff

i) 0 < Fx(a) = P(X < a) <1 because P is a probability measure.




i)

iii)

iv)

Pick a monotonic sequence of real numbers (ay) converging to

—00. We want to show that limy_,o, Fix(ag) = 0. Define:
Ap ={X < ap}

We know from (v) that Ag1; C Ag. This is a descending tower

of events. Using lemma from class:

klglgo Fx(ay) = hm P(Ag) = (ﬂ Ak>

We claim that this intersection is empty. Fix some w € 2, we
can choose a; < X(w). Then w ¢ A;, and so w & (e Ak
This is the end of the proof.

Pick a monotonic sequence of real numbers (ay) converging to
0o. We want to show that limy_,o Fx(ar) = 0. We can define
A = {X < ai} as above. This is then an ascending tower of

events so:

hrn Fx(ay) = hm P(Ag) = (U Ak>

For any w € Q, let a; > X(w), sow € A; C Jp—;. Thus this

union is the whole sample space and we win.

Consider a monotonically decreasing sequence (ay) converging

to a. Then Ay is a descending tower and we have:

[ Ar=A={X<a}
k=1

We omit the two-way containment proof. Therefore:

kl;n;o Fx(ay) = hrn P(Ag) = (ﬂ Ak) =




v) Let a < b. Then note that:

{X <a} C{X <0}
P(X <a) < P(X <b)
Fx(a) < Fx(b)

Remark. It is not true that limy, Fx (b) = Fx(a).
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Recall. We have a random variable X : Q — R. We have a cumulative
distribution function Fx : R — [0, 1]:

Fx(a)=P(X <a)=PH{w e Q| X(w) <a})
We proved that:
i) 0< Fx(a) <1
i) limg 300 Fix(a) =0
i) limg— oo Fix(a) =0
iv) limgy, Fix(a) = Fx(b)
v) If a < b then Fx(a) < Fx(b).

Property (iv) says that F'x is right continuous, but it might not be left
continuous. Note that Fx is left-continuous if and only if P(X = a) = 0 for
all a € R. However, we do know that F'x has left limits.

Definition. A function F : R — [0,1] is called a distribution function
provided that it satisfies

i) 0< F(a) <1
i) limg—oo F'(a) =0

iii) limg—s oo F'(a) =0



w) limgyy, F(a) = F(b)
v) If a < b then F(a) < F(b).

Proposition. If F' is a distribution function, then there exists a probability
space (2, F, P) and a random variable X : Q@ — R so that Fx = F.

Proof of a Special Case. Suppose that F' is a continuous and strictly increas-

ing distribution function:
Q2 =(0,1) F = Borel o-field P = Lebesgue Measure

Basic knowledge from real analysis tells us that F' has an inverse function
G :(0,1) = R. Now set X = G, then:

{X <a} = G7([~00,a]) = F((~00,a]) = (0, F(a)]

Since (0, F'(a)] is an interval, it lies in the Borel o-field, so {X < a} is an

event. Thus X is a random variable. Moreover:
Fx(a) = P{X <a}) = P((0, F(a)]) = F(a)
S
Definition. A random variable X can be given two names:

1) discrete provided that X () is countable (or finite). In that case we define
its probability mass function as f,(a) = P(X = a). Then:

Fx(a)= Y fu(b)

b=—0

2) absolutely continuous provided that there exists an integrable function
fz: R —[0,00) such that:

Fx(a) = /a Fo(b) db

We call f; the probability density function




Caution: There are random variables that are neither discrete nor continu-
ous. There is also some disagreement in the literature as to the definition
of a continuous random variable (some say continuous [Tasho and book], I

choose to say absolutely continuous)
Remark. Some quick things:
o If Q is finite, we know X is discrete immediately.

e Also the indicator random variable 14 is a discrete random variable
whatever A C  is.

e The cumulative distribution function of a discrete random variable

that takes finitely many values is piecewise constant.

e The cumulative distribution function of an absolutely continuous ran-

dom variable is in fact absolutely continuous (and thus continuous).

e The probability density function of an absolutely continuous random
variable plays the same role as the probability mass function of a dis-
crete random variable. However for an absolutely continuous random
variable X we know P(X = a) =0 for all a € R. You can think of the

mass function as the density function f;(a) - da.

e The probability function of a discrete random variable X is uniquely
determined by X. However the probability density function of an
absolutely continuous random variable is not uniquely determined by
X, but if f, can be chosen to be continuous, then its continuous form

is uniquely determined by X.

Interesting stuff!

Group Work

Let:

Q=10,1] F = Borel o-field P = Lebesgue measure



Let X(w) = 4(w+ 1). Compute the cumulative distribution function and
decide if X is discrete or absolutely continuous. Compute the probability

mass function or the probability density function accordingly. Note that:

1 1 1
XD)==-Q+1)==-[1,2]=|=,1
@ =5 @+ =512 5]
Therefore X is not discrete since this interval has uncountably many ele-
ments. Then note that for w € Q:

X(w)<a %(w—i—l)ga

w+1<2a w<2a-—1
So then we have for % <a<1l:

Fx(a) = P(X <a)=P(]0,2a—1]) =2a -1

For any a < § we know Fx(a) = 0, and if a > 1 we know Fy(a) = 1.

Therefore we can see that:

0 ifa <3
Fx(a)=P(X <a)=¢ 2a—1 ifi<a<1
1 if a>1

We then compute:

QMMZ{Qiﬁgxgl

0 otherwise

Fxa) = [ " L@dt

Example. Recall the dart example, Fx(a) = a? and f,(a) = 2a.

Remark. Any non-negative integrable function f : R — [0, 00) which sat-



isfies:

/Zf(t)dt:l

Is the probability density function of some random variable. Just define:

F(a) = / " ar

and check this is a cumulative distribution function, and then use the propo-

sition from today.

Example. A very important example:

This the normal probability density function. It is clearly non-negative.

Why is its integral equal to one? This is a very beautiful computation.

e Let’s go with a trick. We will compute the square, that is if:

([ 0w~
([ ). ([0

1 22402
= — e~ 7 dx dy
27 R2

Then we are done:

([ o)

Great!

e There are two coordinate systems on the plane—cartesian and polar—

and we know:

/]1@2 f(z,y)dzdy = /O%/OOO f(rcos(¢),rsin(g)) - r - drde



Then we must have:

1 24y

e” 2 dxdy=

2T R2

Just as desired! Great!

Definition. A function f : I — R is called absolutely continuous pro-
vided that for all € > 0 there exists a § > 0 such that for all finite col-
lections of intervals {(x;,vy;)} such that > (y; — x;) < &, we have that

2of(y) — fxi)] <e.
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Review: Sets and o-fields

Definition (Cantor). A set is a collection of definite and distinct objects of

our perception or our mind
Example. {1,2,3,4}, {1,2,3,4,...} =N, {O,H,T}
If Ais a set we write x € A to say that x is an object in A.

Example. 2 € N, -3 ¢ N.

o If A B are sets. Then AC Bmeansx € A = z € B.

e If P(x) is a true/false condition for each z € A we can form the subset
B={xecA|P(x)}.

One has ANB, AUB, ...

o If Ay, Ay are subsets of B determined by the conditions P; and P
then:

A1NAy={z € B| Pi(x) and Px(z)}
AiUAy = {:L‘ €B | Pl(x) or PQ(:E)}

If Q is a set we have the powerset:

P(Q) = {B| BC



Then for @ = {H,T} has P(Q?) = {0,Q,{H},{T}}, note that we have
|P()] = 21%

Definition. Given a set 2, a o-field of subsets of Q is a subset F C P(2)
such that

e Qe F
o [f A1, Ay, ... € F then U A, € F
1€N
o IfAc F then A°=Q\ Aec F.
Example. P(Q) is always a o-field
Example. Let 2 = {0,1,2}. Then the following are o-fields:
o F=P(Q)
o F={0,0}

o F={0,0,{1},{0,2}}. (and correspondingly for the other singletons)

Axioms of set theory

Russel’s autinomy: Let A be the set {B | B ¢ B}. Question, is A € A?

Either way you get a contradiction.

There are ten axioms in total for set theory. One of the most controversial
is the axiom of choice: If {A;} is a collection of sets, then there exists a set
A which contains a unique element from each A;. This axiom leads to

paradoxes like the Banach-Tarski paradox, but no contradictions!

Back to Random Variables

If X : Q — R is arandom variable. We introduced the following shorthands:

{X<a}={weQ|X(w) <a}
{X=a}={weQ|X(w)=a}



Example. Some nice examples

e 0=10,1],and X : @ - R is X(w) = w. Then:

0 ifa<O
Fx(a)=P(X<a)=4¢ a if0<a<1
1 ifax>1
1 ifo<ax<l1
a el
fx(a) { 0 otherwise

2
o fx(t) = ﬁe_%. We can write:

Fx(a) :/a fX(t)dt

There is no closed formula for Fx in terms of elementary functions.
We use the Greek letter ® to represent this cumulative distribution
function. Now take = (0,1) and then X = ®~1.

e Bernoulli variable: Let Q = {H,T}, P(H) = p, P(T) =1 —p. And
then let X(H) =1 and X(7T') = 0. Then:

1-— ifa<l1
FX(a):{ P

1 ifa>1

Proposition 1. If f : R — R is continuous and X : R — R is a random
variable. Then f(X) = f o X is a random variable.

Proof. Since f is continuous, preimages of open sets under f are open. Since
the Bore o-field is generated by all open sets, the measurability of X implies
the measurability of f(X). =

Example. If X is a random variable, then so are X2, X3, VX, In X, e¥,

sinX, | X[, %, ...



If f:R — R is continuous, then if U C R is open, then:
fHU)={z eR| f(z) €U}

is open. This is in fact equivalent to continuity. We need f o X measur-
able, which means that some (f o X)~!(U) is an event for all U in the
Borel o-field on R. The Borel o-field is generated by open sets, so lets
just check opens U:

(foX)™HU) = X"H(f7H(U))

And since f~(U) is open, it is in the Borel o-field, and so X ~!(f~1(U))

is an event because X is a random variable.

A useful skill: Given the probability density function of X, compute the
probability density function of f(X). The general strategy for doing this is

to work through the cumulative distribution function.

Example. Say X has density \/%e_ﬁ/ 2. Compute the density of Y = X3.

fy(a) = Fy(a) = folYa) - 5o~
S |

Group Work

1) Start with Q = [0, 1], X uniform, and ¥ = X2, Compute the densities.

2) Start with Q = [—1, 1], X uniform, ¥ = | X|. Compute the densities.



0 ifa<0
Fy(a)=P(Y <a)=P(X?’<a)={ P(X< a) if0<a<l1
1 ifa>1
0 ifa<0
Fy(a)=4¢ a if0<a<1

1 ifa>1
L ifo<a<1

fy(a) = Fy(a) =4 2Ve .
0 otherwise

Now for the next one. Note first that:

L jf —1<a<1
_J 21 =az
Jx(a) { 0 otherwise

So then
0 ifa<0
Fy(a)=PY <a)=P(|X|<a)=¢ P(-a< X <a) if0<a<1
1 ifa>1

Now we compute that:

P(—a<X<a)=P(X <a)—P(X <—a)—P(X =a)

1
:%(a+1)—5(—a+1)—o
=aq




And so

0 ifa<0
Fy(a)=¢ a if0<a<1
1 ifa>1

Great!

R (a) = {

1 f0<a<1

0 otherwise
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Expectation

Example. Flip a coin 10,000 times. We expect roughly as many H as T'. If
X is a Bernoulli Random Variable with p = 3. Then we should let E[X] = §

Example. Consider the following game: Choose a number 1 < z < 6. Roll
three fair die. If z comes up three times, get $3, if twice $2, if once $1, if
none, pay $1. Should you play? There are 63 = 216 outcomes. If we play

216 times times and get each outcome then:
1-3+(5+5+5)-24+(25+25+25)-1+125(—1) = —17

We would like E[X] = % ~ —0.079

Definition. If (0, F, P) is a probability space and X : Q@ — R then we
define the expectation of X as:

B[X] = / XdP eR
Q
Example. If X = 14 for some A € F. Then E[14] = P(A).

A Special Case

Definition (Sort Of). If X is a discrete random variable then:

E[X] :Za‘P(X:a):Za‘fX(a)

a€R a€R



If X is a continuous random variable then:

E[X] = /OO a- fx(a)da

—00

Properties of Expectation:

e E[X +Y]=E[X]+E[Y]
e E[cX]|=cE[X], ceR.
e E[X]>0if X >0.
Example. If X =14 and Y = 1p then:

2 fweANB
(X+Y)(w)=<} 1 ifwe AAB

0 otherwise

So then:

E[X+Y]=2-P(ANB)+1-P(AAB)
— P(ANB) + P(AN B) + P(AN B°) + P(B N A°)
— P(A) + P(B) = E[X] + E[Y]

Great!
Warning: E[X] may not exist!!!
Example. Let Q = (0,1) and let X (w) = 1. And so:

1

E[X]:/ledx:oo

Which is not truly defined



In the General Setting

Definition. X is called simple if it takes finitely many values a1, a9, . .., ay,.
In that case we define E|X] to be:

EX] =) a-P(X = a;)
=1

Definition. X is called integrable if there exists a sequence (Xy,) of simple

random variables such that:

o (X,) is Cauchy, i.e. for any e > 0 there exists an N € N so that if
n,m > N then for all w € Q we have E[|X,, — X;n|] < €. Note that
this is defined since | X,, — Xy, | is simple.

e X, — X almost surely, that is:
P <{w €| lim Xp(w) = X(w)}) —1

o [In this situaton we define the expectation of X as:

E[X] = lim E[X,]

n—o0

Theorem. This limit always exists for such a sequence X,,, and the quantity

depends only on X, not on the sequence (X,,).
Strategy: To compute expectations. Try to write X as a sum of indicators

Example. Recall the problem of letters. We write n personalized letters
and send randomly. Let X be the number of people who got their letters.
What is E[X]. Write X = X + -+ + X, where Xj is 1 if person i got their

letter and 0 if not. We know X; is a Bernoulli variable and:

1
E(X;) = P(i-th person got letter) = —
n



By linearity we have that:

1
E[X] = ZE[XZ] =n-—=1
=1
Group Work
Let a1,...,a, be a permutation of 1,...,n. We say that aj is a record if

ar > a; for 1 <1 < k. By convention, a; is always a record. Let X be the
number of records. Compute E[X].

Tasho’s Grace: Let X; be the indicator of the event where a; is a record.

1
P(a; is a record) = P(a; is largest among aq,...,a;) = =
i
And so:
1 1 1
EX] =144t F=>1
[X] +2+3+ +n_n(n)

n
. 1
nlglgo ( g 7 ln(n)> =y~ 0.577

i=1

And so E[X] = v + In(n)
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Recall. Given (2, F, P) a probability space and a random variable X : Q —
R we defined:

E[X] = / XdP
Q
And we have two special cases:
o If X is discrete E[X] =} pa-P(X = a).
e If X is continuous E[X] = [ _a- fx(z)da

If X is a random variable and g : R — R is continuous then g(X) is a

Random variable

How do we compute E[g(X)]. In principle:

Blo(x)] = [ T4 o (a) da

Provided that g(X) is continuous.
Theorem (Law of the unconscious statistician). Two parts:

a) If X is discrete then the expectation of g(X) is:

Elg(X)] =) g(x) - fx(a)

a€R



b) If X and g(X) are continuous then:

o0

Blg(X)] = / 9(a) - fx(a) da

—00
Wow!
Proof. We’ll handle both cases:

a) Suppose X is discrete, then:

a€R

=3 a- Plg(X) =a)
a€R

=> a- Y P(X=b)
a€R beR

g(b)=a

=3 g)- P(X =)

beR

Great!

b) We’ll do a special case. Suppose X is continuous and g is strictly in-

creasing and differentiable. So then:
Fyxy(a) = P(9(X) < a) = P(X < g7'(a)) = Fx(97"(a))
So then:
Fox)(@) = fx(g7"(@) - (97") (@)

So then:

B0 = [ a- fym@da= [ a- g™ @) (67 (@) da

—0o0 —0o0



But by substitution this is just:

Bly(x)] = [ " g(a)- fx(a)da

—00

And so we’re done!

¢

This completes the proof ©

Aside for Measure Theory

Consider a measure space (21, F1, P) and (Q9, F3). Let g : Q1 — Qg be
a measurable function. Define the pushforward measure P> = g,P; by the
formula Py(B) = Pi(g~'(B)). For any integrable f : Q3 — R we have:

fy)dPa(y) = [ f(g(x))dPi(2)
Qo 971

This is called the change of variables theorem. We get from this:

1) If X : Q@ — R a discrete random variable we apply with ¢ = X and
f(x) =z and get:

/QXdP:/Ra-dX*P(a):Za-P(X:a)

a€R

2) For X :  — R a continuous random variable we get from absolute
continuity of Fx that dX,P = fx da So then:

/QXdP:/Ra‘dX*P(a):/a-fX(a)da (1)

R

3) We get unconcious by using the same formula with X = f and g = g.
Ok, end the Aside!

Example. Consider the uniform distribution on [0,1] = Q and X (w) = w.



Then:

1 fo0<a<l1
Jx(a) = { 0 otherwise
So then:
1 1\ 1
E[X] Z/a-fx(a)da:/ ada = [a2> =
R 0 2 0 2
1 1.\' 1
E[X?] :/aQ-fX(a)da:/ a?da = [a3> =
R 0 3 0 3
Great!

Conditional Expectation

Definition. Let X : @ — R be a random variable and let B € F be an
event with P(B) > 0. We define E[X | E] as follows, both definitions are

equivalent:

1) If X is simple then E[X | Bl =) ,cga- P(X =a | B). For general X,

take a limit as we did last time.

2) Consider the probability space (B, Fp, Pp) and if we consider the random
variable X}B :B—R. Then E[X | B] = E[X|B].

Theorem. If Q =[], B; a disjoint union then:
n
E[X] = ZE[X | Bi] - P(B;)
i=1

This follows directly from the usual conditioning formula

Example. Let X be the number of rolls of a fair die until the last 6.
Condition on the outcome of the first roll, let B; be the event that the



outcome is 7. Then:

Example. Let X be the expected number of tosses of a fair coin until we

get two H in a row. Condition on the first two tosses:

E[X]:%-E[X|HH]-£E[X]HT]+%~E[X!T]
- % + %(E[X} +2)+ %(E[X] +1)
E[X] = 6
Group Work

Same setup but waiting for HT', call that event X. Let Y be the number of

turns it takes to get a 1. Condition on the first tosse:

E[Y] = SB[V | H] + L E[Y | T]
:;mm+u+%

B[Y] =2

I%ﬂ:%-MX|m+é»MX|ﬂ
= 2 (BIY]+1) + 5(BIX] +1)

2E[X] = 3+ E[X] + 1

B[X] = 4

Example. Buffon’s Needle. Consider parallel lines of distance 1 apart.



Throw down a needle of length 1. What is the probability that the needle
intersects a line?

Call £ the distance from the midpoint to the closest line. Also let ¢
be the angle between the needle and the lines. We know 0 < ¢ < % and
0 < ¢ < m. The condition that they intersect is £ < 1sin(¢). Assuming

uniform distribution of (¢, ¢) in [0,1/2] x [0, 7] we have:
P <E < ;sin(gb)> =P <{€, ¢} €10,1/2] x [0,7] | £ < ;Sin(gb)})

And so we compute the probability with area like this:

1 .
9 IS 5 sin(¢) 9 ™1 1 9
/ /2 1d£d¢:/ = sin(¢) dg = —|— cos|T =
T Jo Jo 0o 2

T 7T m
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Recall. We defined conditional expectation E[X | B] for a random variable
X :Q — Rand B € Q where P(B) > 0. And we have the conditioning
formula:

E[X] = ZE[X | Bi] - P(B;)
=1

where Q =[]}, B; is a disjoint union and P(B;) > 0 for 1 <i < n.

Example. A symmetric random walk with absorbing barriers at 0 and
n. Let X be the duration of the walk starting at k. We want to know
er = E[X}].

We condition on the first step:

er = E[Xi] = L B[Xe | L]+ E[X | R

N~ N =

1
(er—1+1) + 5 (ert1 +1)
2ep, = ex—1 + ex+1 + 2

€ntl — € = € — €1 — 2
We have a difference equation with boundary conditions, namely:

eg =0 e, =0



Let x = e —ep. Then eg—e; = x—2, and in general e, —ep_1 = z—2(k—1):

er = (ep —ex_1) + (ex—1 —ex—2) + -+ (e1 —eg) + €o
—a -2k 1)tz -2k—-2) 44240

k(k — 1)
2

en=nr—nn—1)=0

=kr—2- =kx —k(k—1)

r=n-—1

ek=k-(n—1)—k-(k—1)=k(n—k)

With this we have our general formula! Great! Remove the barrier at n by
taking the limit as n — oo, then ey — oco. Recall that the probability of
being absorbed at 0 goes to 1 as n — co. Ponder this!

What does it mean to have e, = oo = E[X;] = > ;2 t- P(X; = t). This
tells us that P(X; = t) need to go to zero faster than t% in order to get

something finite, but of course this is not the case.

Independence of Random Variables

Definition. Consider random wvariables X1,...,X,, : @ — R. We call
them independent provided that for any ai,...,a, € R the events {X; <
ar}, ..., {Xn < ay} are independent.

Remark. If X; = 1,4, for some event A;, then Xj,...,X,, are independent
if and only if Ay,..., A, are independent.

Remark. A few things to get us started:

e Just as in the case of events, we can generalize this to an arbitrary
collection of random variables by requiring independence of every finite

subcollection.

e Because the sets (—oo,a] generate the Borel o-field. For any Borel
sets Ay,..., A, C R the events {X; € A1},...,{X,, € A,} are inde-
pendent.



e In particular, given aq,...,a, € R the events {X; = a1},...,{X, =
ap} are independent. In fact, if Xi,..., X, are discrete, then this is

equivalent to their independence.

Group Work

You are selling your horse. You’ll accept the first offer above $K. Assume
all offers are independent and have the same distribution. The question is
then, how long do you expect to wait? Let p be the probability that any
individual offer is above $K. Let X : Q2 — R tell you how long you wait. Let
Y; be the random variable that gives the i-th offer

E[X] =pE[X | Y1 > $K] + (1 — p) E[X | Y1 < $K]
=p+(1-p)EX]+1)=(1-pEX]+1

—

pE[X]=1 = E[X] =

SR

Note that this works because, by independence we can see that E[X | Y] < $K] =

E[X] + 1 since we can restart the game, and treat Y3 as Y7 and so on.

Making Independent Clones

Let X : Q1 — R, Y : Q5 — R be random variables. We can construct
a probability space € and random variables X', Y’ : Q@ — R which are
independent and Fx: = Fx and Fy» = Fy. Explicitly let (Q, F, P) be the
product of (1, F1, P1) and (Qg, Fa, P»). Define X'(wq,ws) = X(wq) and
Y/ (wi,w2) = Y(wa). Given a,b € R we look at:

PUX' < a} N {Y" < b)) = P({(wr,w2) | X(w1) < a} 0 {(wr,w2) | V() < b))
PH{X <a} x QN x{Y <b})

P({X <a} x{Y <b})

P (X <a)-Py(Y <b)
P
P

({X < a} x Q) - P( x {Y < b})
(X' <a) - P(Y' <)



Intuition: X and Y are independent if each acts on their own coordinate.

Theorem. If X1,..., X, : Q — R are independent Random Variables then:
E[X;- - X,] = E[Xy]---E[X,)]

Proof. There are three parts to the proof:

e Assume X; = 14,. Then:
X1 Xy =14,---14, =1an.n4,
So then:

E[Xan] :P(AlmAn>:P(A1)P(An):E[X1]E[Xn]

e Assume each X; is simple. Note that the identity that we are trying
to prove is linear in each X;. This then reduces to the case that each

X, is an indicator.

e For X; general take X; = limj_,o X; 5 for X simple and note that

the equation we’re trying to prove respects limits.

With this we’re done. 7

Joint Distribution

Definition. Consider a collection X1,..., X, : 2 — R of random variables.

Their joint distribution is:

Fle..UXn(al,...,an) :P({X1 < al}ﬂn-ﬂ{Xn < an})
:P(Xl SQ,XQ Sag,...,Xngan)

Great!

Remark. If X;,...,X,, are independent then:

Fle---aXn (a17 sty U/n) = FXI (al) U FXTL (an)



Just by chasing definitions.

Definition. X1,..., X, have joint density function if there exists a function

fxi,...x, : R" = R non-negative and integrable:

al an
FX1,...,Xn<a17-~-7an) :/ / fX17.._7Xn(t1,...,tn)dtn"-dtl
—00 —00

Great!
Remark. If X;,..., X, are idnependent and have densities fx,,..., fx,
then:
n
Fxvxa (b, tn) = T fx(t)
i=1
Great!
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Recall. Let X7,..., X, : Q@ — R be random variables:

e The Joint Distribution Fx, . x, : R™ — [0,1] is defined as:

FX17...,Xn(a17' "70/7’1) - P(Xl S 0/17' . '7X7‘L S an)

e A function fx, .. x, : R" — R is called joint density if it is non-

negative and integrable and:

al an
Fle_._VXn(al,...,an) —/ / le’._.7Xn(t1,...,tn)dtn"'dtl
—0oQ —00
And it is called a joint mass if it is non-negative, summable, and:

Fxy X (a1, an) = > > g X, (s tn)

t1ER tn€R

e X1,...,X, are independent if the following equivalent conditions hold
— For any Borel subsets A1,..., A, € Rtheevents {X; € A41},..,{X, €
Ay} are independent

— For any ay,...,a, € R the events {X; < a1},...,{X,, < ay,} are

independent

— The joint distribution function factors as:

Fx, . .x,(a1,...,an) = Fx,(a1)--- Fx, (an)



— If fx,,..., fx, are densities or masses for Xi,...,X,, then the

product is a joint density or joint mass:
Ixi o x, (s stn) = fx (t) - fx,, ()

Fact: If fx, . x, is a joint density and A C R" is a Borel set, then:

-----

P((X1,...,Xn) € A) = / fxioxa (t, s tn) dty - - diy,
A

Proof Illustration for n = 2. Consider the following cases:
e A= (—00,a] X (—00,b], then by definition we’re done.
o Let A =c,d] x [d,b] Then:

A = (—o00,a] x (—00,b] \ (=00, ] x (—00, b]
\ (=00, a] x (—o0,d] U (=00, ¢ X (—00,d]

And so this follows from the previous case since the integral will dis-

tribute as we wish
e In general, we rasterize and approximate by rectangles.
7
Remark. Even if each X; has a density, they may not have a joint density.
For example let X : Q — R be a continuous random variable with density

f. Take Y = X. Assume for contradiction that the pair (X,Y’) has a joint
density g. Let A = {(x,z) | * € R} C R? be the diagonal:

1=P(X=Y)=P((X,Y)eA) :/Ag(:v,y)d:ndy:()

Since the integral of any integrable function over the diagonal is zero (the

diagonal has measure zero). This is our contradiction!



Remark. If Fx,  x, is sufficiently differentiable, then:

an
ti,...,tp) = ————F t1,...,t
f( 1 ) n) aal,. ”’aan Xl,...,Xn( 1 ) n)

Remark. If Xi,..., X, have joint density and ¢ : R” — R is continuous
then g(Xi,...,X,) is a random variable, then:

E[g(Xl, e, Xn)] = / g(tl, .. ,tn)le,...,Xn(tly ... ,tn) dtq---dt,

Example. We have:

E[Xl o Xn] = / tl o 'tanl,...,Xn(tlv cee atn) dtl T dtn

Marginal Distribution

Consider two random variables X, Y : 0 — R with the joint distribution
Fxy(a,b) = P(X <a,Y <b). Note that:

{(X<a}=|J{X <a,Y <D}
beR

Fx(a) = P(X <a)=lim P{X <a,Y <0b})

b—o0

= lim Fxy(a,b)
b—o0

This is what people call marginal distribution. If X and Y are discrete and

we have a joint mass then:
fx(a)=>" fxy(a,b)
beR

And if X,Y have joint density then:

fX (a) = fX7y(a, b) db
beR

This is marginal mass and marginal density respectively.




Group Work

Question Given X,Y : Q — R random variables with E[XY] = E[X]E[Y]

are X,Y independent?
Consider 2 = [—1, 1] with uniform measure. Let X :  — R have X (w) = w

and let Y = Q — R be given by Y = |X|. Check
i) E[XY] £ E[X]E[Y].
ii) Are X and Y independent?

This is not too difficult

i) Consider that:

HXHZZ[fWWM:OzEWLHW

ii) Consider since X (w) <Y (w) for all w € R:

Definition. Let X,Y : QQ — R be random variables. Define:

e The covariance of X,Y , given as:

cov(X,Y) = E[(X — E[X]) - (Y — E[Y])]



o The variance of X, defined as:

var(X) = cov(X, X) = E[(X - E[X])Q]

Remark. We can unfold these using linearity as:

cov(X,Y) = E[XY] - E[X]E[Y]
var(X) = E[X?] — (E[X])?

Thus cov(X,Y) = 0 is exactly when E[XY] = E[X]E[Y], these random

variables are called uncorrelated

Remark. What happens when Z > 0 and E[Z] = 0. Then Z is itself 0

almost surely.

Definition. X =Y almost surely provided that P(X =Y) = 1.

Remark. Therefore var(X) = 0 if and only if (X —E[X])? = 0 almost surely,
nthat is X = E[X] almost surely. So var(X) measures how “dispersed X is”
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Recall. XY : Q) — R random variables. We write:

cov(X,Y) = E[(X — E[X]) - (Y — E[Y])] = E[XY] — E[X] - E[Y]
var(X) = E[(X — E[X])?] = E[X?] - E[X]?
cov(X,Y) =0 < E[XY]=E[X]|E]Y] <= X,Y independent

var(X) =0 <= X is constant almost surely

Note that there is squaring in the variable, so the units are not preserved

Definition. The standard deviation of X is o(X) = y/var(X). The corre-

lation of X and Y is cor(X,Y) = %

Definition. Covariance and variance may not exist. A necessary condition
is that E[X],E[Y] exist. But this is not enough.

Theorem (Cauchy-Schwartz Inequality). Let X,Y — R be random vari-
ables. Then B[XY]? < E[X?] - E[Y?]. Moreover, equality holds if and only

if aX = bY almost surely for some a,b € R which are not both zero.

Proof. If E[X 2] = 0, then X = 0 almost surely, so XY = 0 almost surely,
and |E[XY] = 0. Thus we're done. Of course the same works if we have
E[Y?] =0.

Assume that E[X 2] and E[Yz] are nonzero. Consider Z = aX + bY for

some real numbers a,b € R. Now:
0 <E[Z%] =E[a®X? + 2abXY + b*Y?| = ¢’ E[X?] + 2abE[XY] + 0> E[Y?]

1



Fix b # 0 and then we have a quadratic equation. We cannot have two

roots, so we either have one root or no roots, so looking at the discriminant:

AP E[XY] - 4’ E[X? E[Y?]
4P (EXY]? - E[X? E[Y?]) <
E[XY]’ - E[X?] E[Y?]

Great! This is what we want, but now we see that we get equality if and
onl if there is an a € R so that 0 = E[ZQ] = E[(aX + bY)Q]. But of course
this happens if and only if a X 4+ bY = 0 almost surely. Thus —aX = bY,

and b is nonzero. Perfect © v

Corrolary. |cor(X,Y)| < 1 and |cor(X,Y)| = 1 if and only if aX = bY

almost surely for some a,b € R not both zero.

Proof. Apply the above theorem to X — E[X] and Y — E[Y]. <

Group Work

Let X,Y : 2 — R be discrete random variables with joint mass function:
fxy(z,y)=P(X =zY =y)

The joint mass is given by:

xr
11
y
1 |1
-1 13|56
1 |1
L 15 |3

fx(=1) =
fr(=1) =

s
e
_
~—
I

=k

).<

—~

—_

S—

Il
DO = o =

N =N =



Therefore:

1 1
EX]=E[Y]=-1--4+1-==
[X] =E[Y] g t15=0
E[Xz]:E[YQ]:(—1)2-%+12é:1
1 1 1 1 1
E[XY]=-—->—= —=c
XYl 6 63 3
oY)=1

var(X) =var(Y) =o(X) =
cov(X,Y) =cor(X,Y) = %

In particular X and Y are not independent, they are correlated.

Midterm Review
(1) Probability space (2, F, P)

e () is any set, finite or infinite

e F is a o-field of subsets of 2. Generally when 2 is finite take all

subsets, and when {2 is infinite we avoid pathological subsets

P : F —[0,1] is a probability measure. That is P(2) = 1, P(A°) =
1—P(A), and P ([I;2; Ax) = 22521 P(AR)

A finite probability space can be symmetric whenever P(A) = i’i—é,

for example a fair coin. It can also be asymmetric, for example a

biased coin.

Inclusion Exclusion Formulas:

P(AUB)=P(A)+ P(B) - P(ANnB)
P(AUBUC)=P(A)+P(B)+P(C)—-P(ANDB)
—P(BNC)—P(ANC)+P(ANnBNC(C)



e Towers. An Ascending tower A1 C As C -- -, then:
oo
P (g Ak> = lim P(Ap)
And then a descending tower A7 O Ay O ---, then:

P (ﬂ Ak> = lim P(Ay)

k=1
(2) Conditioning and Independence
e Given B € F where P(B) # 0 we have:

P(ANB)

PAIB) = =55

e This gives us the conditioning formula if 2 = B; U --- U B,, where
each P(B;) > 0 then:

P(A):ZP(A’Bi)'P(Bi)

=1
e Two events A and B are independent if and only if P(A | B) equals
P(A) or in other words P(AN B) = P(A)P(B).
e Aj,..., A, isindependent if and only if for any finite subset P(4;, --- A;, )
is equal to P(4;,)--- P(A;,)

(3) Combinatorics

e Repeated experiments are given by products of probability spaces
defined by:

(Q,F,P)= (0, F1, P1) x (Q2, Fa, P»)
Q=0 xQ
F = smallest o-field containing A; x Ag for all A; € F;
P(A; x Ag) = P1(Ay) - P2(As)



e Choosing k out of n with order is (nTk). and without order is

n! n
n—k)&! — (k)
(4) Random Variables
e X : Q — R is a random variable if and only if X : & — R is

measurable, that is {X € A} € F for every Borel subset A C R.
This is true if and only if {X < a} € F for every a € R.

e Indicators, of the form:

1 if A
IlA(x):{ Ixre

0 otherwise

e Cumulative distribution functions, mass functions, and density func-

tions:

Fx(a) =P(X <a) (cdf)
fx(a) =P(X =a) (mass, X discrete)
Fx(a) = /a fx(t)dt (X continuous, fx pdf)

These have characterizing properties
- 0< Fxy <1, limgy00 Fx(a) =1, limgy oo Fx(a) =0, a < b
implies Fx(a) < Fx(b), limpq F'x (b) = Fx(a).
— fx >0, fx(a) =1 for X discrete
— fx >0, [ fx(a)da =1, X continous.

(5) Expectations

e For X : ) — R a random variable, then:

MM_AXM

This definition can be useful when 2 and P are simple and explicit



or () is finite. Well we have:

E[l4] = P(A)
E is linear

E[lim X;] = lim E[X}] when X}, is Cauchy

We have the formulas:

E[X] = Zx - fx(x) (X discrete)
Tz€R
E[X] = /Raz - fx(x)dz (X continuous)

Moreover the law of unconscious statistician says:

Elg(X)] = ZQ(JU) fx(z) (X discrete)
z€eR
E[g(X)] = /Rg(as) - fx(z)dx (X continuous)
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Sum of random variables

Consider two random variables X,Y : 2 — R we know that Z = X + Y is
a random variable

Question: If X,Y are continuous is Z also continuous? If so, what is the
density of Z

Answer: In general, no

Theorem. If X,Y : Q — R have joint density fxy, then Z = X +Y is

continuous and has density:
fr@= [ pxva-ade= [ ferte-nady
Proof. Recall if A C R? is a borel set then we know:
PXY) € A) = [ fry (o) dedy
Then if we consider the following A we know:

A= {(z,y) eR* |z +y < a}
Fy(a) = P(Z <a) = P((X,Y) € A)

There are two ways to integrate over this set, look at the picture



T+y=a

So we get with a u-substitution of u =y + «:

Fz(a) = /_Z /_:x fxy(z,y)dyde

~ [ ivleu-sya
—/ / Ixy(z,u—z)drdu

But then fz(u) = [% fx,y(z,u — z)da satisfies the conditions for a joint

density. v

Special Case
If X,Y are independent then fxy(z,y) = fx(z)- fy(y) is a joint density

and so:
f2(a) = /_OO Jx(@) - fr(a—2)de = /_Oo fxla—y) - fr(y)dy

This integral is called the convolution of fx and fy denoted as:

Ix+y = fx* fy

Discrete Version:

If X,Y are discrete random variables they automatically have joint mass



fxy(z,y) = P(X =2,Y =y). One sees as in the above proof that:

> fxylwa—w) foya—y, y)

r=—00 Yy=—00

If X,Y are independent then fxy = fx - fy and so:

fo )fy(a—=) = foa— ) fr (y)

r=—00 Yy=—00

And so of course fxiyv = fx * fy.

Group Work

a) Let X,Y be independent continuous random variables with normal dis-

tributions, i.e. density given by \/%e_ﬁ/ 2. Compute the density of

X+Y.

We compute this by the theorem as a convolution:

= /OO fx(@)- fy(a—x)dz

_/°° 1 2202 g
2m

—00
1 > 712/2 —a?/24+ax—x%/2
e dx

271'

fa2/2 0
(& 2
= / € rrraw dx

2

—o00
—a?/2

_¢ / T —(a—aj2)Pha?/a g,
27 J_

—a?/4 0
_ ¢ / @027 g
27 J_ s

2 2 2
e /4 /oo .2 e @ /4 e @ /4
= e du= T =

2 J_

b) Let Xi,..., X, be independent discrete random variables with bernoulli



distribution P(X; = 1) = p, P(X; = 0) = 1 — p. Compute the mass of
X1+ Xo+ -+ Xy,

First we’ll consider when n = 2, then:

i@ = 3 PG =a)P(Xs=a—a1)
=P(X;=1)P(Xo=a—-1)-P(X1 =0)P(Xy=n0q)
p? ifa=2

2p(1 —p) ifa=1
(1-p)? ifa=0

0 otherwise

Guess for Z, = x1 + - + Xp:

2, (k) = <Z>p’“(1 —p)" "

We can prove this by induction.

Definition. A discrete random variable is called binomial with parameters
n,p if P(X = k) = (3)p"(1 —p)"*.

Example. If a coin is tossed n times and X is the number of heads, then

X is binomial.

Example. Consider & fixed, n — oo, p — 0 so that np remains fixed. Set
A = np. Then:

(o= (¢

k! nk n
Cnn—1)--(n—k+1) N LA nk
o nk T



But then:

" 1
n n n
)\k )\k
kK
n—k
(1 - A) — e
n

And so:

o

Definition. A discrete random variable X is called Poisson for X\ > 0 if

P(X =k)= )]‘C—Te_)‘ for k>0 and zero for k < 0.

These random variables describe the number of successes in great number

of trials with very small success probability

Example. The number of fender benders on Washtenaw avenue on a given

day. A great number of cars go by, and the probability of accident for a

given car is very small. Say the expectation is two, then:

e The probability of three accidents is %63 =0.18

e Probability of at least one accident is 1 — e™? ~
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Recall. We have the following:

e For X a Bernoulli Random Variable with parameter P: P(X = 1) = p,
P(X=0)=1-p

e X a Binomial Random variable with parameters n, p:

(Mp*@=p)nF f0<k<n

0 otherwise

mxzmz{

So X = X1+ -+ X,, where X; are independent Bernoulli with pa-

rameter p

e X is a Poisson Random Variable with parameter A > 0:

e if k>0

0 otherwise

HX—@—{

Obtained by taking the limit n — oo of this binomial mass function

with parameter, (A/n,n).

Poisson Process

Consider a call center. For a given time interval [t1,t2] we have some prob-

ability of a call, or multiple calls, arriving. Set:

Xty to) := # of calls received in the time interval [t1, 2]



The key modeling assumption is that if the time interval is very small, i.e.
[t,t + At], then:

a) The probability of one call arriving is A - At
b) The probability of more than one call arriving is zero.

Reasonable: No simulataneous calls

Consequence: X[, 1,1 is the sum of N = % independent trials with success
probability A - At = p. Thus, X, 4,1 is Poisson with parameter A(t2 —t1).

Also:
° X[tl,tg] = X[tl,tz] + X[tz,ts} fort1 <ty < t3
® Xt 1, and X, 4,) are independent for t; <ty <3 < i4.

Definition. A Poisson process with intensity A is a family of Random Vari-
ables X5 : © = R indexed by s <t € R sucht hat:

a) X5y is Poisson with parameter \(t — s).
b) X[r,t] = X[r,s] + X[s,t] forr <s<t.

c) If [si, ;] are finitely many pairwise disjoint intervals then the collection

of random variables { X, 1,1} is independent.

Consider a Poisson process of intensity A and ask: How long do we have

to wait for the first arrival? Let Z be the time before first arrival:

Fy(t)=P(Z<t)=1—-P(Z > 1)

=1-P(Xjpy =0)
=1— e—)\t
Note that Fz is differentiable, so Z is a continuous Random Variable with

density:

fz(t) = Fz(t) =

Ae M if >0
0 otherwise



Definition. A continuous random variable Z is called exponential with pa-
rameter X\ > 0 if its density is:

fz(t)Z{)\e ift >0

0 otherwise

Remark. And then:

e f, is indeed a density function:

/ e Mdt = (—e*)‘tro =1
0 0

e We can calculate the expectation:

e As we have seen, exponential Random Variables model waiting time
between unpredictable events. We can tie this back to Bernoulli trials
as follows. Say we perform independent trials with success probability
p times At, 2At,3At. Let Z be the time before first success:

P(Z>k-At)=(1—-p)k

Now fix a time ¢, then in the interval of time [0,¢] there are roughly

k= ﬁ many trials. Let At — 0 and p = X\ - At. Then:

(1— AAt)ae

= lim
At—0
t

= lim <1 — )\> R
n—00 n

P(Z > t)



Group Work

We upgrade our modeling of fender benders on Washtenaw to use the Poisson

process. We expect 2 accidents per 24 hours. Two Questions:

a) What is the probability that we must wait more than 12 hours for the
first accident

We model with the Poisson process, so we have a random variable
XJ0,24) where A is the intensity and Xg 94 is Poisson with parameter
24 ). Then:

E[X[g2q] = 24X =2
1
12

1
A

Let Z be the waiting random variable then:

P(Z >12) = P(Xjg13—0) =€ " =¢!

And so we’re done with this part!

b) How long do we have to wait?

We know that the expectation of the waiting variable is % = 12 from

previous calculations.

Memoryless property

Lemma. Ley Z be an exponential random variable with parameter A. Then

for any a,b > 0:

P(Z>a+b|Z>a)=P(Z>Db)



Proof. Well we have:

P(Z b, Z P(Z b
P(Z>atb|Z>ay=E>atbZ>a) PZ>ath)

P(Z > a) P(Z > a)
ef)\(aer)
=— = e N =P(Z>0b)

The interpretation is that: How long you’ll have to wait is not dependent

on how long you have been waiting. v

Lemma. Let X,Y be independent exponential Random Variables with pa-

rameters A, pu then Z = min(X,Y) is exponential with parameter \ + p.
Proof. Well consider that:
Fz;(t)=P(Z>t)=1—P(Z > t)
=1-PX>t,Y>t)=1-P(X >t)P(Y > 1)
=1—e M Ht =1 — =M tm)t
And so we’re done! —

Example. The expected number of crashes in 24 hours is 2 on Washtenaw

and 4 on Main, and these are independent.

a) How long do we have to wait before an accident on either street?

Of course our Wasthenaw parameter is A = 1—12 and our Main param-
eter is u = %. Thus Z = min(X,Y’) is exponential with parameter
A+ p= 1. Thus E[Z] = 4.

b) What is the probability that the first accident occurs on main

Well we wish to find:

P(X >Y)=P((X,Y) € A)




where A is the graph below y = x. So then:
POY>Y) = [ fxla) i) dedy
— [ 5 [ () deay
0 y
1 _1 o0 1
— e_Gy/ 7€_ﬁm d:L‘ dy
/0 6 y 12
_ /OO leféyefl%y d

1 [ 2
_ = — Wy = 2
6/0 ¢ W3
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Conditioning on Random Variable

Recall. Given an event B with P(B) > 0 we have:

P(A| B) = P(ﬁ(;)B)

And likewise E[X | B]. Now also if Q is the disjoint of By,..., B, with
P(B;) > 0 we have:

P(A) = ZP(A | Bi)P(Bi) E[X] = ZE[X | Bi]P(B;)

Special Case: Discrete Y

Definition. Consider two random variables X,Y : Q@ — R. First assume

that Y 1is discrete

o Then define the conditional distribution Fxy(z |y) = P(X <z |Y =y)
defined for all y € R such that P(Y =1y) > 0.

o If X is also discrete we define the conditional mass function fxy(z |
y)=P(X =2x|Y =y) when P(Y =y) > 0.

e The conditional expectation E[X | Y] is the function:

EEWYL Bix |y =y



This function is defined for y € R where P(Y = y) > 0. FEztend this
to a function on all of R by zero. Thus E[X |Y]: R — R.

Remark. If X is discrete, then:

EX Y =y]= Zx‘fxnf(x |y)
z€R

Which is nice

Remark E[X | Y]is arandom variable on the probability space (y, Fy, Py).
We take 0y = R, F as the Borel o-field, and Py = Y, P. Since Y is discrete:

Py(A)=> P =a)
acA
Proposition 1. E[E[X | Y]] = E[X].
Recall. We can calculate expectation in two ways:

Blz)= [ zaP— Ji =+ f7(2)dzif Z is continnons
Q Yower fz(2)  if Z is discrete

Proof. We calculate using the first method:

E[E[X | Y]] = /QE[X | Y]dP =) E[X |Y =y]dP(y)
yeR
=Y EIX|Y =yP(Y =y) = E[X]
yeR

¢

Because 2 is the disjoint union of the events Y = y for y € R.

Group Work

A hen lays N eggs, where N is Poisson with parameter A. Each egg hatches
with probability p independently of the other eggs. Let K be the number of
chicks. Find E[K].



Consider for any n € N the random variables K1, ..., K,, where K; tells
us that the i-th chick hatched:

frin(k [ n) = P(K =k | N =n) = @pk(l —p
BIE | N=n]=3 k- fu(k|n)=np
k=0

But then:

E[K] =E[E[K | N]] =) E[K | N =n]-P(N =n)
n=0

n=0 n=0

Special Case: Continuous Random Variables

Definition. Suppose that X and Y are continuous with joint density. Then
define:

e The conditional desnity:

_ fxy(z,y)
fX|Y(=T ly) = 7fy(y)

This is of course defined for all y € R for which fy(y) > 0.

o The conditional distribution:

Fxy(z|y) :/_ fxy(z,y)dz

We want to have Fxy = “P(X <z |Y = y)", but this is nonsense

since P(Y =y) = 0 given that Y is continuous. So consider for very



small Ay:
PX <z,y<Y <y+Ay)
Py <Y <y+ Ay)

Jo ST fxy (s, 1) dt ds
SR fy () at

f—xoo Aiy fyy+Ay fxy (s, t)dtds

A

25 [V fy (b dt

P(X <al|y<Y <y+Ay)=

Now as Ay — 0 we have:

1 y+Ay
Ay/ fxy(s,t)dt = fxy(s,y)
Yy

y+Ay
Aly/ fy(t)dt — fy(y)
y

And so we have that:

[F . fxy(s,y)ds
Y)

Ty (
- / Fx (s | ) ds

e Now to define the conditional expectation we take E[X |Y]: R — R
that is defined as 0 when fy(y) = 0 and otherwise is defined as:

PX<z|y<Y <y+Ay) —

[e.9]

EX|Y =y = / zfxy (@ | y) de

—00

E[X|Y]
—_

This is a random wvariable on (Qy,Fy,Py). And we also get that
dPy(y) = fr(y)dy

Proposition 2. E[E[X | Y]] = E[X]



Proof. We have that:

EX Y]] = [ EIX|Y =y]dPy(y)

S~

Qy

- ([ o vl ) am)

//wfxymly)fy()dydcr

=/ / fxy (e y) dydz

—/_oowfx( )do = B[X]

¢

Just as desired

Group Work 2: Electric Boogaloo

Choose a point Y uniformly at random from [0, 1]. Choose a point X uni-

formly at random from [0, Y]. Compute E[X], fx.

Note that:

Looking for the density fx we first see:

1 ifo<y<l1 Lojfo<z<y
= - - €T = Y
Fry) { 0 otherwise fX|Y( y) { 0 otherwise




Then for 0 < 2 <1

e = [ " fxy(@y)dy

- / T (e w) - frw)

-

1 B dy = In(1) — In(x)

And otherwise, fx(z) = 0.

—In(z)
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Generating Functions

Definition. Let X be a discrete Random Variable taking values in Z>.

Define the probability generating function as the formal sum:

Gx(s)=Y P(X=n)-s"
n=0

Great! We can now do analysis to this!
Remark. Let’s do some analysis!

e This power series converges for |s| < 1, and gives an analytic function.
Clearly if s = 1 then the sum of P(X = n) over all n must be 1 since
X takes values in Z>g. This gives convergence at s = —1 also. Then
for 0 < s <1 we know P(X =n)-s" < s", and so we get convergence

by the geometric series test. Great!!!

e We have an alternative expression:
oo
Gx(s) =) fx(n)s" = E[s"]
n=0

By applying the law of the unconscious statistician.
e We know that Gx encodes a lot of information about X:

— Gx(0) = P(X =0).



- Gx(1)=1.
- Gx(1) = nP(X =n)- 1" =377 n-P(X =n) = E[X].

Example. If X is Poisson with parameter A, then:

a _%&—A_ - A" A A—s _ _A(s—1)
X(s)—zn'e =e Z o =e e =e
n=0 n=0 ’

Proposition 1. If Xi,..., X, are independent and X = X;---X,, then
Gx(s) = Gx,(s) - Gx,(s)-

Proof. We use induction! For n =1 it is trivial. So assume the result holds
for n and fix n+1 independent variables X1,..., X,11.. Let Y =29+ X 141.
Then cosnider that:

n=0
o [e.9]
= Z Z P(X; =0Y =m)s™
=0 m=0
o0 oo
=> > P(X;=0)P(Y =m)s's"
£=0 m=0
o o0
=Y P(Xy=0)s"-) P =m)s"
=0 m=0
=Gx,(s) - Gy (s) = Gx,(s) - Gx,(8) -+ Gx,pr (8)
Where we use the inductive hypothesis in the last line! —
Example. Say that Xy, ..., X,, are independent Bernoulli random variables

with X = X1 +---+ X,,. Then:

Gx,(s)=(1—-p)+p-s=1+p(s—1)

n

k=0

P(X=k)



This is yet another method to prove the formula for a binomial random
variable’s density.
Let Y be the waiting time until the first success and condition on the

first trial. We write S for success and F' for failure:

Gy (s) :E[SY] = E[SY ‘ S}p+E[5Y ’ F](1-p)
=p-s+(1 —p)E[5Y+1]
:p-s—l—s(l—p)E[sY}
=p-s+s(1l—p)Gy(s)

We can solve for Gy (s) to get:

ps
Gy(s) = T=s(—p)

To turn this into a power series we use that:

k=0
1
A
= ps Y (61— p)*
k=0
— S pa g
k=0

Note that P(Y = k) is the coefficient of s* in Gy (s) and so P(Y = k) =
p(1 — p)F~1 as expected

0.1 Back to the Random Walk

Consider a symmetric random walk with absorbing barries at * = 0 and
x = 5. Let Xj be the duration of the walk starting at k, where k can
be one of 0,1,2,3,4,5. We want to compute P(Xs2) = n for any n. We
will compute Gx, (s) = Gi(s). Observe that Go(s) = Gs(s) = 1; and by



symmetry Gi(s) = G4(s) and Ga(s) = G3(s). To compute G for 0 < k < 5
and n > 0, we condition on the first step:

1 1
P(Xk:n):iP(Xk:n]L)—i—iP(Xk:n]R)
1 1

Then since P(X; =0) =0 when 0 < k& < 5 we know:

Gr(s) =Y P(Xg=mn)-s"
=1

==Y (P(Xp—1=n—1+P(Xpp1=n—1))s"

n=1

(ZPXk | =n—1)s"" 1+ZPXk+1_n—1) >

n=0

| = S

l\D\CIb l\?\Cn

(Gr-1(8) + Gry1(s))

We know that:

G1(s) = 5(Gols) + Gals) = 5 + 5Ga(s)

Ga(s) = 5(G1(s) + Gs(s)) = 5(Gu(s) + Gals))
=f+fe(s)+;c¢2()

6o = T

We want to expand this into a power series. We use partial fractions and

geometric series:

52 2s — 4
- - = 1=
4—2s5— g2 s24+2s—4

We factorize s? 4+ 2s — 4 as (s — a)(s — ) where:

=1+ Vs B=—1-Vs



We now set up partial fractions as:

22-4 _ A B
$242s5—4 s—a s—f

We get the equations A+ B = 2 and and A + Ba = 4. From which we get
that:

3 3
a=1-— B=1+—
V5 V5
We then apply the geometric series:
A A 1 A&
s—a o« 1—5_ a fan
s—B B 1-5 B &pn

o 1- 3 1 1+i .
- 2. V5 . s"
- nZ:o<\/S_1 (—1+\/5)”+—1—\/5 (_1_\/g)n>
oo 3—\/5' 1 _'_(_1)713""\/5‘ 1 o
5_\/5 (\/5_1)71 5—}—\/5 (\/5+1)n §

n=0

And therefore for n > 0 we have:

Py =m =2V LR

71—5_\/5 (\/5_1)”+ 5+\/5-(\/5+1)n (n>0)



A good sanity check is P(X9 = 0) = 0, which must be given by:

. .3=V6 34V5
P=0 =14 e 5 s

(3—V5(5+V5) + (3+1/5)(5—V5)

=-1
+ 25—-5
15—-5+3V5+15-5-3V5+5V5
=1+
20
10+ 10
=1 =0 v
+t 5 (v)
Group Work
Develop the rational function ﬁ in a power series. To do this we can
. 1 . .
break it up as Vi ors) Then we write:
1 A B

= +
2—s2 V2-5 V2+s
This gives us a system of equations:
AWV2+4s)+B(V2-5) =1

AV2+BV2=1
As—Bs=(A—-B)s=0

This implies that A = B and 24v/2=1and A = B = ﬁ Then we may

write:

1 1 1
= +
2-52 22(V2—s)  2V2(V2+s)
1 1 1 1
4 1-55 4 1+5%



We may then write the generating function for each of these:

0 g™ > (—1)”8”
(Z Var 2 (Vo )

n=0

1 —
2 —s2

=

> 1

'Z(1+(—1)n)'(\/§)n-sn

n=0

=

And therefore the coefficients are:

1 1
ap=—--(1+(=D")-
n= g )
1
GQnZﬁ
azn+1 =10
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Stochastic Processes

Recall. Remember that we defined a generating function for a discrete

random variable X taking values in the non-negative integers:
[e.e]
Gx(s) = E[SX] = st -P(X =x)
=0

This function has very nice properties such as:

If Xq,...,X, are independent and X = X; + .-+ X,,, then:
Gx(s) = Gx,(s) - Gx,(s)

Galton-Watson Process

Definition. Let p : Z>o — Z>o be a mass function, so Y ;- p(k) =1. We
consider a tree growing from a single root. At time zero there is only the
root. At time n, each leaf at depth n grows k descendents with probability
p(k) independently of any other leaf. Let X,, be the total number of leaves
at depth n. This is the Galton Watson Process




Analytically, Xo = 1 and:

anl
Xn = E }/i,nfl
=1

where Y1 n—1,...,Yn_1n-1 are independent discrete random variables with
mass function p. Note! X1 has mass function p, i.e. Y; ,_1 are independent

copies of X1

Picture:

Then we have the following table of values:

Models: Extinction of family names and survival of genes in a gene pool
Question: The extinction probability at a particular time n, that is
P(X,, = 0), and eventually lim,,_,, P(X,, = 0). We also want to look at
the expectation E[X,]
We will study this using generating functions, which we compute recur-

sively:
Gn(s) = Gx, (s) = E[s*"]

g(s) = Gi(s) =Y _s"- P(X1 =k) =Y _ p(k)|cdots®
k=0 k=0



We’re going to condition on the value of X7:

Ga(s) = E[s™]
E[s* | X1 =0] =1
E[s¥ | X1 = 1] = E[s"11] = g(s)
E[s™ | X1 = k] = BE[s"117 4] = (g(s))"

By conditioning, we then have that:

Iterating, we get that:

Gn(s) = g(g(g(---g(s)---)

n times

Gn:go-..og
[ —

n times

Consider now the question about eventual extinction:

lim P(X, =0)= lim G,(0)

n—oo n—o0

This is the sequence G,,(0) defined recursively as follows:

di = g(0) = p(0)
dy = G2(0) = g(g(0)) = g(d1)
dnt1 = g(dn)

Such a thing is called a dynamical system.

We have a simple special case where if p(0) = 0 then d,, = 0 for all n, so



limy, 00 d, = 0. This would tell you that the process never dies, we could
have anticipated this answer. This is intuitive since p(0) is the probability
that any given leaf has no descendents, thus saying p(0) = 0 means that
every leaf must have at least one descendent

Now let’s deal with the general case where p(0) > 0. We need to examine
the properties that g has. Namely g(0) = p(0) > 0, g(1) = 1, g is non-
decreasing between 0 and 1, and g is continuous.

Therefore we may consider g : [0,1] — [0,1] as a continuous and non-
decreasing function. Remember that a non-decreasing bounded sequence
has a limit, and note that d,, is a non-decreasing and bounded sequence, so
we must have a limit called d. Now consider that:

9(d) = g(lim dy) = lim g(d,) = lim dpy1 =d

n—o0 n—o0

Therefore d is some fixed point of g. Moreover, if d’ is any fixed point of g

between 0 and 1 then, noting that:
e d' > 0 because ¢g(0) = p(0) > 0.
e g(0) < g(d') since 0 < d’, but then d; = ¢g(0) < g(d') =d'.
e But then dy = g(dy) < g(d') =d'.
e Therefore d,, < d’ for all n, and so

d = limy 00 dy, < d.
Conclusion: The eventual death probability d is the smallest fixed point

of g between zero and one. Note that 1 is always a fixed point.

Example. Suppose that p(0) = p(1) = p(2) = p(3) = 1. We are looking for
fixed points:
IR SR T B
s—g(s)—4—i—4s+4s +45
4s=1+s+s*+s

P3+s2-35+1=0



We’ll do long division of this polynomial by s — 1, do this in the secrecy of

your own homes.

P+t —3s+1
§°+s 13+ 21951
8_

And so we end up with three fixed points:

s=1

s=—-1+2

We need to look only between [0, 1], and so the death probabity is d =
—1+v2~04.

Group Work

Same question, but p(0) = %, p(1) =p(2) =p(3) = %.

So we want to solve the equation:

R R S S
s_g(s)—2+63+6s —I—6s

6s=3+s+s>+°
3452 —5s+3=0
We know 1 is a root of this equation, so we divide by s — 1:

45?2 —5s+3
s°+s 1s+ — 21953
8_

So then solving this equation we get three roots:

s=1

—24 A+ 12
s:%:—li2

And so s = 1,-3,1. Since s = —3 is outside of [0, 1] and thus d = 1.

Question: When is the survival probability positive? Equivalently, d < 1,



that is g has a positive fixed point less than one. Note that g is convex (not

strictly) so its graph can have one of the following forms:

o o)) b
oo jr([} /_‘f CoH S{([\ = jrcf-)bf

Then d < 1 holds if and only if E[X;] = ¢/(1) > 1 which says exactly that
the expected number of descendents of a given node is greater than one
What about extinction at time n : P(X,, = 0). This is much harder, we

must compute G,. Sometimes possible.

Example. Start with p(k) = 2=*+D for k =0,1,2,.. ..

o) = Y pst = 230 (2)

0 k=0

k=
I
T2 1-5 2-s
1 2-s
Ga(s) = g(g(s)) = 9 _ ﬁ ~ 325
1 3—2s
Gs(s) = g(Ga(s)) = Er
2-F5 4-3s
_n-(n-1s
Gn(s) = (n+1) —ns

Recall the procedure to convert this into a power series:

n—(n-—1s n-—1 1 1
= +

(n+1)—ns 2 nn+1) 1-9s

= S
2 n(n+1) n+1




And so:

k
P(Xn=k) = n(nl—l— 1) <nj— 1) (k>0)
P(Xn=0) = nj— 1

Great!

We now look at the expectations:

E[X,] = G,(1) = ¢(Ga-1(1))-
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Recall. X,Y independent = E[XY] = E[X]|E[Y].
This motivated the definition of:

cov(X,Y) = E[XY] - E[X]E[Y] = E[(X - E[X])(Y - E[Y]]
var(X) = cov(X, X) = E[X?] - E[X]?

We introduced correlation and standard deviation as normalized versions of
these concepts
We also talked about computation using density / mass functions using

unconscious statistician:

2
var(X) = k- fx(k) - (Z k- fx(kr)>

keR keR

var(X) :/RthX(t)dt— </Rt-fx(t)dt>2

Let’s do some examples using random variables we’ve seen before



Example. Let X be Poisson with parameter A, then:

N
fX(k:)—ﬁeA
E[X] = N k A s
[ ]—Z ‘ge
k=0
o )\kfl
_ -\
=X-e Z(k—l)'
k=1
_ -
=\-e Zﬁ
k=0

So then:

var(X) = —\? + Z k2ge_)‘

We compute the sum:

k27 7)\: k- -
kzo ol © kzl k—1)°

e AP
= e Z(k:ﬂ)E
k=0

And so:

Great!



Example. Let X be exponential with parameter A. Then:

fx(t) = e ™ (t >0)
E[X] = / T et
0

00 o0
= [—te*”) + / e dt
0 0
1 <1
=0+ [—e_t)‘) =—
A 0 A
Now to compute the variance we consider that:
0 0o 0
/ 2 he P dt = [—t%‘“)o + / ote N dt
0 0

2 o0

. the A dt
+ \ /0 e

1

A

And therefore:

Great!

We now introduce a technique using variance and generating functions:

Lemma. Let X be a discrete random variable taking values in Z>o. Then:

var(X) = G% (1) + Gy (1) — (G (1)*



Proof. Recall that:
Gx(t) =Y fx(t)s"
k=0

G(t) = kfx(t)s"!
k=1

G (t) = 3 k(k — 1) fx (D)t

k=2

Just from this we see that E[X] = G’ (1) as we did last time. Now consider:
Z k(k—1)fx(k) = k(k—1)fx(k
k=1
= Z K fx (k) Z kfx (k

B[] - pix
But wait! This means that E[X?] = G% (1) + G’y (1). Therefore:
var(X) = E[X?] — E[X]? = G% (1) + G'x (1) — (G'x (1))’
=
Example. We will think about the branching processs that we considered
in the last two lectures. Let p : Z>g — [0, 1] be a mass functon. We interpret

p(k) as the probability of a given leaf having k descendents. We have the

generating function:
= p(k)s"
Letting X,, be the total number of leaves at depth n. We argued that:

Gn(s) = Gx,(s) =go---0og=goGn
—

n times



Then to compute var(X,,) we compute:

Gr(s) = g'(Gn-1(5)) - G (s)
= g/

G(s) = 9"(Gn-1(5)) - (G}, _1(5))* + g (Gu-1(5)) - G711 ()

Then:

Gr(1) = g"(1) - (¢'(1)*" Y+ g'(1) - G4 (1)

For simplicity, assume ¢'(1) = 1, then:

G,(1)=1
Gp(1) =g¢"(1) + G4 (1)
=ng"(1)

And therefore:

var(X1) = ¢"(1) +1 - (1)* = ¢"(1)

var(X,) = ng”(1) + 1 — (1)? = ng” (1) = nvar(X;)
Great!

Proposition. Let Xi,...,X,, be random variables. We are not assuming
X1,...,X,, are independent. Let X = X1+ ---+ X,,. Then:

var(X) = Zvar(Xi) + Z cov(X;, X;)
i=1 1<i#j<n

= Zn:var(Xi) +2- Z cov(X;, Xj)
i=1

1<i<j<n



In particular, if X1,...,X, are independent, then:
n
var(X) = Z var(X;)
i=1

Proof. We just compute!

n 2
=E (Z X; — E[Xi]>
i=1

- E ZXi —EX]+ ) (Xi—EX)(X; - EIX)))

1<i#j<n

And then we know by linearity:

n
var(X) = Zvar(Xi) + Z cov(Xi, X;)
i_1 1<i£j<n

v

Example. Let X be Bernoulli with parameter p and g := (1 — p). Then:

E[X]
E[X?]
var(X)

(1-p)=nq

p
p
p
p

Example. X is binomial wit parameter n,p. Then X = X; + ...+ X,
for X; Bernoulli with parameter p and independent. Then E[X] = np and
var(X) = np(1 — p)



Group Work

Recall the problem of letters. n personalized letters sent out randomly. Let
X be the numbe of letters that reach their intended recipient. Compute
var(X).

Let X; be the Bernoulli random variable that tells us if person ¢ receives
their letter and note that X; has parameter % since there is one letter
for person 7 out of n letters. In a nice turn of events, X = X7+---+X,,.

Now let 1 < i # j < n. We compute cov(X;, X;), to do this it’s

convenient to compute that:
E[X;X;] = P(X; =1,X; = 1)

Since X; X is either 0 or 1. The 0 does not contribute anything to the
probability and X;X; = 1 only when both X; and X, are equal to 1.
To compute this probability note that we must first send the correct
letter to i, with probability %, and then send the correct letter to j
with probability ﬁ:

Therefore:

1 1 1 1
X X:) — - .= -
cov(Xi, X;) nn—1) n n n?(n-1)

This allows us to write by the above that:

var(X) = ZV&I‘(Xi) + Z cov(Xi, Xj)
=1

1<i#j<n
n
n—1 1
B Z w2t Z n?(n —1)
i=1 1<i#j<n
~n—=1_ mn(n-1)
B n? n?(n —1)




This is simple to compute:

-1 1
n L
n n

var(X) =

Note that this only works when n > 1, when n = 1 we have var(X) = 0.

Example. We toss a coin n > 5 times and let X be the number of switches
from H to T. We want to compute the variance of X. Write X = X; +
---+ X, _1 where X is the indicator that the i-th toss is H and ¢+ 1-th toss
is T

Each indicator is Bernoulli with parameter ; so E[X;] = 1 and var(X;) =

1%. Note that if ¢ # j then X; and X; are independent unless 7,j are
consecutive.

If j =i+ 1 then:

cov(Xi, X;) = B[X; X;] — E[X;] E[X]
_0 1
16 16
This occurs since X; and X; are Bernoulli for disjoint events, the ¢ + 1-th
toss cannot be both heads and tails. Then:

n—1

var(X) = Zvar(Xi) +2 Z cov(X;, X;)
i=1 1<i<j<n
3(n—1) 1 n+1

6 T2 =6
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Concentration Inequalities

Recall. If X : Q@ — R is a Random Variable such that E[X] and var(X)
both exist and var(X) = 0. Then X = E[X] almost surely

Proposition (Markov). Let X : @ — R be a Random Variable with non-
negative values and assume E[X] exists. Then for any a > 0 we can esti-

mate:
P(X >a) <a 'E[X]

Proof. Let Y : 2 — R be defined as:

Y (w) = a if X(w)>a
“7 0 if X(w) <a

Then Y is a Random Variable because Y = a-1x>,. Then note that X > Y
and so E[X] > E[Y]. But wait:

E[X]>E[Y]=a-P(X >a)

And so we'’re done! v

Corrolary (Chebyshev’s Inequality). Let X : Q — R be a Random Variable.



Assume that E[X]| and var(X) both exist. Then for a > 0:

P(X ~ B[] > 0) < 00

Proof. Let Y = (X — E[X])®2. Then Y is a Random Variable, moreover
Y > 0 and E[Y] = var(X) by definition. We apply Markov’s Inequality to
Y:
X
P(X — E[X]| > a) = P(Y > a?) < “2X)

And so we win! v

Example. We roll a fair die 10,000 times. Let X be the total score, i.e.
X = X1+ --+X10,000 where Xj is the score at the i-th roll. Then E[X;] = %,
so E[X] = 35,000. Then consider that:

S 1P4224+...46° 49 35

var(X;) = B[X?] — B[X)?

6 4 12
And since each X; is independent:
350,000
var(X) = var(Xy) + - - 4 var(Xi9,000) = 19
Applying Chebyshev’s inequality we see that:
350,000 35
P(|X - >1 < 12— " ~0.02
(| 35,000] > 1000) < 106 1200 0.029

Cool! But we can get a much better bound

Proposition (Bernstein Inequality). Let Xi,...,X, be independent Ran-
dom Variables such that E[X;] =0 and | X;| < 1. Let X = X5 + -+ X,,.

For any a > 0 we have:
P(X >a) < e @*/2n P(X <—-a)< e/

Proof. The collection — X7, —Xo, ..., — X, satsifies the assumption so P(X <



—a) < e®/2" follows from P(X > a) < e=%°/2" applied to — X1, ..., —X,.
>

Thus it is enough to prove P(X > a) < e=@/2n and it is enough to

assume that a > 0, because for a = 0 we get:
P(X>0)<e=1

But the probability of any event is less than or equal to one!
Now let a > 0 and let t > 0 be a variable, to be fixed later. Then by

independence and Markov’s Inequality:

P(X > a) = P(e"t > €'?)
< e 't B[]

— o ta, E[etXl o etXn]

n
— e—ta . H E[etXi]
i=1

Note that E[etxi] exists because X; is bounded. Now note that z — e'® is

bounded:

X

Then the exponential is convex. What does this mean? well f is convex if

and only if for every z < x < w. we have:

M.M_M-erf(z)

f(l‘) S w—z w—z
Fw) — ) J(w)z — fw



Thus for f(z) =%, w=1, z = —1 we get:

So then:

Now consider that:

th 4+ >
9 Z Z;) 2k)!
0 t2k

t2/2
¢ _ng.k[

And since 2F - k! < (2k)! we have:
B[] < e o
< 5 <
Putting this together we have:
P(X >a) HE [et%]
< e ta. ent2/2
Then if we set t = a/n we get:
P(X > CL) < e—2a2/2n . ea2/2n _ e—a2/2n

Great! This is exactly what we want ©

Example. We can renormalize each X; in our previous example as:

Y, =

OT\N)

(x-}

¢



to achieve that E[X] = 0 and [Y;| < 1. Then set Y = Y; + - + Yi0,000-
Then:

| X — 35,000 > 1000 < |Y| > 400
Therefore:

P(|X — 35,000] > 1000) = P(Y" < —400) + P(Y > 400)
< 2. T H00%/20.0000 — 9. =8 ~ 0.00067

Group Work

Consider a symmetric Random Walk with no barriers starting at 0. The
Question is how far do you get in n steps. There exists the trajectory that
goes to position n and the trajectory that goes to n. More precisely, compute
P(|X| > k) and deduce from that how far you are likely to go.

Let X = X;+---+X,, and each X; is “Bernoulli” with values in {£1}.

These are independent and so:
P(|X| > k) < 2 /2
Then write & = a - /n. Then:

P(|X| > ayn) < e/

Then:
a | P(X| > aym)
1 1
2 0.27
3 0.022
4 0.00007

Thus, we will likely get as far as about \/n.

Example. Lets go for the St. Petersburg paradox. We play the following



game (one round). You flip a fair coin until you get tails. If you had to flip
m times to get tails, I will pay you $2™ dollars
Question: What is the fair entrance fee?

Let X be the winning amount. We compute:

1 1 1
ElX|==.24Z .4+ =. R
[X] 5 +4 +8 8+ 00

Let’s play n rounds and a,, is the fair entrance fee for one round given the
information that the game will be played n rounds. Let X; be the win
amount in round ¢. The let Y,, = X7 + --- + X,,. Then:

(

We have P(X; =2™) = 2% Let m,, be an integer. Let X; give X; provided
that we flip at most 2™ times and 0 otherwise. Then Y,, = X1 +--- + X,,.
Let a,, = EWJ = m,,. Then EWn] =n-m,. Then:

4

Now var(X;) < E [Yﬂ < 2mntl Now Chebyshev implies that:

A mn+1
p<Yn_1D<2

na, ~ e2nm,

Yy
——1l>e) —>0asn— o0 (e >0)
nay,

T B i (o S

nan,

So then:

n

P(Yn#Yn) <) P(Xi#X)=n-2™
=1

We see that m,, = a,, = logy n + log, log, n makes both probabilities go to

Z€ero.
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Recall. Chebyshev said that:

var(X)

P(X -E[X][ > a) < —3

a

Lets rescale a by o(X) = /var(X). Then we get that:

P(X ~B[X]| > 0 0(X)) < -

For 0 < a < 1 we get no information. But for a > 1 we do get information:
P(|X —EX]|<2-0(X))>1-
P(X -EX]| <3-0(X)) = 1-
Of course Chebyshev doesn’t always give the best estimate.

Example. If X is normally distributed, i.e. X is continuous and its density
is fx(t) = \/%6_9/2, then E[X] =0 and ¢(X) = 1. Then if we compute:

P(|X - E[X]| < ko (X)) = P(IX]| <)

k 95% ifk=2
— ) dt =
/—kfX() {99% if k=3

Wow!

Example. But, the point is that Chebyshev cannot be improved for general



X. Consider a X : Q — {—1,0, 1} such that:

Then we immediately see that E[X] = 0, var(X) = k%, and o(X) = 1. So
then:

P(X| > ho(X) = P(X| 2 1) = g

The Law of Large Numbers

We expect that the theory of probability that we’ve developed conforms to
our intuition. That is the probability of an event, or the expected value of
a Random Variable, is reflected in the statistical outcomes. For example,
E[X] should equal the average of all outcomesof “measuring X” many times
independently.

In our framework, we take Random Variables X1, Xo,...,X,, that are
independent and have the same distribution as X (clones!). Define S,, =
L(X1+ -+ X,), the average. We expect:

Sn — E[X] as n — oo

We just need to formalize this convergencel!

Definition. Let Y7,Ys,... be a sequence of Random Variables and let Y be

a random variable. We say Y, — Y :
o almost surely provided that:
Plwe|Y,(w) > Y(w)}) =1
In this case we write Y,, ==Y

e in probability provided that for every e > 0 we have that:

P(lY,-Y|>¢) =0 asn— o0



In this case we write Yy, Ly
Proposition 1. Y, =% Y implies that Y, Ly.
Proof. Let € > 0. Consider the event:

An(e) ={w e @ [Yp(w) =Y (w)| > ¢}
Ae) = {w € Q | w € A,(¢e) for infinitely many n}

First note that if e; < e then A,(¢1) D A,(e) and A(e1) D A(e). Note that:
Ale) =1 U Aule)
m=1n>m
Now we can consider that:
{we Q| Va(w) = Y(w)}=[)AE) = (U A@))
e>0 e>0

Buw wait! We know that the probability of the left hand side is 1 by almost

sure convergence, and so since this is an ascending tower:

P (U A(@) =0 = P(A(e)) =0 (Ve > 0)

e>0

And then we get a descending tower:

m—o0

> lim P(Ap())

But wait! This exactly means that Y,, converges to Y in probability!!! <

Remark. The converse is not true, i.e. convergence in probability is strictly



weaker than almost sure convergence.

Consider the sequence of events in 2 = [0, 1]. First let:

Ay =1[0,1/2], Ay = [1/2, 1]
A =1[0,1/3], Ag = [1/3,2/3], A5 = [2/3,1], ...

Define Y,, = 14,. Then we want Y,, to converge probabilistically to 0. Well:
P(|Y,| >¢)=P(A,) > 0asn— o0

But! Y,, does not converge to 0 almost surely. For any w € Q we can find
sequences in, jn such that w € A;, and w ¢ A;, . But then ¥, (w) =1 and

Yj,(w) =0, and so the limit of Y,,(w) as n — oo cannot exist. Therefore:
{we Y, (w)—0}=0

And so of course we cannot have Y,, converges to 0 almost surely.

Definition. Let X1, Xo,... be a sequence of independent identically dis-
tributed random variables (iid). We then define:

1

This sequence satisfies:

e the strong law of large numbers provided that S, converges to E[X1]

almost surely

o the weak law of large numbers provided that S, converges to E[X1]

probabilistically.

Theorem. IfE[|X|] < +oo, then the strong law holds. The proof is difficult

and complicated.

Proposition. If var(X;) < oo then the weak law holds.



Proof. Consider S, = 1 (Xy +---+ X,,). Then consider that:

n

var(X7)

1 1
var(Sy,) = Evar(Xl + 4+ X)) = 3 nvar(Xi) =

And then we have by Chebyshev’s inequality that:

var(S,)  var(Xp)
e2  n.e?

P(|S, —E[Xi]| >¢) < —0asn— oo

v

Remark. This proof even tells us that the rate of convergence is linear with
var(X1)
=

proportionality —

Characteristic Functions

Recall. If X is a discrete Random Variable taking values in 0,1,2, ... then

we have a generating function:
Gx(s) =) fx(k)s" =E[s¥]
k=0

The question: can we do this for an random variable X. The answer is yes.

Definition. For any Random Variable X, the characteristic function ¢x is
defined as:

¢x(t) := E[e"¥] = Elcos(tX) + isin(tX)] = E[cos(tX)] + i E[sin(tX)]

We know this because if we recall from calculus that @ — € traces out a

circle:



i0

Here are some nice properties:
e The integral E[e“X ] always converse

o If X is discrete with mass fx then:

ox(t)= Y fx(x) €™

r=—00

Great! And furthermore if X takes values in 0,1, ... then:
px(t) = Gx(e")
e If X is continuous with density fx then:

ox(t) = /_oo fx(t)e™ dx

Example. There are of course many examples:

e If X is Bernoulli with parameter p then:

¢px(t) =E[e™] =1-(1—p)+e p



e If X is Binomial with parameter n,p we get that:
Gx(s) = ((1—p) +ps)" ¢x(t) = (1 —p) +pe)"
e If X is Poisson with parameter A then:

Gx(s) _ 6)\(s—l) ¢X(t) _ eA(eit_l)

e Suppose X is exponential with parameter A, then:

ox(t) :/ ST\ o= AT g — )\/ =N g
0 0

PNk R
it— A o A —it
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Recall. If X is an Random Variable its characteristic function ¢x(t) =
E[e™*]. This is based on:

e = cos(t) + isin(t)

iR

Example. Let X : Q — [-1,1] where P(X = —1) = P(X = 1) = 5. Then:

ox(t) = TETT — contt)

If X = p € R is constant then:
bx(t) = ™ = cos(tp) + isin(tpu)

Properties of ¢x:

e ¢/(0) = iE[X], ¢"(0) = —E[X?], provided these expectations exist.



Then:
var(X) = —¢"(0) + ¢'(0)°

If ¢/(0) exists then E[X] may or may not exist. However if ¢”(0) exists
then both E[X] and E[X?| exist.

o If ¢x is integrable, then X is continuous with density:

=5 [ T e (2) da

:% .

e More generally, we can get information about F'x as follows:

1 T e*ita _ e*itb 1 1
Jim / () dt= Pla<z <b)+ ~P(X = a) + ~P(X = b)
T—oo 2T J_p it 2 2

This is called Levy’s Theorem

e Levy’s Continuity Theorem: If (X,,) is a sequence of Random Vari-
able and X is a random Variable such that ¢x, — ¢x then we have

Fx, (y) — Fx(y) for all y where Fx is continuous.

Proposition. An sequence (X,,) of independent identical distributed Ran-
dom Variables satisfies the weak law of large mumbers without assuming

var(X;) < oo.
Proof. Consider ¢ = ¢x,,. Let S, = (X1 +---+ X,,) and p = E[X;]. Then

we know that ¢ is differentiable at zero by the properties. Then:

o) =1+ ¢'(0)-t+aft) -t
=1+dut +aft) -t



Such that a(t) — 0 as t — 0. Then

¢s,(t) = ¢(t/n)"
s, (t) = lim ¢(t/n)"

n—o0

. ot t t\"
= lim (14+ip—+a|—| - —
n—00 n n n

— 6i,ut
By Levy’s Continuity Theorem Fg, (y) — F,(y) for all y where F), is con-

tinuous. But wait! F), is continuous except at p:

1 ify>p

F —
5, (y) {0 iy <

Let € > 0. We need to show that:

lim P(|S, —p|>¢) =0

n—o0

Well consider this as two separate events:

0< li_>m P(|Sn, — p| > e)
= lim P(S, >u+¢e)+P(S, <pu—c¢)
n—oo

<hmP<&>u+§>+P@n§u—@

n—oo

. 9
= lim 1 - Fg, <M + *) + Fs, (1 —¢)
n—oo 2

=1-1+40=0

And so we get the squeeze theorem to get that S,, converges in probability

to w. v

Example. Let X be normal, i.e. let X be continuous with the density



fx(t) = \/%e_tQ/Q. We want to compute ¢x(t):

ox(t) = B[] = / e &e—xr"/? dz
— 0 T

1 /OO ite—a? /2 d
= — e x
V2T J

Instead of it, consider a real number a € R:

]. o0 2 1 o0 2 2
ar—x /Zd _ . —(a—z)*/2+a /2d
e x e x
V 2 /oo V 27 /oo
a?/2
_° 2/ / * a2 g
V4T J—o0
a?/2 (3]
e 2
_ . —u?/2 d
= e U
V 2T /;oo
_ ea2/2
Therefore the functions:
1 > ax —x2/2 a?/2
a o ee dx arre

Agree for all a € R. But these are defined for all a € C and are analytic.
By the principle of permanence, they agree for all a € C, in particular for

a = it. Therefore we get the important formula:

bx(t) = [ e = P

Note! Any Random variable with ¢x (¢) = e**/2 is automaticall normal. In

this case, ¢ x is integrable and so X is continuous with density:

1 © . 2 1 2
) = — e—ztxe—x /2 dr = 76_t /2
=5 [ —

Definition. Let X be normal with p € R, 0 >0, then Y :=0- X +p is a



Guassian Random Variable. We then have:
E[Y]=pu var(Y) = o°

And also:

Here’s the picture

And it has the characteristic function:

by (1) = E[eitY] _ E{e“("X*“)} _ E[eitu ) eitoX]
e 6itu . d)X(o-t) — eitlu’ . e_(Ut)2/2

— eith— (at)?/2

Corrolary. If X, Y are Guassian and independent then X +Y is also Gaus-



sian and E[X + Y] = E[X] + E[Y] and var(X +Y) = var(X) + var(Y).

Proof. The claims about E[X + Y] and var(X +Y') are clear. To prove that

X +Y is Guassian, we compute the characteristic function:

Px+y (t) = ox(t) - Py ()

— 6it/,Lx+(o’xt)2/2 . eit,u2+((72t)2/2

_ eit(ux+MY)+t2/2'(ff§(+U§/)

¢

Proposition. Here’s an interesting property of Gaussians. Consider two
independent identically distributed Random Variables X,Y. Assume that
E[X] and var(X) exist and the distribution of X is symmetric. Assume that
X +4+Y and X —Y are independent. Then X and Y are Gaussian:

Proof. Let ¢ := ¢px = ¢y. Since the distribution of X is symmetric we have
¢(t) = ¢(—t). The independence of X, Y gives:

Ox 4y (t) = ox(t) - Py (t) = (1)
dx-v(t) = dx(t) - py(—t) = ¢(t)?

But then:

20X = (X +Y)+ (X —Y)
dx(2t) = gox (t) = dx v (t) - dx—y (t) = p(t)*

We may rewrite this as:

ox(t) = o(t/2)"

We then may iterate to get:

4mn 4mn
ox(0=0(5:) = Jm o ()



The existence of p := E[X] = 0 and o2 := var(X) gives that ¢ is twice
differentiable at zero, that is:
o?t? 9
9(t) =140t = ——+a(t) ¢ a(t) = 0,t =0

Therefore we may write that:

, o242 £\ 2\Y
ox(t) = lim <1 o T <2n> '4n>

_ 6—02t2/2

]

And so we are done! Wow!

Applications

Consider particles moving randomly on a plane. A 2D model of air particles
in a room. Introduce a coordinate system and let X and Y be the velocities
in the two directions of a randomly chosen particle. Physics tells us that X, Y
are independent, identically distributed, and have symmetric distribution.
If we rotate the coordinate system by 45°and let X', Y’ be the new variables.
Again X’ and Y are independent, but X’ = L (X+Y)and Y’ = L(X-Y).

V2 V2
Therefore X and Y are Gaussian!!! Wow!
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Final Review

Logistics

e Final is on Thursday December 17, 10:30-12:30pm (Ann Arbor Time)

on Zoom, office hours zoom link (private meeting room)
e Modalities are as for the midterm

— Video on
— Stay muted
— Cheat sheet of 5 pages that you can prepare

e Cumulative, 6 problems. 2-3 problems from the first half, and 3-4
problems from the second half.
Basic Concepts

e Probability Space (2, F, P)

— Elements of {2 are samples, or atomic events. E.g., when you roll
a die Q ={1,2,3,4,5,6}.

— General events are then just subsets of {2 which lie in the o-aleg-
bra F C P(£2). When Q is finite we can just take F = P(Q).
When (2 is uncountably infinite we often have to do something
different, but for 2 a subset of R we usually take the Borel o-
algebra.



— P assigns probability to each event, i.e. P:F — [0,1]. Further-

more it is o-additive, that is:

P (H Ak> > P(A)
k=1 k=1

In particular if  is countable then P({w}), the atomic events,
determine everything. For £ = [0, 1], atomic events determine

nothing.

e Random Variables. Formalized as a function X :  — R

— We intuitively think of X as a real number that is undecided. For

w € Q then X (w) € R is the value of X assuming “w happened.”

— The expectation E[X] is the average of all possible values of X
weighted by likelihood. If € is countable then:

E[X] =) X(w)-P({w})
weld

More generally, for any €2, if X takes at most countably many

values then:

EX]=) y P(X=y)
yeR

For a general X, we let E[X] — [, X(w) - dP(w).
We say that X is integrable if there exists a sequence X, of sim-
ple Random Variables (taking finitely many values) such that
X, — X almost surely, and for any € > 0 there is an N > 0 so
that for n,m > N we have E[|X,, — X,,|] < €. We then define
E[X] = lim,, 0 E[X},].
Caution: Not every Random Variable is integrable.

— We also have the distribution defined as Fx(a) = P(X < a).

These are defined for every random variable and has the proper-



ties that it’s monotonically increasing from 0 to 1, right continu-
ous, has left limits.

Need not be continuous, so it breaks the situation into two ex-

tremes:

1. When X takes countably many values, then Fx has a dis-
continuity at each of these values and is constant in be-
tween. We then call X discrete, and there is the function
fx(a) = P(X = a) which determines everything, called the
mass function. Le. E[X]| =>a- fx(a)

2. Fx is absolutely continuous, this means that there exists an

integrable density function fx such that:

Fx(a):/a fx(t)dt

This density determines everything, e.g. E[X] = [~

—00

t-
fx(t)dt. Note that the density is not uniquely determined,

unless it can be chosen to be continuous.

What’s important for these is to pay attention to the domains.
e Conditioning
— For events A, B and P(B) > 0 we have:

P(ANB)

P(A|B) = 5

Intuitively we think of P(A | B) as the probability that A hap-

pens given that B is known to happen

— We also have E[X | B] which is the expectation of X |, with re-
spect to Pg = P(— | B).

— The conditioning formulas for Q@ = [[;2; By where P(By) > 0



then we have:

o

P(A) P(A|By) - P(Bg)

T
I

M

E[X] E[X | By] - P(Bk)

£
Il
—

Note Conditioning applies to any Y = ¢g(X) so we can use condi-
tioning to compute var(X), generating function, and characteris-

tic function.

We may also condition on a random variable. Given X, Y random

variables, we may define when Y is discrete that:

E[X|Y]:R—>R

yH{E[X|Y:y] if P(Y =y) >0
0 if P(Y =y) =0

This is a random variable on (R, Borel, Y, P), which isdefined as:
Y.P(4) = 3 P(Y =)
yeA

We then have the useful formula that:
E[E[X | Y]] = E[X]

We can also define it when X,Y have a joint density, by defin-
ing the conditional density fxy(z|y) as fx y(7,y)/fy (y), defined
when fy(y) > 0. Then:

E[X|Y]:R—>R

J s oo fxy (zly)dz if fy(y) >0
0 otherwise



Again a random variable on (R, Borel, Y, P) where:

d(YiP)(y) = fy(y) - dy

And again we have:
E[EX | Y]] = E[X]

e Independence

— A, B are independent events provided that P(AN B) = P(A) -
P(B), equivalently P(A | B) = P(A)

— X,Y are independent random variables provided that {X € A}
and {Y € B} are independent for any Borel sets A, B C R. We
can only check this on {X < a} and {Y < b} for a,b € R.

When X,Y are discrete this is fx - fy is a joint mass function,

and when X,Y are continuous this is fx - fy is a joint density:
a b
P(X<aY <b)= / / Froy(s,t) dsdt
—o0 J —00

Fun with Random Variables

e The discrete gang:

— The Bernoulli (p): f(1) = p, f(0) =1 —p = ¢, and E[X] = p,
var(X) = pq
(g f0<k<n

— Binomial (n,p): ¢:=1—p, f(k) = )
0 otherwise
and E[X] = np and var(X) = npq

— Geometric (p): f(k) =¢* ' -p, E[X] = ;l; and var(X) = z%

itk>0

otherwise

AR =2
— Poisson (A > 0): f(k) = { 6“! , E[X] = X\ and
var(X) = .

e The continuous gang:



1 5f b
~ Uniform on (a,b): /() ={ o BOSTE0 and BX] = gt
0 otherwise
and var(X) = (aIZb)Q
Ae ™M if x>0
— Exponential (\): f(x) = c n ~ ., s0 E[X] = %7
0 otherwise

var9X) = /\%

Normal: f(x) = %e—ﬁﬂ’ E[X]=0, var(X) =1

— Gaussian (i1, 02): f(z) = ﬁe_(f‘_“ﬁ/(%%, E[X] = p, var(X) =
2
o

e Generating Functions

— Defined for X : Q — Z>q as:

[e.9]

Gx(s) =E[s*] =) P(X =k)s*
k=0

Gx is analytic and converges at least for |s| < 1. We also know
that

- G0) = P(X =0), G1) =1, G'(1) = E[X], G"(1) + G'(1) —
(G'(1))? = var(X)

— If Gx is not presented as a power series Y. axs®, then you can

compute each ay as:

— If X,Y are independent then Gx 1y = Gx - Gy.

— Bernoulli: ¢+ ps, Binomial: (¢ + ps)", geometric: 1%157 Poisson:

e)\(sfl)

e Characteristic Functions




— For any X any random variable we define:

(ﬁxiR—)C

t— E[eitX}

But this has worse analytic properties

= ¢(0) =1, ¢/(0) = i E[X], ¢"(0) = —E[X?], —¢"(0) + (¢'(0))* =
var(X).

— X, Y are independent then ¢x1y = ¢x - dy.
— If X has a generating function then ¢x(t) = Gx(e®)

— If X is continuous with density f then:

o0 = [ ey

—0o0

— Conversely if ¢ is integrable then X is continuous and by Fourier

inversion:

Fx(z) = — / et () dt

:% .

— Levy’s Continuity Theorem tells us that if ¢x, — ¢x then X,

converges to X in distribution
— Some examples

« Uniform on (a, b): ﬁ sin(t(b — a)/z)ei(a+b)t/2

A
—t

* Exponential (\):

2
* Normal: e t/2

* Gaussian (u,o2): eitn—(to)?/2

Convergence and Bounds

e Types of Convergence:

1. X, 2% X when P({w € Q| X,,(w) = X(w)}) = 1.



2. X, & X when for every € > 0 we have lim,,_,o P(| X, — X| >
g) =0.

3. X, 9 X when for every y € R where F'x is continuous we have
Fx,(y) = Fx(y)-

We have 1 = 2 = 3, but in general the converses fail.

The Law of Large Numbers. If you have (X,) independently identically
distributed then:

1
(Xt X L5 BlX]

The Central Limit Theorem. If you have (X,,) iid and E[X;] = 0 and
var(X;) = 02 < oo then:

1
— (X1 + -+ X)) S N, 0?)

NG

Variance and Covariance

— We define:
cov(X,Y) :=E[XY] - E[X]E[Y]var(X) :=cov(X,X)

— If X, Y are independent implies cov(X,Y) = 0, and if var(X) =0
then X = E[X] almost surely.

— We also have 0(X) = (/var(X) the standard deviation, which

preserves units. We also can define:

cov(X,Y)

cor(X,Y) = o (X)o (V)

If we have cor(X,Y) = £1 then aX + bY + ¢ = 0 for some

a,b,c € R not all zero almost surely.



— We then have:

var (Z Xn> = Zvar(Xn) + Z cov(Xp, Xm)

n n#m

= Zvar(Xn) +2 Z cov(Xp, Xm)

n n<m

In particular if these are independent then we have:

var <Z Xn> = Zvar(Xn)

e Concentration Inequalities

— Chebyshev’s inequality says that:

var(X)
2

P(X ~EX]| 2 0) < *

— Bernstein’s inequality: X = X; + --- 4+ X, are independent and
E[X,] =0 and |X,,| <1 then we have:

P(X >a) < e~/ P(X < —a)< e /2



