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1 Introduction

1.1 Stuff

e Substitute: Al(exander) Gawer

e HW5 Due Wednesday

1.2 Last Time, Homogeneous Linear Recurrences
Theorem 1. Let k be a positive integer r1,...,1, € R. Suppose q1,...,qq are all
the distinct roots of:
"+ g =0
with multiplicities my, ..., mq. Then any sequence (ay,) satisfying:

Qn +T10p—1 + Tpap_ =0

s of the form:
mi—l

Ay = ci,jnjqi
J=

i=1
For some constants c; ;.
Theorem 2 (Generalized Binomial Theorem). Let d € Z>q:
o0

gm0 )

n=0



2 Some Cool Examples

2.1 Homogeneous Linear Recurrences

Example. Suppose we have:

We want to determine what is (a,)?

1_23$+ (1jx)3 ZQ.i<n30>(3x)n+i<n;2>(_@n

n=>0 n=0

=2. ?:03%" + ni) (n ;r 2) (=1)"a"
Sl (7))

Therefore for each n > 0:

2
an=2-3”+(—1)n<”; )

Awesome!

Example. Find (a,) where we have a9 = 1, a1 = —2,
Qp = 90p—1 — 6ap_2

We have two techniques

e The characteristic polynomial is:

> —5¢" +6=0
(¢—=2)(¢g—3)=0

And so ¢; = 2 and ¢ = 3, with multiplicities of 1. Thus for any n we have

anp = 12" + 23"



Using the initial values we have:

l=ag=c1+co

2:@2261-2+02'3

‘We could solve for ¢; and ¢

e Set

Az) = Z anx”™ = ag + a1z + Z anx"

n>0 n>2
=ag+ a1z + g (5ap—1 — 6an_2)z"
n>2
=ap+aix+5- g an—12" —6 - E ap—ox"
n>2 n>2

_ n—1 2 n—2
=ag+ aix + 52 - Ap_1 — 62~ - Ap_oT

n>2 n>2
=ag+ a1z + 5x - E Ap12" = 6:62A(x)

n>2

= ag + a17 + 5z[A(2) — ag] — 62°A(x)
Collect all the A(z) terms to one side:

A(x) — 5z - A(z) + 62% - A(x) = ap + a1x — Sxag
(1 -5z 4 6x2) - A(x) =1— Tz
1-"7x

A@) = T30 —30)

Then we will use partial fractions:
1—7x Ch Co
= +
(1-22)(1-3z) 1—-2z 1-3z
1—Te=c1(1—3z) + c2(1 — 22)

=1+ c2 — (3c1 — 2¢2)x
l=c+oc

—7= —361 — 262



Then we would solve the linear equation to get ¢y = 5,co = —4. Thus:

5 —4

n_
D " = 5t T
n>0
Z anz" = Z 5(2z)" + Z —4(3z)"
n>0 n>0 n>0
Zan:n" = 2(5 22" — 43" "
n>0 n>0

anp="5-2"—4.3"

Example. ag,a1 =1, as = 4. And a,, = 3a,_2 + 2a,_s3.
Let’s do this with generating functions (BOO ®). Goal is to find A(z) =

> >0 anT™:

Z apx” = Z 3a,_ox" + Z 2a,_31"

n>3 n>3 n>3
=3- Z p_ox”™ + 2 - Z Ap—3x"
n>3 n>3
=322 Z An_ox™ 2 + 223 . Z Apsgz™ 3
n>3 n>3
Z anx™ = 3z? - [A(z) — ag] + 22° - A(x)
n>3

A(z) — agx® — a1z — ag = 322 A(x) — 3x2ag + 203 A(x)
A(z) — 32%A(x) — 223 A(z) = agz® + arz + ag — 3x2ag
A(z)(1 — 322 — 223) = 42 + = + 3 — 922
2 _ . 2 _ .
Az) = 0T — 3: 5z —x — 3
2034+ 322 -1 (1+2)%(1 —22)




We look at it in terms of partial fractions:

Alz) 522 —x —3 a2 —x —3
€T prd prd
203 +322 -1 (14 2)%(1 —2x)
__a i C2 I c3

142 (1+4+2%) (1-2x)
342 —52% =c1(1—2x)(1+ )+ ca(l —22) + e3(x +1)?
5= —2c1+c3
1= —c1 —2¢y + 2c¢3
3=c1+co+cy

If you did solve these you would get ¢; = 3,¢c0 = —1,¢3 = 1.

3 1 1
A@) =15~ It22 1-22
= 373(-a)" = S+ ()" + 3 (20)"
n>0 n>0 n>0
=S 0173 (-1 (0 + 1) + 272"
n>0

Therefore we have:

2.2 Nonhomogeneous Linear Recurrence

Example. Let ag = 3,a; =9 and:

an +4n = ap—1 + 2a5,_9



Set A(x) = >_,>¢an- Then we have that:

Z anr" = Z(an_l + 2ap—2 — 4n)x"

n>2 n>2
=z Z an_1z" L+ 222 Z Aoz 2 — 4. Z n-z"
n>2 n>2 n>2
=z [A(z) — ag] + 222 A(z) — da - Z na" 1
n>2
= - [A(z) — ag] + 222 A(z) — 4z - Z(n + 1)z"
n>1
=z - [A(z) — ag] + 22%A(x) — 4a $—1
" (1—a)?
So then we get the following:
9 4z
Alx) =9z —3=x- A(z) — 3z + 2z -A(x)—m—i—élx
4x
27
10z + 3 4z
Alz) = _
() 1—z—222 (1—2)%(1—x—222)
__a e e G

1-2z 14z 11—z (1—2x)?

Then ¢y =0, co = —2, c3 = 3, and ¢4 = 2. With these you can simplify and:
an=-2(-1)"+3+2(n+1)=-2(-1)"+2n+5

2.3 Non-Linear Recurrence

Example. ¢ =1, ¢; =1, and:

n
Cpnt+1 = § CiCn—j
i=0

Call C(z) the generating function, » g cpz™. Then:

(C(x))? = Z (Z cicn—i> " = Z Cny1z"”

n>0 \i=0 n>0



So then we have:
z(C(x))? = Z cn1z" M = C(x) — ¢

z(C(x))® = C(z) +1=
22(C(x))? — 2C(z) + z =
23(C(x))* —2C(x) = —x

22(C(2))? — 22 @) Clx) + (;)2 -7
(w(m)_;f: 1;4:5
Clr) = ‘/1275“+

Then we can get a formula for ¢,,.
OUT OF TIME ©



