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[. Applications of Group Theory
1.1. Polynomials

If f(z) € C[z] has degree n, then the function f : C — C is n-to-1 over all but finitely many values (since
f(x) — ¢ has n distinct roots unless ¢ is a critical value of f(z)).
For each critical value ¢, let E(c) be the collection (multiset) of multiplicities of the roots of f(z) — c.
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with 7; # 7;, e; > 0, then Ef(c) = [e1, e,...,ex]. Note that ), e; = n.
Thus Ey(c) is a partition of n, and Ef(c) # [1,1,...,1] if and only if ¢ is a critical value of f.
Questions:

(1) For a degree n f(x) € C[x], what are the possibilities for the collection of pairs

(c1,Ef(cr)),- - (ce, Ef(ce))

where ¢y, ..., ¢y are the critical values of f.
There is no known algebraic proof of this.
(2) For a given choice of this data (the collection of pairs), how many corresponding f’s are there.
(3) The analogous questions for rational functions are open.
Definition I.1.1
For f(x) € C[z] \ C, and a € C. Define m,(f) (the “multiplicity of a as a root of f(x)”) to be the
largest integer k > 0 such that (z — a)* divides f(x).
Equivalently this says that m,(f) is the largest k such that f(a), f'(a),..., f*~V(z) =0, or equiva-
lently that this is the smallest k& > 0 such that f(k)(a) # 0.

Theorem I.1.1 (Riemann-Hurwitz)
If f(x) € Clz] has degree n, then n — 1 =3 __c(n—[Ef(c)]) =Y .cc(n—[f71(c)])-

Proof. We count in two ways
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Great!

Answers to questions 77.
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(1) Answered by Thom. Exactly the collections (c1, Py),. .., (c¢, Py) where cq,...,¢; € C are distinct,
Py, ..., P, are partitions of n, P, # [1,1,...,1] for all ¢ such that
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n—1=>Y (n—|P).

i=1
(2) Given distinct ¢1,...,¢¢ € C and partitions Py, ..., Py of n satisfying P; # [1,1,...,1] and n—1 =
Zle(n — |P;|), then the # of degree n f(z) € Clz] with E¢(¢;) = B;, up to f(z) ~ f(ax +b)
(a € C*,b € C), that is up to linear changes of variable, is
the # of equivalence claseses of tuples (g, .. ., g¢) of elements o S,, such that P; is the collection of
cycle lengths of g; and g1gs - - - g¢ is an n-cycle, where (g1,...,g¢) ~ (cg107 1}, ..., 09,07 1) for o € S,.
For rational functions if f(z) € C(z) has degree n then
m—2= 3 (- B =3 ([
c€Cos ¢€Coo
People believe that this is the main constraint, but it is not true that it is the only contraint.
But it’s not true that Py, ..., P, are partitions of n such that Zle(n —|P;]) = 2n — 2 then 3 f(z) such
that Ef(c;) = P;.
e.g. [2,2],[2,2],[1,3] doesn’t occur.

Fact: Given distinct ¢q,...,¢p € C4 and partitions Py,..., P, of n such that
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n—2=> (n—|Pl),

i=1
Then the # of f(x) € C(x) such that E;(c;) = P; for all ¢ modulo the equivalence relation f ~ fop, degpu =1
is exactly the # of (g1,...,g¢) elements of S,, such that
e P; is the collection of cycle lengths of g;.
®gi--ge=1
e The group generated by the g; is transitive.
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