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I. The Basic Objects

[.1. Standing Notation

We’ll adopt some standard Notation, which we’ll record here

e (M™, g) denotes a Riemannian n-manifold with metric g.

Dyf for f: M — N denotes the derivative D, f : T,M — Ty, N.

% on M denotes the push-forward of 8?51- under some chart ¢ : U — M on M, where
U CR"

X(M) denotes the collection of all smooth vector fields on M.

e For X a smooth vector field on M, f a function on M, X(f),df(X) both denote the

directional derivative of f in the direction of X. Note this can be evaluated at points.

[.2. Logistics / Motivation

Quote from André Neves:

I think Riemannian Geometry is the most beautiful subject in mathematics.

The hard part is the notation. There are two ways to do Riemannian geometry

e The intrinsic approach from do Carmo (see [docarmo]), where no charts, but computations

are very hard.

e Do everything in charts and make computations explicit.
The first will be what happens in lecture, and the second will happen in homework. First some
logistics

e Midterm: April 11th, in class

e Final: Last class, in class.
The basic object in Riemannian metric is the pair (M", g) a Riemannian n-dimensional manifold.
There are many geometric invariants of M"™. Such as

e Volume

e Diameter

e The Curvature tensor R(g).
The first two invariants tell you nothing topologically, since you can just scale the metric. The last

invariant is the most interesting one. So here’s the central question of Riemannian geometry

Given R(g) (or points of it) what can one say about (M", g).

There are important physical motivations for this from general relativity. Say (M*, g) is space-time,

with a Lorentzian metric. Let T' be the stress energy tensor, which encodes the mass of the universe
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and its location. Then the Einstein Equation is
S
RlC(g) - @g = T7

where Ric(g) is the Ricci curvature, and S(g) is the Scalar curature. Then we want to solve for the
metric g! This will tell us the geodesics, which in physics correspond to how particles/planets/black

holes/everything moves in spacetime.

[.3. Riemannian Manifolds, Definitions and Examples

Definition I1.3.1

A Riemannian manifold is a pair (M", g) with data

(i) M™ is an n-dimensional smooth manifold (Hausdorff, second countable)
(ii) Forall p € M, g, : T,M x T,M — R so that g, is bilinear, symmetrc, and g,(X, X) > 0,
with equality if and only if X = 0.

with the extra property that g is smooth. Explicitly, this is the condition that, if ¢ : U — M,
U C R"”, is a chart then

0 0

is a smooth function of . We call this function g¢;;(x) when the chart is clear (or if we write
this we’re implying there’s anchart). Note that the matrix (g;;(x));';—; determines g,(,) because
T,M is generated by (%) .

1 l:

We take some additional notation: We identify ngoa%i with a vector field % on p(U) C M.
Theorem 1.3.1 (Metrics are Cheap)

Every smooth manifold M admits a Riemannian metric, and the induced topology is the

Same.

Proof Sketch. Do things in charts, and then paste them together with partitions of unity. 3

Example 1.3.1

Lets do some basic examples.

(1) Euclidean Space: Let M™ = R" and take
(g0)p : TyR"™ x T,R" - R

where ¥ =), xia%i and similarly for 7.
(2) The Unit Sphere: S™ = {x € R**! | |z| = 1}. Consider that
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Exercise 1.3.2

T,5" ~{F e R"" | #.-p=0}.

This seems a bit idiotic, since it’s obvious from the picture. But as you’ll recall from

differential topology, the definition of a tangent space is quite weird, e.g.
T,M = {da/(0) : O(M,p) = R | a is a curve in M with «(0) = p},

and O(M, p) is the collection smooth functions locally defined at p. With that exercise

out of the way, we can define the induced metric
gsnp : TpS" x T,8™ — R
(Z,9) — Z-7.
(3) Hyperbolic Space: Take M"™ = B™ = {z € R" | |z| < 1} and consider
hyp, : T,B" x T,B" — R

- 4 Lo
2

(1—1Ip*)

We use the following notation, to make things nice

hyp = 590,

4
(1 —[pl*)

where gg is the standard Euclidean metric.

Now we want to find out what things we should consider the same. Of course in Riemannian
geometry, two spheres which have different “shapes” should be considered different, even if they are
homeomorphic. To do this, we’ll consider the notion of isometry, which we need some definitions to
define properly.
Definition 1.3.2 (Pullback Metric)

Let ¢ : N — M be an immersion, i.e., Dyp : T,N — T, )M is injective. Then a metric g

on M induces a metric on N defined as

(¢*9)p : TyN x T,N —- R

1

(fa 37) = 94,9(7))<Dp80 ’ :D;D95 ’ g),

called the pullback metric on N. We take immersions so that ¢*g is everywhere non-degenerate.

Remark 1.3.1

@ : C — C where ¢p(2) = 22

is not allowed to pullback a metric. If we did so then the “metric”
we pull back would be identically zero at 0 € C. This expresses a kind of singularity at 0 for

the metric.
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Definition 1.3.3 (Isometry)
An isometry ¢ : (M, g) — (N, h) is a diffeomorphism ¢ : M — N so that ¢*h = g. We call
Isom(M, g) the group of isometries of (M, g), this is a group via the chain rule.
Note: in particular, for ¢ : M — M a diffeomorphism, (M, g) a Riemannian manifold, we have
that (M, ¢*g), (M, g) are isometric. This tells you that a lot of things might look different but are

actually the same.

Nevés takes a clear water bottle and begins to shake it: in charts (namely our eyes) this looks
extremely different, but the pullback metrics are all the same, because shaking the water
bottle is a diffeomorphism (in fact isotopically trivial)...note these might not be the same as

the induced metric from being in Euclidean space. . . tricky to keep track of these things.

Example 1.3.3
Lets give another example not to let your eyes deceive you. The extrinsic curvature of
St C R? might look like its curved. But the intrinsic curvature is actually flat. Let gg1 be the

induced metric from R? on S', and gy the flat metric on R, then

exp : (R, go) — (S, gs1)

0 — (cos@,sinf)

is a local isometry. Lets check this. To do this we need to compute the pullback metric. It

suffices to compute on %, %, SO
9 9\ _,
9\ o0 00)

* 0o 0 . 0 o
(exp” gg1) <397 89) = gr2 (Deexp'ae,Deexp'ae> .

sin
Dexp =
(— cos 9.)
sin @ sin 6 _q
—cosf —cos 6 '

Now we should construct a few more examples. We can do this by looking at orbit spaces
Definition 1.3.4

Now we compute that

So now we have

, so these are the same. .. wacky.

Suppose G < Isom(M, g) acts properly discontinuously on M™. Then consider M"™/G where
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x ~ y if there exists ¢ € G with ¢(z) = y. Then we take
Jp] - T[I,](M'”‘/G) X T[W](]\/[”/G) —R
(fa ?7) = gp(fa g)
as the orbit metric on M"/G.

Exercise 1.3.4
Check M™/G is a smooth manifold and 7 : M™ — M™/G is a local diffeomorphism. Then

check that gy, as above is well-defined on M /G, and that it pulls back to g on M™ via .

Remark 1.3.2
A generic metric g satisfies, Isom(M, g) = {Id}.

Example 1.3.5
Consider Isom(R"™) = {Rigid Motions} with Z" < Isom(R™). Where ¢, : x — z + v for
v € Z". Then R"/Z" = T" the n-torus.

Example 1.3.6
Consider the spherical case, (p, ¢) coprime in N. We can then define, taking S C C? as

@:8% 53
(z,w) — <e2”/pz, eQﬂiq/pw) .

One can compute that ¢ € Isom(S3, ggs). Then take the group G = {Id, ¢, ..., "'} = Z/pZ.
Then $3/G = Ly, is called the Lens Space for S3. This is an orientable Riemannian 3-manifold
which is locally isometric to a sphere but which is not homeomorphic to the sphere.

Fact: m1(Lp4) = G. Relevant Question: If we have (p, ¢) and (p, ¢’), are Ly 4, L, o diffeomor-

phic? The answer is no. Neves says due to Reidemeister torsion.

Example 1.3.7
Finally we have I' < Isom(H", hyp) acting properly discontinuously, where H" is hyperbolic
n-space. See Figure 1 for an example where I' is hyperbolic reflections in H? via the Poincaré

disk model, and H?/T is a genus two surface.

1.4. Connections

Notation: Let X(M) denote the collection of all smooth vector fields on M.
Definition 1.4.1
We define a connection to be a map V : X(M) — X(M) — X(M) with the properties

(i) Vx(Y+2)=VxY +VxZ, Vxiz(Y)=VxY + VY.
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F1cURE 1. Fundamental Domain for a Genus Two Surface in H?

(ii) For all f € C*°(M) we have V;xY = fVxY.
(iii) For all f € C*°(M), we have Vx(fY) = fVxY + X(f)Y. Here X(f) denotes the

directional derivative of f in the direction of f.

Example 1.4.1
For (R", go) we have X(M) = {X : R" — R" as smooth maps. We can consider a connection
Vi = 3 a2 = (X(b).. o X(0).
ii=1 8:61' J 8xj

where X =30 | ai% and Y = Z?:l bja%i'

Note: We'll sometimes write (v, w) for g,(v, w) where v,w € T,M. Or for vector fields X,Y we
may write (X,Y’),, to mean g,(X,,Y),). Last time, we introduced connections, which can be thought

of as maps
V:iX(M)xX(M)— X(M)

satisfying certain properties or more generally, for any vector bundle £ — M as
V:X(M)xT'(FE)—T(E),

where T'(F) is the space of sections of E. Lets talk about the example of a sphere to start out

today.
Example 1.4.2

Let S™ be the unit n-sphere with induced metric ggn. Now

XS ={X:8" > R"™ | X(p)-p=0, Vpc S"}.
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If we have some X : S™ — R"*!  then we can consider the orthogonal projection X7 : §™ —
R™"*1 given by X7 (p) = X(p) — (X(p) - p)p. This is a vector field X7 € X(S").
As an example, take X (p) = (0,1,0). Then X7 = (0,1,0) — ((0,1,0) - p)p. This is zero at
(0,—1,0) and (0, 1,0).
We can now define a connection as
V"L X(S™) x X(S™) — X(S™)
(X, T) = (Ve YT,

where X¢** Y¢®t are extensions of X,Y to all of R"+1,

Exercise 1.4.3

Check this is well-defined and gives a connection on S".

Now, as with anything in Riemannian Geometry, we should give an interpretation of the connection

in coordinates. Let ¢ : U — M be a chart, and define F on this chart via

Va/axl a Z ij 8$k

This allows us to differentiate any two vector fields. Setting X = aia%i and Y = b/ 8%]- in Einstein

notation for, we have by the axioms on a connection that

ay O N
VxY = Za Va/@xi (bjaxj> :aija/axiaixj—i_a 8$Z(a])87x]
i=1

0

)
= a'b'TF —— + X(a?
=a'ty + (a)a%

() a
The left expression in this sum is determined pointwise, while the right hand side depends on the

extension of Y to a neighborhood of the point.

Why do we care about connections?

Because we want to study the acceleration of curves.

Let v : I — M be a smooth curve and Y a vector field defined only on . To be precise, we're
taking a section Y of the pullback bundle v*T'M, or for every time ¢, a vector Y (¢) : T,y M. We
wish to define the quantity

DY

ﬁ(t%
sometimes called V.,;yY'(t) or Y'(t) when the curve is understood. But we have a real problem. . . If
we have a curve v so that v(0) = (1), then Y (0),Y (1) can have different values, and we might not
be able to define an extension to the manifold. ...

Here’s the trick, at least when +/(¢g) # 0.
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Definition 1.4.2
Let +'(tp) # 0. Then there is a small neighborhood of ty won which + is injective, and we
can extend +/,Y around this small neighborhood and define

DY

— (t0) = (Voreat Y7) (1(t0)).

. . . -r DY o
We say Y is parallel along v if - = 0.

Definition 1.4.3

Let (M™, g) be a Riemannian manifold. Then V a connection is called a Levi-Civita connec-

tion provided that
(i) VxY = VyX + [X, Y] (torsion-free).
(i) X(g(Y,2)) =9(VxY,Z)+ g(Y,VxZ) (leibniz rule/compatibility with the metric)

Remark 1.4.1

In general, restricting the Levi-Civita connection on (M™, g) to a submanifold (N™,g) C
(M™,g) does not define a connection on N™, let alone the Levi-Civita connection. Consider
the case of the sphere. However, the case of the sphere does suggest a way to make this work

in general with projections. ..

Theorem 1.4.1 (Levi + Civita)
Let (M™, g) be a Riemannian manifold, then there exists a unique Levi-Civita connection on
(M", g).

There are two approaches to proving this theorem. Both use the fact that the vector field VxY is
determined by the values of (VxY, Z) for every vector field Z. One is intrinsic, defining a formula for
the connection using the Lie derivative, and the other is extrinsic, using charts and the Christoffel

symbols. We give both, and the first can be found in [docarmo]

Intrinsic Proof. We'll use the axioms to find a formula for ¢(VxY, Z), referred to as the Koszul

formula. We may write using the Leibniz rule that
X(9(Y,2)) =9(VxY,Z) + g(Y,VxZ).

The first term is what we want. .. but the right hand side is pesky. Permuting X, Y, Z we get three

equations
X(g(Y,2))=9(VxY.Z) +g(Y,VxZ)
Y(9(Z, X)) =9(VyZ,X)+9g(Z,Vy X)
Z(g(X,Y)) =9(VzX,Y) +g(X,VzY).
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Now we see that
X(9(Y,2)+Y(9(Z, X)) - Z(g(X,Y)) = g(VxY + Vv X, Z) + g(VxZ = VzX,Y) +g(VyZ — V7Y, X).
(1)

But now, luckily, we’re in business, since we can apply that the connection is torsion free, so

VxY +Vy X =2VyxY — [X, Y]
VxZ-VzX = [X, Z}
VvZ —-V3zY = [Y, Z].

Theerefore the right hand side of eq. (1) is

Rearranging this, we find that

Q(VXY7 Z) = % [X(Q(Yv Z)) +Y(g(27 X)) - Z(g(X’ Y)) +g([X7 Y],Z) - g([Y7 ZLX) - g([X7 ZLY)]

(2)
This formula is called the Koszul formula. This shows the Levi-Civita connection is unique, since

the right hand side does not involve V, and it is a good exercise in computation to show the right

hand side satisfies the desired properties of the Levi-Civita connection. v

Example 1.4.4

As an application of the Koszul Formula, lets compute on R™ the Christoffel symbols in

standard coordinates. This actually follows immediately. .. why? Well recall that [8%1-7 a%j] =0

<8 8)_ s 1 ifi=jy
g a$i78$j = Gij = 045 = 0 ifitj

We can then deduce that,

for all 7, j, and that

g 0
ko _ _— =

just by looking at the relevant terms in the Koszul Formula.

Proof using Christoffel Symbols. This proof in some sense proceeds the exact same way as the
first. But in fact we can remove some terms, since in local coordinates ¢ : U — M we have
[8%1’ %} = 0. For convenience, let 9; = 8%1 Similarly, write V; = Vj,. We then write, reinterpret

the compatibility with the metric to give

0igjr = 0ig (95, 0k) = g(V:0;, 0k) + 9(0;, ViOk)

10
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= g(T'5;00, 0k) + 9(0;, T54.00) = ;90 + Tiy.g;0-

where we’ve adopted Einstein notation to clear things up a bit. Now we can consider, using that

we'’re torsion-free, that
(C% — T%,;)0 = V;0k — Vi0; = 05,0k = 0.
Hence F?k = Fﬁj. We now mimic the proof of the Koszul formula. We have three expresions
0igjk = Ffjgek + %50
Oigni = Thpgei + Thigne
Okgij = Thigej + Thsie-

Adding and subtracting these as above, together with this symmetry I‘gk = Fij along with g;; = g;i,

gives
0i9jk + 0jgki — Okgij = Pfjgek +M
+ Dixg + Tjige
_%+ Fejgié

= 20 gie
Thus, letting (g**) denote the inverse matrix of (g;;) we find that,

1
9" 980 = =9 (Oigjn + 059k — Okgij)

2
1
I‘fj = igkg (8Z~gjk + 9jgki — OkGij) -
Great! -

Warning: The above [%, %} does not hold for a local frame, only for local frames coming
i J

from coordinates. Try to construct a counterexample in hyperbolic space (hint, cook up an

orthonormal frame on the imaginary axis and extend it out). Prove your counterexample is

correct.

1.5. Geodesics

We're now ready to talk about geodesics. Let (M",g) be a Riemannian manifold, and V the

Levi-Civita connection.

Definition 1.5.1

Dy (1)
dt

If v : I — R is a smooth curve, it is called a geodesic if = 0 (sometimes written

V@Y (t) =0 or v"(t) = 0). That is 4" is parallel along 7.

!

11
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In other words: a geodesic is a curve which has no acceleration from the perspective of the Rie-
mannian manifold /metric.
Lemma 1.5.1

If v is a geodesic, then it is parameterized by arc length, that is it has constant speed.

Proof. We just use the Leibniz rule with the Levi-Civita connection (which is actually inherited on

the pullback levi-civita)

SO = Sot/1).4/0)
=g (DZ;t),v’) +9(+, ZZ )

¢

Remark 1.5.1

Every geodesic can be parameterized to have constant unit speed.

Now that we have the definition of geodesics under our belt, we should explore what geodesics
look like in R™, S™ H™!
Example 1.5.1

Consider (R", gg). Take some curve -y, we will show that v is a geodesic if and only if 7 is a

straight line. Let

Or in other words ~/(t) = Za:;(t)ai Now, using the Leibniz rule and that %8%1_ =0 (by the

x; "

computation of Christoffel symbols we’ve done before), we have

Dy(1) :Zx;/(t)(fa:i = @), ..., 2" 1))

dt

So this is zero if and only if v(t) = v(0) + t7/(0) for all ¢.

Example 1.5.2
Consider (S, ¢%"). Let v : I CR — S™ C R*"!. We'll define ~(¢) by
v(t) = cos(t)p + sin(t)u,

where v € T,S™ and |lul]| = 1. Well v-~v =1, so v(t) € S™ to start.
Claim

v is a geodesic.

12
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We compute that 7/(t) = —sin(t)p + cos(t)u, so " (t) = — cos(t)p — sin(t)u. We then see that

Dy'(t)

dr (v"(®)" = (= cos(t)p — sin(t)u)”

Hence 7 is a geodesic!

Example 1.5.3
Consider B™ with the hyperbolic metric hyp =
line v(t) = (0,0,...,t), t € (—1,1). But then

m go- Now we could consider the straight

(0] = byp( (0.9(0) = =gz

is not parameterized by arc length, and so this can’t be a geodesic. Instead we’ll reparameterize

v:R— (B", hyp)

t+— (0,...,0,tanht).

We now compute that, since tanh’(t) = sech?(t),

4
= m sech (t) = 4,

where 1 — tanh?t = sech?t is a hyperbolic trig Pythagorean identity cosh?t — sinh?¢ = 1.

So now how do you check v is a geodesic??? There are two ways

Method 1) Compute Ffj and then Dd—z/ explicitly.
Method 2) Show that ~ is fixed by an isometry which flips normal vectors, which will imply v is a

geodesic.
Lets employ Method 2. For convenience consider n = 3. p : (z,y,2) — (—z,—y, z). We see

that

(a) We can compute

p*(hyp) = 5P (90) =

4
2
(1= 1Ip(=)[")
and so p is an isometry.

(b) p(v(t)) = ~(¢), as the last coordinate is fixed.
—1
(c) dp‘v(t) = ( —1 1).

And then we can see that these respectively imply that

590 = hyp,

4
(1 —[af*)

13
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(a) dp- V' = Vap.y dp(v')
(b) dp(v') =+, since p(y) = 7. Thus dP(V,y) = V7.
(c) Thus the first two coordinates of 4" are zero, and hence V.,7" = Ay’. One can then
check that since v is parameterized by arc length (see homework) that V. = 0.
An interesting theorem of this flavor
Theorem 1.5.2 (Liouville Theorem)
Isom(B"™, hyp) = Conformal(B", gg). Here Conformal(B"™) is the space of conformal map-

pings, i.e., those which preserve angles. Explicitly this can be given as
{f: B" — B" diffeomorphism | f*(go) = h-go}

for some smooth h : B™ — R.

Okay, so back to geodesics. There are three pictures to keep in mind.

R2 52 (B2, hyp)
With probability one, geodesics intersect | geodesics always intersect | geodesics almost never intersect.
These are flat, positive, and negative curvature respectively. We’ll understand this distinction more
formally at a later date. For now, we should understand the theoretical background about geodesics

more.
Theorem 1.5.3

Fix p € M™. Then there exists €1,01 > 0, U a neighborhood ofp so that if
Ve, = {(z,0) |2 € Uyjv € T, M, |v| <e1},

where t — (¢, (z,v)) is the unique geodesic with v(0, (z,v)) = z and +/(0, (z,v)) = v. Aka the
unique geodesic passing through x with velocity v.
Remark 1.5.2

Homogeneity and scaling. You can trade off velocity with the time interval where a geodesic
is defined. So say ¢ — c(t) for t € (—s,s) is a geodesic. Then we can take ¢ : t — c(At) for
t € (—s/A, s/\is a geodesic with ¢(0) = ¢(0) and ¢(0) = A(0).

Uniqueness (to be proven in the theorem) then implies that v(¢, (z,v)) = v(t/A, (x, Av)).

Because of this we denote

exp, (tv) = (¢, (z,v)).

This map is called the Exponential map.

Proof of Theorem. The idea of the proof in one line is that Djii/t(t) = 0 is a system of 2n 2nd order

ODEs, and so it has local existence and uniqueness once we specify the 2n coordinates v(0),~/(0).

14
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More explicitly, let ¢ : U — M be a chart near p, then we write

0
= 4 ") (HTF) ——
k=1
Therefore D?j/t(t) =0, 7(0) =z, v/(0) = v if and only if
)+ Z :B;:U;Ff] =0
zr(0) = o
71.(0) = vy

Thus by ODE theory, there exists V' a neighborhood of 0, &, § small, so that v : (=6,d) x V x B-(0)

U is smooth and t — 7(t, (z,v)) satisfies the above. Furthermore the existence is unique.

L}

Remark 1.5.3

By making ; smaller, we can assume §; = 2 by homogeneity and so we get a smooth map
exp, : Be, (0) — M
v expy(v) = 7(1, (£,0)).

Remark 1.5.4
In fact this ODE is extremely special, and many dynamicists use that the geodesics is what’s
called a Hamiltonian flow. We won’t talk about this much in this class. If you want to know

more though, talk to Amie Wilkinson.
Proposition 1.5.4
For all p € M, there exists a neighborhood U of p and an € > 0 so that
(i) For all ¢ € U, exp, : B:(0) — M is a diffeomorphism onto its image
(ii) For all g1, g2 € U, there exists a unique v € B:(0) C Ty, M so that g2 = exp,, (v).

U is called a normal neighborhood.

15
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Proof. Fix a chart ¢ : Vj — M so that ¢(0) = p. Now we can give a function
F:Vi x Bs(0) = M x M
(SL’, U) = (90(1")3 expgp(x) engp(az) (d@x : U))

Under this setup
Exercise 1.5.4
The statement of the theorem is equivalent to giving Vo C Vi, & < 6 so that F': V5 x B-(0)
is a diffeomorphism onto its image.
Under this regime, we can just apply inverse function theorem. Since ¢ gives a diffeomorphism,

we'll just write = for ¢(z) and v for de, - v. Forgive us. With this

DF g0y : R" x R" = T,M x T,M

0 0 0 g 0
DF(O,O) <axi,0> = 0z, (F(LU,O)) = aixz(l’,ﬂl) = (axl, 8%‘1) .

d d
DF f —F = — e .
(0,0)(07U) dt (O,t’U) =0 dt (paexpp(tv))‘tzo (0,’[))

¢

For today:

e Show that geodesics minimize distances to nearby points.

e Show that closed Riemannian manifolds have closed geodesics, at least if m (M) # 0.
Before this, Neves needs to cross his Ts and dot his Is. Aka do the necessary technical things.
Namely the Gauss Lemma

Lemma 1.5.5 (Gauss Lemma)
Fix p € M, exp,, : B: (0) = M (we’ll omit the p sometimes, since it’s already here). Then we
have for all v,w € B.(0) C T,M

Gexp(v) (d(exp)v v, d(exp)v(w) = gp(vv w)

Content: We get a nice expression for exp* g in radial coordinates (r,) € (0,00) x S"~1. Well
we know T, M has a metric g, as a vector space, which is then Euclidean. In coordinates this

can be rewritten as
9p = dr? + r’ggn1

We also have exp* g is another metric on B:(0) C T,M. Gauss lemma implies (and we’ll check
this)

(exp* g)rp = dr? + hyg,
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where h,. ¢ is a metric onS™~! (aka has no dr terms, taking a vector orthogonal to the sphere

gives just the dr? term above).

Remark 1.5.5

Lets get straight what’s going on here. So d(exp), should be a map Ty,(T, M) — Teyp(0) M.
It turns out we can identify 7, (7, M) = T, M in this case, because we’re thinking of B.(0) C
T,M = R". That’s why it makes sense to apply this to v, w.

Another thing to get straight. g, defines a bilinear form T,M x T,M — R. Now how
do we interpret this as a metric on T,M? Well actually we can identify for any x € T,M,
v,w € T(TyM) = T,M, and define (gp).(v,w) = gp(v,w). How does the identification
T, (T,M) = T,M work? Well if you wanna cheat, use an orthonormal basis on 7, M and show
this doesn’t depend on the choice.

Then g, becomes a metric on T,M. Another way to view this is that we can take an
isomorphism R"™ — T,M via an orthonormal basis, and push forward the Euclidean metric
on R™ (it turns out this gives the same answer regardless of orthonormal basis). As Neves

says, this is sort of walking through the forest of axioms as Snow White and being attacked by

thorns. . . you just shouldn’t.

Proof. Divide into cases and conquer. . . by linearity we can just take w a multiple of v or w orthogonal

to v.

(1) First case, let w = Av, and set vy(t) = exp(tv) (a geodesic through p at velocity v). Then

we see that

d
d(exp)y - (Av) = Ad(exp), - v = /\a exp(v + tv) o

= )\% exp(v(1+1)) o A (1).

So in this case
Gexp(v) (d eXPy U, d CXPy w) = Agexp(v) (7/(1)7 7/(1))
= Agp(7'(0),7(0)) = gp(v, Av) = gp(v, w),

where we used that geodesics are parameterized by arc-length, so |v/(0)|* = |v/(1)[%.

(2) Second case, w L v (they’re orthogonal) so g,(v,w) = 0. We know g,(v, w) = 0. We must

show that

Gexp(v) (d €XPy 0V, d €XDPy w) =0.
Without loss of generality, scale w so that |w| = |v|. Consider some path v(s) in B.(0) so
that

(i) v(0) = v.

17
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(i) fo(s)| = [vl.
(iii) ©'(0) = w.
Explicitly, v(s) = cos(s)v + sin(s)w. Now consider the map
F:(=6,0)x(0,2) = M
F(s,1) = exp(tu(s))

We see then that

oF d

ar - 1 — .
5 ’(071) % exp((1+ t)v)‘ _ dexp, ‘v
OF d

B o = 35 SPOO))| ) = dexp,w,

the right hand side of the second equation above follows since v(s) passes through v at time

s = 0 with velocity w, so this is the definition of d exp,. Great! Now we just need to ask if

g (%F(o D, ‘Zt (0, 1)) ~0.

..okay? How does that help! Well we now have a parameter to vary. Consider

olt) = grwo) (G 0.0, 5 0.1))

Now we need to show a(1) = 0, and we can evaluate

a(0) = gp ((;is exp(0 - v(s))

mmﬂz%mwzo

s=0
Awesome!!! Now we just need to show this is constant. . .
Claim

a'(t) =0 for all ¢.

Time to motherfucking compute,

d d OF OF
dta(t)dt(a<w>8<o,t>)

oF 8F or 23

Whoof. Well, we know the right piece is zero, because F(0,t) = 7(t) is a geodesic, so
V., = 0. Now for the next part we have

oF oF OF OF

Ve = Ve [a 8t]
oF o 0 oF
=Vt e = Ve

18
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where we use that the Lie bracket of coordinates is zero, and the Lie bracket is natural (aka
commutes with pullback/pushforward). Hence we’re looking for
OF OF OF OF
9 (V%f 95’ ot ) g <v8t m)

_1 4 OF o, % (5.0 |

9 s \ Ty ot 0,)
Great! Now letting vs(t) = exp(tv(s)), this is a geodesic, and

F
o (1) = S explin(s)) = 2400
OF OF

i) (G (5.0, G 5:0)) = 8700 G1(0,70) = 9150 (2400 240D

Great! Now 7;(0) = v(s), and so we see that gps0)(75(0),75(0)) = lu(s)|* = |v]*, by how
we chose v. This gives finally that

d oF OF d 5 d
&gF(Svt) <8t (s,1), ot — (s t)) ‘(O,t) =1 v(s)] =L |v]

(0,t) 04

Incredible! This gives us the result. But at what cost. ..
—
Last time; Given x € M, we found U a normal neighborhood so that there exists an € > 0 so
that

(i) exp, : B:(0) C T, M — M is a diffeomorphism onto its image.
(if) U < exp,(B:(0)).
Remark 1.5.6

If M is compact, then € can be chosen independently of p € M.

Now we’ll move onto the length-minimizing properties of geodesics. This is the motivation for

what a geodesic is in some sense, so it better be something we talk about!
Definition 1.5.2
Let c: [a,b] — M be a C*' curve, then the length of c is
b
length(c) = }c’(t)’ dt.
Ja
If ¢ is piecewise differentiable (continuous, C! except at finitely many points), we can define

its length in the same way, since |¢/(t)| is defined everywhere except finitely many points.

Theorem 1.5.6
Fix x,y € U. Then we have
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(i) There exists a unique v, : [0,1] = M a geodesic with length(v;,) < € and v;,(0) =

.Z', %c,y(l) = y

(ii) If o : [0,1] — M is a C! curve connecting z to y, then length(c) > length(vz,y).

(ili) If o above is piecewise differentiable, connecting x to y and length(o) = length(v,.,.

Then in fact ([0, 1]) = 72,4 ([0, 1]).

Proof. Let’s go!

(i) y € U C exp,(B:(0)) and so y = exp,(v). We see that v, ,(t) = exp,(tv) is a geodesic, and

(i)

we compute that

1
length(7s.) = /0 oo ()] dt = [, (0)] = o] < <.

Now we need to prove uniqueness. Suppose ¢ : [0,1] — M is a geodesic connecting z to y

with length(c) < e. For t small we have ¢(t) = exp, (tw). Hence |w| = length(c) < . Then

exp,(v) =y = ¢(1) = expy(w).

Then v = w, and we win (paste together local uniqueness).
First case, 0([0,1]) C exp,(B:(0)). Then since exp is a local diffeomorphism, we can write
o(t) = exp,(r(t)w(t)) for |w(t)| = |v| for all ¢t. Note w(1l) = v, r(1) =1, and r(0) = 0. Now

we compute by linearity that
o' =dexp,,, (r"w+rw')
/
= —dexp,,, Tw + rdexp,, w.

r

Huh, looks like Gauss lemma! So now we can go
2 "\ 2

|U/(t)‘ = <> |d exprw(rw)\2 + 2r'(d exp,., (rw), d exp,., (w’)) + r? |dexprw '

r
> (r')2 |w\2 + 2r'r(w, w').

Now we just need to examine (w,w’)... We’ll finish on Tuesday!

¢

Last time; Given p € U, there exists a neighborhood U of p, € = ¢, > 0 so that

(i)
(i)

For all x € U, exp, : B:(0) — M is a diffeomorphism.
U C exp,(B:(0)) for all x € U.

Theorem 1.5.7

We have the following, with ¢ = ¢, above,
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(1) For every y € exp,(B:(0)), there exists a unique 7., : [0,1] — M a geodesic with
Yoy (0) = 2, 72, (1) = y with length(y,,) < e.

(2) If ¢: (0,1) — M is a C! curve connecting x to y, then length(c) > length(vs.,).

(3) Ifc: [0,1] — M is piecewise C'! connecting x to y and length(c) = length(~, ), implying
Va,y([0,1]) = ¢([0,1]). Thus, after reparameterization, we can assume ¢ = 7, .

We now have some small technical things to cover.

Definition 1.5.3

Define

d(p, q) == inf{length() | v is a C'* curve connecting p to g},

Exercise 1.5.5
Check the following technical poitns
(a) d(p,q) is a distance function.
(b) If r < gy, then in fact B,.(y) = {z | d(z,y) <r} = exp,(B,(0)) for all y € U.
(c) If M is closed (compact, no boundary), there exists some € > 0, so that € < ¢, for all
p€ M. Le., exp, : Bs(0) — M is a diffeomorphism onto its image for all x € M.
(d) If z; = x,y; — y, then v, 5, — V2, (sSmoothly, a reasonable sense).
Question: Does every closed Riemannian manifold (M™, g) have closed geodesics?
Example 1.5.6
On the round sphere S", any great circle is a closed geodesic. Similarly, on a flat torus
(R™/Z™, go) you can find a closed geodesic (ex, any line of rational slope). In contrast to the

case of the sphere, there are non-closed geodesics (ex, any line of irrational slope).

Example 1.5.7

Consider an ellipsoid (see Figure 2). The axes of symmetry give closed geodesics (since they

are fixed by an isometry) However, it is unclear if a small perturbation of the ellipsoid has

closed geodesics.

Theorem 1.5.8 (Hadamard)
If (M",g) is closed with 71 (M) # 0, then (M™, g) has at least one closed geodesic.

Proof. The idea is to find a closed geodesic inside of a non-trivial homotopy class (and hence it
won’t be the point). Let ¢ : S' — M be a non-trivial curve. Without loss of generality we can

homotope ¢ to be a smooth curve.

¢ = inf{length(v) : v : S' — M, piecewise C freely homotopic to ¢, 1V (0)] = |/ (0)]}.
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FIGURE 2. Geodesics on an Ellipsoid

Basic idea now is to find a minimizer, which we hope to god to be a geodesic. In this case,

length(y) = /Sl v/ (6)]| df = 27 |[7/(0)| >

Great! So now what is the approach. Pick «; lying in this set so that length(y;) — .

Hope: ~; converges to a geodesic v as i — oo. In fact this might not happen (e.g. because
geodesics in this homotopy class are not unique, see torus). However, we can pass to a subsequence
to get into the situation we like.

We could show this convergence using hard functional analysis (e.g. PDEs). But thankfully,
using normal neighborhoods, we can reduce this to a finite dimensional problem. To do this and to

take limits of curves, we need a regularization process. Divide S' as follows
{00,601,...,0n =00} € S,

so that the distance between 6;,0;,1 is 7;—'5 for each j (except maybe the last one is smaller. .. but

who truly cares). Without loss of generality, also assume length(y,) < 2¢. Then

TE
length(yi[0;,6;41]) = |7 (0) 5%
_ length(y;) =€
N o 20
< 276 E <Z
9 20 ¢

Great! This allows us to use the big theorem to connect 7;(6;) and v(6;+1). Namely, we can replace
7Yi[0;,0;+41] by the unique geodesic between v;(6;),7i(0j+1), since this cannot increase the distance.

Call this replacement 7;, once we parameterize by arc-length.
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Claim

If we take € small enough, then 7; ~ 7;. Why? Well see your homework!

So now we have 7; with:
e [71(0)] = [54(0)] for all 6 € S.
e 7; is a geodesic when restricted to each [0}, 6;41].

e length(5;) — ¢, since
length(y;) > length(%;) > ¢,

Now pass to a subsequence so that 75 (6;) — p;j for all j =0,..., N — 1. Now in fact d(p;, pj+1) <E.
We can then consider the curve o connecting pg, p1,...,pnN by piecewise geodesics. Aka U‘[9j,9j+1] is
the geodesic connecting pj, pj+1. Parameterize by arc-length so that |o’(0)| = |¢/(0)| for all § € S.
There are now three things to check
(1) o is not a point.
(2) length(o) = £.
(3) o is a geodesic.

Lets go!

(1) We check that o ~ ¢, which is nontrivial in 71 (M) (and hence after change of basepoint

is nontrivial, since this is free homotopy). Well %‘[ by the continuity

0;.0541] U}[9jv9j+1}
properties of connecting geodesics. Hence 7; — o. Moving all the homotopies as well, o ~ c.

(2) By the previous part, we also have length(7;) — length(c) = ¢.

(3) If o were a piecewise geodesic, i.e., it had a kink, we could use a homework problem to
reduce length. Namely, in a small neighborhood around the kink, replace the kink by a
straight line between the intersections with that neighborhood.

This would make o have smaller length but then we would not have length(c) = .
<
So for 7 (M) # 0, we have a nontrivial closed geodesic. Birkhoff (according to Nevés the first
serious American mathematician) handled the hard case

Theorem 1.5.9 (Birkhoff, '20s)
Every (52, g) (any metric g) has a closed geodesic.

Theorem 1.5.10 (Lusternik-Fet)

Every closed Riemannian manifold (M", g) has a closed geodesic.

Question: Does every (M™, g) have infinitely many distinct closed geodesics.

Theorem 1.5.11

Every (5%, g) has infinitely many closed geodesics.
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Theorem 1.5.12 (Rademacher)

Fix M™. For a generic metric there will be infinitely many closed geodesics.

Theorem 1.5.13 (Mromell-Meyer)

“Most” manifolds M"™ have infinitely many closed geodesics for every metric.

Conjecture 1.5.14

Every (S2, g) has infinitely many closed geodesics.

II. Curvature

II.1. The Riemannian Curvature Tensor

Definition II.1.1
A map
T:X(M)xX(M) x---xX(M)— C>*(M)

r times

is an r-tensor if for all f € C*°(M), X1,..., X, € X(m), we have

T(X1,....fXj,....X,) = fT(X1,...,X,).

Example II.1.1
We have that

(1) g: X(M) x X(M) — C>*°(M) where (X,Y) — g(X,Y) is a tensor.
(2) VY : X(M) x X(M) — C*°9M) given by

(X,2)— g(VxY,2)

is a tensor.

Remark I1.1.1
For a tensor T', T'(X1, ..., X;)(p) only depends on Xi(p),..., X;(p). One can show this using

bump functions.

Non-Example I1.1.2
Consider T': X(M) x X(M) x X(M) — C*(M) given by

(X,Y,Z)— g(VxY, Z),

this is not a tensor because it depends on the value of Y in a neighborhood.
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Definition II.1.2
Let (M™, g) be a Riemannian manifold. Given X,Y € X(M) consider the map

R(X,Y) : X(M) — X(M)
R(X, Y)(Z) = Vx(VYZ) — Vy(vXZ) — V[X7y]Z.

This is called the Riemannian curvature operator.

Remark I1.1.2
A naive explanation of curvature (being naive is good sometimes): the curvature tensor

measures how much derivatives do not commute.

Lemma II1.1.1

Proof. Lets compute folks

Vx(Vy(fZ))=Vx(Y(f)Z+ fVyZ2)
= X(Y(f)Z +Y(f)VxZ + X(f)VyZ + [VxVyZ
Vy(Vx(f2)) =Y (X(f)Z+X(/)VyZ+Y(f)VxZ + fVyVxZ.

Thus

Vx(Vy(f2)) = Vy(Vx(fZ)) = XY () Z -Y(X(f))Z + VxVyZ — fVyVxZ
=[X,Y|(f)- Z+ fVxVyZ — fVyVxZ.

Furthermore
Vixy)(f2) =X, Y|(f) + fVixy)(Z).
Subtracting again we get

R(X.,Y)(fZ) = fVXVyZ — fVyVxZ — [Vixy)(Z) = f - R(X,Y)(2).

¢

Perfect!

This operator is so important because using it we can form a tensor
Definition I1.1.3

The Riemannian curvature tensor of a metric ¢ is the map

R(g) : X(M) x X(M) x X(M) x X(M) — C>®(M)
(X,Y, Z,W) — g(R(X,Y)(Z), W).

This map is a tensor by using the lemma above and a bit of work.
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So how should we understand this coordinate? Well of course we should work in coordinates. Let
¢ : U — M be a chart with ¢(0) = p, and let 9;, be shorthand notation for de ( ) Using that

coordinate vector fields commute (i.e. have zero Lle derivative), we get

Now assuming the 0,, are orthonormal at a point, we get

S

Then we have to run a long computation

R(0z;,0x,) 0,

= Va,, <Z ijaxs) ~Va,, (Z kaazs)
= 0u,50., + Z .V, O, — Z 0, 15,0, — Z I%.Vou,Ou,
=3 (9T5 — 04,T5) O, + Z (T5uTd, = T5TY, ) o,

Then we have
lekf(x) = R(axly ar]- ; 6:Ek7 azg)
- Z (azzrjk - aﬂfjrlsk) gst + Z(ijl—‘gs - Flijs)gqf
s $,4q
Now lets make a huge simplifying assumption. Assume that ¢ : U — U is a normal chart and we
evaluate at p (note we’re using tensoriality!). Since this is normal ¢;;(0) = 6;; and 0,, g;;(0) = 0 for
all 7, j, k. Hence Ffj(O) =0 for all 7, 7, £.

This causes many terms to vanish, and we get
Rijke(0) = 02,151, (0) — 02, T7(0).

Now lets see the symmetries of R.
Proposition I1.1.2 (The Curvature Identities)
We have the following identities. The first one is called the first Bianchi Identity

(1) RX,Y)Z+R(Y,Z2) X+ R(Z,X)Y =0, for all X,Y,Z € X(M). This is equivalent to
R(X,Y,Z, W) +R(Y, Z, X, W) +R(Z, X,Y,W) =0,

for all X,Y, Z, W.
(2) R(X,Y,Z,W)=—-R(Y, X, Z,W).
(3) R(X7 Ya Za W) = _R(X> Ya W7 Z)
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‘ (4) R(X,Y,Z,W) =R(Z,W,X,Y).

Proof. Because R(X,Y)Z is tensorial (and so depends only on a point / is linear), it suffices to
check with X = 0,,,Y = 0,,,Z = 05, W = 0,,. By tensoriality it only depends on the point as
well, so we can use normal coordinates.
(1) Lets do the first one:
R(Dz;,00;)02,,(0) = Y (00, T51,(0) = 9,15,(0)) Dy,
¢

Now we cyclically permute the terms Bxil“gk(O) and 8xjffk(0). Since I‘;k is symmetric in

7, k, the terms will cancel. More explicitly

(2) Now for the second one, there are two ways to see this. First
R(X,Y)Z =VxVyZ -VyVxZ -V xy|Z
R(Y,X)Z =VyVxZ —VxVyZ —VyxZ,
where we now note that [Y, X]| = —[X, Y] we can just add this. You could also see this from
Rijie = 0,51, (0) — 82,T54,(0),

and exchange i, j.
(3) First we need a mini-claim
Claim
R(X,Y,Z,7Z) = 0forall X,Y, Z implies the claim that R(X,Y, Z, W) = —R(X,Y, W, Z).

Well, we see that

0=RX,Y,Z+W,Z+W)=R(X,Y,Z,Z) + R(X,Y, Z,W) + R(X,Y,W, Z) + R(X,Y, W, W)
0=R(X,Y,ZW)+R(X,Y,W,Z).

just as desired.

Great! Now we just need to check R(X,Y, Z, Z) = 0. Lets go for it. It is no longer clear we
can check this in charts with normal coordinates, since there may be cross terms coming from
Z. Thankfully, we're still in business. We can perform an orthogonal change of coordinates

on T,M so that Z(p) is a scalar multiple of a coordinate vector field.
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Then the expression R(X,Y, 0y, , 0z, ) is linear in X, Y and so we can choose to write X, Y
in coordinate charts and win. We’ll use the compatibility of the metric and the connection:
Rijkr(0) = (Va,, (Va, On, — Vo, (Va,, 0uy, Or,)
= 02,{Vou,; 0z, Ox,,) — <Vazj Oy Vao,, Ony)
— 02,(Vouw, 0, Ony,) — (Vo,, 00,00, Vo, Ox,)
= 00,(Vo,, Ouy, Ory.) — 02,;(Va,, Ony, Ouy.)

(Ogs Or) (Ozys Ouy)
: O, 0o, -

= (00, 20

= a:clax]
= 0.
Great! That was painful!
(4) Now for the last one it suffices to see R;jrRpyeij. We start doing cyclic permutations and
using the other identities
Rijke + Rjkit + Rpije = 0
Rijkei + Rieji + Rejei = 0
Rieij + Reikj + Rike = 0
Riije + Rijer + Rjeix = 0.
Now we notice some terms cancel because of the other laws
Righe + Rixit + Riije = 0
Rixti + Ritji + Rajri = 0
Rivij +%+ Rike; =0
Reijk + Rigik + Rjeir = 0.
Also Ryjri = Rjesr with two swaps. So adding these together reduces to
2Rpije + 2Rejri = 0
Rrije — Rjeri = 0,

which is exactly what we wanted to prove with different letters.

¢

Perfect!

Now back to tensors.
Definition I11.1.4

If T is an r-tensor, then VT is a (r 4+ 1)-tensor defined as, e.g. for r = 3, there are two
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notations VI'(X,Y, Z, W) and (VxT)(Y, Z,W). They both denote
One must prove that this is a tensor.

Exercise 11.1.3

Check that this is an (r + 1)-tensor, at least when r = 3.

Exercise I1.1.4
Check that metric compatibility of the Levi-Civita connection is exactly the statement that
Vg =0.
So waht is the Second Bianchi Identity?
Proposition I1.1.3 (Second Bianchi Identity)
We have the following

(VxR)Y, Z,W,T) + (VyR)(Z, X, W,T) + (VzR)(X,Y,W,T) = 0

Proof. 1t suffices to check on normal coordinates at a point, since these are all tensors. In these

coordinates we have Vg, 9;;(0) = 0, since the Christoffel symbols vanish at 0. Thus,
(Vo,, )0, Oy Oy 0, )(0) = 0, (R(Ds s Ouy, Oy, 02, ) (0)-

We can’t use the nice expression for R;;x¢ because that only holds at zero. So we have to use the

bad expression and differentiate.

R(axjv amkv aﬂcev 8933) = Z (&EJ,F%Z - 8$kF?€) Gus + Z( %Ergu o F?eriu)gqs-

u u,q

Now I'},(0) = 0, so its squares have vanishing derivative. Similarly gqs has vanishing derivative.

Thus there’s actually only one term to worry about, namely
(8$iR) (arjaamka aﬂ:e’ axs)(o) = Z 8151‘6ij1]$€(0) B 89318ka?€(0) 'QUS(O)

— 04,00, T74(0) — 04,05, T34(0)

Now in the theorem we’re cyclically permuting X, Y, Z. Denoting these as a;jx — a;r;, taking the

cyclic permutations of all of these will yield

QAijk — Qikj
Ajki — Qjik
Qkij — Qkji-
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Now since 0;0; f — 0;0;f = 0 for all 4, j, f, we have a;;, — aj;x = 0. Thus these terms cancel as

Gigk — Qikj
k7 — Ak
Gy — Uegi-

¢

Last Time: (M™, g) a Riemannian manifold, we defined the Riemannian curvature tensor
R:X(M)x X(M)x X(M) x X(M) — C(M).
We proved the 1st/2nd Bianchi identities and the basic symmetries
RX,) Y, ZW)=-RY, X, ZW)=RY,X,W,Z) =R(W, Z,Y, X)

Example 11.1.5

(R™, go). In this case Va/azi% =0 for all 7,5 at all x € R", and so R(X,Y,Z, W) =0 for
all vector fields X, Y, Z, W. We might also write this as R(go) = 0.

Comment: Fix p, can we choose coordinates so that g;; = d;; on U? If so, then R =0 on U.

We will see that all compact manifolds except one family (the flat tori) don’t have this about

each point.

We’ll compute the curvature tensor by the end of class for (S™, ggsn) and on (B™, hyp), hyp =
m go- Everyone else calls this (H", hyp). The unit ball model is nice because you get such an
explicit description of the metric.

Definition II1.1.5

Fix x € M, P CT,M a 2-plane. Then the sectional curvature of P at x is

K,(P) = R(El, EQ, EQ, El),
where Fy, F5 is an orthonormal basis for P.

Exercise 11.1.6

Show this definition of K,(P) is independent of the basis.

Lemma II.1.4 (Sectional Curvatures determine R)

Suppose R1,Ro : T M x T, M x T, M xT,,M — R are both multilinear maps with the same
symmetries as the curvature tensor. Namely, the 1st Bianchi identity, and the basic symmetries.
If K1(P) = Ky(P) for all 2-planes P C T, M, then Ry = Ros.

Corollary I1.1.5
Suppose that K, (P) = K(z) for all x € M and all 2-planes P C T, M. Then we must have
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that
R(Xv Y, Z, W) = K(I)(Q(Xv W)Q(K Z) —g(X, Z)g(Y, W))

Proof of Corollary. Define the tensor T'(X,Y, Z, W) = K(x)(g(X,W)g(Y,Z) — g(X, Z)g(Y,W)).

Check that it has the symmetries of the curvature tensor and that this has sectional curvatures all

Corollary I1.1.6
If (M?,g) is a surface, then the only 2-plane is K, (T, M) =: K(z). Hence

R(X,Y, Z,W) = K(@)((X, W)Y, Z) — (X, Z)(Y,})).

The functionK : M — R is called the Gaussian Curvature

There are two interesting ways of defining curvature of a surface classically

e We have (M2, g), compute K (z), which is a complicated expression depending on g;;, dxgij
and 0;0¢gi;-

e When (M2, g) < (R3,gg) is an isometric embedding. Compute the principal curvatures
A1, A2 of two curves passing through a point. Then we can compute Kprin () = A1 (2)A2().
These are computed by intersecting the surface with carefully chosen planes in R?

Notice: This includes information about how M? sits inside of R3.

A priori, we do not expect these to be the same. \;(x) will change if we change how M? sits in
space. Consider a curving a piece of paper. The principal curvature \;(x) can change from 0 to
positive.
Theorem II.1.7 (Gauss’s Theorem Egregium)
The product K,pin(x) = Ai(z)A2(x) is intrinsic, and in fact equal to K (z). This theorem

is absolutely incredible (egregium means awesome in Latin). It is the birth of Riemannian

geometry.

Proof of Lemma I1.1.J. Check the following: If P = span(u,v), u,v not necessarily orthogonormal,

then we have
ju Ao = [ul? o] = (u,v)?

R(u,v,v,u)

K,(P)=
) lu A vf?

This is an easy check using properties of tensors. Thus, we have R (u,v,v,u) = Ra(u,v,v,u) for
all u,v € T, M, by the assumption that K;(P) = Ky(P) for all P C T, M.
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The basic trick is to “mix” the tangent planes. Here’s what we do, let {e;} be a system of

orthonomal vectors, and look at for j, s, k, m (not necessarily distinct), the following function.
fi(av /B) = RZ(GJ + Q€g, Ef + Bema €L + Bemu ej + ozes)

We want to show Ri(ej,er, em,es) = R(ej, ek, em,es) (or some permutation). We know that

fila, B) = fa(a, B) for all «, 5 by assumption. But wait! This means the derivatives agree!
92 5f1(0,0) = 02 4£2(0,0).
With a compuation (use multilinearity) we achieve

8c2yﬁf,-(0,0) = 2Ri(es, €k, em, €;) + 2R;(es, em, €k, €;).

The only terms which will appear in the computation are those involving both an « and a £,

and each only once. Otherwise the derivative at zero will be zero. So we see
a(iﬂfl(aa ﬁ) = 812175(0657?4(63, €k, Em, es) + Oé,BRi(es, €m, €k, 6])
+ OZBRi(Ej, €m, €k, eS) + aﬁRi(esy €k; Em, ej))

= 2Ri(esa €k; €m, ej) + 2Ri(637 €m; Ck, e_])

Where we’ve used the assumed curvature symmetries and the multilinearity of the tensor.

Definining
T (es, €k, em,€j) = Ri(es, ks em,e;) — Ra(es, €k, €m, €5).
Then the equality of 83, 3 fi(B) gives
T(es, eksem,€j) =T (em, €s, €, €5).

Swapping s and k check T'(em,, €5, €, €;) = T'(ek, €m, s, €;5)-
Using the First Bianchi identity

T(687 €k, Em, e]) + T(@k, €m, €s, 6]) + T(€m7 €s, €k, ej) =0

3T(€5, €k Em, ej) =0,

¢

and so T' = 0, which is exactly what we wanted to prove.

Claim

Let (S™, gsn). There exists a constant ¢; so that

R(X,Y, 2, W) = er (X, W)Y, Z) — (X, Z)(Y, W)).
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In other words (S™, gs») has constant sectional curvature. Look at the north pole N and ej, ey
orthonormal at N. Now consider some 2-plane P at a point x € S™.

Check we can find A : S™ — S™ (namely A € O(n + 1)) so that A is in Isom(S™), so that
A(N) = x and span(A(ey,e2)) = P. Then we’ll have

Ky (span(ey, ez)) = K, (P).

First check: You can do this for + = N for any two plane P, then just use transitivity of
O(n + 1) on the sphere.
Later on we’ll show ¢; = 1.
Using the same ideas, we can get a similar result about hyperbolic space.
Exercise 11.1.7
Check that Isom(H") = Conf(B") are such that Given any z,y € H", P, C T,H", P, C T,,H"
both 2-planes, there exists an isometry 7' € Isom(H") so that T'(x) = y and dT,(P;) = Ps.
Thus

R(X,Y,Z, W) = c_1((X, W)Y, Z) — (X, Z){Y,W)).

In other words, hyperbolic space has constant sectional curvature. Later we’ll show ¢_; = —1.

Goal: Understand R. But this is way way too hard. A matrix is like a square, a 3-tensor is like a
cube, a 4-tensor is like a tesseract. A tesseract of numbers with symmetries. .. and symmetries on
the derivatives. No way. So instead we simplify by taking traces.
Definition I1.1.6
We define the Ricci Curvature as Ric : X(M) x X(M) — C°°(M) where

Ric(X,Y)(z) = Y R(X, E;, B;,Y) (),
i=1

where Fj; is an orthonormal basis of T, M. It is a simple check to see from the symmetries of

the curvature tensor that

Ric(X,Y) = Ric(Y, X).

In dimensions two and three it turns out that this nails it. But even it is too complicated when in
higher dimensions, so we take another trace.

Definition I1.1.7

We define the Scalar Curvature as S(g) : M — R as a smooth function

S(g)(x) =Y Ric(Ej, Ej)(x) = Y R(Ej, Bi, Ei, Ej) ().

j=1 i,j=1
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We should think of this as averaging (well summing, but ﬁ) the sectional curvatures of all
of the two-planes at .

The Einstein Equation, from general relativity, is
S
Ric(g) — @g -A=T,

where T' is something called the energy-matter tensor.

Interesting story about this equation. It’s actually Hilbert’s equation first. Einstein worked out
the story for special relativity in Minkowski spacetime. He then gave lectures at Gottingham,
trying to figure out what the general equation would be. But he couldn’t work it out. He knew
it should be second order (aka depending on curvatures)

Shortly after these lectures, Hilbert (who was at Gottingham at the time) sent a letter to
Einstein about how he found the correct equation from frist principles. Namely using that
it should have geometric meaning, he calculated the critical points of the Hilbert-Einstein
functional g — [,,S(g)dV as Ric(g) — @g =0.

Einstein then sent a letter back, saying that he had come up with the equation the day before
getting this letter. They both said they were submitting papers about it. But Hilbert’s got

held up in refereeing. . . possibly by Einstein. So Einstein got the credit.

Motivated by this

THE QUESTION OF RIEMANNIAN GEOMETRY: Given M", can you find a metric

g with sectional curvature, Ricci curvature, or scalar curvature to be constant, > 0, or < 0.

THE SECOND QUESTION: Suppose that T'= 0 above, and A = 0. Then Ric —@g = 0.
Fact: In this case Ric(g) = Ag and S(g) = 2\. Metrics which satisfy Ric(g) = Ag are called

Einstein.

Yau got his fields medal for solving the Calabi conjecture. Which essentially boils down to
showing that

{lwry:z:w] |2 +y* + 2 +w? =0}

has a metric with Ric = 0.

Thurston got his fields medal for the following. He showed that a surface bundle over S' whose
gluing map is Pseudo-Anosov admits a metric with Ric(g) = —2g.

Likewise, Perelmans proof of the Poincaré conjecture goes through showing that if 71 (M?3) = 0,
then there exists a metric g with Ric(g) = 2¢g. Cartan’s theorem, which we’ll prove, shows that this
implies the Poincaé conjecture.

Last Time: Curvature
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e Riemannian curvature tensor, R : X(M) x X(M) x X(M) x X(M) — C*(M).
e Too complicated, so take the trace Ric(g), Ricci Curvature, defined by

Ric(g) : X(M) x X(M) — C®°(M)(X,Y) — f: R(X,E;, E;Y)

i=1
for FE; an orthonormal basis.

e Again too complicated, so take S(g), the scalar curvature, defined by

S(g): M =R
p— > Ric(g)(Ej, E5)(p),
j=1

for E; an orthonormal basis.

If dim M™ = 2, aka a surface, these all express the same information. If K(p) = K(T,M) is the

sectional curvature at p € M then

R(X,}/,Z, W)(p) - K(p)(<X, W><Y7 Z> - <X’ Z><Yv W>)(p)
Ric(g)(X,Y)(p) = K(

Great! We should recall what this will mean in the coordinates for the metric

Curvatures/Metrics Linear Model
g1t " Jnl
Metric g (9ij)2j1( Dol )
gdin *** gnn
R, Rijke 0;0;gke, Hess g
(Ric)y —%Agij (Laplacian), >, OkOkgi;
S(g) Atrg.

Exercise I1.1.8
Vg =0,V =0.

There is a formal sense in which the above is “nonsense.” Namely, Ag = 0, since Ag = tr V2g = 0.
However, it is not true that Ag is given by Ag;; in coordinates. It is a painful exercise in deeply
understanding the Levi-Civita applied to a tensor to see why these are not the same.
Remark I1.1.3
Hamilton in ’82 was working on the heat equation for u :  x R — R, the heat is described
by Oyu = Auy, where {u;} : Q@ — R is a family of heat functions on a domain €.
Hamilton thought something similar must be true for metrics. At first he tried d;g: = Ay,
but this is trivial. So instead, he wrote down J;g; = —2 Ric(g;), thinking of the linear model.

This flow became useful in solving the Poincaré conjecture via Ricci Flow due to Perelman.
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F1GURE 3. Parallel Trasnport along a loop on S?

Definition II1.1.8
g is called Eisntein if Ric(g) = Ag for A € R. Likewise g is said to have constant scalar
curvature if S(g) = A € R.
Most special metrics have one of these properties. We have that

constant sectional curvature Einstein constant scalar curvature
n=3 n=2
The converses only hold in the special cases of n = 3,n = 2.

III. Parallel Transport

II1.1. Definitions

Definition III.1.1
Let v:(0,1) = M be a smooth curve. Take X € T, )M, we say X (t) € T,y M is parallel

(or parallel transported if

DX

For an example of parallel transport, see Figure 3. This picture contains both a warning and a
wonderful miracle. The vector after parallel transporting around the loop is not the vector we saw
originally, this is a phenomenon called holonomy. Thus crucially X (¢) depends on t instead of v(¢).
We can have v(0) = (1) but X(0) # X (1).
Remark III.1.1
If X(0) is parallel to 4/(0), then X (¢) may not be parallel to 7/(¢) in general. Consider a
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circle y(t) = (cos(t), sin(t)) € R? and +/(0) = (0,1) € T’,0)R?. Then the parallel transport with
respect to VE is just constantly X (¢) = (0,1) € T,)- This is not parallel to v/(t).

Notice that if you parallel transport with respect to V< 1, then you get exactly +/(t). The
parallel transport critically depends on both the metric, the curve, and the initial vector.

In general, the parallel transport of X (0) paralle to 7/(0) along « continues to be parallel to

7 if v is a geodesic. Consider parallel transporting along a great circle of sphere.

Lemma ITI.1.1 (Parallel Transport Makes Sense)
Let v be a smooth curve, for all v € T, )M, there exists a unique X(t) € T M so that
DX =0, X(0) =v.

Proof. Write {v;(t)};-; so that span(v;(t)) = T« and t + v;(t) is smooth. Then

i=1
%(t) - ZZ; al(t)vi(t) + a;(t) ,ij:l t)
Du;

& (t) = ; bij (t)v; (1)

j=1 \i=1
Thus
DX , -
— =0 = dj(t)+ ;ai(t)bij(t) =0,
for all j =1,...,n. This is a Linear system of ODEs, thus there is a unique solution for all time
given a;(0) for j=1,...,n. 3

Using parallel transport, we can give a classical interpretation of curvature. Let w,v be an
orthonormal basis of T), M, and let v(t) trace out a box in T),M. Then let a; = exp,(v(t)) We then

can define
P, :T,M — T,M
P,(X) = parallel transport along «; following direction

If M™ = R", g Euclidean, then P, = Id.
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It is a long computation to see that P;(X) = X + t?R(u,v)X + O(¢®). Or in other words

P, —1d

R(u,v) ~ 3

For an example of this parallel transport map, see again 77.

II1.2. Jacobi Fields

Our next aim is to somehow measure how geodesics spread out. Let v,w € T,M, and consider

the map
F:[0,1] x (—¢,e) = M
F(t,s) = exp,(t(v + sw))

When s = 0, this is just the geodesic exp,(tv). For any fixed s, in fact t = exp,(t(v + sw)) is a
geodesic. Let y(t) := F(t,0). We now call

oF
() = 5-(,0)
We can also consider
1y - DI _
J(t) = e \N
1! _ Dj/ _ /!
J(t) = T VT

These actually have a super special relationship
Proposition I11.2.1
For such a vector field J along ~,
(i) J(0) =0, J'(0) = w.
(i) J"+ R(T,v')y = 0 for all t. This equation is called the Jacobi equation, and solutions

to this equation are called Jacobi vector fields.

Proof of (i). We see that F'(0,s) = exp,(0) = p for all s. Hence J(0) = %—5(0, 0) = 0. Similarly, we
see that

J(t) = %—Z(t,O) = d(exp,,)w (tw) = td(exp,)w(w).

We must differentiate with respect to ¢, so

J'(t) = d(exp, ) (w) + t% (complicated) .

Computing at t = 0, we get

J'(t) = d(exp,)o(w) + 0 - (complicated) = w,

¢

since d(exp,)o = Id.
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Now lets switch to a general map F : [0,1] x (—e,e) — M (not necessarily of the form above).

We’re going to do something important, and think carefully about curvature. We know that

oF oF| [0 0] _,
ds’ ot | |os’ot|

Hence for all vector fields X,

oF 8F> X

X — o9
VaorasVorot VorjotVorjos + R ( 95" ot

Likewise, we have

OF OF
vaF/Gt% = VaF/asE,

since the Levi-Civita connection is torsion free.

Proof of (ii). We know since t — F'(s,t) = exp,(t(v + sw)) is a geodesic for any fixed ¢, hence

oF
VaF/atE =0.

Therefore

oF
VaF/asVaF/atE =0.

Great! Now we just commute things

oF oF OF\ OF
vaF/atvaF/Bsa +R <65’ (%) FT

oF OF OF\ OF
VaF/atVaF/atE + (83’ 8t> 5 = 0.

At s =0, we have %—f(t,O) = ~'(t) and %—Z(t,()) = J(t). Hence
VyVyT +R(T, 7)Y =0
j// + R(j,'yl)’}// — O
v
Lemma III.2.2

Fix p € M and a geodesic v : [0, ] — M a geodesic. Then for every pair of vectors v, w € T, M
there exists a unique vector field J(t) € T, M so that

j,/(t) + R(jafyl)fyl =0,

and J(0) =v,J'(0) = w.

Proof. J" + R(J,~')7 is a second order linear system of ODEs and so we have a unique solution

given J(0), J'(0). If you want more details, see do Carmo. v
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Last Time: We rederived the Jacobi equation. For v : (0,¢) — (M",g) a geodesic, we said a
vector field J along ~ is a Jacobi vector field if

J"() + R(T(#),7'(£)7'(t) = 0

for all ¢. This is called the Jacobi equation. We cited do Carmo (see [docarmo)) to see that given
v, w € Ty M, there exists a unique Jacobi vector field J with J(0) = v, J'(0) = w.
Corollary I11.2.3
If 7(0) = 0, then J(t) = 2E(¢,0) where
F:(0,0) x (—e,e) > M
F(t,5) = expyo)(£(1'(0) + 57'(0).

In fact,
J(t) = d(expy o))ty (0) - (tJ'(0))

Remark II1.2.1
If 7(0) =+/(0) and J'(0) = 0 then J(t) = +/(t). Likewise, if J7(0) = 0 and J'(0) = ~/(0)
then J(t) = t+/(t).

We're going to use the Jacobi equation to compute the curvature of the sphere (S™, ggn). We
determined that it has constant sectional curvature by symmetry. We could write out the metric
explicitly, but we know the geodesics, so lets use that information!
Example I11.2.1

Take u,w € TvS™ for N the north pole, u L w, |u| = |w| = 1. We write

U+ sw
F(t,s) = expy(t(u + sw)) = cos(t) - N + sin(t) - .
We can then just differentiate with respect to s,
oF
J(t) = a—(t, 0) = sin(t)w
S

J'(t) = costw
J"(t) = —sin(t)w.
Therefore J” + J = 0. And thus
R(T, A =J.
Therefore, we have that

sin(t)R(w,~")y" = sin(t)w
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R(w,~'(0))y(0) = w

R(w,u)u = w.
Hence
R(w, u,u,w) = glw,w) =1,

and so the sectional curvature of S™ is 1.
The same argument on (H", gg») would show sectional curvature is —1. In general, we have the

following form for the Jacobi equation.
Exercise I11.2.2

When (M", g) has constant sectional curvature K, when J(0) = 0,7’(0) L 4/(0) the Jacobi
equation becomes

J'"+KJ=0.

Check this.

Given the exercise, we can just solve this equation! Pick w € T )M, w L 7'(0) where v is a
geodesic. Let w(t) be the parallel transport of w along v (note |w(t)| = |w]| for all ¢). Then for
J(0)=0,7'(0) = w, we have

() K >0
J(t) = < tw(t) if K=0
S ERw(t) it K <0

One should check for this choice, 7"+ KJ = 0 and J(0) = 0, 7'(0) = w. Thus by uniqueness, this
is the Jacobi field with those initial conditions.
This provides an incredible interpretation of the curvature in terms of geodesics. We’ll put this

together with a bit of information.
e |J7(t)| measures the rate of spread of geodesics.

This gives us three great cases
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|71

M

K >0

|71

K <0

In general, if 7(0) =0,7'(0) = w (perpendicular to 7/(0)), then

17001 =t (1= §R(w.7 0170, w)+ O )

for t small (see [docarmo]).

IV. Hopf-Rinow Theorem

Definition IV.0.1

Recall IV.0.1

p=q.

We have a distance function d : M x M — (0, +00), with

42

We call (M™,g) geodesically complete if for all p € M"™, the map exp, : Tp,M — M is
well-defined, i.e. for all v € T,M, geodesic v with 7/(0) = v, ¥(0) = p exists for all ¢ > 0.

d(p,q) = inf{length(y) | v is a C* curve connecting p to q}.

d is a distance, i.e. triangle inequality, symmetry, and d(p,q) > 0 with equality if and only if



Faye Jackson April 18th, 2024 MATH 319 - IV.0

Exercise IV.0.2
Check that the topology induced by d is the topology on M. Hence x + d(x,p) is in C°(M)

for all p € M.

Theorem IV.0.1 (Hopf-Rinow)
Fix p € M, then
(1) The following are equivalent
(a) exp, is geodesically complete.
(b) exp, : T,M — M is well-defined.
(c) Closed and bounded sets are compact.
(d) Cauchy sequences converge (i.e., (M™,d) is a complete metric space).
(2) If (M™, g) is geodesically complete, then given any p,q € M, there exists a geodesic
connecting p to ¢ with d(p, q¢) = length(~).

Proof of (2). Fix p,q € M with d(p,q) = r. Pick § > 0 small so that B := Bs(p) is contained in a
normal neighborhood (i.e. geodesics are unique inside of Bs(p)). Now pick a point y € 9B so that
dlgy) = min d(q,y).

The natural candidate now is to pick v € T),M, |v| = 1 so that exp,(dv) = y and consider v(t) =
exp,(tv). Now here’s the relevant question: If r = d(p, q), is (1) = q7

Consider the set

A={tel0,r]|d(g,~()=r—t}.

We know that 0 € A. We want to show that max A = r (note that A is closed/bounded, so it has a
maximum). This will tell us that d(g,v(r)) = 0, so ¢ = y(r).

How will we do this? Well assume ty € A,ty < r. We’ll show that there is a ¢’ so that tg+ ¢’ € A.
Great! Choose 0’ so that B’ := By /(v(tp)) is contained in a normal neighborhood of ~(y). Pick
2z € OB’ which minimizes the distance to ¢ for a point on dB’.

Claim

2z ="(tg+ ¢'). From this the result will follow.

The key identity is that d(v(to),q) = 0’ + d(z,q). Why? Well any curve from ~ () to ¢ must
pass through 0B’, and hence any curve has length at least ¢’ + d(z’, q) for some 2z’ € 9B’. Thus

d(y(t >4 in d(z'
(7(to),¢) 2 0"+ min d(2',q),
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and by the triangle inequality we get the opposite inequality. Thus d(y(to),q) = ¢’ + d(z,q).
This implies that
r—to=206+d(z,q)

d(z,q) =1 — (tg + ).
Great! We now have

d(p, z) < d(p,(to)) + d(v(to), 2) <to+ 0’
d(p,q) < d(p,z) +d(z,q)
d(p, z) = d(p,q) +d(z,q) =7 — (r —to + ')
=1t + 5
Great! But then d(p, z) = to + ¢’. Now consider the broken curve ¢ following ~ from p to (o)

and a small geodesic from ~y(tp) to z. Then since d(p, z) = length(c).
Hence c is a geodesic, initially agreeing with 7, and so ¢ = «y. This implies that z = y(to +0").

Great! We now have by the argument above that d(z,q) = r — (to + ¢') and z = v(to + &), so
to+0 € A —

Notice that the proof of (2) only relied on the fact that exp, was well-defined.

Proof of (1). It is clear that (a) == (b) by definition. Lets complete the circle.

e We show (b) = (c). Take €2 to be a closed and bounded set. Thus Q@ C B,(q). By
increasing the radius, we can take Q C Bg(p) (take R = d(p,q) +r + 1). But wait!

exp,, ' (Br(p)) € Br(0)

We use part (2) to show this inclusion, noting that this only used well-definedness of
exp,. Thus this set is bounded, and so exp~1(Q) is closed and bounded, hence compact in
T,M = R".

Thus Q = exp(exp~1(£2)) is compact.

e (c) = (d) is general topology. Suppose we have a Cauchy sequence (py,), and let C' = {p, }.
We see that C is closed and bounded, and hence compact by assumption, and so p, has a
convergent subsequence (by sequential compactness in a metric space). It is a simple real
analysis exercise that a Cauchy sequence with a convergent subsequence actually converges
itself.

e (d) = (a). Let v:[0,t9) — M be some geodesic. Consider d(y(t),v(s)) < |t — s|. Thus
we can take a sequence t, — to and (t,) will be Cauchy, and thus converge to some p by

assumption.
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Taking a normal neighborhood of p of size §, we see that there is a geodesic connecting
v(tn) to p for p large enough, and this geodesic must agree with ~ for some time. This
implies that « is defined for time ¢y + J, and we continue to extend this way.

<
We wrote before that if 7(0) = 0, then

J(t) = d(exp, )iy(0) (tT'(0)).

Definition IV.0.2
If ~ is a geodesic connecting p to ¢, we say that v(tg) is a conjugate point to p if there exists

a nonzero Jacobi vector field J along v with J(0) = 0 = J (o).

This mirrors the behavior of the north/south pole. A conjugate point is equivalent to a critical

point for the exponential map. Le.,
(o) is a conjugate point to p <= ker d(exp,)s,(0) 7 0

Last time: Hopf-Rinow and its proof.
Theorem IV.0.2 (Hadamard)
If (M™, g) is simply connected, complete, and has non-positive sectional curvature then for

all p € M exp, : T,M — M is a diffeomorphism. In particular, M is diffeomorphic to R".

This fits the mold of the central theme of geometry: Given that a manifold admits a metric satisfying
certain properties, can you restrict the topological type of the manifold.

One sentence proof: “Manifolds with non-positive sectional curvature have no conjugate points”.
Recall that p, g are conjugate along a geodesic « if there exists a nontrivial J a jacobi field such
that J(p) = 0,J(q) = 0. The canonical example is the north pole being conjugate to the south
pole on the sphere.

Here’s a hard theorem in a similar theme, which was a conjecture of Hopf (and proved by him
when n = 2).

Theorem IV.0.3 (Burago-Ivanov, 1994)

If g a metric on 7" = S' x --- x S! has no conjugate points then it’s flat.

Proof of Hadamard’s Theorem. First we show that exp : T,M — M is a local diffeomorphism. It
suffices to show by the inverse function theorem that for all v € T, M, ker(d exp), = 0. Let w € T,M
and suppose w # 0. We want to show that (dexp), - w # 0. Lets set some notation / assumptions.
e Let v(t) = exp(tv), and J(t) = (dexp) (tw).
e This implies that 7 is a Jacobi vector field and 7(0) = 0, 7'(0) = w.
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We want to show that 7 (1) # 0. In other words, that this is not a conjugate point. Set f(t) = |7 (¢)|?,

we know f(0) = 0, and we differentiate to obtain
f1@) =20T'(t), T@) f"(t) = 2(T"(t), T (1)) +2(J'(t), J'(1)).
Now we apply the Jacobi equation
J"+ R(T, ) =0.
Hence

() = —2R(T AN, T) + 2T, T)
>2J,J").

This works because M has non-positive sectional curvature, so the first term is positive.
But wait! This means f is convex and f(t) > 0, f(0) = 0. Thus f(¢t) =0 for all ¢t or f(¢) > 0 for
all t > 0. The first part is impossible, because if J(¢) = 0 for all ¢, this contradicts J'(t) = w # 0
Great! This tells us that exp : T,M — M is a local diffeomorphism. There a proof in do Carmo

that in fact this is a covering map.

Because M is simply connected by assumption, we find that exp is a global diffeomorphism. 4

Here’s some related ideas.
Lemma IV.0.4

Any F : L — N which is proper and a local diffeomorphism, then it’s a covering map

Exercise IV.0.3
On your homework, there exists F' : C — C, surjective, local diffeomorphism, but not

injective.

Now lets explore some consequences of Hadamard’s theorem.
Corollary IV.0.5
We have the following
(1) If (M™, g) is closed and has sectional curvature < 0, its universal cover is diffeomorphic
to R™.
(2) In particular, the n-sphere S™, CP"™, T™ x S™, none of these admit metrics with non-
positive sectional curvature for n > 2.
(3) Thus, if M™ has non-positive sectional curvature, then m(M™) =0 if k > 2.

Here’s a fun consequence of (3). Take H3/I';,H3/Ty two closed hyperbolic manifolds. Then
H3/T'1#H3/T's the connect sum, then there is no metric of non-positive sectional curvature on this

space. Namely, there is a homotopically non-trivial sphere introduced by the connect sum.
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Lets detail some more interesting properties.

(1) On 52 of course we cannot put a metric with K(g) < 0, because [, K(g)dA = 4. For
surfaces you can always nail things with Gauss-Bonnet.

(2) On the other hand, on any M™ closed with n > 3, there exists g with S(g) = —1 (Yanabe
problem, for the scalar curvature).

(3) Gau-Yau showed on S% there’s a metric with Ric(g) < 0, and someone else extended to
every 3-manifold. Idea is that on S® — knot is a hyperbolic manifold, i.e. admits a metric
with constant sectional curvature —1. Then give an explicit description of a metric on the

torus that agrees with this on the boundary.
Theorem IV.0.6 (Cartan)

Let (M™, g) be simply connected, complete, and have constant sectional curvature K =
—1,0,1 then (M™, g) is isometric to (H", gg2) (R™, Euclidean) or (S™, ggn).

Proof when K = —1. Let K = —1, and fix p € M",0 € H". Then (T,M",g) is isometric to
(ToH", gpn ), we’ll identify them via this isometry, so T,M™ = ToH", with g, = gun ‘ o
We have two maps exp : ToH" — H" and exp : T,M"™ — M. For x € H", let

T=F(x) =expoexp '(x).

We will show that F' is an isometry. We know it is a diffeomorphism from Hadamard’s theorem.
Thus it suffices to check F' is a local isometry.

So we must show, for Y7, Y5 € T, H", that
9(dFy (Y1), dFy(Y2)) = gun (Y1, Y2).

Let v(t) = exp(tv), 7(t) = exp(tv) where exp(v) = x. Without loss of generality we can assume
Y: L 4/(0) for i = 1,2 (Use Gauss lemma otherwise).

Set Y;(t) parallel transport of Y; along v with Y;(1) = Y;, and similarly Y;(t) parallel transport
of Y;(0) along 7.

Let J;(t) be defined by

Ji(t) = dexp,, (tY;(0)) = sinh tY;(t)
Ji(t) = dexp,, (tY;(0)) = sinh tY;(¢).

This comes from the fact that (M™, g) has sectional curvature —1, so these satisfy the same Jacobi

equation. We see that, setting ¢ = 1 above,

dF,(Y;) = dexp, (d(exp ), (V7)) = dexp, —
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Therefore,

9(dFy(Y1),dFy(Y2)) = g(Yi(1), Y2(1)) = g(Y1(0), Y2(0)) = g(¥1(0), Y2(0)).
Hence
9(dF;(Y1), dFy(Y2)) = gp(¥1(0), Y2(0)) = hyp(Y1(0), ¥2(0)) = hyp(Y1(1), Y2(1)) = hyp(Y1, Y2).
Perfect! This completes the proof! =

Last time we proved the Cartan theorem for K = —1. The same proof works for K = 0, since
Hadamard’s theorem still applies. We just turn the hyperbolic sines sinht into ¢ to check it is a

local isometry.

Proof for K = 1. The same map
F(z) =&Xp o i 0 expyn(w)

is a local isometry, where ¢ is an isometry of Ty pS™ and T M. But this only holds when we take
S™ — {SP}, that is without the south pole. The problem is that expyp : TnpS™ — S™ is not a
diffeomorphism, and so there is no inverse.

So instead we’ll consider two maps
F:S"—{SP} - M"
F(z) = &P 0 exp o ()

Let p be some point which is not the north pole or south pole. Take p = F(p), and N Z its antipodal

point (portugal and new zealand!), then set
G:S"—{NZ} = M"
G(z) = expjodFy o expljl(x).

The same arguments from last time show that F,G are local isometries. Check that G(p) =
F(p),dG), = dF,. The midterm problem then shows that G = F on S" \ {SP,NZ}.

Thus we can extend F to a map F' : S — M™ by F(SP) = G(SP). It is smooth and a local
isometry. A smooth local diffeomorphism between compact spaces is a covering map. Hence, by

simply connectedness, F' is an isometry. v

Now lets explore some powerful corollaries of this theorem.
Corollary IV.0.7
We have that
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(1) If (M™, g) is closed and smooth and has constant sectional curvature, then (M",g) is
isometric to (R™,Z", flat), (H"/T, hyp), or (S™/T,round). Here I' is discrete acting
freely and properly discontinuously.

These spaces are called space forms.
(2) If (M?", g) has sectional curvature K = 1, then (M?", g) = (S%", round) or (RP?", round).

Proof. The first part is a direct corollary of Cartan’s theorem, by lifting to the universal cover. For
the second piece, take M?" = S?*/T, T < Isom(5?") = O(2n + 1).

Now for A € I', we see that A must have a real eigenvalue A € R. Why? Well A is an odd-
dimensional matrix, so has odd degree characteristic polynomial. Furthermore, since A is orthogonal,
A=1lor A=—1. If A =1, then A has a fixed point, so A = Id since I' acts freely on the sphere.

Likewise, if A = —1, then A? has a fixed point, so A? = Id. This will imply that A is the antipodal

e
map. v

Example 1V.0.4
There is no I' acting on S$?" besides {Id}, {Id, A} where A is the antipodal map. In contrast,
for S?"*1 there are many spaces. E.g. for S3 take
L:S%—8°
L(z,w) = (e%i/pz, 627”‘1/1’10)

where p, q are coprime. This gives an action of Z/pZ on S3. The quotient is called a lens space

L(p, q). Similar constructions give lens spaces for §27+1.

Classification of orientable closed manifolds is one of the most important problems in mathematics.
It’s not hard to move from this to a classification for n = 2.
Theorem IV.0.8 (Uniformization)

Let X2 be a closed orientable surface. Pick a metric g on ¥2. One can find a p € C*(X) so
that K (e*g) = const = 2rx(2) and vol(X) = 1.

This amounts to scaling to volume 1 and then solving the equation.
A+ K(g) = e*2mx (D).

As a consequence of Cartan, ¥ = H?/T", T?, 2.

The much much harder theorem, but of course wildly interesting, is
Theorem IV.0.9 (Geometrization - Perelman/Hamilton)
The geometrization for 3-manifolds. The hard case is showing that if M3 is closed orientable

and 7 (M3) = 0 then M3 ~ S3. Let (M3, g) with g any metric. Find (g;)¢>0 be a family of
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metrics so that
. 2
0ig¢ = —2Ric(gs) + gS(Qt) * G-

If goo = limy 00 4. Now of course —2 Ric(goo) + %S(goo)goo =0.

Hence Ric(gso) = %S (goo) Yoo, and the midterm implies Ric(goo) = Agoo- Again the midterm

implies sectional curvature of g, is constant. Then Cartan’s theorem implies the result.
Unfortunately, for n > 4, the situation gets extremely difficult.
Theorem IV.0.10 (For n = 4)

Any finitely presented group is the fundamental group of some smooth closed 4-manifold. In
fact, we can specify the finitely presented group. Essentially this means there is no classification
for n > 4, since finitely presented groups are not classifiable.

Freedman tells us that if 71 (M?*) = 0, then M* is classified based on intersection form up

to homeomorphism. On the other hand, Donaldson tells us that there are simply connected

4-manifolds which admit not differentiable structure.

The hard part here is. If you have M* ~ S*, then is M* diffeomorphic to a 4-sphere? Freedman

tells us that M* is homeomorphic to S4, but it is not known if it is diffeomorphic. It is known that

there are exotic R*s, and there are exotic S”s (and higher). ..but this case is not really known.
On the other hand, Smale classied 71(M?®) = 0 up to diffeomorphism. Similarly, for dimensions

n > 5, there are some successful cases are

e M™ has S(g) > 0.
e For M?" if M?" is Kahler.
V. Variations of Energy
Let (M™, g) be complete, and fix p,q € M. We can consider
Qg ={7:(0,T) = M [7(0) = p,7(T) = q,7 is piecewise C"}.
Note: A space itself is worthless. A space with functions is a goldmine. So

L:Qy,— (0, +00)

T
Liy) = /0 I/ ()] dt.

Unfortunately, if L(y) < L(o) for all o € €, ; does not imply that v is a geodesic. For example, we
can reparameterize a geodesic so that ||7/(¢)]| is not constant.

There are two options for how to deal with this

e Change the definition of geodesic in some manner so that it is invariant under reparameter-
ization. This turns out to be the correct thing to do for minimal surfaces.

e Look for another functional, namely the energy.
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Definition V.0.1

We define the energy of a curve by

E:Qy — (0,+00)

T
E(y) = / I/ ()] .

0

Our goal: Show that if E(y) < E(0) for all o € Q,, 4, then v is a geodesic.

One line proof: “the differential of E, d,F, is =2V, and so if 7 is a local minimum, then
dyE=0.

So now we have to justify the differential of I, since €2, ; is clearly not a manifold. This will take

us some setup. Given v € ), , we define a tangent space
T,y 4 = {V piecewise C* v. field on v | V(0) = V(T) = 0, and if ~y is diff. on (a,b) then so is V'}.

This implies that for V' € T, , that V.,V (t) is well-defined.
Why is this a good idea of tangent space? Well, if we pick a V € T, , we can take

F:(0,T):(—e,e) = M
F(t,s) = expy)(sV (1))

Now lets check the obvious things
(1) Set v5:(0,L) = M, ~v4(t) = F(s,t). We see that vo =y and v, € Q4 for all |s| < e.
(2) Thus s — 7, is a path in €, , passing through ~. Furthermore,

San0)| _ =V,

s=0
Call S, the set of t € (0,7") where v is not differentiable. Notably S, is finite.
Lemma V.0.1

Well, now we have the right thing to do!

d

7E(’Ys)

T —_ — —
2 =2 [V =2 VO )~ ).

teSy

s=0

The ~/(t4) here denotes a derivative from the right hand side. There’s a more concise way to

write this, namely

B = =2Vyy =23 (v (Es) =7/ ()%
teS
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Proof. For simplicity, we’ll assume S = {t}, that is there is a single point of discontinuity. We then
see that

d T
ds

d
— E(vs
o (7s)

d T
s:O:£O | ‘dt

:2/0 (;SgtF(t 9, %};(t,s))dt

s=0
0 0
=2 ——F !
[ @ 2 rw o wpar

We must now apply compatibility of the connection with the metric

0 0 T , ,

0 s 0
Nowwe split this up from 0 to ¢. Note that d;F(¢,0) = V(¢). Hence
t
2/ oV (t),~ dt+2/ oV (t))dt
0
=2((V(®),7'(t-))) — ):7(0)) + 2(V(T), 7 (T)) — 2(V (), (t+))-

The middle terms are zero, and we obtain

d
Ry HER
P (7s)

T
0 —2/0 (0sF(£,0), VoY (£)) dt + 2((V'(£), 7' (£-))) — 2(V(£), 7 (+))-

¢

This matches the desired formula, since d;F'(¢,0) = V (¢).

Lets work on a complete Riemannian manifold M.

Last Time: We defined the energy functional

E:Qpq—[0,400)

Here we said
T, 4 = {vector fields along ypiecewise ', V(0) = V(T) = 0}.

We then had the first variation of energy
Proposition V.0.2 (1st variation formula)
v €y, V eT,Qp, with

AE,(V) = TB()

s=0

T
. / (V, Vo) dt — 2 SV (), 4 () = +/(E)

teS
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where S is the singular points of v, #S < oo, and 7, : (0,T7) = M, v € Qp 4 With 79 = v and
s+ 7s(t) smooth and -L,(t) . V(t). Explicitly we can take
s=

vs(t) = expv(t)(sV(t)).
This is called the Euler-Lagrange equation for the energy.
Lemma V.0.3 (Critical points of E are geodesics)
Let v € Q4. Then v is a geodesic if dE, (V) =0 for all V' € T8, ,.

Proof. The forward direction is clear, as V7' = 0 and « is smooth. Lets do the converse. Pick
® € C1(0,T) where ¢(t) = 0 if t € S. Then define

V(t) = d)(t)v,yl(t)’}/(t) S T’YQPﬂ'

We then obtain
L
0=dE,(V) = —2/ ¢ |V [” dt.
0

This holds for any fucntion ¢ which is zero at finitely many points. Since V.4 is continuous except
for these finitely many points, this implies that V., = 0 everywhere.

Now we must rule out curves which are not smooth. Now choose V' € T, , so that V(t) =
Y () —~'(t7) at t € S. We can do this continuously, just smoothly extending V along the rest of
~. Then

0=dE, (V) =2 |yt -+ ).
teS

Hence +/(t*) = +/(t7) for each t € S, and hence ~ is C'. 7
Corollary V.0.4 (Minimizers of F are Minimizers of Length)

Let v € 4, then E(y) < E(0) for all 0 € Q,,, if and only if v is a length minimizing

geodesic.

Proof. Lets do the backwards direction first. Let « be a length-minimizing geodesic. Necessarily

)] = A

for all ¢, since we're parameterizing from [0, 7] and |y/(¢)| is constant with length(y) = d(p, q). Now

pick o € Q,, and write

E(y) =

2
T o ([T o' (1) at
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Now we apply Cauchy-Schwartz,
2 2

(/OT\U’(t)}dt>2§ /OTdt /()T,U,(t)‘zdt _ TE()

Hence we obtain

T, , 2
b < (5 1o ;t)ldt) B

Great!
Now lets do the forward direction. Let E(y) < E(o) for all o € £, ,.

Claim
This implies the first variation dE, = 0, and hence

Notably, for 5 as before, we have that s — F(s) is minimized at zero, so by 1-variable calculus

LE(vs) W= 0. Therefore dE, (V) = 0 for V() = Lr,(t) o

Now we must show that if length(y) > length(7) for some geodesic ¥ € €2, ,. Repeating the argument
v

above yields that F(7) < E(vy) which is a contradiction.

To distinguish the length-minimizing geodesics from other geodesics, we have to do the second

variational formula.

Remark V.0.1
There is always a way to go up in energy, just wiggle more! Thus the only situations are

local minimums or saddle points.

Proposition V.0.5 (Second Variation Formula)
Let v be a geodesic in €2, ,. Since we need second variation we’ll have

T,Q,, = {C? vector fields along v, V(0) =

We look at
2

d T
DE,(V.V) = 5B _ =2 [ (VV"+ ROV dt,
0

s=0

here we write J(V) = V" + R(V,~')7/ called the Jacobi operator. So then

T
D*E,(V,V) = —2/ (V,3(V)) dt.
0

“If dE, = —2V.,y/ then D?*E, = —23.”
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Proof. Lets compute. .. Let F(t,s) = exp,)(sV(t)) so that vs(t) = F(¢,s). Then we write

d

d T 5 T

T
== 2/ <8t85F, 8tF> dt
0

T
=2 / 00 F, ,FO) — (0,F, Vo, p,F) dt.
0

Note that F(0,s) = v(0) for all s and F(T,s) = (1) for all s. Hence 0sF(0,s) = 0sF(T,s) = 0.

Thus the fundamental theorem of calculus will make the first term vaish, so that

d

T
4 By = —2 / (0,F, Vo, r0,F) dt.
dS 0

Great! Now take another derivative!

d d

T
ggE(%) = —2/ (Vo,r0sF,Vo,p0iF) + (0sF, Vo, rVa,r0 F) dt.
0

s=0
Notice now that at s = 0, O,F =+ and d; = /. Hence the first term vanishes and we obtain by
the definition of curvature that

d2
@E(’Ys)

s=

T
o = —2/ ((%F, VaSFVatpatF> de¢
0
T
_ 9 / (0.F, Vi, 2V pOiF) + (0sF, R(OSF, O, F)O,F) dlt
0

T
_ 9 / (0,F, Vo, Vo, n0sF) + (95F, R(D,F, 0y F)0, F di.
0

Now when s = 0 we have
d2

@E(’Ys)

T
— _2/ (V, V" + R(V,¥")).
0

s=0

]

Theorem V.0.6 (Hadamard)
Suppose we have a closed manifold (M",g) with sectional curvatures < 0, then closed
geodesics are unique in their homotopy class. Furthermore, there is a geodesic in each homotopy

class. Hence

{closed geodesics in M"} ~ {conjugacy classes in m(M)}.

Proof. One line proof: “The energy is a convex function if sectional curvatures < 0, and so there is
only one critical point”.
Suppose we have a homotopy H : S' x [0,1] — M a free homotopy between closed geodesics

Y0,71 : ST — M.
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Claim
There exists G : S' x [0, 1] — M homotopic to H relative to d where s — G(6, s) is a geodesic

for all 6 (the “vertical” component of the cylinders).

Lift H to the universal cover as H : R x [0,1] — M. Since H(0+ 2m,s) = H(#,s) there must

be some deck transformation ¢ lying in Isom(ﬂ ,g) such that
H(0 +n2m,s) = ¢"(H(H,s)).

Great! Now set G : R x [0,1] — M with s — G(6,s) to be the unique geodesic connecting
H (0,0) to H (0,1). Uniqueness of geodesics (on simply connected spaces with non-positive
sectional curvature) and ¢ being an isometry implies that

G(0 4 n2m,s) = ¢"(G(6, s)).

for all s.

HW Problem: Set v5(f) = G(6,s) and check that
d2
ds?

where V (0, s) = 0sv5(0). Well lets take a look at this

2
Ely) = —2 / (V,V" + RV, do,

d? 27 " o !
d32:_2/ (V,vhdt—2 | R(V,vg,7,V)do
0 0
2 DV 2 2
:2/ | =2/ RV, V) >0,

by integrating by parts and applying that the sectional curvature is negative. Thus f(s) = E(vs) is
convex, f'(0) = f'(s) = 0. Therefore f(s) = f(0) = f(1) for all s.

Therefore f”(s) = 0 for all s. But wait, we can assume 7 (S*!) # 0(S!) for contradiction. Then
there must exist some § € S! so that 9;G(6, s) is not in the span of 9yG(6,0) In other words, if
095G (0, s) is collinear to G(6,0) for all s, then 7 is just a reparameterization of ~.

Thus

¢

and so we have f”(0) > 0. Great!

Proof. Hence,

¢
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Last Time: We derived the second variation of energy as
T
DE,(V.V) =2 [ ~(V,V") = (VRV} de
0

T
_ 2/ V'[2 = R(V,+,+, V) dt.
0

Last time we also used an assumption of negative curvature to show that geodesics are unique in
their homotopy class. This time, we will make a positivity assumption and use the second variation
to get interesting results.
Theorem V.0.7 (Bonnet-Myers)

Suppose (M™, g) is complete with Ric(g) > %=Ly, then diam(M™, g) < 7.

T

n—1
r

To make this precise, we should think about the inequality Ric(g) > g. Here we give.

Remark V.0.2
We say that Ric(g) > ag if for every vector field X,

Ric(g)(X, X) = a |X]2.
We also define

diam(M™, g) = sup d(p,q)
p,qeM

Corollary V.0.8
If (M™, g) has Ric(g) > eg for € > 0 then w1 (M) is finite.

Proof of Corollary. Consider (]\7 ,g) the universal cover with the induced metric. Note that these
are locally isometric, and so M satisfies Bonnet-Myers. Hence diam(ﬁ ,g) has finite diameter, and

hence is compact (since it will be complete). Thus the deck —

Lets build our list of examples some.
Example V.0.1
What are some closed simply connected manifolds with small diameter?
Example | Simply Connected | Admits Positive Ricci Curvature?
ST v
S™x S™
cp™
K3
RP?
S3/T
RP3#RP3

SR NI NN
SN NIENIEN
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Remark V.0.3

It’s possible that Ric(g) > 0 may have diam(M, g) = 4o0o. For example the paraboloid
2z = 22 +y?. Essentially at oo you get closer and closer to flat. If M is compact, then Ric(g) > 0
implies Ric(g) > eg for some £ > 0.

Corollary V.0.9

Any manifold of the form T* x M™ for M™ closed has NO metric with positive Ric curvature.

Proof of Bonnet-Myers. Without loss of generality, assume r = 1, and check scaling properties of
diameter/Ricci/metric. Suppose diam(M™, g) > 7. Then there exists p,q € M and v : [0,{] — M

a geodesic connecting p to ¢ so that
d(p,q) = length(v) = £ > 7.

Now lets do Bonnet’s proof.
Claim

We can prove the theorem assuming that sectional(g) > 1, which is stronger.

We want to find V € T,9,, so that D?E.,(V,V) < 0. This is a contradiction because 7 is
energy-minimizing (being length-minimizing). Pick e L +/(0), |e] = 1 and set e(t) to be the
parallel transport. Set V (t) =sin (t5) e(t). We now obtain

0 L
t
D*E,(V,V) = / VP =RV,Y ¥, V)t = / V[ —sin? (7;) R(e, 7,7 ) dt.
0 0

Now notice that e(t),~/(t) both have norm 1 and are perpendicular. Thus this is the sectional
curvature of this plane. By the strong assumption on sectional curvatures. We have then that

R(e,v',v',e) > 1s0

2 Sz 2 (Tt
D*E,(V,V) < | [V']" —sin® ( - ) dt.
0

We also compute that

using that €/(t) = 0. Plugging these both in gives

0,2
s Tt . mt
DgEv(‘/, V) S 2 ) ﬁ COS2 <£> — Sln2 <€> dt

w2 ¢ o [Tt
—2<€2—1>-/0 cos <€>dt,
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since sin?, cos? take the same values on [0, 7], just shifted by 7/2. Since £ > 7, we see that

D?E.(V,V) <0, and so we win!

Now we’ll go over Myer’s contribution, which shows that Ric(g) > (n — 1)g is sufficient. Choose
e; L ~'(0) so that {e1,...,en—1,7(0)} is an orthonormal basis. As before take e;(¢) the parallel

transport and
t
Vi(t) = sin (2) ei(t).

We see then that, if v is length-minimizing, then

The assumption is that Ric(vy/,7') > (n — 1) |y

0< ZD2 (Vi, Vi) /Oz(n _1) (%)QCOSQ (7) — (n— 1)sin® (7) dt

This is a contradiction, and so we win! v

Now the next question is incredible. Is this problem rigid. In toher words,
Theorem V.0.10 (Cheng)
If Ric(g) > (n — 1)g and diam(M™, g) = =, then (M™", g) is isometric to (S™, ggn).

Theorem V.0.11 (Synge-Weinstein)
If (M",g) is closed and has positive sectional curvature then

(i) If n is even and M™ is orientable this implies 71 (M™) = 0.
(ii) If n is odd this implies that M™ is orientable.

Proof of (). Assume that n is even and orientable. For contradiction, suppose that m(M™) # 0.
Then there exists v : S' — M a closed geodesic which is length-minimizing (in its homotopy class)
and thus energy-minimizing. Thus DZEA,(V, V) > 0 for all V. We’ll cook up a vector field so that
D?E.(V,V) <0
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We’ll use the orientation and the dimensionality assumption to cook up the vector using parallel

transport. The difficulty is making sure the vector field is well-defined when we wrap around. Let
(YO} ={ve Ty M|V LA(0)}

P {y/ (0} — {+/(0)}L

P(v) = parallel transport along 'y‘ 0.27]"

Now here’s the crucial step.
Claim
There exists a v # 0 in {7/(0)}* so that P(v) = v.

P is an isometry and dim{y/(0)}* =n — 1 is odd. Note that P is orientation preserving. We

can see this because if we define
P Tyo)M = Ty M

to be parallel transport to y(¢). Then sgn P, € {£1} depending on if P, is orientation preserving,
and this is continuous. sgn Py = 1, and so sgn P, = 1 for all ¢ by connectedness.

Now P € O4(n—1), det P = 1, and so P has an odd number of real eigenvalues. These
are all either 1 or —1, and their product is the determinant which is one. Hence at least one

eigenvalue is one, which gives the desired v.

Now if P(v) = v and V (¢) is the parallel transport of v along 7, then ¢t — V(¢) is well-defined along

v, and the 2nd variation formula holds

27 27
0< DZEW(V, V)= / |V"2 —R(V,y,+,V)dt = -2 RV, ,V)dt < 0.
0 0
Perfect! This is our contradiction! —

Remark V.0.4
In the proof above we had to be careful that V(0) and V' (27) were the same. This is because

in our proof of the second variation formula, we considered curves.

Vs(t) = expy ) (sV (1))

If V(0) # V(27) then this curve 7, is not a closed curve, and hence not “competitor” as it
won’t be freely homotopic to . Hence the proof of the second variation formula we did before
will not work.

Corollary V.0.12

RP? x RP? has no metric with positive sectional curvature.
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Proof. Suppose RP? x RP? admitted such a metric. Let M be the orientable 2-covering of RP? x RP2.
Then dim M = 4, orientable, and has sectional curvature > 0. However, 771(]\7 ) is an index two
subgroup of Z/27 x Z./27.. Hence it is not zero. Put another way, if 71 M were 0, then m (RP2 x RP?)
would be Z/27 because M would be the universal cover.

This contradicts Synge-Weinstein’s theorem! —

Most Famous Problem in Geometry (Hopf Conjecture): S? x S? has no metric with

positive sectional curvature.

Remark V.0.5

The proof of Synge-Weinstein feels spiritually like it would work for Bonnet-Myers. However,
we needed to arrange for V' (0) = V' (¢) = 0 for Bonnet-Myers. This is because our curve vy was
a length-minimizer for paths between p,q. Thus our choice of V cannot leave this space.

In contrast, in the proof of Synge-Weinstein, we know that our curve v is a length-minimizer
in the entire homotopy class. Thus our choice of V' can make 7, leave the space of paths from

~(0) to itself, but must stay
(1) Closed Curves

(2) In the same homotopy class.

If we have (1), then (2) follows since s is close enough to «y, and close curves are homotopic in

Riemannian geometry.

Conjecture V.0.13 (Hopf Conjecture Strong)
If (M*, g) has secg > 0 then M* is isometric to S* or CP2.

Theorem V.0.14 (Schoen/Brendel, Differentiable Sphere Theorem)
If (M", g) with I < sec(g) <1 then M" is diffeomorphic to S™/T.

VI. Beyond do Carmo

VI.1. The Geometric Aesthetic Principle, Organizing the Course

Meta Theorem: Assume a geometric condition (G) then a topological property (T) holds. In the

chart below assume that M is always closed. Let sect(g) be the sectional curvature as well.

Theorem Geometry (G) Topology (T)
Hadamard sect(g) <0 Universal cover =g, r¢ R"
Bonnet-Myers Ric(g) >0 w1 (M) is finite
Synge-Weinstein | sect(g) > 0, n even, M™ orient. mM = 0.
* Preissman sect(g) <0 G <mM, abelian —= G =7
* Schoen-Yau S(g) >0 F:M"—T" = degF =0.
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We have proved the theorems without x in front of them.
Strategy: Consider some space X (dim X = +o00) and a functional E : X — (0, 400), this is
where the talent lies. The core of the argument is
(G) = critical points of E have some property (P)
Failure of (T) == There exists a critical point of E without property (P).

Now lets give the same list, but this time with the functionals and properties

Theorem X E (P)
Hadamard Qpq Ey)= [ \2 No conj. pts along critical pts
Bonnet-Myers Qpq Ev)= [ > Crit. pts, length > 7 are unstable.
Synge-Weinstein Q2 = {all closed loops} E(M) =[] No local minimums
* Preissman {all f:T?% — M"} E(f) = [ |df]*  Crit. pts have one-dim. image
* Schoen-Yau | {all hyp-surf. X"t C M"} E(X) = area(X) Crit. pts aren’t local mins

There’s one more important technique in this general ideas.

VI.2. Bochner Technique

We’ve now left the world of do Carmo. For a reference look at Chapter 4¢ on Riemannian Geometry,

see Gallot-Hulin-Lafontaine [gallot]. Let M™ be closed, and recall the de Rham cohomology
OP(M) = {p-differential forms},

we see Q°(M) = C*(M) and we have an exact sequence.
0 — QM) —4 QY (M) — ... —5 Qn(M) —— 0.
We know that d : QF(M) — QPFH(M) satisfies d o d = 0, which implies that im(d|

).

QP—1)Cker(d
op

We recall that
) ker(d‘Qp(M))
Hi (M) = ———————.
1m(d|m_1(M))
Le., if we have a7, as with day = dag = 0, then we say aq ~ a9 if a3 — ag = dg.
Theorem VI.2.1 (de Rham)
We have that HY (M) ~ HY(M,R), and in this case HY(M,R) = Hy(M,R)*, the dual vector

space. It gives the isomorphism as

I: He (M) — Hom(Hy(M,R),R) = HY(M,R)

ol o> (1) = o)
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We're going to find a “best” representative for [w] € HgR(M ) using a metric g on M. This metric

induces a dot product on p-forms
(,) :QP(M) x QP(M) — C*(M)
<Oé,/8>x = p' Z a(eila"'aeip)ﬂ(eip"')eip)a

1<in,eeip<n

where {e;}!" ; is an orthonormal basis of T, M.
Exercise VI1.2.1

If a, B € QY(M), we can write o € TM, 3% € TM so that g(a”, X) = a(X), g(8%,X) =
B(X). Then one can check that

(o, B) = g(a¥, B7).

We also get an inner product
(,): QP(M) x QP(M) - R
(0, B) = / (0, B) () dvol, (x).
M

Now (QP(M),(,)) is “almost” a Hilbert space. We’ll treat it like a Hilbert space, since we’re not

analysts.
If we have d : QP(M) — QPFTL(M) we have a well-defined adjoint map § : QPF1(M) — QP(M)
defined by

(0, B) = (a, dB).

Alright! Lets compute this in a particular example! First we have to recall some tensor calculus
Recall VI.2.2

Recall: If T is an R-tensor then VT is an (R + 1)-tensor. We use the notation VxT(...) =
VT(X,...). Some properties are
o Vx(fT)(...)=X(f)T+ fVxT(...).
Now for o € Q' (M) we can consider Va : X(M) x X(M) — C*(M) and
diva =trVa = Z Ve, a(e;) = Z Va(e;, e;).
i=1 i=1

Lemma VI.2.2
Let o € QY(M). We will compute da = — div a.

Proof. Lets first consider for any f € C°°(M) that

div(fa) = > V(fa)(ei e:)
=1
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—Ze, a(e; +fZVa €i,€;)

—de ei)a(e;) + fdiva
= (df,a) + fdiva.
HW: [,,div(X)dvol =0 from do Carmo. So now we can integrate both sides over M and obtain
0= /div(fa) dvol, = /(df, a) dvol, +/fdivadvolg
= (df,a) + (f,div o).

Hence

(df7a) = (f,—diVOé),

¢

for all f € C*°(M). Therefore o = — div by uniqueness of the adjoint.

Lets compute the adjoint for 2-forms as well
Lemma VI.2.3
Let w € Q?(M). Then dw,(e;) = —2 > j—1 Vwa(ej, ej, €;), where ¢; is an orthonormal basis

of T, M and V,ej(x) = 0 (normal coords). This is also sometimes called the divergence.

Proof. Check for yourself (perhaps in coords): for o € Q(M), we have
1

da(X,Y) ==

5 (Vxa(Y) — Vya(X)).

Now we want to show that (dw,a) = (w,da) for all a € Q'(M) where dw by abuse of notation is
the sum above. Set 3 € QY(M) to be

Now lets take div(3)! We have
div(8) = 3 VA(ej, e5) = Z ej(Ble;) = > B(Vese))
= , I

= Ze] w(ei ej)ale) =Y ejwleie;))ale;) + wles, e)ej(ae;))

,J
= ZVw ej, e, ej)a(e;) + Zw(ei, e;j)Va(e;, e;)
1]
= - va €j,€5, el ei) + Zw(eia €j)(v0é(€j, ei) - VOZ(GZ', e]))
i<j
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This is really good! It says

6w(e¢)a

div(8) =) 5 ale) + 2> wles e5) dales, e)
i=1 1<j 1<j
= %<5w, a) — Z w(ei, 6]') doz(ei, ej)
0]
1 1
= §<5W,a) - 5(w,da>.

Perfect! Integrating both sides yields that

0= (0w, o) — (w,da),

just as desired!

¢

Definition VI.2.1 (Hodge-Laplacian)
We define the Hodge-Laplacian as Ay : QP(M) — QP(M) defined by

Apr(w) = —(dd + 6d) (w).

This operator is clearly self-adjoint, i.e. (Aga, ) = (a, AgB). A form w is called harmonic
provided that Agw = 0.

HP (M) = {w € QP(M) | Agw = 0}.

Theorem VI1.2.4 (Hodge)
HP(M) ~ HL (M) ~ HP(M,R).

Proof. Consider the map F : HP(M) — HY,(M). This map is given by

Goal: F' is bijective and well-defined. To see that it is well-defined, we prove that
Claim

Aga=0 < da=da=0.

The converse is obvious. For the first direction, we compute that
(Aga,a) = —(dda + d da, a, a)
= —(dda, ) — (d dev, @)
= —(da, 6a) — (da,dar) = —|da* — |daf* .

Because the left hand side is zero, we know da = da = 0.
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Ok, so now we’ll show ker F' = 0. Let F/(«) = 0, meaning that o = dp. We now evaluate
laf* = (a,a) = (a,dp) = (5a, ) =0,
because « is harmonic, hence a = 0.
Next Time: We'll prove F' is surjective. 7

Last Time: We introduced for (M™, g) closed an inner product (o, ) = [,,{c, 8)dvol on «, 3 €

QP(M). We then considered the exterior derivative and its adjoint
(M) é P,
We then defined the Hodge Laplacian Ay : QP (M) — QP (M) via
Apg =—(dd+ do).
We then defined the harmonic forms as
HP(M) ={w e QP(M) | Agw = 0}.

We also showed that w € HP(M) if and only if dw = 0, 0w = 0.
Theorem VI.2.5 (Hodge)
The map

J:HP(M) — HL (M) ~ HP(M;R)

is an isomorphism
We showed last time that J is well-defined and injective.
Remark VI.2.1
HP(M) belongs to the world of elliptic PDEs, and HP(M;R) (singular cohomology) belongs
to topologists.

Proof of Hodge Theorem modulo PDEs. First Principle: We have a map Ay : QP(M) — QP(M)
which is self-adjoint. We have rank 4+ nullity as

im Ay = (ker Ag)t.

This is also sometimes called Fredholm alternative. The condition is that Id —Apy is a compact
operator (recall Functional Analysis). This requires some PDE theory about a priori estimates for

solutions to a PDE. We'll skip that.
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Why this is rank+nullity for the unenlightened, since Neves won’t have you leave class without
knowing this: For linear maps A : R” — R" im A = (ker A)* implies R” = im A @ ker A. Thus
n = rank A 4+ null A.

Pick [8] € H),(M). We want to find ¢ : QP~(M) so that
Ap(B+de) =0.

Because then  + dy € HP(M) and J(B + dg) = [B]. So how do we find: ¢? Well lets first solve

the equation
Agp = 00.
This is equivalent to 65 L ker Ay by the Fredholm alternative. So pick o € ker Ay, we have
(08,0) = (8,do) = (B,0) = 0.
Great! Now lets see that Agp = 65 is enough. We note that A od = do Apg, so we compute

Ap(B+de) = ApB+ Apdp = (—ddB — 6dB) + dA g
= —d6B+dApy = d(Apyp — 68) = d0 = 0.

¢

Perfect! This completes the proof.

Theorem VI.2.6
Assume (M™, g) is closed. Then
(i) Ric(g) > 0 implies H'(M;R) =0, i.e. by(M) = 0.
(ii) Ric(g) > 0 implies dim H'(M,R) < n i.e., by(M) < n and by (M) = n if and only if
(M™, g) ~isom (T™, flat metric).
Note: By Hurewicz Hy(M;Z) = (m1(M))?, the first statement follows by Bonnet-Myers, since

m1(M) is finite in this case.

Conjecture VI.2.7 (Milnor, disproved by Naber)
If Ric(g) > 0 then 71(M) is finitely generated, even if M is not compact. Unfortunately,

there is a counterexample in dimension 7! This was done by Naber.

The content of today’s class is the Bochner formula, which will allow us to prove the theorem

above.
Recall VI.2.3

For a € QY(M) if and only if o™ is a vector field. We have two Laplacians, Aga, and

Aa =tris VVa = Z VVal(e;, e, —) = Z Vzwl(,x.
i=1 i
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Proposition VI.2.8 (Bochner Formula)
Let o € Q'(M). Then we have

A(a) = Ag(a) + Ric(a®)

where Ric(a?)(X) = Ric(X, a?).
Proof. Last time, we computed for A € Q!(M) that

SA=—diva=—) V(e e)
=1

AA(X, V) = %(VX/\(Y) ~ Uy AX)).

We also computed for w € Q?(M) that

ow=—-2divw = —2ZVw(ei,ei, -)
i=1

Lets start with Aga, we have, where X = 0,, ,e; = 0., are normal coordinates V@zﬁxk =0:

Aga = —(dda + dda)

déo(X) = —d(diva)(X) = =X (diva) = =X (Z Vale;, ei)>

i=1

= — ZVVQ(X, €i,€;) = —trog VV(a)(X).

i=1
The last part applies the Leibniz rule for derivatives of a tensor, with Vxe; = 0. We use the

expression for da as an antisymmetrization to compute

dda = —2div(da) = —2tr1 o Vda = -2 Z Vda(e;, e, —)
i=1

n
= — Z VVa(ei, €, —) — VVa(ei, -, ei)
=1
= —1tri9 VVa + tris VVa
=—-Aa+tri3VVa.
Hence we have that

Apga = Aa +tra3 VVa —tr; 3 VVa.
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We’re almost there! Now its clear where curvature is gonna happen, we’re gonna commute the

derivatives to promote the 2 to a 1! Lets compute this at a normal vector 0, with e; = 9; at p.

tro 3 VVa(ak) —tr13 VVa(c’)k) = Z VVa(c‘?k, 0y, 8,) — VVa(ai, Ok, 82)

=1

= 0(0:(c(y)) — 0 (Ok(cx(D)))
=1

=Y (Vo Voo™, 0;) - (Vo Vo.a®,8)
=1

= R(h 0, 0¥, ;)

== RO 0, 0;,a*)

= — Ric(a™)(dy,).

¢

Proof of Theorem (i). We first show that
Claim
For a € Q'(M) we have that

Ala)? = 2(Aa,a) +2|Val?.

We see that

Alaf =) Ve Ve laf? =2) Ve (Vea,a)

=2 (Ve,Ve,a) +2) (Vea,Vea) =2(Aa,a) +2|Val*.

Now suppose H'(M;R) # 0. Then pick a € H!(M) a non-zero harmonic form. We then have that
Aa = Aga + Ric(a™) = Ric(a).
So, we find that
Ala)? = 2(Aa,a) +2|Val?
= 2(Ric(a™), a) + 2 |[Val?
= 2Ric(a®, o™) 4+ 2|Val?.

We can integrate, and using Stokes / divergence theorem

O:/ A]a!Qd\ml:Q/Ric(a#,a#)—i—\Voz|2dvol. (%)
M
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if Ric > 0, the right hand side is > 0. Contradiction! =

Proof of Theorem (ii). If & € H'(M) then applying Equation (), which still holds in this case, we

have
2
0> / IVa? dvol = / ‘Voz#‘ dvol.
M M
This implies that Va# = 0. Fix p € M and consider the map
F:H (M) — T,M
o — o (p).

This is a linear map. We must make sure that F' is injective, as the Hodge theorem will then imply
that dim H'(M;R) = dimH! (M) < dim T,M = n. Intuitively, we know that Va# = 0 captures
the derivative, and so we should expect a7 is constant (determined by a point).

Well, suppose F'(a) = a™(p) = 0. Pick ¢ and 7 a curve connecting p to g. Then

D
=2(Za”, o) =0,

2
=G

 Jo* (1)
because Va? = 0. Thus ‘oﬂﬂq)‘2 = 0. Now say b1 (M) = n, so dimH!(M) = n. This implies F is
an isomorphism, so we can port over an orthonormal basis for T, M. We obtain then {e;, ..., e} =
{oﬁf, e ,a# } all parallel and linearly independent with g(e;, e;) = d;5.

Then {eq,...,e,} will be orthonormal everywhere with R(e;, e, ex, e¢) = 0 so M™ = R"/T", with

the flat metric. Because by (M) = n, it amounts to having I" be a lattice. v

General culture, so you don’t look ignorant during tea conversations: We have the cotangent

bundle
T M

|

M
with {sections of T*M} = Q!(M). We have two natural maps A : QY(M) — QY(M) and Ay :
QY(M) — QY(M). We showed they were related by the Ricci curvature A = Ay + Ric.
There’s another bundle, the spin bundle Spin(M) given as
Spin(M)

|

M
Where {sections of Spin(M)} = S(M) = {spinors}. There’s a Bochner formula for spinors as

A S(M) — S(M)
P2 S(M)— S(M)
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A:,BQ+SELQ>.

VII. Exam Review
VII.1. 2019 Final

Today we’ll review some previous prelim / final problems. Let’s go!
Problem 1:

(1) 3 Distinct 3-Manifolds all with same universal cover and all admit metric of positive sectional

curvature

S3/(Z/pZ) via the lens actions (distinct via homology/71)

(2) Same but universal covers are all distinct

S3,8% x S, (8% x S1)#(S? x S1)

Problem 2

(i) Show that (M™, g) closed with positive Ricci must have conjugate points

Ric > eg implies the universal cover M" is closed and has Ric > eg. If there are
no conjugate points, then the exponential map exp, : R" — M" would be a local
diffeomorphism (argument from Hadamard). Furthermore it would be surjective. The

argument from do Carmo would show this is a covering map. But this is impossible, as

M™ is the universal cover.

(ii) Can we change positive Ricci to non-negative Ricci in the question above? Explain or give

a counterexample.

No, counterexample: the torus.

Problem 4

(1) Draw a negatively curved non-compact surface S in R? with 71 (S) # 0 but there’s no closed

geodesic.

A pseudo-sphere, aka the surface of revolution from the tractrix (aka pseudosphere).

VII.2. The Take Home Final

Problem 6

(i) Give an example of {Mj}ren closed manifolds with Mg 22 M; if k # j and no M}, has an
Einstein metric (i.e. Ric(g) = \g).
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¥, x ST where X, is a surface of genus g. If this admitted an Einstein metric, it would
admit a constant sectional curvature metric (being dimension 3, see midterm). Hence
it would be one of $3/I',R3/I", H?/T". The universal cover of ¥, x S! is H? x R, hence
we have to rule out the latter two cases.

For the second case, the only closed quotient of R3 is T3, and m (T®) # m1 (3, x S1).
For the last part, we see that I' < Isom™ (H?) with H3/T' compact is centerless, but
m1(Xy x S1) has a center (the Z from m(S1)).

Problem 1:
(a) Consider the ellipsoid E = {(z,y, 2) | 2% + 2y* + 322 = 1}. Show that v = {(z,y,0) | 22 +
242 = 1} is a geodesic

There’s an orientation-reversing isometry which fixes ~.

(b) Find a,b,c > 0 so that the ellipsoid

Eape = {(2,y,2) | az® +by® + cz* = 1}

which does not have constant Gaussian curvature but has infinitely distinct simple closed

geodesics.

Take a = b = 1,¢ = 2. Then the rotational symmetry will give us lots and lots of

geodesics.

(c¢) Show that for all a,b, ¢ > 0 any two simple closed geodesics must intersect.

Note that K(g) > 0. Suppose 71,72 are simple closed geodesics which don’t intersect.
The region 2 between them is diffeomorphic to an annulus. If we apply Gauss-Bonnet

with boundary we would have

0< / K(g)dA = 2mx(Q) + / (Royiopo) = O,
Q o0

since geodesics do not have curvature from the perspective of the manifold.

Problem 2: Let M = RP3#RP3.

(a) Does this admit a metric of positive Ricci curvature?

The universal cover is S? x R, which is not compact. You can also compute that
Hy(RP3#RP3) is infinite, and so 7 (RP3#RP3?) is infinite.

(b) Does this admit a metric g with sect g > 07
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Yes. Notice that RP3#RP? is the same as (S2/R)/{T"}nez where T : S? x R — S% xR
via the isometry (z,t) — (—z,t + 1). Thus we can take the product metric with
round/flat.

Problem 4: Take (M",g) closed and X a killing vector field. Le., g(VyX,Z) +g(Y,VzX) =0
for all Y, Z € X(M). Show that {¢}rcz where $y(x) = X (¢¢(x)) are all isometries.

We must show that (¢;)*g = ¢. In other words, we must show

9((dee)(Y), (d¢¢)(2)) = g(Y, Z).

Then take the derivative in ¢ to show this is constant.
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