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Goal: Show that every rational # in the character table is an integer.

Definition .0.1

An algebraic integer is a complex number a which is a root of a monic polynomial in Z[z].

Lemma .0.1

The algebraic integers in Q are precisely Z.

Proof. Suppose o € Q is a root of ™ + c12” ' + -+ - + ¢, with ¢; € Z.
Write @ = a/b for a,b coprime integers. Then we see that

a” an! _a™ + b(some integer)
g TGt Tt e = b

0=

__ (integer coprime to b)
= o
But 0 is coprime to b if and only if b = £1. Thus a € Z

¢

The other direction is trivial, if z € Z consider the polynomial z — z.

Proposition .0.2

If a1, as are algebraic integers then a; 4+ as and ajaq are algebraic integers.

Lemma .0.3

For a € C, « is an algebraic integer if and only if « is an eigenvalue of a square integer matrix.

Proof. If « is an eigenvalue of A € M,,«,,(Z) then « is a root of the characteristic polynomial of A, i.e.,
of det(zId,, —A), which is a monic polynomial in Z[z] with integer coefficients (since the determinant is a
polynomial in the entries).

Conversely, let a be an algebraic integer, say « isa root of 2" + c;2" ! +--- + ¢, with ¢; € Z.

This polynomial is the characteristic polynomial of

[0 0 —cp |
1 0 oo 0 —cpn
1 0 -+ 0 —cpn_so
0 —cp_1
L —Cn |
so « is an eigenvalue of this matrix. .v.

Proof of Proposition .0.2. Let oy, as be eigenvalues of Ay € My, xm(Z) and Ay € M, «,(Z) respectively.
We can then consider A; ® As, defined by the following block form

a;nAz  apAs 0 a1 Aa
A ®@ Ay =
am1As  amaAs 0 AmmAs
where Ay = (a;;). If A;U; = o;T; then write 01 = (di, ..., dy,)" then write @ = (d1Ta, ..., dpTm)T.
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Then of course (A1 ® Ag)W = aye by explicit computation.

a1 + ag is an eigenvalue of
(A1 ®1d,) + (Id,, ®Az).
This can be computed explicitly, or via the tensor properties
(41 @ Id,,) + (Id,, ®A2))(v1 @ v2) = A1v1 @ vo + V1 ® Agvg

= a1(v; ® v2) + a2 (v ® v2)

= (a1 + a2)(v1 ® v2).

]

Fact: If x is the character of an n-dimensional representation of Cj, then
Z \X(g)\Q > # of generatos of Cy = (k).
g=generator of C}

where (k) is the number of integers less than k which are coprime to k. UNLESS x(g) = 0 for all generators
g of Cy.



