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Abstract. We begin by introducing Dirichlet L-functions which we use to
prove Dirichlet’s theorem on arithmetic progressions. From there, we discuss

algebraic number fields and introduce the tools needed to define the Dedekind

zeta function. We then use it to prove the class number formula for imaginary
quadratic fields.
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1. Introduction

L-functions are a class of functions that generalize the Riemann zeta function. In
this paper, we will look at two kinds of L-functions, namely, Dirichlet L-functions
and Dedekind zeta functions. The manner in which we will exposit on these two
types of L-functions will essentially be the same. First, we provide preliminary
information necessary to make sense of the L-function. After this, we define the
L-function and then apply it to a problem in number theory to show how the
L-function reveals arithmetic information.

In section 2, we introduce the Riemann zeta function, the prototype of all L-
functions, study its pole and, in the process, prove Euclid’s theorem that there are
infinitely many prime numbers. In Sections 3 and 4, we aim to define the Dirichlet
L-function. In section 5, we give a proof of Dirichlet’s theorem on arithmetic
progressions, which states that for two coprime positive integers a and n, there will
be infinitely many prime numbers of the form a+mn, where m is a natural number.
The next three sections then describe algebraic number fields and the aspects of it
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2 FRIMPONG A. BAIDOO

necessary for providing context to the Dedekind zeta function. In section 9, we then
define the Dedekind zeta function, describe the ideal class group and then highlight
the Dedekind zeta function’s role in the class number formula. Finally, following
what was done in [5], we use the Dedekind zeta function to prove the class number
formula for imaginary quadratic fields.

2. The Riemann Zeta Function

We begin by taking a brief look at the prototypical L-function, the Riemann
Zeta function, highlighting properties we will be using. The Riemann zeta function
is given by

(2.1) ζ(s) =

∞∑
k=1

1

ks
, for s = σ + it where σ, t ∈ R and σ > 1

and one can use the Fundamental Theorem of Arithmetic to prove that the above
series can be written as an infinite product

(2.2) ζ(s) =
∏
p∈P

1

1− 1
ps

, where P is the set of prime numbers.

The zeta function is important because it contains a wealth of information re-
garding the field of rational numbers, Q (or, more precisely, the prime numbers).
One such piece of information regarding the behaviour of prime numbers is the
following

Theorem 2.3 (Euclid). There are infinitely many prime numbers.

We will prove this theorem by showing that as s→ 1, the function
∑
p∈P p

−s is

asymptotic the function log
(

1
s−1

)
. Thus the series

∑
p∈P p

−1 diverges, proving the

theorem. For this, we first establish a fact regarding the Riemann zeta function.

Lemma 2.4. ζ(s) = 1
s−1 + ψ(s) where ψ(s) is some function that is holomorphic

in the half-plane σ > 0.

This lemma tells us that it is possible to define the zeta function so that it is
holomorphic in σ > 0 except for s = σ = 1 where it will have a simple pole. By
contrast, equations (2.1) and (2.2) only tell us that the zeta function is holomorphic
in σ > 1.

Proof. We will prove that ψ(s) = ζ(s)− 1
s−1 defines a function that is holomorphic

in the half-plane σ > 0.
First notice that

1

s− 1
=

∫ ∞
1

t−s dt =

∞∑
n=1

∫ n+1

n

t−s dt

We thus have that

(2.5) ζ(s)− 1

s− 1
=

∞∑
n=1

∫ n+1

n

1

ns
− 1

ts
dt

and it suffices to show that the right hand side of the equation (2.5) converges
absolutely on the half-plane σ > 0.
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Because ∫ n+1

n

1

ns
− 1

ts
dt =

∫ n+1

n

∫ n

t

s

xs+1
dx dt

One can check that ∣∣∣∣∫ n+1

n

1

ns
− 1

ts
dt

∣∣∣∣ ≤ |s|
nσ+1

Thus we can use the comparison test to show that the right hand side of (2.5)
converges absolutely for all σ > 0. �

Remark 2.6. It is actually possible to extend the zeta function to the entire complex
plane. However, we do not need to do this for the proof of Dirichlet’s theorem.

Proof of theorem 2.3. The presence of a pole at s = 1 means that the zeta func-
tion is non-zero on some neighbourhood of this point. We can therefore take the
logarithm of both sides of the equation

(2.7)
∏
p∈P

1

1− 1
ps

=
1

s− 1
+ ψ(s)

for s 6= 1 within this neighbourhood.
Taylor expanding the logarithm of the left hand side of (2.7) will then give

(2.8)
∑
p∈P

1

ps
+
∑
p∈P

∑
k≥2

1

pks
= log

(
1

s− 1
+ ψ(s)

)
since ψ(s) will be holomorphic (and thus bounded) on this neighbourhood, the right

hand side of (2.8) will be asymptotic to log
(

1
s−1

)
as s→ 1. So now we only need

to show that the double series on the left hand side of (2.8) remains bounded in
order to prove Theorem 2.3.

It can be seen that the double series is actually a series whose terms are geometric
series. Thus

(2.9)
∑
p∈P

∑
k≥2

1

pks

 =
∑
p∈P

1

ps(ps − 1)

The series on the right is contained within the series
∑

1
ns(ns−1) , which converges

absolutely in the half-plane σ > 1
2 . Thus once we ensure that the region on which

(2.8) is defined falls within a circle of radius 1
2 centered at s = 1, we immediately

prove that ∑
p∈P

1

ps
∼ log

(
1

s− 1

)
�

The asymptotic relation from the proof of Theorem 2.3, allows us to define the
density of subsets of the prime numbers.
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Definition 2.10. The analytic density (or Dirichlet density) of a subset Pa of the
prime numbers P is defined to be the number k such that∑

p∈Pa

1

ps
∼ k

(
log

(
1

s− 1

))
as s→ 1. Notice that this immediately implies that 0 ≤ k ≤ 1.

Remark 2.11. It can be shown that if a subset of the primes has a density defined
in the most ”natural sense” (the limit of the ratio of the number of elements in the
subset to the number of prime numbers), then it will have an analytic density of
the same value. However, the converse is false and this makes the analytic density
a better way to define the density of subsets of the primes.

We now state a more precise version of Dirichlet’s theorem that we will prove.

Theorem 2.12 (Dirichlet’s Theorem on Arithmetic Progressions). Let a and n be
two positive integers that are coprime and let Pa denote the set of prime numbers
p ≡ a (modn). Then the set Pa has analytic density 1

φ(n) , where φ(n) is the Euler

totient function.

This theorem is stronger than the one stated in the introduction because, it not
only says that Pa is an infinite set (if Pa were finite, its density would be 0) but
also shows, as we will soon be able to see, that the set P distributes itself equally
among all the Pa, for a coprime to n.

Example 2.13. For n = 5 and a ∈ {0, 1, 2, 3, 4}, the portion of the arithmetic
progressions less than 500 is shown on each line of the figure below with the prime
numbers in the arithmetic progression circled.

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105 110 115 120 125 130 135 140 145 150 155 160 165 170 175 180 185 190 195 200 205 210 215 220 225 230 235 240 245

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86 91 96 101 106 111 116 121 126 131 136 141 146 151 156 161 166 171 176 181 186 191 196 201 206 211 216 221 226 231 236 241 246

2 7 12 17 22 27 32 37 42 47 52 57 62 67 72 77 82 87 92 97 102 107 112 117 122 127 132 137 142 147 152 157 162 167 172 177 182 187 192 197 202 207 212 217 222 227 232 237 242 247

3 8 13 18 23 28 33 38 43 48 53 58 63 68 73 78 83 88 93 98 103 108 113 118 123 128 133 138 143 148 153 158 163 168 173 178 183 188 193 198 203 208 213 218 223 228 233 238 243 248

4 9 14 19 24 29 34 39 44 49 54 59 64 69 74 79 84 89 94 99 104 109 114 119 124 129 134 139 144 149 154 159 164 169 174 179 184 189 194 199 204 209 214 219 224 229 234 239 244 249

For each a 6= 0, Dirichlet’s theorem not only states that the sequence of circled
primes for fixed a never ends but also shows that the probability of (almost) every
prime number falling into one of the four arithmetic progressions is one-fourth.

3. Dirichlet Characters

Consider the ring Z/nZ of integers modulo n, where n is some fixed positive
integer. As with any ring, the set of elements with multiplicative inverses (Z/nZ)×

forms a group. It can be shown that (Z/nZ)× consists of those classes represented
by integers coprime to n. Thus, the order of this group is φ(n), where φ is the Euler
totient function.

Definition 3.1. A Dirichlet Character (mod n) is a group homomorphism

χ : (Z/nZ)× −→ C\{0}
The Dirichlet character χ can then be extended to all of Z/nZ by setting its

value to zero for all the elements that do not belong to the multiplicative group
(Z/nZ)×.

As a group homomorphism, a Dirichlet character satisfies the following proper-
ties:

(1) χ(1) = 1
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(2) for any a, b ∈ (Z/nZ)×, χ(a · b) = χ(a) · χ(b)

Furthermore, because Euler’s theorem states that every element a ∈ (Z/nZ)× is
such that aφ(n) ≡ 1 (mod n), we have that

χ(a)φ(n) = χ(aφ(n)) = 1

In other words,

χ : (Z/nZ)× −→ {φ(n)-th roots of unity}

Example 3.2. Consider (Z/3Z)× = {1, 2}
For χ : (Z/3Z)× −→ {1,−1} there will be only two possible Dirichlet characters:

(1) χ1 ≡ 1. Dirichlet characters that take this form are called trivial characters.

(2) χ2(a) =

{
1 a = 1

−1 a = 2

The set of all possible Dirichlet characters of (Z/nZ)× along with point-wise
multiplication also forms a group. In fact, it can be shown that the group of
Dirichlet characters of (Z/nZ)× is isomorphic to (Z/nZ)×. Thus, there are φ(n)
possible Dirichlet characters mod n.

We now have enough information to prove some properties that will be important
to the upcoming study of Dirichlet L-functions.

Proposition 3.3.∑
a∈(Z/nZ)×

χ(a) =

{
φ(n) if χ is the trivial character

0 if χ is not the trivial character

Proof. The first part is obvious because there are φ(n) elements in (Z/nZ)× and
χ(a) = 1 for each of them.

For the second part, notice that for an element of the multiplicative group y such
that χ(y) 6= 1

χ(y)

 ∑
a∈(Z/nZ)×

χ(a)

 =
∑

a∈(Z/nZ)×
χ(a · y) =

∑
a∈(Z/nZ)×

χ(a)

Thus we have that

(χ(y)− 1) ·

 ∑
a∈(Z/nZ)×

χ(a)

 = 0

This implies that the second part of the proposition is true.
�

Proposition 3.4. ∑
χ

χ(a) =

{
φ(n) a = 1

0 otherwise

where the sum is over all the Dirichlet characters mod n.

Proof. The proof is essentially the same as that of Proposition 3.2. We could also
make use of the isomorphism between the group of Dirichlet characters and the
multiplicative group. �
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It is also possible to say something more about the values which the group of
Dirichlet characters take for a particular element of the multiplicative group.

Proposition 3.5. If a is an element of the multiplicative group of order f , then
χ(a) is an f -th root of unity for all the Dirichlet characters mod n. Furthermore,

each f-th root of unity occurs φ(n)
f times among the Dirichlet characters.

Proof. We have that af = 1. Thus χ(a)f = 1, proving the first part of the propo-
sition.

Now suppose ρ is an arbitrary f -th root of unity and consider

(3.6)
∑
χ

f∑
m=1

χ(am)

ρm
=
∑
χ

f∑
m=1

(
χ(a)

ρ

)m
If χ(a) 6= ρ, then

f∑
m=1

χ(am)

ρm
= 0

(recall that for an f-th root of unity ε 6= 1, εf−1 + · · ·+ ε+ 1 = 0)
but if χ(a) = ρ, then

f∑
m=1

χ(am)

ρm
= f

Thus (3.6) equals gf , where g is the number of times that χ(a) = ρ.
At the same time, if we exchange the summation signs on the left hand side of

(3.6) and apply Proposition 3.4, we will find that (3.6) also equals φ(n).

Thus we have φ(n) = gf which just means that g = φ(n)
f .

�

4. Dirichlet L-functions

The Dirichlet L-function associated to a given Dirichlet character mod n is given
by

(4.1) L(s, χ) =

∞∑
k=1

χ(k)

ks

We need to clarify that in the above equation, χ(k) actually refers to the value
of χ for the element of Z/nZ that is congruent to k mod n.

Similar to the Riemann zeta function, we can use the fundamental theorem of
arithmetic and the multiplicative property of χ to prove that (4.1) can also be
written as

(4.2) L(s, χ) =
∏
p∈P

1

1− χ(p)
ps

, for σ > 1

For the trivial character χ1, a comparison to equation (2.2) yields an immediate
observation.
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Proposition 4.3.

L(s, χ1) = ζ(s) ·

∏
p|n

(1− p−s)

 , for σ > 1

As a consequence, L(s, χ1) has a simple pole at s = 1.
The presence of non-trivial characters in Dirichlet L-functions has an interesting

effect on their value at s = 1. We shall now set out to prove a very crucial point
for the proof of Dirichlet’s theorem: non-trivial Dirichlet L-functions converge to a
non-zero value at s = 1.

Lemma 4.4. For a sequence of complex numbers (ak), let S(K) = a1+a2+· · ·+aK .
Suppose that for all K, there exists a fixed non-negative number r such that∣∣∣S(K)
Kr

∣∣∣ ≤ M , where M is a constant independent of K. Then the series
∑ ak

ks

converges for all σ > r.

Proof. We will have that∣∣∣∣∣
T∑

k=K

ak
ks

∣∣∣∣∣ =

∣∣∣∣∣
T∑

k=K

S(k)− S(k − 1)

ks

∣∣∣∣∣ =

∣∣∣∣∣S(T )

T s
− S(K − 1)

Ks
+

T−1∑
k=K

S(k)

(
1

ks
− 1

(k + 1)s

)∣∣∣∣∣
Using the fact that

1

ks
− 1

(k + 1)s
= s

∫ k+1

k

dx

xs+1

We can show that∣∣∣∣∣
T∑

k=K

ak
ks

∣∣∣∣∣ ≤ 2M

(K − 1)σ−r
+ σ

T−1∑
k=K

M

k1+(σ−r)

Thus if σ > r, the tail end of the series will approach zero as K and T approach
infinity.

�

We now show, first of all, that the non-trivial Dirichlet L-functions converge for
s = 1.

Lemma 4.5. For a non-trivial Dirichlet character χ, the series L(s, χ) converges
in the half-plane σ > 0. In particular, L(1, χ) is defined.

Proof. Proposition 3.3 makes it possible to see that∣∣∣∣∣
K∑
k=1

χ(k)

∣∣∣∣∣ ≤ φ(n), independent of K.

Thus Lemma 4.4 shows that non-trivial L-functions converge in the half-plane
σ > 0.

�

Now for any prime p that does not divide n , let f(p) be the order of the image

of p in (Z/nZ)× and let g(p) = φ(n)
f(p) . Define the function

ζωn
(s) =

∏
χ

L(s, χ) =
∏
χ

∏
p -n

1

1− χ(p)
ps
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Using Proposition 3.5, we can simplify the second expression for ζωn
(s) to

(4.6) ζωn(s) =
∏
p -n

(
1− 1

pf(p)s

)−g(p)
Theorem 4.7. L(1, χ) 6= 0 for all non-trivial Dirichlet characters mod n

Proof. If L(1, χ) 6= 0 for all non-trivial characters, then ζωn
(s) has a simple pole at

s = 1, by Proposition 4.3.
On the other hand, suppose, for a contradiction, that there is a non-trivial

character for which L(1, χ) = 0. This then implies that ζωn
(s) converges for all

σ > 0 by Lemma 4.5.
If we consider just s ∈ R, we then have that(

1− 1

pφ(n)s

)−1
=

∞∑
k=0

1

pkφ(n)s
≤

( ∞∑
k=0

1

pkf(p)s

)g(p)
=

(
1− 1

pf(p)s

)−g(p)
This implies that

ζωn
(s) ≥

∏
p -n

(
1− 1

pφ(n)s

)−1
However, the expression on the right hand side of the inequality is basically the

zeta function with a finite number of terms removed and will diverge for s = 1
φ(n) ,

implying that ζωn
(s) also diverges for this value of s. We thus contradict our

assumption that ζωn
(s) converges for all σ > 0.

�

5. Dirichlet’s Theorem on Arithmetic Progressions

Let

dχ(s) =
∑
p -n

χ(p)

ps

For a ∈ (Z/nZ)× we shall be able to prove that the set of all prime numbers
congruent to a mod n, Pa, is such that

(5.1) ha(s) =
∑
p∈Pa

1

ps
∼ 1

φ(n)
log

(
1

s− 1

)
as s→ 1

by looking at the behaviour of dχ(s) as s approaches one.
Our first observation is that for the trivial character χ1,

d1(s) =
∑
p -n

1

ps
∼ log

(
1

s− 1

)
by Theorem 2.3 because it differs from

∑
p∈P

1
ps by only a finite number of terms.

The next thing would be to prove that

Proposition 5.2. For the non-trivial characters, dχ(s) remains bounded as s ap-
proaches one.

It is here that Theorem 4.7 will play a crucial role.
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Proof. The proof of this proposition is quite similar to the proof of Theorem 2.3
and we will, in fact, use equation (2.9) from that proof here.

Because we have been able to establish that L(1, χ) 6= 0, we can take the log-
arithm of both sides of equation (4.2) for some neighbourhood around s = 1. We
can also Taylor expand the logarithm of the terms on the right hand side of (4.2)

because
∣∣∣χ(p)ps

∣∣∣ < 1. This gives us

log(L(s, χ)) = dχ(s) +
∑
p -n

∞∑
k=2

χ(p)k

pks

Lemma 4.5 and Theorem 4.7 imply that log(L(s, χ)) will remain bounded as s
approaches one. What is more, the second term on the right hand side will remain
bounded as s approaches one because comparing it to equation (2.9) would prove
that it converges absolutely on some neighbourhood of one. Put together, this
would imply that dχ(s) remains bounded as s approaches one.

�

The final step to proving Dirichlet’s theorem is to show that

Proposition 5.3.

ha(s) =
1

φ(n)

∑
χ

χ(a−1)dχ(s)

From what we have seen so far this would immediately imply that

ha(s) ∼ d1(s)

φ(n)
∼ 1

φ(n)
log

(
1

s− 1

)
Proof. ∑

χ

χ(a−1)dχ(s) =
∑
p -n

∑
χ

χ(a−1) · χ(p)

ps

Whenever p is congruent to a mod n, χ(a−1) · χ(p) = 1 thus the sum over all
characters evaluates to φ(n) by Proposition 3.4. Proposition 3.4 also shows that if
p is not congruent to a, then the sum over all characters evaluates to zero. Thus
the above equation simplifies to∑

p∈Pa

φ(n)

ps
= φ(n)ha(s)

With this, we prove Dirichlet’s theorem on arithmetic progressions.
�

6. Algebraic Number Fields

In the preceding sections, we focused on generalising the Riemann zeta function
in order to obtain information about the field Q. We shall now generalize the
Riemann zeta function in order to obtain information about a larger class of fields
called algebraic number fields.

Definition 6.1. An algebraic number field is a finite field extension of Q.
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First of all, this means that it is a field that contains Q as a sub-field. However,
a more detailed explanation is that an algebraic number field is a finite-dimensional
vector space over the field Q. The dimension of this vector space is called its degree.

Polynomials with rational coefficients play an important part in the description
of algebraic number fields and we therefore take a brief look at them. For any two
polynomials with rational coefficients f(x) and g(x), we say that g(x) divides f(x)
if there exists another polynomial of rational coefficients q(x) such that

f(x) = q(x)g(x)

Thus every rational polynomial f(x) is trivially divisible by any non-zero rational
number c and the polynomial 1

cf(x). We say that a polynomial is irreducible (over
Q) if it is only divisible by these trivial factors.

Example 6.2. x2+1 can only be non-trivially factored into x+i and x−i. However
these are not rational polynomials and thus x2 + 1 is irreducible.

It can be shown that an irreducible (rational) polynomial of degree n will have n
distinct roots and that if a rational polynomial g(x) shares a root with an irreducible
polynomial, then g(x) will be divisible by the irreducible polynomial (Theorems 48
and 49 of [2]).

An algebraic number θ is a number that is a root of some rational polynomial.
Among all the the rational polynomials for which θ is a root, there will necessarily
be an irreducible polynomial of smallest degree as a result of the previous statement.
Assume the degree of this polynomial is n. If we create a field Q(θ) by adjoining θ
to Q, it will be an algebraic number field of degree n because it can be shown that
every element of Q(θ) can be uniquely represented as pn−1θ

n−1+· · ·+p2θ2+p1θ+p0
where pi ∈ Q for 0 ≤ i ≤ n − 1 (Theorem 53 of [2]). That is to say that the set
{1, θ, θ2, . . . , θn−1} forms a basis of Q(θ).

Example 6.3. Examples of Algebraic Number Fields

(1) The field Q is a trivial example. Its degree is one.
(2) The field Q(

√
−n) = {a + b

√
−n : a, b ∈ Q}, where n is a square-free

integer. The degree of such a field will be two. They are referred to as
imaginary quadratic fields.

(3) The field obtained by adjoining a primitive n-th root of unity (a root of
unity for which the smallest power that equals one is n). The degree of
these fields is φ(n) and they are called cyclotomic fields.

Finally it is important to note that every element x of an algebraic number
field is the root of some rational polynomial (in other words, every element of an
algebraic number field is an algebraic number) because xk must be dependent on
{1, x, . . . , xk−1} for some k.

7. The Ring of Integers

Now that we have generalised the rational numbers Q, we turn our attention
to also generalising the integers Z within Q. For any rational polynomial, we can
divide all of its coefficients by the leading coefficient in order to make it a monic
rational polynomial (the leading coefficient equals one) and this will have no effect
on its roots. Thus, we can restrict our attention to just the monic polynomials in
our study of algebraic number fields.
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Definition 7.1. An algebraic integer is a number that is the root of some monic
polynomial with integer coefficients.

Once again, it can be shown that among the monic integer polynomials for which
an algebraic integer α1 is a root, there is an irreducible polynomial of smallest
degree n having n distinct roots {α1, α2, ..., αn}. We shall call these n distinct
roots conjugates.

The first thing we should notice is that every element t in Z is an algebraic integer
because it is the root of the polynomial f(x) = x− t. In fact, one could show that
the elements of Z are the only rational algebraic integers. Just as the set of rational
integers Z form a ring in Q, the set of algebraic integers of a given algebraic number
field form a ring within the field. For this reason, the set of algebraic integers of an
algebraic number field K is referred to as the ring of integers OK . The elements
of OK that have multiplicative inverses are called the units of OK . They play a
role analogous to ±1 in Z and one can easily see that ±1 will always be among the
units of any ring of integers. If the division of any two elements of OK results in a
unit, then the two elements are said to be associates.

Given the various similarities between OK and Z we have seen so far, it is
now reasonable to ask whether OK also admits unique factorisation into ”prime”
elements like Z does. Unfortunately, the answer is not always yes. The classic
example is found in the ring of integers Z[

√
−5] where

6 = 2×3 = (1 +
√
−5)(1−

√
−5) although the elements 2, 3, 1 +

√
−5, 1−

√
−5 are

each irreducible in Z
√
−5, meaning that they can only be factored into a unit and

an associate. However, all hope is not lost. Unique factorization may not always
exist for the elements of a ring of integers but it always exists for ring theoretic
structures in OK called ideals. In fact, the study of ideals provides a deeper insight
into the nature of factorization in a ring of integers.

8. Ideals of the Ring of Integers

Definition 8.1. An ideal a is a subset of OK such that:

(1) if α and β belong in a then so will α+ β and α · β
(2) for every γ ∈ OK and α ∈ a, γα will belong in a

A very important example of an ideal will be the set

(α) = {γα : γ ∈ OK}
Ideals of this form are called principal ideals. Similar to (α), one can define an ideal

(α1, . . . , αk) = {γ1α1 + · · ·+ γkαk : γi ∈ OK}
It can be shown that every ideal in OK can be written in this form (Theorem 65
of [2]).

We now define addition and multiplication of ideals of OK . We begin with
addition where for two ideals a and b,

a + b = {α+ β : α ∈ a and β ∈ b}
If we let a = (α1, ..., αk) and b = (β1, ..., βj), then the above definition will be
equivalent to a + b = (α1, ... , αk, β1, ... , βj). From this, one can see that the
additive identity will be the zero ideal (0).

As for multiplication,

a · b = {a1b1 + ...+ arbr : ai ∈ a and bi ∈ b}
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that is, the set of all sums of the products of elements of a and b. This definition is
the same as a · b = (α1β1, ... , αiβt, ... , αkβj). From this definition, it can be seen
that the unit ideal (1) = OK will serve as the multiplicative identity. One should
note that (1) = (any unit of OK) because 1 = u× u−1, where u is a unit of OK .

With multiplication, we can now define divisibility of ideals. The ideal b is said
to divide a if there exists another ideal c such that a = b · c. Thus every ideal is
divisible by (1) and itself. In analogy to Z, we can therefore define a prime ideal p
to be any ideal, not equal to (1) or (0), that can only be factored as (1) · p.

For any ideals c and d we will have that b = c · d ⊆ c because, by the above
definition of multiplication of ideals, every element of c · d will be an element of c.
It turns out that the converse statement is also true: if the ideal b is a subset of
the ideal c, then c divides b (Theorems 66 to 69 of [2]). These considerations allow
us to conclude that

Proposition 8.2. If p is a prime ideal of OK , then it is maximal. In other words,
if an ideal a contains p, then either a = p or a = (1).

Proposition 8.3. If a prime ideal p divides a · b, then p divides either a or b.

Proof. Without loss of generality, assume p does not divide a. We first pick an
element a ∈ a that does not belong in p. Notice that for every b ∈ b, we have that
ab ∈ p. Since the only way to factor the prime ideal p is as (1) · p and since a does
not belong in p (obviously a ∈ (1)), we conclude that b has to belong in p in order
for ab ∈ p. Thus, every element of b belongs in p, that is, b ⊆ p and hence p divides
b.

�

The next thing we turn our attention to is the notion of residue classes modulo
an ideal. For an ideal a 6= (0), the quotient ring OK/a is created by placing into
an equivalence class all elements α, β ∈ OK such that α − β ∈ a. It can be shown
that the new ring OK/a will have a finite number of elements ( in fact, [2] gives
an explicit formula for calculating this number in Theorem 76) and we refer to
this number as the norm of the ideal N(a). The norm of an ideal is a completely
multiplicative function, that is N(b · c) = N(b) ·N(c). This implies that if a ⊂ b,
then N(a) > N(b).

Theorem 8.4 (The Fundamental Theorem of Ideal Theory). Every non-trivial
ideal can be uniquely factored as a product of prime ideals. That is,

a = pe11 . . . pekk

Proof. The proof is carried out by induction on N(a).
If the ideal a is prime, then there is nothing left to prove. Otherwise, by def-

inition, the ideal can be factored as a = b · c, where neither b nor c is (1) and
1 ≤ N(b) < N(a) and 1 ≤ N(c) < N(a). If either b or c is a prime ideal, we stop
trying to factorize it. Otherwise we proceed to factor it into the product of ideals
and the norms of the factors will be smaller than the factored ideal. Repeat.

Because the norms keep reducing at each factorization step, we are guaranteed
to stop after a finite number of steps. At this point we would be left with only a
product of prime ideals.
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Now all that is left to prove is that this final product of primes is unique. Suppose

a =

k∏
i=1

pi =

l∏
j=1

qj

where pi and qj are prime ideals. Proposition 8.3 implies that (without loss of
generality) p1 = q1. We can therefore remove them from the equation above.
Repeating this process for the equation that remains, will show that each pi is
equal to some particular qj . Hence the prime factorization we obtain is unique.

�

We can now return to the counterexample of unique factorization of elements in
the ring of integers Z[

√
−5], namely, 6 = 2× 3 = (1 +

√
−5)(1−

√
−5). We look to

the corresponding principal ideals for some insight.

(6) = (2)× (3) = (1 +
√
−5)× (1−

√
−5)

By Theorem 8.4, the principal ideals (2), (3), (1 +
√
−5) and (1−

√
−5) cannot be

prime. And indeed, these principal ideals have the following prime factorizations

(2) = (2, 1 +
√
−5)× (2, 1−

√
−5)

(3) = (3, 1 +
√
−5)× (3, 1−

√
−5)

(1 +
√
−5) = (2, 1 +

√
−5)× (3, 1 +

√
−5)

(1−
√
−5) = (2, 1−

√
−5)× (3, 1−

√
−5)

Thus the failure of unique factorization of elements in the ring Z[
√
−5] is just

a reflection of the fact that the corresponding principal ideals are not prime even
though the elements 2, 3, 1 +

√
−5 and 1−

√
−5 are irreducible in Z[

√
−5]. Either

way we are left with the fact that

(6) = (2, 1 +
√
−5)× (2, 1−

√
−5)× (3, 1 +

√
−5)× (3, 1−

√
−5)

9. The Dedekind Zeta Function and The Class Number Formula

We now have the necessary tools to introduce another L-function.
The Dedekind Zeta Function of an algebraic number field K is the function

(9.1) ζK(s) =
∑

a⊆OK

(
1

N(a)

)s
σ > 1

We can apply the fundamental theorem of ideal theory to show that (9.1) can
also be written as an infinite product of the norms of prime ideals, much like the
Riemann zeta function.

(9.2) ζK(s) =
∏

p⊆OK

1

1−
(

1
N(p)

)s σ > 1

In fact, when K = Q, the Dedekind zeta function becomes the Riemann zeta
function.
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Proof. Notice that every ideal in Z is a principal ideal because any ideal (a, b)
for two integers a and b, contains their greatest common divisor d. Consequently
(a, b) = (d) because d divides every element of (a, b) (i.e. (a, b) ⊆ (d)) and at the
same time every element of (d) is an element of (a, b) (i.e. (d) ⊆ (a, b)). Also for
any number n, (n) = (−n). Thus we can assume that n is a positive integer.

The norm of the ideal (n) is going to be the number of elements in the ring
Z/(n). This happens to be the number of elements in Z/nZ, which is n

Thus using (9.1),

ζQ(s) =
∑

(n)⊆Z

1

N(n)s
=
∑
n∈Z+

1

ns
= ζ(s)

�

We have already encountered a second Dedekind zeta function. The function
ζωn(s) from equation (4.6) is the Dedekind zeta function for the n-th cyclotomic
field. The proof of Theorem 4.7 implies that this zeta function converges for all
σ > 0 except at the point s = 1 where it has a simple pole, just like the Riemann
zeta function. This property is actually shared by the all Dedekind zeta functions,
not just the two we have encountered. What’s more, all Dedekind zeta function can
be extended to the entire complex plane, where they are subject to the Riemann
Hypothesis (The non-trivial zeros of the function lie on the line σ = 1

2 ).
Dedekind zeta functions encode information about their respective algebraic

number fields and in this section we will highlight their role in the class number
formula.

We begin by defining the ideal class group. Ideals a and b of OK are placed into
the same equivalence class if there exist principal ideals (a) and (b) (for non-zero a
and b) such that a× (a) = b× (b). The set of these equivalence classes form a group
under multiplication called the ideal class group. All principal ideals fall into the
same equivalence class C1 because (a) × (b) = (b) × (a). Now notice that for any
(non-zero) principal ideal (a), a and a · (a) always belong to the same equivalence
class. This means that C1 is the identity element of the ideal class group. We now
look into the inverse of an equivalence class.

Proposition 9.3. For any ideal a1 there exists an ideal b1 (not unique) for which
a1 · b1 is a principal ideal. Furthermore, if a1 and a2 are in the same class and
a2 · b2 is a principal ideal, then b1 and b2 are in the same class.

Proof. a1 can be factored uniquely into prime ideals. That is

a1 =

k∏
i=1

pi

For each pi, we pick one element αi ∈ pi. We will have that (αi) ⊆ pi by the
definition of an ideal. Thus, pi divides (αi).
In other words

(αi) =

m(i)∏
j=1

pij where pi = pi1
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If we pick

b1 =

k∏
i=1

m(i)∏
j=2

pij

then we will have

a1 · b1 =

k∏
i=1

(αi)

Of course, b1 is not the only ideal that we can multiply a1 by to obtain a principal
ideal. The ideal a1 · b21, for example, will give the square of the principal ideal we
obtained above.

To prove the second part of the proposition, let (a1) · a1 = (a2) · a2 and let
a1 · b1 = (c1) whilst a2 · b2 = (c2)

Now consider the principal ideal (c1 · c2 · a1 · a2) = (a1) · a1 · b1 · (c2 · a2), which
can also be written as (c1 · c2 · a1 · a2) = (a2) · a2 · b2 · (c1 · a1).

Combining these two equations gives us

(a2) · a2 · b2 · (c1 · a1) = (a1) · a1 · b1 × (c2 · a2)

Because (a1) · a1 = (a2) · a2, the above equation simplifies to

(c1 · a1) · b1 = (c2 · a2) · b2
Thus b1 and b2 belong to the same equivalence class.

�

The ideal class group of an algebraic number field is always finite and the number
of elements in the group is called the class number, h. The class number allows us
to determine whether the elements of a ring of integers can be uniquely factored
into irreducible elements.

Theorem 9.4. The elements of a ring of integers OK can be uniquely factored if
and only if the class number of OK , h, is trivial, that is, if and only if h = 1.

Proof. Let us first assume that h = 1. This means that every ideal in OK is a
principal ideal. By the Fundamental Theorem of Ideal Theory, for any element
α ∈ OK

(α) =

k∏
i=1

(ri), where each (ri) is a prime ideal.

This then implies that α is equal to the product of the terms ri. Because each
(ri) is a prime ideal we have that ri will be irreducible. Thus, we prove unique
factorization when h = 1.

Now let us assume the ring OK has unique factorization. Our goal is to show
that every ideal of OK is a principal ideal. We first prove that the principal ideal
of an irreducible element r will be a prime ideal. Suppose that (r) can be factored
non-trivially as (r) = a · b. Then there exists an element of a - let us call it a - and
an element of b - let us call it b - such that a and b do not belong in (r), but their
product ab is in (r). This is a contradiction because ab is divisible by r and thus
unique factorization implies that r divides either a or b. In other words, either a
or b belongs in (r). Thus, (r) has to be a prime ideal.
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We now prove that every ideal in OK can be factored into principal ideals of
irreducible elements. By Proposition 9.3, we can multiply any ideal a in OK by
some ideal b in order to obtain a principal ideal (α). Due to unique factorisation,
α can be factored into irreducible elements ri. Thus,

(α) = a · b =

k∏
i=1

(ri)

By Proposition 8.3, this implies that both a and b factor into the principal ideals
of irreducible elements of OK . This means that a is a principal ideal. �

The class number formula connects the class number, along with other important
invariants of an algebraic number field K, to the residue of the Dedekind zeta
function’s pole at s = 1.

(9.5) lim
s→1

(s− 1)ζK =
2r1 (2π)r2 Rh

ω
√
dK

Here, r1 is the number of real embeddings of K, r2 is the number of pairs of complex
embeddings, R is the regulator of K, ω is the number of roots of unity in K and
dK is the discriminant. These invariants are very important in their own right and
worthy of good exposition. Unfortunately, we do not have the space for this here.
Thus, we present the class number formula here just to emphasize how valuable the
arithmetic data stored in the Dedekind zeta function can be.

10. Imaginary Quadratic Fields

We now set out to prove the class number formula for the case of imaginary
quadratic fields. For an imaginary quadratic field Q[

√
−n ], the corresponding ring

of integers O−n will come in one of two forms.

O−n =

{
Z[
√
−n ] if n ≡ 1, 2 (mod 4)

Z[ 1+
√
−n

2 ] if n ≡ 3 (mod 4)

The class number formula is slightly different in the two cases but the proof is the
same. Thus for simplicity, we shall use the first case, O−n = Z[

√
−n ].

The first course of action will be to write the Dedekind zeta function ζ−n(s) as
an infinite product over the prime numbers. To do this, we first use the Legendre
symbol to separate the prime numbers into three sets which we shall call Pn−1, Pn1
and Pn0 . For an odd prime number p, the Legendre symbol is

(
k

p

)
=


1 k ≡ x2 (mod p) for some integer x

−1 k 6≡ x2 (mod p) for any integer x

0 k ≡ 0 (mod p)

For fixed n, we define the set Pn−1 =
{
p :
(
−n
p

)
= −1

}
. The sets Pn1 and Pn0

are also defined in the same manner. For a prime number p, the prime ideals that
factor (p) take a distinctive form based on which of the three sets p belongs to.
Since every prime ideal contains exactly one prime number p ∈ Z, this implies
that we can give a characterization of all the prime ideals in our ring of integers.
Before we do this we have to look at how we calculate norms of ideals in the case
of imaginary quadratic fields.
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For an element α = a+b
√
−n , the conjugate of α is ᾱ = a−b

√
−n because they

are the roots of the irreducible monic polynomial x2 + 2ax+ (a2 +nb2). Now when
we consider an ideal a, the corresponding ideal ã = {ᾱ : α ∈ a}, when multiplied by
a, gives a principal ideal (d) for some positive integer d (Lemma 2.13 of [5]). It so
happens that this number d is the norm of a. Notice that if d is a prime number,
then a is a prime ideal because it can only be factored into an ideal with norm equal
to one (which could only be the ideal (1)) and another ideal of norm p (a itself).
With this in mind,

Proposition 10.1. Fix n and let p be an odd prime number. Then the principal
ideal (p) factors into prime ideals as follows:

(p) =


(p) if p ∈ Pn−1
(p, a−

√
−n )× (p, a+

√
−n ) if p ∈ Pn1 , where a2 ≡ −n (mod p)

(p,
√
−n )2 if p ∈ Pn0

Proof. We begin with the Pn1 .(
p, a+

√
−n
)
×
(
p, a−

√
−n
)

=
(
p2, ap+ p

√
−n , ap− p

√
−n , a2 + n

)
=(p)

(To see why this is the case, it helps to bear in mind that by assumption,
a2 + n ≡ 0 (mod p).)

We now need to show that these factors are prime ideals. One can check that
each ideal is the set of conjugates of the other. From our foregoing discussion, this
implies that both ideals have norm equal to p and that implies that they are prime.

The above procedure can then be used to prove the prime ideal factorization in
the case where p ∈ Pn0

For p ∈ Pn−1, the norm of (p) will be p2, thus we need to prove that (p) is prime
by other means.

Now notice that (p) can only possibly be factored non-trivially by two ideals
each of norm p. Suppose there exist such ideals p1 and p2. This means that there
is an element α = a+ b

√
−n which belongs in p1 but not in (p). The fundamental

theorem of prime ideals implies that because (p) = p1 · p2 (by our assumption),
we must have that p2 = p̃1. Thus, ᾱ = a − b

√
−n ∈ p2 and, what is more,

α · ᾱ = a2 + nb2 ∈ (p)
This means that a2 + nb2, a rational integer, is divisible by p. In other words,

(ab−1)2 ≡ −n (mod p). This contradicts the fact that p ∈ Pn−1 and thus we can’t
have prime factors of (p) that have norm p. Thus the ideal (p) has to be prime.

�

For the ideal (2), a similar method of proof shows that

(2) =


(2, 1 +

√
−n)2 n ≡ 1 (mod 4)

(2,
√
−n)2 n ≡ 2 (mod 4)

(2) n ≡ 3 (mod 8)

(2,
√
−n) · (2, 1 +

√
−n) n ≡ 7 (mod 8) , if O−n = Z[

√
−n]

Making use of this fact greatly complicates the equations we are about to see
but does not change the argument we will make. The decomposition of (2) has
therefore been omitted in what follows.
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For an imaginary quadratic field, we can write equation (9.2) as

ζ−n(s) =
∏

p∈Pn
−1

1

1− p−2s
×
∏
p∈Pn

1

1

(1− p−s)2
×
∏
p∈Pn

0

1

1− p−s

Taylor expanding the terms of the product gives us

(10.2) ζ−n(s) =
∏

p∈Pn
−1

∞∑
j=0

1

(p2j)s
×
∏
p∈Pn

1

∞∑
j=0

j

(pj−1)s
×
∏
p∈Pn

0

∞∑
j=0

1

(pj)s

The thing to notice about this new form is that for each fraction c
(pk)s

, the

numerator c is the number of ideals in O−n that have norm pk. The number of
ideals that have a norm m is a multiplicative function of m. That is, if m and
m′ are coprime, then cm · cm′ = cmm′ . To see this, look at the map that takes an
ideal of norm m and an ideal of norm m′ to their product and use the fundamental
theorem of ideal theory to show that this map is bijective. When we expand (10.2),
we thus get

(10.3) ζ−n(s) =

∞∑
m=0

cm
ms

where cm is the number of ideals with norm m.
We now turn our attention to actually counting the number of ideals that have

norm less than or equal to m. For two complex numbers α and β whose ratio is
not a real number, a lattice 〈α, β〉 is the set {aα+ bβ : a, b ∈ Z}. Visually, a lattice
looks like a grid of points on the complex plane (in other words like a lattice). The
lattice 〈1, ı〉 is shown below

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

q
q
q
q
q
q

It turns out that when the elements of an ideal are plotted on the complex plane,
they produce the lattice

〈
m, a+ b

√
−n
〉
, where m is the smallest positive integer

in the ideal and a + b
√
−n has the smallest possible positive value of b (Lemma

3.5 of [5]). The lattice
〈
1,
√
−n
〉

of the ideal (1) is what interests us (This is the

form the lattice for (1) takes when O−n = Z[
√
−n ]). Because (1) contains every

element in the ring of integers, each point α = r + q
√
−n in the lattice represents

the principal ideal (α) and the square of the distance of that point from the origin
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is the norm of the ideal N(α) = r2 + nq2. Thus the problem of counting the
number of principal ideals with norm less than or equal to M is actually about
finding the number of points in the lattice

〈
1,
√
−n
〉

that fall in the circle of radius√
M centred at the origin but with a slight complication. Because we have that

(α) = (unit of O−n × α), the number of points in the circle is an overestimate of
the number of principal ideals with norm less than or equal to M . To account for
this, we have to divide the number of points that we count by the number of units
in O−n which we denote by ω.

A natural way to estimate the number of points of the lattice
〈
1,
√
−n
〉

that fall

within a circle of radius
√
M centred at the origin is to calculate the area of the

smallest rectangle in the lattice and divide the area of the circle by this. The area
of the smallest rectangle in

〈
1,
√
−n
〉

is
√
−n . Once we factor in the overestimate

due to the number of units in the ring of integers, we can calculate how much our
estimate of the number of principal ideals with norm less than or equal to M differs
from the the actual number of principal ideals with norm less than or equal to M ,
CM (C1). One such calculation yields∣∣∣∣CM (C1)− Mπ

ω
√
−n

∣∣∣∣ ≤ k√M for some constant k.

Remarkably, the above inequality also holds when we consider the number of
ideals that have norm less than or equal to M and belong to a particular equivalence
class of the ideal class group (Proposition 5.2 of [5]). Recalling that the class number
h is finite, this implies that the number of ideals of Z[

√
−n ] with norm less than

or equal to M , CM , satisfies the inequality

(10.4)

∣∣∣∣CM − Mhπ

ω
√
−n

∣∣∣∣ ≤ K√M for some constant K

It bears mentioning that the number of ideals with norm less than or equal to
M is simply the sum of the number of ideals with norm m ≤M , that is

CM =

M∑
m=1

cm

because the above inequality implies that∣∣∣∣CMM
∣∣∣∣ ≤ ( hπ

ω
√
−n

+K

)
Thus by Lemma 4.4, the series

∑ cm
ms , which happens to be the Dedekind zeta

function, converges for σ > 1.
The final step is to calculate the residue of the Dedekind zeta function at s = 1 in

order to obtain the class number formula. For this we define the following function

f(s) =

∞∑
m=1

(
cm +

hπ

ω
√
−n

)
m−s

The inequality (10.4) used in conjunction with Lemma 4.4 will show that f(s)
converges for all σ > 1

2 , which implies that it converges for s = 1.
Thus for some region around s = 1, we have that

ζ−n(s) = f(s) +
hπ

ω
√
−n

ζ(s)
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Thus applying Lemma 2.4 will show that

lim
s→1

(s− 1)ζ−n(s) =
hπ

ω
√
−n

This is the class number formula for imaginary quadratic fields for which
O−n = Z[

√
−n ].

For O−n = Z
[
1+
√
−n

2

]
, the class number formula is

lim
s→1

(s− 1)ζ−n(s) =
2hπ

ω
√
−n
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