CONVERGENCE THEOREM FOR FINITE MARKOV CHAINS

ARI FREEDMAN

ABSTRACT. In this expository paper, I will give an overview of the necessary
conditions for convergence in Markov chains on finite state spaces. In doing
so, I will prove the existence and uniqueness of a stationary distribution for
irreducible Markov chains, and finally the Convergence Theorem when aperi-
odicity is also satisfied.
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1. INTRODUCTION AND BASIC DEFINITIONS

A Markov chain is a stochastic process, i.e., randomly determined, that moves
among a set of states over discrete time steps. Given that the chain is at a certain
state at any given time, there is a fixed probability distribution for which state the
chain will go to next (including repeating the state). If there are n states, then the
n X n transition matrix P describes the Markov chain, where the rows and columns
are indexed by the states, and P(x,y), the number in the z-th row and y-th column
gives the probability of going to state y at time ¢ + 1, given that it is at state x at
time ¢. We can formalize this as follows.

Definition 1.1. A finite Markov chain with finite state space © and || x |Q]
transition matrix P is a sequence of random variables X, X1, ... where

P{Xt+1 =Y ‘ Xy = x} = P($7y)7

or the probability of X;11 =y given X; = x is P(x,y). Then P(z,-), the z-th row of
P, gives the distribution of X, given X; = x. Here P is the notation for probability
of an event, and P, notates the probability of an event given Xy = x € ). Thus,
P.{X, =y} =P{X, =y | Xo = 2} = P!(x,y), as multiplying a distribution by
the transition matrix P advances the distribution one step along the Markov chain,
so multiplying by P! advances it by t steps from Xy = x.

Furthermore, when the distribution of X;;; is conditioned on X, the previous
values in the chain, Xy, X1, ..., X;_1, do not affect the value of X, ;. This is called
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the Markov property, and can be formalized by saying that if
H= ﬂ;;é{XZ = x;} is any event such that P(H N{X; = z}) > 0, then

P{Xip1 =y [ HN{X, = 2}) = P{Xi11 =y | Xy = 2},
and then we simply define P(z,y) = P{Xty1 =y | Xt = z}.

0.5

0.4 0.3

FIGURE 1. An example Markov chain with three states x, y, and z.

We can illustrate a Markov chain with a state diagram, in which an arrow from
one state to another indicates the probability of going to the second state given we
were just in the first. For example, in this diagram, given that the Markov chain is
currently in x, we have probability .4 of staying in x, probability .6 of going to z,
and probability 0 of going to y in the next time step (Fig. 1). This Markov chain
would be represented by the transition matrix

T Yy =z
z /4 0 .6
P=y (.5 .3 .2)
z\0 1 0/.

This definition mentions distributions, so it may help to formalize what these
are.

Definition 1.2. A probability distribution, or just a distribution, is a vector
of non-negative probabilities that sums up to 1 (this is known as the law of total
probability).

For any state = € 1, it makes sense that P(z,-), the z-th row of P, should be a
distribution, since the probability of going from state x to any state is at least 0, and
the sum of the probabilities of going from state x to state y, over all states y € €,
should be 1, as these are disjoint events that cover all the possibilities. Distribu-
tions are generally expressed as row vectors, which can then be right-multiplied by
matrices.

The transition matrices associated with Markov chains all fall under the larger
category of what we call stochastic matrices.
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Definition 1.3. A stochastic matrix is an n x n matrix with all non-negative
values and each row summing to 1. In particular, a matrix is stochastic if and only
if it consists of n distribution row vectors in R"™.

It is fairly easy to see that if P and @) are both stochastic matrices, then PQ is
also a stochastic matrix, and if p is a distribution, then pP is also a distribution.

Definition 1.4. A distribution 7 is called a stationary distribution of a Markov
chain P if 7P = m.

Thus, a stationary distribution is one for which advancing it along the Markov
chain does not change the distribution: if the distribution of X} is a stationary
distribution 7, then the distribution of X;;; will also be w. This brings up the
question of when a Markov chain will have a stationary distribution, and if so, is this
distribution unique? Will any distribution converge to this stationary distribution
over time? It turns out that with only mild constraints, all of these are satisfied.

Definition 1.5. A Markov chain is irreducible if for all states x,y € Q, there
exists a t > 0 such that P'(z,y) > 0.

Intuitively, this means that it is possible to get from z to y for any z,y € Q in
some finite amount of time steps, or, equivalently, there exists a sequence of states
X =g, T1,...,T—1,% =y (which we call a path) the chain can take from x to y
such that P(x;,x;4+1) > 0 for all 0 <i < t.

2. UNIQUENESS OF STATIONARY DISTRIBUTIONS

In order to come up with a nice expression to show the existence of a stationary
distribution, we must first prove that if a distribution exists, it is unique. To do so,
we need to define harmonic functions and prove a lemma about them.

Definition 2.1. A function h: Q2 — R is a harmonic at z € Q if

h(z) = P(z,y)h(y)-

yeN
If h is harmonic at all states in = {x1,29,...,2,}, we say h is harmonic on €,
h(z1)
h(ﬂ?g)
and then Ph = h, where h is the column vector h = )
h(xn)

Lemma 2.2. If P is irreducible and h is harmonic on 2, then h is a constant
function.

Proof. Since 2 is finite, h attains a maximum at some state xg € (), such that
h(zo) > h(y) Vy € Q. Let z € Q be any state such that P(zg,z) > 0, and assume
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that h(z) < h(xg). Since h is harmonic at zo,

h(zg) = Z P(zo,y)h(y)

yeN

= P(zo,2)h(z) + Y  Plxo,y)h(y)
YEQ,yF#2

< P(zg,2)h(z) + Z P(zo,y)h(xo)
yEQ,yF#2

< P(zg,z)h(xo) + Z P(xo,y)h(zo)
yEQ yF2

= ZP(xO,y) h(zo)

yeN

= h(l‘o),

where the last inequality follows from P(z¢,z) > 0 and h(z) < h(z¢). However,
this gives us h(zg) < h(zg), a contradiction, which means h(zg) = h(z).

Now for any y € 2, P being irreducible implies there is a path from zg to y, let
it be g, x1,...,2, =y such that P(x;,z;1+1) > 0. Thus, h(zo) = h(z1), and so z;
also maximizes h, which means h(z1) = h(z2). We carry on this logic to get

h(zg) = h(z1) = -+ = h(zy) = h(y).

So h(y) = h(zo) Yy € Q, and thus h is a constant function. O

Now we are ready to show that if a stationary distribution exists (which we show
in the next section), it must be unique.

Corollary 2.3. If P is irreducible and has a stationary distribution 7, then w is
the only such stationary distribution.

Proof. By Lemma 2.2, the only functions h that are harmonic are those of the form
h(z) = ¢ Ya € Q for some constant c. Putting this into vector form, this means the
only solutions to the equation Ph = h, or equivalently (P — I)h = 0 are

1
1

1

Thus, dim(ker(P — I)) = 1, so by the rank-nullity theorem, rank(P — I) = |Q] — 1.
And rank(P — I) = rank((P — I)T) = rank(PT — I) = |Q| — 1, so again by the
rank-nullity theorem, dim(ker(PT — I)) = 1, so over all row vectors v € RI’l| the
equation (PT — I)v? = 0 has only a one-dimensional space of solutions. But this
equation is equivalent to vP = v, so, given that 7P = 7 is a solution, all solutions
must be of the form v = Ar, for some scalar A. However, to be a distribution whose
elements sum to 1, we must have A = 1, and thus the only stationary distribution
isv=m. g
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3. EXISTENCE OF A STATIONARY DISTRIBUTIONS

We will now show that all irreducible Markov chains have a stationary distribu-
tion by explicitly constructing one, and then by Corollary 2.3, we will know that
this stationary distribution is unique.

Definition 3.1. For a Markov chain X, X1,..., the hitting time for a state
x € § is the instance of the chain “hitting” x, notated

T, = min{t > 0: X; = z}.
When we want the hitting time to be strictly positive, we notate it

7F =min{t > 0: X; = 2},

which is called the first return time when X, = x.

We will also be using the notation E to denote the expected value of a variable,
and again, E,; means the expected value given Xy = z.

Lemma 3.2. For any x,y € Q of an irreducible Markov chain, Eg;(Tj) 1s finite.

Proof. Since P is irreducible, we know for any two states z, w € §2 that there exists
an s > 0 such that P*(z,w) > 0 (if z = w, we consider a path from z to a different
state and back to itself to ensure s > 0). We let r be the maximum of all such s
over z,w € (2, and let

e = min{P?(z,w) > 0 such that 0 < s <r:z,w e N}.

Then for all z,w € Q, there exists 0 < s < r such that P*(z,w) > e > 0.
This implies that given any Xy, the probability of the chain going to a state y
between times ¢t and ¢ 4 r is at least €, or conversely,

P{X;#y:Vt<s<t+r}>1l-e
In general, saying T;— > n implies X; # y V0 <t <n. So for k > 0,
P.{r} > kr} =P {X; £y VO <t < kr}
=P {X; #yVO<t<(k—1Dr}P{X; #yV(k—Dr <t <kr}
<PAX Ay VO<t<(k—1r}l—¢)
SPAX; #y V0O <t < (k—2)r}1—e)?

<P {X; #yV0<t<0}1—e)F
= (1 - €)k7
where P, {X; # y V0 <t <0} = 1 by vacuous truth.

Now for any random variable Y valued on the non-negative integers, we have

oo

E(Y)=Y tP(Y =t)
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And P{7,[ >t} is a decreasing function with respect to ¢, since
P{r,/ >t+1} <P{r >t+ 1} +P{r) =t +1} = P{r} > t},

which we use to get
E.(r)) =Y P.{r) >t}
t=0

< Z?"PI{T;— > kr}
k=0

<rd) (1-—ek.
k=0

By definition, 0 < € < 1,50 0 < 1 — € < 1, which means this sum converges, and
thus E,(7,0) is finite. O

Theorem 3.3. If P is irreducible, then it has a unique stationary distribution m
with m(x) > 0 Va € Q, given by

Proof. Fix any state z € ). Then we define

7(y) = E,(number of visits to y before returning to z)

o0
=Y PAX =y, 7 >},
t=0

since the expected number of visits to y before returning to z is the sum of all the
probabilities of the chain hitting y at a time step less than the return time.

For any given chain with Xy = z, the number of visits to y before return to z is
< 7, since the total number of states the chain visits before returning to z is 7'.
Thus 7(y) < E, (), which by Lemma 3.2 is finite, and thus all 7(y) are finite.

And since P is irreducible, it is at least possible to visit y once (a path from z
to y followed by a path from y to z), which means the expected number of visits to
y before returning to z is positive, so 7(y) > 0.

Now we show 7 is stationary, or that for all y, (7P)(y) = 7(y). First, see that

FP)y) = S #@)Payy) = S S PuAX, = 2,75 = 1+ 1}P(x,y),

€N zeQ t=0

where we just plugged in our earlier expression for 7(z) and replaced 77 > t with
the equivalent expression 7,57 >t + 1.

Since the event {7 > ¢+ 1} is only determined by Xy, X1,..., Xy, it is inde-
pendent of the event X;; = y, when conditioned on X; = z, which means

Pz{Xt = 1}7Xt+1 = y,Tj 2 t + 1} = Pz{Xt = iL',TZJr 2 t+ ]-}Pz{Xt+1 =Y | Xt = IE}
=P {Xy=z,7 >t+1}P(x,y).
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We can then plug this in to our earlier expression for (7P)(y) and switch around
the order of summation, since the inner sum converges for all x € 2, to get

ZZP (Xy =2, Xpp1 =y, 70 >t+1}

t=0 z€Q

ZZP {Xt+1—y7 T, >t+1}

= ZPZ{Xt =Y,T, > t}
t=1

using the fact that the sum of the probabilities of {X; = x} over all z € Q will
just equal 1. We notice that this final summation is very similar to our original
expression for 7(y); in particular,

(@P)(y) =7(y) —PAXo =y, 7 >0}+ZP (X =y, 7 =1t}
t=1

But this final term is just accounting for all the occurrences of X _ + =Y, and so it
sums up to P, {X_ 4 = = y}, which is equal to 1 when y = z and 0 otherw1se (since
the Markov chain at its return time should be back at its starting state). Similarly,
P.{Xy =y, > 0} is equal to 1 when y = 2 and 0 otherwise, since z = X, and
7} > 0 are always true by definition. Thus, these two terms are always equal, so
they cancel out, leaving us with (7P)(y) = 7(y) Yy € Q, or

TP =T.
This proves, that 7 is stationary, so to make it a stationary distribution, we must
divide each element by the sum of the elements, which is equal to

Z 7(x) = Z E. (number of visits to z before returning to 2) = E, (7)),
€N IS

as the return time for any chain is equal to the total number of states it visits before
returning to its start.
Thus, we define

7(x)
E.()’
which exists since 77 > 0 by definition, and we will get a stationary distribution
(a stationary vector multiplied by a scalar is still stationary). So by Corollary 2.3,
this 7 is the only such stationary distribution. As such, for any choice of z € Q, we
will get the same stationary distribution 7, so

m(x) =

)
W(x)—E(TI)V r € Q.

Note that choosing z = z also changes the definition of 7, so that 7(x) is now the
expected number of visits to x before returning to x, which is exactly 1, for the one
time the chain hits  upon returning. Thus,

1
W(x):mVer

is a unique stationary distribution for P. [
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4. CONVERGENCE THEOREM

We have now shown that all irreducible Markov chains have a unique stationary
distribution 7. However, in order to ensure that any distribution over such a chain
will converge to 7, we require one more condition, called aperiodicity.

Definition 4.1. Let T(z) = {t > 1 : P!(z,x) > 0} be the set of all time steps
for which a Markov chain can start and end in a state z. Then the period of z is

ged T (z).
Lemma 4.2. If P is irreducible, then the period of all states is equal, or
ged T (z) = ged T (y) Y,y € Q.

Proof. Fix states x and y. Since P is irreducible, 3r,l > 0 such that P"(z,y) > 0
and Pl(y,z) > 0 (Fig. 2).

r steps

FIGURE 2. Since P is irreducible, we can get from x to y in r steps,
from y to x in [ steps, and from x to itself in a € T (x) steps.

Let m = r+1. Then m € T (z), since we can get from z to y in r steps and then
from y back to x in [ steps, adding up to r + [ = m steps. Similarly, m € T (y),
going from y to x and back to y. If a € T(z), there exists a path from x to itself in
a steps (Fig. 2), so then a +m € T (y) by going from y to z, from x to itself, and
from z back to y, totalling I +a+r = a+m steps. Thus, a € T (y) —m Va € T (),
where T(y) —m={n—m|neT(y)}, so

T(xz) C T(y) —m.

Take any n € T (y), so gcd T (y) | n by the definition of ged. Thus, m € T (y)
implies ged 7 (y) | m as well. This means gcd T (y) | n — m Vn € T(y), or equiva-
lently,

ged T (y) | a Va € T(y) —m.
And we showed that T (z) C T (y) —m, so this also gives us gcd T (y) | a Va € T (z).
So ged T (y) is a common divisor of 7 (z), which implies, by the definition of ged,
that
ged T (y) | ged T (z).

By a completely parallel argument, switching around x and y, we also get that
ged T (y) | ged T (z). Therefore, ged T (z) = ged T (y) V,y € Q. O

This shows that an irreducible Markov chain has a period common to all of its
states, which we then call the period of the chain.

Definition 4.3. An irreducible Markov chain is called aperiodic if its period is
equal to 1, or equivalently, ged 7 (z) = 1 Va € Q.

Before being able to prove the Convergence Theorem, we need one result con-
cerning aperiodic chains, and a number-theoretic lemma to prove it.
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Lemma 4.4. If S C ZT U {0} is closed under addition (a +b € S Va,b € S) and
ged S =1, then there exists M such that a € S Ya > M.

Proof. We begin by showing that there exists a finite subset T' C S such that
gedT = 1. Let Sy = {ag}, for any ag € S. Either ged Sgp = 1, in which case we let
T = Sy and we are done, or there exists a; € S for which ged(So U {a1}) < ged So,
since otherwise we would have ged S = ged Sy # 1. So we let S; = So U {a1},
and then ged S; < ged Sy. We continue this process of finding a; € S such that if
S; = ged(S;—1 U {a;}), then ged S; < ged S;_1, creating a sequence of finite sets S;
whose gcd decreases until eventually ged S; = 1, at which point we let T = .S; and
we are done. We know this will occur at some point, since any strictly decreasing
sequence of positive integers must hit 1 in a finite number of steps.

Since gcdT = 1, there exists a linear combination of the elements in 7' that
evaluates to 1, so if T'= {t1,...,t,}, then there are ¢i,..., ¢, € Z such that

Clt1+"'+6ntn:1.

Without loss of generality, we can say that all of ¢1,...,¢, > 0and ¢cgy1,...,¢, <0,
for some 1 < k < n, so we can move all the negative terms to the other side to get

citi+ et = 1+ cppathyr + o+ Cnta

Since S is closed under addition, and all ¢; € T C S, the non-negative linear
combinations on the left side and right side of this equation are also in S, so if we
let these be equal to p and ¢ respectively, we get p,q € S such that p=1+¢. It is
possible that there are no terms other than 1 on the right side, but this just means
p=1¢€ S, sosince S is closed under addition, we can let M = 1 and we are done.
Otherwise we have p =1+ ¢ for p,q € S.

Let M = g(¢ — 1). Then for any a > M, we have a = kq+ r for 0 < r < ¢ and
k > q — 1, by the remainder theorem. Thus r < g—1<k,so k—r > 0, and we
can express @ as a non-negative linear combination of p and ¢:

a=kqt+r=(k-rjg+ri@g+1l)=rp+(k—-r)g
Therefore, a € S Va > M, as desired. O

Lemma 4.5. If P is aperiodic and irreducible, then there exists r > 0 such that
P"(z,y) > 0 Vz,y € Q.

Proof. For any = € 2, we see that T(x) is a set of non-negative integers closed
under addition, since if a,b € T(z), we have P%(z,r) > 0 and P’(z,z) > 0, so
Pt (z x) > P(z,x)P’(z,z) > 0 and thus a + b € T. And since P is aperiodic,
ged T(x) = 1, which means we can apply Lemma 4.4 to get that there is an M,
such that Pt(x,z) > 0Vt > M,. If we then let M = max{M, : z € Q}, we have

P'(z,z) >0Vt > M Vx € Q.

Since P is irreducible, there exists a t for any z,y € Q such that P'(x,y) > 0.
We let tg = max{any one ¢ satisfying P!(z,y) > 0: x,y € Q} be the maximum of
all of these, and finally let r = tg + M. Then for any states x,y € (2, there exists
a t < tg such that P'(z,y) > 0, and then r —t = M + (ty — t) > M, which means
P~ t(xz,x) > 0, so then we get

P"(z,y) > P"*(2,x)P"(z,y) > 0.
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To prove anything about the convergence of a distribution, we need to first define
some measure of distance between distributions.

Definition 4.6. The total variation between two distributions y and v is defined
as
i = vllry = max|p(A) - v(A)],

where p(A) = ;Au(x).

Proposition 4.7. ||p —v|lry = 2 3 |u(z) — v(z)|.
rzeQ

Proof. Let B ={x € Q: u(x) > v(x)} be the set of states for which p(x)—v(x) > 0,
so its complement is B¢ = Q\ B = {z € Q : u(z) < v(z)}, which is the set of states
for which p(z) —v(z) < 0.
Let A C 2 be any set of states. Now A is the disjoint union of AN B and AN B¢,

and any x € AN B¢ is in B¢ and thus u(z) — v(z) < 0, so
w(A)—v(A) = p(ANB)—v(ANB)+u(ANB®)—v(ANB®) < n(ANB)—v(ANB).
And B is the disjoint union of AN B and B\ A, and any z € B\ A is in B and
thus p(z) — v(z) >0, so
w(ANB)—v(ANB) < w(ANB) —v(ANB)+pu(B\ A) —v(B\ A) = u(B) —v(B).
Putting these together, we get

u(A) —v(A) < u(B) —v(B),
and by symmetric logic with A N B¢ as an intermediary, we get

u(B%) - 1(B°) < (4) — w(A).
Now u(B) + u(B) = v(B) + v(B°) = 1 implies ju(B) — v(B%) = —(u(B) — v(B)),
o

—(u(B) = v(B)) < w(A) — v(A) < u(B) —v(B),

or [pu(A) —v(A)| < u(B) —v(B). Thus, |u(A) — v(A)] is bounded by u(B) — v(B),
and we can let A = B to attain this bound, since |u(B) — v(B)| = u(B) — v(B)
from the fact that u(B) — v(B) > 0 Vz € B. Thus,

[l = vy = max ln(A) —v(A)|

= u(B) —v(B)

5 [ (k) = () + (w(5%) = u(5)) |

% <Z (@) = v(@)|+ Y |u(x) —V(@)

reB reB¢

5 i) — vl)

€N
(I

Remark 4.8. This proof also gives us ||y — v||ry = p(B) — v(B). Since u(B) <1
and v(B) > 0, this tells us ||u — v||py < 1, for any distributions p and v.
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Now we are finally ready to prove the main result of this paper, which tells us
that an irreducible, aperiodic Markov chain will converge at an exponential rate to
a stationary distribution over time.

Theorem 4.9 (Convergence Theorem). If P is irreducible and aperiodic, with
stationary m, then there exist constants 0 < o < 1 and C' > 0 such that

max [|P*(x, ) = 7|lrv < Ca'.

Proof. Since P is irreducible and aperiodic, Lemma 4.5 tells us there exists an r > 0
satisfying P"(z,y) > 0 Va,y € Q.
T
Let I = [ : [ be the |Q| x |[©2] matrix all of whose rows are the stationary

T
distribution w, making II a stochastic matrix.
Since P"(z,y) > 0 Va,y € Q and 7(y) > 0 Vy € Q, by Theorem 3.3, then

satisfies P"(z,y) > &'m(y) Vo,y € Q. So § = min{d’, 3} also satisfies this property,
as well as 0 < § < 1, so setting 8 =1 — 4, we get 0 < 6 < 1.
Now define

Pr— (10

@= 0

Every element of @ is non-negative, since P"(z,y) — (1 — 0)II(z,y) = P"(x,y) —
dm(y) > 0, by the definition of J, and, because P" and II are stochastic, each row
of ) sums to # = 1, making @) a stochastic matrix.

For any n > 0, Q" is stochastic, from ) being stochastic, so we get Q"II = II,
since

Q") (z,y) = > Q"(z,2)(z,y) =7(y) Y Q"(x,2) = w(y) = (z,y).

zeQ z2€Q
And since 7P =,
T TP T
T P T
so I[IP" = (HP)P”_1 =[pr1l=...=TIP =1L

Using these identities, we will now prove inductively that

PE = (1 —0MT1 + 0FQ" vk > 1.
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The base case k = 1 is true, since P" = (1 — 0)II 4 6Q from the definition of Q.
Now assume it is true for k = n, so P™ = (1 — ™)II + 6"Q™. Then
printh) = prnpr
=[1-0"II+6"Q"P"
= (1— ")IIP" + 0"Q"P"
=(1-0"MI+0"Q"[(1 -6+ 0Q)]
= (1 -6 +6™(1 —0)Q"IT 4 o™+
= (1 —O0MIT+ (0" — 0" HIT + T Q™!
— (1 — 6" 4 g7H1Qn+!,

proving inductively that P™ = (1 — 0¥)IT + 0*Q* Vk > 1. Multiplying both sides
by PJ for j >0,

PRI = (1 — 0")TIP? + 0*Q*P? = (1 — 0F)TT 4 6%Q* P7 =TT + 0% (Q* P? — 1),

or P™*+i —TI = 9*(Q* P7 —1I). Looking at any row x of both sides of this equation,
we have (P"™**+J —1I)(z, ) = 6*(Q*P? — I)(z, -). Thus,

1P (2, ) — allry = [P (@, ) ~ Dz, lzv

= NP M (a,y)

yeQ
1 .
_ pk kp.
= 6" 2> QP —)(a,y)
yeQ
= O"|Q P (x, ) — (, )| |rv
<0,

since @, P, and II being stochastic implies Q* P7 (z,-) and II(z, -) are distributions,
thus their total variation is bounded by 1 from Remark 4.8.

Now we can define the constants a = v/ and C = a~". Let t > 0, and define k
and j from the division theorem by 7, so t = rk + j with 0 < j < r. Finally, since
0<f<land < a<l,

1P (2,-) = wllrv = ||P™* (2, ) = x|z
< ¢
— Curk:
< arkaj—r
_ a—rark+j
= Co'.
This is all true for any choice of = € Q; therefore, for any ¢t > 0,

max [|P*(x, ) = 7|lrv < Ca'.
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