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ULTRAFILTER AND HINDMAN’S THEOREM

GUANYU ZHOU

ABSTRACT. In this paper, we present various results of Ramsey Theory, in-
cluding Schur’s Theorem and Hindman’s Theorem. With the focus on the
proof of Hindman’s Theorem, we introduce ultrafilter and equip topology and
operation to the space of ultrafilters. In the end, we generalize Hindman’s
Theorem by proving its analogous statements such as Hindman’s Theorem on
the power set and Hindman’s Theorem with respect to finite product set.
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1. INTRODUCTION

The main theme of this paper is the connection between ultrafilters and com-
binatorics. In particular, we explore ultrafilters’ application in Ramsey Theory, a
branch of combinatorics that is concerned with the phenomenon of preservation
of highly organized structures under finite partition. With the main goal to prove
Hindman’s Theorem, we will analyze the space constructed by ultrafilters by endow-
ing with a topology and algebraic structure and discussing its various interesting
characterisitics, such as Stone-Cech compactification and existence of idempotent
elements. To get a feeling of Ramsey Theory, to which Hindman’s Theorem be-
longs, we first consider Fermat’s Theorem over finite fields, which requires a weaker
statement than Hindman’s Theorem to prove.
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2. APPLICATION OF RAMSEY THEORY: SCHUR’S THEOREM AND ITS
COROLLARY

Schur’s Theorem, an application of Ramsey’s Theorem, was proved by Issai Schur
in 1916 with the goal to solve the problem of Fermat’s Equation modulo a prime
number. Schur’s Theorem can be considered as describing “the local version” of
Fermat’s Equation.

Definition 2.1. The Ramsey number R(n,...n,) is the smallest positive integer
such that for any m > R(nq,...,n,) and any r coloring of the edges of the complete
graph K,,, there is some ¢ € {1,...,7} such that there exists a monochromatic
complete subgraph of size n; whose edges all have the i*" color. In particular, if
ny =ng =---=n, = 3, we denote R(ny,...n,) by S(r).

From Ramsey’s Theorem we know that R(ni,...n,) always exists. In fact,
to prove Schur’s Theorem, we only need the following special case of Ramsey’s
Theorem.

Lemma 2.2. Let r € N, then for all sufficiently large m, for any r coloring of
the edges of the complete graph K., there is always a monochromatic triangle, i.e.
S(r) = R(3,3,...,3) exists.
——
T

Proof. We prove this by induction on 7.
Base case: For r = 1, we have S(1) = R(1) = 3. Let r € N and assume S(r) exists.
Now we show S(r + 1) exists.

Let m = (r+1)S(r) + 1. Consider any r + 1 coloring of K,,; we pick any vertex
v E K.
Claim: Let & = {the m — 1 edges which are connected to v}. Then there exists a
monochromatic subcollection £y C € of at least (TT*H edges.
Proof: For any color i € {1,2,...,7+1}, let & = {e € € | e has the color i}, and let

n; = |&;|. Assume that n; < [2=t] for alli. Thenn; < [Z5H]—1 <[22 ] < 2oL

Then |&] = S & = S ns < (r + 1)2=t = m — 1, contradiction. [ ]

Now we can finish the proof of the lemma. Let
V = {vertices in K,, that are connected to v via an edge in &p}.

Then |V| = |&] > [TT? > T_;ll = S(r). Let Ky be the complete subgraph
generated by V. If one of the edges in K has color i, say edge ey connecting
v1,v9, € V, then the triangle with vertices {v,v1,v2} has all edges in the same
color i. If none of the edges in K has color i, then we have a complete graph K
with at least S(r) vertices whose edges are colored by r colors, so by the inductive
hypothesis, K contains a monochromatic triangle.

Therefore, we know some S(r + 1) < m exists. Hence by induction, we have

proved the lemma.

O

Theorem 2.3 (Schur’s Theorem). For any N > S(r), for any r-coloring of {1,2,...,N},
there exist distinct x,y,z € {1,2,...,N} of the same color such that x +y = z.

Proof. Let N > S(r). Given any r-coloring C' : {1,...,N} — {1,...,r}, we can
define an r-coloring of the complete graph Ky with vertices labelled 1,2,..., N by
coloring the edge (i,7) with C(]i — j]).
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Since N > S(r), there exists a monochromatic triangle. In other words, there
exist a,b,c € {1,2,..., N} such that C(|a —b]) = C(|b — ¢|) = C(Jc — a|). Without
loss of generality, assume a < b < candlet x =b—a,y=c—0b, 2z =c—a. Then
x,y,z € {1,2,..., N} satisfy x + y = z and C(z) = C(y) = C(z).

(I

Theorem 2.4 (Fermat’s Last Theorem mod p). Let n € N. Then " 4+ y" = 2"
(mod p) has a nontrivial solution for all sufficiently large prime numbers p.

Proof. Let p be a prime number. Denote Z/pZ by Z, and let Z; = Z,~{0}. Then
(Zp, +,-) is a field and (Zj,, -) is an abelian group. Now it suffices to show that for
large enough p, there exist z,y, z € Z;, such that 2™ +y" = 2" in Zj,.

Let G, = {2":x € Zy}. Then G, is a subgroup of (Zy,-). Consider the
homomorphism ¢: Z; — Gp,z + x". By the first isomorphism theorem G, =
Zy/ker ¢. Thus, |G| = |Zy|/|ker ¢|. Since (Zy,+,-) is a field, the polynomial
x" — 1 has at most n roots, so the number of cosets [Z;: G,] = |Z;|/|Gn| =
|ker ¢| = [{z € Zy: 2" = 1}| < n.

Now we can partition Z; into disjoint left cosets, i.e. Z; = a1G, U aG, Y. .. U
a,Gp, where r < n and ay,...,a, € Z;. Define an r-coloring C': Z, — {1,...,7}
by C(z) =i iff z € a;G,,. Suppose p—1 > S(n) > S(r). Then by Schur’s theorem,
there exist o, 0,20 € Zj, such that z¢ + yo = 20 and C(xg) = C(yo) = C(20). So

there exists ¢ € {1,...,7}, such that 2o, 0,20 € a;Gp, i.e. there exist x,y,z € Zy,
such that o = a;x", yo = a;y"™, 20 = a;2". So a;x" + a;y" = a;z"; multiplying both
sides by ai_l, we get 2" +y" = 2" in Z;,. O

3. INTRODUCING HINDMAN’S THEOREM AND ULTRAFILTERS

Similar to Schur’s Theorem, Hindman’s Theorem is also about the existence of
monochromatic subsets in positive integers with a certain arithmetic structure. In
fact Hindman’s Theorem is a much stronger generalization of Schur’s Theorem.

Definition 3.1. Let A C N; we define finite sum set of A by

FS(A)S{ZCL : A C A, |A’<oo}.

acA’

Now let (n;) en be any increasing sequence in N, we define
FS(n;)52, = FS({n;|j € N}) = {nj, +nj,+---+nj, 1 j1 < jo <--- <jx, k €N}
Now we state the main theorem in this paper.

Theorem 3.2 (Hindman’s Theorem). Given any finite coloring N = |J._, C;, one
of the C; contains an infinite sequence (n;)jen together with its F'S(n;)52,.

In order to prove Hindman’s Theorem, we need to introduce a concept called
ultrafilter.

Definition 3.3. A filter on a set S is a collection of subsets F C P(S), such that
for all A,BC S,

(1) SeF, 0¢97.

(2) f Ac Fand AC B, then Be F.

(3) If A,B e, then ANB € 7.
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Example 3.4. Fy = {A C S| S\A is finite} is an example of filter and is called a
cofinite filter.

It is easy to check a cofinite filter satisfies the definition of a filter.

Definition 3.5. A filter F on S is an wltrafilter if for all A C S, either A € F or
Abeg.

Definition 3.6. A filter ¥ on S is a maximal filter if for any A C S and A ¢ F,
FU{A} is not a filter. (i.e. F cannot be extended)

Proposition 3.7. A filter F is an ultrafilter if and only if it is a maximal filter.

Proof. First we show every ultrafilter is a maximal filter. For an ultrafilter F,
suppose we extend it by adding A C S to this ultrafilter F. Since A € F before,
A € F. However, if AL, A e F, AN A=0eF, a contradiction.

Then we show every maximal filter is an ultrafilter. Let ¥ be maximal. If F is
not an ultrafilter, there exists A C S such that A € F and AL ¢ F. Either A or
AC must intersect with all sets in F, since if not, there exists set B € F, B C A
or B C AE7 from which it follows that A or Al is in F, which contradicts our
assumption. Without loss of generality, we assume AN F # () for all F' € F. Define
F ={C e P(S): ANF C C for some F' € F}. We claim F is a filter containing
F. Foral FeF, ANF CF,s0o3 CJ'. It is clear that ) € " and S € F’. For
C, e F’ and C, C CQ, since ANF C C, C 02, Cy e F'. For C,D S 37/’ ANFCC
and ANFCD,so ANF CCNDand CNDeJF. Our claim is proved but such
claim contradicts the maximality; hence, every maximal filter is an ultrafilter.

O

Example 3.8. The principal ultrafilter generated by x € S is a collection of subsets:
Fr. ={ACS: 2 e A}. We denote such a principal ultrafilter with (x).

Lemma 3.9. Given an ultrafilter F, if AU B € F, then either A€ F or B€J.

Proof. We will prove the contrapositive of this claim. Suppose A ¢ F and B ¢ F,
then A% BE € F. It follows AN Bt = (AU B)C € F. Therefore AUB ¢ 7.
O

Lemma 3.10. If an ultrafilter F on N contains a finite set, then F = (n) for some
n € N.

Proof. We first show that some principal ultrafilter (n) C F. When ultrafilter F
contains a finite set A with cardinality k£, by Lemma 3.9, for some a € A, either
{a} € For A\ {a} € F. When {a} € F, principal ultrafilter (a) C F. When
A\ {a} € F we can proceed this process until we find a singleton set in F, which
is feasible since |A \ {a}| = k — 1. Thus some principal ultrafilter (n) is contained
in F. We claim that F = (n). If not, there exists B such that n ¢ B but B € .
Then n € B® and B € (ny C F, which contradicts the fact that F is an ultrafilter.

(]

We can also relate principal ultrafilters with cofinite filters, but we first need to
establish the existence of non-principal ultrafiilters.

Definition 3.11. For a collection of sets A, a chain in A is a collection {A,: o € I}
of elements of A such that for any «, § € I, either A, C Ag or Ag C A,,.
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Lemma 3.12 (Zorn’s Lemma). Let A be a nonempty collection of sets such that
for every chain {Aq: a € I} in A, J,c; Ao € A. Then there is a mazimal element
in A, i.e. there is no B € A with A C B.

Remark 3.13. Note that the essence of Zorn’s Lemma is the statement that if every
totally ordered subset of a partially ordered set has an upper bound, then the
partially ordered set has a maximal element. Therefore, the relation on A doesn’t
necessarily need to be C, the relation D also makes A a partially ordered set. In
this case, Zorn’s Lemma can be restated as: Let A be a nonempty collection of sets
such that for every chain {A4,: a € I'} in A, we have (_.; Ao € A. Then there is
a minimal element in A.

Theorem 3.14 (Ultrafilter Theorem). Ewvery filter F extends to an ultrafilter.

Proof. For some filter F, let A be the set of all filters ¥’ on X such that F C F'. A is
nonempty since F € A. We claim that for each chain in A, {F,: a € I'}, their union
Uaer Fais still a filter in A. It is clear that () & (J,c; Fo and X € J,e; Fo. For an
element A € |J,c; Fa, A € Fy for some a € I. Then for all B such that A C B,
B €T3y CUyer Ta- Similarly, for C,D € U,c; Fa, C € Fy and B € F3. Without
loss of generality, we assume Fg C Fy; thus, B € F, and ANB € F, C Uael Fa.
By Zorn’s Lemma, there exists a maximal element in A and by Proposition 3.7, it
is an ultrafilter.

acl

O

Corollary 3.15. Let S be an infinite set. Then there exist non-principal ultrafilters
on S.

Proof. By Ultrafilter Theorem, we can extend a cofinite filter Fy to an ultrafilter
F. F\ Fo can only contain infinite sets. Suppose F \ Fy contains a finite set A.
Since Fy is cofinite, S\ A € Fy and S\ A and A are both in ultrafilter F, which is
a contradiction. Therefore ultrafilter F contains no finite set, so it is non-principal.

O

In fact, only by containing a cofinite filter can an ultrafilter be non-principal .
Corollary 3.16. Every non-principal ultrafilter F contains a cofinite filter.

Proof. Let x € S. Since F is an ultrafilter, then either {z} or S\ {z} € F.
Since ¥ is non-principal, S\ {z} € F. Now for all A C S and A being finite,

S\A=eaS\ {2} €T
(]

4. TOPOLOGICAL SPACE OF ULTRAFILTERS (35S

We would like to consider ultrafilters on an infinite set .S, which means N is an
example of S. Let 55 denote the collection of ultrafilters on S and in this section
we will equip 55 with a topology and discuss properties of 3S. Since we consider
the set 85 as a topological space, it’s natural to denote its elements (ultrafilters)
by lowercase letter p. And for A € p, we say A is p-large.

First, let us review some basic definitions and theorems of topology.

Definition 4.1. A topology on X is a collection 7 of subsets of X that satisfy the
following properties:

(1) X and () are elements of 7.
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(2) The union of an arbitrary collection of sets in .7 is also in 7.

(3) The intersection of a finite number of sets in .7 is also in 7.
The elements of .7 are called the open sets of X. The set X with the structure of
the topology .7 is called a topological space.

Definition 4.2. An open neighborhood U of a point x in a topological space X is
an open set U such that x € U.

Definition 4.3. Basic open sets are open sets such that any open set is the union
of some basic open sets. In other words, for any point in an open set, we can find
a basic open set containing such point which is a subset of the original open set.

Definition 4.4. A set A C X is closed if its complement is open.

Definition 4.5. The closure A of A C X in a topological space X is the set of all
points x such that every open neighborhood of = intersects A.

Lemma 4.6. A set A C X is closed if and only if A = A.
Lemma 4.7. For A, BC X, if AC B, then A C B.

Definition 4.8. Let X and Y be topological spaces, f: X — Y. f is continu-
ous if at any a € X, for each open set V containing f(a), there exists an open
neighborhood U of a such that f(U) C V.

Definition 4.9. A Hausdorff space is a topological space such that for all distinct
x,y € X, there are disjoint sets U,V € Z such that z € U, y € V.

Definition 4.10. For a set S, a basis for a topology of S is a collection B of subsets
of S (called basis elements such that:

(1) For all x € S, there exists B € B such that « € B.

(2) If A, B € B and z € ANB, then there exists C' € B such that z € C C ANB.

Similar with the basis of a vector space, a basis for a topology of S generates a
topology 7 on S.

Lemma 4.11. Let B be a basis for a topology satisfying the properties above. Define
Ip: ={ACS:Vxe A, AB € B,x € BC A}. Then Ig defines a topology on S.

Note that with our definition the basis B automatically becomes the collection
of basic open sets of the topology 7 it generates.

Definition 4.12. A compact space is a topological space X such that every open
cover has a finite subcover.

Lemma 4.13. For a compact set K, a closed subset D C K is compact.

Lemma 4.14. Let K be a compact Hausdorff space and x € K. For each open
neighborhood U of x, there is an open neighborhood V' of x such that V C U.

Proof. As K is a compact Hausdorff space, its closed subset U Cis compact. For
eachy e U C. choose disjoint open neighborhoods V,, and U,, of x and ¥, respectively.
Then UC C UyeUG U,. Since Ut is compact, there exists n € N such that Ut -
Uy U UU,,. Let C = (U, U---UU, )¢ =UL n---nUE . Thus, C C U.
Since Ugi is closed for all 1 < ¢ < n, Cisclosed. Let V =V, N---NV,, and V
is an open neighborhood of z. Since V,, NU,, =@ for all 1 < i < n, V,, C Ug,;v
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S

oV
VcC

C C. Therefore, by Lemma 4.7, V C C and since C' is closed, by Lemma 4.6
CcC=CcCU.

O
Lemma 4.15. For a Hausdorff space K, a compact set D C K is closed.

Proof. When D C K, take any = € Db, For every y € D, since the space is
Hausdorff, there are open neighborhoods U, of y and V,, of  such that U, NV, = 0.
{Uy | y € D} is an open cover of D and since D is compact, there exists y1,...,Ym
such that D C U, U---UU,,,. Let U=U,, U---UU, and V=V, N---NV, .
Thus, UNV = () and U,V are open. Moreover, V C DC. And since z is arbitrary,
for every point in Dc7 there exists an open neighborhood containing such point in
DE7 so DU is open and D is closed. (I

Now we try to construct a basis for a topology on the space of ultrafilters 5.5
by finding a collection of subsets of 3.5 that satisfies the properties listed in Defi-
nition 4.10.

Definition 4.16. For a set A C S, define [A]: = {p € fS: A € p}.
We can show that for A, B C S, [A] and [B] have the following properties:

(1) [0] = 0; [S] = BS.

(2) [A] C [B]if and only if A C B, and it follows [A] = [B] if and only if A = B.
(3) [A]n[B] =[ANB].

(4) [AJu[B] =[AU B]

(5) [A%] = [A]°

The reasons follow:

(1) Since there exists no p € 85 such that § € p, [)] = 0. For all p € 85, S € p;
thus [S] = BS.

(2) Suppose A C B, then for p € [A], we have A € p, so B € p, and p € [B].
Thus [A] C [B]. Suppose [4] C [B] and A € B, then A’ = A\ B # (.
Therefore, we can choose ultrafilter p such that A’ is p-large. Since A’ C A,
A € pand p € [4]. Tt follows that B € p. However, ) = BN A" € p, a
contradiction.

(3) The [A] N [B] € [A N B] follows from the definition. For p € [A N B],
ANB e p. Since ANBC Aand ANB C B, A€ pand B € p. Thus
p € [A]N[B] and [AN B] C [A] N [B].

(4) For p € [A]U[B], either A€ por Be€p. Thus AUB e pandpe|[AUB|.
For pe [AUB], AUB € p. Assume p & [A] and p ¢ [B]. Then A € p and
B¢ p. So (AU B)G = AL N BC € p, which is a contradiction. Therefore,
[AUB] = [A]U[B].

(5) Forp e [AL], AC € pso A ¢ p. Thus p € [A]® and [A%] C [A]C. For p € [A]°,
p & [A]. Thus A & p and A% € p. So p € [A®] and [4]¢ C [AC].

The definition of [A] and Property 3 allow B = {[A]: A C S} to satisfy the condi-
tions of Definition 4.10 for being a basis of a topology on 8S. We deine the topology
on S to be the one generated by the basis B = {[4]: A C S}.

Theorem 4.17. 8S is a compact Hausdorff space.

Proof. Assume (S is not compact. Then there exists an open cover of £S with
no finite subcover. We can assume cover is the form {[A,]: @ € I}. Then for any
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01,y 0y €1, [Ag, UAL, U -UA,, | = [Aa,]U[Aa,]U---U[4,, ] # 8BS =1[5]. Tt
follows that A, UAy,U---UA,, # S, or in other words, AEn ﬂAg2 n-- -UAgn # 0.
Consider the collection of all sets containing at least one of Agi; (A0 e 1}
extends to a filter and this filter is contained in some ultrafilter p € 8S. Since
{[As]: o € T} covers BX, we can choose the a such that p € [A,]. Then A% and
A, are both in p, which is a contradiction.

For p,q € S and p and ¢ being distinct ultrafilters, there exists A € p such
that A € g, which implies AC € q. [A] and [Ac] are two open sets containing p
and ¢ respectively. Since [AL] = [A]C, [A] and [AC] are also disjoint. Thus 35S is a
compact Hausdorff space.

(]

The nature of this topology on S is interesting and worth noticing:

Definition 4.18. A clopen set in a topological space X is a set which is both open
and closed.

Since [A%] = [A]C for all A C S, the sets [A] are clopen.

We can also identify every principal ultrafilter (x) with the point z, since the
function from S to 8S defined by z — (x) is injective on its image. With such
indentification, S becomes a topological subspace of 3S.

Definition 4.19. The discrete topology on X is the topology defined by 7 = P(X)
Definition 4.20. A set U is dense in set V, if U = V.
Theorem 4.21. S is a discrete topological subspace of 58S, and S is dense in 5S.

Proof. From Definition 4.19, it follows easily that a topological space is discrete if
and only if every singleton set {z} is open. In other words, if for every € S,
there exists an open set containing only x, then S is discrete. By definition, for any
p € [{z}], {x} € p € 5S; thus p = (). Therefore, [{x}] = {{(z)}, which is a basic
open set, so S is a discrete topological space.

For any ¢ € 8S and every basic open set [A] such that ¢ € [A], we have A € q.
Thus A is nonempty. Fix x € A, A € (z), i.e. (z) € [A]. Therefore, [A]NS # 0
and S is dense in 8S. a

5. THE STONE-CECH COMPACTIFICATION

Definition 5.1. The Stone-Cech compactification 8X is a compact Hausdorff space
together with a continuous map 5: X — X, such that every continuous map from
topological space X to a compact Hausdorff space K, f: X — K, extends uniquely
to a continuous map SBf: X — K.

B8X

, ﬁf
A

X—K

We will show that 3S, the space of ultrafilters on S, is a Stone-Cech compacti-
fication of S.
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Definition 5.2. Recall the definition of a filter from Definition 3.3. Let F be a
filter on a topological space X. A point z € X is a limit point of F if for each open
neighborhood U of z, we have U € F. We say F converges to «x if « is a limit point
of F, and we write imF = x.

Lemma 5.3. For a Hausdorff topological space X, a filter F on X can have at
most one limit point.

Proof. Assume limJF = z and limJF = y but « # y. By the Hausdorff property,
there exist disjoint open neighborhoods U and V of = and y, respectively. Since
x,y are limit points of F, there are sets A, B € F such that A C U and B C V.
Then ) = AN B € F, which is a contradiction.

O

Theorem 5.4. A Hausdorff topological space X is compact if and only if every
ultrafilter on X is convergent.

Proof. Only if: Let p be an ultrafilter on X without a limit point. Then for all
x € X, there exists open neighborhood U, ¢ p. Since X is compact, the open cover
{Uz: z € X} has a finite subcover, i.e. X =U;, U---UU,,. Pick aset A € p. As
ACX, A=ANX =ANUy U---UU,,) = (ANUy)U---U(ANT,,) € p.
Thus by Lemma 3.9, there exists 1 < ¢ < n such that ANU,, € p. Then U,, € p,
a contradiction.

If: Suppose X is not compact. Let {U,: « € I} be an open cover of X with no
finite subcover. Then for all aq,...,ap € I, since Uy, U---UU,, # X, (Uy, U---U
U, )¢ =0t NN U(En # (). In other words, any finite intersection of elements
of A = {US: a € I} is nonempty. Then F = {F C X: A C F for some A € A}
is a filter on X and by Theorem 3.14 F can be extended to an ultrafilter p on X.
Let limp = z. Pick a € I such that = € U,. By definition of limit point, U, € p.
Therefore we have U, € p and Ug € p, which is a contradiction. O

Lemma 5.5. Let f: X — Y. For each ultrafilter p on X, the family of sets
f(p) ={A: f~Y(A) € p} is an ultrafilter on Y.

Proof. Tt follows from the definition of f(p) that Y € f(p) and 0 & f(p).
For A,B € f(p), f/{(A)NfYB)=fYANB) €p. Thus, AN B € f(p).
For A € f(p) and A C A’, f~Y(A) C f~1(A’). Since f~1(A) C f~1(A) € p,
A€ f(p).
Suppose A & f(p); then f~1(A) € pand X \ f~1(A4) € p. Since f~1H(Y \ 4) =
X\ fYA)ep, Y\ A€ f(p). Thus we have proved f(p) is an ultrafilter on Y.
([l

Theorem 5.6. Let K be a compact Hausdorff space and let BS be the space of
ultrafilters on S. FEvery function f: S — K extends, in a unique manner, to a
continuous function Sf: BS — K.
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Proof. We first prove the existence of Sf. For each p € 85, since p is an ultrafilter
on S and f: S — K, by Lemma 5.5, f(p) is an ultrafilter on K. Since K is a
compact Hausdorff space, by Theorem 5.4 f(p) converges to a unique point in K.

Define Sf(p): = lim f(p).
The function B f extends f: For each = € S,

f{@)) ={ACK: f7H(4) € ()}
={ACK:zef'(A)}
—{ACK: f(z) € A}

= (f(2)).

For any open neighborhood U of f(z), {f(z)} C U, so U € (f(z)) = f({x)) and
lim f({z)) = f(z). Thus, with (z) identified with z, 8f(x) = lim f((x)) = f(z).

The function Sf is continuous: Let p € S and W be an open neighborhood
of Bf(p) in K. By Lemma 4.14, there exists V as an open neighborhood of §f(p)
such that V.C W. As Bf(p) =lim f(p) € V, f~1(V) € p. Recall that [f~1(V)] =
{p € BS: f~Y(V) € p} and [f~1(V)] is a basic open set, so [f~1(V)] is an open
neighborhood of p. For any q € [f~*(V)], f~%(V) € ¢, s0 V € f(q). Take any open
neighborhood U of Sf(q) = lim f(q) € K, U € f(q). Thus, UNV # 0 € f(q).
Therefore 3f(q) = lim f(q) € V C W. By definition of continuity, we have proved
Bf is continuous.

Now we prove the uniqueness of Sf. Suppose there exists a distinct extension
of: S — K. Since gf and ¢f are extensions of f: S — K, their restrictions
to S are the same, i.e. f = Bf |s= ¢f |s. Thus, there exists z € 85\ S such
that ¢f(z) # Bf(x). Since K is Hausdorff, there exist open sets Sf(z) € V4 and
of(x) € Vo such that Vi NVa = . Let Uy = Bf 1 (V1) and Uy = ¢f ~1(V3). Then
x € U1NUs; and since Sf and ¢ f are continuous, U1 NUs is open in 5S5. Thus U;NU;
is an open neighborhood of z. Recall that S is dense in 85, so (U1 NU) NS # 0.
It follows that Sf(Ur) N¢f(Us) = Vi N Va # @, which is a contradiction.

O

Recall that S is a discrete topological space, so the identification function from
S to S and every function from S to K are continuous. Therefore, Theorem 5.6
verifies the universal property in Definition 5.1, showing that the space of ultrafilters
on S is a Stone-Cech compactification of S.

6. ALGEBRAIC STRUCTURE ON N

Now we try to construct an algebraic structure on SN.
Definition 6.1. A semigroup is a nonempty set S with an associative product x.

Definition 6.2. A subsemigroup of (S,x) is a nonempty subset T' of S that is
closed under multiplication, i.e. T« T C T.

Schur’s theorem can be applied to prove the existence of idempotent element in a
finite semigroup, and the existence of idempotent element is a critical requirement
for us to prove Hindman’s Theorem.

Theorem 6.3. Every finite semigroup has an idempotent element.
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Proof. Since (S, *) is a finite semigroup (suppose |S| = k), for some a € S, by
Pigeonhole principle, there exist n1,n2 € N such that a™ = a™. Fix such a € S.
For all s € S, let Cs = {n € N | a™ = s}. Thus N are colored with & numbers, i.e.
N = USGS CS'

Coloring natural numbers is a special case of Schur’s theorem, which can be
restated as: for each finite coloring of N, there are numbers n,m,n +m € Cs. In
other words, a™ = a™ = a"™™ = s. Therefore s? = (a")? = a" - a™ = a™" =
an = 8, s0 s is idempotent.

O

In order to be more closely connected to the proof of Hindman’s Theorem, from
now on we consider the example of S = N.

Definition 6.4. We define operation + on SN in the following way:
p+qg={ACN: {neN: (A—n)ep}eq}
where A—n={meN|m+ne A}

We will show that the operation defined above renders SN a semigroup.

We first show that p + ¢ € BN. It is obvious that @ € p+ g and N € p + ¢. Let
A,Be€p+gq. Then (ANB —n) € pif and only if (A —n) € pand (B—n) € p.
So{neN:(AnB-n)ept={neN: A—neptn{neN: B—n € p}. Since
{neN:A-nep}eqand{neN: B—nep} e q wehave {n € N: (ANB—n) €
pl}€qand ANB€p+gq.

Let Cep+qand C C D. Foraln e N, C—n C D —n. Thus (C—n) €p
implies (D —n) € p. Thus {n € N: (C —n) € p} C {n € N: (D —n) € p} and
{n € N: (D —n) € p} € q. Therefore, D € p+q.

Let AC N with A ¢ p+q. Then {n € N: (A —n) € p} € q. So we have:

fneN: (A —n)epl={neN: (4-—n) ep}
—{neN:(A—n)gp}={neN: (A—n)epeq
Therefore, A € p+q.
Now we show the associativity of this operation.

Let ACN. Then A€ p+ (qg+r)iff {n € N: (A—n) € p} € ¢+ r and more
explicitly iff {m € N: ({n € N: (A—n) €ep} —m) €q} er.

{neN: (A-n)ep}t—m
={n—-m: (A—n)€p}
={neN:[(A—m)—n] €p}
Sonow Aep+(q+r)if {meN: {neN:[(A—m)—n]epteq}er
if {meN: (A—m)ep+qter
ifAe(p+q)+r.
Lemma 6.5. (z) + (y) = (z + y)
Proof. For any A € (x+y),since (A—y)={meN|m+yecAtandax+y€ A,
x€(A—y). Thus (A—y) e (z)andy € {n e N: (A—n) € (z)} € (y). Therefore,

(z+y) C(2)+(y).
For any A such that {n € N: (A —n) € (z)} € (y), there exists y € {n €
N: (A—n) e (z)},ie (A—y) € (z). Thereforer c A—y={meN|m+yec A}
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and it follows z+y € A and A € (x + y). Therefore (x) + (y) C (x + y), so we have

() +(y) = (= +y)
0

This lemma indicates that principal ultrafilter is not idempotent, a result which
we would use in the proof of Hindman’s Theorem.

Theorem 6.6. For any p € ON, the function \: ¢ — p+ q, with \,(¢) =p+q, is
continuous.

Proof. Let ¢ € SN and V' be an open set containing A,(¢). Then there exists A C N
such that \,(¢) = p+q € [A] C V. Then A € p+q. Let B: ={n € N: (A—n) € p},
so Beqand q € [B]. Let r € [B] then B €r,ie. {ne€N:(A—n)€p}er. Thus
Aep+rand p+r € [A]. Hence for all r € [B], A\,(r) € [A] C V. Therefore, A,(q)
is continuous. (]

7. EXISTENCE OF IDEMPOTENT ELEMENTS IN (OGN, +)

Definition 7.1. A left topological semigroup (S, %) is a semigroup with a topology
and operation * such that for every s € S operation with s on the left, i.e. A\s: z —
sxx with As(z) = s % z, is continuous.

Thus, by Theorem 6.6, SN is a left topological semigroup. Moreover, since SN
is a compact Hausdorff space, SN is a compact left topological semigroup. We will
use this property to show SN has idempotent elements.

Lemma 7.2 (Finite Intersection Property). For a compact space K and a family
of closed sets {Dy: a € I} in K, if every intersection of finitely many members of

this family is nonempty, then the entire intersection (,c; Do is nonempty.

Proof. Suppose (,c; Do = 0. Then its complement, | J,.; Dg = K and is an open
cover of K since D, is closed. Since K is compact, open cover |J ¢, Dg has a finite
subcover, i.e. there exist D¢ DE . ,Dgn such that ng U DE[2 U---uJ Dg" =K.

«q? a2’
The complement of this union is Dy, NDg,N. ..,ND,,, = 0, which is a contradiction.
Therefore, (), c; Do is nonempty.

O

Theorem 7.3. If (S,%) is a compact left topological semigroup, then S has an
idempotent element.

Proof. We first show that every compact left topological group has a minimal com-
pact subsemigroup. Define T = { compact subsemigroups of S}. 7 is nonempty
since S € T and T is partially ordered by containment C. For any chain C =
{Ci:ieI}of Tand any k,j € I, either Cy, C C; or C; C C}, so every intersection
of finitely many members in € is nonempty. Since every subsemigroup C is compact
and thus closed, € has the finite intersection property, i.e. (,c; Cs # 0. Moreover,
since an arbitrary intersection of compact sets is compact, ﬂie ; C; is compact; thus,
Nics Ci is a compact subsemigroup, or in other words (,.; C; € T. Therefore, we
can apply Zorn’s Lemma: there exists a minimal compact subsemigroup 7' C S.
Then we show that for a minimal compact subsemigroup 7' C S, if e € T, then
e is idempotent.
Claim: For eT' ={et: t €T}, eT' =T.
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Proof: To prove the claim, we show €T is a compact subsemigroup of T. €T' C T as a
subset and €T # () are clear from definition. Now we check eT is also a subsemigroup
of T. For ety, ety € Te, etrety = e(t1ety) and tiets € T, so etiety € eT. €T is also
compact as image of compact set 1" under continuous function \.. Therefore, €T is
a compact subsemigroup of 7. By the minimality of T, eT' = T. |

Define B = {t € T': et = e}.

Claim: B=T.

Proof: B C T as a subset is clear from definition. Since eI’ = T, e € €T in
other words, there exists z € T such that ex = e, so B is nonempty. We will
show B is a subsemigroup of T. For ti,t5 € B, e(tita) = (et1)ta = eta = e, so
B is a subsemigroup of T. Note that by definition B = A\;!({e}) NT. Since the
topological space is Hausdorff, the one-point set {e} is closed. And because the left
multiplication ). is continuous, its preimage A\; ! ({e}) is closed hence comapct, and
it follows B = A_!({e}) N T is compact. Therefore B is a compact subsemigroup
of T and by minimality of ', B = T. |

In particular, e € B; thus e xe = e.
O

Therefore, there exists idempotent element in (SN, +).

8. PROOF OF HINDMAN’S THEOREM

Recall that for an increasing sequence (n;);en in N, we define

Theorem 8.1 (Hindman’s Theorem). Given any finite coloring N = J;_, C;, one
of C; contains an infinite sequence (n;);cn together with its F'S(n;)%2

j=1*
Proof. Define
A= {A C N: FS(n;)j2; C A for some (n;) en increasing in N} .

Let p € (BN, +) be an idempotent ultrafilter (we know its existence from Section
5). First we will show that p C A. Let A € p, we define

A*:={neN: A—n € p}.

Since p+p = p, we have A € p+p,so {n € N: A—n € p} € p, i.e. A* € p.
So AN A* € p, hence nonempty. Moreover, A N A* is an infinite set, because
only principal ultrafilters can contain finite sets (Lemma 3.10), but idempotent
ultrafilters cannot be principal (Lemma 6.5).

Now we define our increasing sequence (n;);en contained in A recursively. Let
Ay = A. Since we have just shown that A; N A} is an infinite set, let’s pick some
ny € A1 N Aj. Then n; € A}, so Ay —ny € p. Let Ay = (A; —ny) N A;. Then
As € p, and as proved above, A N A3 is infinite. Thus we can choose ng € A3 N A3
such that ns > ny. Set Az = (As —ng) N Ay, and then Az belongs to p as well. We
can continue this process: at each stage, choose n; € 4; N A; such that n; > n;_;
and define A1 = (4; —n;) N A;.

Now we show F'S(n;)32; C A, and it suffices to show the following:

Claim: For all k € Nand j; < ja <--- < jr €N, we have n;, +nj, +---+nj, € 4;.
Proof: We prove this by induction on k.
The base case is clear because for all j; € N, we have n;, € A;,.
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Now let £ € N, and assume that the statement holds for k. Then we show it holds
for k+1 as well. Let j; < ja2 < -+ <jrq1 €N, and let m = nj, +nj, +- - +ny .
Then by induction hypothesis we know m € Aj,. Since j» > ji, then jo > ji + 1,
so Aj, € Aj 1. Also we know Aj; 11 C A —nj,; hence m € Aj, —nj,. Thus
m4+n; € Aj17 ie.

Mjy + Mgy + 0+ Ny € Ajl'
Now by the principle of induction we have proved our claim. |

Therefore, F'S(n;)52; C A, so A € A. This holds for all A € p, sop C A.
Since N = J;_, C;, by Lemma 3.9, we have one of C; € p C A. Thus we have a
set C; that contains an F'S(n;)52,; for some increasing sequence (n;);en. O

9. HINDMAN’S THEOREM ON POWER SET AND PARTITION REGULARITY

In this section, we would try to generalize Hindman’s Theorem into a stronger
statement, but first we consider the analogous statement of Hindman’s Theorem
on the power set on N.

Definition 9.1. Let (A,)nen be an infinite sequence of disjoint sets; we define
finite union set of (A )nen

FU(Ap)py: ={An, U...UA,, :ny <+ <ng, k €N}

n=1"+

Theorem 9.2 (Hindman’s Theorem on P(N)). For P(N) = [Ji_, Ci, there exists i

such that 6’; contains an infinite sequence of disjoint subsets of N(Ap,)nen together
with its FU(Ap,)S°

n=1 -
Proof. For m € N, m can be uniquely represented as m = Zzoil m;2 = my +
2mg+22mg+- - -+25"1mF with m; € {0,1}. Given P(N) = |J_, C;, define function
f:N—=P(N)as f(m)={i e N|m; =1}.

Now we can easily check some properties of our map f.

Let m,n,k € N. Then

(1) f(m) N1, k] = 0 iff 28|m

(2)f(m)N[1,k] = f(n)N[L, k] iff m =n mod 2*

(B)If f(m) N f(n) =0, then f(m +n) = f(m) U f(n).

Thus, P(N) = (J;_, C; induces a coloring on N by f, explicitly, N = |J;_, C;
where C; = f‘l(a). Therefore, by Theorem 8.1, there exists ¢ such that C;
contains finite sum set F'S(z,,)52; of an infinite increasing sequence (&, )nen.
Claim: There exists an increasing sequence (Yn)nen in finite sum set F'S(zy,)
such that all A,, = f(y,) are disjoint.

Proof:
Let’s construct a sequence (Y, )nen of the form:

o0
n=1

Jn
Yn = Z Ty = Li, + Tip41 + - + x5, for some i, < g
k=i,
Let A, = f(yn), and r, = max A,,. We define iy, jn, Yn, s recursively. For n =1,
take iy = j; = 1. Then y; = x1. Now suppose for n € N, we have already defined
Yn = {f:in 2. Then we define y,4; as following. Consider (z;) = 22:1 T, +hs
for i € {1,---,2"™ 4+ 1}. Since |P([1,r,])| = 2™ < 2™ + 1, by Pigeonhole principle,
there exist I3 > Iy such that f(z;,)N[1,r,] = f(z1,) N[1,7rn]. So 2, = 2z, mod 2"™.
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Let yn+1 = 21, — 21,. Then 2™|y,41, so Apt1 = f(Yn+1) N [1, 7] = 0. Hence
max A, < min A, 1. Now it is clear that all A, = f(y,) are disjoint.
|

Moreover, observe that by definition of (y,)nen, for any ya,y» € (Yn)nen with
Yo = T, +---+xj, and yp = x;, + -+ + xj,, either j, < i or 4 < jo. In other
words, y, and y, are sums of two disjoint subsequences of (x,)nen. Therefore,
Yo+ b € FS(2n)3e; and FS(yn)3, C FS(wn)3%, C Ci. So f(FS(ya)32,) C Ci.
Since for any Ya,y» € (Yn)nen, f(¥a) N f(yn) = 0, f(ya + 1) = f(ya) U fw)-
Therefore, for any A,,,...,An, € (An) with f(yn,) = An,, An, U...UA,, =
FWn) YooY f(yny) = fWny + -+ + Yny,) € C;. Thus we have proved FU(A,)5,
of an infinite sequence of disjoint subsets (A, )nen is contained in some 6’:

O

With Theorem 9.2, we can prove a stronger version of Hindman’s Theorem, from
which Hindman’s Theorem follows easily.

Theorem 9.3 (Partition Regularity of Finite Sum Set). Let (zy,)nen be an infinite
increasing sequence in N. Given FS(x,)52, = |Ji_, C;, one of C; contains finite
sum set F'S(yn)se, of an increasing sequence (yYn)nen in C;.

Proof. Define function g: P(N) — FS(z,) with A — >, 4z;. Note that by
definition, if A; N Ay =0, g(A1) + g(42) = g(A; U As).

Given FS(z,)52, = |J;_, C;, g induces a coloring on P(N), explicitly, P(N) =
Ui, C; where C; = g Y(Cy). So there exists C; that contains FU(A,)22, with
(An)nen as an infinite sequence of disjoint subsets of N.

Let B={g(A) | A € (An)nen}. Then B is an infinite set because for all b € N,
there only exist finitely many A C N such that ) jeaTj = b. Therefore we can
choose an increasing sequence (Y )neny in B. For any yn, € (Yn)nen, there exists
some A,,; € (A,)nen such that g(A,,) = yn,. Therefore, for any v, , ..., Yn, € (Yn),
Yny + o FYn, = 9(An, )+ +9(4n,). Since (Ap)nen is a sequence of disjoint sets,
g(An) 4+ +9(An,) = g(An, U...UA,,). Because A, U...UA,, € C; =g 1)),
Yny + -+ Yn, = 9(An, U...UA,,) € C;. Therefore, FS(y,)52; C C;.

(I

10. GENERALIZATION OF HINDMAN’S THEOREM

In this section, we’d like to consider further generalizations of Hindman’s Theo-
rem. First, we generalize the relation between idempotents and finite sum set we
discovered in the proof of Hindman’s Theorem. We have shown that if p € (N, +)
is idempotent, then every p-large set contains a finite sum set F'S(n;)52,. However,
this statement does not guarantee that 'S (nj)j?”:l itself is a p-large set. Nonethe-
less, the following lemma shows that for any finite sum set F'.S(n;)%2,, there exists
an idempotent g € (8N, +) such that F'S(n;)2, € g.

Lemma 10.1. Given any sequence (n;);en, there exists an idempotent p € (BN, +)

such that for any m € N, FS(n;)32,, € p.

Proof. Let S = (;,_1[FS(n;)32,,]. We will show that S is a compact left topo-
logical semigroup. Recall that for any B C N, [B] is clopen in SN. Thus, S is an
arbitrary intersection of decreasing sequence of closed sets. Since SN is Hausdorff,
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S is compact and nonempty. We now show that S is a semigroup. For p,q € S, to
show p + ¢ € S is to show for any m € N, A = F'S(n;)32,, € p+ g, which is equiv-
alent to showing {x € N: (A —z) € p} € ¢. Let a € A. Then a = nj, +--- +n;,
where m < j1 < jo < --- < j;. Let k =1+ 1. Then FS(nj);?‘;k C A — a. However,
FS(n;)32, € p and it follows that A —a € p. Therefore, A C {z € N: (A —=z) € p}
and since A € ¢, {x € N: (A — z) € p} € ¢q. Moreover, note that S inherits the
same operation + on SN; thus S is a compact left topological semigroup. By The-
orem 7.3, there exists idempotent p € S. In other words, there exists p such that
Nzt FS(n4)32,, € p and it follows that for any m € N, FiS(n;)%,, € p.

O

Lemma 10.1 gives answer to another natural question to raise: which ultrafilters
besides idempotents have all their members containing a finite sum set F/S(n;)52,?
Let T be the closure in (8N, +) of the set of idempotent ultrafilters:

I': ={pe (BN, +): p+p=p}

Theorem 10.2. An ultrafilter p belongs to T if and only if every p-large set contains

some finite sum set F'S(n;)32;.

Proof. Ouly if: For p € T', let A € p. Then [A] is an open neighborhood of p in SN,
so there is ¢ € N such that ¢ = ¢+ g and A € q. Then by the proof of Hindman’s
Theorem, A has to contain a finite sum set F'.5(n;)52,;.

If: Given p € PN, assume for all A € p there exists F'S(n;)72; C A. We need to
showp € I'. Fix A € p and let E denote the finite sum set F'S(n;)52; contained in A.
By Lemma 10.1, there exists idempotent ¢ such that E € gq. Therefore ¢ € [E] and
q € [A]. Hence, we have shown that for any A € p, [A]N{q € (BN, +): ¢+q = q} # 0,
which means every neighborhood of p intersects the set of idempotents, i.e. p € I.

O

Another generalization we’d like to consider is the multiplicative analog of Hind-
man’s Theorem.

Definition 10.3. Let (n;),en be an increasing sequence in N. Define finite product
set

FP(TLj)jO-ill z{njl-njz-...-njk:jl <j2<...<jk;k€N}.

Theorem 10.4. Given N = J;_, 6’;, there exists i such that 6’; contains an infinite
sequence (nj)jen together with its F'P(n;)52,.
Proof. Define r-coloring on N by letting C; = {n € N: 2" € a} By Theorem 8.1,
there exists C; such that F'S(m;)52; C C;. In other words, there exists (m;);en
such that for any j; < jo < --- < ji with k € N, m;, +mj, +--- +m;, € Cj,
which implies 271 Fmizt s — 9mi . .2mi € ;. Hence we define (nj)jen =
(2™7)jen and we have F'P(n;)52, C C..

O

Remark 10.5. Replicating the approach to Theorem 8.1 one can also prove Theo-
rem 10.4. In such a proof, we need to define multiplication on SN and establish the
existence of idempotents in (AN, ).
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Definition 10.6. We define multiplication on SN in the following way:
p-g={ACN:{neN: An"') ep}cq}
where An~! = {m € N|mn € A}.

We can show that multiplication defined above also renders SN a semigroup,
and function ¢: ¢ — p - ¢ with ¢,(¢) = p - g is continuous. Therefore, (AN, -) is a
compact left topological semigroup.

With Definition 10.6, in a similar way to the proof of Hindman’s Theorem, we
are able to get the following analogous theorem.

Theorem 10.7. For any multiplicative idempotent p € (BN, ), every p-large set

contains a finite product set F'P(n;)52,.

Now we try to combine the existence of finite sum set and finite product set into
one theorem.

Theorem 10.8. Given N = |J;_, C;, there exist C; and two increasing sequences
(mj)jen, (nj)jen such that FS(m;)52, C C; and FP(n;)32, C C;.

Proof. Claim: T' = {p € (8N, +): p+ p = p} contains a multiplicative idempotent
q=q-q.

Proof: We first show that for any p € I, p- BN C T". Let p € I" and ¢ € SN. For
any A € p-q, by definition of operation -, {n € N: An~!) € p} € ¢q. Take any
2 € N such that Az~! € p. Since Axz~! € p € T, there exists FS(m;)52, C Az~ 1.
Therefore, F'S(x-m;)72; C A and it follows p-q € T'.

Therefore, I is closed under multiplication. And since (T',-) C (0N, -), I is a left
topological semigroup. Moreover, since I is defined as the closure of a nonempty set,
T is closed and thus compact. Therefore, by Theorem 7.3, (T, -) has a multiplicative
idempotent q.

|

Since N = U§=1 C;, by Lemma 3.9, we have one of C; € ¢q. Since ¢ € T, C;
contains a finite sum set F'S(m;)32;. On the other hand, since ¢ is a multiplicative
idempotent, by Theorem 10.7, C; contains a finite product set F'P(n;)3 ;.

|
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